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One can explain, for instance using large deviation theory, that:  



Boltzmann’s macrostate 
entropy

• Microstates: 


• Macrostates:  describes in a coarse-grained way the 
macroscopic state of a system. As an example, we divide the 6 
dimensional space  into  cells, where  is large but 
still  and specify the number of particles in each cell.


• Boltzmann’s macrostate entropy: 

 with


.

X = {(rn, pn)1≤n≤N}
M

μ− {r, p} K K
K ≪ N

SB(X) = SB (M(X))
SB(M) = kB log |ΓM |

(Time's arrow and Boltzmann's entropy, Joel L. Lebowitz,  2008, Scholarpedia)




Boltzmann’s macrostate 
entropy and times arrow

.


• Boltzmann argued that due to the large differences in the sizes of ,  will 
typically increase in a way which explains and describes qualitatively the evolution 
towards equilibrium of macroscopic systems.


• Maxwell: «the second law is drawn from our experience of bodies consisting of an 
immense number of molecules. ... it is continually being violated, ..., in any sufficiently 
small group of molecules ... . As the number ... is increased ... the probability of a 
measurable variation ... may be regarded as practically an impossibility. » 


• Gibbs (quoted by Boltzmann): «  In other words, the impossibility of an 
uncompensated decrease of entropy seems to be reduced to an improbability. »


• In the limit of a large number of degrees of freedom, Clausius’ entropy for a 
macroscopic description of a physical system can be identified with Boltzmann’s 
macrostate entropy.

SB(M) = kB log |ΓM |

ΓM SB(Xt)

(Time's arrow and Boltzmann's entropy, Joel L. Lebowitz,  2008, Scholarpedia)




What about entropy and dynamics 
beyond typical relaxation?



What about entropy and dynamics 
beyond typical relaxation?

• Boltzmann’s macrostate entropy is directly related to the probability in phase 
space, independently of dynamics.


• Entropy has also a dynamical meaning. For instance in stochastic 
thermodynamics, entropy variation appears as the ratio of the probability of 
forward paths to the probability of backward paths.


• For systems in detailed balance, or generalized detailed balance: 




• For kinetic theories can we get path probabilities and the dynamical meaning go 
entropy?

ℙ ({X(t)}{ti≤t≤tf})
ℙ ({X̄R(t)}{ti≤t≤tf})

= exp ( ΔS
kB )



Example: macroscopic fluctuation theory, sometimes derived from microscopic Markov 
dynamics.


 Can we derive path large deviations for classical kinetic theories ?









2023, Annales Henry Poincaré.
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(see F. Bouchet, R. Tribe, and O. Zaboronski - Physical Review E, 2023) 
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