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Preface

This volume contains the lecture notes, rather loosely construed, from a sum-
mer school held at ETH in Ziirich from June 23 to July 18, 2008. The school was
hosted by both the mathematics and the physics departments at ETH, and the
organizers would like to thank those departments for their hospitality, and many
people, especially Gian Michele Graf, for invaluable organizational assistance. We
are also grateful to Jorg Frohlich and Horst Knorrer at ETH for scientific guidance
and to Marcela Kriamer from ETH and Amanda Battese and Candace Bott from
CMI for their practical help. The dedication of the students in the school con-
tributed inestimably to the breadth and accuracy of these notes, as did the help of
a team of anonymous referees. Finally we would like to thank Vida Salahi for her
work and dedication in managing the editorial process of this volume, as well as
Naomi Kraker for dealing with the final stages of the project.

While we intended from the beginning to emphasize the unity of techniques
and outlooks in the broad subject of evolution equations, procrastination and dis-
traction prevented us from coordinating as extensively as we would have liked the
content of the main courses. It therefore came as a very happy surprise, on ar-
riving and starting the courses, that the subject of PDE seemed to enforce its
unity on us, rather than vice-versa. In the first three weeks of the school, various
common threads appeared, some of them anticipated and some not. The role of
energy estimates, via commutator and multiplier arguments, had always been en-
visioned as one of the technical focuses of the school. The appearance of symmetry
and approximate symmetry arguments, and of scaling arguments therefore came
as no great surprise, arising throughout the main courses. Virial and Morawetz
estimates formed the backbone of much of the beginning of the Wunsch-Mazzeo
and Staffilani-Raphael courses. The general framework of extending local well-
posedness to global via appropriate conserved quantities of course arose essentially
in both the Staffilani-Raphaél course on the nonlinear Schrodinger equation and
in the Rodnianski-Dafermos course, which focused more on hyperbolic equations
arising from Lagrangian field theories. In both the Rodnianski-Dafermos course
and that of Wunsch-Mazzeo, a good deal of Riemannian, pseudo-Riemannian, and
symplectic geometry was shared, some expressly and some implicitly.

Other common themes shared by the main courses and various of the mini-
courses included: The role of mixed long-distance, long-time asymptotics, lead-
ing to estimates for the wave operator along and orthogonal to the null cone and
to radiation fields and the Lax-Phillips transform; nonlinear evolution equations
as many-particle limits of linear many-body quantum-mechanical problems; anal-
ysis of blowup regimes through appropriate rescalings and both variational and
dynamical techniques. Other central topics were: critical equations and blowup
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versus scattering; scattering itself, construed in terms of wave operators or in time-
dependent formulation; parametrices in position space, in Fourier space, and in
phase space and their different uses; local well-posedness via induction on energy;
and concentration/compactness arguments.

“Evolution equations” is an area too rich in diverse phenomenology to ever be
a single coherent subject, but we hope that this volume illuminates some of the
major threads woven through it.

David Ellwood
Igor Rodnianski
Gigliola Staffilani
Jared Wunsch

October 2012
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1. Introduction

The point of these notes, and the lectures from which they came, is not to pro-
vide a rigorous and complete introduction to microlocal analysis—many good ones
now exist—but rather to give a quick and impressionistic feel for how the subject
is used in practice. In particular, the philosophy is to crudely axiomatize the ma-
chinery of pseudodifferential and Fourier integral operators, and then to see what
problems this enables us to solve. The primary emphasis is on application of com-
mutator methods to yield microlocal energy estimates, and on simple parametrix
constructions in the framework of the calculus of Fourier integral operators; the
rigorous justification of the computations is kept as much as possible inside a black
box. By contrast, the author has found that lecture courses focusing on a careful
development of the inner workings of this black box can (at least when he is the
lecturer) too easily bog down in technicality, leaving the students with no notion of
why one might suffer through such agonies. The ideal education, of course, includes
both approaches. ..

A wide range of more comprehensive and careful treatments of this subject are
now available. Among those that the reader might want to consult for supplemen-
tary reading are [17], [7], [22], [24], [26], [2], [28], [16] (with the last three focusing

2010 Mathematics Subject Classification. Primary 35L05, 35P25, 35Q41, 58J40, 58J47,
58J50.

©2013 Jared Wunsch



2 JARED WUNSCH

on the “semi-classical” point of view, which is not covered here). Hérmander’s trea-
tise [11], [12], [13], [14] remains the definitive reference on many aspects of the
subject.

Some familiarity with the theory of distributions (or a willingness to pick it
up) is a prerequisite for reading these notes, and fine treatments of this material
include [11] and [6]. (Additionally, an appendix sets out the notation and most
basic concepts in Fourier analysis and distribution theory.)

Much of the hard technical work in what follows has been shifted onto the
reader, in the form of exercises. Doing at least some of them is essential to following
the exposition. The exercises that are marked with a “star” are in general harder
or longer than those without, in some cases requiring ideas not developed here.

The author has many debts to acknowledge in the preparation of these notes.
The students at the CMI/ETH summer school were the ideal audience, and pro-
vided helpful suggestions on the exposition, as well as turning up numerous errors
and inconsistencies in the notes (although many more surely remain). Discussions
with Andrew Hassell, Michael Taylor, Andras Vasy, and Maciej Zworski were very
valuable in the preparation of these lectures and notes. Rohan Kadakia kindly
corrected a number of errrors in the final version of the manuscript. Finally, the
author wishes to gratefully acknowledge Richard Melrose, who taught him most of
what he knows of this subject: a strong influence of Melrose’s own excellent lecture
notes [17] can surely be detected here.

The author would like to thank the Clay Mathematics Institute and ETH for
their sponsorship of the summer school, and MSRI for its hospitality in Fall 2008,
while the notes were being revised. The author also acknowledges partial support
from NSF grant DMS-0700318.

2. Prequel: energy methods and commutators

This section is supposed to be like the part of an action movie before the
opening credits: a few explosions and a car chase to get you in the right frame of
mind, to be followed by a more careful exposition of plot.

2.1. The Schrodinger equation on R™. Let us consider a solution % to the
Schréodinger equation on R x R™ :
(2.1) i Oph — V3 = 0.

The complex-valued “wavefunction” 1 is supposed to describe the time-evolution
of a free quantum particle (in rather unphysical units). We’ll use the notation

A = —V? (note the sign: it makes the operator positive, but is a bit non-standard).
Consider, for any self-adjoint operator A, the quantity
(A, )

where (-, -) is the sesquilinear L2-inner product on R™. In the usual interpretation of
QM, this is the expectation value of the “observable” A. Since dy1) = iV?1) = —iAq),
we can easily find the time-evolution of the expectation of A :

(AP, ¥) = (0 (A)Y, ¥) + (A(=id), ) + (AY, (—iDd)).

Now, using the self-adjointness of A and the sesquilinearity, we may rewrite this as

(2.2) (AP, ¥) = (0 (A)Y, ¥) +i([A, Ay, ¥)
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where [S, T'] denotes the commutator ST — T'S of two operators (and 0;(A) repre-
sents the derivative of the operator itself, which may have time-dependence). Note
that this computation is a bit bogus in that it’s a formal manipulation that we’ve
done without regard to whether the quantities involved make sense, or whether
the formal integration by parts (i.e. the use of the self-adjointness of A) was justi-
fied. For now, let’s just keep in mind that this makes sense for sufficiently “nice”
solutions, and postpone the technicalities.

If you want to learn things about (¢, ), you might try to use (2.2) with a
judicious choice of A. For instance, setting A = Id shows that the L?-norm of
(t,-) is conserved. Additionally, choosing A = AF shows that the H* norm is
conserved (see the appendix for a definition of this norm). In both these examples,
we are using the fact that [A, A] = 0.

A more interesting example might be the following: set A = 0,, the radial
derivative. We may write the Laplace operator on R” in polar coordinates as

Lo, 1 Ao

r r2

n —

A=—0%—

where Ay is the Laplacian on S™~!; thus we compute

m¢m:2%§_m_n

2

r

EXERCISE 2.1. Do this computation! (Be aware that 0, is not a differential
operator with smooth coefficients.)

This is kind of a funny looking operator. Note that A is self-adjoint, and 0,
wants to be anti-self-adjoint, but isn’t quite. In fact, it makes more sense to replace

O by
n—1

A= (1/2)(0, = 3) = 0, + 5 —

which corrects 0, by a lower-order term to be anti-self-adjoint.

EXERCISE 2.2. Show that
n—1

0 =0, —

r
Trying again, we get by dint of a little work:
n—1 20g  (n—1)(n—3)
2. A =
(2.3) (A, 0 + o ] 5t 273 ;
provided n, the dimension, is at least 4.

EXERCISE 2.3. Derive (2.3), where you should think of both sides as operators
from Schwartz functions to tempered distributions (see the appendix for defini-
tions). What happens if n = 37 If n = 27 Be very careful about differentiating
negative powers of r in the context of distribution theory. ..

Why do we like (2.3)? Well, it has the very lovely feature that both summands
on the RHS are positive operators. Let’s plug this into (2.2) and integrate on a
finite time interval:

R A R R

273

T 2 _ _ 2
= [ oo ae e BB o
0
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where ¥ represents the (correctly scaled) angular gradient: ¥ = r~1V,, where Vj
denotes the gradient on S™~ .

Now, we’re going to turn the way we use this estimate on its head, relative
to what we did with conservation of L? and H* norms: the left-hand-side can
be estimated by a constant times the H'/? norm of the initial data. This should
be at least plausible for the derivative term, since morally, half a derivative can be
dumped on each copy of u, but is complicated by the fact that 0, is not a differential
operator on R™ with smooth coefficients. The following (somewhat lengthy) pair
of exercises goes somewhat far afield from the main thrust of these notes, but is
necessary to justify our H'/? estimate.

In the sequel, we employ the useful notation f < ¢ to indicate that f < Cyg
for some C' € R™; when f and g are Banach norms of some function, C is always
supposed to be independent of the function.

EXERCISE* 2.4.
(1) Verify that for u € S(R™) with n > 3, [(9,u, u)| < |[ul| 512
HinT: Use the fact that

Oy = Z 2| 270,

Check that x/|z| is a bounded multiplier on both L? and H', and hence,
by interpolation and duality, on H~'/2. An efficient treatment of the in-
terpolation methods you will need can be found in [25]. You will probably
also need to use Hardy’s inequality (see Exercise 2.5).

(2) Likewise, show that the (r~'u,u) term is bounded by a multiple of l|%1/2
(again, use Exercise 2.5).

EXERCISE 2.5. Prove Hardy’s inequality: if u € H'(R"™) with n > 3, then

_9)2 2
%/%dz§/|VU\2d$

HINT: In polar coordinates, we have for v € S(R")

2 e8]
%dz = / / lu|>r™=3 dr dé.
r sn—1Jo

Integrate by parts in the r integral, and apply Cauchy-Schwarz.
So we obtain, finally, the Morawetz inequality: if vy € H'/?(R™), with n > 4

then

T T 9

ea 2 | 2] ae s ool
0 2 0

Now remember that we’ve been working rather formally, and there’s no guarantee
that either of the terms on the LHS is finite a priori. But the RHS is finite, so since
both terms on the LHS are positive, both must be finite, provided 1)y € H/2. (This
is a dangerously sloppy way of reasoning—see the exercises below.) So we get, at
one stroke two nice pieces of information: if 1o € H'/2, we obtain the finiteness of
both terms on the left.

Let’s try and understand these. The term

[ ]
0

7,71/2Y7¢H2dt n (n—1)(n—3)




MICROLOCAL ANALYSIS 5

gives us a weighted estimate, which we can write as

(2.5) € r*2L2([0,T); L*(R™))
for any T, or, more briefly, as
(2.6) Y erd?L2 L2

(The right side of (2.5) denotes the Hilbert space of functions that are of the form
73/2 times an element of the space of L? functions on [0, T] with values in the Hilbert
space L?(R™); note that whenever we use the condensed notation (2.6), the Hilbert
space for the time variables will precede that for the spatial variables.) So ¢ can’t
“bunch up” too much at the origin. Incidentally, our whole setup was translation
invariant, so in fact we can conclude

Y E |z — 330|3/2L2 L?

loc

for any xo € R™, and ¥ can’t bunch up too much anywhere at all.

How about the other term? One interesting thing we can do is the following:
Choose z¢, 1 in R™, and let X be a smooth vector field with support disjoint from
the line ToZ7. Then we may write X in the form

X=Xg+ X1

with X; smooth, and X; L (z — z;) for ¢« = 0,1; in other words, we split X into
angular vector fields with respect to the origin of coordinates placed at xy and x;
respectively. Moreover, we can arrange that the coefficients of X; be bounded in
terms of the coefficients of X (provided we bound the support uniformly away from
ToZ1). Thus, we can estimate for any such vector field X and any u € C2°(R")

2 2
/\Xu\Zd:z:S/’\x—x0|_1/2y70u‘ dx+/‘|a:—x1|_1/2¥71u dx

where Y, is the angular gradient with respect to the origin of coordinates at ;.
Since for a solution of the Schrédinger equation, (2.4) tells us that the time integral
of each of these latter terms is bounded by the squared H'/2 norm of the initial data,
we can assemble these estimates with the choices X = x0,s for any x € C°(R™) to
obtain

T
2 2
| Il at 5 ool
0
In more compact notation, we have shown that
Yo € HY? =y € LE _H}..

This is called the local smoothing estimate. It says that on average in time, the
solution is locally half a derivative smoother than the initial data was; one conse-
quence is that in fact, with initial data in H'/2, the solution is in H' in space at
almost every time.

EXERCISE 2.6. Work out the Morawetz estimate in dimension 3. (This is in
many ways the nicest case.) Note that our techniques yield no estimate in dimension
2, however.

In fact, if all we care about is the local smoothing estimate (and this is fre-
quently the case) there is an easier commutator argument that we can employ to
get just that estimate. Let f(r) be a function on RT that equals 0 for 7 < 1, is
increasing, and equals 1 for » > 2. Set A = f(r)d, and employ (2.2) just as we did
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before. The commutant f(r)9, (as opposed to just 0,) has the virtue of actually
being a smooth vector field on R™. So we can write

[A, f(r)or] = =2f'(r)0F +2r > f(r) Ao + R

where R is a first order operator with coefficients in C°(R™). As we didn’t bother
to make our commutant anti-self-adjoint, we might like to fix things up now by
rewriting

[A, f(r)0] = =207 f'(r)0r + 2r > f(1r)Ag + R’

where R’ is of the same type as R. Note that both main terms on the right are now
nonnegative operators, and also that the term containing 9, is not, appearances to
the contrary, singular at the origin, owing to the vanishing of f’ there. Thus we
obtain, by another use of (2.2),

en [ |vrmo| s [ Ve v @

T
< / (R, )| db + [(F (s, ) [T

Now the first term on the RHS is bounded by a multiple of [|¢|51/2 (as R’ is first
order with coefficients in C2°(R"™)); the second term is likewise (since f is bounded
with compactly supported derivative, and zero near the origin). This gives us an
estimate of the desired form, valid on any compact subset of supp fNsupp f’, which
can be translated to contain any point.

EXERCISE 2.7. This exercise is on giving some rigorous underpinnings to some
of the formal estimates above. It also gets you thinking about the alternative,
Fourier-theoretic, picture of how might think about solutions to the Schrodinger
equation.!

(1) Using the Fourier transform,? show that if ¢o € L?(R™), there exists a
unique solution ¥(t, x) to (2.1) with (0, z) = 0.

(2) As long as you're at it, use the Fourier transform to derive the explicit
form of the solution: show that

'(/J(th) = ¢0 * Kt

where K is the “Schrédinger kernel;” give an explicit formula for K.

(3) Use your explicit formula for K; to show that if ¢y € L' then (T, z) €
L>°(R™) for any T # 0.

(4) Show using the first part, i.e. by thinking about the solution operator as
a Fourier multiplier, that if 99 € H® then ¥(t,z) € L (Ry; H?), hence
give another proof that H*® regularity is conserved.

(5) Likewise, show that the Schrédinger evolution in R™ takes Schwartz func-
tions to Schwartz functions.

(6) Rigorously justify the Morawetz inequality if ¢ € S(R™). Then use a
density argument to rigorously justify it for vy € H'/2(R™).

LIf you want to work hard, you might try to derive the local smoothing estimate from the
explicit form of the Schréodinger kernel derived below. It’s not so easy!

2See the appendix for a very brief review of the Fourier transform acting on tempered distri-
butions and L2-based Sobolev spaces.
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2.2. The Schroédinger equation with a metric. Now let us change our
problem a bit. Say we are on an m-dimensional manifold, or even just on R™
endowed with a complete non-Euclidean Riemannian metric g. There is a canonical
choice for the Laplace operator in this setting:

A=d"d

where d takes functions to one-forms, and the adjoint is with respect to L? inner
products on both (which of course also involve the volume form associated to the
Riemannian metric). This yields, in coordinates,

1 g
(28) A= *ﬁ miglj \/gazjv

where 3.} 4" 0, ®0,s is the dual metric on forms (hence g is the inverse matrix
to gi;) and g denotes det(g;;).

EXERCISE 2.8. Check this computation!

EXERCISE 2.9. Write the Euclidean metric on R? in spherical coordinates, and
use (2.8) to compute the Laplacian in spherical coordinates.

We can now consider the Schrédinger equation with the Euclidean Laplacian
replaced by this new “Laplace-Beltrami” operator. By standard results in the
spectral theory of self-adjoint operators,® there is still a solution in L% (R;L?)
given any L? initial data—this generalizes our Fourier transform computation in
Exercise 2.7—but its form and its properties are much harder to read off.

Computing commutators with this operator is a little trickier than in the Eu-
clidean case, but certainly feasible; you might certainly try computing [A, 0, + (n—
1)/(2r)] where r is the distance from some fixed point.

EXERCISE 2.10. Write out the Laplace operator in Riemannian polar coordi-
nates, and compute [A, 9, + (n — 1)/(2r)] near r = 0.

But what happens when we get beyond the injectivity radius? Of course, the
r variable doesn’t make any sense any more. Moreover, if we try to think of 9,
as the operator of differentiating “along geodesics emanating from the origin” then
at a conjugate point to 0, we have the problem that we’re somehow supposed to
be be simultaneously differentiating in two different directions. One fix for this
problem is to employ the calculus of pseudodifferential operators, which permits us
to construct operators that behave differently depending on what direction we're
looking in: we can make operators that separate out the different geodesics passing
through the conjugate point, and do different things along them.

2.3. The wave equation. Let
Ou= (07 + A)u=0
denote the wave equation on R x R™ (recall that A = — 3~ 92,). For simplicity of

notation, let us consider only real-valued solutions in this section.

3The operator A is manifestly formally self-adjoint, but in fact turns out to be essentially
self-adjoint on CZ°(X) for X any complete manifold.
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The usual route to thinking about the energy of a solution to the wave equation
is as follows. We consider the integral

(2.9) 0= /OT (Ou, Opu) dt

where (-, -) is the inner product on L?(R™). Then integrating by parts in ¢ and in x
gives the conservation of
2 2
10cull” + [[Vul”.
We can recast this formally as a commutator argument, if we like, by considering
the commutator with the indicator function of an interval:

0= A <[|:,, ]-[O,T] (t)@t]u, ’LL> dt.

The integral vanishes, at least formally, by self-adjointness of [0—it is in fact a
better idea to think of this whole thing as an inner product on R*+! :

([0, 110,27 (8)]0rt, u) gy -
Having gone this far, we might like to replace the indicator function with something
smooth, to give a better justification for this formal integration by parts; let x(t)
be a smooth approximator to the indicator function with ¥’ = ¢1 — ¢o with ¢; and
¢2 nonnegative bump functions supported respectively in (—e¢,€) and (T'—¢, T +¢),
with ¢2(-) = ¢1(- — T) Let A = x(t)0¢ + Oex(t). Then we have
[0, A] = 20,X'0; + 02X’ + X%,

and by (formal) anti-self-adjointness of 0; (and the fact that u is assumed real),
0 = ([0, Alu, uygni1 = —2(X'Ou, Du)gni1 + 2<X’u, 8,52u>Rn+1
= —2(x'Oyu, Opu) gnis + 2{Xu, V2U>Rn+1
= _2<Xlatu) atu>]Rn+1 - 2<X/v, VU>R7L+1

:_2/ o1(t)(Jue)® + |Vul?) dt da
Rn+1

+2/ oo () (a2 + |Vul?) dit
R+

Thus, the energy on the time interval [T'— ¢, T + €] (modulated by the cutoff ¢2) is
the same as that in the time interval [—e, €] (modulated by ¢1).

We can get fancier, of course. Finite propagation speed is usually proved by
considering the variant of (2.9)

-1
/ / Ou Oyu dx dt,
—Ty J|z]?<t?

with 0 < 717 < T5. Integrating by parts gives negative boundary terms, and we find
that the energy in

{t = =1y, |af* < T2}
is bounded by that in

{t = ~Tu,|af* < T3},
Hence if the solution has zero Cauchy data (i.e. value, time-derivative) on the latter
surface, it also has zero Cauchy data on the former.

EXERCISE 2.11. Go through this argument to show finite propagation speed.
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Making this argument into a commutator argument is messier, but still possible:

EXERCISE* 2.12. Write a positive commutator version of the proof of finite
propagation speed, using smooth cutoffs instead of integrations by parts. (An
account of energy estimates with smooth temporal cutoffs, in the general setting of
Lorentzian manifolds, can be found in [27, Section 3].)

There is of course also a Morawetz estimate for the wave equation! (Indeed,
this was what Morawetz originally proved.)

EXERCISE* 2.13. Derive (part of) the Morawetz estimate: Let u solve
Uu = 07 (U, 8tu)‘t:0 = (f7 g)
on R™, with n > 4. Show that

7’73/2u‘

< 2 2 .
o ey S M1+ Nl

this is analogous to the weight part of the Morawetz estimate we derived for the
Schrédinger equation. There is in fact no need for the local L? norm—the global
spacetime estimate works too: prove this estimate, and use it to draw a conclusion
about the long-time decay of a solution to the wave equation with Cauchy data in
C(R™) @ C° (R™).

HINT: consider ([0, x(¢)(0, + (n —1)/(2r))]u, u) g1 -

3. The pseudodifferential calculus

Recall that we hoped to describe a class of operators enriching the differential
operators that would, among other things, enable us to deal properly with the local
smoothing estimate on manifolds, where conjugate points caused our commutator
arguments with ordinary differential operators to break down. One solution to this
problem turns out to lie in the calculus of pseudodifferential operators.

3.1. Differential operators. What kind of a creature is a pseudodifferential
operator? Well, first let’s think more seriously about differential operators. A
linear differential operator of order m is something of the form

(3.1) P= Y ao(z)D"
laj<m
where D; = i~1(0/027) and we employ “multiindex notation:”

D™ =D ... Do,

ol = aj.
We will always take our coefficients to be smooth:
aq € C(R™).
We let
Diff ™" (R"™)
denote the collection of all differential operators of order m on R™ (and will later
employ the analogous notation on a manifold).
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If P € Diff"™(R") is given by (3.1), we can associate with P a function by
formally turning differentiation in 27 into a formal variable &; with (&,...,&,) €

R" :
2,6 = aa(@)e

This is called the “total (left-) symbol” of P; of course, knowing p is equivalent
to knowing P. Note that p(x,&) is a rather special kind of a function on R?" : it
is actually polynomial in the £ variables with smooth coeflicients. Let us write
P = Otot (P )-
Note that
Otot : P—=p

is not a ring homomorpism: we have

PQ = Zpa ) Dqs(x) D,

and if we expand out this product to be of the form

ZCV(SC)DAQ

Y

then the coefficients c, will involve all kinds of derivatives of the ¢g’s. This is a
pain, but on the other hand life would be pretty boring if the ring of differential
operators were commutative.

If we make do with less, though, composition of operators doesn’t look so bad.
We let 0,,,(P), the principal symbol of P, just be the symbol of the top-order parts
of P:

om(P) = Z aa ()€
laj=m

Note that o,,(P) is a homogeneous degree-m polynomial in &, i.e., a polynomial
such that 0,,(P)(z, A) = N0, (P)(z, ) for A € R. As a result, we can reconstruct
it from its value at || = 1, and it makes sense for many purposes to just consider
it as a (rather special) smooth function on R"™ x S"~1. It turns out to make more
invariant sense to regard the principal symbol as a homogeneous polynomial on
T*R"™, so that once we have scaled away the action of R*, we may regard it as
a function on S*R"”, the unit cotangent bundle of R”, which is simply defined as
T*R™/R* (or identified with the bundle of unit covectors in, say, the Euclidean
metric). To clarify when we are talking about the symbol on S*R", we define*

Om(P) = om(P)|jg|=1 € CZ(S™R™).
Now it is the case that the principal symbol is a homomorphism:
PROPOSITION 3.1. For P,Q differential operators of order m resp. m/,
Um+m’(PQ) = Um(P)Um’(Q)'
(and likewise with & ).

EXERCISE 3.1. Verify this!
Moreover, the principal symbol has another lovely property that the total sym-
bol lacks: it behaves well under change of variables. If y = ¢(x) is a change of

4The reader is warned that this notation is not a standard one.
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variables, with ¢ a diffeomorphism, and if P is a differential operator in the x
variables, we can of course define a pushforward of P by

(¢« P)f = P(¢"f)

Then in particular,

hence

LI o L Gyke n
$.(D%) = D% ... D% = ( %Dy,ﬁ) ( 5’71}%) :
k=1 kn=1
when we again try to write this in our usual form, as a sum of coefficients times
derivatives, we end up with a hideous mess involving high derivatives of the diffeo-
morphism ¢. But, if we restrict ourselves to dealing with principal symbols alone,
the expression simplifies in both form and (especially) interpretation:

PROPOSITION 3.2. If P is a differential operator given by (3.1), and y = ¢(x),
then

gk a; " gy an
Um(¢*P)(y777) = Z aa(¢_1(y)) ( %n’ﬁ) < ;?nk">
k

la]=m ki=1 n=1
where 1 are the new vartables “dual” to the y variables.

This corresponds exactly to the behavior of a function defined on the cotangent
bundle: if ¢ is a diffeomorphism from R} to Ry, then it induces a map ® = ¢* :
T*Ry — T*RE, and

om (0« P) = ®* (0, (P)).
EXERCISE 3.2. Prove the proposition, and verify this interpretation of it.
Notwithstanding its poor properties, it is nonetheless a useful fact that the map

Utot:PHp

is one-to-one and onto polynomials with smooth coefficients; it therefore has an
inverse, which we shall denote

Opg p—= P,
taking functions on T*R"™ that happen to be polynomial in the fiber variables to
differential operators on R™. Opy is called a “quantization” map.® You may wonder
about the ¢ in the subscript: it stands for “left,” and has to do with the fact that
we chose to write differential operators in the form (3.1) instead of as

P= Z D%aq(x),
|| <m

with the coefficients on the right. This would have changed the definition of o
and hence of its inverse.

Note that Opg(2/) = 27 (i.e. the operation of multiplication by x7) while
Ope(§;) = D;-

Why not, you might ask, try to extend this quantization map to a more general
class of functions on T*R"™? This is indeed how we obtain the calculus of pseudo-
differential operators. The tricky point to keep in mind, however, is that for most

5Tt is far from unique, as will become readily apparent.
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purposes, it is asking too much to deal with the quantizations of all possible func-
tions on T*R"™, so we’ll deal only with a class of functions that are somewhat akin
to polynomials in the fiber variables.

3.2. Quantum mechanics. One reason why you might care about the ex-
istence of a quantization map, and give it such a suggestive name, lies in the
foundations of quantum mechanics.

It is helpful to think about T*R"™ as being a classical phase space, with the
x variables (in the base) being “position” and the ¢ variables (the fiber variables)
as “momenta” in the various directions. The general notion of classical mechanics
(in its Hamiltonian formulation) is as follows: The state of a particle is a point in
the phase space T*R™, and moves along some curve in T*R" as time evolves; an
observable p(x, &) is a function on the phase space that we may evaluate at the state
(x,&) of our particle to give a number (the observation). By contrast, a quantum
particle is described by a complex-valued function ¥(x) on R"™, and a quantum
observable is a self-adjoint operator P acting on functions on R". Doing the same
measurement repeatedly on identically prepared quantum states is not guaranteed
to produce the same number each time, but at least we can talk about the expected
value of the observation, and it’s simply

<P¢a ¢>L2(]R")'

In the early development of quantum mechanics, physicists sought a way to trans-
form the classical world into the quantum world, i.e. of taking functions on T*R"
to operators on® L2(R™). This is, loosely speaking, the process of “quantization.”
We now turn to the question of describing the dynamics in the quantum and
classical worlds. To describe how the point in phase space corresponding to a
classical particle in Hamiltonian mechanics evolves in time, we use the notion of
the “Poisson bracket” of two observables. In coordinates, we can explicitly define
o=y gLl
; Ox I OE;

(this in fact makes invariant sense on any symplectic manifold). The map g — {f, g}
defines a vector field” (the Hamilton vector field) associated to f :

=3 %f% - %%

J J
The classical time-evolution is along the flow generated by the Hamilton vector
field associated to the energy function of our system, i.e. the flow along Hj for
some given h € C°(T*R™). By contrast, the wavefunction for a quantum particle
evolves in time according to the Schrédinger equation (2.1), with —V? in general
replaced by a self-adjoint “Hamiltonian operator” H whose principal symbol is the
energy function k.8 By a mild generalization of (2.2), the time derivative of the

6Well, they are not necessarily going to be defined on all of L?; the technical subtleties of
unbounded self-adjoint operators will mostly not concern us here, however.

"We use the geometers’ convention of identifying a vector and the directional derivative along
it.

8For honest physical applications, one really ought to introduce the semi-classical point of
view here, carrying Planck’s constant along as a small parameter and using an associated notion
of principal symbol.
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expectation of an observable A is related to the commutator
[H, A].
One of the essential features of quantum mechanics is that

Omtm ([H, A]) = i{om(H), om (A)},
so that the time-evolution of the quantum observable A is related to the classi-

cal evolution of its symbol along the Hamilton flow; this is the “correspondence
principle” between classical and quantum mechanics.?

3.3. Quantization. How might we construct a quantization map extending
the usual quantization on fiber-polynomials?

Let F denote the Fourier transform (see Appendix for details). Then we may
write, on R",

(Dyst)(x) = F1&;Fu = (QW)_"/G”’%/e_iy%(y) dy dg

— 5 [[ G o dye

Likewise, since F ' F = I, we of course have

(29)(z) = (2m)" / / @I E(y) dy dE.

Going a bit further, we see that at least for a fiber polynomial a(z,§) =Y aq(z)E*
we have

(3:2) (Opa)0)(e) = 3 an(0)D"(w) = (2) " [ [ w0 Cu(y) dy s

stripping away the function v, we can also simply write the Schwartz kernel (see
Appendix) of the operator Ops(a) as

#(Ope(a)) = (Qw)*"/a(x’g)ei(rfy)f d€.

(Making sense of the integrals written above is not entirely trivial: Given ¢ €
S(R™), we can make sense of the ¢ integral in (3.2), which looks (potentially)
divergent, by observing that

(1+[EP) 771 + Ay )keily)€ = gilemu)€

for all k£ € N; repeatedly integrating by parts in y then moves the derivatives onto
1. This method brings down an arbitrary negative power of (1+ |€ \2) at the cost of
differentiating v, thus making the ¢ integral convergent.'® Similar arguments yield
continuity of Op¢(a) as a map S(R™) — S(R™), hence we can extend to let Opy(a)
act on ¢ € 8’ by duality. For more details, cf. [17].)

EXERCISE* 3.3. Verify the vague assertions in the parenthetical remark above.
You may wish to consult, for example, the beginning of [10].

91In the semi-classical setting, the correspondence principle tells that we can in a sense recover
CM from QM in the limit when Planck’s constant tends to zero. What we have in this setting
is a correspondence principle that works at high energies, i.e. in doing computations with high-
frequency waves.

10This kind of integration by parts argument is ubiquitous in the subject, and somewhat
scanted in these notes, relative to its true importance.
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This of course suggests that we use (3.2) as the definition of Op¢(a) for more
general observables (“symbols”) a. And we do. In R", we set

(3.3) (Ope(a)y) (x) = ﬁ / a(z, €)@V EY(y) dy de.

We can define the pseudodifferential operators on R™ to be just the range of this
quantization map on some reasonable set of symbols a, to be discussed below.

On a Riemannian manifold, we can make similar constructions global by cut-
ting off near the diagonal and using the exponential map and its inverse. The
pseudodifferential operators are those whose Schwartz kernels'! near the diagonal
look like (3.3) in local coordinates, and that away from the diagonal are allowed
to be arbitrary functions in C*°(X x X). If the manifold is noncompact, we will
often assume further that operators are properly supported, i.e. that both left- and
right-projection give proper maps from the support of the Schwartz kernel to X.

3.4. The pseudodifferential calculus.

DEFINITION 3.3. A function a on T*R" is a classical symbol of order m if
e a €C>®(T*R")
e On [¢] > 1, we have

a(z, &) = €)™ alx, &, €],

where @ is a smooth function on R} x ngl x RT, and

N § n—1
=2cf§ .
=€

We then write a € SJ'(T*R™).

It is convenient to introduce the notation

(€ = (1+ e,
so that (£) behaves like |¢| near infinity, but is smooth and nonvanishing at 0. A
fancy way of saying that a is a classical symbol of order m is thus to simply say
that a is equal to (€)™ times a smooth function on the fiberwise radial compactifi-
cation of T*R™, denoted T R™. This compactification is defined as follows: We can
diffeomorphically identify R¥ with the interior of the unit ball by first mapping it
to the upper hemisphere of S™ C R**! by mapping

(3.4) & (%, %)

and identifying this latter space with the interior of the ball. Then 1/(£) becomes
a boundary defining function, i.e. one that cuts out the boundary nondegenerately
as its zero-set; 1/|¢| is also a valid boundary defining function near the boundary
of the ball, i.e. away from its singularity.

A very important consequence is that we can write a Taylor series for a near
|€]7" = 0 (the “sphere at infinity”) to obtain

a(@,6) ~ > (@, )€, with ap_; € CF(R™ x 577,
=0

11 For some remarks on the Schwartz kernel theorem, see the Appendix.
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and where the tilde denotes an “asymptotic expansion”—truncating the expansion
at the |¢]™ " term gives an error that is O([¢[™ N ~1).12

If X is a Riemannian manifold, we may define S/}'(T*X) in the same fashion,
insisting that these conditions hold in local coordinates.'3

(For later use, we will also want symbols in a more general geometric setting:
if F is a vector bundle we define

o1 (E)

cl
to consist of smooth functions having an asymptotic expansion, as above, in the
fiber variables. Often, we will be concerned with trivial examples like £ = R7 x R’g,
where we will usually use Greek letters to distinguish the fiber variables.)

The classical symbols are the functions that we will “quantize” into operators
using the definition (3.3). As with fiber-polynomials, the symbol that we quantize
to make a given operator will transform in a complicated manner under change
of variables, but the top order part of the symbol, am(a:,é) € C>®(S*R"), will
transform invariantly.

EXERCISE 3.4. We say that a function a € C®(T*X) is a Kohn-Nirenberg
symbol of order m on T*X (and write a € SPN(T* X)) if for all a, 5,

(3.5) sup (&)/71771020/ a| = Ca g < o0,

Check that S (T*R"™) C SE\(T*R"), where the extra subscript ¢ denotes
compact support in the base variables. Find examples of Kohn-Nirenberg symbols

compactly supported in z that are not classical symbols.'*

In the interests of full disclosure, it should be pointed out that it is the Kohn-
Nirenberg symbols, rather than the classical ones defined above, that are conven-
tionally used in the definition of the pseudodifferential calculus.

At this point, as discussed in the previous section, we are in a position to “de-
fine” the pseudodifferential calculus as sketched at the end of the previous section:
it consists of operators whose Schwartz kernels near the diagonal look like the quan-
tizations of classical symbols, and away from the diagonal are smooth. While our
quantization procedure so far has been restricted to R™, the theory is in fact clean-
est on compact manifolds, so we shall state the properties of the calculus only for
X a compact n-manifold.'> Most of the properties continue to hold on noncompact
manifolds provided we are a little more careful either to control the behavior of the
symbols at infinity, or if we restrict ourselves to “properly supported” operators,
where the projections to each factor of the support of the Schwartz kernels give
proper maps. We will therefore not shy away from pseudodifferential operators on
R™, for instance, even though they are technically a bit distinct; indeed we will only
use them in situations where we could in fact localize, and work on a large torus
instead.

12This does not, of course, mean that the series has to converge, or, if it converges, that it
has to converge to a : we never said a had to be analytic in |£\71, after all.

130ne should of course check that the conditions for being a classical symbol are in fact
coordinate invariant.

14Note that most authors use S™ to denote SEN-

15Some remarks about the noncompact case will be found in the explanatory notes that
follow.
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Instead of trying to make a definition of the calculus and read off its properties,
we shall simply try to axiomatize these objects:

THE SPACE OF PSEUDODIFFERENTIAL OPERATORS U*(X) ON A COMPACT
MANIFOLD X ENJOYS THE FOLLOWING PROPERTIES. (Note that this enumeration
is followed by further commentary.)

(I) (Algebra property) ¥™(X) is a vector space for each m € R. If A €
¥ (X) and B € U™ (X) then AB € U™ (X). Also, A* € ¥ (X).
Composition of operators is associative and distributive. The identity
operator is in ¥0(X).

(IT) (Characterization of smoothing operators) We let

WX = () e(X);

the operators in ¥~°°(X) are exactly those whose Schwartz kernels are
C*° functions on X x X, and can also be characterized by the property
that they map distributions to smooth functions on X.

(I11) (Principal symbol homomorphism) There is family of linear “principal
symbol maps” &, : ¥"(X) — C>°(S*X) such that if A € U™ (X) and
Be U™ (X),

Omtm? (AB) =0m (A)(}m’(B)

and

Gm(A") = 6m(A)
We think of the principal symbol either as a function on the unit cosphere
bundle S*X or as a homogeneous function of degree m on T X, depending

on the context, and we let o,,(A) denote the latter.
(IV) (Symbol exact sequence) There is a short exact sequence

0— U HX) = U™(X) T C>®(S*X) — 0,

hence the principal symbol of order m is 0 if and only if an operator is of
order m — 1.

(V) There is a linear “quantization map” Op : ST (T*X) — ¥™(X) such that
ifa~ Z?io Am—j(x,)|E)™ 7 € ST(T*X) then

Gm(Op(a)) = am (2, £).

The map Op is onto, modulo ¥~>°(X).
(VI) (Symbol of commutator) If A € ¥™(X), B € U™ (X) then'® [4,B] €
gt =1(X) and we have

Omtm’ ([A, B]) = i{om(a), om (b)}.

(VIT) (L*-boundedness, compactness) If A = Op(a) € ¥°(X) then A : L*(X) —
L?(X) is bounded, with a bound depending on finitely many constants
Co,p in (3.5). Moreoever, if A € ¥ (X), then

Ae L(H*(X),H"™(X)) for all s € R.

16That the order is m + m’ — 1 follows from Properties (IIT), (IV).
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Note in particular that A maps C>®(X) — C>®(X). As a further conse-
quence, note that operators of negative order are compact operators on
L*(X).
(Asymptotic summation) Given A; € ¥™7(X), with j € N, there exists
A € U™ (X) such that
A~ A,
J

which means that
N

A=A e N
3=0
for each V. A
(Microsupport) Let A = Op(a) + R, R € U~°°(X). The set of (x9,&p) €

S*X such that a(z, £) = O(|¢| ™) for z, £ in some neighborhood of (2o, &)
is well-defined, independent of our choice of quantization map. Its comple-
ment is called the microsupport of A, and is denoted WF’ A. We moreover
have

WF' AB C WF' ANWF'B, WF'(A+ B) C WF AUWF' B,
WF A* = WF' A.
The condition WF’' A = () is equivalent to A € ¥~°°(X).

COMMENTARY:

@

(IV)

If we begin by defining our operators on R™ by the formula (3.3), with
a € S(T*R™), it is quite nontrivial to verify that the composition of
two such operators is of the same type; likewise for adjoints. Much of the
work that we are omitting in developing the calculus goes into verifying
this property.

On a non-compact manifold, it is only among, say, properly supported
operators that elements of ¥~°°(X) are characterized by mapping distri-
butions to smooth functions.

Note that there is no sensible, invariant, way to associate, to an operator
A, a “total symbol” a such that A = Op(a). As we saw before, a putative
“total symbol” even for differential operators would be catastrophically
bad under change of variables. Moreover, as we also saw for differential
operators, it’s a little hard to see what the total symbol of the composition
is. This principal symbol map is a compromise that turns out to be
extremely useful, especially when coupled with the asymptotic summation
property, in making iterative arguments.

A good way to think of this is that &, is just the obstruction to an
operator in ¥ (X) being of order m — 1.

The map Op is far from unique. Even on R", for instance, we can use
Opy as defined by (3.2) but we could also use the “Weyl” quantization

(Opyw (a))(z) = (2m)™ / / a((z 1 y)/2,€) VD E(y) dy d

or the “right” quantization

(Op,(a))(x) = (27)™ / / aly, )= Ey(y) dy de



18

(VD)

(VII)

(VIII)

JARED WUNSCH

or any of the obvious interpolating choices. On a manifold the choices to
be made are even more striking. One convenient choice that works globally
on a manifold is what might be called “Riemann-Weyl” quantization: Fix
a Riemannian metric g. Given a € SJ'(T*X), define the Schwartz kernel
of an operator A by

w(A) (2, y) = (2m) " / (@, y)alm(z, y), € EPr @8) dge;

here y is a cutoff localizing near the diagonal and in particular, within the
injectivity radius; m(z,y) denotes the midpoint of the shortest geodesic
between x,y, exp denotes the exponential map, and the round brackets
denote the pairing of vectors and covectors. The “Weyl” in the name
refers to the evaluation of a at m(x,y) as opposed to = or y (which give
rise to corresponding “left” and “right” quantizations respectively—also
acceptable choices). The “Riemann” of course refers to our use of a choice
of metric.

