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Poincaré-Hopf theorem

The Euler class of a compact oriented C°° manifold M is the
Poincaré dual of the zero locus of a generic vector field vy,

e(M)n[M] = [Z(w)].

™
M

r(v) \

2M)

If v1 is not generic there is still a localisation of e(M) to Z(v1),

e(M,v1) € Ho(Z(v1))) such that c.e(M,v1) = e(M)n[M].



Construction of Fulton-MacPherson refined Euler class

Replace I'(vl) by lim;_— F(tvl) = CZ(vl)/M - TM‘Z(vl)
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and intersect with the O-section OTM‘ZM) of Tmlzn):
e(M,v1) = O!TM|Z(\,1)[CZ(V1)/M] € Ao(Z(w)).

> .e(M,vi) =e(M)n[M],
» if Z(v1) is smooth then e(M, vi) = e(Z1) N [Z1].



More vector fields

If v» is a second vector fields which commutes with vy,
Lyvi = [w,v1] = 0,

then it preserves Z(vi) C M (and so also the cone Cz(,,)/m). So we
might hope to localise again to Z(va|z(y,)) = Z(v1) N Z(v2).
(Certainly cannot do this for arbitrary noncommuting vq, v!)

So on a manifold M with commuting vector fields v1,..., v, it is
natural to ask

if vi,..., v, have no common zeros, is e(M) = 07

If M is complex (or almost complex or symplectic, with structure
preserved by the flows) and ¢(M) € H24mcM (M) is a top degree
characteristic class (product of Chern classes) we can ask

can we localise ¢(M) to Z(v1)N---NZ(v,)?



Torus localisation

Yes if r =1, obviously.

Yes if the vector fields induce the action of a torus T ~ M. Then
e(M), c(M) lift naturally to H3-(M) and we can use the
Atiyah-Bott-Berline-Vergne localisation formula.

Lots of good things happen in this case

> UxeM\MT T* C T is a finite union of proper subtori,

» there exists a 1-p.s. S! C T such that MS' = MT,

» the Z(v;) and their intersections are smooth,

> T acts with discrete nonzero weights on their normal bundles,
>

we can average over the group (e.g. to show the equivariant
Cartan and Weil de Rham complexes are acyclic on M\MT after
localising H*(BT) = Clt1, ..., t] at (t1,...,t)).



Noncompact groups or Lie algebra actions

Let G ~ M be the action of a connected abelian Lie group.

Or let g — I'(Ty) be a Lie algebra homomorphism, where g has
bracket zero.
(Call the image of a basis v; € [(Twy) so that [v;, v;] =0.)

None of the good things are true in the general case
> UXeM\Mg g~ can be the whole of g,
we can have MR 2 MS for every R C g,

>
» the Z(v;) and their intersections can be singular, nonreduced,
» G can act with zero eigenvalues on their normal bundles,

>

we cannot average over noncompact groups G (so although we
can form the equivariant Cartan and Weil de Rham complexes, we
cannot prove they are acyclic on M\MS after localising).

In the holomorphic case, Baum-Bott show how to localise to the

locus where the rank of the action g ® O — Ty, drops rank, but
we want to localise to the locus where it drops to zero.



Examples

e xJ, on (C>2<,y has fixed locus the y-axis and trivial action on the
normal bundle ().

° x2ay and xyd, on C)Z(’y have singular fixed loci.

e The tautological sequence 0 — Op1(—1) — (’)1?12 — Opi(1) = 0
defines an action of g = C? by translation up the fibres of
M := Tot (Op1(1)) — PL. Thus its pull back to M is

00— kerp— g0y — imp — 0,

where p: g ® Op — Ty is the action.
(Can compactify to projective completion P(Opl(l) &) O]}»l) =TF; or P?
and embed in a compact 3-fold on which g acts generically freely.)

Thus the stabiliser groups ker p cover g and M© O M? for every
1-parameter sub Lie algebra C C g (similarly for R C g).



Known results

Given a closed manifold M with r commuting vector fields without
common zeros, we know e(M) = 0 if

> r=1
» any r and M if induced by a torus action
» r=2,dimM =2 [Lima, 1964]
» r=2dimM = 3 (local version) [Bonatti 1992,
Bonatti-Santiago 2022]
» r =2, dimM = 4 [Bonatti 1992, Bonatti-Santiago 2025]
Dynamical systems methods, Poincaré-Bendixson theory,...

