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Capturing higher order poles leftSigmaPright surface with
marked boundary
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Today categorical framework to decorated Betti moduli
space that specializes to each of the above
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Linear local system E on SigmamathbbCxUCacoprodCl

forallgamma path in Sigma we can transport yleftzright along it
locGleftSigmarightLocGleftSigmaright

UtholgammavarepsilonleftUsrightsimeqvarepsilonleftUtright
gamma

Rightarrowvarepsilonhole rightarrowleftEvarepsilonotimesOXphirightUs
sections einGammaleftUErightelefturightc1lefturighty1c2lefturighty2c3lefturighty3

CiUrightarrowmathbbC continuous

Representation of M1leftSigmarightnileftEphiright phiM1leftSigmarightrightarrowGLleftEright
RepGleftPiIleftSigmarightright Rep GleftM1leftSigmarightright
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Rep GleftPi1leftSigmarightrightsimeqRepGleftpi1leftSigmaprightright Morita equivalence

leftEphiright leftEpPhipright
p gammajPick a cover leftuiright ui simplyconnected

Pick piinUi
Pick gammai gammaileft0rightpgammaileft1rightpi
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gammai L
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Existing generalizations SigmaleftrightarrowleftSigmaPright

Betti moduli space

LocGleftSigmarightsimeqRepGleftM1leftSigmarightrightsimeq0 Rep sigmaleftpi1leftSigmaprightrightsimeq1 com leftpi1leftSigmaprightGrightG
V

Lo
overlinect
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leftSigmaPright
v wedge

Stoker Cleftpi1leftSigmaPrightright
Deligne
Simpson
FOCK
goncharov
shen

Rep sigmalefthatPi1leftSigmaPrightright
Gualtieri LiPym

Boalch
Homleftpi1leftSigmaPrightGrightUpChekhovMM

Rubtsov

we would like to establish a relationship
between all these approaches

categoricalapproach every moduli space is the underlying
set of a groupoid Equivalencesofgroupoids imply bijections
of moduli spaces
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consequences

Fock Goncharov coordinates can be used to describe objects
in each of these moduli spaces

Cluster varietystructure is intrinsic
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rank n vector bundleExample ErightarrowP1
nabla connection on E with pole divisor D1times02timesinfty

nabladleftufracvzrightdz MdR
VinagUinh

torizontal sections fracdYdzleftUfracVzrightY
Local behaviour near 0 Y0leftzrightF0leftzrightzoplus

Local system E on SigmamathbbCxcupc0wc1

ut

LocGleftSigmaright

varepsilonleftUsrightsimeqvarepsilonleftUtright
forall path we define an isomorphism

of vector spaces
US

overrightarrowgamma

RepGleftPi1leftSigmarightright
LOC GleftSigmarightsimRepGleftPi1leftSigmarightright



Local behaviour at a

YinftyfleftzrightFinftyleftnicefrac1zrighteUzzVD
divergent series

Existence of holomorphic solutions is only guaranteed in sectors
ofopeningprod

Stokes rays Re Zui zu j0 We can extend uniquely to
larger sectors as long as we don't cross them

Example n3

YLbecauseldotsYLldotsYLsimYinftyf

L v



Local behaviour at a

YinftyfleftzrightFinftyleftnicefrac1zrighteUzzVD
divergent series

Existence of holomorphic solutions is only guaranteed in sectors
ofopeningprod

Stokes rays Re Zui zu j0 We can extend uniquely to
larger sectors as long as we don't cross them

Example n3

negprofline7 ll

7 YRsimYinftyf
YR YR

LL vv



Local behaviour at a

YinftyfleftzrightFinftyleftnicefrac1zrighteUzzVD
divergent series

stores matrices

YLleftzrightYRleftzrightS zinSigma

YRleftzrightYLleftzrightSzinSigma

YL
negiddots lSigma

YRSigma
L v



Local behaviour at a

YinftyfleftzrightFinftyleftnicefrac1zrighteUzzVD
divergent series

stores matrices

YLleftzrightYRleftzrightS zinSigma

YRleftzrightYLleftzrightSzinSigma

YL
neg lSigma

YRSigma

Ideally Sigma1Sigma1S1S
Loc GleftsumrightsimRepGleftPi1leftsumrightright



steps Sigma
tYL

841g 4277

eZUn
y0

cdotoSigma

ezu1llezu2
LC cdotllezun

YR
L v

In general

leftSigmaPright
Real oriented blow up
with marked points

Pt

P

LocalsystemE YOYLYS my complete transversal flags
on Sigmapm

LocGFileftSigmaPrightnileftSigmaFpright Deligne Simpson



step 2

o
o

UsUS tst PtPts
pP

Evarepsilonotimes0SigmaE

tforallgamma we have an isomorphism

phigammaEssimeqEt
leftSigmaPright

S ut
US

RepFileftPi1leftSigmarightPrightnileftEFpphiright
theorem LocGFileftSigmaPrightsimeqRepFileftM1leftSigmarightPright