We will often only employ a single simple consequence of the existence

of a quantization map: given a,, € C*(S*X) and m € R, there exists
A € U™ (X) with principal symbol a,, and with WEF’ A = supp a,.
A priori of course AB — BA € \I/m"’m/(X ); however the principal symbol
vanishes, by the commutativity of C*°(S*X). Hence the need for a lower-
order term, which is subtler, and noncommutative. That the Poisson
bracket is well-defined independent of coordinates reflects the fact that
T*X is naturally a symplectic manifold, and the Poisson bracket is well-
defined on such a manifold (see §4.1 below).

EXERCISE 3.5. Check (by actually performing a change of coordi-
nates) that if f,g € C>°(T*X), then {f, g} is well-defined, independent of
coordinates.

This property is the one which ties classical dynamics to quantum
evolution, as the discussion in §3.2 shows.

Remarkably, the mapping property is one that can be derived from the
other properties of the calculus purely algebraically, with the only analytic
input being boundedness of operators in ¥~>°(X). This is the famous
Hérmander “square-root” argument—see [10], as well as Exercise 3.12
below.

On noncompact manifolds, restricting our attention to properly sup-
ported operators gives boundedness L? — L2 .

The compactness of negative order operators of course follows from
boundedness, together with Rellich’s lemma, but is worth emphasizing; we
can regard &g as the “obstruction to compactness” in general. On non-
compact manifolds, this compactness property fails quite badly, resulting
in much interesting mathematics.

This follows from our ability to do the corresponding “asymptotic summa-
tion” of total symbols, which in turn is precisely “Borel’s Lemma,” which
tells us that any sequence of coefficients are the Taylor coefficients of a
C*° function; here we are applying the result to smooth functions on the
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radial compactification of T*X, and the Taylor series is in the variable
o=|¢7" at o =0.

(IX) Since the total symbol is not well-defined, it is not so obvious that the
microsupport is well-defined; verifying this requires checking how the total
symbol transforms under change of coordinates; likewise, we may verify
that the (highly non-invariant) formula for the total symbol of the com-
position respects microsupports to give information about WF' AB.

3.5. Some consequences. If you believe that there exists a calculus of oper-
ators with the properties enumerated above, well, then you believe quite a lot! For
instance:

THEOREM 3.4. Let P € ¥ (X) with 6,,,(P) nowhere vanishing on S*X. Then
there exists Q € V~™(X) such that

QP —I1,PQ—1¢e U >(X).

In other words, P has an approximate inverse (“parametrix”) which succeeds
in inverting it modulo smoothing operators.

An operator P with nonvanishing principal symbol is said to be elliptic. Note
that this theorem gives us, via the Sobolev estimates of (VII), the usual elliptic
regularity estimates. In particular, we can deduce

Pu e C®(X) = u e C™®(X).
EXERCISE 3.6. Prove this.
PROOF. Let q_,, = (1/6,m(P)); let Q—_,, € ¥™™(X) have principal symbol

q—m- (Such an operator exists by the exactness of the short exact symbol sequence.)
Then by (III),

C}O(PQ—M) = 1a

hence by (IV),'7
PQ_ ., —I=R_; €V }X).
Now we try to correct for this “error term:” pick Q_,,—1 € ¥~™"1(X) with
a'—m—l(Q—m—l) = —&—I(R—l)/‘}er(P)'
Then we have
PQ m+Q 1) —I=R €T 3X).
Continuing iteratively, we get a series of Q; € ¥=™7J such that
P@Q-m++Qmn)— 1 €U NI(X).

Using (VIII), pick

Q~ Y. Q

j=—m

This gives the desired parametrix:

EXERCISE 3.7.
(1) Check that PQ — I € U~°(X).

17The identity operator has principal symbol equal to 1, since the symbol map is a
homomorphism.
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(2) Check that QP —I € U~°°(X). (HINT: First check that a left parametrix
exists; you may find it helpful to take adjoints. Then check that the left
parametrix must agree with the right parametrix.)

O

EXERCISE 3.8. Show that an elliptic pseudodifferential operator on a compact
manifold is Fredholm. (HINT: You can show, for instance, that the kernel is finite
dimensional by observing that the existence of a parametrix implies that the identity
operator on the kernel is equal to a smoothing operator, which is compact.)

EXERCISE* 3.9.

(1) Let X be a compact manifold. Show that if P € ™ (X) is elliptic, and has
an actual inverse operator P~! as a map from smooth functions to smooth
functions, then P~1 € U=™(X). (HINT: Show that the parametrix differs
from the inverse by an operator in ¥~°°(X)—remember that an operator
is in ¥7°°(X) if and only if it maps distributions to smooth functions.)

(2) More generally, show that if P € ¥™(X) is elliptic, then there exists a
generalized inverse of P, inverting P on its range, mapping to the ortho-
complement of the kernel, and annihilating the orthocomplement of the
range, that lies in U~™(X).

EXERCISE* 3.10. Let X be compact, and P an elliptic operator on X, as above,
with positive order. Using the spectral theorem for compact, self-adjoint operators,
show that if P* = P, then there is an orthornormal basis for L2(X) of eigenfunctions
of P, with eigenvalues tending to +oco. Show that the eigenfunctions are in C*°(X).
(HINT: show that there exists a basis of such eigenfunctions for the generalized
inverse @@ and then see what you can say about P.)

EXERCISE 3.11. Let X be compact.

(1) Show that the principal symbol of A, the Laplace-Beltrami operator on a
compact Riemannian manifold, is just

9 iy
€2 =" g7 ()&,
the metric induced on the cotangent bundle.
(2) Using the previous exercise, conclude that there exists an orthonormal

basis for L?(X) of eigenfunctions of A, with eigenvalues tending toward
+0o0.

EXERCISE 3.12. Work out the Hormander “square root trick” on a compact
manifold X as follows.

(1) Show that if P € ¥°(X) is self-adjoint, with positive principal symbol,
then P has an approximate square root, i.e. there exists Q € ¥Y(X)
such that Q* = Q and P — Q? € U=°(X). (HINT: Use an iterative
construction, as in the proof of existence of elliptic parametrices.)

(2) Show that operators in ¥=°°(X) are L2-bounded.

(3) Show that an operator A € U9(X) is L2-bounded. (HINT: Take an ap-
proximate square root of A\l — A*A for A > 0.)

As usual, let A denote the Laplacian on a compact manifold. By Exercise 3.12,
there exists an operator A € W!(X) such that A> = A + R, with R € ¥=°°(X).
By abstract methods of spectral theory, we know that /A exists as an unbounded
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operator on L?(X). (This is a very simple use of the functional calculus: merely take
VA to act by multiplication by Aj on each ¢;, where (¢;, )\?) are the eigenfunctions
and eigenvalues of the Laplacian, from Exercise 3.11.) In fact, we can improve this
argument to obtain:

PROPOSITION 3.5.

VA € Ul(X).

Indeed, it follows from a theorem of Seeley that all complex powers of a self-
adjoint, elliptic pseudodifferential operator'® on a compact manifold are pseudodif-
ferential operators.

All proofs of the proposition seem to introduce an auxiliary parameter in some
way, and the following (taken directly from [24, Chapter XII, §1]) seems one of the
simplest. An alternative approach, using the theory of elliptic boundary problems,
is sketched in [26, pp.32-33, Exercises 4-6].

PrOOF. Let A be the self-adjoint parametrix constructed in Exercise 3.12, so
that

A? — A =Rec U >(X).
By taking a parametrix for the square root of A, in turn, we obtain
A=B’+FR
with B € ¥Y/2(X) and R’ € ¥~°°, both self-adjoint; then pairing with a test
function ¢ shows that
2
for some C € R. Thus, A can only have finitely many nonpositive eigenvalues
(since it has a compact generalized inverse) hence its eigenvalues can accumulate
only at +00). So we may alter A by the smoothing operator projecting off of these
eigenspaces, and maintain

A? A =Rec ¥ >(X)

(with a different R, of course) while now ensuring that A is positive.
Now we may write, using the spectral theorem,

(A/)71/2: %‘/11271/2((A/)—Z)71 dz

where I is a contour encircling the positive real axis counterclockwise, and given
by Im 2z = Re z for z sufficiently large, and A’ is given by A minus the projection
onto constants (hence has no zero eigenvalue). (The integral converges in norm, as
self-adjointness of A’ yields

_ ~1
[((A) =2) Y| oy o S Mmz| )
Likewise, since A2 = A’+ R (with R yet another smoothing operator) we may write
1
1 / SU2(A) £ R—2)lde
r
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A=

18Seeley’s theorem is better yet: self-adjointness is unnecessary.
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Hence
1
— / z 12 [((A/) —2) ' —(A)+R- z)fl} dz
2me Jr
1
=— [ z7V2((A") = 2)T'R((A") + R — 2) " d=.
2me Jr
Now the integrand, z~/2((A’) — 2) "' R((A’) + R — 2) ™', is for each z a smoothing
operator, and decays fast enough that when applied to any « € D’(X), the integral
converges to an element of C*°(X) (in particular, the integral converges in C°(X),

even after application of A* on the left, for any k). Hence

(A2 — AT = E e UT(X);

(A/)fl/Z A =

thus we also obtain
(A2 = (AT + BE) e UH(X);
as (A")'/2 differs from A'/2 by the smoothing operator of projection onto constants,
this shows that
AY? e 0l(X). O

4. Wavefront set

If P e U™(X) and (z9,&) € S*X, we say P is elliptic at (zo, &) if 6, (P) (20, &0) #
0. Of course if P is elliptic at each point in S* X, it is elliptic in the sense defined
above. We let
ell(P) = {(x,&) : P is elliptic at (x,&)},
and let
Yp=5"X\el(X);
Y p is known as the characteristic set of P.

EXERCISE 4.1.
(1) Show that ell P C WF’' P.
(2) If P is a differential operator of order m of the form ) a,(z)D® then
show that WF' P = 7*(|J supp a, ), while ell P may be smaller.

The following “partition of unity” result, and variants on it, will frequently be
useful in discussing microsupports. It yields an operator that is microlocally the
identity on a compact set, and microsupported close to it.

LEMMA 4.1. Given K C U C §*X with K compact, U open, there exists a
self-adjoint operator B € WO(X) with
WF (Id-B)NK =0, WF' B C U.

EXERCISE 4.2. Prove the lemma. (HINT: You might wish to try constructing
B in the form
Op (Yoot (1d))
where oot (Id) is the total symbol of the identity (which is simply 1 for all the usual

quantizations on R™) and v is a cutoff function equal to 1 on K and supported in
U. Then make B self-adjoint.)

THEOREM 4.2. If P € U™(X) is elliptic at (x0,&p), there exists a microlocal
elliptic parametrix Q € V~"(X) such that

(z0,&0) ¢ WF'(PQ — I) UWF'(QP — I).
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In other words, you should think of @ as inverting P microlocally near (xo,&p).

EXERCISE 4.3. Prove the theorem. (HINT: If B is a microlocal partition of
unity as in Lemma 4.1, microsupported sufficiently close to (zg, ) and microlocally
the identity in a smaller neighborhood, then show

W = BP + AOp((¢&)™)(1d —B)

is globally elliptic provided A € C is chosen appropriately. Now, using the existence
of an elliptic parametrix for W, prove the theorem.)

Let uw be a distribution on a manifold X. We define the wavefront set of u as
follows.

DEFINITION 4.3. The wavefront set of u,
WFu C S*X,
is given by
(20,&0) ¢ WFu
if and only if there exists P € WO(X), elliptic at (xo, &), such that

Pu e C™.

EXERCISE 4.4. Show that the choice of ¥°(X) in this definition is immaterial,
and that we get the same definition of WF u if we require P € U™ (X) instead.

Note that the wavefront set is, from its definition, a closed set. Instead of
viewing WF u as a subset of $* X, we also, on occasion, think of WF u as a conic
subset of T* X \o, with o denoting the zero section; a conic set in a vector bundle
is just one that is invariant under the R™ action on the fibers.

An important variant is as follows: we say that

(w0, §0) € WE™ u
if and only if there exists P € U™ (X), elliptic at (zo,&p) such that
Pu € L*(X).

PROPOSITION 4.4. WFu = (§ if and only if u € C°(X); WF™u = ( if and
only if u e HJ (X).

The wavefront set serves the purpose of measuring not just where, but also
in what (co-)direction, a distribution fails to be in C>°(X) (or H™ in the case of
the indexed version). It is instructive to think about testing for such regularity,

at least on R™, by localizing and Fourier transforming. Given (xo,éo) € S*R"™, let
¢ € C°(R™) be nonzero at xg; let v € C>°(R"™) be given by

NG =¢(y% ~&))x(el)

where 1 is a cutoff function supported near = 0 and x(t) € C*°(R) is equal to 0

for t <1 and 1 for ¢t > 2. Think of v as a cutoff in a cone of directions near &y, but

modified to be smooth at the origin. (We will use such a construction frequently,

and refer in future to a function such as v as a “conic cutoff near direction fo.” 2
Now note that ¢(x)y(€) is a symbol of order zero, and

(4.1) Ope(6(2)7(£))" = Op(d(2)7(§))u = (2m) " F~14(€) F(pu).
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By definition, if Opg(¢(z)y(£))*u € C*, then (z¢,&) ¢ WF u. Note that since ¢u
has compact support, we automatically have F(¢u) € C*°, hence F~1vF(¢pu) is
rapidly decreasing. Since F is an isomorphism from S(R"™) to itself, we see that it
in fact suffices to have

VF(¢u) € S(R™)
to be able to conclude that (zg,&r) ¢ WF u. Conversely, one can check that the
class of operators of the form

Ope(o(2)7(8))"

is rich enough that this in fact amounts to a characterization of wavefront set:

PROPOSITION 4.5. We have (x9,&0) ¢ WF u if and only if there exist ¢, v as
above with

V1 F(pu) € S(R™).

EXERCISE 4.5. Prove the Proposition. (HINT: If A € WO(R") is elliptic at
(w0, &) and Au € C*°(R™), construct B = Opy(p(z)y(€))* as above so that WF' B
is contained in the set where A is elliptic. Hence there is a microlocal parametrix
@ such that B(QA —I) € ¥~>°(X).)

Note that if u is smooth near zg, then we have ¢u € C>°(R"™) for appropriately
chosen ¢, hence there is no wavefront set in the fiber over z.

If, by contrast, u is not smooth in any neighborhood of x, then we of course do
not have F(¢u) € S, although it is in C*; the wavefront set includes the directions
in which it fails to be rapidly decaying.

Thus, we can easily see that in fact the projection to the base variables of WF u
is the singular support of u, i.e. the points which have no neighborhood in which
the distribution v is a C*° function.

EXERCISE 4.6. Let 2 C R™ be a domain with smooth boundary. Show that
WF 1 = SN*(09), the spherical normal bundle of the boundary. (HINT: You
may want to use the fact that the definition of WF u is coordinate-invariant.)

We have a result constraining the wavefront set of a solution to a PDE or, more
generally, a pseudodifferential equation, directly following from the definition:

THEOREM 4.6. If Pu € C*(X), then WFu C ¥p.
PROOF. By definition, Pu € C*°(X) means that WFuNell P = (). O
THEOREM 4.7. If P € *(X), WF Pu C WFun WF’' P.

EXERCISE 4.7. Prove this, using microlocal elliptic parametrices for the inclu-
sion in WF u.

The property of pseudodifferential operators that WF Pu C WF u is called
“microlocality:” the operators are not “local,” in that they do move supports of
distributions around, but they don’t move singularities, even in the refined sense
of wavefront set.

We shall also need related results on Sobolev based wavefront sets in what
follows:

PROPOSITION 4.8. If P € U (X), WE*~™ Py C WF* un'WF' P for all k € R.
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COROLLARY 4.9. Let P € U™(X). If
WF' PAWFE™u =0
then
Pu € L*(X).

EXERCISE 4.8. Prove the proposition (again using a microlocal elliptic parametrix)
and the corollary.

We will have occasion to use the following relationship between ordinary and
Sobolev-based wavefront sets:

PROPOSITION 4.10.

WFu:UWFku.
k

EXERCISE 4.9. Prove the proposition.
EXERCISE 4.10. Let [ denote the wave operator,
Ou = Diu— Au

on M =R x X with X a Riemannian manifold. Show if Cu = 0 then the wavefront
set of u is a subset of the “wave cone” {72 = |¢ |§} where 7 is the dual variable to ¢
and £ to z in T*(M).

EXERCISE 4.11.

(1) Let k < n, and let ¢ : R¥ — R™ denote the inclusion map.
Show that there is a continuous restriction map on compactly sup-
ported distributions with no wavefront set conormal to R” :

o {u € E'(RY) : WEu N SN*(RF) = 0} — &'(RY).

HiNT: Show that it suffices to consider u supported in a small neighbor-
hood of a single point in R¥. Then take the Fourier transform of « and
try to integrate in the conormal variables to obtain the Fourier transform
of the restriction.

(2) Show that, with the notation of the previous part,

WF *u C 1, (WF u)

where ¢, : T3, R™ — T*RF is the naturally defined projection map.

(3) Show that both the previous parts make sense, and are valid, for restriction
to an embedded submanifold Y of a manifold X.

(4) Show that if u is a distribution on R and v is a distribution on Ré then

w = u(z)v(y) is a distribution on R¥*! and
WFw C [(suppu,O) X WFU] U [WFu X (suppv,O)] UWFu x WFv.
(HINT: Localize and Fourier transform, as in (4.1).)

You might wonder: given P, can the wavefront set of a solution to Pu = 0 be
any closed subset of X7 The answer is no, there are, in general, further constraints.
To talk about them effectively, we should digress briefly back into geometry.
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4.1. Hamilton flows. We now amplify the discussion §3.2 of Hamiltonian
mechanics and symplectic geometry, generalizing it to a broader geometric context.

Let N be a symplectic manifold, that is to say, one endowed with a closed,
nondegenerate!® two-form. (Our prime example is N = T*X, endowed with the
form Y d¢; A dx?; by Darboux’s theorem, every symplectic manifold in fact locally
looks like this.)

Given a real-valued function a € C*°(N), we can make a Hamilton vector field
from a as follows: by nondegeneracy, there is a unique vector field H, such that
th,w = w(-,Hy) = da.

EXERCISE 4.12. Check that in local coordinates in 7% X,

Ho = 9
Z 653 8 5 Y
Thus, for any smooth function b, we may define the Poisson bracket

{a,b} = Ha(b)
EXERCISE 4.13. Check that the Poisson bracket is antisymmetric.

It is easy to verify that the flow along H, preserves both the symplectic form
and the function a : we have from Cartan’s formula (and since w is closed):

Ly, (w) =diy,w =d(da) =

also,
Ho(a) = da(H,) = w(Hga,Hy) =0

The integral curves of the vector field H, are called the bicharacteristics of a
and those lying inside X, = {a = 0} are called null bicharacteristics.

EXERCISE* 4.14.

(1) Show that the bicharacteristics of |{], = (o2(A))Y/2 project to X to be
geodesics. The flow along the Hamilton vector field of [¢], is known as
geodesic flow.

(2) Show that the null bicharacteristics of o(0) are lifts to T*(R x X) of
geodesics of X, traversed both forward and backward at unit speed.

Recall that the setting of symplectic manifolds is exactly that of Hamiltonian
mechanics: given such a manifold, we can regard it as the phase space for a particle;
specifying a function (the “energy” or “Hamiltonian”) gives a vector field, and the
flow along this vector field is supposed to describe the time-evolution of our particle
in the phase space.

EXERCISE 4.15. Check that the phase space evolution of the harmonic oscillator
Hamiltonian, (1/2)(£2 +22) on T*R, agrees with what you learned in physics class
long ago.

19Nondegeneracy of w means that contraction with w is an isomorphism from T, N to T, N

at each point.
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4.2. Propagation of singularities.

THEOREM 4.11 (Hormander). Let Pu € C*(X), with P € ¥™(X) an opera-
tor with real principal symbol. Then WF u is a union of mazrimally extended null
bicharacteristics of 6, (P) in S*X.

We should slightly clarify the usage here: to make sense of these null bichar-
acteristics, we should actually take the Hamilton vector field of the homogeneous
version of the symbol, o,,(P); this is a homogeneous vector field, and its integral
curves thus have well-defined projections onto S*X. If the Hamilton vector field
should be “radial” at some point ¢ € T*X, i.e. coincide with a multiple of the
vector field & - O¢ there, then the projection of the integral curve through ¢ is just a
single point in $* X, and the theorem gives no further information about wavefront
set at that point.

For P = [0, the theorem says that the wavefront set lies in the “light cone,”
and propagates forward and backward at unit speed along geodesics. If we take the
fundamental solution to the wave equation®®u = sin(tv/A/v/A)d,, it is not hard to
compute that in fact for small, nonzero time,?!

WEu C N{d(-,p) = [t} = £;

This is a generalization of Huygens’s Principle, which tells us that in R x R™, for n
odd, the support of the fundamental solution is on this expanding sphere (but which
is a highly unstable property). Note that £ is in fact the bicharacteristic flowout
of all covectors in ¥ projecting to N*({p}) at t = 0, and under this interpretation,
L C T*(R x X) makes sense for all times, not just for short time, regardless of the
metric geometry. We shall return to and amplify this point of view in §9.

EXERCISE 4.16.

(1) Suppose that Ou = 0 on R x R™ and u(t,z) € C* for (t,x) € (—¢,€) x
B(0,1) for some € > 0. Show, using Theorem 4.11, that u € C*> on
{]z| < 1—t|}. Can you show this more directly using the energy methods
described in §2.37

(2) Suppose that Ou = 0 on R x R™ and u(t,z) € C™ for (t,x) € (—¢,€) ¥
(B(0,1)\B(0,1/2)) for some € > 0. Show, using the theorem, that u € C*
in {la] < 1=t} n{lt] € (3/4,1)}

PROOF. 22 Note that we already know that WFu C ¥ p by Theorem 4.6, hence
what remains to be proved is the flow-invariance.

Let ¢ € ¥p C S*X. By homogeneity of o,,(P), we can write the Hamilton
vector field in 7*X in a neighborhood of ¢ as

(4.2) Hp = [€]™ 71 (V + hR),

where R denotes the radial vector field £ - O¢, h is a function on S*X, and V is the
pullback under quotient of a vector field on S*X itself, i.e. V is homogeneous of

20This is the spectral-theoretic way of writing the solution with initial value 0 and initial
time-derivative 0.

21Well, I am cheating a bit here, as we haven’t stated any results allowing us to relate the
wavefront set of Cauchy data for the wavefront set of the solution to the equation. To understand
how to do this, you should read [17].

22This proof is very close to those employed by Melrose in [17] and [18].



28 JARED WUNSCH

degree zero with no radial component, hence of the form Zj fi(z, é)(‘?éj +g,(z, é)@mj.
Note that if a is homogeneous of degree [ then

(4.3) Ra = la.

(Exercise: Verify these consequences of homogeneity.)

By the comments above, we may take V # 0 near ¢; otherwise the theorem
is void. Thus, without loss of generality, we may employ a coordinate system
Qai,...,Q9,_1 for S*X in which

(4.4) V =04,
hence using «, |£| as coordinates in T* X,
H, = 8, + hR;

we may shift coordinates so that a(g) = 0. We split the a variables into a; and
o = (ag,...,0n_1).

Since WFu is closed, it suffices to prove the following: if ¢ ¢ WFu then
®,(q) ¢ WFu for t € [—1,1], where ®; denotes the flow generated by V.23 (This
will show that the intersection of WF u with the bicharacteristic through ¢ is both
open and closed, hence is the whole thing.)

We can make separate arguments for ¢ € [0,1] and ¢ € [—1,0], and will do so
(in fact, we will leave one case to the reader).

For simplicity, let us take Pu = 0; we leave the case of an inhomogeneous
equation for the reader (it introduces extra terms, but no serious changes will in
fact be necessary in the proof).

Since WF u is closed, our assumption that ¢ ¢ WF u tells us that there is in
fact a 2d-neighborhood of 0 in the « coordinates that is disjoint from WF u; we are
trying to extend this regularity along the rest of the set (a1,a’) € [0,1] x 0. We
proceed as follows: let

(4.5) so = sup{s: WF un {(ay,a’) € [0,1] x B(0,d)} = 0}.
Pick any s < sg. We will show that in fact
(4.6) WE™24 0 {(ar,a’) € [0,1] x B(0,8)} = 0,

thus establishing that sg = oo, which is the desired result (by Proposition 4.10).
One can regard this strategy as iteratively obtaining more and more regularity
for u along the bicharacteristic (i.e. the idea is that we start by knowing some
possibly very bad regularity, and we step by step conclude that we can improve
upon this regularity, half a derivative at a time). More colloquially, the idea is
that the “energy,” as measured by testing the distribution u by pseudodifferential
operators, should be comparable at different points along the bicharacteristic curve.

Now we prove the estimates that yield (4.6) via commutator methods. Let ¢(s)
be a cutoff function with

6(t) > 0 on (~1,1),

4.7 supp ¢ = [~1,1]

230f course, we are assuming here that the interval [—1, 1] remains in our coordinate neigh-
borhood; rescale the coordinates if necessary to make this so.
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Let ¢s5(s) = ¢(0~1s); arrange that /¢ € C*®. Let x be a cutoff function equal to 1
on (0, 1) and with x’ = 1)1 — 1), with ¢; supported on (—6,0) and 15 on (1—4, 146);
we will further assume that /X, v/4; € C*.

EXERCISE 4.17. Verify that cutoffs with these properties exist.
In our coordinate system for S* X, let
a = ¢5(ja’|)x(ar)e € C=(5*X),

with A > 0 to be chosen presently. Passing to the corresponding function on
a € C®°(T*X) that is homogeneous of degree 2s — m + 2, we have

(4.8) Hy(a) = [ (= Ads(la x(ar)e >
+o5(|o']) (1 = 92)e” + h(a)(2s —m + 2)a)

with h given by (4.2). Since a 2§ coordinate neighborhood of the origin was as-
sumed absent from WF u, we have in particular ensured that supp ¢s(|]o/|)¥1 (1)
is contained in (WF u)¢. We also have suppa C (WF®u)¢ by (4.5), since s < sq.

HP
—>
supp ¥1¢s supp a supp Y25

X(al)ef)\al

&51

FIGURE 1. The support of the commutant and its value along the
line o/ = 0. The support of the term 1 (a7)ps(|a’|) is arranged to
be contained in the complement of WF u, while the support of the
whole of a is arranged to be in the complement of WF? w.

Let A € ¥2~m*2(X) be given by the quantization of a.?* Since o, (P) is real
by assumption, we have P* — P € U™ 1(X). (Exercise: Check this!) Thus the
“commutator” P*A — AP, which is a priori of order 2s + 2, has vanishing principal
symbol of order 2s + 2, hence it in fact lies in ¥2571(X), and we may write

(P*A— AP) = [P, A] + (P* — P)A,

241.e., really A is given by cutting off a near £ = 0 to give a smooth total symbol and
quantizing that.
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with
(4.9) ioas1([P, A+ (P* — P)A) = H,(a) + 0pp—1(P* — P)a
= —Ads (o’ [x(an)e 2 EP T + da(la/ ) (v — ga)e g
+ (iom-1(P* — P) + h(a)(2s — m + 2))a,
by (4.2),(4.3), and (4.4). If A > 0 is chosen sufficiently large, we may absorb the
third term into the first, and write the RHS of (4.9) as
—fl@)¢s(a x(ar) + ds(lo’]) (1 — w2)e ™

with f > 0 on the support of ¢sx.
Let B € (st1/2(X) be obtained by quantization of

€172 (F(@)ds(lo’ Dx(an))
and let C; € W(2+1)/2(X) be obtained by quantization of

€12 (@5 (10 (o)) /2e A 2,
Then by the symbol calculus, i.e. by Properties III, IV of the calculus of pseudo-
differential operators,

(4.10) i(P*A— AP)=i(P* - P)A+i|P,A]=-B*B+C{Cy, —C5C3+ R
with R € ¥?%(X), hence of lower order than the other terms; moreover we have
WEF’' R C supp a.

Now we “pair” both sides of (4.10) with our solution u. We have

i{(P*A — AP)u,u) = ((—B*B + CCy — C3Cs + R)u, u);

as we are taking Pu = 0, the LHS vanishes.?? We thus have, rearranging this
equation,
(4.11) 1Bull* + [|Coul® = |Crull* + (Ru, u).

I claim that the RHS is finite: Recall that R lies in ¥2(X). Let A be an operator of
order s, elliptic on WF’ R and with WF’ A contained in the complement of WF? w.

EXERCISE 4.18. Show that such a A exists.
Thus, letting T be a microlocal parametrix for A on WF’ R, we have
WF' RN WF/(Id —AY) = 0,
hence
R—ATYR=F e ¥ >(X).
Thus,
[{Ru,u)| < {TRu, A*u)| + [{Eu,u)| < oo
by Corollary 4.9 since WF' TR U WF’ A* C (WF®u)¢ (and since E is smoothing).

Returning to (4.11), we also note that the term ||Cyu|” is finite by our assumptions
on the location of WF**/24 (and another use of Corollary (4.9)). Thus,

[ Bul| < oo,

and consequently,
WF 24 nell B =0,
which was the desired estimate. O

25Tn the case of an inhomogeneous equation, it is of course here that extra terms arise.
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EXERCISE 4.19. Now see how the argument should be modified to yield absence
of WF*t1/2 4 on
{a/ € [-1,0],&/ =0}
One cheap alternative to going through the whole proof might be to notice that
we also have (—P)u € C*, and that H_, = —H,; thus, the “forward propagation”
that we have just proved should yield backward propagation along H, as well.

THE FINE PRINT: Now, having done all that, note that it was a cheat. In particular,
we didn’t know a priori that we could apply any of the operators that we used to
u and obtain an L? function, let alone justify the formal integrations by parts
used to move adjoints across the pairings. Therefore, to make the above argument
rigorous, we need to modify it with an approzimation argument. This is similar to
the situation in Exercise 2.7, except in that case, we had a natural way of obtaining
smooth solutions to the equation which approximated the desired one: we could
replace our initial data v for the Schrédinger equation by, for instance, e~ “®)q; the
solution at later time is then just e ¢, and we can consider the limit € | 0. In the
general case to which this theorem applies, though, we do not have any convenient
families of smoothing operators commuting with P. So we instead take the tack
of smoothing our operators rather than the solution u. We should manufacture a
family of smoothing operators G, that strongly approach the identity as € | 0, and
replace A by AG. everywhere it appears above. If we do this sensibly, then the
analogs of the estimates proved above yield the desired estimates in the € | 0 limit.
Of course, we need to know how G, passes through commutators, etc., so the right
thing to do is to take the G, themselves to be pseudodifferential approximations of
the identity, something like
Ge = Ope(p(elé)))

on R”, with ¢ € C°(R) a cutoff equal to 1 near 0. We content ourselves with refer-
ring the interested reader to [18] for the analogous development in the “scattering
calculus” including details of the approximation argument.

EXERCISE 4.20.

(1) Show the following variant of Theorem 4.11: if P € ¥™(X) is an operator
with real principal symbol, and Pu € C>°(X), show that WF” u is a union
of maximally extended bicharacteristics of P for each k£ € R. (Hint: the
proof is a subset of the proof of Theorem 4.11.)

(2) Show the following inhomogeneous variant of Theorem 4.11: if P € U™ (X)
is an operator with real principal symbol, and Pu = f, show that
WF v\ WF f is a union of maximally extended bicharacteristics of P.

EXERCISE 4.21.

(1) What does Theorem 4.11 tell us about solutions to the Schrédinger equa-
tion? (Hint: not much.)

(2) Nonetheless: let (¢, z) be a solution to the Schrédinger equation on
R x X with (X, g¢) a Riemannian manifold; suppose that (0,2) = ¢y €
H'?(X). Define a set S; C S*X by

q ¢ S1 <= there exists A € U'(X), q € ell(A),

1
such that / | A dt < oo.
0
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(In other words, Sy is a kind of wavefront set measuring where in the
phase space S*X we have ¢ € L?([0,1]; H'(X))—cf. Exercise 2.7.)

Show that Sy is invariant under the geodesic flow on S*X. (See Ex-
ercise 4.14 for the definition of geodesic flow.)

(Hint: use (2.2) with A an appropriately chosen pseudodifferential
operator of order zero, constructed much like the ones used in proving
Theorem 4.11.)

Reflect on the following interpretation: “propagation of L2H! regular-
ity for the Schrodinger equation occurs at infinite speed along geodesics.”

5. Traces

It turns out to be of considerable interest in spectral geometry to consider
the traces of operators manufactured from A, the Laplace-Beltrami operator on a
compact?® Riemannian manifold. The famous question posed by Kac [15], “Can
one hear the shape of a drum,” has a natural extension to this context: Recall from
Exercise 3.11 that there exists an orthonormal basis ¢; of eigenfunctions of A with
eigenvalues )\? — 4o00; what, one wonders, can one recover of the geometry of a
Riemannian manifold from the sequence of frequencies A;?7 Using PDE methods to
understand traces of functions of the Laplacian has led to a better understanding
of these inverse spectral problems.

Recall from Proposition 3.5 that v/A is a first-order pseudodifferential operator
on X. It is a slightly inconvenient fact that while VA € ¥'(X), VA ¢ U (R x X) :
its Schwartz kernel is easily seen to be singular away from the diagonal. But this
turns out be be of little practical importance for our considerations here: it is close

enough!
Let us now consider the operator
(5.1) Ut) = e V2

which can be defined by the functional calculus to act as the scalar operator e~#*s
on each ¢;. U(t) is unitary, and indeed is the solution operator to the Cauchy

problem for the equation
(5.2) (8 +iVA)u = 0;
that is to say, if u = U(t)f, we have
(8 + ivVA)yu =0, and u(0,z) = f(x).

Equation (5.2) is easily seen to be very closely related to the wave equation: if u
solves (5.2) then applying 0; — iV A, we see that u also satisfies the wave equation.
Of course, (5.2) only requires a single Cauchy datum, unlike the wave equation, so
the trade-off is that the Cauchy data of u as a solution to Ou = 0 are constrained:
we have
u(0,2) = f(z), Ju(0,2) = —iVAf.

The real and imaginary parts of the operator U(t) are exactly the solution oper-
ators to the (more usual) Cauchy problem for the wave equation with «(0,x) =
f(2),0u(0,z) = 0 and with u(0,z) = 0, 9u(0,z) = —iv/Af(z) respectively.

26We especially emphasize that X denotes a compact manifold throughout this section.
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Why is the operator U(t) of interest? Well, suppose that we are interested in
the sequence of A;’s. It makes sense to combine these numbers into a generating
function, and certainly one option would be to take the exponential sum?”

J

This is, at least formally, nothing but the trace of the operator U(t). One of the prin-
cipal virtues of this generating function is that if we let N(X) denote the “counting
function”

N(A) =#{); <A},
then we have

N'() =) 6= A),

hence ‘
Do = @m) PR (N (N)(@).
This is all a bit optimistic, as U(t) is easily seen to be not of trace class—
for example at ¢ = 0 it is the identity. So we should try and think of Tr U(t)

as a distribution. We do know that for any test function ¢(t) € S(R) and any
feL*(X),

/wwvwfﬂ:/a+Db*u+Db%me@fﬁ
(5.3) =/h+mﬁmmu+mrwwmt

= [+ DA e+ A) U@ di

since D?U = AU. Here we can, if we like, consider (1 + A)~* to be defined by the
functional calculus; it is in fact pseudodifferential, of order —2k. We easily obtain
(using either point of view) the estimate:

(1+A)*U(t) : L*(X) — H**(X);
hence, for k > 0, the operator (1 + A)~*U(t) is of trace class.

EXERCISE 5.1. Prove that this operator is of trace class for k£ > 0. (HINT: One
easy route is to think about first choosing k large enough that the Schwartz kernel is
continuous, hence the operator is Hilbert-Schmidt; then you can take k even larger
to get a trace-class operator, by factoring into a product of two Hilbert-Schmidt
operators (see Appendix).)

Equation (5.3) thus establishes that

TrU(t) : ¢ — Tr/go(t)U(t) dt
makes sense as a distribution on R. We can thus write
(5.4) TrU(t) = (2m)"2F(N')(t).
27This choice of generating function, corresponding to taking the wave trace, is of course one
choice among many. Some other approaches include taking the trace of the complex powers of the

Laplacian or the heat trace. The idea of using (at least some version of) the wave trace originates
with Levitan and Avakumovic.



34 JARED WUNSCH

where both sides are defined as distributions. Our next goal is to try to understand
the left side of this equality through PDE methods.

EXERCISE 5.2. Show that if the Schwartz kernel K (z,y) of a bounded, normal
operator T on L%(X) is in C*¥(X) for sufficiently large k, then T is of trace-class
and

cT = /K(z,z) dg(z).

(HINT: Check that K is trace-class as in the previous exercise. Then apply the
spectral theorem for compact normal operators, and use the basis of eigenfunctions
of K when computing the trace. The crucial thing to check is that if ¢; are the
eigenfunctions, then

> pi(@)ei(y) = 6a,
the delta-distribution at the diagonal, since this is nothing but a spectral resolution

of the identity operator.)

As a consequence of Exercise 5.2, we can compute the distribution Tr U(¢) in
another way if we can compute the Schwartz kernel of U(t). Indeed, knowing even
rather crude things about U(t) can give us some useful information here.

THEOREM 5.1. Let ®; be the geodesic flow, i.e. the flow generated by the Hamil-
ton vector field of €|, = (32 gi&E)2. Then

WFU(t)f = ©,(WF f).
We begin with a lemma:
LEMMA 5.2. Let (0; +ivA)u = 0. Then
(0,&0) € WF ufi—y,
if and only if
(t =to, 7 = —|ol, x0,&0) € WF w.

PROOF. 28 Suppose q = (z0,&p) € WF ufy—,. Since § = (t = to, 7 = —|&|, 0, &0)
is the only vector in X, |, & that projects to (zo,o), it must lie in the wavefront
set of u by Exercise 4.11.

The converse is harder. Suppose ¢ ¢ WF u|t—,. Let v = H(t — to)u, with H
denoting the Heaviside function. Then

(0 + iV A = 6(t — to)u(to, z) = f.
and v vanishes identically for ¢ < ty. By the last part of Exercise 4.11,
q¢& WFf,

hence (since WF f only lies over ¢ = ¢g) certainly no points along the bicharacteristic
through ¢ lie in WF f. Moreover, no points along this bicharacteristic lie in WF v
for t <ty (since v is in fact zero there). Hence by the version of the propagation of
singularities in the second part of Exercise 4.20, this bicharacteristic is absent from
WF u. In particular, ¢ ¢ WF w. O

28T am grateful to Andrés Vasy for showing me this proof.
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Theorem 5.1 now follows directly?® from the lemma and Theorem 4.11.
We now require a result on microlocal partitions of unity somewhat generalizing
Lemma 4.1:

EXERCISE 5.3. Let p;, j = 1,..., N be a smooth partition of unity for S*X.
Show that there exists A; € WO(X) with WF" A; = supp p;, 60(4;) = p;, AF = Ay,

and
N
» AZ=1d-R,
j=1

with R € U=°(X).

For a distribution wu, let singsuppu (the “singular support” of u) be the pro-
jection of its wavefront set, i.e. the complement of the largest open set on which it
is in C*°.

THEOREM 5.3.

singsupp Tr U (¢) C {0} U {lengths of closed geodesics on X}.

This theorem is due to Chazarain and to Duistermaat-Guillemin.
We begin with the following dynamical result:

LEMMA 5.4. Let L not be the length of any closed geodesic. Then there exists
e > 0 and a cover U; of S*X by open sets such that for t € (L — €, L + ¢€), there
exists no geodesic with start- and endpoints both contained in the same U;.

EXERCISE 5.4.
(1) Prove the lemma. (HINT: The cosphere bundle is compact.)
(2) Aslong as you're at it, show that 0 is an isolated point in the set of lengths
of closed geodesics (“length spectrum”), and that the length spectrum is
a closed set.

We now prove Theorem 5.3.

PRrOOF. Let L not be the length of any closed geodesic on X. Let U; be a cover
of §*X as given by Lemma 5.4. Let p; be a partition of unity subordinate to U;
and let A; be a microlocal partition of unity as in Exercise 5.3. Then, calculating
with distributions on R!, we have

TrU(t) = TrAZU(t) + Tr RU(t)

=> TrA;U(HA; + Tr RU(t)
J
and, more generally,

DI TeU(t) = > TrA;A™U(t)A; + Tr RA™U(1).
J

29Here is one of the places where we should worry about the fact that VA is not a pseudodif-
ferential operator on R x X. This problem is seen not to affect the proof of Hérmander’s theorem
if we note that composing VA with a pseudodifferential operator that is microsupported in a
neighborhood of the characteristic set {|7| = —|€|,} yields an operator that is pseudodifferential,
and that the symbol calculus extends to such compositions. (The author confesses that this is not
entirely a trivial matter.)
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Let u be a distribution on X; then WF Aju C WEF A; C U;. Thus Theorem 5.1
gives
But by construction, this set is disjoint from U; and hence from WF’ 4;. Hence for
any m,30
A; AU (t)A; € L([L — €, L+ ¢€]; $~°(X));
consequently,
D TrU(t) € L®([L —¢, L +¢]). O

EXERCISE 5.5. Show that in the special case of X = S', Theorem 5.3 can be
deduced from the Poisson summation formula. For this reason it is often referred
to as the Poisson relation.

