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LIE GROUPS AND TEICHMULLER SPACE

N. J. HitcHIN

(Received 9 November 1990; in revised form S August 1991)

§1. INTRODUCTION

Itis well-known that Teichmiiller space is a ball of dimension (6g — 6). What is perhaps less
well-known is that this result can be interpreted purely in terms of the fundamental group
7y (Z) of a compact surface £ and its representations in PSL(2, R). Every conformal
structure on I can be uniformized, thereby representing £ as the quotient of the upper
half-plane by a subgroup of PSL(2, R) isomorphic to n,(Z). This describes a homomor-
phism from n,(Z) to PSL(2, R) well-defined up to conjugation by an element of PSL(2, R).
It can be proved (see [4], [6]) that the set of all such homomorphisms constitutes a connec-
ted component of the topological space Hom(n,(Z); PSL(2, R))/PSL(2, R). We conclude,
therefore, that there is a component of this space homeomorphic to a Euclidean space
R(Oﬂ‘ﬂ.

In this paper we shall demonstrate the existence of an analogous component—which we
shall call the Teichmiiller component—where we replace the group PSL(2, R) by PSL(n, R)
or more generally by the adjoint group of a split real form G* of any complex simple Lie
group G (recall that the split real forms of the classical groups are SL(n, R), SO(n + 1, n),
Sp(2n, R) and SO(n, n)). This component is homeomorphic to R‘?#~24mG" and contains
Teichmiiller space in the sense that there is a distinguished three-dimensional subgroup
PSL(2, R) = G" which embeds the uniformizing representations of n,(X) as a subspace of
the Teichmiiller component. We are therefore considering an extension of ordinary
Teichmiiller space.

To be more precise, we have:

THEOREM A. Let X be a compact oriented surface of genus g > 1 and let G" be the adjoint
group of the split real form of a complex simple Lie group G*. Let Hom* (n,(Z); G") denote the
space of homomorphisms from the fundamental group to G" which act completely reducibly on
the Lie algebra of G*. Then the quotient of Hom™* (n,(Z); G") by the conjugation action of G*
has a connected component homeomorphic to a Euclidean space of dimension (2g — 2)dim G".

Returning to the case of PSL(2, R), there is an easy way to identify this distinguished
component. Every homomorphism from n,(Z) to PSL(2, R) defines an associated (flat)
principal PSL(2, R)- bundle which is topologically classified by its reduction to a maximal
compact subgroup—in this case the circle. The first Chern class of this circle bundle then
provides an intcger invariant and it turns out that Teichmiiller space is precisely the
subspace for which this integer takes the value (2g — 2). (In fact an outer automorphism of
PSL(2, R) yields an isomorphic copy of the space corresponding to the value — (2g — 2)so
that in truth there are two components homeomorphic to a ball). In the latter half of this
paper we consider whether this feature holds for the Teichmiiller component of PSL(n, R) if
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Abstract. We study the Hitchin map tor Gg-Higgs bundles on a smooth curve, where
G is a quasksplit real form of a complex reductive algebraic group . By koking
at the moduli stack of regular Gg-Higgs bundles, we prove that it induces a banded
gerbe structure on a slightly larger stack, whose band is given by sheaves of tori. This
characterization vields a cocyclic description of the hbres of the corresponding Hitchin
map by means of cameral data According to this, hbres of the Hitchin map are categories
ol principal torus bundles on the cameral cover. The corresponding points inside the stadk
of G-Higgs bundles are contained in the substack of points hxed by an involution induced
by the Cartan mvolution of Gz, We determine this substack of hxed points and prove
that stable points are in correspondence with stable Gg-Higgs bundles.