Step 3 discretely generated model

RepGFileftPi1leftSigmarightrightrightarrowRepGFileftpi1leftSigmaPrightright1

L
Pt Cover SigmabackslashpartialSigma by open balls Bi

Choose PiinBi
Fix gammaigammaileft0rightpigammaileft1rightinP

P langle

P
gammajPt lceil

tpjwidetildegammaj leftwidetildegammairightleftwidetildegammajrightRightarrowgammajwidetildegammajgammawidetildegammai1gammai1inPi1leftSigmaright
are unique

gammai
overlinegammai

PiGammas gamma

RepGFileftpi1leftSigmaPrightrightnileftEpFpPhipright
theorem RepGFileftPi1leftSigmarightPrightsimeqRepGFileftpi1leftSigmaPrightright
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Egammaleft0rightFgammaleftoright PhigammaEgammaleft1rightFgammaleft1right
Youvarphigammalefterightwedge
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vf 811
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Step 4 Matrices given leftEPFPphiPrightinRepGFileftpi1leftSigmaPrightright
forallpinP choose chipEprightarrowmathbbCnRightarrowforallgammainpi1leftSigmaPright

SmathbbCnFStmathbbCnFst
xgamma o
Egammaleft0rightFgammaleftoright

varphigammalefteright

EgammaleftorightFgammaleftoright
fgammaleft0right

mathbbCnFst

xgammaleft1rightPhigammaEgammaleft1rightFgammaleft1right
g8left1right

varphigammaleft1rightphigammaEgammaleft1rightFgammaleft1rightggammaleftoright

f 811
V

SmathbbCnFstrhoinHomleftpi1leftSigmaPrightGLnleftmathbbCrightright Fstleftlanglee1rightrangleleftlanglee1e2rightrangleldotsldotssubsetleftlanglee1ldotsenrightrangle
rhogammaggammaleft1rightrhogammaggamma1left0right

Mixedconjugationgroupoid BPKHomleftpi1leftSigmaPrightGLnleftmathbbCnrightright



Step 4 Matrices

forallpinP choose fpEprightarrowmathbbCnRightarrowforallgammainpi1leftSigmaPright

SmathbbCnFStggammaleft1rightmathbbCnFStSmathbbCnFSt

mathbbCnFst

ggammaggammaleft1rightrhogammaggammaleft0right1ggammaleft0right

leftBpBprightltimesleftGLnleftmathbbCrighttimesGLnleftmathbbCrighttimesGLnleftmathbbCrightright
Pt

P

theorem RepGFileftpi1leftSigmaPrightrightsimBpltimesHomleftpi1leftSigmaPrightGLnleftmathbbCrightright
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DecoratedBetti moduli space

mathcalLocGmdlgwhtsquareleftSigmaPrightsimeqRepGmdlgwhtsquareleftPi1leftSigmarightPrightsimeqRepGDleftpi1leftSigmaPrightrightsimeqXGmdlgwhtsquare

Framed and projectively framed case

LocGmdlgwhtsquareleftSigmaPrightsimRepGmdlgwhtsquareleftM1leftSigmarightPrightsimRepGmdlgwhtsquareleftpi1leftSigmaPrightrightsimKPmdlgwhtsquareltimesHomleftpi1leftSigmaPrightGright

KpFrUUp KpPFTUpXleftmathbbCtimesrightleftprighttimesUp
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Miuraequivalina RepGleftPi1leftSigmarightrightsimeqRepGleftpi1leftSigmaprightright
1

leftEpPhipright
leftEphirightU2widetildegamma2

L monodromy
a1gamma

p2
upsilon1p1widetildegamma1 gammaleftrightarrowgamma21widetildegamma21gammawidetildegamma1gamma1z2

widetildegamma

z1 a2
gamma1 gamma2
p
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Homleftpi1leftSigmagsrightGrightG for GPSL2leftmathbbRright Teichmiller
space
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