One is tempted to conclude from (5.4) and Theorem 5.3 that one can “hear” the
lengths of closed geodesics on a manifold, since the right side of (5.4) is determined
by the spectrum, and the left side seems to be a distribution from whose singularities
we can read off the lengths of closed geodesics. The trouble with this approach
is that we do not know with any certainty from Theorem 5.3 that the putative
singularities in TrU(t) at lengths of closed geodesics are actually there: perhaps
the distribution is, after all, miraculously smooth. Thus, proving actual inverse
spectral results requires somewhat more care, as we shall see. To this end, we will
begin studying the operator U(t) more constructively in the following section.

6. A parametrix for the wave operator

In order to learn more about the wave trace, we will have to bite the bullet
and construct an approximation (“parametrix”) for the fundamental solution to the
wave equation on a manifold. The approach will have a similar iterative flavor to
the technique we used to construct an approximate inverse for an elliptic operator,
but we have now left the comfortable world of pseudodifferential operators: the
parametrix we construct is going to be something rather different. Exactly what,
and how to systematize the kinds of calculation we do here, will be discussed later
on.

As this construction will be local, we will work in a single coordinate patch,
which we identify with R"™; for the sake of exposition, we omit the coordinate
maps and partitions of unity necessary to glue this construction into a Riemannian
manifold.

Consider once again the “half-wave equation

(6.1) (Dy +VA)yu =0

on R™, where A is the Laplace-Beltrami operator with respect to a metric g. Our
goal is to find a distribution u approximately solving (6.1) with initial data

U(O, ‘T7y) = 5(9: - y)

for any y € R™. Recall that if we let U denote the exact solution to (6.1) with
initial data 0(z —y) then U can also be interpreted as (the Schwartz kernel of) the

»31

30We technically have to work just a little to obtain the uniformity in time: observe that
A;A™U(t)A; are a continuous (or even smooth) family of smoothing operators. We have been
avoiding the topological issues necessary to easily dispose of such matters, however.
31Remember that Dy = i~ 18;.
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“solution operator” mapping initial data f to the solution e~ itVA f with that initial
data, evaluated at time ¢; this is why we denote it U, as we did above, and why we
will often think of our parametrix u(t,z,y) as a family in ¢ of integral kernels of
operators on R”.

We do not expect U(t, z,y) or our parametrix for it to be the Schwartz kernel of
a pseudodifferential operator, as it moves wavefront set around, by Theorem 4.11;
recall that pseudodifferential operators are microlocal, which is to say they don’t
do that. But we will try and construct our parametrix u(t,z,y) as something of
roughly the same form, which is to say as an oscillatory integral

u(t, z,y) = /a(t, ,m)e dn

where the main difference is that the “phase function” ® = ®(¢,z,y,n) will be
something a good deal more interesting than (x —y) - n; indeed, this phase function
is where all the geometry of the problem turns out to reside.

First, let’s write our initial data as an oscillatory integral:

dx—y) = (27r)_"/ei(’”_y)'77 dn.

Let us now try, as an Ansatz, modifying the phase as it varies in ¢,z by setting

(6:2) ult,z,y) = (27)_"/a(t,w,n)ei”)(t’x’")_y'") d;

then if ¢(0,2,17) = « -7 and a(0,z,n) = 1, we recover our initial data; moreover,
if ¢ were to remain unchanged as ¢ varied we would have nothing but a family of
pseudodifferential operators. Let us assume that a is a classical symbol of order 0
in 7, so that we have an asymptotic expansion

a~a0—|—\7]|_1a_1—|-|7]|_2a_2—|—..., a/j:aj(t,ﬂf,f])-

Let us further assume that ¢ is homogeneous in 7 of degree 1, hence matches the
homogeneity>? of z - 1.
Now if u solves the half-wave equation, it solves the wave equation, hence we
have
Uu = 0;
As we seek an approximate solution, we will instead accept
Ou € C=((—€,€)r x R™).

Our strategy is to plug (6.2) into this equation and see what is forced upon us. To
this end, note that if we have an expression

(6.3) v = (27r)—"/b(tx7y777)ei(¢(t7w,n)—y>n) di:

where b is a symbol of order —oo, then v lies in C*, as the integral converges
absolutely, together with all its ¢, x,y derivatives. So terms of this form will be
acceptable errors.

Applying O to (6.2), we group terms according to their order in 7. The “worst
case” terms involve factors of 52, and can only be produced by second-order terms

32That is is then likely to be singular at n = 0 will not in fact concern us, as it will turn out
that we may as well assume that a vanishes near n = 0.



38 JARED WUNSCH

in O, with all derivatives falling on the exponential term. Since the second-order
terms in A are just

> ¢ (x)DiD;,
we can write the term this produces from the phase as |dm¢|§ or, equivalently,

\Vx¢|§- Thus, the equation that we need to solve to make the n? terms vanish is
just
(6.4) (019)* — V2|2 = 0.

Recall that we further want our phase to agree with the standard pseudodifferential
one at time zero, i.e. we want

(6.5) 6(0,2,m) =z 1.

Combining this information with (6.4) we easily see that we in particular have

(0ili=0)? = ‘77|£2,,

and we need to make an arbitrary choice of sign in solving this to get the initial
time-derivative: we will choose33

(6.6) Bidle—o = —Inl,.

If our metric is the Euclidean metric, we can easily solve (6.4), (6.5), and (6.6)
by setting
More generally, the construction of a phase satisfying (6.4),(6.5) and (6.6) is the

classic construction of Hamilton-Jacobi theory, and is sketched in the following
exercise.

EXERCISE 6.1.

(1) Show that equation (6.4) is equivalent to the statement that for each 7,
the graph of d; ,¢(t,z,n) is contained in the set

A={r"—[¢} =0} Cc T*(R, x R})

(where the variables 7 and & are the canonical dual variables to ¢t and x
respectively). The condition (6.5) implies

dyp(t, 2, m)|t=0 =1 - dz.
Equation (6.6) gives further
(6.7) di2(t,x,n)li=0 = —[n| dt + 7 - dz;
accordingly, for fixed 7, let
Go={t=0,ze€R",7=—n,{ =n} CT*"(R xR").
(2) Let H denote the Hamilton vector field of 72 — \5\5. Show that flow along

H preserves A and that H is transverse to Gy.

33We will use this solution for reasons that will become apparent presently—it is the right
one to solve (5.2) and not merely the wave equation.
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(3) Show that there is a solution to (6.4),(6.7) for ¢ € (—¢, €) where the graph
of dy »¢ is given by flowing out the set Gy under H. (Among other things,
you need to check that the resulting smooth manifold is indeed the graph
of the differential of a function.) Show that this solution can be integrated
to give a solution to (6.4),(6.5).

Employing the phase ¢ constructed in Exercise 6.1, we have now solved away
the homogeneous degree-two (in 7)) terms in the application of [J to our parametrix.
We thus move on to the degree-one terms, which are as follows:

(68) 2Dt¢DtaO - 2<DZL’¢7 Dm>ga0 +7“1(t737ay>7])

where 71 is a homogeneous function of degree 1 independent of ag, i.e. determined
completely by ¢. Given that ¢ solves the eikonal equation, we can rewrite (6.8) by

factoring out |V,¢| and noting that our sign choice d;¢p = —|V,¢| must persist
away from t = 0 (for a short time, anyway). In this way we obtain
Vi _
28a0+2< ,8m> ag— 71 =0,
' Vadl, /g

with 71 homogeneous of degree 0. This is a transport equation that we would like
to solve, with the initial condition a(0,z,y,n) = 1 (the symbol of the identity
operator). We can easily see that a solution exists with the desired initial condition
ap(0,y,m) =1, as, letting

V.o

H = 20, + 2<wg,am>g

we see that H is a nonvanishing vector field, transverse to ¢ = 0, hence we may solve
HCLO = 7:1, a0|t=0 =1
by standard ODE methods.
Now we consider degree-zero terms in 7. We find that they are of the form
2Dt¢Dta—l - 2<Dw¢a Dw>ga—1 + TO(t’ z,Y, 77)

where 7y only depends on ag and ¢ (i.e. not on a_1). Thus, we may use the same
procedure as above to find a_; with initial value zero, making the degree-zero term
vanish. (Note that the vector field H along which we need to flow remains the same
as in the previous step.)

We continue in this manner, solving successive transport equations along the
flow of H so as to drive down the order in 1 of the error term. Finally we Borel
sum the resulting symbols, obtaining a symbol

a(t,z,n) € Sgl(RifLy x R})
such that
a(0,z,m) =1,

and
6.9) Ou=0{(27n)™" [ alt,z, i@tz —yn) g
(6.9) n n
=(2m)™" / b(t, z,y,n)e'@HEM YN dy € C((—e,€) x X),

since b € S—°.
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Now we need to check that (6.9) implies that in fact u differs by a smooth term
from the actual solution. We will show soon (in the next section) that our choice
of the phase implies that3* WFu C {7 < 0}. Hence, using this fact, we have

(6.10) (8, — iVA) (O +iVA)u = f eC™.

Now 0y — iV A is elliptic on 7 < 0, so, letting @ denote a microlocal elliptic
parametrix, we have

QO —iVA)=T+E
with WF' E N WF u = ). Thus, applying Q to both sides of (6.10), we have

(8 + iV A)u € C*.

Also, as we have arranged that a(0,z,7) = 1, we have got our initial data exactly
right: u(0,z,y) = d(x — y). Letting U denote the actual solution operator to (5.2),
we thus find

(@ +iVA)(u—U) €€, u(0,2,y) — U(0,2,y) = 0;
hence by global energy estimates®® we have

u—U €C™((—€,€) xR").

7. The wave trace

Our treatment of this material (and, in part, that of the previous section)
closely follows the treatment in [7], which is in turn based on work of Hérmander
[9].

Recall that, if N(A) = #{)\; < A} and U(¢) is given by (5.1), then

(7.1) TrU(t) = (2m)"2F(N'(\)).

Thus, the singularities of Tr U(t) are related to the growth of N(\). We think that
Tr U(t) should have singularities at zero, together with lengths of closed geodesics;
since U(0) is the identity (which has a very divergent trace), the singularity at
t = 0, at least, seems certain to appear. We will thus spend some time discussing
this singularity of the wave trace and its consequences for spectral geometry.

What is the form of the singularity of TrU(¢) at ¢t = 0?7 Our parametrix from
the previous section was

u(t,z,y) = (27T)_"/a(t,x, n)el(@bem=yn) g
where ¢(t,z,n) =z -1 —tn + O(t?), and a(t,z,n) = 1 4+ O(t). Thus,
g(x)
(7.2) u(t,z,x) = (QW)*“/a(t,;C,n)ez‘<7tln\g(w>+0<t2ln|)> dn,

where we have used the homogeneity of the phase in writing the error term as
O(£*|n)).

34This can also be verified directly, with localization, Fourier transform, and elbow grease.

35We can either use the estimates developed in §2.3, adapted to this variable coefficient
setting, and with a power of the Laplacian applied to the solution (in order to gain derivatives);
or we can apply Theorem 4.11, which is overkill.
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Formally, we would now like to conclude that the singularity at ¢ = 0 is ap-
proximately that of

u(t,z,z) = (2#)7”/67”"7‘9@) dn

so that integrating in = would give, if all goes well,

TeU(t) ~ /u(t,x,x) dx

~ (2m)™" // e~ Mo dn da
= (2m)™" /// el 6" do df da:
c>0,]0|=1

— (2m) "/ // Fo" " H (o)) (#6)],) dO da,

with H denoting the Heaviside function. (Recall that the notation f ~ g means
that (f/g) — 1, in this case as t — 0.) If we crudely try to solve (7.1) for N'(\) by
applying an inverse Fourier transform to Tr U(t) and pretending that the singularity
of TrU(t) at t = 0 is all that matters, we find, formally, that (7.3) yields

N'(N) ~ (2m) "2 F 2, T U (1)

_ )\ n—1
~27r*”// I e do dx
em [f 10 (w|g>

= (2m) """ // 6], df de.
|0]=1

Integrating would formally yield

_ )\"// —n
N ~ (27) " — 0 df dz
W ~en it ff

= (27)7"A" /// 161, " dp df d
|6]=1,p€(0,1)

= (2m)7 A" / / / o™t dodf dz,
lof], <1

where we have, in the last line, set o = p/|6| ,, with the result that definition of the
region of integration now involves the metric. This last quantity can easily be seen
to be simply the volume in phase space of the set |¢| g <1 otherwise known as the

(7.3)

unit ball bundle.?6 Thus, we obtain formally
N ~ (27) "A"Vol(B*X) = (2m)™" Vol({|§\g < A}D).

This is all nonsense, of course, for several different reasons. First, we were very
imprecise about dropping higher order terms in ¢ in computing the asymptotics of
the trace as ¢ — 0. Furthermore, we formally computed with N’ as if it were a
smooth function, but of course N’ is quite singular (a sum of delta distributions).
Moreover, and potentially most seriously, there are in general infinitely many sin-
gularities in TrU(t) that might be contributing to the asymptotic behavior of its
Fourier transform: we have been concerning ourselves only with the one near ¢ = 0.

36Recall that on a symplectic manifold (N2",w) we have a naturally defined volume form

" and it is this volume that we are integrating over the unit ball here.

w
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However: the above argument does give the right leading order asymptotics, the
so-called “Weyl Law.” What follows is (the outline of) a rigorous version of the
above argument.

To begin, we need a cutoff function to localize us near the singularity at ¢t = 0,
where our parametrix is valid.

EXERCISE 7.1. Show that there exists p € S(R) with p compactly supported,
p(0) =1, p(t) = p(—t), p(A) > 0 for all A, and p supported in an arbitrarily small
neighborhood of 0. (HINT: Start with a smooth, compactly supported p; convolve
with its complex conjugate, and scale.)

We now consider

Fioa(p(t) Tru(t))

(2m) "1/ /// at, 2, ) A=l FOED) 4o g gt

(o) /// a(t, z, Ao0)e" =0 (ho) " dr do d d;

here we have used the change of variables n = Ao with |§] = 1. We now employ
the method of stationary phase to estimate the asymptotics of the integral in ¢, 0.
If p is chosen supported sufficiently close to the origin, then the unique stationary
point on the support of the amplitude is at 0 = 1, t = 0; we thus obtain a complete
asymptotic expansion in A beginning with the terms

A)\nfl 4 O()\n72)

where
A =n(2m) " Vol(B*X).

EXERCISE* 7.2. Do this stationary phase computation. If you don’t know
about the method of stationary phase, this is your chance to learn it, e.g. from
[11].

Thus, since u — U € C®((—¢,€) x R™), (7.1) yields
PROPOSITION 7.1.
(p* N)Y(A) ~ AN""E 4+ O(\"2).

We now try to make a “Tauberian” argument to extract the desired asymptotics
of N(A) from this estimate.

LEMMA 7.2.
NA+1) =N =0\ ).

PRrROOF. By Proposition 7.1 and since N'(A) = >~ §(A — A;), we have
> p(A= X)) ~ AT O,
thus, by positivity of p(\),
(Jnf p) (00 A= 1<y <A+ 1)) € 30 p(0=4y) = O ),
and the estimate follows as the infimum is strictly positive. O

This yields at least a crude estimate:
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COROLLARY 7.3.
N(A) =0(\").
A more technically useful result is:
COROLLARY 7.4.
NA=7) =N S ()" N"

EXERCISE 7.3. Prove the corollaries. (For the latter, begin with the interme-
diate estimate (7)(|\| + |7])""".)

Now we work harder.

EXERCISE 7.4. Show that we can antidifferentiate the convolution to get

A
([(wNmmw:@*mu»

As a result, we of course have
(p*x N)(\) = AN /n+O0(\""1) = BA" +O(\" 1)

where B = A/n = (2r) " Vol(B*X).
Thus, since [ p(p)dp =1,

NQA) = (N xp)(N) - /(N(/\ =) = NQA)p(p) dps

:BV+OO“U—/OWMQWﬂMMW
= BX" +O(\"Y),

where we have used Corollary 7.4 in the penultimate equality. We record what we
have now obtained as a theorem, better known as Weyl’s law with remainder term.
This form of the remainder term is sharp, and not so easy to obtain by other means.

THEOREM 7.5.
N(\) = (27) " Vol(B*X)A" + O(A"1).

As noted above, it is perhaps suggestive to view the main term as the volume
of the sublevel set in phase space {(z, &) : o(A)(x, &) < A?}. Weyl’s law is one of the
most beautiful instances of the quantum-classical correspondence, in which we can
deduce something about a quantum quantity (the counting function for eigenvalues,
also known as energy levels) in terms of a classical quantity, in this case the volume
of a region of phase space.

EXERCISE* 7.5. Show that the error term in Weyl’s law is sharp on spheres.

8. Lagrangian distributions

The form of the parametrix that we used for the wave equation turns out
to be a special case of a very general and powerful class of distributions, known
as Lagrangian distributions, introduced by Hormander. Here we will give a very
sketchy introduction to the general theory of Lagrangian distributions, and see both
how it systematizes and extends our parametrix construction for the wave equation
and how (in principle, at least) it can be made to yield the Duistermaat-Guillemin
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trace formula, which gives us an explicit description of the singularities of the wave
trace.
We begin with a special case of the theory.

8.1. Conormal distributions. Let X be a smooth manifold of dimension n
and let Y be a submanifold of codimension k. The conormal distributions with re-
spect to Y are a special class of distributions having wavefront set3” in the conormal
bundle of Y, N*Y. Let us suppose that Y is locally cut out by defining functions
Py -y pr € CP(X), ie. that (at least locally), {p1 = - = pr = 0} =Y, and
dp1,...,dpy are linearly independent on Y. Then we may (locally) extend the p;’s
to a complete coordinate system

(T15- ks Y15 -+ Yn—k)
with

L1 = P15+ Tk = Pk
so that Y = {x = 0}. In these coordinates, how might we write down some distri-
butions with wavefront set lying only in N*Y? Well, we can try to make things
that are singular in the x variables at x = 0, with the y’s behaving like smooth
parameters. How do we create singularities at x = 0?7 One very nice answer is in
the following:

LEMMA 8.1. Let a(&) € SZ}(R?) for some m. Then WF F~1(a) C N*({0}).

ProOOF. Writing

F Y (a)(x) = (2m) /2 / al€)ei€ de,

we first note that
f_l(a)(a:) c H—m—k/Q—e(Rk)
for any a € S} and for all € > 0. Moreover for all j,

@ Do) Ha)(a) = (20) 7 [ el Do) do
— 2 [aigae)eit dg
= (QW)_k/Q/fja(f)Dgieiéw de
= —(n) 2 [ D (gale)e de,

where we have integrated by parts in the final line. Note that if a € S then
D¢, (&5a()) € S too (cf. Exercise 3.4). Thus we also have

(¢'Dys) F~H(a)(x) € H- ™ H274(RY).
Iterating this argument gives
(8.1) (€1, Day,) - (20, Da, ) F~Ha)(x) € H™727¢(RY)

for all choices of indices and all I € N. Thus F~!a is smooth3® away from z = 0. [

Tjy

37Recall that we have defined the wavefront set to lie in S* X but it is often convenient to
regard it as a conic subset of T* X \o, with o denoting the zero-section.

38We are of course proving more than the lemma states here: (8.1) gives a more precise
“conormality” estimate that is valid uniformly across the origin.
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By the same token, we have more generally,

PROPOSITION 8.2. Let p1,...,pr be (local) defining functions for Y C X and
let

(8.2) ae SR « RY)

be compactly supported in x. Then

(8.3) u(z) = (27r)_("+2k)/4/ a(m,@)ei<p101+"'+”’“0’“) do

Rk
has wavefront set contained in N*Y. Moreover there exists s € R such that if
Vi, ...V, are vector fields tangent to Y, then

Vi...Viue H.

EXERCISE 8.1. Prove the proposition. You will probably find it helpful to
change to a coordinate system (x1,...,Zk,Y1,.-.,Yn—k) in which x1,... 25 =
P1,---,pk- Note that in this coordinate system, any vector field tangent to Y can

be written
> aij(@,9)a' 00 + Y bji(w,y)0ys
What values of s, the Sobolev exponent in the proposition, are allowable?

DEFINITION 8.3. A distribution v € D'(X) is a conormal distribution with
respect to Y, of order m, if it can (locally) be written in the form (8.3) with symbol
as in (8.2).

While it may appear that the definition of conormal distributions depends on
the choice of the defining functions p;, this is in fact not the case. The rather
peculiar-looking convention on the orders of distributions is not supposed to make
much sense just yet.

Note that examples of conormal distributions include §(x) € R™ (conormal with
respect to the origin), and more generally, delta distributions along submanifolds.
Also quite pertinent is the example of pseudodifferential operators: if A = Opy(a) €
U™ (X) then the Schwartz kernel of A is a conormal distribution with respect to
the diagonal in X x X, of order m. (This goes at least some of the way to explaining
the convention on orders.) Indeed, we could (at some pedagogical cost) simply have
introduced conormal distributions and then used the notion to define the Schwartz
kernels of pseudodifferential operators in the first place.

8.2. Lagrangian distributions. We now introduce a powerful generalization
of conormal distributions, the class of Lagrangian distributions.>® We begin by
introducing some underlying geometric notions.

An important notion from symplectic geometry is that of a Lagrangian sub-
manifold £ of a symplectic manifold N27. This is a submanifold of dimension n on
which the symplectic form vanishes. We can always find local coordinates in which
the symplectic form is given by w = Y da? A dy’ and £ = {y = 0}, so there are no
interesting local invariants of Lagrangian manifolds.

A conic Lagrangian manifold in T*X is a Lagrangian submanifold of 7*X\o
that is invariant under the RT action on the fibers. (Here, o denotes the zero-
section.)

39These were first studied by Hérmander [10].
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Among the most important examples of conic Lagrangians are the following:
let Y C X be any submanifold; then N*Y C T*X is a conic Lagrangian.

EXERCISE 8.2. Verify this.

The trick to defining Lagrangian distributions is to figure out how to associate
a phase function ¢ with a conic Lagrangian £ in 7" X.

DEFINITION 8.4. A nondegenerate phase function is a smooth function ¢(z, 6),
locally defined on a coordinate neighborhood of X xR*, such that ¢ is homogeneous
of degree 1 in # and such that the differentials d(9¢/00;) are linearly independent
on the set

0
C= {(x,@): 8_;; :Oforalljzl,...,k}.
The phase function is said to locally parametrize the conic Lagrangian L if
C>3(z,0) — (z,d:9)
is a local diffeomorphism from C' to L.

EXERCISE 8.3.

(1) Show that, in the notation of the definition above, C' is automatically a
manifold, and the map C > (x,0) — (z,d,¢) is automatically a local
diffeomorphism from C to its image, which is a conic Lagrangian.

(2) Show that if p; are definining functions for ¥ C X then

o= pt

is a nondegenerate parametrization of N*Y.
(3) What Lagrangian is parametrized by the phase function used in our
parametrix for the half-wave operator in the Euclidean case, given by

It turns out that every conic Lagrangian manifold has a local parametrization;
the trouble is, in fact, that it has lots of them.

DEFINITION 8.5. A Lagrangian distribution of order m with respect to the
Lagrangian £ as one that is given, locally near any point in X, by a finite sum of
oscillatory integrals of the form

(27T)—(7L+2k)/4/ a(ac 9)6i¢(x,0) do
RE
where

ae STt/ R RE)
and where ¢ is a nondegenerate phase function parametrizing £. Let I™(X, L)
denote the space of all Lagrangian distributions on X with respect to £ of order
m.

Note that the connection between k, the number of phase variables, and the
geometry of £ is not obvious; indeed, it turns out that we have some choice in
how many phase variables to use. As there are many different ways to parametrize
a given conic Lagrangian manifold, one tricky aspect of the theory of Lagrangian
distributions is necessarily the proof that using different parametrizations (possibly
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involving different numbers of phase variables) gives us the same class of distribu-
tions.

The analogue of the iterated regularity property of conormal distributions, i.e.
our ability to repeatedly differentiate along vector fields tangent to Y, turns out to
be as follows:

PROPOSITION 8.6. Let u € I™(X, L). There exists s such that for any l € N
and for any A, ..., A; € W1(X) with 01(A;)|z = 0, we have

Ay ... A e HY(X).

Of course, once this holds for one s, it holds for all smaller values; the precise
range of possible values of s is related to the order m of the Lagrangian distribution;
we will not pursue this relationship here, however. This iterated regularity prop-
erty of Lagrangian distributions completely characterizes them if we use “Kohn-
Nirenberg” symbols (as in Exercise 3.4) instead of “classical” ones (see [14]).

8.3. Fourier integral operators. Fourier integral operators (“FIO’s”) quan-
tize classical maps from a phase space to itself just as pseudodifferential operators
quantize classical observables (i.e. functions on the phase space). The maps from
phase space to itself that we may quantize in this manner are the symplectomor-
phisms, exactly the class of transformations of phase space that arise in classical
mechanics. We recall that a symplectomorphism between symplectic manifolds is
a diffeomorphism that preserves the symplectic form. We further define a homoge-
neous symplectomorphism from T*X to T* X to be one that is homogeneous in the
fiber variables, i.e. commutes with the RT action on the fibers.

An important class of homogeneous symplectomorphisms is those obtained as
follows:

EXERCISE 8.4. Show that the time-1 flowout of the Hamilton vector field of a
homogeneous function of degree 1 on T*X is a homogeneous symplectomorphism.

Given a homogeneous symplectomorphism ® : T*X — T X, consider its graph
I'es C (T*X\0) x (T*X\o). Since ® is a symplectomorphism, we have

Uriw = U TRw,

where ¢ is inclusion of I's in (T*X\o) X (T*X\0), and 7, are the left and right
projections. If we alter I'g slightly, forming

o ={(x1,&,22,8) 1 (21,61, 22, &) € Ta},

and let ./ denote the inclusion of this manifold, then we find that a sign is flipped,
and

(Y miw + () mpw = 0;
since ) = (mjw + TRw) is just the symplectic form on
T (X xX)=T"X xT*X,

we thus find that I'y is Lagrangian in T*(X x X). In fact, it is easily to verify that
given a diffeomorphism ®, I'}, is Lagrangian if and only if @ is a symplectomorphism.

EXERCISE 8.5. Check this.
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Now we simply define the class of Fourier integral operators (of order m) as-
sociated with the symplectomorphism ® of X to be those operators from smooth
functions to distributions whose Schwartz kernels lie in the Lagrangian distributions

I'™(X x X, T%).

It would be nice if this class of operators turned out to have good properties such
as behaving well under composition, as pseudodifferential operators certainly do.
We note right off the bat that these operators include pseudodifferential operators,
as well as a number of other, familiar examples:

(1) o™(X) =I"(X x X,T'1y).
(2) In R™, fix @ and let T'f(x) = f(x — @) Then T has Schwartz kernel

Sz —12' —a)

which is clearly conormal of order zero at z — 2’ — « = 0. Note that this is
certainly not a pseudodifferential operator, as it moves wavefront around;
indeed, it is associated with the symplectomorphism ®(x, &) = (z + a, §),
and it it no coincidence that

WEFTf = &(WF f).

(3) As a generalization of the previous example, note that if ¢ : X — X is a
diffeomorphism, then we may set

Tf(x) = f(o(x));

this is a FIO associated to the homogeneous symplectomorphism
o(z,6) = (¢_1($),¢Z—l(w)(§))
induced by ¢ on T*X.
EXERCISE 8.6. Work out this last example carefully.

Now it turns out to be helpful to actually consider a broader class of FIO’s
than we have described so far. Instead of just using Lagrangian submanifolds of
T*(X x X) given by I'" = I';, where ® is a symplectomorphism, we just require that
I be a reasonable Lagrangian (and we allow operators between different manifolds
while we are at it):

DEFINITION 8.7. Let X,Y be two manifolds (not necessarily of the same di-

mension). A homogeneous canonical relation from T*Y to T*X is a homogeneous
submanifold T" of (T*X\o) x (T*Y\o0), closed in T*(X x Y')\o such that

F/ = {(x,gay,n) : (xagaya —7]) € F}
is Lagrangian in 7*(X x Y).

We can view I as giving a multivalued generalization of a symplectomorphism,
with
Ly, n) ={(z,€) : (x,§,9,m) €T}

and, more generally, if S C T*Y is conic,

(8.4) I'(S) = {(z,€) : there exists (y,n) € S, with (z,§,y,n) € T'}.
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DEFINITION 8.8. A Fourier integral operator of order m associated to a homo-
geneous canonical relation I' is an operator from C°(Y) to D'(X) with Schwartz
kernel in

(X x Y, 1T).

EXERCISE 8.7. Show that a homogeneous canonical relation I' is associated to
a symplectomorphism if and only if its projections onto both factors T*X and T*Y
are diffeomorphisms.

EXERCISE 8.8.

(1) Let Y C X be a submanifold. Show that the operation of restriction of a
smooth function on X to Y is an FIO.

(2) Endow X with a metric, and consider the volume form dgy on Y arising
from the restriction of this metric; show that the map taking a function f
on 'Y to the distribution ¢ — [, ¢|y (y)f(y)dgy is an FIO. (Think of it as
just multiplying f by the delta-distribution along Y, which makes sense
if we choose a metric.) What is the relationship between the restriction
FIO and this one, which you might think of as an extension map?

In the special case that I' is a canonical relation that is locally the graph of a
symplectomorphism, we say it is a local canonical graph.

We now briefly enumerate the properties of the FIO calculus, somewhat in
parallel with our discussion of pseudodifferential operators. These theorems are
considerably deeper, however. In preparation for our discussion of composition,
suppose that

I'h cT*X\ox T*Y \o,
Iy CcT*Y\ox T*Z\o
are homogeneous canonical relations. We say that I'y and [’y are transverse if the
manifolds
Fl X FQ and 7% X x AT*Y x T*Z
intersect transversely in T* X x T*Y x T*Y x T*Z; here Ar+y denotes the diagonal
submanifold.

EXERCISE 8.9. Show that if either I'y or I'y is the graph of a symplectomor-
phism, then I'y and I'y are transverse.

In what follows, we will as usual assume for simplicity that all manifolds are
compact.*® In the following list of properties, some are special to FIO’s, that is
to say, Lagrangian distributions on product manifolds, viewed as operators; others
are more generally properties of Lagrangian distributions per se, hence their state-
ments do not necessarily involve products of manifolds. In the interests of brevity,
we focus on the deeper properties, and omit trivialities such as associativity of com-
position. Note also that for brevity we will systematically confuse operators with
their Schwartz kernels.

(I) (Algebra property) If S € I"™(X x Y,T%) and T € I (Y x Z,T%) and I'y
and [’y are transverse, then

SoT e I™™ (X x Z, (T oTy)"),

40Tn the absence of this assumption, we need as usual to add various hypotheses of properness.
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where

(85) Fl OFQ = {(-’E,f,Z,C) : (xvfayvn) € 1—‘ll
and (y,7,z,¢) € I'y for some (y,7)}.

Moreover,
S*eI™Y x X, (')
where I'"! is obtained from I' by switching factors.

(IT) (Characterization of smoothing operators) The distributions in I~°(X, £)
are exactly those in C°°(X); composition of an operator S € I"™(X xY,T")
on either side with a smoothing operator (i.e. one with smooth Schwartz
kernel) yields a smoothing operator.

(III) (Principal symbol homomorphism) There is family of linear “principal
symbol maps”

m+(dim X) /4, ».

(8.6) o I™(X, L) — Scl_l+(d. X)/Ef’ L
ST m (L; L)

cl

Here L is a certain canonically defined line bundle on £ (see the commen-
tary below), and SJ'(L; L) denotes L-valued symbols. We may identify
the quotient space in (8.6) with

C™(S7L; L),

and we call the resulting map &, instead. If S, T, are as in (I), with
canonical relations I'1, 'y intersecting transversely,

Omm (ST) = om (S)om: (T)
and
om(A*) = s*om(4),

where s is the map interchanging the two factors. The product of the
symbols, at (x,&, z,() € 'y o'y, is defined as

Um(S)(x7 57 Y, 77) : Um’(T)(% 1, 2, C)
evaluated at (the unique) (y, n) such that (x,&,y,n) € T'1, (y,7n,2,¢) € .
(IV) (Symbol exact sequence) There is a short exact sequence
0— I Y(X,L) = I"™(X, L) I3 C®(S*L; L) — 0.

Hence the symbol is 0 if and only if an operator is of lower order.
(V) Given L, there is a linear “quantization map”

Op : ST HAmX /A 1y o5 (X, £)
such that if

0~ S o ()1 (2, E) AN ¢ gm0/ gy

Jj=0

then

Gm(Op(a)) = Gm4(dim X)/4(I7 E)
The map Op is onto, modulo C*(X).
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(VI) (Product with vanishing principal symbol) If P € Diff™(X) is self-adjoint
and u € I (X, L), with £ C $p = {o,n(P) = 0}, then
Pu e I -Y(X, L)
and
Om+m/—1 (PU) = iil Hp(UWL’ (u))v
with H, denoting the Hamilton vector field.

(VII) (L*-boundedness, compactness) If T € I™(X x Y,T) is associated to a
local canonical graph, then

TeL(H*(Y),H™(X)) for all s € R.

Negative-order operators of this type acting on L?(X) are thus compact.
(VIII) (Asymptotic summation) Given u; € I"™7(X, L), with j € N, there exists
u € I"™(X, L) such that
Y
J

which means that
N
u— Zuj e ImN-1I(X L)
3=0
for each V.
(IX) (Microsupport) The microsupport of T € I'"(X x Y,I") is well defined as
the largest conic subset I' C T' on which the symbol is O(]¢]™>). We have

WF Tu C T(WF u)

for any distribution u on Y, where the action of I on WFu is given by
(8.4). Furthermore,

WF'(SoT) C WE' SoWF'T.
COMMENTARY:

(I) This is a major result. Since FIO’s include pseudodifferential operators,
this includes the composition property for pseudodifferential operators as
a special case. Another special case, when Z a point, yields the statement
that an FIO applied to a Lagrangian distribution on the manifold ¥ with
respect to the Lagrangian £ C T*Y is a Lagrangian distribution associated
to I'(L), where I is the canonical relation of the FIO and I'(£) is defined
by (8.4).
One remarkable corollary of this result is as follows: As will be dis-
cussed below, what our parametrix construction in §6 really showed was
that for ¢ sufficiently small, and fixed, we have

e VA € I9(X x X, Ly)

where L, is the backwards geodesic flowout, for time ¢, in the left factor
of N*A, of the conormal bundle to the diagonal in 7" (X x X).

EXERCISE* 8.10. Verify this assertion! (Try this now, but fear not:
we will discuss this example further in §9 and you can try again then.)
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Now e~ VA i a one-parameter group and so the composition property
for FIO’s allows us to conclude that in fact e~#*V2 is an FIO for all times
t, associated to the same flowout described above. The interesting subtlety
is that while £; is an inward- or outward-pointing conormal bundle for
small positive resp. negative time (i.e. in the regime where our parametrix
construction worked directly), for ¢ exceeding the injectivity radius, it
ceases to be a conormal bundle, while remaining a smooth Lagrangian
manifold in 7*(X x X).

Modulo bundle factors, the principal symbol is defined as follows: if u €
I'™(X, L) is given by

u = (27r)_("+2k)/4/ a(z, 9)6“15(“3’9) de,
Rk

then o,,(u) is defined by first restricting a(z, 6) to the manifold

C ={(z,0) : dpo = 0};
as ¢ is a nondegenerate phase function, this manifold is locally diffeomor-
phic (via a homogeneous diffeomorphism) to £, hence we may identify a|c
with a function on L£; transferring this function to £ via the local diffeo-
morphism and taking the top-order homogeneous term in the asymptotic
expansion gives the principal symbol.

Much has been swept under the rug here—for a proper discussion, see,

e.g., [10]. In particular, the line bundle L contains not just the density
factors that we have been studiously ignoring—the Schwartz kernel of an
operator from functions to functions on X is actually a “right-density” on
X x X, i.e. a section of the pullback of the bundle |2"(X)| in the right
factor—but also the celebrated “Keller-Maslov index,” which is related
to the indeterminacy in choosing the phase function parametrizing the
Lagrangian. We will not enter into a serious discussion of these issues here.
We have also omitted discussion of the geometry of composing canonical
relations, and the fact that transverse canonical relations compose to give
a new canonical relation, with a unique point y,n such that (z,£,y,n) €
I, (y,m, 2,¢) € I'y whenever (x,&,2,() € 'y o T's.
There is a more general version of this statement valid for any P € ¥ (X)
characteristic on £, but it involves the notion of subprincipal symbol,
which requires some explanation; see [5, §5.2-5.3]. Moreover, if we are
a little more honest about making this computation work invariantly, so
that the symbol has a density factor in it (one factor in the line bundle
L,) then we should really write

Omtm/—1(Pu) = i_lﬁHpam/ (u),
where Lz denotes the Lie derivative along the vector field Z.
This is fairly easy to prove, as if T of order m is associated to a symplec-
tomorphism from Y to X, it is easy to check from the previous properties

that T*T is an FIO associated with the canonical relation given by the
identity map, and hence

T*T c \IJQ'HL (Y),

and we may invoke boundedness results for the pseudodifferential calculus.
In cases when T is not associated to a local canonical graph, this argument
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fails badly (i.e. interestingly), and the optimal mapping properties are a
subject of ongoing research.

Finally, as with the pseudodifferential calculus, we may define a notion of el-
lipticity for FIO’s, and the above properties imply that (microlocal) parametrices
exist for the inverses of elliptic operators associated to symplectomorphisms.

9. The wave trace, redux

Let us briefly revisit our construction of the parametrix for the half-wave equa-
tion in the light of the FIO calculus. Here is what we did, in hindsight: we sought
a distribution

uelI™Rx X x X, L)

for some Lagrangian £, and some order m, with
u(0,z,y) = 6(z —y)
such that
(Dy 4+ VA € I™((—€,€) x X x X, L) =C®((—¢,€) x X x X).
We begin by sorting out what m, the order of u, should be. Since
o = 8o~ ) = (2m) " [ e ap

n

we were led us to a solution that for ¢ small was of the form
/ a(t,x,y,@)ei‘b(t’w’y’(’) do

with a a symbol of order zero such that a(0,z,y,6) = 1, and ® a nondegenerate
phase function such that ®(0,z,y,0) = (x — y) - . This was certainly the rough
form of our earlier Ansatz; it should now be regarded as a Lagrangian distribution,
of course. Since dim(R x X x X) = 2n+1 and we have n phase variables 61, ..., 0,
the convention on orders of FIO’s leads to m = —1/4.

Now we address the following question: what Lagrangian £ ought we to choose?
Since

;. € DiffP(R x X x X) C U3(R x X x X),
we a priori would have
OueI*(Rx X x X,L);

as we would like smoothness of [u, we ought to start by making the principal
symbol of [(Ju vanish. The symbol of [J vanishes only on

2
o ={r*=¢;}
hence the easiest way to ensure vanishing of the principal symbol is simply to
arrange that

(9.1) L C¥g.
Now, recall that our initial conditions were to be
u(0,z,y) = d(z —y),

where we may view this as a Lagrangian distribution on X x X with respect to
N*A, the conormal to the diagonal:

N*A = {(x=y>§un):x:y7§:_n}'
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It is not difficult to check that the requirement that u|;—¢ gives this lower-dimensional
Lagrangian! together with the requirement (9.1) that £ should lie in the charac-
teristic set implies that £ N {¢ = 0} should just consist of points in X projecting
to points in N*A, i.e. that we should in fact have

LA{t=0} = {(t=0,7 = —|l, o =y, = —n)} € T*R x X x X).

Here we have chosen the sign 7 = —[n|, in view of our real interest, which is in
solving '

rather than the full wave equation;*? we have thus kept £ inside the characteristic
set of D; + /A, which is one of the two components of X.

Let £y now denote £ N {t = 0}. The set Ly is a manifold on which the sym-
plectic form vanishes (an “isotropic” manifold), of dimension one less than half the
dimension of T*(R x X x X). (Exercise: Check this! Most of the work is done
already, as N*(A) is Lagrangian in 7*(X x X).)

We now proceed as follows to find a Lagrangian (necessarily one dimensional
larger) containing Ly: let H = Hg denote the Hamilton vector field of the symbol of
the wave operator, in the variables (¢, z, 7, ). (I.e., take the Hamilton vector field of
O(t,2) on the cotangent bundle of R x X x X—nothing interesting happens in ¥, 7.)
By construction, £y C ¥g; we now define L to be the union of integral curves of H
passing through points in Lg. More concretely, these are all backwards unit-speed
parametrized geodesics beginning at (z = y,§ = —n), where (z,£) evolves along
the geodesic flow, and (y,n) are fixed. (Meanwhile, ¢ is evolving at unit speed,
and 7 is constrained by the requirement that we are in the characteristic set so
that 7 = —[¢|,.) The manifold £ stays inside ¥ (indeed, inside the component
that is X, | \/Z) since H is tangent to this manifold; moreover, £ is automatically
Lagrangian since w vanishes on L and o2(0) does as well, so that for Y € T L,
we further have

W(Y,H) = (d(o2()), Y) = You(0) = 0.
This gives vanishing of w on the tangent space to £ at points along ¢ = 0; to
conclude it more generally, just recall that the flow generated by a Hamilton vector
field is a family of symplectomorphisms.

EXERCISE 9.1. Check that £ is in fact the only connected conic Lagrangian
manifold passing through £y and lying in ¥g. (HINT: Observe that H is in fact
the unique vector at each point along Ly that has the property w(Y,H) = 0 for all
Y e TE())

Thus, to recapitulate, if we obtain £ by flowing out Ly (the lift of the conormal
bundle of the diagonal to the characteristic set of D; ++v/A) along H, the Hamilton
vector field of O, we produce a Lagrangian on which O is characteristic.