Bonatti has conjectured the result in all dimensions, but his
conjecture seems to have been completely ignored.

This is a shame, as it would give a new type of localisation to
calculate certain integrals.



Commuting vector fields on smooth projective varieties

Suppose we have r commuting holomorphic vector fields on a
smooth projective variety M of dimension n.

Equivalently a Lie algebra g with vanishing Lie bracket, dimg =r
and a homomorphism of sheaves of Lie algebras p: g®@ Oy — Ty

Encode these vector fields in a single twisted vector field
0 Opxpg) — Tm X O(1) on M x P(g), from the composition



Transverse case

To begin with let’s fantasise that p is transverse with zero locus
Z C M x P(g) of codimension n, Poincaré dual to

cn(TMXO(L)) = Cn(TM)+h’Cn—1(TM)+'"+hr_1‘Cn—r+1(TM)

(suppressing some m},s and TS @nd letting h:= ¢ (Op(g)(1))).

It is g-invariant and (r — 1) dimensional.
» Over any point of My = M? the whole fibre P(g) = P"~1 C Z
is already of dimension r — 1, so it is isolated in Z,
» Through any point x € M; is a 1-dimensional g-orbit whose
product with P(g*) =2 P"~2 lies in Z, already of dim = r — 1,
> ...
» Through any point x € M; is an i-dimensional g-orbit whose
product with P(g¥) =2 P"~1~/ lies in Z, already of dim = r — 1.
So get a finite number of dim < r orbits from which we read off
the terms in ¢,(Tp) +h-co1(Tm) + -+ h L i1 (Tim).



Transverse case too simple?

So no moving stabilisers in this case. ()

Cn(T/\/I&O(]-)) = Cn(TI\/I)‘Fh‘Cnfl(TIVI)"" : ‘+hr_1 'Cnfr+1(TM)

Cupping with h"~! and pushing down 7y : M x P(g) — M to get
¢(Tp) — Poincaré dual to intersecting with M x {pt} —Kkills all
Mi~q contributions, leaving only the My x P(g) = M? x P(g) piece.

Gives e(M) = length(M?) but for a trivial reason:

Cupping with h"~1 is Poincaré dual to restricting to one vector
field C- v C g, where [v] = pt € P(g) above.

And M9 = M®V by (*) so this is the Poincaré-Hopf theorem again.



General case

When / is not transverse we can have moving stabilisers:
Z — P(g) can be onto even after removing M? x IP(g).

Need to use a virtual argument (excess intersection theory) before
cupping with h"~1 or intersecting with M x {pt}.
In the Fulton-Macpherson localisation of ¢,( Ty X O(1)) to Z,

0%, m0y [ Cz/mxp(g)]

individual terms all g-invariant. Suppose we can take the
intersection to be represented by a g-invariant cycle [Z]"".
Since dim [Z]V" = r — 1 we have the same argument as before,

» Any component dominating P(g) = P"~! is finite over it and
g-invariant so must lie over My —i.e. in M9 x P(g),

» Any component with (r — 2)-dimensional image in P(g) has
1-dimensional fibres so lies over My, ...

v« (A1 - ) kills all terms except the first, giving a cycle in M.



Dichotomy

So if we can do g-invariant intersection theory we get a localisation.

But if E is an elliptic curve the E-invariant line bundle Og(p — q)
has no E-invariant first Chern class in Ag(E).

Now g generates a closed abelian subgroup G C Auto(X) with
1—>Gaff—)G—>A—>1
with either (i) A=1, or
(ii) A an abelian variety acting nontrivally on Alb(X).

In case (i) G is a product of C*s and Cs and there is a G-invariant
intersection theory (Brion, etc).

The action in (ii) has no zeros, so we get a vector field (from a
direction in g) on X — Alb(X) with no zeros, so ¢,(Tx) = 0 and
X% = () and our localisation is trivial; there is nothing to prove.



Enumerative algebraic geometry motivation
Two main ways to count curves in Calabi-Yau 3-folds X.

» Stable maps f : C — X ~» GW theory
» Coherent sheaves on X ~» DT theory

(1) ideal sheaves like Ic C Ox
(2) stable pairs like Ox — Oc(pi), pi € C
(3) sheaves pushed forward from C (1-dimensional sheaves on X)

MNOP conjecture: they all contain the same information (need
cohomological DT theory in third case to see GW theory in genus > 0)

We concentrate on (3) ordinary DT theory of dimension 1 sheaves
(Katz), equivalent via MNOP to genus 0 GW theory.