1. Introduction

Higgs bundles over a compact Riemann surface for complex reductive Lie groups
were introduced by Hitchin in [H1|. [H2], and have since been objects of intensive
study, due to the rich geometry of thelr moduli spaces. A particularly interesting
aspect is the Hitehin integrable system. This s a fibration by complex Lagrangian
tori over the so-called Hitchin base [H2|, [BNR). [Si). [Sco]. [S]. [DG]. [N]. This
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Critical loci for Higgs bundles
Nigel Hitchin

December 29, 2017

1 Introduction

The moduli space of Higgs bundles over a curve has plaved a fundamental role in
recent work relating Langlands duality and mirror symmetry [16]. Through its struc-
ture as an integrable system the duality of the abelian varieties which are the generic
fibres implements the symmetry. Less work has been done on the singular fibres and
this paper attempts to shed more light on these. Our main focus is on the eritical
locus, the points of which form part of the singular fibres. Under certain genericity
conditions thi a subintegrable system with its own family of abelian varieties as
fibr

Recall that an infegrable system is a symplectic manifold M*™ with a proper map
F: M - B toamanifold 8™ the base of the system, which over an open set in
B is a libration by Lagrangian submanifolds. Properness implies that a generic fibre
is a torus. Local coordinates on 8 provide lunctions fi. ... [, on M which Poisson
commute,

The subspace C M at which the rank of the derivative of /' drops rank from m
to m — d we call the dth critical locus. For an analytic integrable system there is a
notion of nondegeneracy of a point on the critical locus. In the literature of integrable

tems (see for example [26].[15].H]) it is a theorem that the nondegenerate points
of Cy form a symplectic submanifold of codimension 2d which inherits the structure
of a sub-integrable system.

In this paper we shall apply this criterion and study the consequences in the case of
the moduli space of rank 2 Higgs bundles over a curve X of genus g > 2. This is a
holomorphic integrable system and so analyticity automatically holds. The symplectic
manifold is the moduli space M of stable pairs (V, &) where V' is a rank 2 bundle of
fixed determinant and € a holomorphic section of Endy V' @ K.
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Moduli Spaces of Framed G-Higgs Bundles and
Symplectic Geometry
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Abstract: Let X be a compact connected Riemann surface, D € X a reduced effec-
tive divisor, G a connected complex reductive affine algebraic group and H, C G
a Zariski closed subgroup for every x € D. A framed principal G-bundle on X is
a pair (Eg. ¢), where Eg is a holomorphic principal G-bundle on X and ¢ assigns
to each x & D a point of the quotient space (Eg)y/H,. A framed G-Higgs bun-
dle is a framed principal G-bundle (Eg. ¢) together with a holomorphic section
# & HYX, adiEg) ® Ky & Ox(D)) such that #(x) is compatible with the fram-
ing ¢ at x for every x € 0. We construct a holomorphic symplectic structure on the
maoduli space M pi (G) of stable framed G-Higgs bundles on X. Moreover, we prove
that the natural morphism from Mg g (G) to the moduli space My (G) of D-twisted

G-Higgs bundles (Eg, 0) that forgets the framing. is Poisson. These results gener-
alize (Biswas et al. in Int Math Res Not. 2019. hups://doi.org/ 10, 1093/ imm/mz016.
arXiv:1805.07265) where (G, {H,)vcp) is taken to be (GL(r, ©), {L </ }icn). We also
investigate the Hitchin system for the moduli space Mg (G) and its relationship with
that for M 4(G).

Contents

2.1 Framings and G-Higgs bundles . . . .

2.2 Stability of framed G-Higgs bundles .

Infinitesimal Deformations . Y
3.1 Infinitesimal deformations of a framed principal bundle .
3.2 Infinitesimal deformations of a framed G-Higgs bundle .
Framed G-Higgs Bundles and Symplectic Geometry . . .

4.1 Construction of a symplectic structure

4.2 A Poisson structure

Published online: 31 July 2019




{ history

SPECTRAL CORRESPONDENCE FOR CYCLIC HIGGS BUNDLES
JIA CHOON LEE AND ANA PEON-NIETO

Comarea. Math. Phys. ABSTR In this paper, we describe the spectral correspondence for cyclic Higgs bundles
Digital Object Mestitier (DO from the viewpoint of quiver bundles. Under this framework, we establish a one-to-one corre-
spondence betw clic Higgs bundles on a curve and sheaves on a nencommutative surface
whose noncommutative structure originates from the path algebra associated to th
As appl 15, t 2 zes the known spectr
for U (p. p)-Higgs bundles ‘. i « spectral data for U (p, g)-
Higgs bundles and modules over the sheaf of even Clifford algebras of a c hbration
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A cyelic Higgs bundle on a smooth projective curve ' is a G L{r. C)-Higgs bundle consisting
of a vector bundle £ = Q),{ E, and a Higgs field ¢ : £ — E @ K¢ of the form