41We really ought to think a bit about restriction of Lagrangian distributions here: this
is best done by regarding the restriction operator itself as an FIO (cf. Exercise 8.8). We shall
omit further discussion of this point, but remark that it should at least seem plausible that the
Lagrangian manifold associated to the restriction is the projection (i.e. pullback under inclusion),
of the Lagrangian in the ambient space—cf. Exercise 4.11.

42We have chosen to emphasize this distinction only at this critical juncture only because
as it is in some respects more pleasant to deal with [0 than with the half-wave operator when
possible.
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EXERCISE 9.2. Show that the phase function ¢(t, x, ) —y-n that we constructed
explicitly in §6 does indeed parametrize

L= {(taTvxagvya _77) T = _‘f‘gv (x7§) = (bt(ya 77)
(with @, denoting geodesic flow, i.e. the flow generated by the Hamilton vector field
of [£],) over [t| < 1.
Compare our solution to the eikonal equation using Hamilton-Jacobi theory in
Exercise 6.1 to what we have done here.

We now remark that while our parametrization of the Lagrangian in §6 worked
only for small ¢, the definition given here of £ C T*(R x X x X) makes sense
globally in t, not merely for short time. When ¢ is small and positive and y fixed,
the projection of £ to (z,§) is just the inward-pointing conormal bundle to an
expanding geodesic sphere centered at y; when ¢ exceeds the injectivity radius of X,
L ceases to be a conormal bundle, but remains a well-behaved smooth Lagrangian.

Let us now return from our lengthy digression on the construction of £ to recall
what it gets us. Solving the eikonal equation, i.e. choosing £, has reduced our error
term by one order, and we have achieved

Ou e I4(R x X x X, L);
to proceed further, we invoke Property (VI) of FIO’s, to compute
o3/4(0u) =i~ "Ho_y /4 (u);

setting this equal to zero yields our first transport equation, and it is solved by
simply insisting that o_;,4(u) be constant along the flow, hence equal to 1, its
value at t = 0 (which was dictated by our d-function initial data).

Now we have achieved Ou = r_; ;4 € I~Y4 Adding an element u_g/q of
I75/4(R x X x X, L) to solve this error away and again applying (VI) yields the
transport equation

i"'H(o_54(u—s/4)) = —0_14(r_1/4),
which we may solve as before. Continuing in this manner and asymptotically sum-
ming the resulting terms, we have our parametrix u € I-Y4(R x X x X, £).

Now we describe, very roughly, how to use the FIO calculus to compute the
singularities of Tr U(t) at lengths of closed geodesics.
Let T denote the operator C*°(R x X x X) — C*®(R) given by?3

T:f(t,x,y)»—)/xf(t,x,x)dx.

Thus, TrU = T(U), and we seek to identify this composition as a Lagrangian
distribution on R'; such a distribution is thus conormal to some set of points; as
we saw above (and will see again below) these points may only be the lengths of
closed geodesics, together with 0.

The Schwartz kernel of T' is the distribution

ot —t")d(x —y)

431t is here that our omission of density factors becomes most serious: T should really act
on densities defined along the diagonal, so that the integral over X is well-defined. Fortunately,
U itself should be a right-density (i.e. a section of the density bundle lifted from the right factor);
restricted to the diagonal, this yields a density of the desired type.
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on R xR x X x X; it is thus conormal to t = t/,2 = y, i.e. is a Lagrangian
distribution with respect to the Lagrangian

{t: tlux =Y, T= _7/752 _77}
Noting that if we reshuffle the factors into (R x X) x (R x X), the distribution

0(t —t')d(x — y) becomes the kernel of the identity operator, we can easily see that
the order of this Lagrangian distribution is 0. Thus,

TecIRxRx X x X,T)
where the relation I : T*(R x X x X) — T*R maps as follows:

(t7T)7 if (5576) = (v, _77)'

Let £ be the Lagrangian for our parametrix u constructed above. If an interval
about L € R contains no lengths of closed geodesics, then we see that no points
in £ lie over {(z,§) = (y,—n)} for ¢ near L, hence I'(£) has no points over this
interval, i.e. the composition T is smooth in this interval. This gives another proof
of the Poisson relation, Theorem 5.3.

If, by contrast, there is a closed geodesic of length L, then

{(L,7) : 7 <0} e T(L).

Note that in effect we get a contribution from every (z,£) lying along the geodesic,
and that in particular, the fiber over (L, 7) of the projection on the left factor

(T*R X Apsmxx xx)xT*@®xxxx)) N (T x £) = T*R

F(t’ T? x? 67 y7 ?7) = {

(giving the composition I'(L)) consists of at least a whole geodesic of length L,
rather than a single point. Thus, the composition of these canonical relations
is not transverse and the machinery described thus far does not apply. In [3],
Duistermaat-Guillemin remedied this deficiency by constructing a theory of com-
position of FIO’s with canonical relations intersecting cleanly.

DEFINITION 9.1. Two manifolds X, Y intersect cleanly if X NY is a manifold
with T(X NY) =TX NTY at points of intersection.

For instance, pairs of coordinate axes intersect cleanly but not transversely in
R”™. In general, in the notation of Property (I), if the intersection of the product
of canonical relations I'y x I'y with the partial diagonal T*X x A x T*Z is clean,
we define the excess, e, to be the dimension of the fiber of the projection from this
intersection to T*X x T*Z; this is zero in the case of transversality. Duistermaat-
Guillemin show:

SoT e I™t™+e/2(X x 7, (I o Ty))
i.e. composition goes as before, but with a change in order. In addition the symbol
of the product is obtained by integrating the product of the symbols over the e-
dimensional fiber of the projection in what turns out to be an invariant way.

Let us now assume that there are finitely many closed geodesics of length L, and
that they are nondegenerate in the following sense. For each closed bicharacteristic
(i.e. lift to S*X of a closed geodesic) v C S*X, pick a point p € v and let Z C
S*X be a small patch of a hypersurface through p transverse to ~. Shrinking Z as
necessary, we can consider the map P, : Z — Z taking a point to its first intersection
with Z under the bicharacteristic flow on S*X. This is called a Poincaré map. Since



MICROLOCAL ANALYSIS 57

P,(p) = p, we can consider dP, : T,Z — T,,Z. We say that the closed geodesic is
nondegenerate if Id —dP, is invertible. Note that this condition is independent of
our choices of p and Z, as are the eigenvalues of Id —dP, .

The following is due to Duistermaat-Guillemin [3]:

THEOREM 9.2. Assume that all closed geodesics of length L on X are nonde-
generate. Then

. _ L, ~1/2
lim (t — L) U (1) = > o i I =Py |,
~v of length L

where P, is the Poincaré map corresponding to the geodesic v, and o~ is the number
of conjugate points along the geodesic.

A proof of this theorem requires understanding the symbol of the clean compo-
sition T'w (where u is our parametrix for the half-wave equation). This lies beyond
the scope of these notes. We merely note that we are in the setting of clean com-
position with excess 1, hence locally near t = L,

Tu e I°7VAF2(R {t =L, 7 < 0}).

This Lagrangian is easily seen to be parametrized, locally near ¢ = L, by the phase
function with one fiber variable**

—1)6,0 <0,
o(t,6) = {(()te >)0' )

hence we may write

oo
T = (27)~3/4 / alt, 0)e=i=1)0 g,
0

where a € S(R x R) has an asymptotic expansion a ~ ag + 0] 'a_y + .... Our
task is to find the leading-order behavior of T'u, and this is of course dictated by
its principal symbol. To top order, a is given by the constant function ao(L,1),
hence T is (to leading order) a universal constant times ag(L, 1) times the Fourier
transform of the Heaviside function, evaluated at ¢ — L. Thus, the limit in the
statement of the theorem is, up to a constant factor, just the value of ag(L, 1). The
whole problem, then, is to compute the principal symbol of this clean composition,
and we refer the interested reader to [3] for the (rather tricky) computation.*®

10. A global calculus of pseudodifferential operators

10.1. The scattering calculus on R"™. We now return to some of the prob-
lems discussed in §2, involving operators on noncompact manifolds. Recall that
the Morawetz estimate on R", for instance, hinged upon a global commutator ar-
gument, involving the commutator of the Laplacian with (1/2)(D, + D}) on R™.
Generalizing this estimate to noncompact manifolds will require some understand-
ing of differential and pseudodifferential operators that is uniform near infinity.

44This phase function should of course be modified to make it smooth across = 0, but
making this modification will only add a term in C*°(R) to the Lagrangian distribution we write
down.

45We note that the factor i is the contribution of the (in)famous Keller-Maslov index, and
is in many ways the subtlest part of the answer.
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Recall that thus far, we have focused on the calculus of pseudodifferential opera-
tors on compact manifolds; in discussing operators on R™, we have avoided as far
as possible any discussion of asymptotic behavior at spatial infinity. Thus, our
next step is to discuss a calculus of operators—initially just on R"—that involves
sensible bounds near infinity.

Thus, let us consider pseudodifferential symbols defined on all of T*R"™ with
no restrictions on the support in the base variables, with asymptotic expansions in
both the base and fiber variables, both separately and jointly. To this end, note
that changing to variables |x|71, z, € |71, and € amounts to compactifying the base
and fiber variables of T*R" radially, to make the space By x By, with B" denoting
the closed unit ball. (Recall that we defined a radial compactification map in (3.4),
and that while (€)' and (z) " are what we should really use as defining functions
for the spheres at infinity, || and |z| ™" are acceptable substitutes as long as we
stay away from the origin in the corresponding variables.) The space B™ x B"
is a manifold with codimension-two corners, i.e. a manifold locally modelled on
[0,1) x [0,1) x R2"~2; its boundary is the union of the two smooth hypersurfaces
Sn—lx B} and By x Sg_l. In our local coordinates, || " and |¢| ™" are the defining
functions for the two boundary hypersurfaces, i.e. the variables locally in [0, 1), while
a choice of n — 1 of each of the & and é variables gives the remaining R"2.

B x S Pa Sl g7l

Snfl x B™

F1GURE 2. The manifold with corners B™ x B™ in the case n = 1.
At the top (and bottom) are the boundary faces from B"™ x S7~!
arising from the compactification of the second factor—this is
“fiber infinity.” At left (and right) are the faces from S"~! x B",
arising from compactification of the first factor—this is “spatial
infinity.” The corner(s) at which these faces meet is S"~1 x S"~1.
The functions p = |z|”" and o = |€]”" can be locally taken as
defining functions for the spatial infinity resp. fiber infinity bound-
ary faces. The disconnectedness of B"™ x S"~! and S"~! x B" is
of course a feature unique to dimension one.
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We now let*6

SmTR)
denote the space of a € C*°(T*R") such that?”
(10.1) (&) ™(z) 'a € C=(B™ x BM).
This condition gives asymptotic expansions (i.e., Taylor series) in various regimes:

a(z, &) ~ Z |§|m7ja.7j(x,é), as £ — o0, z €U @R = (B™)°

(10.2) a(z,6) ~ D |af aie(2,€), as x — 00, E€V € R" X (B")°

a(l’,f) ~ Z |x‘lii|£|m7jaij(i'aé)v as (E,f —r 00.

Finally, let
v (R

denote the space consisting of the (left) quantizations of these symbols. The “sc”
stands for “scattering.”8

This is an algebra of pseudodifferential operators, containing all ordinary pseu-
dodifferential operators on R™ with compactly supported Schwartz kernels. The
algebra of scattering pseudodifferential operators enjoys all the good properties of
our usual algebra, plus some more that derive from its good behavior at infinity. We
can compose operators to get new operators, and if A € $™!(R"), B € \If;’;l’l/ (R™),
we have AB € \I/;’C“rm/’l“' (R™). Likewise, adjoints preserve orders. What is novel
here, however, is the principal symbol map.

As the symbols defined by (10.1) are those that, up to overall factors, are
smooth functions on B" x B™, we can define the principal symbol of order m,l of
the operator Op(a) as

‘}m,l(A) = <§>_m<x>_la|a(3"x3n);

this can be further split into pieces corresponding to the restrictions to the two
boundary hypersurfaces:

Q
B
=
|
>
oy
=
B
8
=

where
65 (A)(x, &) € C=(B™ x §" 1)

m,l

is nothing but the ordinary principal symbol, rescaled by a power of (z), and

67 (A)(#,€) € C(S™! x B™)

m,l

is the novel piece of the symbol, measuring the behavior of the operator at spatial
infinity. Note that these two pieces of the principal symbol are not independent:

46This space should really be called SZ”L’SZC, with the cl once again indicating “classicality” (as
opposed to Kohn-Nirenberg type of estimates alone). We omit the cl so as not to clutter up the
notation.

47We are abusing notation here by ignoring the diffeomorphism of radial compactification,
thus identifying C°°(B™ x B™) directly with a space of functions on R™ x R™.

48This is a space of operators considered by many authors; as we are following roughly the
treatment of Melrose [18], we have adopted his notation for the space. Note, however, that we

have reversed the sign from his convention for the order I.
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they must agree at the corner, S"~! x S"~1. We may also choose to think of the
principal symbol as

O'm’l(A) c S:g,l(T*Rn)/S:Zfl,lfl(T*Rn)’

and we will often confuse the symbol with its equivalence class; this is usually less
confusing than keeping track of the rescaling factor (€)™ (z)".
The principal symbol short exact sequence thus reads:

0 — PmHURRY)  gl(R?) T 0% (9(B™ x B)) — 0.

Thus, vanishing of this symbol yields improvement in both orders at once; cor-
respondingly, vanishing of one part of the symbol gives improvement in just one
order:

56
0— TR MH(R™) — UHRY) B C®(B™ x S"1) =0,

0 — N R?Y) = UI(R™) TS (57 x BT = 0.

The symbol of the product of two scattering operators is indeed the product of
the symbols,* as (equivalence classes of) smooth functions on 9(B™ x B™).

The symbol of the commutator of two scattering operators (which is of lower
order than the product in both filtrations) is, as one might suspect, given by ¢ times
the Poisson bracket of the symbols.

The residual calculus is particularly nice in this setting: instead of merely
consisting of smoothing operators, it consists of operators that are “Schwartzing”—
they create decay as well as smoothness:

Re U > ®([R") < R:S8R") — S(R").

One problem with using the ordinary calculus for global matters is that we can
only conclude compactness of operators of negative order for compactly supported
operators. Here, we have a much more precise result:

PROPOSITION 10.1. An operator in W22 (R™) is bounded on L*(R™); an operator
of order (m,1) with m,l < 0 is compact on L?(R™).

Associated to the expanded notion of symbol, there is are associated notions of
ellipticity (nonvanishing of the principal symbol) and of WF’ (lack of infinite order
vanishing of the total symbol). We have an associated family of Sobolev spaces:

u € HM(R™) <= VA € UH(R"), Au € L*(R™).

Operators in the calculus act on this scale of Sobolev spaces in the obvious way.
Since smoothing operators are “Schwartzing,” it is not hard to see that

HZ® = (R") = S(R™).

(We will return to an explicit description of these Sobolev spaces shortly.)
There is also an associated wavefront set:

WFs.u C 0(B™ x B")

491t is exactly this innocuous statement, which the reader might think routine, that separates
the scattering calculus from many other choices of pseudodifferential calculus on noncompact man-
ifolds: typically the “symbol at infinity” (here 57 ,(&,£)) will compose under operator composition

in a more complex, noncommutative way.
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is defined by
p & WF u <= there exists A € U2 (R™), elliptic at p, with Au € S.

In (By)°

X ngl C 9(B™ x B™), (i.e., in the usual cotangent bundle of R™) this

definition just coincides with ordinary wavefront set; but “at infinity,” i.e. in 71 x
B¢, it measures something new. To see what, let us consider some examples.

ExAaMPLE 10.2.

(1)

Constant coefficient vector fields on R™ : If v € R™ and P = i~ 'v - V,
then, we can write

P = Opg(v - &);
the principal symbol is thus
Ulﬁo(P) =7~ f

Likewise, the symbol of the Euclidean Laplacian A is 4,0(A) = [¢]*. Note
that the Laplacian is not elliptic in the scattering calculus, as its principal
symbol vanishes at £ = 0 on the boundary face S?~! x Bg. This should
come as no suprise, as A has nullspace in S&’'(R™) (given by harmonic
polynomials) that does not lie in L2, hence is not consistent with elliptic
regularity in the scattering calculus sense: if @ is elliptic in the scattering
calculus,
Qu e S(R") = u € S(R").

On the other hand, consider Id +A. We have Id € W2.°(R"), hence
adding it certainly does not alter the “ordinary” part of the symbol, living
on (B™)° x S"~1. But it does affect the symbol in S"~! x B" : we have

oa20Id+A) =1+ [¢%

Id +A is an elliptic operator in the scattering calculus, and of course it is
the case that (Id +A)u € S(R™) implies that v is likewise Schwartz.

If we vary the metric from the Euclidean metric to some other metric g,
we may or may not obtain a scattering differential operator; for example,
if g were periodic, we certainly would not, as the total symbol of A would
clearly lack an asymptotic expansion as |z| — oo. Suppose, however, that
we may write in spherical coordinates on R"

g=dr? 412 Z hij(r=t,0)d0'de?  for r > Ry > 0.
where h;; is a smooth function of its arguments, and
hi;(0,0)do"do?

is the standard metric on the “sphere at infinity.” We will call such a met-
ric asymptotically Fuclidean. Then the corresponding Laplace operator is
in the scattering calculus.

EXERCISE 10.1. Check that this operator does lie in the scattering
calculus.

Let A denote the Laplacian with respect to an asymptotically Eu-
clidean metric. Then

(Id+A)~t e U 20(R™).
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(4) (z)>(Id+A) € UZ2(R™) and has symbol (z)*(1 + |¢]%). This is globally
elliptic.

By the last example, we find that
ue HX(R") <= (z)*(Id+A)u € L2(R");

interpolation and duality arguments allow us to conclude more generally that the
scattering Sobolev spaces coincide with the usual weighted Sobolev spaces:

HPH(R™) = (@) H™(R).
We now turn to some examples illustrating the scattering wavefront set. Con-
sider the plane wave
u(z) =e
We have
(D —ajJu=0forallj=1,...,n.
The symbol of the operator D,; — a; is & — «;, hence the intersection of the

characteristic sets of these operators is just the points in S"~! x B"™ where £ = a.
As a consequence, we have

WFEye(e%) C {(#,€) € "' xR : £ = a}

(here we are as usual identifying (B™)° = R™). In fact this containment turns out
to be equality, as we see by the following characterization of scattering wavefront
set.

PROPOSITION 10.3. Let p = (29,&) € S"~1 x R™. We have
p ¢ WFs.u

if and only if there exist cutoff functions ¢ € C°(R™) nonzero at & and v € C*(R™)
nonzero in a conic neighborhood of the direction Ty such that

¢F(yu) € S(R™).

This is of course closely analogous to the characterization of ordinary wavefront
set in Proposition 4.5, and is proved in an analogous manner. Note that if u is a
Schwartz function in a set of the form

{||z—‘f:60| <€ x| > Ro}

for any € > 0, Ry > 0, then there is no scattering wavefront set at points of the
form (&o,§) for any & € R™. Thus, this new piece of the wavefront set measures
the asymptotics of u in different directions toward spatial infinity: &g provides the
direction, while the value of £ records oscillatory behavior of a specific frequency.

There is also, of course, a similar characterization of WFy. u inside S™~1 x §7~1,
We leave this as an exercise for the reader.

10.2. Applications of the scattering calculus. As an example of how we
might use the scattering calculus to obtain global results on manifolds, let us return
to the local smoothing estimate from §2.1. Recall that if ¢ satisfies the Schrédinger
equation (2.1) on R™ with initial data vy € H'/2, this estimate (or, at least, one
version of it) tells us that

(103) ¢ € leoc(Rt;Hl%ac(Rn)%
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hence the solution is (locally) half a derivative smoother than the data, on average.
How might we obtain this estimate on a manifold, with A replaced by the Laplace-
Beltrami operator (which we also denote A)? For a start, note that (10.3) fails
badly on compact manifolds; in particular, recall that since [A, A®] = 0 for all
s € R, the H® norms are conserved under the evolution, hence if ¢9 ¢ H®, with
s > 1/2, then we certainly do not have®® ¢ € L% (Ry; H®). So if we seek a broader
geometric context for this estimate, we had better try noncompact manifolds.
Recall that we initially obtained the estimate by a commutator argument with

the Morawetz commutant
n—1

o2r
which actually gave more information; we noted that we could, instead, have used
a simpler commutant f(r)D,, with f(r) = 0 near r = 0, nondecreasing, and equal
to 1 for r > 2 (say): this gives a commutator with a term

X' (r)D?

which, when paired with ¢ and integrated in time, tests for H' regularity in an
annular neighborhood of the origin (which could have been translated to be any-
where); other terms in the commutator are positive also, modulo estimable error
terms, and we thus obtain the local smoothing estimate. Generalizing this is tricky,
as the positivity of the symbol of the term

iA,D,]

0, +

on R™ is delicate: the symbol of this commutator is given by the Poisson bracket
2 . . . 2 2 .

{I€17 6 -2} =26 0u(§ - 2) = m(IﬁI —(&-2)?)

which is nonnegative but does actually vanish at £ || z, i.e. in radial directions. If
we perturb the Euclidean metric a bit, and replace |§|2 with |§\£27, the symbol of the
Laplace-Beltrami operator, but leave the inner product (§,z) = Y &;27, then this
computation fails to give positivity. So we have to be more careful. We might try
to adapt > &;z7 to the new metric instead, but this is problematic, as it doesn’t
really make much invariant sense. Moreover, it seems even more problematic upon
interpretation: what positivity of {|€ |3, a} means is just that a is increasing along

the bicharacteristic flow of |¢ |3, i.e. is increasing along (the lifts to the cosphere
bundle of) geodesics. This is clearly impossible if there are any closed (i.e., periodic)
geodesics, or indeed if there are geodesics that remain in a compact set for all time,
hence our difficulty in obtaining an estimate on compact manifolds.

EXERCISE 10.2. Suppose that a geodesic v remains in a compact subset of R™
(equipped with a non-Euclidean metric) for all ¢ > 0. Let p = (7(0), (7/(0))*) €
T*R™ (with * denoting dual under the metric). Show that there cannot exist a
smooth a € C®(T*R") with {|¢]”,a} > ¢ > 0 and a(p) # 0.

50Note that this argument fails on R™ exactly because of the distinction between local and
global Sobolev regularity: there is nothing preventing a solution on R™ with initial data in H/2
from being locally H'—or even smooth on arbitrarily large compact sets—in return for having
nasty behavior near infinity.
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DEFINITION 10.4. Let g be an asymptotically Euclidean metric on R”, and let
~ be a geodesic. We say that v is not trapped forward/backward if

i [y(#)] = oo

We say that ~ is trapped if it is trapped both forward and backward. We also
use the same notation for the bicharacteristic projecting to . Moreover, we say
that a point in S*R"™ along a non-(forward/backward)-trapped geodesic is itself
non-(forward /backward)-trapped.

It is a theorem of Doi [4] that the local smoothing estimate (10.3) cannot hold
near a trapped geodesic. (The total failure of (10.3) on compact manifolds should
make this plausible, but it turns out to be considerably more delicate to show that
it fails even if the only trapping is, for instance, a single, highly unstable, closed
geodesic.) As a result we will require some strong geometric hypotheses in in order
to find a general context in which (10.3) holds.

The following is a result of Craig-Kappeler-Strauss [1]:

THEOREM 10.5. Consider ¥ a solution to the Schrédinger equation on asymp-
totically Euclidean space, with vy € H'Y?(R™). The estimate (10.3) holds mi-
crolocally at any (xo,&) that lies on a nontrapped bicharacteristic, i.e. for any
A € WH(R™) compactly supported and microsupported sufficiently near to (xg,&),
we have for any T > 0,%!

T
/0 1Ap|2 dt < [[dollZ e

Proor. We will prove the theorem by using a commutator argument in the
scattering calculus. To begin, we recall from Exercise 4.21 that the set along which
microlocal LIQOCH ! regularity holds is invariant under the geodesic flow. Hence it
suffices just to obtain regularity of this form somewhere along the geodesic . The
convenient place to do this is out near infinity.

In order to make a commutator argument, note that it is very useful to have
a quantity that behaves monotonically along the flow. We refer to points in T*R"™
near infinity (i.e. for |z| > 0) as incoming if £-2 < 0 and outgoing if -3 > 0
(this corresponds to moving toward or away from the origin, respectively, under
asymptotically Euclidean geodesic flow). Heuristically, under the classical evo-
lution, points move from being incoming to being outgoing. More precisely, we
observe that the Hamilton vector field of p = 04,0(A) is given by

Zglgj 8& + 2251 acJ

Recalling that ¢ has an asymptotic expansion with leading term given by the
identity metric, we can write this as

(10.4) Hp = 26 - 0, + O(lz| " [€)8: + O(l] ™€)
(where in fact the whole vector field is homogeneous of degree 1 in &).

EXERCISE 10.3. Verify (10.4).

51More generally, we can replace the Sobolev exponents 1/2 and 1 by s and s + 1/2 respec-
tively; in particular, L? initial data gives an L2H1/2 estimate.
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Thus,

Hy(€-a) = o (1= (€ 9)) + (el ™).

This is thus positive, as long as é # is away from +1, and || is large,? i.e., as long
as we stay away from precisely incoming or outgoing points. Thus, we manufacture
a scattering symbol for a commutant that has increase owing to the increase in
“outgoingness:” Let x(s) denote a smooth function that equals 0 for s < 1/4 and
1 for s > 1/2, with x’ a square of a smooth function, nonzero in the interior of its
support. Let x5(s) = x(ds). We choose

ax, &) = [&] ,x (=€ - &)xa(jz)x(14],)-

Thus a is supported at incoming points at which |z| > 1/(49) > 0; the first y
factor localizes near incoming points, and the factor of xs keeps |z| large. (The
factor X(|§|g) simply cuts off near the origin in £ to yield a smooth symbol.) Under
the flow on the support of a, x tends to decrease and we become more outgoing,
so the tendency is the leave the support of a along the flow. This is the essential
point in the following;:

EXERCISE 10.4. Check that a € SL°(T*R™) and that if § is chosen sufficiently
small, we may write

Hpa = -2 -
where
(1) be Sslc’_l/2(T*R") is supported in supp X’(—f: &) xs(|z|)
(2) ce 5515_1/2(T*R") is supported in supp x(—¢ - £)x5(|z|) and nonzero on

the interior of that set.
(Note that [¢|, is annihilated by H,, so the terms containing |¢[, simply do not
contribute.)

Now let A € ¥L,0(R") have principal symbol a. Then we have
i[A,A)=-B*B—-C*"C+R

with B = Op(b), C = Op(c) € UL *(R"), and R € TL2(R").
Hence,

T T
| et a < [t ff|+| [ reoa
0 0

As (Aw,4) is bounded by the L H'/2 norm of 1) and hence by H'(/JOH?_Il/Q, and the
R term likewise,?® we obtain

T
(10.5) / ICUI dt < (oo
0

52Largeness of ¢ plays no role because of homogeneity of the Hamilton vector field of the
principal symbol of A.

53In fact, the R term is considerably better than necessary for this step, as it has weight —2
rather than just 0 (which would be all we need to obtain the estimate). The astute reader may
thus recognize that we are far from using the full power of the scattering calculus here. A proof of
the global estimate in Exercise 10.6 requires a more serious use of the symbol calculus, however,
as do the estimates which are the focus of [1], which show that microlocal decay of the initial data
yields higher regularity of the solution along bicharacteristics.
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EXERCISE* 10.5. Show that for any Ry > 0, there exists § > 0 sufficiently
small that if (zo,&) € T*R"™ N {|z| < Ro} lies along a non-backward trapped
bicharacteristic, some point on that bicharacteristic with ¢ < 0 lies in ell C, with
C = Op(c) constructed as above.

Thus, rays starting close to the origin that pass through |z| ~ 6! for t < 0
are incoming when they do so. This is an exercise in ODE. You might begin by
showing that if a backward bicharacteristic starting in {|z| < Ro} passes through
the hypersurface |z| = R’ with R’ >> 0, then it must have € - & < 0 there, and that
é - & will keep decreasing thereafter along the backward flow.

Given a non-backward-trapped point ¢ € S*R", Exercise 10.5 tells us that we
may construct a commutant A as above so that the commutator term C is elliptic
somewhere along the bicharacteristic through g. Equation 10.5 tells us that we have
the desired L2H" estimate on ell C, and the flow-invariance from Exercise 4.21 yields
the same conclusion at q. Thus, we have proved the desired result at non-backward-
trapped points. It remains to consider non-forward-trapped points.

Suppose, then, that ¢ = (x0,&y) € T*R™ is non-forward-trapped; then note
that ¢’ = (29, —&o) is non-backward-trapped. Consider then the function 1) : if

(Dy+ Ay =0
then
(—Dt + A)’l/f == 0,
ie.
d)(tv x) = %Z}(T - tv .I)

again solves the Schrodinger equation. Of course, by unitarity,
Hw(ovx)HHl/z = Hd’O”Hl/?-

Since ¢’ is non-backward trapped, we thus find that there exists C € \I!;g_l/z(R"),
elliptic at ¢’, with

T 2 i ,
/0 |e] at < 1190.2) 3, = ol
on the other hand,
HCz/?(tw)H2 = ||cB(T -1,
= |Cu(T - .|,

where
C= Opz(C(l’, 5))7 and 6 = OPK(E(% _5));

thus, C tests for regularity at ¢, and we have obtained the desired estimate at ¢. [

COROLLARY 10.6. On an asymptotically Euclidean space with no trapped geodesics,
the local smoothing estimate holds everywhere.

EXERCISE* 10.6. (Global (weighted) smoothing.) Show that if there are no
trapped geodesics, and 1y € L2, we have

r 1/2 2 2
| <], < ool
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for every € > 0. (This is a bit involved; a solution can be found, e.g., in Appendix
IT of [8].)

10.3. The scattering calculus on manifolds. We can generalize the de-
scription of the scattering calculus to manifolds quite easily, following the prescrip-
tion of Melrose [18]. Let X be a compact manifold with boundary. We will, in
practice, think of the interior, X°, as a noncompact manifold (with a complete
metric) that just happens to come pre-equipped with a compactification to X. Our
motivating example will be X = B™, where X° is then diffeomorphically identified
with R™ via the radial compactification map. Recall that on R", radially compact-
ified to the ball, we used coordinates near S™~!, the “boundary at infinity,” given
by

1 T
P =1 =T
|z| ||
where in fact p together with an appropriate choice of n — 1 of the 8’s furnish local
coordinates near a point. In these coordinates, what do constant coefficient vector
fields on R™ look like? We have

s = pOps — py_ 07070 — p*070),.

Recall moreover that functions in C*°(B"™) correspond exactly, under radial
(un)compactification, to symbols of order zero on R™. So in fact it is easy to check
more generally that vector fields on R™ with zero-symbol coefficients correspond
exactly to vector fields on B™ that, near S !, take the form

a(p,0)p°9, + Y _ bi(p,0)pdys.,

with a,b; € C*(B™).
We generalize this notion as follows. Given our manifold X, let p € C*(X)
denote a boundary defining function, i.e.

p>0o0nX, p~1(0)=0X, dp#0on dX.

Let 67 be local coordinates on dX. We define scattering vector fields on X to be
those that can be written locally, near X, in the form

a(p, 9)p28p + Z bj(pa 9)089] y
with a,b; € C*(X). Let
Vse(X) = {scattering vector fields on X'}

EXERCISE 10.7.

(1) Show that Vs.(X) is well-defined, independent of the choices of p, 6.
(2) Let V(X)) denote the space of smooth vector fields on X tangent to 0X.
Show that
Vie(X) = pWb(X)
(3) Show that both V(X)) and Vy,(X) are Lie algebras.

As we can locally describe the elements of Vs.(X) as the C*°-span of n vector
fields, Vs (X) is itself the space of sections of a vector bundle, denoted

*“TX.
There is also of course a dual bundle, denoted
SCT*X,
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whose sections are the C*°-span of the one-forms
dp do?
P2 op
Over X°, we may of course canonically identify *¢7T™* X with 7% X, and the canonical
one-form on the latter pulls back to give a canonical one-form
dp db
5 +n —
P P
defining coordinates &, 7 on the fibers of *¢T*X.
The scattering calculus on R" is concocted to contain scattering vector fields:

(10.6)

EXERCISE 10.8. Show that WL.0(R"™) D V,.(B™).

We can, following Melrose, define the scattering calculus more generally as
follows. Let T X denote the fiber-compactification of the bundle °T™* X, i.e. we are
radially compactifying each fiber to a ball, just as we did globally in compactifying
T*R™ to B™ x B™, only this time, the base is already compact. Now let

S;ZJ(SCT*X) _ O'_mp_lCOO(SCT*X),

where o is a boundary defining function for the fibers. We can (by dint of some
work!) quantize these “total” symbols to a space of operators, denoted

WL (X).

(Note that in the case X = B"™, we recover what we were previously writing as
Ul (R™); the latter usage, with R” instead of the more correct B", was an abuse
of the usual notation.) The principal symbol of a scattering operator is, in this
invariant picture, a smooth function on 8(SCT*X ); or equivalently, an equivalence
class of smooth functions on ST X ; or, in the partially uncompactified picture, an
equivalence class of smooth symbols on ¢T*X. (It is this last point of view that we
shall mostly adopt.) In the coordinates defined by the canonical one-form (10.6),
we have

(10.7) a1,0(p*Dy) = &, 01,0(pDys) = 1.
Recall that the Euclidean metric may be written in polar coordinates as
d(p~")? + (p~")?h(0, dO)

with A denoting the standard metric on S™~1. We can generalize this to define a
scattering metric as one on a manifold with boundary X that can be written in the
form

dp®>  h(p,0,d0)

p* p?
locally near 90X, with p a boundary defining function, and h now a smooth family
in p of metrics on 9X.%*

54The usual definition, as in [18], is a little more general, allowing dp terms in h; however, it
was shown by Joshi-Sa Barreto that these terms can always be eliminated by appropriate choice
of coordinates.
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EXERCISE 10.9.

(1) Show that if g is a scattering metric on X, then the Laplace operator with

respect to g can be written
A= (p’Dp)* +O0(p°) D, + p*Ag

where Ay is the family of Laplacians on X associated to the family of
metrics h(r,0,dd).

(2) Show that for A € C,

g20(A = N) =&+ |77|i - A%

(Note that this entails noticing that you can drop the O(p*)D, terms
for different reasons at the the two different boundary faces of seT X,
The term —\? is of course only relevant at the p = 0 face; it does not

contribute to the part of the symbol at fiber infinity, as it is a lower-order
term there.)

As a consequence of Exercise 10.9, note as before that for A € R, the Helmholz
operator A — A2 is not elliptic in the scattering sense: there are points in Tox X
where &2 + |77\i = \2

We now turn to scattering wavefront set WF., which can, as one might expect,
be defined in the usual manner as a subset of

(T X),
hence is a subset of boundary faces at fiber infinity and at spatial infinity (i.e.,
over 0X). The scattering wavefront set is the obstruction to a distribution lying
in C>°(X), where C*(X) denotes the set of smooth functions on X decaying to
infinite order at 9X. This space is the analogue of the space of Schwartz functions
in our compactified picture:

EXERCISE 10.10. Show that pullback under the radial compactification map
sends C*°(B"™) to S(R™).
By (10.7), it is not hard to see that
(p*°D, —a)u=0= WF,uC {p=0,f =a},
(pDg; — B)u=0= WFg.u C {p=0,n;, = 5}.

The following variant provides a useful family of examples (and can be proved with
only a little more thought): if a(p,#) and ¢(p, ) € C>°(X), then®

WF. (a(p,@)eid)(p"g)/p) ={(p=0,0,d(¢(p,0)/p) : (0,0) € ess-supp a},
where ess-suppa C 90X denotes the “essential support” of a, i.e. the points near
which a is not O(p).

Of course, if
(10.8) (A= N)u=fel>X),
then we have, by microlocal elliptic regularity,

WF..uC {p=0, &+ n} = A2}.

55The distribution ae’® used here is a simple example of a Legendrian distribution. The
class of Legendrian distributions on manifolds with boundary, introduced by Melrose-Zworski
[19], stands in the same relationship to Lagrangian distributions as scattering wavefront set does
to ordinary wavefront set.
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In fact, there is a propagation of singularities theorem for scattering operators of
real principal type that further constrains the scattering wavefront set of a solution
to (10.8): it must be invariant under the (appropriately rescaled) Hamilton vector
field of the symbol of A — A\2.

EXERCISE* 10.11. Let w = d(£dp/p® +n-df/p) and let
p=E& -+l — N

show that up to an overall scaling factor, the Hamilton vector field of p with respect
to the symplectic form w is, on the face, p = 0 just

Hp = 260 0, — 2/l ¢ + Ha,

where hg = h|,=o, and Hy, is the Hamilton vector field of ho, i.e. (twice) geodesic
flow on 0X.

Show that maximally extended bicharacteristics of H,, project to the § variables
to be geodesics of length 7. (Hint: reparametrize the flow.)

(For a careful treatment of the material in this exercise and indeed in this
section, see [18].)

Appendix

We give an extremely sketchy account of some background material on Fourier
transforms, distribution theory, and Sobolev spaces. For further details, see, for
instance, [25] or [11].

Let S(R™), the Schwartz space, denote the space

{¢ € C®(R") : sup \xaaf¢| < o0 Va, g},

topologized by the seminorms given by the suprema. The dual space to S(R™),
denoted S’(R™), is the space of tempered distributions.
For ¢ € S(R™), let

Fo(€) = (2m)"/? / b(x)e— 6 .

Then F¢ € S(R™), too; indeed, F : S(R") — S(R™) is an isomorphism, and its
inverse is closely related:

Fa) = 2n) " [ @)t do.

We can, by duality, then define F on tempered distributions.

Let £'(R™) denote the space of compactly supported distributions on R™. When
X is a compact manifold without boundary, we let D’'(X) denote the dual space of
C>(X).

We define the (L2-based) Sobolev spaces by

H*(R") = {u € S'(R") : (§)° Fu(€) € L*(R")},

where (€) = (14 |¢[°)/2. If s is a positive integer, this definition coincides exactly
with the space of L? functions having s distributional derivatives also lying in L2
We note that the operation of multiplication by a Schwartz function is a bounded
map on each H?; this is most easily proved by interpolation arguments similar to
(but easier than) those alluded to in Exercise 2.4—cf. [25].
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Throughout these notes we will take for granted the Schwartz kernel theorem,
not so much as a result to be quoted but as a world-view. Recall that this result
says any continuous linear operator

S(R™) — S'(R™)
is of the form

wes / Kz, y)uly) dy

for a unique k € §'(R™ x R™); a corresponding result also holds on all the manifolds
that we will consider. We thus consistently take the liberty of confusing operators
with their Schwartz kernels, although we let k(A) denote the Schwartz kernel of
the operator A when we wish to emphasize the difference.

Some results relating Schwartz kernels to traces are important for our discussion
of the wave trace. Recall that an operator T on a separable Hilbert space is called
Hilbert-Schmidt if

S ITes | < o

J
where {e;} is any orthonormal basis. In the special case when our Hilbert space
is L2(X) with X a manifold, the condition to be Hilbert-Schmidt turns out to be
easy to verify in terms of the Schwartz kernel: T is Hilbert-Schmidt if and only if
k(T), its Schwartz kernel,%¢ lies in L?(X x X).
A trace-class operator is one such that

> I{Tes, f3)] < 00

2%
for every pair of orthormal bases {e;},{f;}. It turns out to be the case that an
operator T is trace-class if and only if it can be written

T =PQ
with P, @ Hilbert-Schmidt. The trace of a trace-class operator is given by

> (Teie;)

i
over an orthonormal basis: this turns out to be well-defined. We refer the reader
to [20] for further discussion of trace-class and Hilbert-Schmidt operators.
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Some Global Aspects of Linear Wave Equations

Dean Baskin and Rafe Mazzeo

ABSTRACT. This paper surveys a few aspects of the global theory of wave
equations. This material is structured around the contents of a minicourse
given by the second author during the CMI/ETH Summer School on evolution
equations during the Summer of 2008.

1. Introduction

The week-long minicourse on which this brief survey paper is based came after
a vigorous, detailed and outstanding series of lectures by Jared Wunsch on the ap-
plications of microlocal analysis to the study of linear wave equations. Both lecture
series took place at the Clay Mathematics Institute Summer School at ETH Ziirich
in 2008. The goal of this minicourse was to describe a few topics which involve
global aspects of wave theory, relying at least to some extent on the microlocal un-
derpinnings from Wunsch’s lectures. The first of these topics is an account of some
striking consequences that can be derived from the finite propagation speed prop-
erty. While this had been applied in various interesting ways before, the systematic
development of this principle appears in the very influential paper of Cheeger, Gro-
mov and Taylor [CGT82]. We recall how this property, applied to solutions of
the wave equation associated to a Laplace-type operator, can be used to obtain
estimates for solutions of various related operators. We present only one applica-
tion of this, which is a lovely argument due to Gilles Carron which estimates the
off-diagonal decay profile of the Green function for generalized Laplace-type oper-
ators on globally symmetric spaces of noncompact type. This result had caught
the lecturer’s eye in the months before this Clay meeting and nicely illustrates the
unexpected power of the finite propagation speed method. Following this, the re-
mainder of the lectures reviewed several different approaches to scattering theory
and described a few of the relationships between these. The primary goal, however,
was to introduce the Friedlander radiation fields and explain how they give a con-
crete realization of the Lax—Phillips translation representation. We follow suit here,
recalling the outlines of a few of the numerous successful approaches to scattering
theory and culminating in a discussion of these radiation fields.