Roughly, each C contributes Jac(C) to the moduli space (3), with

e(Jac(C)) = {‘1) ig;C%ﬂ:: g(C)>0

being some kind of count of genus 0 curves in X.



Geometric relationship between moduli spaces

For an irreducible class 3 € Hy(X,Z) , the moduli space Mo(X, 3)
of genus 0 stable maps sits inside the moduli space Mg o g 1)(X) of
1-dimensional sheaves of class 5 and x =1,

MO(X,B) > (f . ]P)l — X) — f*Opl S M(O,O,B,l)(X)'
Conversely use the support map Mg 5,1)(X) — Chow(X, 3) with
fibres Jac(C) acted on by Jac(C).

Claim fixed locus is Mo(X, 3) € Mo 0,5,1)(X).
Firstly, £, Op1 is fixed because f*L trivial.

Conversely a rank 1 sheaf E on C with E = E ® L for all
L € Jac(C) gives a Higgs pair ¢ : E —~~ E ® L to which we apply
the spectral construction.



Spectral construction
We graph (the eigenvalue of) ¢ : E —— E @ L in Tot(L)
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More formally, ¢ : E — E ® L makes O¢-module E into a
(77* Otot(ry = Oc @ LTl .. .)—module; i.e. a sheaf on
Tot(L) whose pushdown to C is E.

For generic L is it O = Op1 because invariance under ®L means
7*L trivial for generic L which only happens when C = P!,
(Reducible curves ok too. For nonreduced curves gives ~ Nekrasov-
Okounkov stable maps of nonreduced curves to the 4-fold Tot(L)).



Infinitesimal spectral construction

So we see Mo(X, 8) C M(g0,3,1)(X) as the fixed locus of the
action of the commutative group scheme Jac(C) — Chow(X, f3).

To replace groups by vector fields we replace L € Hl((’)é) by

v € HY(Oc) inducing a vector field v on Mg 5,1)(X).

By an infinitesimal spectral construction zeros

E € My 0,6,1)(X) of v are sheaves Op1 on L, (the affine bundle or
C-torsor L, — C defined by v) which push down to E.

So we now see Mo (X, 3) C M(g,0,5,1)(X) as the zero locus of local
vector fields v on Mg 0 51)(X), or global meromorphic vector
fields, and as the moduli space Mg 5 1)(Ly) of 1-dimensional
sheaves on the Calabi-Yau 4-fold L, (modulo translations by C).
We expect a kind of virtual localisation for the jac(C) action on
M(0,0,8,1)(X) to give something like

GWo(X,3) = DT>(0,0,,1)(X)
DT#(0,0,8,1)(L.)/C = GWo(L,,5)/C.



Partial explanation: cosection localisation

X is CY3

= M0,0,3,1)(X) has a “symmetric obstruction theory”
= Sbstryction sheaf is Ob = QM(O,O,B,I)(X)

= v defines a “cosection”

Ob — OM(o,o,,B,l)(X)

= [Kiem-Li] localise [Mg0.5,1)(X)]"" to Z(v) = Mo(X, j3).
Thought of as a (—1)-shifted 1-form

TM0051 (X) [1] 4_> OMoo,ﬁ,l)(X)

it is closed.

By [Kiem-Park] the zero locus of a (—1)-shifted closed 1-form is
(—2)-shifted symplectic with [BJ, OT] virtual cycle the localised
cycle. We expect this (—2)-sss comes from thinking of the zeros as
sheaves on the CY fourfold L, (modulo translation by C).



Invariants

This would give the DT3 = DT* relation.

Easy to see the (—2)-shifted symplectic DT* obstruction theory is
a “doubling” of the stable maps obstruction theory in L,, which
should give DT# = GW*.

Finally the stable maps obstruction theory on L, (modulo
translation), pushed down by 7 : L, — X, is the stable maps
obstruction theory on X, giving GW3 = GW?*.

An ongoing project...for now the biggest obstacle is that the
cosection localisation can only be done locally over Chow(X, /3)
or—working globally with meromorphic vector fields—it needs to
be iterated or extended from one vector field to many commuting
vector fields.

Motivates wanting to localise to zeros of commuting vector fields
in both classical and virtual settings.



Happy Birthday Nigel!

With admiration and thanks