5

/mZ
Abstract: Let X be ad
tive divisor, G a conng
a Zariski closed subgra
a pair (Eg. ¢), where |
toeach x & D a poir
dle is a framed princij
8 e HYX, ad(Eg;) @
ing ¢ at x for every x |
moduli space Mg (G)

that the natural morphis e ' g O e
G-Higgs bundles (Eg spective spaces, the moduli space of cyclic Higgs bundles can be :d as the
C E Gy
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0 dma

where + By @ Ko fori € 2/mZ.

ose originally in the work of Simpson [Sim09]
the fixed points for the action of Z/mZ on the Higgs field. From the

alize (Biswas et al. in | fixed point locus of an nZ-action on the moduli space of (r.C)-Higgs bundle.

arXiv: 1805.07265) whe
investigate the Hitchin §
that for M 4(G).

Higgs bundles have also been investigated in other contexts. When m = 2, they are Higgs
group U(p. q) and the topology of their moduli spaces have been studied

ely using Morse theory by Bradlow, Garcia-Prada and Gothen B 3]. Analytically,

the work of Baraglia [Bar15] establishes a correspondence between cyclic Higgs bundles and
solutions of the affine Toda equation. This is later generalized to non-compact surfaces by Li

Contents

Introduction . . .

Framed G-Higgs .

2.1 Framings and G-Higgs bundles . . . .

2.2 Stability of framed G-Higgs bundles .

Infinitesimal Deformations T
3.1 Infinitesimal deformations of a framed principal bundle .
3.2 Infinitesimal deformations of a framed G-Higgs bundle .
Framed G-Higgs Bundles and Symplectic Geometry . . .

4.1 Construction of a symplectic structure . . . . . .

4.2 A Poisson structure
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Very stable bundles and properness of the Hitchin map
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Abstract Let X be a smooth complex projective curve of genus g > 2 and let K be its
canonscal bundle. In this note we show that a stable vector bundle £ on X 1s very stable, Le.
E has no non-zero mipotent Higgs field. if and only of the restriction of the Hitchin map o
the vector space of Higgs fields HY( X, End(£) @ K) is a proper map.

Keywords Higgs bundles - Hitchin map - Moduli space - Vector bundle

Mathematics Subject Classification (2000) Prmary 14H60 - 14H70

1 Introduction

Let X be asmooth complex projective curve of genus g > 2 and let K be its canonscal bundle.
We consider the moduls space My (n. d) of semi-siable degree o rank n vector bundles o
and the maodub space Higgs , (n. d) of sema-stable degree o rank n Higgs bundles. Thanks
o i result of Nitsure [4) 11 1s known that the Hitchin fibration

fe: Higgsy(n.d) — | —@H X, K%,

defined by associatmg to a Higgs bundle (£, ¢) the coefficients of the characterstic polyno-
mial of &, 15 a proper map. Il £ 15 a stable degree-d rank-n vector bundle, the vector space

The second mathor wis supported by o post-doctoral Gruse associatad to the Mane Cune Project
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THE SINGULAR HITCHIN FIBRATION, CAMERAL DATA, AND
REPRESENTATION THEORY

ALEXANDER FRUH

Ansrnacr. We consider the Hitchin fibration on the moduli stack of Higgs
bundles with arbitrary reductive structure group, and study its singular Jo-
cus using the contraliser of the Higgs field. We restrict to the case where
the Higgs field has constant centraliser dimension, and describe a non-abelian
structure on the correspanding Jocus in the modull stack. On a class of compo-
nents of this locus, we construct a factorisation of the Hitchin map through an
abellanised fibration, and describe the abellanised fibres with a generalisation
of the cameral data of Donagi and Galtsgory. We apply our results to Hitchin
fibvations for yeal groups, and we also determine a connection bet i the
geometry of the singular Hitchin fibeation and the representation theory of the
Lie al, via the orbit method