This paper attempts to give some feel for what was presented in these lectures.
The reader should be warned that the topics covered here are in many places old-
fashioned and we omit any mention of many of the most important recent advances
and trends in scattering theory. The material here is meant to indicate a few things
that can be accomplished, often with not very sophisticated machinery by modern
standards. We typically make very restrictive assumptions in order to convey the
main essence of the ideas. We give references for further reading interspersed inter
alia, but do not make any claim to a comprehensive bibliography.
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The material assembled here is based on the notes of the first-named author; the
lecturer (and second author) is extremely grateful to him not only for this careful
recording of the lectures, but also for his enthusiasm during the lectures and his
very substantial assistance in writing this paper. We did discuss at some point,
but later abandoned, the possibility of writing a much more exhaustive treatment
of some of the topics here, particularly the theory of radiation fields. That will
unfortunately have to wait for another day and other authors. We hope that this
survey accomplishes what the original lectures also attempted, which is to whet the
reader’s curiosity to learn more about this subject. Needless to say, wave theory is
an immense subject and we mention here only a very small set of possible topics.

Throughout this paper we focus on properties of solutions, and of the solution
operator, for the wave operator

(1.1) Oy =D}~ L, where L=V'V+V

acting on sections of some bundle E over a Riemannian manifold (M, g), where
V is the covariant derivative of some connection on E and V is a (self-adjoint)
potential of order 0, which can either be scalar or an endomorphism of E. For
simplicity we typically assume that V' is smooth and compactly supported, although
neither of these properties is present in almost any of the interesting physical or
geometric applications. Furthermore, we often discuss only the scalar Laplacian
and its perturbations, although the extension of all results below to this slightly
more general framework is usually just notational. Finally, here and below we write
D = 10.

As noted above, we take advantage of the luxury of being able to refer back
to the excellent lecture notes by Jared Wunsch [WunO08] covering his longer mini-
course. Those notes provide a nice introduction for many central themes and re-
sults in the subject, including the existence of solutions of the equation Ou = f
with vanishing Cauchy data, or of Ou = 0 with prescribed nonzero Cauchy data,
along a noncharacteristic hypersurface, the positive commutator method leading
to Hormander’s renowned theorem on propagation of singularities of solutions, the
finite propagation speed property, and much else besides. Using this as a blanket
resource, we can dive right into the material at hand.

There are now many terrific monographs concerning the local and global aspects
of wave equations. Michael Taylor’s three-volume series [Tay11] belongs high on
this list; it contains an amazing amount of information about many different topics.
Other recent monographs with a particular focus on hyperbolic equations include
those by Alinhac [Ali09], Lax [Lax06], Rauch [Raul2]; we mention also the new
book by Zworski on semiclassical analysis [Zwo12].

The first part of this survey, in § 2, focuses on the finite propagation speed
property for solutions of the wave equation. After sketching a proof of this property
in § 2.1, we state some key facts about the Cheeger—Gromov—Taylor theory in § 2.2,
which leads to the discussion in § 2.3 of Carron’s application of these ideas to
estimate certain geometric operators on globally symmetric spaces of noncompact
type. The second part, § 3, presents a few different perspectives in scattering theory.
We begin in § 3.1 with some topics in stationary scattering theory, then move on in
§ 3.2 to several formulations of time-dependent scattering theory: progressing wave
solutions, Mgller wave operators, Lax—Phillips theory, and the theory of Friedlander
radiation fields.
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2. Finite propagation speed and its consequences

Although [Wun08] contains a proof of the basic finite propagation speed prop-
erty for the operator [y, we begin by recalling this familiar argument very briefly.
We then show how using the functional calculus one can write the Schwartz kernels
of various functions of the elliptic operator L in terms of the Schwartz kernel of
the wave operator. This leads directly to the important Cheeger—Gromov—Taylor
theory which uses finite propagation speed to obtain interesting estimates for these
Schwartz kernels. We illustrate this with an outline of Carron’s estimates for the
resolvent and heat kernel of generalized Laplacians on symmetric spaces of non-
compact type.

2.1. Finite propagation speed. The fundamental identity behind finite prop-
agation speed is the observation that for any sufficiently regular function wu,

1
(2.1) divy (w, Vu) = uw,0ou + §8t(uf + |Vul?).

We suppose that the space on which we are doing calculations has a global time
function ¢ and moreover, splits as R x M, with a static Lorentzian metric —dt? + h,
where (M, h) is a Riemannian manifold. A hypersurface ¥ € R x M is called
spacelike if its unit normal v (with respect to this Lorentzian metric) satisfies v-v <
0. Suppose that 2 C R x M is a domain bounded by two spacelike hypersurfaces,
02 = Y7 UY3, which meet transversely along a codimension two submanifold, and
that « is a solution of the homogeneous wave equation, Ogu = 0. Integrate (2.1)
over §2. The left side is transformed using the divergence theorem; the first term on
the right vanishes while the second term is also transformed to a boundary integral.
If v; = (1,,Vs,;) is the upward-pointing unit normal to Y}, decomposed into its
vertical (t) and horizontal () components, then we obtain

/ (el + [Vul?)vra] — 2ur - By
Y1

:/ (el + [Vul) v 2| = 2u; - Bulvy o|-
Y>

Since v; is timelike, the integrand on each side is bounded from below by c(|u¢|* +
|Vu|?) for some ¢ > 0 which depends on Y;. We conclude that if u; = Vu = 0 on
Y1, then these same quantities must also vanish on Y5. Finally, if Q is foliated by
spacelike hypersurfaces, then the vanishing of (us, Vu) on the bottom (spacelike)
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boundary of £ can be propagated throughout this entire region, and hence if u
vanishes at Y7, then v = 0 in Q.

If we consider wave operators with terms of order 0 or 1, then this calculation
can be adapted to show that if € is foliated by spacelike hypersurfaces Z5, 0 < s < 1,
then the integral over Z, of |us|? + |Vu|? satisfies a differential inequality, and the
fact that it vanishes when s = 0 implies that it vanishes for all s < 1.

To interpret this calculation, we observe that there many natural domains 2
which can be foliated by spacelike hypersurfaces in this way. Indeed, suppose that
p = (t1,71) is any point, and D, , denotes the (backward) domain of dependence
of this point, i.e. the set of points in R x M which can be reached by timelike
paths traveling backward in ¢ and emanating from (¢1,21). Let Y be one of the
level sets {t = to} where to < t;. Then the region Q = {(t,z) € D, , :t > 1o}
can be shown to have a spacelike foliation by submanifolds Y, which all intersect
along the submanifold {(¢,z) € D;, ,, :t=to}. Thus any homogeneous solution of
Oyu = 0 which vanishes along with its normal derivative along {t = ¢y} vanishes
throughout this Q. This implies that if the Cauchy data of u at ¢g is supported in
some subset K, then the Cauchy data of u at t; = to+ 7, where 7 > 0, is supported
in the subset K, = {(t1,z) : disty(z, K) < 7}, which is precisely what is meant by
saying that the support of a solution propagates with speed 1. For more general
variable coefficient hyperbolic equations, the speed of propagation may be variable
but is still finite.

2.2. Cheeger—Gromov—Taylor theory. Consider the fundamental solution
for the problem

Ovu=0, wul,_q=¢, Owul|,_,=0.

It is customary to write this solution operator as cos(t\/f)7 so that the solution
u(t,z) is equal to cos(tv/L)¢. We assume for simplicity that L has no negative

eigenvalues so that cos(t\/f)H < 1. This is an instance of the functional calcu-

lus for self-adjoint operators, which are defined in purely abstract terms using the
spectral theorem and can be used to describe solution operators for various equa-
tions involving L. There are many interesting examples, including prominently the
resolvent and heat operator

Rr(\):=(L-X)"t and e 'L

The abstract definitions of these operators (i.e. defined using the spectral the-
orem) are all well and good, but in order to use them one usually wishes to know
much more about their mapping properties. For example, a priori, using only these
abstract definitions, we only know how one of these functions of L acts on L? func-
tions, but not on other function spaces. The goal then is to obtain a more concrete
understanding of the Schwartz kernels of any one of these operators. Of course,
there is a lot of theory devoted to doing just this. Thus the classical theory of
pseudodifferential operators gives a nice picture of the resolvent for A varying in a
compact region in C disjoint from the spectrum, while the theory of semiclassical
pseudodifferential operators provides a means to understand this family of oper-
ators as A tends to infinity in various directions in the complex plane. Similarly,
the well-known heat-kernel parametrix construction, cf. [BGV92], gives a way to
understand the asymptotic behavior of the Schwartz kernel of the solution operator
for the heat equation in various regimes of the space R™ x M x M. These theories
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and constructions give very precise information, but are often very intricate, and
furthermore, it is often hard to use these ideas directly to say anything interesting
about global behavior of these Schwartz kernels. The idea in [CGT82] is that one
can extract, often in a rather simple way, some very useful global behavior of these
kernels using mainly the finite propagation speed property of cos(t\/f) and some
other simple properties, such as the fact that the norm of cos(t\/f) as a bounded
operator on L? never exceeds 1.

To explain this, suppose that f(s) is a smooth, even function on R which decays
sufficiently rapidly so that the following manipulations are justified. Assuming
L > 0 for simplicity, we define f(v/L) using the spectral theorem, but at the same
time we can spectrally synthesize this function of L directly from the wave kernel:

f(VL) = % /jo f(s) cos(sV'L) ds.

The simple but crucial observation is that this is not just an identity about abstract
self-adjoint operators, but also calculates the Schwartz kernel of f(v/L) in terms of
the Schwartz kernel of the wave operator.

The following discussion is drawn from the paper [CGT82]. Suppose that f
has the property that its Fourier transform f (s) is integrable, along with a certain
number of its derivatives, on R\ (—¢,€) for any € > 0. The first key result is that
under such a hypothesis, if u € L? has support in a ball B,.(y), then for R > r,

o0

AVl |20 By < 7|2 / ()] ds.

-

The proof is very simple. We know that COS(S\/f)u has support in B, (y), so
that

1 RN
< —|lull |f(s)| ds.
T R—r

h f(s) cos(sVL)uds

R—r

(/D < £

A very similar argument gives bounds for ||L? f(v/L)L9u|| depending on the inte-
gral of some higher derivatives of f (s) over the same half-line. The particularly
useful aspect of this is that the integrals of |0¢f| which appear on the right in
these estimates start at R — r rather than at 0, and hence if these functions decay
at some rate, then the right sides of these inequalities exhibit the corresponding
decay. Assuming we are on a space with appropriate local uniformity of the metric
(or coefficients of L), then we can deduce from this some off-diagonal pointwise
estimates for the Schwartz kernel f(v/L)(z,w). By off-diagonal we mean that the
estimates are valid in any region where dist (z,w) > 0. One reason for assuming
this local uniformity for L is that these arguments require bounds on the injectiv-
ity radius and volumes of geodesic balls, for example, in order to pass from L? to
pointwise estimates.

2.3. Carron’s theorem. This subsection provides a concrete example of how
this all works. We describe some of the main features in the paper [Car10] of Carron
which uses the ideas above to derive fairly accurate pointwise bounds on the off-
diagonal decay of the resolvent kernel and heat-kernel for Laplace-type operators
on symmetric spaces of noncompact type.

In order to describe this we must first explain at least a small amount about the
geometry of these spaces. This is recounted elsewhere in much greater detail; the
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classic reference is [Hel84], but we refer (self-servingly) to [MV05] for an analyst’s
point of view of this geometry.

Symmetric spaces are distinguished amongst general Riemannian manifolds by
the richness of their isometry groups. Their defining property is that the geodesic
reflection around any point (exp,(v) — exp,(—v)) extends to a global isometry;
Cartan’s classic characterization is that any such space is necessarily of the form
G/K, where G is a semisimple Lie group and K C G is a maximal compact sub-
group, endowed with an invariant metric. Because of this, almost all of the basic
structure theory can be reduced to algebra and hence described quite explicitly.
We shall focus on one particular realization stemming from the polar decompo-
sition G = KAK, where K is as above and A is a maximal connected abelian
subgroup. For a symmetric space X of noncompact type, this subgroup A is iso-
morphic (and isometric) to a copy of R¥ for some k, where the positive integer k
is called the rank of X. Using this polar decomposition, we identify G/K = KA.
The map ® : K x A — X, ®(k, a) = ka, is surjective, but far from injective.

It is best to think of the simplest special case, the real hyperbolic space H";
here A =2 R and K = SO(n). The image of the origin 0 € A via ® is a single point
o € X, and this point is fixed by the entire (left) action of K. The space X is the
union of geodesic lines through o which all intersect pairwise only at this point. The
group K acts transitively on this space of geodesic lines through o with stabilizer
SO(n — 1). Note that there are elements of K which take a geodesic to itself but
reverses its orientation; this means that we get a less redundant ‘parametrization’
by restricting ® to K x RT. Geometrically, we have the familiar picture of H" as
Rt x $"~! with the warped product metric dr? + sinh? r d62.

For a general symmetric space X of rank k > 1, this picture generalizes as
follows. The space X is the union of the various images of A by elements k € K,
and all of these images intersect at o, though kA Nk’ A often consists of a larger
subspace. These translates of A by k € K should be thought of as the radial
directions in X. Another important piece of structure is the existence of a finite
set of linear functionals A = {«;} on A called the roots. These divide into positive
and negative roots, A = AT UA ™, and the positive roots determine a (closed) sector
V CAbyV ={a; >0V a; € A*}. This sector V is the analogue of the half-line
in H"”, and the restriction of ® to K x V is still surjective, and if K’ C K denotes
the isotropy group at a generic point, then we can regard X as being the product
V x (K/K') with certain submanifolds of K/K' collapsed along various boundary
faces of V. In terms of this data, we can finally write down the multiply-warped
product metric

g =da®+ Z sinh? o dn?,
J

where the sum is over positive roots, da® is the Euclidean metric on A and dn} is
a metric on a certain subbundle of the tangent bundle of K/K’ corresponding to
the root o;.

For simplicity here we just discuss the scalar Laplacian A on X and, following
the theme of this section, consider the problem of estimating the Schwartz kernels
of f(v/=A) for suitable functions f. Because A commutes with all isometries on
X, the Schwartz kernel Ky(z,2’) of this operator depends effectively on a smaller
number of variables. Given any pair of distinct points z, 2" € X, choose an isometry
¢ of X so that ¢(2') = o and ¢(z) lies in some particular copy of A. If we ask
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that ¢(x) =a € V C A, then ¢ is almost uniquely determined. We thus have that
Ky¢(z,2') = K¢(¢(z),0) = Kf(a,0). In other words, K is really only a function
of the k Euclidean variables a = (a1, ...,ax). In particular, when the rank of X is
1, then K reduces to a function of one variable r > 0.

This reduction points to the difficulty of studying functions of the Laplacian
on symmetric spaces of rank greater than 1. Indeed, while the resolvent kernel
R(\;z,2') on a space of rank 1 depends only on dist(z,z’) and hence can be an-
alyzed completely by ODE methods, the same is not true when the rank of X is
larger. Similarly, even in the rank 1 setting, the heat kernel H(¢,z,z’) depends
on two variables, ¢ and dist(x,z’), but unlike the Euclidean case, there is no ex-
tra homogeneity which reduces this further to a function of one variable. Thus the
problem which Carron’s theorem answers is how to give good estimates on these re-
duced functions, R(\,a) and H(t,a), where a € A is the ‘relative position’ between
z,r' € X.

THEOREM 2.2 (Carron [Carl0]). Let X be a symmetric space of noncompact
type and rank k and consider the Schwartz kernels R(\,a) and H(t,a) of the resol-
vent (—A—Xo—A2)"1 and heat operator et®, written in reduced form as above. The
number Ao here is the bottom of the spectrum of —A; it may be calculated explicitly.
Then

IR\, a)| < CePl@)—Re(A) dist(a,0)
and
|H(t7 a)| < Ce—Aot—p(a)—dist2(a7o)/4t (I)t(a).

The function ®.(a) is a somewhat messy but quite explicit and understandable func-
tion which is a rational function of a and certain powers of t. The linear functional
p on A is half the sum of the ‘restricted’ positive roots; this is a standard object
which appears frequently.

It is known that the upper bounds given here are sharp in the sense that there
are lower bounds that differ just by the constant multiple for these same kernels. We
refer also to the papers [AJ99] and [LM10] sharper bounds obtained by different
and more complicated methods.

The proofs of these estimates are clever but not very long, and in the remainder
of this section we give a few of the ideas which go into them.

The first step is that if a € A is arbitrary and e € (0,1), then we can estimate
from above and below the volume of the set K B(a,¢€), where B(a,€) is a ball
of radius € in A centered around a. This can be done because we have very good
information on the Jacobian determinant for the coordinate change implicit in some
natural coordinatizations induced by K x A — X.

Let us first study the resolvent. Fix a € A such that dist(a,0) > 2. We shall
obtain a pointwise estimate for |R(\, a)| in B(o, 1) starting from L? estimates in this
same ball of functions of the form v = R()\)o, where o varies over all L? functions
in the “annular shell” D := K B(a, 1) which vanish outside D. Thus,

oo e_)\g
u=R(\-)o = /0 y cos(&v/ —A — Ng)o dE.
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Using that || cos(§v/—A — Xo)||z2— 12 = 1 as well as finite propagation speed, be-
cause of the support properties of o, we obtain

b e e Ro()(dist(a,0) -2
lullc2 sy < | e o L Re(aist(an)
(Blo:1) dist(a,0)—2 |>\| |)\|2

From here, using local elliptic estimates, we obtain that

|u(0)| < CefRe()\) diSt(a’O)HO—HLQ(D)'

o]l 22

In other words, this estimates the norm of the mapping 7' defined by L?(D) > o ~
R(X\)o|,, whence (using the L — L norm of TT"),

(23) / |R()\7 x, 0)|2 dx < CE*QRB()\) dist(a,o).
D

We next wish to find a similar estimate where the integral on the left is only
over some ball B(ka,1/4) C D rather than the entire annular region D. More
specifically we assert that

Vol(B(ka,1/4)) / IR(\, z,0) > da < Ce™2Re(V) dist(a,0),
B(ka,1/4)
This must hold, since if it were to fail for every B(ka,1/4), then the sum over all
such balls would lead to a violation of (2.3).
Finally, noting that the volume of this ball is approximately €2(?), and applying
the same local elliptic estimates as before to estimate the value at a point in terms
of a local L? norm, we conclude that

|R(\, a,0)| < CeRe(N dist(a,0)=p(a)

This is the desired off-diagonal decay estimate.

The corresponding argument to estimate the off-diagonal behavior of the heat
kernel proceeds in a very similar way, substituting local parabolic estimates for
local elliptic estimates. We refer to [Car10] for details.

It is worth remarking that there are other very effective ways to establish so-
called Gaussian bounds for heat kernels under rather general circumstances. We
mention in particular the beautiful theory developed by Grigor'yan and Saloff-
Coste, see [SC02], [Gri09]. These techniques work in far more general circum-
stances, and depend on quite different underlying principles. However, one point
of interest in Carron’s work is that he is able to obtain the correct ‘subexponential’
factor ®;(a) in the estimate of |H(t,a)|, which might be impossible using those
more general approaches.

3. Scattering theory

For the second and longer part of this survey, we turn to an entirely differ-
ent aspect of the global theory of wave equations and discuss some approaches to
mathematical scattering theory. This classical subject has deep physical origins,
and has received numerous mathematical formulations. While these approaches are
mostly equivalent, the correspondences between them are not always obvious. In
the following pages we first review one point of view on stationary scattering theory,
then turn to some perspectives on the corresponding time-dependent theory. This
is all done with a distinctly PDE (rather than, say, operator-theoretic) focus. We
conclude with a discussion of a more abstract functional analytic setup of scattering
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theory due to Lax and Phillips centered around the notion of a translation repre-
sentation and explain how the theory of radiation fields developed by Friedlander
provides a concrete realization of the translation representation.

There are numerous settings in which to introduce any of these topics, includ-
ing scattering by potentials, which is the study of Schrédinger operators —A + V
on R"™, or scattering by obstacles, which studies these same operators but on ex-
terior domains R™ \ O with some elliptic boundary condition at 9O. There are
also significant differences between the cases n odd and n even in each of these
theories. Finally, it is also natural to consider these same problems on manifolds
which are asymptotically Euclidean or asymptotically conic at infinity (or indeed,
have some other type of asymptotically regular geometry, e.g. asymptotically hy-
perbolic). Each setting requires different sets of techniques, and in order to make
this exposition as simple as possible, we focus on the combination of hypotheses
where everything works out most simply. Namely, we study the scattering theory
associated to L = —A 4+ V on an odd-dimensional Euclidean space R™, with the
strong assumption that V' € C§°. We describe the structure theory for solutions of
the Helmholtz equation (L — A?)u = 0, and for Oy := 0+ V = D? — L, the time-
dependent wave equation, and give some indication how objects in these respective
settings correspond to one another.

There are very many excellent references to each part of what we discuss (and
much that is closely related that we do not discuss), so we relegate almost all of the
technicalities to those sources. We mention in particular [RS78, Vol. IV], [Tay11,
Ch. 9], [Per83], [Yaf10] and [Mel95]. The material on radiation fields is spread
over several papers, starting from the original work by F.G. Friedlander [Fri80].
There is a forthcoming and detailed survey of this subject by Melrose and Wang
[MW], to which the discussion here is intended to be an introduction.

3.1. Stationary scattering theory. The stationary formulation of scatter-
ing theory concerns the elliptic operator L— A2, where here and below, L = —A+V,
with V € C§° (and real-valued!). It is obvious that L is bounded below, i.e.

/(Lu)ﬂde—C’ lu|? dV
n Rn

for all u € C§°(R™), and with little more work one can also prove that it has a
unique self-adjoint extension as an unbounded operator on L?(R"™). Indeed, this
is yet another consequence of the finite speed of propagation, see [Che73]. Its
spectrum is contained in a half-line [—C,00); the positive ray [0,00) comprises
the entire continuous spectrum, and there are a finite number of L? eigenvalues
in the [—-C,0). If we allow V to be less regular, simple examples show that this
negative interval may contain an infinite sequence of such eigenvalues converging
to 0; the basic example of this is when V(z) = —1/|z|, which is the potential for
the Schrodinger operator modeling the hydrogen atom.

Assume initially that A lies in the lower half-plane A < 0. Provided that
A # —i|\A;| corresponding to any of the negative eigenvalues —/\5 < 0, the operator
L — )2 has an L? bounded inverse,

Ry(\) = (L —X\*)~1.
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This is called the resolvent and is a meromorphic family of bounded operators on
L? with poles in the lower half-plane at the points —i|Aj]; these are all simple since
L is self-adjoint.

The first issue is to show that the continuous spectrum (A2 € [0,00)) is ab-
solutely continuous, or in other words, that the singular continuous part of the
spectrum is empty. More specifically, we must find an L-invariant orthogonal split-
ting L?(R™) = Hpp D Hac, so that the restriction of L to H,yp is discrete, while the
restriction of L to H.. is absolutely continuous. It is a classical theorem due to
Friedrichs that in this setting any L? eigenvalue of L is strictly negative. The proof
consists of showing that if any such eigenvalue is positive, then the corresponding
eigenfunction must vanish outside a compact set, which violates standard unique
continuation theorems. (This uses that V' is compactly supported — if V' only de-
cays rapidly then the argument is a bit more intricate.) By the general spectral
theorem, the absolute continuity of L|Hac is equivalent to the existence of a unitary
isomorphism U : H,. — L?(R;Y), where Y is an auxiliary Hilbert space, so that
the self-adjoint operator Uo LoU~! on L?(R;Y’) is multiplication by the coordinate
function ¢ € R. One of the goals of scattering theory is to exhibit this unitary iso-
morphism explicitly, which is done using the Mgller wave operators, see below. A
closely related goal is to understand the structure of generalized (non-L?) solutions
to the equation (L — A?)u = 0, A2 > 0. The key tool for all these questions is the
resolvent Ry (\), introduced above.

Let us first consider the free Laplacian Ly = —A on R™. When A € R\ {0}, the
nullspace £(\) of the operator —A — \? (acting on tempered distributions) contains
the plane wave solutions e”*** for any w € S"~'. Any linear combination of these
plane waves also lies in £(\), and indeed, general superpositions of these plane wave
solutions span all of £()\). We explain this more carefully. For any g € C>(S"~1),
define

u(z) = / e g(w) dw.
gn—1

This is a solution of (—A — A?)u = 0, and the most general (polynomially bounded)
element of £(\) can always be obtained from this same representation but allowing
g to be a distribution. The “smooth” elements of £(\) are those where g is smooth.

We can look at this a different way. Note that since w — z - w is a Morse
function on S"~!, and has critical points w = 42/|z|, the stationary phase lemma
shows that (assuming g is smooth), the integral expression for « has an asymptotic
expansion of the form

oo o0
; _n-1 i —iXz _n-1 —j
(31 ulz) ~ e TN [ Ty (0) + e MY 2 a (0).
7=0 3=0

Here z = |2]0, € S™~! are polar coordinates on R". As part of this, one obtains
that up to a multiple of 27, ay o = iT (= 1/2g(40). Closely related is the assertion
that any u € £(A) has an expansion of this same form and moreover, fixing any
ayo € D'(S™1), there is a unique u € £(A) with this distribution as its leading
coefficient. It is reasonable to regard the operator P : ai o — u as solving a
Dirichlet problem at infinity for —A — A2, and hence we call P the Poisson operator.
The free scattering operator at energy A is the map Sp(\) sending the function
a+,0 to a— o. Using the explicit representation above, we see that in this free setting,
So(N)a(0) = i""Lta(—0); it is just a constant multiple of the antipodal map.
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Proceeding slightly further with the free problem, suppose that Im A < 0. Using
the Fourier transform, one can determine the inverse of —A — A\? (as an operator
on Schwartz functions) via

RS = (=8 = X) 1 = 2m) " [ eGP = N fc) de
When n is odd, this has a particularly simple form: there is a simple polynomial
pn(a) of degree (n —1)/2 such that the Schwartz kernel of Ry(A) can be written as

(3.2) |z = 227" pu (A2 — 2'])e" M2,

(In particular, ps(«) is simply a constant.) There is a related but slightly more
complicated formula when n is even. This explicit expression shows that as a
function of A, Rp(A) continues holomorphically from the lower “physical” half-
plane {3\ < 0} to the entire complex plane when n > 3 is odd. When n = 1,
this continuation has a simple pole at A = 0, and when n is even, there is a similar
continuation but to the infinitely sheeted logarithmic Riemann surface branched at
the origin. To make sense of this, one can say that this Schwartz kernel continues as
a holomorphic function taking values in distributions; an alternate and equivalent
sense is to regard the continuation taking values in the space of bounded operators
L? — L2, (this domain space consists of compactly supported L? functions). From

loc?

(3.1) and stationary phase, one proves that if f € C2°(R"), then
Ro(N)f = e‘““z||z\_n771w,

where w is a smooth function on the radial compactification of R™. This last
assertion about smoothness on the compactification is simply a concise way of
stating that w has an asymptotic expansion

w > wi(0)]z] 7.
j=0

Let us now pass to the analogous considerations for the operator L. Some
versions of all the structural results about solutions remain true. These are typically
proved by a perturbative argument, which means that one no longer has explicit
formulze. The starting point is the Lippmann—Schwinger formula, which gives a
relationship between Rg(\) and Ry (A) in the region in the A-plane where they
both make sense. This states that

Ry(A) = Ro(A\) (I +VRo(\) ™" = (I+Ro(N)V) " Ro(N).

The issue is to prove that the inverses of I+V Ry(A) and I+ Ry(A)V make sense, and
to do this one observes that V Rg(\) and Ry(A)V are compact operators (between
suitable function spaces), so that one can invoke the analytic Fredholm theorem to
obtain that these inverses, and hence Ry (A) itself, are meromorphic on the region
where Ry(A) is holomorphic (hence on C when n is odd and greater than 1).

The argument sketched earlier that L has no L? eigenvalues embedded in the
continuous spectrum implies that Ry (\) has no poles on the real axis. (The argu-
ment for regularity at A\ = 0 requires slightly more care.) On the other hand, the
negative eigenvalues A; of L correspond to poles of Ry (A) at —i|\;|. The new and
perhaps unexpected phenomenon is that Ry () may have poles in the upper half-
plane (and indeed, this always occurs if V is nontrivial). These poles are known
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as the resonances of L, and their location and distribution has been the target of
much research.

Let £y()\) denote the nullspace of L — A? (say in &'(R™)). Just as in the free
case, this space may be generated using “distorted” plane waves. These are defined
as follows. For any w € S"~! and A € R\ {0}, there is a function W), which is
smooth on the radial compactification of R™ so that

Qb)\,w(z) _ ei)\zw + eiiA‘z‘|Z|7nT71W)\7w

lies in Ey()\). Note that the second term here is simply Ro(\)(—Ve****). Super-
positions of these can be used as before to generate all elements of £y (). Indeed,
if g € C°°(S™™1), then the general “smooth” element of £ (\) can be written as

u(z) = /Sni1 drwg(w) dw.

Using stationary phase as before, this integral has an asymptotic expansion of
exactly the same form as (3.1). The leading coefficient a4 () is again just (a
multiple of) g, but now the other leading coefficient a_ ¢(6) is not simply the
reflection g(—0), but rather a sum of this reflection plus an extra term which is an
integral over S™ involving both g and V. The scattering operator Sy (), which
sends a4 o — a_ o, is again unitary, and is the sum of the antipodal operator and
another term which has a smooth Schwartz kernel. The map Py (A) which sends
a4 o to u is again called the Poisson operator.

The results and definitions above continue to hold in suitably modified form
not only for obstacle scattering, but also in the rather general setting of asymp-
totically Euclidean or asymptotically conic manifolds (these are called scattering
manifolds [Mel94] by Melrose). For more on this as well as many further details
about everything discussed above, we refer to the book of Melrose [Mel95]; see
also [Mel94] and [MZ96].

3.2. Time-dependent scattering. We now turn our attention to the time-
dependent formulation of scattering theory, and its relationship with stationary
scattering. This time-dependent theory involves the study of “large time” properties
of solutions of the wave equation. The connection with the stationary approach is
via the Fourier transform in time; indeed, this Fourier transform carries L — D? to
L—)?, and asymptotic properties of as |t| — oo correspond to ‘local in A’ properties
of the latter operator. For the wave equation associated to L = —A + V', where
V' is compactly supported, the intuitive picture is that one sends in a wave for
times ¢ < 0 from some direction at infinity and then observes what happens as
this wave interacts with the potential and then scatters into a sum of plane waves
as t  +o0o. Amongst the many good sources for this material, we refer to the
books of Friedlander [Fri75|, Lax [Lax06], Lax—Phillips [LP89], Taylor [Tay11]
and Melrose [Mel95].

3.2.1. Progressing wave solutions. We begin by describing the special class of
progressing wave solutions for wave operators. The calculations here go back to the
dawn of microlocal analysis and can be regarded as the nexus of many constructions
and ideas in that field. This construction is quite geometric and it is most naturally
phrased in terms of the wave operator on a general Lorentzian metric g. The special
case of a static metric ¢ = — dt?>+h on the product of R with a Riemannian manifold
(M, h) is of particular interest, and we discuss at the end how this specializes for



SOME GLOBAL ASPECTS OF LINEAR WAVE EQUATIONS 85

the particular operator Oy = O+ V on Minkowski space. For more details, we
refer the reader to the book of Friedlander [Fri75].

Thus let (X,g) be a Lorentzian manifold and consider O, + V, where V' €
C°(X). We look for solutions u to (0, + V)u = 0 which have the form

u=pal),

where ¢ is smooth, a is a distribution on R which models the ‘wave form’ of the
solution, and I is a function on X with nowhere vanishing gradient which we call
the phase function. To be concrete, we typically let a = 4, the Dirac delta function,
or o = x’j_ for some k > 0, but the key feature we require of « is that it behave like
a homogeneous function in the sense that its successive derivatives and integrals are
progressively more or less smooth than « itself. Of course, it is usually impossible
to choose solutions of (g + V)u = 0 which have this precise form, but the goal
is to add increasingly higher order correction terms of a similar form involving the
integrals of « so that, in the end, this initial expression is the first term in some
asymptotic expansion of an exact solution.
The first step is to calculate

(O + V)t = ——0; (97 VIglogu) + Vu

Vdl

=a"(D)g(VI, VD) + o/ (T') (29 (VT, V) + ¢0,T)
+a(l) (e + V).

As indicated above, assume that «; is a sequence of distributions on R such
that ap = a}H_l. (Again, refer to the basic example oy = 0, apy1 = %xi) Let us
now assume that

(3.3) u~ Y up =Y ot 2)on(I).

k>0 k>0

We apply the calculation above and group together the terms of the same order
(where the order of «ay is k and each derivative lowers the order by 1).

Grouping terms of the same order, we attempt to choose ¢ so that each term
vanishes. The only term of order —2 is ooy (I')g (VI', VI'), so the first requirement
is that

g(VI,VI) =0.

This is known as the eikonal equation and states that VI is a null-vector for the
metric g. This is a global nonlinear Hamilton—Jacobi equation for I'. In the special
case X =R x M, g = — dt? + h, the eikonal equation can be written as

(A1) = VAT
if we write I' =¢ — S, where S is a function on M, then
IViS|° = 1.

It is straightforward to see that the level sets S = const are at constant distance
from one another, so in general, S(z) = disty, (z, Z) where Z is some fixed level set
of S. Even in the more general Lorentzian setting, the function I' incorporates a
lot of the distance geometry of g.

In any case, fix a solution I' of the eikonal equation. We have now arranged that
the term of order —2 vanishes. In fact, for any k, the term containing g(VI, VI)
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vanishes, and so the equations for the higher coefficients simplify to transport equa-
tions. In particular, the term of order —1 reduces to

op(T) (29 (VT, Vo) 4 ¢olT) .

Since VT is nowhere vanishing, this is a linear ODE for ¢ along the integral curves
of VI', which means that given any initial conditions for ¢y on the characteristic
surface I' = constant we may solve this equation locally.

The term of order k — 1 yields an inhomogeneous transport equation for ¢y, in
terms of I, ¢, . . ., px. We solve this transport equation with vanishing initial data
and proceed inductively to choose all ¢y.

It is possible to asymptotically sum the series (3.3). This means that we can
choose a function v with the property that

N
v=> prop(T)
k=0

is as smooth as the next term in the series, pni1an41(I'). By construction,
(g +V)v = f € C>°(X). We must now invoke a theorem guaranteeing the ex-
istence of a smooth solution w for the initial value problem (O, + V)w = f with
vanishing Cauchy data vanishes, where f is smooth. Given this, thenu =v—wisa
solution of the original equation and the expansion we have calculated determines
the singularity profile of u. Note that these singularities of u occur precisely along
the union of level sets I' = ¢ where one (and hence every) «y is singular at c.

For the special case where g = —dt? 4+ dz? on Minkowski space, fix w € 8™~}
and consider the equation

(0} —A.+V)u=0, u=0(t—z -w) when t < 0.

The eikonal equation |VT'|2 = 0 has solution I'(t, z) = ¢ — z - w. This gives a global
solution of the wave equation for all ¢t when V' = 0. However, by the propagation of
singularities theorem, the wave front set of the solution u for the perturbed problem
with this initial data in the distant past agrees with that of this exact free solution.
Hence it makes sense to look for a solution of the perturbed problem of the form

u~o(t—z w)+ Zcpk(t,z)mi(t —z-w),
E>0
for some choice of smooth functions ;. This fits exactly into the scheme above
(and was, of course, the setting for the original version of these calculations). The
first transport equation is

20 —w-V,)po =0,

which means that g is a function of ¢ = z - w and z; its Cauchy data is defined on
the hypersurface t = z - w, and the equation dictates that it must be constant along
the lines parallel to w.

Once we have determined ¢y, . . ., @k, then the (k + 1)t transport equation is

2(k+ 1) (O —w- V) Qry1 = —(D+V)<pk,

which we solve with vanishing initial data. Carrying this procedure out for all k
determines the Taylor series of u along the hypersurface {t = z - w}. As described
earlier, we can use the Borel Lemma to choose an asymptotic sum v for this series,
so that (O 4+ V)wv = f is smooth and v satisfies the correct “initial condition” for
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t < 0. We can then find a smooth correction term w which solves away this error
term. Thus v = v — w is an exact solution

The calculations here were historical precursors to the more elaborate but ul-
timately very similar ones which come up in the construction of Fourier integral
operators. Indeed, solving the eikonal equation for I' is the direct analogue of solv-
ing the eikonal equation for the phase of an FIO. For potential scattering, keeping
track of the parametric dependence on w fixes the phase; the solutions of the trans-
port equations are the coefficients in the expansion of the amplitude, and these
correspond to the terms in the expansion for the symbol of the FIO.

3.2.2. Mpyller wave operators. We now turn to another perspective on time-
dependent scattering, which is through the definition of the so-called Mgller wave
operators. This can be regarded as a formalization of the discussion above; there
we described how to calculate the profile of the solution obtained by “sending in” a
delta function along a particular direction. Our goal now is to put this information
together into a map which compares the long-time evolution with respect to the
perturbed equation against that for the free equation.

Let us suppose now that ¢ = —dt? + h is a static Lorentzian metric. For any
(C) potential V', define the wave evolution operator

Uy (t) : CZ(R") x CF(R™) = CF(R") x CF(R"),
where, if u solves the Cauchy problem

(D + V) u =0, (u7 815“) |t:0 = (¢7 w)’

then Uy (t0) (¢, ¥) = (u, Opu)|t=t,. The free wave evolution operator Uy(t) is defined
analogously using solutions for Cu = 0 instead. Uniqueness of solutions of these
Cauchy problems implies that Uy and Uy are groups, i.e. U,(t)~! = U,(—t) and
Uit + ) = Us(t)Us(s) for x =0 or V.

Now define the Mgller wave operators Wi by

Wi(p, ) = tiigoo Uy (=t)Uo(t)(, 1),

when the limit exists. This limit is meant to be taken in the sense of strong operator
convergence. If we define the energy space

Hy = {(W) : /w2+ V.o dV < oo},

then W extends by continuity to all of Hg. It can be proved that if certain
local measurements of this energy decay appropriately, then —A + V has no L?
eigenvalues and this extension is an isomorphism of Hp to itself. If —A 4+ V does
have L? eigenvalues, then ‘Hpp determines a finite dimensional subspace in Hg and
W is an isomorphism from Hg onto the orthogonal complement of H,,,, which we
denote Hp.

Since Up(t) and Uy (t) are unitary, the wave operators Wy are characterized by
the property that

Uy ()W (d, ) — Uo(t)(¢5 %) g, — 0 as t — Foo
for all (¢,1) € Hy. Now define the scattering operator
S=wi'w_;
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this is an isomorphism of Hz. It describes the relationship between the asymptotic
free wave emerging ast * o0 for a solution of the perturbed equation (O+V)u = 0
in terms of the incoming free wave for ¢ < 0.

These operators lead directly to the unitary isomorphism mentioned earlier
which intertwines L (or rather, its restriction to H,.), with a simple multiplication
operator. In other words, the existence and properties of the wave operators and
scattering matrix proves that the singular continuous spectrum of L is empty.

There are many other settings where one can define analogues of the Mgller
wave and scattering operators. Classically this is done for exterior domains, and
more recently on asymptotically Euclidean or conic manifolds (where the structure
of the scattering matrix is quite intriguing, see [MZ96]), as well as other geometric
settings such as asymptotically hyperbolic manifolds, etc. There is also a parallel
and vigorous line of research concerning the possibility of defining the analogues of
wave and scattering operators for various classes of nonlinear evolution equations.

3.2.3. Lax—Phillips theory and radiation fields. In this final section we present
yet another approach to scattering theory. This is the more abstract approach
developed by Lax and Phillips [LP89], which has played an influential paradig-
matic role. Directly following this we describe the theory pioneered by Friedlander
[Fri80] on what he called the radiation fields associated to solutions of a linear
wave equation. These describe certain asymptotic information about waves, and
beyond their purely analytic appeal, they also provide a beautiful realization of the
Lax—Phillips theory. These radiation fields have received quite a lot of attention in
recent years, and the theory has been extended to various nonlinear settings as well.
There is a forthcoming and much more detailed survey specifically about radiation
fields [MW] to which we direct the reader.

Throughout this section we fix a Hilbert space H and a unitary semigroup U (t)
which acts on it. The specific application we have in mind is that # is the space
Hp, of finite energy initial data for the wave equation on R™ with n odd and U () is
the wave evolution operator. More precisely, let Hq be the completion of the space
C°(R™) x C°(R™) with respect to the norm

6.0, = [ (190 + 6(:)) da

R™

then, for (¢,v) € Ho, let Up(t)(¢, 1)) be as defined in the previous section. The
unitarity of Uy corresponds to conservation of energy for solutions of this wave
equation.

Return now to the general formulation.

DEFINITION 3.4. A closed subspace D C H is called outgoing, respectively

incoming, if
(i) U(t)D C D fort > 0, respectively t < 0,
(ii) Ner U(t)D = {0}, and

(m) UteR U(t)D =M.

In the example above, the space D consists of the pairs (¢, 1) € Ho for which
the solution wu(t,z) vanishes for |z| < ¢ when ¢ > 0. Continuous dependence of
solutions of the wave equation on initial data shows that D, is a closed subspace.
The first and second properties follow from the observation that if (¢,v) € Ho,
then by finite propagation speed, the solution of the wave equation with initial
data U(s)(¢, 1)) vanishes for |z| < ¢+ s.
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The third property is more subtle. For the unperturbed wave equation in odd
dimensions, it is a consequence of Huygens’ principle; in even dimensions, one may
prove it using local energy decay, but it can also be proved fairly explicitly via the
Radon transform. We say more about this later.

The fundamental result of Lax—Phillips theory is the existence of a translation
representation:

THEOREM 3.5 ([LP89, Chapter II, Theorem 3.1]). Let U(t) be a group of
unitary operators on H, and D an outgoing subspace with respect to U(t). Then
there exists a Hilbert space K and an isometric isomorphism

®:H — L? ((—o0,0); K)

such that ®(D) = L? ((0,00); K) and ®oU(t) = T, 0 ®, where (T(t)f)(s) = f(s—1)
is the standard translation action of R on L*(R;K). The isomorphism ® is unique
up to an isomorphism of KC.

The isomorphism given here is called an outgoing translation representation of
U(t). There is an essentially identical result giving an isomorphism ® which maps
an incoming subspace D_ to L? ((—00,0); K) and intertwines U(¢) with T'(¢). This
is called an incoming translation representation. The auxiliary Hilbert space K
may be taken to be the same as for the outgoing translation representation, but of
course the map @’ is different than ®.

Returning again to the unperturbed wave equation in R", n odd, there is an
explicit way to obtain the translation representations using the Radon transform.

DEFINITION 3.6. For any f € C2°(R"™), define the Radon transform
ENEO= [ o)

where do(z) is surface measure on the hyperplane (z,0) = s. Clearly Rf € C°(R x
Sl

A key property of the Radon transform for our purposes is that it is invertible
and in fact the inversion formula is quite explicit:

1 ( n—1
)= D, R)z-e,a o,
1= s o (PR G000

where | Dy is defined by conjugating multiplication by |o| with respect to the Fourier
transform. A remarkable fact, which can be proved by direct computation, is that
R intertwines the Laplacians on R™ and R,

RAf = 0?Rf.
We now define the Laz—Phillips transform: for n odd, and (¢,v) € C°(R™) x
C(R™), let

LH@@@wzagéﬁﬁ@&“ﬂw@ww—D@ﬂ”mw@w)

THEOREM 3.7 (See [Mel95, Section 3.4]). For n odd, the Lax—Phillips trans-
form LP extends to a unitary isomorphism

LP: My — L (R; L*(S" 1)),
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and is a translation representation,

(LPUo(t)(9, ) (s,0) = (T, LP(, %)) (5,0) = (LP(¢,¢)) (s — £, 0).

One consequence of Theorem 3.7 is that Hg splits as an orthogonal direct sum
of the incoming and outgoing subspaces:

(3.8) Ho =D, &D_.

In particular, in this special case, the outgoing and incoming isomorphisms ® and
@’ are equal.

Now consider the wave equation with potential. As before, assume that n is
odd and V' € C*(R™) is real-valued. Choose R so that supp V' C B(0, R). Let U(t)
be the group associated to the Cauchy problem

(3.9) Ou+Vu=0, (u, Q) |e=0 = (@, 7),

ie. U(t)(¢,v) = (u(t), Oru(t)). Since V' does not depend on ¢, there is a conserved
energy,

(3.10) \|(u(t),8tu(t))||2E:/Rn (100ut, =) + [Vu(t, 2)° + V(=) [ult, 2) ) dz.

The Hilbert space H is the set of pairs (¢, ) for which this energy is finite. It is
not hard to see, using the Sobolev inequality, that H and H consist of the same
pairs of elements, although the norm is different. The energy extends to the bilinear
pairing on H:

(3.11) << f;i )( fzz )> :/n (Vo1 - Voo + V(2)p102 + 112) dz.

Consider now the operator

0 1
A= ( A-V 0 ) ’
this is anti-symmetric with respect to the pairing (3.11). The wave group U(t) can
be regarded instead as the solution operator for the system

o) =) (o)l =)

We now make a simplifying assumption that L = —A+V has no L? eigenvalues,
or equivalently, that A has no such eigenvalues. Without this assumption, the
results below require a projection off the finite dimensional space H,,. We refer
to [LP66] for more details about how to proceed without this assumption. The
advantage of this assumption is that now the energy (3.10) is positive definite.

For this perturbed problem, we define the incoming and outgoing subspaces
Dy r C H to consist of those elements (¢, 1)) so that Uy(t)(¢, ) vanishes in |z| <
t+ R for t > 0, respectively |z| < —t + R for ¢ < 0. Thus, in terms of the free
incoming and outgoing subspaces, D1 r = Ug(£R)D4. The verification that these
satisfy all the correct properties relies on the following

LeMMA 3.12. Iff = (¢,¢) € Dy g, then Up(t)f = U(t)f fort > 0; the analo-
gous statement holds for D_ r when t < 0.
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We now use this to show that Dy r is an outgoing subspace for U(t) on H.
Indeed, by this lemma, the first two properties follow from the corresponding prop-
erties of D,.. For the third property, suppose we know that for any compact subset
K C R™ and any solution u of (3.9), we have

3 2 Pp—
Jimn [[u(t)[% 5 =

lim (|8tu(t, P+ |Vult, 2)]? + V(2)|ult, z)|2) dz = 0.
K

t—o0

This is called local energy decay, and is known to be true in many circumstances.
Now consider the initial data f = (¢,¢) € H with £ L (JU(¢t)D4 r with re-
spect to the pairing (3.11). Thus U(t)f L Dy g for any ¢, and in particular,
U(t)f L Dy g with respect to the standard pairing on H' x L2. This shows that
Uo(—R)U(t)f L D, with respect to the standard pairing, and hence Uy(—R)U (t)f €
D_ and Up(—2R)U (t)f € D_ g.

Consider now v(s,z) = U(s)Up(—2R)U(t)f. By Lemma 3.12, v(s, z) agrees
with Up(s)Up(—2R)U (¢)f for s < 0 and thus vanishes for |z| < —s + R for s < 0.

Now we bring in the local energy decay. This implies that for any € > 0, if ¢
is sufficiently large then [[U(t)f| 5 p(sg) < € For such ¢, finite propagation speed
implies both

[Uo(—2R) U g pzry <€ and  [U(=2R)U)f| g pzr) <€
Because the two equations and the initial data agree outside B(R), using finite
propagation speed again, we get that Uy(—2R)U(¢)f = U(—2R)U(¢)f for |z| > 3R
and hence
lUo(—2R)U (t)f — U(—2R)U(t)f|| 5 < 2e.
Because U (t) is unitary with respect to (3.11), applying U(2R —t) to the difference
shows that
|UQRR —t)Up(—2R)U (t)f — f|| z < 2e.
Finally, since ¢ is large, 2R — t < 0 and so U(2R — t)Up(—2R)U (¢t)f = Up(2R —
t)Uo(—2R)U (¢)f by Lemma 3.12. This shows that in fact
|Uo(—t)U(t)f —£|| ; < 2e.

Because Up(—R)U (t)f € D_, the first term here is an element of D_ ;g and thus
vanishes for |z| <t — R. Taking t even larger gives

£l 5 < 2e,
and therefore f = 0. This establishes the third property.
Theorem 3.5 asserts the existence of incoming and outgoing translation repre-
sentations for the incoming and outgoing subspaces D_ r and D4 r. We shall give
a a concrete realization of these using the so-called radiation fields.

Our next goal is to show that a particular quantitative rate of local energy
decay implies that the local energy actually decays exponentially.

THEOREM 3.13 (See [LP89, Chapter V, Theorem 3.2]). Suppose that for each
compact subset K C R™ there is a function ck(t) which tends to 0 as t — oo, such
that if the Cauchy data uw(0) have support in K, then

(3.14) a3k < cxc(t) [[u(0)] -
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Then there are positive constants C' and « depending on K such that if u(0) is
supported in K, then

(3.15) lu®)ll g, < Ce™* [lu(0)] 5
for allt > 0.

The proof uses the compactness properties of the Lax—Phillips semigroup Z(t),
which we introduce now. If Py r are the orthogonal projections onto the ortho-
complements of Dy g, then Z(¢t) is given for ¢ > 0 by

Z(t) =Py rU(t)P- R

The local energy decay hypothesis in the theorem statement implies that, for ¢ large
enough, Z(t) has norm bounded by 1/2, and repeated application of Z(t) leads to
the exponential decay.

We are now in a position to introduce the radiation field of a solution u to the
perturbed wave equation. The idea is to identify initial data for u with a normalized
limit of the solution along outgoing (or incoming) light rays. As before, we start
with the definition of these radiation fields for the unperturbed operator.

Suppose that u solves Ogu = 0 with initial data (¢, ). Introduce coordinates
s =t —|z| and z = |z|7!; these parametrize the family of outgoing light rays and
the position along them. Now define the auxiliary function

n— 11
v: R, X(O>Oo)z ngilﬁR, ’U(S,JJ,G):(E_TIU (S+—7—9>,

Here %9 is simply z in polar coordinates. Finite speed of propagation implies that
v vanishes for s < 0, and so has a smooth extension across x = 0 for s < 0.
Since x2gys is nondegenerate at x = 0, v satisfies a hyperbolic equation that is also
nondegenerate across z = 0 and so v extends smoothly across x = 0. We then
define the forward radiation field operator R, by

RJr(d)a 7/’)(3, 0) = 851)(3, 0; 0)
The derivative of v is included here to make
Ry :Ho— L*(Rx 8" 1)

an isometric isomorphism. Furthermore, the Minkowski metric is static, so R4
intertwines wave evolution and translation in s:

R+UO(T)(¢7 ,(/))(57 9) = R+(¢a w)(s - Ta 9)

Now observe that if f € D, then R f vanishes when s > 0. This follows from
the unitarity of the radiation field operator, and the fact that the inverse image of
those functions in L?(R x S™~!) supported in the nonpositive half-cylinder form an
outgoing subspace D, :

15+ = {R;lf : f(s,0) =0 for s > O}.
Indeed, this is a closed subspace; the first and second properties follow directly from
the fact that R, is a translation representation, Wllile the third property follows
from the surjectivity of Ry. One may also define D_ via the backward radiation

field R_; this encodes information from solutions in the limit as ¢ \, —oo. For the
free wave equation, R has an explicit expression in terms of the Radon transform,

and this can be used to show that Hyo = D4 & D_.
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For the perturbed equation the forward and backward radiation fields, £, are
defined in the same way. We can also define the scattering operator 4 using the
radiation fields by

.A - £+£:1.

Thus A maps data at past null infinity into data at future null infinity. The rela-
tionship to the scattering operator S introduced in Section 3.2.2 is that

S=RI'LLIR_=RI'AR_.

The conjugation of A by the Fourier transform in s corresponds to the scattering
matriz employed by Melrose in [Mel94].

The radiation field exists and is a unitary operator in a variety of geometric
settings. On asymptotically Euclidean spaces, this is due to Friedlander [Fri80,
Fri0l] and S4 Barreto [SB03, SBO08|; on asymptotically real and complex hy-
perbolic manifolds it was proved by S& Barreto [SB05], and Guillarmou and S&
Barreto [GSBO08], respectively. In the asymptotically Euclidean and real hyper-
bolic cases, S4 Barreto and Wunsch [SBWO5] prove that it is a Fourier integral
operator with canonical relation given by the sojourn relation, a close relative of
the Busemann function in each of these geometric settings. The radiation field has
also been defined in certain nonlinear and non-static situations. In particular, the
first author and S& Barreto show [BSB12] that it exists and is norm-preserving
for certain semilinear wave equations in R?, while Wang [Wan10, Wan11] defined
the radiation field for the Einstein equations on perturbations of Minkowski space
when the spatial dimension is at least 4. Forthcoming work of the first author,
Vasy, and Wunsch [BVW] analyzes the s — oo asymptotics of the radiation field
on (typically non-static) perturbations of Minkowski space.
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ABSTRACT. These lecture notes, based on a course given at the Ziirich Clay
Summer School (June 23-July 18 2008), review our current mathematical
understanding of the global behaviour of waves on black hole exterior back-
grounds. Interest in this problem stems from its relationship to the non-linear
stability of the black hole spacetimes themselves as solutions to the Einstein
equations, one of the central open problems of general relativity. After an
introductory discussion of the Schwarzschild geometry and the black hole con-
cept, the classical theorem of Kay and Wald on the boundedness of scalar
waves on the exterior region of Schwarzschild is reviewed. The original proof
is presented, followed by a new more robust proof of a stronger boundedness
statement. The problem of decay of scalar waves on Schwarzschild is then
addressed, and a theorem proving quantitative decay is stated and its proof
sketched. This decay statement is carefully contrasted with the type of state-
ments derived heuristically in the physics literature for the asymptotic tails of
individual spherical harmonics. Following this, our recent proof of the bound-
edness of solutions to the wave equation on axisymmetric stationary back-
grounds (including slowly-rotating Kerr and Kerr-Newman) is reviewed and
a new decay result for slowly-rotating Kerr spacetimes is stated and proved.
This last result was announced at the summer school and appears in print
here for the first time. A discussion of the analogue of these problems for
spacetimes with a positive cosmological constant A > 0 follows. Finally, a
general framework is given for capturing the red-shift effect for non-extremal
black holes. This unifies and extends some of the analysis of the previous sec-
tions. The notes end with a collection of open problems. [This version has an
Addendum reviewing subsequent developments up to December 2011.]
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1. Introduction: General relativity and evolution

Black holes are one of the fundamental predictions of general relativity. At the
same time, they are one of its least understood (and most often misunderstood)
aspects. These lectures intend to introduce the black hole concept and the analysis
of waves on black hole backgrounds (M, g) by means of the example of the scalar
wave equation

(1) Og% = 0.

We do not assume the reader is familiar with general relativity, only basic
analysis and differential geometry. In this introductory section, we briefly describe
general relativity in outline form, taking from the beginning the evolutionary point
of view which puts the Cauchy problem for the Finstein equations—the system of
nonlinear partial differential equations (see (2) below) governing the theory—at the
centre. The problem (1) can be viewed as a poor man’s linearisation for the Einstein
equations. Study of (1) is then intimately related to the problem of the dynamic
stability of the black hole spacetimes (M, g) themselves. Thus, one should view
the subject of these lectures as intimately connected to the very tenability of the
black hole concept in the theory.

1.1. General relativity and the Einstein equations. General relativity
postulates a 4-dimensional Lorentzian manifold (M, g)—space-time—which is to sat-
isfy the Einstein equations

(2) R, — %gwR =871},
Here, R,,, R denote the Ricci and scalar curvature of g, respectively, and 7},,
denotes a symmetric 2-tensor on M termed the stress-energy-momentum tensor of
matter. (Necessary background on Lorentzian geometry to understand the above
notation is given in Appendix A.) The equations (2) in of themselves do not
close, but must be coupled to “matter equations” satisfied by a collection {¥;} of
matter fields defined on M, together with a constitutive relation determining 7,
from {g, ¥,;}. These equations and relations are stipulated by the relevant contin-
uum field theory (electromagnetism, fluid dynamics, etc.) describing the matter.
The formulation of general relativity represents the culmination of the classical
field-theoretic world-view where physics is governed by a closed system of partial
differential equations.

Einstein was led to the system (2) in 1915, after a 7-year struggle to incorporate
gravity into his earlier principle of relativity. In the field-theoretic formulation of the
“Newtonian” theory, gravity was described by the Newtonian potential ¢ satisfying
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the Poisson equation
(3) A¢ = dmp,

where p denotes the mass-density of matter. It is truly remarkable that the con-
straints of consistency were so rigid that incorporating gravitation required finally
a complete reworking of the principle of relativity, leading to a theory where New-
tonian gravity, special relativity and Euclidean geometry each emerge as limiting
aspects of one dynamic geometrical structure—the Lorentzian metric-naturally liv-
ing on a 4-dimensional spacetime continuum. A second remarkable aspect of general
relativity is that, in contrast to its Newtonian predecessor, the theory is non-trivial
even in the absence of matter. In that case, we set T,,, = 0 and the system (2)
takes the form

(4) R, =0.

The equations (4) are known as the Einstein vacuum equations. Whereas (3) is a
linear elliptic equation, (4) can be seen to form a closed system of non-linear (but
quasilinear) wave equations. Essentially all of the characteristic features of the
dynamics of the Einstein equations are already present in the study of the vacuum
equations (4).

1.2. Special solutions: Minkowski, Schwarzschild, Kerr. To under-
stand a theory like general relativity where the fundamental equations (4) are non-
linear, the first goal often is to identify and study important explicit solutions, i.e.,
solutions which can be written in closed form.! Much of the early history of general
relativity centred around the discovery and interpretation of such solutions. The
simplest explicit solution to the Einstein vacuum equations (4) is Minkowski space
R3*+1. The next simplest solution of (4) is the so-called Schwarzschild solution, writ-
ten down [139] already in 1916. This is in fact a one-parameter family of solutions
(M, gn ), the parameter M identified with mass. See (5) below for the metric form.
The Schwarzschild family lives as a subfamily in a larger two-parameter family of
explicit solutions (M, gar,q) known as the Kerr solutions, discussed in Section 5.1.
These were discovered only much later [99] (1963).

When the Schwarzschild solution was first written down in local coordinates,
the necessary concepts to understand its geometry had not yet been developed.
It took nearly 50 years from the time when Schwarzschild was first discovered for
its global geometry to be sufficiently well understood so as to be given a suitable
name: Schwarzschild and Kerr were examples of what came to be known as black
hole spacetimes?. The Schwarzschild solution also illustrates another feature of the
Einstein equations, namely, the presence of singularities.

We will spend Section 2 telling the story of the emergence of the black hole
notion and sorting out what the distinct notions of “black hole” and “singularity”
mean. For the purpose of the present introductory section, let us take the notion
of “black hole” as a “black box” and make some general remarks on the role of
explicit solutions, whatever might be their properties. These remarks are relevant
for any physical theory governed by an evolution equation.

1The traditional terminology in general relativity for such solutions is ezxact solutions.
2This name is due to John Wheeler.
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1.3. Dynamics and the stability problem. Explicit solutions are indeed
suggestive as to how general solutions behave, but only if they are appropriately
“stable”. In general relativity, this notion can in turn only be understood after
the problem of dynamics for (4) has been formulated, that is to say, the Cauchy
problem.

In contrast to other non-linear field theories arising in physics, in the case of
general relativity, even formulating the Cauchy problem requires addressing several
conceptual issues (e.g. in what sense is (4) hyperbolic?), and these took a long time
to be correctly sorted out. Important advances in this process include the iden-
tification of the harmonic gauge by de Donder [70], the existence and uniqueness
theorems for general quasilinear wave equations in the 1930’s based on work of
Friedrichs, Schauder, Sobolev, Petrovsky, Leray and others, and Leray’s notion of
global hyperbolicity [112]. The well-posedness of the appropriate Cauchy problem
for the vacuum equations (4) was finally formulated and proven in celebrated work
of Choquet-Bruhat [33] (1952) and Choquet-Bruhat—Geroch [35] (1969). See Ap-
pendix B for a concise survey of these developments and the precise statement of
the existence and uniqueness theorems and some comments on their proof.

In retrospect, much of the confusion in early discussions of the Schwarzschild
solution can be traced to the lack of a dynamic framework to understand the the-
ory. It is only in the context of the language provided by [35] that one can then
formulate the dynamical stability problem and examine the relevance of various
explicit solutions.

The stability of Minkowski space was first proven in the monumental work of
Christodoulou and Klainerman [51]. See Appendix B.5 for a formulation of this
result. The dynamical stability of the Kerr family as a family of solutions to the
Cauchy problem for the Einstein equations, even restricted to parameter values
near Schwarzschild, i.e. |a] < M,? is yet to be understood and poses an important
challenge for the mathematical study of general relativity in the coming years. See
Section 5.6 for a formulation of this problem. In fact, even the most basic linear
properties of waves (e.g. solutions of (1)) on Kerr spacetime backgrounds (or more
generally, backgrounds near Kerr) have only recently been understood. In view of
the wave-like features of the Einstein equations (4) (see in particular Appendix B.4),
this latter problem should be thought of as a prerequisite for understanding the
non-linear stability problem.

1.4. Outline of the lectures. The above linear problem will be the main
topic of these lectures: We shall here develop from the beginning the study of the
linear homogeneous wave equation (1) on fixed black hole spacetime backgrounds
(M, g). We have already referred in passing to the content of some of the later
sections. Let us give here a complete outline: Section 2 will introduce the black
hole concept and the Schwarzschild geometry in the wider context of open problems
in general relativity. Section 3 will concern the basic boundedness properties for
solutions ¢ of (1) on Schwarzschild exterior backgrounds. Section 4 will concern
quantitative decay properties for 1. Section 5 will move on to spacetimes (M, g)
“near” Schwarzschild, including slowly rotating Kerr, discussing boundedness and
decay properties for solutions to (1) on such (M, g), and ending in Section 5.6 with
a formulation of the non-linear stability problem for Kerr, the open problem which

3Note that without symmetry assumptions one cannot study the stability problem for
Schwarzschild per se. Only the larger Kerr family can be stable.
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in some sense provides the central motivation for these notes. Section 6 will consider
the analogues of these problems in spacetimes with a positive cosmological constant
A, Section 7 will give a multiplier-type estimate valid for general non-degenerate
Killing horizons which quantifies the classical red-shift effect. The importance of
the red-shift effect as a stabilising mechanism for the analysis of waves on black
hole backgrounds will be a common theme throughout these lectures. The notes
end with a collection of open problems in Section 8.

The proof of Theorem 5.2 of Section 5 as well as all results of Section 7 appear
in print in these notes for the first time. The discussion of Section 3.3 as well as the
proof of Theorem 4.1 have also been streamlined in comparison with previous pre-
sentations. We have given a guide to background literature in Sections 3.4, 4.4, 5.5
and 6.3.

We have tried to strike a balance in these notes between making the discussion
self-contained and providing the necessary background to appreciate the place of the
problem (1) in the context of the current state of the art of the Cauchy problem for
the Einstein equations (2) or (4) and the main open problems and conjectures which
will guide this subject in the future. Our solution has been to use the history of the
Schwarzschild solution as a starting point in Section 2 for a number of digressions
into the study of gravitational collapse, singularities, and the weak and strong
cosmic censorship conjectures, deferring, however, formal development of various
important notions relating to Lorentzian geometry and the well-posedness of the
Einstein equations to a series of Appendices. We have already referred to these
appendices in the text. The informal nature of Section 2 should make it clear that
the discussion is not intended as a proper survey, but merely to expose the reader
to important open problems in the field and point to some references for further
study. The impatient reader is encouraged to move quickly through Section 2 at
a first reading. The problem (1) is itself rather self-contained, requiring only basic
analysis and differential geometry, together with a good understanding of the black
hole spacetimes, in particular, their so-called causal geometry. The discussion of
Section 2 should be more than enough for the latter, although the reader may want
to supplement this with a more general discussion, for instance [55].

These notes accompanied a series of lectures at a summer school on “Evolution
Equations” organised by the Clay Mathematics Institute, June-July 2008. The
centrality of the evolutionary point of view in general relativity is often absent
from textbook discussions. (See however the recent [133].) We hope that these
notes contribute to the point of view that puts general relativity at the centre of
modern developments in partial differential equations of evolution.

2. The Schwarzschild metric and black holes

Practically all concepts in the development of general relativity and much of
its history can be told from the point of view of the Schwarzschild solution. We
now readily associate this solution with the black hole concept. It is important
to remember, however, that the Schwarzschild solution was first discovered in a
thoroughly classical astrophysical setting: it was to represent the vacuum region
outside a star. The black hole interpretation-though in some sense inevitable—
historically only emerged much later.

The most efficient way to present the Schwarzschild solution is to begin at the
onset with Kruskal’s maximal extension as a point of departure. Instead, we shall
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take advantage of the informal nature of the present notes to attempt a more conver-
sational and “historical” presentation of the Schwarzschild metric and its interpre-
tation.? Although certainly not the quickest route, this approach has the advantage
of highlighting the themes which have become so important in the subject—in partic-
ular, singularities, black holes and their event horizons—with the excitement of their
step-by-step unravelling from their origin in a model for the simplest of general rel-
ativistic stars. The Schwarzschild solution will naturally lead to discussions of the
Oppenheimer-Snyder collapse model, the cosmic censorship conjectures, trapped
surfaces and Penrose’s incompleteness theorems, and recent work of Christodoulou
on trapped surface formation in vacuum collapse, and we elaborate on these topics
in Sections 2.6-2.8. (The discussion in these three last sections was not included in
the lectures, however, and is not necessary for understanding the rest of the notes.)

2.1. Schwarzschild’s stars. The most basic self-gravitating objects are stars.
In the most primitive stellar models, dating from the 19th century, stars are mod-
elled by a self-gravitating fluid surrounded by vacuum. Moreover, to a first approx-
imation, classically stars are spherically symmetric and static.

It should not be surprising then that early research on the Einstein equations
(2) would address the question of the existence and structure of general relativistic
stars in the new theory. In view of our above discussion, the most basic problem
is to understand spherically symmetric, static metrics, represented in coordinates
(t,r,0,0), such that the spacetime has two regions: In the region r < Ry-the
interior of the star-the metric should solve a suitable Einstein-matter system (2)
with appropriate matter, and in the region r > Ry—the exterior of the star—the
spacetime should be vacuum, i.e. the metric should solve (4).

star

vacuum

r = Ry

This is the problem first addressed by Schwarzschild [139, 140], already in
1916. Schwarzschild considered the vacuum region first [139] and arrived® at the

4This in no way should be considered as a true attempt at the history of the solution, simply
a pedagogical approach to its study. See for example [76].

5As is often the case, the actual history is more complicated. Schwarzschild based his work
on an earlier version of Einstein’s theory which, while obtaining the correct vacuum equations,
imposed a condition on admissible coordinate systems which would in fact exclude the coordinates
of (5). Thus he had to use a rescaled r as a coordinate. Once this condition was removed from
the theory, there is no reason not to take r itself as the coordinate. It is in this sense that these
coordinates can reasonably be called “Schwarzschild coordinates”.
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one-parameter family of solutions:

-1
(5) g=— <1—%> dt* + <1—%> dr? + r2(d6? + sin? 6 dg?).
r r

Every student of this subject should explicitly check that this solves (4) (Exercise).

In [140], Schwarzschild found interior metrics for the darker shaded region
r < Ry above. In this region, matter is described by a perfect fluid. We shall not
write down explicitly such metrics here, as this would require a long digression into
fluids, their equations of state, etc. See [44]. Suffice it to say here that the existence
of such solutions required that one take the constant M positive, and the value Ry
marking the boundary of the star always satisfied Ry > 2M. The constant M could
then be identified with the total mass of the star as measured by considering the
orbits of far-away test particles.® In fact, for most reasonable matter models, static
solutions of the type described above only exist under a stronger restriction on Ry
(namely Ry > 9M/4) now known as the Buchdahl inequality. See [14, 2, 97].

The restriction on Ry necessary for the existence of Schwarzschild’s stars ap-
pears quite fortuitous: It is manifest from the form (5) that the components of g
are singular if the (¢,7,0,¢) coordinate system for the vacuum region is extended
to r = 2M. But a natural (if perhaps seemingly of only academic interest) ques-
tion arises, namely, what happens if one does away completely with the star and
tries simply to consider the expression (5) for all values of r? This at first glance
would appear to be the problem of understanding the gravitational field of a “point
particle” with the particle removed.”

For much of the history of general relativity, the degeneration of the metric
functions at r = 2M , when written in these coordinates, was understood as meaning
that the gravitational field should be considered singular there. This was the famous
Schwarzschild “singularity”.® Since “singularities” were considered “bad” by most
pioneers of the theory, various arguments were concocted to show that the behaviour
of g where r = 2M is to be thought of as “pathological”, “unstable”, “unphysical”
and thus, the solution should not be considered there. The constraint on Ry related
to the Buchdahl inequality seemed to give support to this point of view. See
also [75].

With the benefit of hindsight, we now know that the interpretation of the
previous paragraph is incorrect, on essentially every level: neither is » = 2M a
singularity, nor are singularities—which do in fact occur!-necessarily to be discarded!
Nor is it true that non-existence of static stars renders the behaviour at r = 2M—
whatever it is—“unstable” or “unphysical”; on the contrary, it was an early hint of
gravitational collapse! Let us put aside this hindsight for now and try to discover for
ourselves the geometry and “true” singularities hidden in (5), as well as the correct
framework for identifying “physical” solutions. In so doing, we are retracing in
part the steps of early pioneers who studied these issues without the benefit of the
global geometric framework we now have at our disposal. All the notions referred
to above will reveal themselves in the next subsections.

6Test particles in general relativity follow timelike geodesics of the spacetime metric. Exer-
cise: Explain the statement claimed about far-away test particles. See also Appendix B.2.3.

"Hence the title of [139].

8Let the reader keep in mind that there is a good reason for the quotation marks here and
for those that follow.
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2.2. Extensions beyond the horizon. The fact that the behaviour of the
metric at » = 2M is not singular, but simply akin to the well-known breakdown
of the coordinates (5) at # = 0,7 (this latter breakdown having never confused
anyone. .. ), is actually quite easy to see, and there is no better way to appreciate
this than by doing the actual calculations. Let us see how to proceed.

First of all, before even attempting a change of coordinates, the following is
already suggestive: Consider say a future-directed” ingoing radial null geodesic.
The image of such a null ray is in fact depicted below:

One can compute that this has finite affine length to the future, i.e. these null
geodesics are future-incomplete, while scalar curvature invariants remain bounded
as s — oo. It is an amusing exercise to put oneself in this point of view and carry
out the above computations in these coordinates.

Of course, as such the above doesn’t show anything.!® But it turns out that
indeed the metric can be extended to be defined on a “bigger” manifold. One
defines a new coordinate

t" =t+2Mlog(r — 2M).

This metric then takes the form

2M AM 2M
(6) 9= <1 - —> (dt*)? + ——dt" dr + (1 - —) dr? + r?dose
r r r

on r > 2M. Note that 3?* = %, each interpreted in its respective coordinate
system. But now (6) can clearly be defined in the region r > 0, —co < t* < o0,
and, by explicit computation or better, by analytic continuation, the metric (6)
must satisfy (4) for all » > 0.

Transformations similar to the above were already known to Eddington and
Lemaitre [111] in the early 1930’s. Nonetheless, from the point of view of that
time, it was difficult to interpret their significance. The formalisation of the man-
ifold concept and associated language had not yet become common knowledge to
physicists (or most mathematicians for that matter), and in any case, there was
no selection principle as to what should the underlying manifold M be on which
a solution g to (4) should live, or, to put it another way, the domain of g in (4) is
not specified a priori by the theory. So, even if the solutions (6) exist, how do we
know that they are “physical”?

9We time-orient the metric by 9;. See Appendix A.
10Consider for instance a cone with the vertex removed. . .
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This problem can in fact only be clarified in the context of the Cauchy problem
for (2) coupled to appropriate matter. Once the Cauchy problem for (4) is formu-
lated correctly, then one can assign a unique spacetime to an appropriate notion
of initial data set. This is the mazimal development of Appendix B. It is only the
initial data set, and the matter model, which can be judged for “physicality”. One
cannot throw away the resulting maximal development just because one does not
like its properties!

From this point of view, the question of whether the extension (6) was “phys-
ical” was resolved in 1939 by Oppenheimer and Snyder [125]. Specifically, they
showed that the extension (6) for ¢ > 0 arose as a subset of the solution to the Ein-
stein equations coupled to a reasonable (to a first approximation at least) matter
model, evolving from physically plausible initial data. With hindsight, the notion
of black hole was born in that paper.

Had history proceeded differently, we could base our further discussion on [125].
Unfortunately, the model [125] was ahead of its time. As mentioned in the intro-
duction, the proper language to formulate the Cauchy problem in general only
came in 1969 [35]. The interpretation of explicit solutions remained the main
route to understanding the theory. We will follow thus this route to the black hole
concept—via the geometric study of so-called maximally extended Schwarzschild—
even though this spacetime is not to be regarded as “physical”. It was through
the study of this spacetime that the relevant notions were first understood and the
important Penrose diagrammatic notation was developed. We shall return to [125]
only in Section 2.5.3.

2.3. The maximal extension of Synge and Kruskal. Let us for now avoid
the question of what the underlying manifold “should” be, a question whose answer
requires physical input (see paragraphs above), and simply ask the purely mathe-
matical question of how big the underlying manifold “can” be. This leads to the
notion of a “maximally extended” solution. In the case of Schwarzschild, this will
be a spacetime which, although not to be taken as a model for anything per se, can
serve as a reference for the formulation of all important concepts in the subject.

To motivate this notion of “maximally extended” solution, let us examine our
first extension a little more closely. The light cones can be drawn as follows:
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Let us look say at null geodesics. One can see (Exercise) that future di-
rected null geodesics either approach » = 0 or are future-complete. In the former
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case, scalar invariants of the curvature blow up in the limit as the affine param-
eter approaches its supremum (Exercise). The spacetime is thus “singular” in
this sense. It thus follows from the above properties that the above spacetime is
future null geodesically incomplete, but also future null geodesically inextendible as
a C? Lorentzian metric, i.e. there does not exist a larger 4-dimensional Lorentzian
manifold with C? metric such that the spacetime above embeds isometrically into
the larger one such that a future null geodesic passes into the extension.

On the other hand, one can see that past-directed null geodesics are not all
complete, yet no curvature quantity blows up along them (Exercise). Again, this
suggests that something may still be missing!

Synge was the first to consider these issues systematically and construct “max-
imal extensions” of the original Schwarzschild metric in a paper [146] of 1950. A
more concise approach to such a construction was given in a celebrated 1960 pa-
per [107] of Kruskal. Indeed, let M be the manifold with differentiable structure
given by U x S? where U is the open subset T? — R? < 1 of the (T, R)-plane.
Consider the metric g

2M3
= ?’—e*’“/W(—dT2 + dR?) + r?do?
r
where 7 is defined implicitly by
2_p2_ (1_ T\ r/om
R (1 ZM) o

The region U is depicted below:

This is a spherically symmetric 4-dimensional Lorentzian manifold satisfying (4)
such that the original Schwarzschild metric is isometric to the region R > |T)|
(where ¢ is given by tanh (7%;) = T/R), and our previous partial extension is
isometric to the region T > —R (Exercise). It can be shown now (Exercise) that

(M, g) is inextendible as a C? (in fact C°) Lorentzian manifold, that is to say, if
i (M,g) = (M,g)

is an isometric embedding, where (M, g) isa C? (in fact C°) 4-dimensional Lorentzian
manifold, then necessarily i(M) = M.

The above property defines the sense in which our spacetime is “maximally”
extended, and thus, (M, g) is called sometimes maximally-extended Schwarzschild.
In later sections, we will often just call it “the Schwarzschild solution”.

Note that the form of the metric is such that the light cones are as depicted.
Thus, one can read off much of the causal structure by sight.

It may come as a surprise that in maximally-extended Schwarzschild, there
are two regions which are isometric to the original r > 2M Schwarzschild region.
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Alternatively, a Cauchy surface'! will have topology S? x R with two asymptotically
flat ends. This suggests that this spacetime is not to be taken as a physical model.
We will discuss this later on. For now, let us simply try to understand better the
global geometry of the metric.

2.4. The Penrose diagram of Schwarzschild. There is an even more useful
way to represent the above spacetime. First, let us define null coordinates U =
T — R,V =T+ R. These coordinates have infinite range. We may rescale them
by u = u(U), v = v(V) to have finite range. (Note the freedom in the choice of u
and v!) The domain of (u,v) coordinates, when represented in the plane where the
axes are at 45 and 135 degrees with the horizontal, is known as a Penrose diagram
of Schwarzschild. Such a Penrose diagram is depicted below!?:

In more geometric language, one says that a Penrose diagram corresponds to
the image of a bounded conformal map

M/SO(3) = Q — R,

where one makes the identification v = t+x, u = t—x where (¢, z) are now the stan-
dard coordinates R'*! represented in the standard way on the plane. We further
assume that the map preserves the time orientation, where Minkowski space is ori-
ented by 9;. (In our application, this is a fancy way of saying that u/(U),v' (V) > 0).
It follows that the map preserves the causal structure of Q. In particular, we can
“read off” the radial null geodesics of M from the depiction.

Now we may turn to the boundary induced by the causal embedding. We
define Z* to be the boundary components as depicted.'® These are characterized
geometrically as follows: ZT are limit points of future-directed null rays in Q along
which r — oo. Similarly, Z~ are limit points of past-directed null rays for which
r — oo. We call Z% future null infinity and T~ past null infinity. The remaining
boundary components i and i* depicted are often given the names spacelike infinity
and future (past) timelike infinity, respectively.

In the physical application, it is important to remember that asymptotically
flat'? spacetimes like our (M, g) are not meant to represent the whole universe'®

)

11See Appendix A.

2How can (u, v) be chosen so that the r = 0 boundaries are horizontal lines? (Exercise)

130ur convention is that open endpoint circles are not contained in the intervals they bound,
and dotted lines are not contained in the regions they bound, whereas solid lines are.

14See Appendix B.2.3 for a definition.

15The study of that problem is what is known as “cosmology”. See Section 6.
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but rather, the gravitational field in the vicinity of an isolated self-gravitating sys-
tem. ZT is an idealisation of far away observers who can receive radiation from
the system. In this sense, “we”—as astrophysical observers of stellar collapse, say—
are located at Z+. The ambient causal structure of R'*! allows us to talk about
J~=(p)N Q for p € TT1¢ and this will lead us to the black hole concept. Therein lies
the use of the Penrose diagram representation.

The systematic use of the conformal point of view to represent the global ge-
ometry of spacetimes is one of the many great contributions of Penrose to general
relativity. These representations can be traced back to the well-known “spacetime
diagrams” of special relativity, promoted especially by Synge [147]. The “formal”
use of Penrose diagrams in the sense above goes back to Carter [28], in whose hands
these diagrams became a powerful tool for determining the global structure of all
classical black hole spacetimes. It is hard to overemphasise how important it is for
the student of this subject to become comfortable with these representations.

2.5. The black hole concept. With Penrose diagram notation, we may now
explain the black hole concept.

2.5.1. The definitions for Schwarzschild. First an important remark: In Schwarzs-
child, the boundary component ZT enjoys a limiting affine completeness. More
specifically, normalising a sequence of ingoing radial null vectors by parallel trans-
port along an outgoing geodesic meeting ZF, the affine length of the null geodesics
generated by these vectors, parametrized by their parallel transport (restricted to
J~(Z71)), tends to infinity:

This has the interpretation that far-away observers in the radiation zone can observe
for all time. (This is in some sense related to the presence of timelike geodesics near
infinity of infinite length, but the completeness is best formulated with respect to
Z%t.) A similar statement clearly holds for Z~.

Given this completeness property, we define now the black hole region to be
Q\ J(ZT), and the white hole region to be Q \ J*(Z~). Thus, the black hole
corresponds to those points of spacetime which cannot “send signals” to future null
infinity, or, in the physical interpretation, to far-away observers who (in view of the
completeness property!) nonetheless can observe radiation for infinite time.

The future boundary of J~(Z") in Q (alternatively characterized as the past
boundary of the black hole region) is a null hypersurface known as the future event
horizon, and is denoted by HT. Exchanging past and future, we obtain the past
event horizon H~. In maximal Schwarzschild, {r = 2M} = H* UH~. The subset
J7(ZT)NJT(Z7) is known as the domain of outer communications.

16Refer to Appendix A for J*.
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2.5.2. Minkowski space. Note that in the case of Minkowski space, Q =
R3+1/SO(3) is a manifold with boundary since the SO(3) action has a locus of
fixed points, the centre of symmetry. A Penrose diagram of Minkowski space is
easily seen to be:

Here ZT and I~ are characterized as before, and enjoy the same completeness
property as in Schwarzschild. One reads off immediately that J=(ZT)N Q = Q,
i.e. R3*! does not contain a black hole under the above definitions.

2.5.3. Oppenheimer-Snyder. Having now the notation of Penrose diagrams, we
can concisely describe the geometry of the Oppenheimer-Snyder solutions referred
to earlier, without giving explicit forms of the metric. Like Schwarzschild’s original
picture of the gravitational field of a spherically symmetric star, these solutions
involve a region r < Ry solving (2) and r > Ry satisfying (4). The matter is
described now by a pressureless fluid which is initially assumed homogeneous in
addition to being spherically symmetric. The assumption of staticity is however
dropped, and for appropriate initial conditions, it follows that Ry(t*) — 0 with
respect to a suitable time coordinate ¢*. (In fact, the Einstein equations can be
reduced to an o.d.e. for Ro(t*).) We say that the star “collapses”.'” A Penrose
diagram of such a solution (to the future of a Cauchy hypersurface) can be seen to
be of the form:

The lighter shaded region is isometric to a subset of maximal Schwarzschild, in fact
a subset of the original extension of Section 2.2. In particular, the completeness
property of Z% holds, and as before, we identify the black hole region to be Q \
J(ZT).

In contrast to maximal Schwarzschild, where the initial configuration is un-
physical (the Cauchy surface has two ends and topology R x S?), here the initial
configuration is entirely plausible: the Cauchy surface is topologically R3, and its
geometry is not far from Euclidean space. The Oppenheimer-Snyder model [125]
should be viewed as the most basic black hole solution arising from physically plau-
sible regular initial data.'®

17Note that Ro(t*) — 0 does not mean that the star collapses to “a point”, merely that the
spheres which foliate the interior of the star shrink to 0 area. The limiting singular boundary is
a spacelike hypersurface as depicted.

18 Note however the end of Section 2.6.2.
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It is traditional in general relativity to “think” Oppenheimer-Snyder but “write”
maximally-extended Schwarzschild. In particular, one often imports terminology
like “collapse” in discussing Schwarzschild, and one often reformulates our defini-
tions replacing ZT with one of its connected components, that is to say, we will
often write J~(Z*) N J*(Z) meaning J~(Z}) N J*(Z}), etc. In any case, the
precise relation between the two solutions should be clear from the above discus-
sion. In view of Cauchy stability results [91], sufficiently general theorems about
the Cauchy problem on maximal Schwarzschild lead immediately to such results on
Oppenheimer-Snyder. (See for instance the exercise in Section 3.2.6.) One should
always keep this relation in mind.