Introduction
3 | ational conventions

The centraliser stratific

[he smooth centrali
The adjoint quotient as
meral group
alley base and Grothendieck-Springer theory
al group for non- ar Dixmier sheets
iised quotient stack
n Hitchin fibres
ges bundles with fixed centraliser dimension
The S-Hitchin map
The abelianised fibration
atnples
Spectral data for sheet-valued G L, -Higgs bundles
28 bundles for Spy
The Hitchin fibration for real forms
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Very stable Higgs bundles, equivariant multiplicity
and mirror symmetry

Tamas Hausel' . Nigel Hitchin?

Received: 4 March 2021 / Accepted: 2 December 2021 / Published online: 21 January 2022
£ The Author(s) 2021

Abstract We detine and study the existence of very stable Higgs bundles on
Riemann surfaces, how 1t implies a precise formula for the multplicity of
the very stable components of the global nilpotent cone and its relationship to
mirror symmetry. The main ingredients are the Bialynicki-Birula theory of C°-
actions on semiprojective vaneties, C* characters of indices of C*-equivariant
coherent sheaves, Hecke transformation for Higgs bundles, relative Fourier—
Mukai transtorm along the Hitchin fibration, hyperholomorphic structures on
universal bundles and cominuscule Higgs bundles.

Contents

Introduction

Bialymicks-Birula partiion anxd decomposition

2.1 Baalymcki-Birula theory for semi-projective vanclies

ak ey SRl W IR o oo e e ) e e e
Bialynicks-Birula theary on the moduli space of Higgs bunles

3.1 Fixed pomnts of the T-action M

3.2 Upward flows on M

L S A e v = o et T i o 3 Vol e e Y 0= e v o

=0 Tamas Hawsel
tamas. hausel @ 1st.ac.
Nigel Hitchin
hitchin @ maths.ox.ac.uk

I IST Austria. Klosterneuburg, Austria

2 University of Oxford, Oxford . UK

Q Springer
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Abstract We define and study the existence of very stable Higgs bundles on
Riemann surfaces, how it implies a precise formula for the muluplicity of
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e For bundles (iL.e., @-:.-O) they define a
divisor.




e For bundles (iL.e., @:—O) they define a
divisor.

¢ This divisor equals the shaky locus,
Lf@.v i &LC.



Wobbly Higgs bundles

A stable Higgs bundle (E,d) fixed under the € action is wobbly if

the downward flow to it admits ancther nilpotent Higgs bundle.

o For bundles (iL.e.,

B<0) they define a
divisor.

e This divisor equals the shaley locus,
Lmj i &LC,

¢ ‘Thev conkrol the civsfmmir:s un Ehe
nilcone,












o In Fawnos, the modull space of
non—free rational curves is of
lower dimension,



° In Fanos, the moduli space of
non—free rational curves is of
lower dimension,

° Pal: a bundle is wobbly iff there is
a hoh-free rational curve through
LE.



Drinfeld’s conjecture

° In Fanos, the moduli space of
non—free rational curves is of
lower dimension,

° Pal: a bundle is wobbly ff there is
a hon-free rational curve through
LE.

¢ Proof for vector bundles
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ad

e {Use

(A (R),

r4
e £tale over s&abte locus -

¢ ad sends wabbi.v ko wobbbj«.
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Theorem (‘P&utj, PN) In rank three, the webbi{j locus is either
empty, the whole component or of pure. codimension one.



Theorem (‘Pauiv, PN) In rank three, the wobbbj Locus is either

empty, the whole component or of pure. codimension one,
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Q: are El«e:j real wobbi.v?



Q: are El«ej real wobbi.v?

A: Nope! Half the components are, half arent.
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Proposition (Pal—PN): o fixed point € eTFix
is wobbly i and only i there
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or a “non free” Hecke curv
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Theorem (Pal—tN, Fruh—Quaras—tN): a wobbly
component always has nilflows with maximal
welqght,




Theorem (Pal—PN, Fruh—Ouaras—PN): a wobbly
component always has nilflows with maximal
welqght,

Moreover
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