2.5.4. General definitions? The above definition of black hole for the Schwarzs-
child metric should be thought of as a blueprint for how to define the notion of black
hole region in general. That is to say, to define the black hole region, one needs

(1) some notion of future null infinity Z,
(2) a way of identifying J~(Z1), and
(3) some characterization of the “completeness” of Z+.19
If 7% is indeed complete, we can define the black hole region as
“the complement in M of J~(Z1)”.

For spherically symmetric spacetimes arising as solutions of the Cauchy prob-
lem for (2), one can show that there always exists a Penrose diagram, and thus, a
definition can be formalised along precisely these lines (see [60]). For spacetimes
without symmetry, however, even defining the relevant asymptotic structure so that
this structure is compatible with the theorems one is to prove is a main part of the
problem. This has been accomplished definitively only in the case of perturba-
tions of Minkowski space. In particular, Christodoulou and Klainerman [51] have
shown that spacetimes arising from perturbations of Minkowski initial data have
a complete ZT in a well defined sense, whose past can be identified and is indeed
the whole spacetime. See Appendix B.5. That is to say, small perturbations of
Minkowski space cannot form black holes.

2.6. Birkhoff’s theorem. Formal Penrose diagrams are a powerful tool for
understanding the global causal structure of spherically symmetric spacetimes. Un-
fortunately, however, it turns out that the study of spherically symmetric vacuum
spacetimes is not that rich. In fact, the Schwarzschild family parametrizes all
spherically symmetric vacuum spacetimes in a sense to be explained in this section.

2.6.1. Schwarzschild for M < 0. Before stating the theorem, recall that in
discussing Schwarzschild we have previously restricted to parameter value M > 0.
For the uniqueness statement, we must enlarge the family to include all parameter
values.

If we set M = 0 in (5), we of course obtain Minkowski space in spherical
polar coordinates. A suitable maximal extension is Minkowski space as we know
it, represented by the Penrose diagram of Section 2.5.2.

19The characterization of completeness can be formulated for general asymptotically flat
vacuum space times using the results of [51]. This formulation is due to Christodoulou [47].
Previous attempts to formalise these notions rested on “asymptotic simplicity” and “weak asymp-
totic simplicity”. See [91]. Although the qualitative picture suggested by these notions appears
plausible, the detailed asymptotic behaviour of solutions to the Einstein equations turns out to
be much more subtle, and Christodoulou has proven [48] that these notions cannot capture even
the simplest generic physically interesting systems.
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On the other hand, we may also take M < 0 in (5). This is so-called negative
mass Schwarzschild. The metric element (5) for such M is now regular for all
r > 0. The limiting singular behaviour of the metric at » = 0 is in fact essential,
i.e. one can show that along inextendible incomplete geodesics the curvature blows
up. Thus, one immediately arrives at a maximally extended solution which can be
seen to have Penrose diagram:
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Note that in contrast to the case of R3*!, the boundary r = 0 is here depicted by
a dotted line denoting (according to our conventions) that it is not part of Q!

2.6.2. Naked singularities and weak cosmic censorship. The above spacetime is
interpreted as having a “naked singularity”. The traditional way of describing this
in the physics literature is to remark that the “singularity” B = {r = 0} is “visible”
toZT,i.e., J7(ZT)NB # (. From the point of view of the Cauchy problem, however,
this characterization is meaningless because the above maximal extension is not
globally hyperbolic, i.e. it is not uniquely characterized by an appropriate notion of
initial data.?? From the point of view of the Cauchy problem, one must not consider
maximal extensions but the mazimal Cauchy development of initial data, which by
definition is globally hyperbolic (see Theorem B.4 of Appendix B). Considering an
inextendible spacelike hypersurface ¥ as a Cauchy surface, the maximal Cauchy
development of ¥ would be the darker shaded region depicted below:
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The proper characterization of “having a naked singularity”, from the point of view
of the darker shaded spacetime, is that its Z is incomplete. Of course, this example
does not say anything about the dynamic formation of naked singularities, because
the inital data hypersurface ¥ is already in some sense “singular”, for instance, it
is geodesically incomplete, and the curvature blows up along incomplete geodesics.
The dynamic formation of a naked singularity from regular, complete initial data

20Gee Appendix A for the definition of global hyperbolicity.
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would be pictured by:

where we are to understand also in the above that Z™ is incomplete. The conjecture
that for generic asymptotically flat?! initial data for “reasonable” Einstein-matter
systems, the maximal Cauchy development “possesses a complete Z7” is known as
weak cosmic censorship.?>

In light of the above conjecture, the story of the Oppenheimer-Snyder solution
and its role in the emergence of the black hole concept does have an interesting
epilogue. Recall that in the Oppenheimer-Snyder solutions, the region r < Ry,
in addition to being spherically symmetric, is homogeneous. It turns out that by
considering spherically symmetric initial data for which the “star” is no longer ho-
mogeneous, Christodoulou has proven that one can arrive at spacetimes for which
“naked singularities” form [39] with Penrose diagram as above and with Z* incom-
plete. Moreover, it is shown in [39] that this occurs for an open subset of initial
data within spherical symmetry, with respect to a suitable topology on the set of
spherically symmetric initial data. Thus, weak cosmic censorship is violated in this
model, at least if the conjecture is restricted to spherically symmetric data.

The fact that in the Oppenheimer-Snyder solutions black holes formed appears
thus to be a rather fortuitous accident! Nonetheless, we should note that the failure
of weak cosmic censorship in this context is believed to be due to the inappropri-
ateness of the pressureless model, not as indicative of actual phenomena. Hence,
the restriction on the matter model to be “reasonable” in the formulation of the
conjecture. In a remarkable series of papers, Christodoulou [45, 47] has shown
weak cosmic censorship to be true for the Einstein-scalar field system under spher-
ical symmetry. On the other hand, he has also shown [43] that the assumption of
genericity is still necessary by explicitly constructing solutions of this system with
incomplete Z+ and Penrose diagram as depicted above.??

2.6.3. Birkhoff’s theorem. Let us understand now by “Schwarzschild solution
with parameter M” (where M € R) the maximally extended Schwarzschild metrics
described above.

We have the so-called Birkhoff’s theorem:

THEOREM 2.1. Let (M,g) be a spherically symmetric solution to the vacuum
equations (4). Then it is locally isometric to a Schwarzschild solution with param-
eter M, for some M € R.

In particular, spherically symmetric solutions to (4) possess an additional Killing
field not in the Lie algebra so(3). (Exercise: Prove Theorem 2.1. Formulate and
prove a global version of the result.)

21See Appendix B.2.3 for a formulation of this notion. Note that asymptotically flat data
are in particular complete.

22This conjecture is originally due to Penrose [127]. The present formulation is taken from
Christodoulou [47].

23The discovery [43] of these naked singularities led to the discovery of so-called critical
collapse phenomena [37] which has since become a popular topic of investigation [87].
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2.6.4. Higher dimensions. In 3+ 1 dimensions, spherical symmetry is the only
symmetry assumption compatible with asymptotic flatness (see Appendix B.2.3),
such that moreover the symmetry group acts transitively on 2-dimensional orbits.
Thus, Birkhoff’s theorem means that vacuum gravitational collapse cannot be stud-
ied in a 1 + 1 dimensional setting by imposing symmetry. The simplest mod-
els for dynamic gravitational collapse thus necessarily involve matter, as in the
Oppenheimer-Snyder model [125] or the Einstein-scalar field system studied by
Christodoulou [41, 45]

Moving, however, to 4 + 1 dimensions, asymptotically flat manifolds can ad-
mit a more general SU(2) symmetry acting transitively on 3-dimensional group
orbits. The Einstein vacuum equations (4) under this symmetry admit 2 dynam-
ical degrees of freedom and can be written as a nonlinear system on a 1 + 1-
dimensional Lorentzian quotient @ = M /SU(2), where the dynamical degrees
of freedom of the metric are reflected by two nonlinear scalar fields on Q. This
symmetry—known as “Iriaxial Bianchi IX”-was first identified by Bizon, Chmaj
and Schmidt [16, 17] who derived the equations on Q and studied the resulting
system numerically. The symmetry includes spherical symmetry as a special case,
and thus, is admitted in particular by 4 4+ 1-dimensional Schwarzschild?*. The non-
linear stability of the Schwarzschild family as solutions of the vacuum equations
(4) can then be studied—within the class of Triaxial Bianchi IX initial data—as a
141 dimensional problem. Asymptotic stability for the Schwarzschild spacetime in
this setting has been recently shown in the thesis of Holzegel [93, 62, 94], adapt-
ing vector field multiplier estimates similar to Section 4 to a situation where the
metric is not known a priori. The construction of the relevant mutipliers is then
quite subtle, as they must be normalised “from the future” in a bootstrap setting.
The thesis [93] is a good reference for understanding the relation of the linear the-
ory to the non-linear black hole stability problem. See also Open problem 13 in
Section 8.6.

2.7. Geodesic incompleteness and “singularities”. Isthe picture of grav-
itational collapse as exhibited by Schwarzschild (or better, Oppenheimer-Snyder)
stable? This question is behind the later chapters in the notes, where essentially
the considerations hope to be part of a future understanding of the stability of the
exterior region up to the event horizon, i.e. the closure of the past of null infinity
to the future of a Cauchy surface. (See Section 5.6 for a formulation of this open
problem.) What is remarkable, however, is that there is a feature of Schwarzschild
which can easily be shown to be “stable”, without understanding the p.d.e. aspects
of (2): its geodesic incompleteness.

2.7.1. Trapped surfaces. First a definition: Let (M,g) be a time-oriented
Lorentzian manifold, and S a closed spacelike 2-surface. For any point p € 5,
we may define two null mean curvatures try and try, corresponding to the two
future-directed null vectors n(z), 7i(x), where n, i are normal to S at x. We say
that S is trapped if try < 0, try < 0.

Exercise: Show that points p € Q \ clos(J~(ZT1)) correspond to trapped sur-
faces of M. Can there be other trapped surfaces? (Refer also for instance to [12].)

24Exercise: Work out explicitly the higher dimensional analogue of the Schwarzschild solu-
tion for all dimensions.
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2.7.2. Penrose’s incompleteness theorem.

THEOREM 2.2. (Penrose 1965 [126]) Let (M, g) be globally hyperbolic*® with
non-compact Cauchy surface ¥, where g is a C? metric, and let

(7) R,,VIVY >0

for all null vectors V.. Then if M contains a closed trapped two-surface S, it follows
that (M, g) is future causally geodesically incomplete.

This is the celebrated Penrose incompleteness theorem.

Note that solutions of the Einstein vacuum equations (4) satisty (7). (Inequality
(7), known as the null convergence condition, is also satisfied for solutions to the
Einstein equations (2) coupled to most plausible matter models, specifically, if
the energy momentum tensor T, satisfies T),,V#V" > 0 for all null V#.) On
the other hand, by definition, the unique solution to the Cauchy problem (the
so-called mazimal Cauchy development of initial data) is globally hyperbolic (see
Appendix B.3). Thus, the theorem applies to the maximal development of (say)
asymptotically flat (see Appendix B.2.3) vacuum initial data containing a trapped
surface. Note finally that by Cauchy stability [91], the presence of a trapped surface
in M is clearly “stable” to perturbation of initial data.

From the point of view of gravitational collapse, it is more appropriate to define
a slightly different notion of trapped. We restrict to S C X a Cauchy surface such
that S bounds a disc in X. We then can define a unique outward null vector field n
along S, and we say that S is trapped if try < 0 and antitrapped? if try > 0, where
try denotes the mean curvature with respect to a conjugate “inward” null vector
field. The analogue of Penrose’s incompleteness theorem holds under this definition.
One may also prove the interesting result that antitrapped surface cannot form if
they are not present initially. See [49].

Note finally that there are related incompleteness statements due to Penrose
and Hawking [91] relevant in cosmological (see Section 6) settings.

2.7.3. “Singularities” and strong cosmic censorship. Following [49], we have
called Theorem 2.2 an “incompleteness theorem” and not a “singularity theorem”.
This is of course an issue of semantics, but let us further discuss this point briefly as
it may serve to clarify various issues. The term “singularity” has had a tortuous his-
tory in the context of general relativity. As we have seen, its first appearance was to
describe something that turned out not to be a singularity at all-the “Schwarzschild
singularity”. It was later realised that behaviour which could indeed reasonably be
described by the word “singularity” did in fact occur in solutions, as exemplified
by the = 0 singular “boundary” of Schwarzschild towards which curvature scalars
blow up. The presence of this singular behaviour “coincides” in Schwarzschild with
the fact that the spacetime is future causally geodesically incomplete—in fact, the
curvature blows up along all incomplete causal geodesics. In view of the fact that
it is the incompleteness property which can be inferred from Theorem 2.2, it was
tempting to redefine “singularity” as geodesic incompleteness (see [91]) and to call
Theorem 2.2 a “singularity theorem”.

This is of course a perfectly valid point of view. But is it correct then to as-
sociate the incompleteness of Theorem 2.2 to “singularity” in the sense of “break-
down” of the metric? Breakdown of the metric is most easily understood with

25See Appendix A.
26Note that there exist other conventions in the literature for this terminology. See [12].
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curvature blowup as above, but more generally, it is captured by the notion of “in-
extendibility” of the Lorentzian manifold in some regularity class. We have already
remarked that maximally-extended Schwarzschild is inextendible in the strongest
of senses, i.e. as a C° Lorentzian metric. It turns out, however, that the statement
of Theorem 2.2, even when applied to the maximal development of complete initial
data for (4), is compatible with the solution being extendible as a C>° Lorentzian
metric such that every incomplete causal geodesic of the original spacetime enter
the extension! This is in fact what happens in the case of Kerr initial data. (See
Section 5.1 for a discussion of the Kerr metric.) The reason that the existence of
such extensions does not contradict the “maximality” of the “maximal develop-
ment” is that these extensions fail to be globally hyperbolic, while the “maximal
development” is “maximal” in the class of globally hyperbolic spacetimes (see The-
orem B.4 of Appendix B). In the context of Kerr initial data, Theorem 2.2 is thus
not saying that breakdown of the metric occurs, merely that globally hyperbolic-
ity breaks down, and thus further extensions cease to be predictable from initial
data.?7

A similar phenomenon is exhibited by the Reissner-Nordstrom solution of the
Einstein-Maxwell equations [91], which, unlike Kerr, is spherically symmetric and
thus admits a Penrose diagram representation:

What is drawn above is the maximal development of Y. The spacetime is future
causally geodesically incomplete, but can be extended smoothly to a (/\;l, g) such
that all inextendible geodesics leave the original spacetime. The boundary of (M, g)
in the extension corresponds to CH ™ above. Such boundaries are known as Cauchy
horizons.

The strong cosmic censorship conjecture says that the maximal development
of generic asymptotically flat initial data for the vacuum Einstein equations is

2TFurther confusion can arise from the fact that “maximal extensions” of Kerr constructed
with the help of analyticity are still geodesically incomplete and inextendible, in particular, with
the curvature blowing up along all incomplete causal geodesics. Thus, one often talks of the
“singularities” of Kerr, referring to the ideal singular boundaries one can attach to such extensions.
One must remember, however, that these extensions are of no relevance from the point of view of
the Cauchy problem, and in any case, their singular behaviour in principle has nothing to do with
Theorem 2.2.
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inextendible as a suitably regular Lorentzian metric.2® One can view this conjecture
as saying that whenever one has geodesic incompleteness, it is due to breakdown
of the metric in the sense discussed above. (In view of the above comments, for
this conjecture to be true, the behaviour of the Kerr metric described above would
have to be unstable to perturbation.??) Thus, if by the term “singularity” one
wants to suggest “breakdown of the metric”, it is only a positive resolution of the
strong cosmic censorship conjecture that would in particular (generically) make
Theorem 2.2 into a true “singularity theorem”.

2.8. Christodoulou’s work on trapped surface formation in vacuum.
These notes would not be complete without a brief discussion of the recent break-
through by Christodoulou [53] on the understanding of trapped surface formation
for the vacuum.

The story begins with Christodoulou’s earlier [41], where a condition is given
ensuring that trapped surfaces form for spherically symmetric solutions of the
Einstein-scalar field system. The condition is that the difference in so-called Hawk-
ing mass m of two concentric spheres on an outgoing null hupersurface be suffi-
ciently large with respect to the difference in area radius r of the spheres. This
is a surprising result as it shows that trapped surface formation can arise from
initial conditions which are as close to dispersed as possible, in the sense that the
supremum of the quantity 2m/r can be taken arbitrarily small initially.

The results of [41] lead immediately (see for instance [61]) to the existence
of smooth spherically symmetric solutions of the Einstein-scalar field system with
Penrose diagram

where the point p depicted corresponds to a trapped surface, and the spacetime is
past geodesically complete with a complete past null infinity, whose future is the
entire spacetime, i.e., the spacetime contains no white holes.?® Thus, black hole
formation can arise from spacetimes with a complete regular past.3!

28 As with weak cosmic censorship, the original formulation of this conjecture is due to Pen-
rose [128]. The formulation given here is from [47]. Related formulations are given in [54, 118].
One can also pose the conjecture for compact initial data, and for various Einstein-matter systems.
It should be emphasised that “strong cosmic censorship” does not imply “weak cosmic censor-
ship”. For instance, one can imagine a spacetime with Penrose diagram as in the last diagram
of Section 2.6.2, with incomplete ZT, but still inextendible across the null “boundary” emerging
from the centre.

29Note that the instability concerns a region “far inside” the black hole interior. The black
hole exterior is expected to be stable (as in the formulation of Section 5.6), hence these notes.
See (58, 59] for the resolution of a spherically symmetric version of this problem, where the role
of the Kerr metric is played by Reissner-Nordstrom metrics.

30The triangle “under” the darker shaded region can in fact be taken to be Minkowski.

31The singular boundary in general consists of a possibly empty null component emanating
from the regular centre, and a spacelike component where r = 0 in the limit and across which
the spacetime is inextendible as a C° Lorentzian metric. (This boundary could “bite off” the
top corner of the darker shaded rectangle.) The null component arising from the centre can be
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In [53], Christodoulou constructs vacuum solutions by prescribing a charac-
teristic initial value problem with data on (what will be) Z=. This Z~ is taken
to be past complete, and in fact, the data is taken to be trivial to the past of a
sphere on Z~. Thus, the development will include a region where the metric is
Minkowski, corresponding precisely to the lower lighter shaded triangle above. It is
shown that—as long as the incoming energy per unit solid angle in all directions3? is
sufficiently large in a strip of Z~ right after the trivial part, where sufficiently large
is taken in comparison with the affine length of the generators of Z~—a trapped
surface arises in the domain of development of the data restricted to the past of
this strip. Comparing with the spherically symmetric picture above, this trapped
surface would arise precisely as before in the analogue of the darker shaded region
depicted.

In contrast to the spherically symmetric case, where given the lower triangle,
existence of the solution in the darker shaded region (at least as far as trapped
surface formation) follows immediately, for vacuum collapse, showing the existence
of a sufficiently “big” spacetime is a major difficulty. For this, the results of [53]
exploit a hierarchy in the Einstein equations (4) in the context of what is there
called the “short pulse method”. This method may have many other applications
for nonlinear problems.

One could in principle hope to extend [53] to show the formation of black hole
spacetimes in the sense described previously. For this, one must first extend the
initial data suitably, for instance so that Z— is complete. If the resulting spacetime
can be shown to possess a complete future null infinity ZT, then, since the trapped
surface shown to form can be proven (using the methods of the proof of Theo-
rem 2.2) not to be in the past of null infinity, the spacetime will indeed contain a
black hole region.?* Of course, resolution of this problem would appear comparable
in difficulty to the stability problem for the Kerr family (see the formulation of
Section 5.6).

3. The wave equation on Schwarzschild I: uniform boundedness

In the remainder of these lectures, we will concern ourselves solely with linear
wave equations on black hole backgrounds, specifically, the scalar linear homo-
geneous wave equation (1). As explained in the introduction, the study of the
solutions to such equations is motivated by the stability problem for the black hole
spacetimes themselves as solutions to (4). The equation (1) can be viewed as a
poor man’s linearisation of (4), neglecting tensorial structure. Other linear prob-
lems with a much closer relationship to the study of the Einstein equations will be
discussed in Section 8.

3.1. Preliminaries. Let (M, g) denote (maximally-extended) Schwarzschild
with parameter M > 0. Let ¥ be an arbitrary Cauchy surface, that is to say,

shown to be empty generically after passing to a slightly less regular class of solutions, for which
well-posedness still holds. See Christodoulou’s proof of the cosmic censorship conjectures [45] for
the Einstein-scalar field system.

32This is defined in terms of the shear of Z~.

33In spherical symmetry, the completeness of null infinity follows immediately once a single
trapped surface has formed, for the Einstein equations coupled to a wide class of matter models.
See for instance [60]. For vacuum collapse, Christodoulou has formulated a statement on trapped
surface formation that would imply weak cosmic censorship. See [47].
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a hypersurface with the property that every inextendible causal geodesic in M
intersects 3 precisely once. (See Appendix A.)

PROPOSITION 3.1.1. If € HE (X), V' € HL.(X), then there is a unique v
with ¥|s € HE (S), nsils € HL(S), for all spacelike S C M, satisfying

Dngov ¢|E :11)7 n2¢|2 :ll)lv

where ny, denotes the future unit normal of ¥. Form > 1, if p € H™M ' €

loc

H"., then 9|s € Hl’c’?CH(S), nsYls € HI.(S). Moreover, if {1, Py, and Pa, )

are as above and Py = Yo, V) = V) in an open set U C X, then 1 = by in
M\ JE(\ clos(U)).

We will be interested in understanding the behaviour of v in the exterior of the
black hole and white hole regions, up to and including the horizons. It is enough
of course to understand the behaviour in the region

D =clos (J (ZH)NJT(Z;))NQ

where If denote a pair of connected components of Z*, respectively, with a com-
mon limit point.3

Moreover, it suffices (Exercise: Why?) to assume that X NH~ = (), and that
we are interested in the behaviour in J~(Z1) N JT(X). Note that in this case,
by the domain of dependence property of the above proposition, we have that the
solution in this region is determined by VP|pns, V'|pns. In the case where 3 itself
is spherically symmetric, then its projection to Q will look like:

If X is not itself spherically symmetric, then its projection to Q will in general have
open interior. Nonetheless, we shall always depict > as above.

3.2. The Kay—Wald boundedness theorem. The most basic problem is
to obtain uniform boundedness for . This is resolved in the celebrated:

THEOREM 3.1. Let v, \, V' be as in Proposition 3.1.1, with \ € Hfgjl(E),

V' € H.(X) for a sufficiently high m, and such that b, ' decay suitably at i°.
Then there is a constant D depending on \p, ' such that

lY| <D
in D.
34We will sometimes be sloppy with distinguishing between 7~ (p) and p, where 7 : M — Q

denotes the natural projection, distinguishing J~(p) and J~(p) N Q, etc. The context should
make clear what is meant.
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The proof of this theorem is due to Wald [151] and Kay-Wald [98]. The “easy
part” of the proof (Section 3.2.3) is a classic application of vector field commutators
and multipliers, together with elliptic estimates and the Sobolev inequality. The
main difficulties arise at the horizon, and these are overcome by what is essentially
a clever trick. In this section, we will go through the original argument, as it is a
nice introduction to vector field multiplier and commutator techniques, as well as
to the geometry of Schwarzschild. We will then point out (Section 3.2.7) various
disadvantages of the method of proof. Afterwards, we give a new proof that in fact
achieves a stronger result (Theorem 3.2). As we shall see, the techniques of this
proof will be essential for future applications.

3.2.1. The Killing fields of Schwarzschild. Recall the symmetries of (M, g):
(M, g) is spherically symmetric, i.e. there is a basis of Killing vectors {Q;}3_;
spanning the Lie algebra so(3). These are sometimes known as angular momentum
operators. In addition, there is another Killing field T' (equal to 9; in the coordinates
(5)) which is hypersurface orthogonal and future directed timelike near . This
Killing field is in fact timelike everywhere in J~(ZT)NJ*(Z~), becoming null and
tangent to the horizon, vanishing at H™ N H~. We say that the Schwarzschild
metric in J~(ZT)NJT(Z7) is static. T is spacelike in the black hole and white hole
regions.

Note that whereas in Minkowski space R3T1, the Killing fields at any point span
the tangent space, this is no longer the case for Schwarzschild. We shall return to
this point later.

3.2.2. The current JT and its energy estimate. Let o, denote the 1-parameter
group of diffeomorphisms generated by the Killing field 7. Define ¥, = ¢ (XN D).
We have that {X;},>0 defines a spacelike foliation of

R =Ur>0%7.
Define
HY0,7) =HT N T (Ze) N T (Z,),
and
R(O, T) = UOS-,—-STE;—.

Let nf, denote the future directed unit normal of X, and let nf%, define a null
generator of Ht, and give H* the associated volume form.3>

Let JE(w) denote the energy current defined by applying the vector field T as
a multiplier, i.e.

1
Ju @) = Ty (V)T = (0000t = 590" P0atp) T
with its associated current K7 (1)),
KT('(/)) = TﬂuyTuV(¢) = V“Jg(lb),

where T, denotes the standard energy momentum tensor of ¢ (see Appendix D).
Since T is Killing, and VAT, = 0, it follows that KT (¢)) = 0, and the divergence

35Recall that for null surfaces, the definition of a volume form relies on the choice of a normal.
All integrals in what follow will always be with respect to the natural volume form, and in the
case of a null hypersurface, with respect to the volume form related to the given choice of normal.
See Appendix C.
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theorem (See Appendix C) applied to JE in the region R(0, 1) yields

s) R ACIE B AR AT

- HH(0,7)

See

Since T is future-directed causal in D, we have
(9) Ji()nk >0, Ji(¢)nk, > 0.
Let us fix an 79 > 2M. It follows from (8), (9) that

/ TT (s < / T (s
E,—ﬂ{’l‘zro} >0

As long as —g(T,nx,) < B for some constant B,3% we have

B(ro, 2)((0:)* + (0,9)* + | VI?) = Jy ()0 > blro, B)((0:)* + (0:9) + | V).

Here, |V¢|* denotes the induced norm on the group orbits of the SO(3) action,
with YV the gradient of the induced metric on the group orbits. We thus have

/ (0 + (0:0)? + |V < B(ro, ) / T (s
S-0{r>ro} 3o

3.2.3. T as a commutator and pointwise estimates away from the horizon. We
may now commute the equation with T (See Appendix E), i.e., since [O,,T] = 0,
if 0419 = 0 then O4(TY) = 0. We thus obtain an estimate

(10) / (0202 + (0,000)° + VO < B(ro, %) / T (Tt
S.N{r>ro} o

Exercise: By elliptic estimates and a Sobolev estimate show that if P(z) — 0 as
x — 1%, then (10) implies that for 7 > ro,

(1) ol < B(ro, ) [, + [ T Tt ).

for solutions v of 041 = 0.

The right hand side of (11) is finite under the assumptions of Theorem 3.1, for
m = 1. Thus, proving the estimate of Theorem 3.1 away from the horizon poses
no difficulty. The difficulty of Theorem 3.1 is obtaining estimates which hold up to
the horizon.

36For definiteness, one could choose ¥ to be a surface of constant t* defined in Section 2.2,
or alternatively, require that it be of constant ¢ for large r.
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Remark: The above argument via elliptic estimates clearly also holds for
Minkowski space. But in that case, there is an alternative “easier” argument,
namely, to commute with all translations.?” We see thus already that the lack of
Killing fields in Schwarzschild makes things more difficult. We shall again return
to this point later.

3.2.4. Degeneration at the horizon. As one takes ro — 2M, the constant B(rg, 2)
provided by the estimate (11) blows up. This is precisely because T becomes null
on H* and thus its control over derivatives of 1) degenerates. Thus, one cannot
prove uniform boundedness holding up to the horizon by the above.

Let us examine more carefully this degeneration on various hypersurfaces.

On X, we have only

(12) Ty () > B(S:)((0e-1)* + (1= 2M /1) (0:9)* + |V9[).

We see the degeneration in the presence of the factor (1 — 2M/r). Note that
(Exercise) 1 — 2M /r vanishes to first order on H* \ H~. Alternatively, one can
examine the flux on the horizon H™ itself. For definiteness, let us choose ny+ =T

in RNHT. We have
(13) J ()T = (Te)>.

Comparing with the analogous computation on a null cone in Minkowski space, one
sees that a term |Y1|? is “missing”.

Are estimates of the terms (12), (13) enough to control ¢? It is a good idea to
play with these estimates on your own, allowing yourself to commute the equation
with 7" and €; to obtain higher order estimates. Exercise: Why does this not lead
to an estimate as in (11)7

It turns out that there is a way around this problem and the degeneration on
the horizon is suggestive. For suppose there existed a 1 such that

(14) Dgw = 07 Tq/) = 1/)
Let us see immediately how one can obtain estimates on the horizon itself. For this,
we note that

JL(D)TH 4+ JT(0)TH = ¢ + (T)*.

Commuting now with the whole Lie algebra of isometries, we obtain
JT ()T + JT () TH + Z JT( Q)T  + JT(Tp)TH - -
=y + (Ty)* + Z Q) + (T%¢)* +
Clearly, by a Sobolev estimate applied on the horizon, together with the estimate

[ arw@dmg < [ arwe i,
HANR Y

for T' =T,9Q; (here () denotes a multi-index of arbitrary order), we would obtain

(15) NEF B / Dk,

=T, |(a)]<2

on Ht NR.

37Rasier, but not necessarily better. . .
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It turns out that the estimate (15) can be extended to points not on the horizon
by considering t = ¢ surfaces. Note that these hypersurfaces all meet at HT*NH ™. It
is an informative calculation to examine the nature of the degeneration of estimates
on such hypersurfaces because it is of a double nature, since, in addition to T
becoming null, the limit of (subsets of) these spacelike hypersurfaces approaches
the null horizon H™. We leave the details as an exercise.

3.2.5. Inverting an elliptic operator. So can a ’(ZJ satisfying (14) actually be
constructed? We have

PROPOSITION 3.2.1. Suppose m is sufficiently high, \, ' decay suitably at i°,
and V|y+nn- =0, EY|y+an- = 0 for some spherically symmetric timelike vector
field 2 defined along H™ NH~. Then there exists a v satisfying qu = 0 with
Ti[) =1 in D, and moreover, the right hand side of (15) is finite.

Formally, one sees that on ¢ = ¢ say, if we let g denote the induced Riemannian
metric, and if we impose initial data

Ti/;|t:c = 1/)7

Pli—e = AT,
where A = A(l_QM/T)flg+(2M/r2)(1—2M/r)8T, and let ) solve the wave equation
with this data, then .
Ty =9
as desired.

So to use the above, it suffices to ask whether the initial data for ¢ above
can be constructed and have sufficient regularity so as for the right hand side of
(15) to be defined. To impose the first condition, since T' = 0 along HT N H™,
one must have that v vanish there to some order. For the second condition, note
first that the metric (1 — 2M/r)~'g has an asymptotically hyperbolic end and an
asymptotically flat end. Thus, to construct A~'T%) suitably well-behaved?®, one
must have that 71 decays appropriately towards the ends. We leave to the reader
the task of verifying that the assumptions of the Proposition are sufficient.

3.2.6. The discrete isometry. Proposition 3.2.1, together with estimates (15)
and (11), yield the proof of Theorem 3.1 in the special case that the conditions of
Proposition 3.2.1 happen to be satisfied. In the original paper of Wald [151], one
took Xy to coincide with ¢ = 0 and restricted to data 1\, {" which were supported in
a compact region not containing HT NH~. Clearly, however, this is a deficiency, as
general solutions will be supported in H* NH ™. (See also the last exercise below.)

It turns out, however, that one can overcome the restriction on the support by
the following trick: Note that the previous proposition produces a 1[1 such that T(/N} =
1 on all of D. We only require however that Tz/NJ =1 on R. The idea is to define a
new \, ' on X, such that 1 =1, P’ =1’ on ¥y and, denoting by 1 the solution
to the Cauchy problem with the new data, ¥|y+qy- = 0, Zb|y+n- = 0. By the
previous proposition and the domain of dependence property of Proposition 3.1.1,
we will have indeed constructed a 1/1 with T@ZJ 1 in R for which the right hand
side of (15) is finite.

Remark that Schwarzschild admits a discrete symmetry generated by the map
R — —R in the Kruskal R-coordinate defined in section 2.3. Define 1\, 1\’ so that

Y(R, ) = —b(-R, ), ¥'(R,") = —V'(-R,").

3850 that we may apply to this quantity the arguments of Section 3.2.4.
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PROPOSITION 3.2.2. Under the above assumptions, it follows that
P(R,-) = (=R, ).

The proof of the above is left as an exercise in preservation of symmetry for
solutions of the wave equation. It follows immediately that

Ylrron- =0
and that

6U¢ = —8V¢’
and thus (Jy + 0y)Y = 0. Here U and V are the bounded null coordinates of
Section 2.3. In view of the above remarks and Proposition 3.2.1 with = = dy + dv,
we have shown the full statement of Theorem 3.1.

Exercise: Work out explicit regularity assumptions and quantitative depen-
dence on initial data in Theorem 3.1, describing in particular decay assumptions
necessary at i°.

Exercise: Prove the analogue of Theorem 3.1 on the Oppenheimer-Snyder
spacetime discussed previously. Hint: One need not know the explicit form of the
metric, the statement given about the Penrose diagram suffices. Convince yourself
that the original restricted version of Theorem 3.1 due to Wald [151], where the
support of 1 is restricted near H+ N H ™, is not sufficient to yield this result.

3.2.7. Remarks. The clever proof described above successfully obtains point-
wise boundedness for ¢ up to the horizon H*. Does this really close the book,
however, on the boundedness question? From various points of view, it may be
desirable to go further.

(1) Even though one obtains the “correct” pointwise result, one does not
obtain boundedness at the horizon for the energy measured by a local
observer, that is to say, bounds for

[t
s,

This indicates that it would be difficult to use this result even for the
simplest non-linear problems.

(2) One does not obtain boundedness for transverse derivatives to the horizon,
i.e. in (t*,7) coordinates, 9,1, 82, etc. (Exercise: Why not?)

(3) The dependence on initial data is somewhat unnatural. (Exercise: Work
out explicitly what it is.)

As far as the method of proof is concerned, there are additional short-
comings when the proof is viewed from the standpoint of possible future
generalisations:

(4) To obtain control at the horizon, one must commute (see (15)) with all an-
gular momentum operators €2;. Thus the spherical symmetry of Schwarzs-
child is used in a fundamental way.

(5) The exact staticity is fundamental for the construction of . It is not clear
how to generalise this argument in the case say where T is not hypersurface
orthogonal and Killing but one assumes merely that its deformation tensor
T7rl“, decays. This would be the situation in a bootstrap setting of a non-
linear stability problem.
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(6) The construction of 1 requires the discrete isometry of Schwarzschild,
which again, cannot be expected to be stable.

3.3. The red-shift and a new proof of boundedness. We give in this
section a new proof of boundedness which overcomes the shortcomings outlined
above. In essence, the previous proof limited itself by relying solely on Killing fields
as multipliers and commutators. It turns out that there is an important physical
aspect of Schwarzschild which can be captured by other vector-field multipliers
and commutators which are not however Killing. This is related to the celebrated
red-shift effect.

3.3.1. The classical red-shift. The red-shift effect is one of the most celebrated
aspects of black holes. It is classically described as follows: Suppose two observers,
A and B are such that A crosses the event horizon and B does not. If A emits a
signal at constant frequency as he measures it, then the frequency at which it is
received by B is “shifted to the red”.

N

The consequences of this for the appearance of a collapsing star to far-away ob-
servers were first explored in the seminal paper of Oppenheimer-Snyder [125] re-
ferred to at length in Section 2. For a nice discussion, see also the classic text-
book [117].

The red-shift effect as described above is a global one, and essentially depends
only on the fact that the proper time of B is infinite whereas the proper time of A
before crossing H* is finite. In the case of the Schwarzschild black hole, there is a
“local” version of this red-shift: If B also crosses the event horizon but at advanced
time later than A:

N

then the frequency at which B receives at his horizon crossing time is shifted to
the red by a factor depending exponentially on the advanced time difference of the
crossing points of A and B.

The exponential factor is determined by the so-called surface gravity, a quantity
that can in fact be defined for all so-called Killing horizons. This localised red-shift
effect depends only on the positivity of this quantity. We shall understand this
more general situation in Section 7. Let us for now simply explore how we can
“capture” the red-shift effect in the Schwarzschild geometry.

3.3.2. The vector fields N, Y, and Y. Tt turns out that a “vector field multi-
plier” version of this localised red-shift effect is captured by the following
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PROPOSITION 3.3.1. There exists a @i-invariant smooth future-directed timelike
vector field N on R and a positive constant b > 0 such that

KN () 2 b)Y () N*
on HT.
(See Appendix D for the JV, K~ notation.)

PRrROOF. Note first that since T is tangent to H™T, it follows that given any
o < 00, there clearly exists a vector field Y on R such that

(1) Y is ¢, invariant and spherically symmetric.
(2) Y is future-directed null on H* and transverse to H*, say g(T,Y) = —2.

(3) On HT,
(16) VyY =—-0c (Y +T).
Since T is tangent to H T, along which Y is null, we have
(17) 4(VrY,Y) =0,

From properties 1 and 2, and the form of the Schwarzschild metric, one computes
(Exercise)

(18) gV, T) =2k > 0
on HT. Defining a local frame E;, Fs for the SO(3) orbits, we note
1
9(Ve YY) = SEig(Y,Y) =0,

9(VE Y, E2) = —g(Y,VE Ey) = —g(Y, Vi, E1) = g(VE,Y, E1).
Writing thus

(19) VY = —kY +a' E| +d* E,
(20) VyY=—-0cT-0Y
1
(21) VeY =hiE +h2E, — 5(11 Y
1
(22) Vg,Y =hy By +h3 Ey — 5aQY
with (h? = hl), we now compute
1
K" = 5 (T(Ya Y)K: + T(Ta Y)U + T(Tv T)U)
1
- 5(T(El, Y)a' + T(Ey,Y)a?)

+ T(Ey, B1)hi + T(E2, Eo)hd + T(Ey, E2)(h? + hd)

where we denote the energy momentum tensor by T, to prevent confusion with 7.
(Note that, in view of the fact that Q imbeds as a totally geodesic submanifold of
M, we have in fact a' = a® = 0. This is of no importance in our computations,
however.) It follows immediately in view again of the algebraic properties of T,
that

1 1
KY > S TVY) + 2o T(T,Y + 1)

—¢T(T,Y +T) — e /T(T,Y + T)T(Y,Y)
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where ¢ is independent of the choice of o. It follows that choosing o large enough,
we have

KY > b J (T +Y)"
So just set N =T + Y, noting that KV = K7 + KY = K. |

The computation (18) represents a well known property of stationary black
holes holes and the constant  is the so-called surface gravity. (See [148].) Note
that since Y is ¢;-invariant and 7' is Killing, we have

g(VrY,T) = g(VyT,T) = —g(V7T,Y)
on H*. On the other hand
g(VTTy El) = _g(VElT, T) = 07
since T is null on HT. Thus, & is alternatively characterized by
VTT =rT
on HT. We will elaborate on this in Section 7, where a generalisation of Proposi-
tion 3.3.1 will be presented.

Exercise: Relate the strength of the red-shift with the constant «, for the case
where observers A and B both cross the horizon, but B at advanced time v later
than A.

If one desires an explicit form of the vector field, then one can argue as follows:
Define first the vector field Y by

1

(23) Y= 0o O

(See Appendix F.) Note that this vector field satisfies g(VY}A/, T) = 0. Define
Y = (14 01(r — 2M))Y + 8o(r — 2M)T.

It suffices to choose 1, 6o appropriately.
The behaviour of N away from the horizon is of course irrelevant in the above
proposition. It will be useful for us to have the following:

COROLLARY 3.1. Let ¥ be as before. There exists a p-invariant smooth future-
directed timelike vector field N on R, constants b > 0, B > 0, and two values
2M < rg <11 < oo such that

(1) KN >bJYnk forr <,
(2) N=T forr>ry,
(3) |KN| < BJEH‘ZL, and J/ivn; ~ JIn forrg <1 <ry.

3.3.3. N as a multiplier. Recall the definition of R(0, 7). Applying the energy
identity with the current J in this region, we obtain

/ ijn’§+/ Jivn%—i—/ KN

pa H+(0,7) {r<ro}NR(0,7)
(—KN) +/ TN
) Zo

The reason for writing the above identity in this form will become apparent in what
follows. Note that since N is timelike at H ', we see all the “usual terms” in the
flux integrals, i.e.

29 -/
{ro<r<ri}NR(0,7

TVl ~ (0e)? + |V,
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and

Tank ~ (00 0)* + (0,9)” + VU
The constants in the ~ depend as usual on the choice of the original ¥, and the
precise choice of N.

Now the identity (24) also holds where X is replaced by .., HT(0,7) is
replaced by H*(7,7), and R(0,7) is replaced by R(7’,7), for an arbitrary 0 <
T <

We may add to both sides of (24) an arbitrary multiple of the spacetime integral

f{rzro}ma(f',r) Jgn% In view of the fact that

/ J . ~/ (/ J;Vn;> dr
{r>r"}NR(7",7) ke {r>r'}NX;

for any ' > 2M (where ~ depends on Xy, N), from the inequalities shown and
property 3 of Corollary 3.1 we obtain

/Jlivng—i-b/ (/ J,ﬁvn’é)dTgB/ (/ J[ng>d7+/ JNnk.
b)) T/ pIFS T/ pIFS X

.

On the other hand, in view of our previous (8), (9), we have

(25) / (/ Jgn‘§> dr < (1 — T/)/ Jgng
7 \Jz, S

Setting

fo) = [t

we have that
(26) f(m)+ b// f(F)d7 < BD(r — 1)+ f(7")

for all 7 > 7/ > 0, from which it follows (Exercise) that f < B(D + f(0)). (We
use the inequality with D = on J MT ngo) In view of the trivial inequality

T, K N _ 1
/ JunZo SB/ Ju ns, s
3o 3o
we obtain

(27) / Jnk <B / JNnk, .
s, 0

We have obtained a “local observer’s” energy estimate. This addresses point 1
of Section 3.2.7.

3.3.4. Y as a commutator. It turns out (Exercise) that from (27), one could
obtain pointwise bounds as before on ¢ by commuting with angular momentum
operators €2;. No construction of 1[), 1, ete., would be necessary, and this would
thus address points 3, 5, 6 of Section 3.2.7.

Commuting with ; clearly would not address however point 4. Moreover, it
would not address point 2. Exercise: Why not?

It turns out that one can resolve this problem by applying N not only as a
multiplier, but also as a commutator. The calculations are slightly easier if we
more simply commute with ¥ defined in (23).
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PROPOSITION 3.3.2. Let ¢ satisfy Ogp = 0. Then we may write
N 2 2M\ o - 4 -
(28) salV0) = (2= Z0) V() - 20w + Ao

where Py is the first order operator Py = 2 (T — Y).

This is proven easily with the help of Appendix E. As we shall see, the sign
of the first term on the right hand side of (28) is important. We will interpret this
computation geometrically in terms of the sign of the surface gravity in Theorem 7.2
of Section 7.

Let us first note that our boundedness result gives us in particular

(29) / KN(@)<BDrt
{r<ro}NR(0,7)

where D comes from initial data. (Exercise: Why?) Commute now the wave
equation with 7" and apply the multiplier N. See Appendix E. One obtains in
particular an estimate for

/ (YTy)* <B KN(Ty) < BD,
{r<ro}nNR(0,7) {r<ro}NR(0,7)

where again D refers to a quantity coming from initial data. Commuting now the
wave equation with Y and applying the multiplier NV, one obtains an energy identity
of the form

NV nt N (Yp)nk KN(Y
/ZTJ# ( ¢)nz +/ J# ( w)nH—’_/{rﬁro}QR(oﬂ') ( w)

HH(0,7)

(30)

-/ (KN (¥ ()
{ro<r<ri}NR(0,7)

+ / EN(Y ) + / EN (YY)
{r<ro}NR(0,7) {r>ro}NR(0,7)

+ / TN ()t
3o

where JN (Y)), KN (Y1) are defined by (123), (124), respectively, with Y1) replac-
ing v, and

ENT) = -~ (V) - ) + po)
= 2wy
-2 DT ETE) N (7 (1)
— (NY9) Py,

The first term on the right hand side has a good sign! Applying Cauchy-Schwarz
and the fact that N —Y = T on HT, it follows that choosing rg accordingly, one
obtains that the second two terms can be bounded in r < ry by

eKN(Yop) + e (YTy)?
whereas the last term can be bounded by
eKN(Y) + e LKV ().
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In view of (29) and (30), one obtains

/ EN(YY) < e/ KN(Y) + Be ' Dr.

{r<ro}NR(0,7) {r<ro}NR(0,7)

Exercise: Show how from this one can arrive again at an inequality (26).
Commuting repeatedly with T, Y, the above scheme plus elliptic estimates

yield natural H™ estimates for all m. Pointwise estimates for all derivatives then

follow by a standard Sobolev estimate.

3.3.5. The statement of the boundedness theorem. We obtain finally

THEOREM 3.2. Let X be a Cauchy hypersurface for Schwarzschild such that
SNH =0, let Xg =DNYX, let X, denote the translation of Yo, let nx_ denote
the future normal of X;, and let R = U,>0X,. Assume —g(ns,,T) is uniformly
bounded. Then there exists a constant C' depending only on Xy such that the follow-
ing holds. Let 1, \, ' be as in Proposition 3.1.1, with\p € H{gl(E), Ve HE (2),
and

JE(me)n‘ZLO < o0
Yo
for0<m < k. Then

V>l sy + 00l (s,) < C (IV00]gigsy) + W (s, -
If k > 1, then we have

S X 1@l <0 (im0 Vs + W s,
0<m<k—1mi+ma=m,m;>0 T
nR.

Note that (V*)™1n™2¢) denotes an m;-tensor on the Riemannian manifold 3.,
and | - | on the left hand side of the last inequality above just denotes the induced
norm on such tensors.

3.4. Comments and further reading. The first discussion of the wave
equation on Schwarzschild is perhaps the work of Regge and Wheeler [131], but
the true mathematical study of this problem was initiated by Wald [151], who
proved Theorem 3.1 under the assumption that ) vanished in a neighbourhood of
HTNH ™. The full statement of Theorem 3.1 and the proof presented in Section 3.2
is due to Kay and Wald [98]. The present notes owe a lot to the geometric view
point emphasised in the works [151, 98].

Use of the vector field Y as a multiplier was first introduced in our [65], and its
use is central in [66] and [67]. In particular, the property formalised by Proposi-
tion 3.3.1 was discovered there. It appears that this may be key to a stable under-
standing of black hole event horizons. See Section 3.5 below, as well as Section 7,
for a generalisation of Proposition 3.3.1.

It is interesting to note that in [66, 67], Y had always been used in conjunction
with vector fields X of the type to be discussed in the next section (which require
a more delicate global construction) as well as 7. This meant that one always
had to obtain more than boundedness (i.e. decay!) in order to obtain the proper
boundedness result at the horizon. Consequently, one had to use many aspects of
the structure of Schwarzschild, particularly, the trapping to be discussed in later
lectures. The argument given above, where boundedness is obtained using only
N and T as multipliers is presented for the first time in a self-contained fashion
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in these lectures. The argument can be read off, however, from the more general
argument of [68] concerning perturbations of Schwarzschild including Kerr. The
use of Y as a commutator to estimate higher order quantities also originates in [68].
The geometry behind this computation is further discussed in Section 7.

Note that the use of Y together with T is of course equivalent to the use of N
and 7. We have chosen to give a name to the vector field N =T + Y merely for
convenience. Timelike vector fields are more convenient when perturbing. . .

Another remark on the use of ¥ as a commutator: Enlarging the choice of
commutators has proven very important in previous work on the global analysis of
the wave equation. In a seminal paper, Klainerman [100] showed improved decay
for the wave equation on Minkowski space in the interior region by commutation
with scaling and Lorentz boosts. This was a key step for further developments for
long time existence for quasilinear wave equations [101].

The distinct role of multipliers and commutators and the geometric consid-
erations which enter into their construction is beautifully elaborated by Christo-
doulou [52].

3.5. Perturbing? Can the proof of Theorem 3.2 be adapted to hold for space-
times “near” Schwarzschild? To answer this, one must first decide what one means
by the notion of “near”. Perhaps the simplest class of perturbed metrics would
be those that retain the same differentiable structure of R, retain H* as a null
hypersurface, and retain the Killing field 7. One infers (without computation!)
that the statement of Proposition 3.3.1 and thus Corollary 3.1 is stable to such
perturbations of the metric. Therein lies the power of that Proposition and of the
multiplier N. (In fact, see Section 7.) Unfortunately, one easily sees that our ar-
gument proving Theorem 3.2 is still unstable, even in the class of perturbations
just described. The reason is the following: Our argument relies essentially on an a
priori estimate for fZT JIn# (see (25)), which requires T to be non-spacelike in R.
When one perturbs, T' will in general become spacelike in a region of R. (As we
shall see in Section 5.1, this happens in particular in the case of Kerr. The region
where T is spacelike is known as the ergoregion.)

There is a sense in which the above is the only obstruction to perturbing the
above argument, i.e. one can solve the following

Exercise: Fix the differentiable structure of R and the vector field T. Let g
be a metric sufficiently close to Schwarzschild such that H™ is null, and suppose T'
is Killing and non-spacelike in R, and T is null on #*. Then Theorem 3.2 applies.
(In fact, one need not assume that 7" is non-spacelike in R, only that 7" is null on
the horizon.) See also Section 7.

Exercise: Now do the above where T is not assumed to be Killing, but T,
is assumed to decay suitably. What precise assumptions must one impose?

This discussion may suggest that there is in fact no stable boundedness argu-
ment, that is to say, a “stable argument” would of necessity need to prove more
than boundedness, i.e. decay. We shall see later that there is a sense in which this
is true and a sense in which it is not! But before exploring this, let us understand
how one can go beyond boundedness and prove quantitative decay for waves on
Schwarzschild itself. It is quantitative decay after all that we must understand if
we are to understand nonlinear problems.
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4. The wave equation on Schwarzschild II: quantitative decay rates

Quantitative decay rates are central for our understanding of non-linear prob-
lems. To discuss energy decay for solutions i of 049 = 0 on Schwarzschild, one
must consider a different foliation. Let ¥y be a spacelike hypersurface terminating
on null infinity and define 32, (for 7 > 0) by future translation.

The main result of this section is the following

THEOREM 4.1. There exists a constant C depending only on Yo such that the
following holds. Let { € H _, V' € HY ., and suppose lim, ;0 =0 and

Z Z / rJ"O (T p)ynl < oo

[(@)|<3 T={}
where ng denotes the unit normal of the hypersurface {t = 0}. Then

(31) [ s wm < crn,

.

where N is the vector field of Section 3.3.2. Now let v € H{_, V' € HP_,
lim, ;0P =0, and suppose

By = Z Z / TQJZL‘O(F(O‘)w)ng<oo.
-0

l(e)|<6T={2;} /1=
Then

(32) sup V|| < CV/Eyr™t,  supr|y| < Cy/Eyr 2,
s, s,

The fact that (31) “loses derivatives” is a fundamental aspect of this problem
related to the trapping phenomenon, to be discussed in what follows, although
the precise number of derivatives lost above is wasteful. Indeed, there are several
aspects in which the above results can be improved. See Proposition 4.2.1 and the
exercise of Section 4.3.

We can also express the pointwise decay in terms of advanced and retarded
null coordinates u and v. Defining® v = 2(t + r*) = 2(t + r + 2M log(r — 2M)),
u=2(t—1r*)=2(t—r—2Mlog(r —2M)), it follows in particular from (32) that

(33) [ < CBy(jo]+ )7, |r¢| < C(ro) Ba(max{u,1})77,

where the first inequality applies in D N clos({¢ > 0}), whereas the second applies
only in DN{t > 0}N{r > ro}, with C(rg) — oo as rg — 2M. See also Appendix F.

39The strange convention on the factor of 2 is chosen simply to agree with [65].



132 MIHALIS DAFERMOS AND IGOR RODNIANSKI

Note that, as in Minkowski space, the first inequality of (33) is sharp as a uniform
decay rate in v.

4.1. A spacetime integral estimate. The zero’th step in the proof of The-
orem 4.1 is an estimate for a spacetime integral whose integrand should control the
quantity

(34) XY W)l

where x is a (s -invariant weight function such that x degenerates only at infinity.
Estimates of the spacetime integral (34) have their origin in the classical virial
theorem, which in Minkowski space essentially arises from applying the energy
identity to the current JY with V = %.

Naively, one might expect to be able to obtain an estimate of the form say

(35 / XIN(@)nkt < B/ INnt
) R(0,7) p Wi, 5, 0

for such a y. It turns out that there is a well known high-frequency obstruc-
tion for the existence of an estimate of the form (35) arising from trapped null
geodesics. This problem has been long studied in the context of the wave equa-
tion in Minkowski space outside of an obstacle, where the analogue of trapped null
geodesics are straight lines which reflect off the obstacle’s boundary in such a way
so as to remain in a compact subset of space. In Schwarzschild, one can easily infer
from a continuity argument the existence of a family of null geodesics with i* as
a limit point.*® But in view of the integrability of geodesic flow, one can in fact
understand all such geodesics explicitly.

Exercise: Show that the hypersurface r = 3M is spanned by null geodesics.
Show that from every point in R, there is a codimension-one subset of future
directed null directions whose corresponding geodesics approach » = 3M, and all
other null geodesics either cross HT or meet Z7.

The timelike hypersurface » = 3M is traditionally called the photon sphere.
Let us first see how one can capture this high frequency obstruction.

4.1.1. A multiplier X for high angular frequencies. We look for a multiplier
with the property that the spacetime integral it generates is positive definite. Since
in Minkowski space, this is provided by the vector field 0,., we will look for simple
generalisations. Calculations are slightly easier when one considers 0,.« associated
to Regge-Wheeler coordinates (r*,t). See Appendix F.2 for the definition of this
coordinate system.*! For X = f(r*)d,-, where f is a general function, we obtain
the formula

X _ I o S 7% 2_1 / r—2M a
K —TM/T(@T*U)) +;<1 . >|Y7¢| 1 <2f +4—T2 f)v VYV 1.

Here f’ denotes ddﬂ‘;. We can now define a “modified” current
w 1 1
JOv = JX(0) + gwau(¢2) - g(auwﬁ/’Q

40This can be thought of as a very weak notion of what it would mean for a null geodesic to
be trapped from the point of view of decay results with respect to the foliation Sy

41Remember, when considering coordinate vector fields, one has to specify the entire coor-
dinate system. When considering Oy, it is here to be understood that we are using Schwarzschild
coordinates, and when considering 9.+, it is to be understood that we are using Regge-Wheeler
coordinates. The precise choice of the angular coordinates is of course irrelevant.
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associated to the vector field X and the function w. Let
Xw _ op 71X,w
K =V LJM .

Choosing

w=f’+2r_2M (5(7‘—2M)( ?)M)f7

r2 U b=

rd r

we have

R T T P
+f (1 - ﬂ) ((1 - M) VU2 + 55 (0) )

- (%mg (2f’+47“ _TSMerzé(’” ;52M) (1— %) f)) 2

Recall that in view of the spherical symmetry of M, we may decompose

Y= Z ¢€,m(rv t)YmJ(‘gv ¢)

£20,Im|<¢t

where Y, ¢ are the so-called spherical harmonics, each summand satisfies again the
wave equation, and the convergence is in L? of the SO(3) orbits.

Let us assume that vy ,,, = 0 for spherical harmonic number ¢ < L for some L to
be determined. We look for KX% such that fsg KX® >0, but also fs2 |J§7wn”\ <
stz J/ivn”. Here fgz denotes integration over group orbits of the SO(3) action.
For such %, in view of the resulting inequality

L(L+1
HEED [ < [ o

it follows that taking L sufficiently large and 0 < § < 1 sufficiently small so that

1-— % > %, it clearly suffices to construct an f with the following properties:
(1) /] < B,

(2) f'> B(1—2M/r)r—4,

(3) f(r=3M) =0,

(4)

()

4 —ng(Zf’+4r M p | odt—2M) (1—¥)f)(r=3M)>o,

Lo, (2 +42530 f 4 2202 ) (1-32)f) < By

5) 8

for some constants B, B. Exercise. Show that one can construct such a function.

Note the significance of the photon sphere!

4.1.2. A multiplier X for all frequencies. Constructing a multiplier for all spher-
ical harmonics, so as to capture in addition “low frequency” effects, is more tricky.
It turns out, however, that one can actually define a current which does not require
spherical harmonic decomposition at all. The current is of the form:

TXW) = eJN()+ I (v +ZJX w’

1 (o (r—2M_ (r* —a —al/?)

2 fo(r —2M) r? a? + (r* —a — al/2)?
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Here, N is as in Section 3.3.2, X = %0,+, X? = f%0,~, the warped current JXv
is defined as in Section 4.1.1,

u C, Ca
! T oarz ¥
b ]. lr*_a_al/Q 1 1/2
f _—<tan — — —tan~ (—l—a/)),
o a

w’ = % ((f”)’ +27’_7,—§be> ,

and e, Cy, ¢4, a are positive parameters which must be chosen accordingly. With
these choices, one can show (after some computation) that the divergence KX =
V“Jﬁ( controls in particular

(36) KX(@) = b [ 7Y@,
52 s2

where x is non-vanishing but decays (polynomially) as r — oo. Note that in view
of the normalisation (125) of the r* coordinate, X” = 0 precisely at 7 = 3M. The
left hand side of the inequality (36) controls also second order derivatives which
degenerate however at » = 3M. We have dropped these terms. It is actually useful
for applications that the JX" (1) part of the current is not “modified” by a function
w®, and thus 1 itself does not occur in the boundary terms. That is to say

3
67 X < B (JiV(w)n“ iy mem“) |

i=1

On the event horizon HT, we have a better one-sided bound
3
) Nl < B <J5<w>nz+ 5y J5<niw>nz+> .
i=1

For details of the construction, see [67].
In view of (36), (37) and (38), together with the previous boundedness result
Theorem 3.2, one obtains in particular the estimate

3
CUN o X Ins < B / (J;V W)+ Y (M)) nl

3(7") i—1

for some nonvanishing ¢;-invariant function x which decays polynomially as r — oc.

On the other hand, considering the current Jz((PgLT/)) + Jf“’((l — P<p)vY),
where Jli(’w is the current of Section 4.1.1 and P<r% denotes the projection to the
space spanned by spherical harmonics with ¢ < L, we obtain the estimate

(1) a T

(10) /. XY@ < B JRACS

where h is any smooth nonnegative function 0 < h < 1 vanishing at r = 3M, and
B depends also on the choice of function h.
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4.2. The Morawetz conformal Z multiplier and energy decay. How
does the estimate (39) assist us to prove decay?

Recall that energy decay can be proven in Minkowski space with the help of
the so-called Morawetz current. Let

(41) 7 = u?0, + 1?0,
and define
tr (1 —2M/r r*(1 —2M/r
gz = g )+ T g AR gy

(Here (u,v), (r*,t) are the coordinate systems of Appendix F.) Setting M = 0, this
corresponds precisely to the current introduced by Morawetz [119] on Minkowski
space.

It is a good exercise to show that (for M > 0!) the coefficients of this current
are C° but not C' across Ht UH ™.

To understand how one hopes to use this current, let us recall the situation
in Minkowski space. There, the significance of (41) arises since it is a conformal
Killing field. Setting M = 0, 7* = r in the above one obtains*

(42) /ﬁ Jvnt >0,
t=T1

(43) K%v =.

The inequality (42) remains true in the Schwarzschild case and one can obtain
exactly as before

) [ gz [ @ Rowr+ (1-20) @ me

(In fact, we have dropped positive 0’th order terms from the right hand side of
(44), which will be useful for us later on in Section 4.3.) Note that away from the
horizon, we have that

(45) / Jf’“}n“ > b(ro,R)7'2/ Jivn”.
t=1 {t=7}n{ro<r<R}
Thus, if the left hand side of (45) could be shown to be bounded, this would
prove the first statement of Theorem 4.1 where X, is replaced however with {t =
TN {ro <r < R}.
In the case of Minkowski space, the boundedness of the left hand side of (44)
follows immediately by (43) and the energy identity

(46) gf@+/ K%wz/ Jov
t=1 o<t<r t=0

as long as the data are suitably regular and decay so as for the right hand side to
be bounded. For Schwarzschild, one cannot expect (43) to hold, and this is why we
have introduced the X-related currents.

First the good news: There exist constants ry < R such that

K% >0

t=r1

42The reason for introducing the 0’th order terms is because the wave equation is not con-
formally invariant. It is remarkable that one can nonetheless obtain positive definite boundary
terms, although a slightly unsettling feature is that this positivity property (42) requires looking
specifically at constant ¢t = 7 surfaces and integrating.
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for r < rg, and in fact
w t
(47) K20 > b

for r > R and some constant b. These terms have the “right sign” in the energy
identity (46). In {ro < r < R}, however, the best we can do is

—K#" < Bt(|Y¢|* + [¢]?).

This is the bad news, although, in view of the presence of trapping, it is to be
expected. Using also (47), we may estimate

/ —K7v < B/ tJ N nH
0<t<r {o<t<r}n{ro<r<R}

(48) <

Br / JNnk,
{o<t<ryn{ro<r<R}

In view of the fact that the first integral on the right hand side of (48) is bounded
by (39), and the weight 72 in (45), applying the energy identity of the current J%*
in the region 0 < t < 7, we obtain immediately a preliminary version of the first
statement of the Theorem 4.1, but with 72 replaced by 7, and the hypersurfaces
¥, replaced by {t = 7} N {r' < r < R’} for some constants 7/, R', but where B
depends on these constants. (Note the geometry of this region. All {¢ = constant}
hypersurfaces have common boundary T NH~. Exercise: Justify the integration
by parts (46), in view of the fact that Z and w are only C° at HT UH™.)

Using the current J7 and an easy geometric argument, it is not difficult to
replace the hypersurfaces {t = 7} N {r’ < r < R’} above with %, N {r > '},*3
obtaining
(19)

3
N 2 -1 Z,w o N M N Q. e
/im{m/} JY ()" < Bt (/t_oj“ (¥)n +/io IN ()n +;JM( l¢)n>

To obtain decay for the nondegenerate energy near the horizon, note that by
the pigeonhole principle in view of the boundedness of the left hand side of (39)
and what has just been proven, there exists (exercise) a dyadic sequence iﬂ. for
which the first statement of Theorem 4.1 holds, with 72 replaced by Ti_l. Finally,
by Theorem 3.2, we immediately (exercise: why?) remove the restriction to the
dyadic sequence.

We have thus obtained
(50)

3
JREACEE ( [ARACEEY AT WA (ﬂiwnﬂ) .

The statement (50) loses one power of 7 in comparison with the first statement
of Theorem 3.2. How do we obtain the full result? First of all, note that, commuting
once again with €, it follows that (50) holds for 1 replaced with ;1. Now we may
partition R(0,7) dyadically into subregions R(7;, Ti4+1) and revisit the X-estimate

43Hint: Use (44) to estimate the energy on {t = to} N JT(X,) with weights in 7. Send
to — oo and estimate backwards to X, using conservation of the J7 flux.
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(39) on each such region. In view of (50) applied to both ¢ and Q;%, the estimate
(39) gives

) [ g <Bprt,
R(Ti,7'7;+1)
where D is a quantity coming from data. Summing over ¢, this gives us that
| txd¥ g < BD(1+ logr + 1))
R(0,7)

This estimates in particular the first term on the right hand side of the first in-
equality of (48). Applying this inequality, we obtain as before (49), but with
772(141og |7 +1|) replacing 7. Using (51) and a pigeonhole principle, one improves
this to (50), with 772(1+log |7 +1|) now replacing 7. Iterating this argument again
one removes the log (exercise).

Note that this loss of derivatives in (31) simply arises from the loss in (39). If Q;
could be replaced by €25 in (39), then the loss would be 3e. The latter refinement can
in fact be deduced from the original (31) using in addition work of Blue-Soffer [21].
Running the argument of this section with the e-loss version of (31), we obtain now

PROPOSITION 4.2.1. For any € > 0, statement (31) holds with 3 replaced by €
in the definition of Eh and C replaced by C..

4.3. Pointwise decay. To derive pointwise decay for v itself, we should re-
member that we have in fact dropped a good 0’th order term from the estimate
(44). In particular, we have also

[ zewmezs (2 + 102

t=1 {t=r}n{r>ro}

From this and the previously derived bounds, pointwise decay can be shown easily

by applying €2; as commutators and Sobolev estimates. See [65] for details.
Exercise: Derive pointwise decay for all derivatives of 1, including transverse

derivatives to the horizon of any order, by commuting in addition with Y as in the

proof of Theorem 3.2.

4.4. Comments and further reading.

4.4.1. The X -estimate. The origin of the use of vector field multipliers of the
type X (as in Section 4.1) for proving decay for solutions of the wave equation goes
back to Morawetz. (These identities are generalisations of the classical virial iden-
tity, which has itself a long and complicated history.) In the context of Schwarzs-
child black holes, the first results in the direction of such estimates were in Laba
and Soffer [110] for a certain “Schrodinger” equation (related to the Schwarzschild
t-function), and, for the wave equation, in Blue and Soffer [19]. These results were
incomplete (see [20]), however, and the first estimate of this type was actually
obtained in our [65], motivated by the original calculations of [19, 110]. This
estimate required decomposition of ¢ into individual spherical harmonics 1,, and
choosing the current JX separately for each ;. A slightly different approach
to this estimate is provided by [20]. A somewhat simpler choice of current JX:%
which provides an estimate for all sufficiently high spherical harmonics was first
presented by Alinhac [1]. Our Section 4.1.1 is similar in spirit. The first estimate
not requiring a spherical harmonic decomposition was obtained in [67]. This is the
current of Section 4.1.2. The problem of reducing the loss of derivatives in (39) has
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been addressed in Blue-Soffer [21].** The results of [21] in fact also apply to the
Reissner-Nordstrom metric.

A slightly different construction of a current as in Section 4.1.2 has been given
by Marzuola and collaborators [116]. This current does not require commuting
with €2;. In their subsequent [115], the considerations of [116] are combined with
ideas from [65, 67] to obtain an estimate which does not degenerate on the horizon:
One includes a piece of the current JV of Section 3.3.2 and exploits Proposition 3.1.

4.4.2. The Z-estimate. The use of vector-field multipliers of the type Z also
goes back to celebrated work of Morawetz, in the context of the wave equation
outside convex obstacles [119]. The geometric interpretation of this estimate arose
later, and the use of Z adapted to the causal geometry of a non-trivial metric first
appears perhaps in the proof of stability of Minkowski space [51]. The decay result
Theorem 4.1 was obtained in our [65]. A result yielding similar decay away from the
horizon (but weaker decay along the horizon) was proven independently in a nice
paper of Blue and Sterbenz [22]. Both [22] and [65] make use of a current based
on the vector field Z. In [22], the error term analogous to K% of Section 4.2
was controlled with the help of an auxiliary collection of multipliers with linear
weights in ¢, chosen at the level of each spherical harmonic, whereas in [65], these
error terms are controlled directly from (39) by a dyadic iteration scheme similar
to the one we have given here in Section 4.2. The paper [22] does not obtain
estimates for the non-degenerate energy flux (31); moreover, a slower pointwise
decay rate near the horizon is achieved in comparison to Theorem 4.1. Motivated
by [65], the authors of [22] have since given a different argument [23] to obtain
just the pointwise estimate (32) on the horizon, exploiting the “good” term in K%%
near the horizon. The proof of Theorem 4.1 presented in Section 4.2 is a slightly
modified version of the scheme in [65], avoiding spherical harmonic decompositions
(for obtaining (39)) by using in particular the result of [67].

4.4.3. Other results. Statement (32) of Theorem 4.1 has been generalised to
the Maxwell case by Blue [18]. In fact, the Maxwell case is much “cleaner”, as
the current JZ need not be modified by a function w, and its flux is pointwise
positive through any spacelike hypersurface. The considerations near the horizon
follow [23] and thus the analogue of (31) is not in fact obtained, only decay for the
degenerate flux of J7. Nevertheless, the non-degenerate (31) for Maxwell can be
proven following the methods of this section, using in particular currents associated
to the vector field Y (Exercise).

To our knowledge, the above discussion exhausts the quantitative pointwise
and energy decay-type statements which are known for general solutions of the
wave equation on Schwarzschild.*> The best previously known results on general
solutions of the wave equation were non-quantitative decay type statements which
we briefly mention. A pointwise decay without a rate was first proven in the
thesis of Twainy [149]. Scattering and asymptotic completeness statements for
the wave, Klein-Gordon, Maxwell and Dirac equations have been obtained by [72,
73, 5, 4, 122]. These type of statements are typically insensitive to the amount
of trapping. See the related discussion of Section 4.6, where the statement of

44 A related refinement, where h of (40) is replaced by a function vanishing logarithmically
at 3M, follows from [115] referred to below.

45For fixed spherical harmonic ¢ = 0, there is also the quantitative result of (63], to be
mentioned in Section 4.6.
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Theorem 4.1 is compared to non-quantitative statements heuristically derived in
the physics literature.

4.5. Perturbing? Use of the JV current “stabilises” the proof of Theorem 4.1
with respect to considerations near the horizon. There is, however, a sense in which
the above argument is still fundamentally attached to Schwarzschild. The approach
taken to derive the multiplier estimate (36) depends on the structure of the trapping
set, in particular, the fact that trapped null geodesics approach a codimension-1
subset of spacetime, the photon sphere. Overcoming the restrictiveness of this
approach is the fundamental remaining difficulty in extending these techniques to
Kerr, as will be accomplished in Section 5.3. Precise implications of this fact for
multiplier estimates are discussed further in [1].

4.6. Aside: Quantitative vs. non-quantitative results and the heuris-
tic tradition. The study of wave equations on Schwarzschild has a long history
in the physics literature, beginning with the pioneering Regge and Wheeler [131].
These studies have all been associated with showing “stability”.

A seminal paper is that of Price [130]. There, insightful heuristic arguments
were put forth deriving the asymptotic tail of each spherical harmonic v, evolving
from compactly supported initial data, suggesting that for » > 2M,

(52) bo(r,t) ~ Cot~ 20,
These arguments were later extended by Gundlach et al [88] to suggest
(53) Gelgr ~ Cov™ B2 rypy| 7y ~ Cpu™CF0),

Another approach to these heuristics via the analytic continuation of the Green’s
function was followed by [31]. The latter approach in principle could perhaps be
turned into a rigorous proof, at least for solutions not supported on H* N H ™.
See [114, 106] for just (52) for the £ = 0 case.

Statements of the form (52) are interesting because, if proven, they would give
the fine structure of the tail of the solution. However, it is important to realise
that statements like (52) in of themselves would not give quantitative bounds for
the size of the solution at all later times in terms of initial data. In fact, the above
heuristics do not even suggest what the best such quantitative result would be, they
only give a heuristic lower bound on the best possible quantitative decay rate in a
theorem like Theorem 4.1.

Let us elaborate on this further. For fixed spherical harmonic, by compactness
a statement of the form (52) would immediately yield some bound

(54) [e|(r,t) < D(r,4pe)t =2,

for some constant D depending on 7 and on the solution itself. It is not clear,
however, what the sharp such quantitative inequality of the form (54) is supposed
to be when the constant is to depend on a natural quantity associated to data. It
is the latter, however, which is important for the nonlinear stability problem.
There is a setting in which a quantitative version of (54) has indeed been
obtained: The results of [63] (which apply to the nonlinear problem where the
scalar field is coupled to the Einstein equation, but which can be specialised to the
decoupled case of the £ = 0 harmonic on Schwarzschild) prove in particular that

(55) s, ol + [tho| < CeD(W, W) =F, ripo| < CD(W, )72
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where C, depends only on €, and D(1,{’) is a quantity depending only on the initial
JT energy and a pointwise weighted C! norm. In view of the relation between 7, u,
and v, (55) includes also decay on the horizon and null infinity as in the heuristically
derived (53). The fact that the power 3 indeed appears in both in the quantitative
(55) and in (54) may be in part accidental. See also [15].

For general solutions, i.e. for the sum over spherical harmonics, the situation
is even worse. In fact, a statement like (52) a priori gives no information whatso-
ever of any sort, even of the non-quantitative kind. It is in principle compatible
with limsup,_, . ¥(r,t) = 00.46 It is well known, moreover, that to understand
quantitative decay rates for general solutions, one must quantify trapping. This
is not, however, captured by the heuristics leading to (52), essentially because for
fixed /¢, the effects of trapping concern an intermediate time interval not reflected
in the tail. It should thus not be surprising that these heuristics do not address the
fundamental problem at hand.

Another direction for heuristic work has been the study of so-called quasi-
normal modes. These are solutions with time dependence e~ for w with negative
imaginary part, and appropriate boundary conditions. These occur as poles of the
analytic continuation of the resolvent of an associated elliptic problem, and in the
scattering theory literature are typically known as resonances. Quasinormal modes
are discussed in the nice survey article of Kokkotas and Schmidt [104]. Rigorous
results on the distribution of resonances have been achieved in Bachelot—Motet-
Bachelot [7] and S& Barreto-Zworski [135]. The asymptotic distribution of the
quasi-normal modes as { — oo can be thought to reflect trapping. On the other
hand, these modes do not reflect the “low-frequency” effects giving rise to tails.
Thus, they too tell only part of the story. See, however, the case of Schwarzschild-
de Sitter in Section 6.

Finally, we should mention Stewart [144]. This is to our knowledge the first
clear discussion in the physics literature of the relevance of trapping on the Schwarzs-
child metric in this context and the difference between quantitative and non-
quantitative decay rates. It is interesting to compare Section 3 of [144] with what
has now been proven: Although the predictions of [144] do not quite match the
situation in Schwarzschild (it is in particular incompatible with (52)), they apply
well to the Schwarzschild-de Sitter case developed in Section 6.

The upshot of the present discussion is the following: Statements of the form (52),
while interesting, may have little to do with the problem of non-linear stability of
black holes, and are perhaps more interesting for the lower bounds that they sug-
gest.?” In fact, in view of their non-quantitative nature, these results are less
relevant for the stability problem than the quantitative boundedness theorem of
Kay and Wald. Even the statement of Section 3.2.3 cannot be derived as a corol-
lary of the statement (52), nor would knowing (52) simplify in any way the proof
of Section 3.2.3.

5. Perturbing Schwarzschild: Kerr and beyond

We now turn to the problem of perturbing the Schwarzschild metric and proving
boundedness and decay for the wave equation on the backgrounds of such perturbed

46Of course, given the quantitative result of Theorem 3.2 and the statement (52), one could
then infer that for each r > 2M, then lim;_, o ¢(r,t) = 0, without however a rate (exercise).
47See for instance the relevance of this in [59].
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metrics. Let us recall our dilemma: The boundedness argument of Section 3 re-
quired that T remains causal everywhere in the exterior. In view of the comments
of Section 3.5, this is clearly unstable. On the other hand, the decay argument
of Section 4 requires understanding the trapped set and in particular, uses the
fact that in Schwarzschild, a certain codimension-1 subset of spacetime-the photon
sphere—plays a special role. Again, as discussed in Section 4.5, this special structure
is unstable.

It turns out that nonetheless, these issues can be addressed and both bound-
edness (see Theorem 5.1) and decay (see Theorem 5.2) can be proven for the wave
equation on suitable perturbations of Schwarzschild. As we shall see, the bound-
edness proof (See Section 5.2) turns out to be more robust and can be applied to
a larger class of metrics—but it too requires some insight from the Schwarzschild
decay argument! The decay proof (See Section 5.3) will require us to restrict to
exactly Kerr spacetimes.

Without further delay, perhaps it is time to introduce the Kerr family. ..

5.1. The Kerr metric. The Kerr metric is a 2-parameter family of metrics
first discovered [99] in 1963. The parameters are called mass M and specific angular
momentum a, i.e. angular momentum per unit mass. In so-called Boyer-Lindquist
local coordinates, the metric element takes the form:

2 2
2M 14 ecpf 2 cos? f
Y PR dm;mdrma(w%) 00?
r(1 ) 1 : r

+ el -2+
a? 2M a? sin® 0
4214+ =+ ( — | —————5~ | sin® A dep?
< 72 (r>7«2(1+—a23§29) ¢
2
0
aM— 2T g ds.

P+ o)
The vector fields 0; and 0, are Killing. We say that the Kerr family is stationary
and azisymmetric.*® Traditionally, one denotes

A =72 —2Mr +d?

If a = 0, the Kerr metric clearly reduces to Schwarzschild (5).

Maximal extensions of the Kerr metric were first constructed by Carter [29].
For parameter range 0 < |a| < M, these maximal extensions have black hole regions
and white hole regions bounded by future and past event horizons H* meeting at
a bifurcate sphere. The above coordinate system is defined in a domain of outer
communications, and the horizon will correspond to the limit » — 4, where r; is
the larger positive root of A =0, i.e.

ro =M+ M?—a?.

Since the motivation of our study is the Cauchy problem for the Einstein equa-
tions, it is more natural to consider not maximal extensions, but maximal devel-
opments of complete initial data. (See Appendix B.) In the Schwarzschild case,
the maximal development of initial data on a Cauchy surface % as described pre-
viously coincides with maximally-extended Schwarzschild. In Kerr, if we are to
take an asymptotically flat (with two ends) hypersurface in a maximally extended

48There are various conventions on the meaning of the words “stationary” and “axisymmet-
ric” depending on the context. Let us not worry about this here. ..
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Kerr for parameter range 0 < |a| < M, then its maximal development will have a
smooth boundary in maximally-extended Kerr. This boundary is what is known as
a Cauchy horizon. We have already discussed this phenomenon in Section 2.7.3 in
the context of strong cosmic censorship. The maximally extended Kerr solutions
are quite bizarre, in particular, they contain closed timelike curves. This is of no
concern to us here, however. By definition, for us the term “Kerr metric (M, gar,a)”
will always denote the maximal development of a complete asymptotically flat hy-
persurface X, as above, with two ends. One can depict the Penrose-diagrammatic
representation of a suitable two-dimensional timelike slice of this solution as below:

This depiction coincides with the standard Penrose diagram of the spherically sym-
metric Reissner-Nordstrom metric [91, 148].

With this convention in mind, we note that the dependence of gy, on a is
smooth in the range 0 < |a| < M. In particular, Kerr solutions with small |a| < M
can be viewed as close to Schwarzschild.

One can see this explicitly in the subregion of interest to us by passing to a
new system of coordinates. Define

" =t+1t(r)
¢* = ¢+ o(r)
where i i3
oy 2 2 PN
L= rays, L) =aa

(These coordinates are often known as Kerr-star coordinates.) These coordinates
are regular across H\H ™. We may finally define a coordinate rschyw = rsehw (7, @)
such that which takes [ry,00) — [2M, 00) with smooth dependence in a and such
that rsenw (1, 0) is the identity map. In particular, if we define 3y by D = {¢* = 0},
and define R = D N {t* > 0}, and fix rschw, t*, ¢* Schwarzschild coordinates,
then the metric functions of gs,, written in terms of these coordinates as defined
previously depend smoothly on a for 0 < |a| < M in R, and, for a = 0, reduce to
the Schwarzschild metric form in (r,t*, ¢,6) coordinates where t* is defined from
Schwarzschild ¢ as above.

490f course, one again needs two coordinate systems in view of the breakdown of spherical
coordinates. We shall suppress this issue in the discussion that follows.
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We note that 9; = 0y~ in the intersection of the coordinate systems. We
immediately note that 0; is spacelike on the horizon, except where §# = 0,7, i.e. on
the axis of symmetry. Note that we shall often abuse notation (as we just have
done) and speak of d; on the horizon or at § = 0, where of course the (r,t,6,¢)
coordinate system breaks down, and formally, this notation is meaningless.

In general, the part of the domain of outer communications plus horizon where
0Oy is spacelike is known as the ergoregion. It is bounded by a hypersurface known as
the ergosphere. The ergosphere meets the horizon on the axis of symmetry 6 = 0, 7.

The ergosphere allows for a particle “process”, originally discovered by Pen-
rose [127], for extracting energy out of a black hole. This came to be known as
the Penrose process. In his thesis, Christodoulou [38] discovered the existence of
a quantity—the so-called irreducible mass of the black hole-which he showed to be
always nondecreasing in a Penrose process. The analogy between this quantity
and entropy led later to a subject known as “black hole thermodynamics” [8, 11].
This is currently the subject of intense investigation from the point of view of high
energy physics.

In the context of the study of Oyt = 0, we have already discussed in Section 5
the effect of the ergoregion: It is precisely the presence of the ergoregion that makes
our previous proof of boundedness for Schwarzschild not immediately generalise for
Kerr. Moreover, in contrast to the Schwarzschild case, there is no “easy result”
that one can obtain away from the horizon analogous to Section 3.2.3. In fact,
the problem of proving any sort of boundedness statement for general solutions to
Og% = 0 on Kerr had been open until very recently. We will describe in the next
section our recent resolution [68] of this problem.

5.2. Boundedness for axisymmetric stationary black holes. We will
derive a rather general boundedness theorem for a class of axisymmetric stationary
black hole exteriors near Schwarzschild. The result (Theorem 5.1) will include
slowly rotating Kerr solutions with parameters |a| < M.

We have already explained in what sense the Kerr metric is “close” to Schwarzs-
child in the region R. Let us note that with respect to the coordinates rsehw, t*, ¢*,
0 in R, then Oy« and 0y~ are Killing for both the Schwarzschild and the Kerr met-
ric. The class of metrics which will concern us here are metrics defined on R such
that the metric functions are close to Schwarzschild in a suitable sense®®, and -,
Oy~ are Killing, where these are defined with respect to the ambient Schwarzschild
coordinates.

There is however an additional geometric assumption we shall need, and this
is motivated by a geometric property of the Kerr spacetime, to be described in the
section that follows immediately.

5.2.1. Killing fields on the horizon. Let us here remark a geometric property
of the Kerr spacetime itself which turns out to be of utmost importance in what
follows: Let V denote a null generator of H+. Then

(56) V € Span{0;, Dy~ }.
There is a deep reason why this is true. For stationary black holes with non-
degenerate horizons, a celebrated argument of Hawking [91] retrieves a second

Killing field in the direction of the null generator V. Thus, if 0;» and Jy- span the
complete set of Killing fields, then V' must evidently be in their span.

50This requires moving to an auxiliary coordinate system. See [68].
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In fact, choosing V' accordingly we have
(57) V =8 + (a/2Mry )0y

(For the Kerr solution, we have that there exists a timelike direction in the
span of J;- and Oy~ for all points outside the horizon. We shall not explicitly make
reference to this property, although in view of Section 7, one can infer this property
(exercise) for small perturbations of Schwarzschild of the type considered here,
i.e., given any point p outside the horizon, there exists a Killing field V' (depending
on p) such that V(p) is timelike.)

5.2.2. The azisymmetric case. From (57), it follows that there is a constant
wp > 0, depending only on the parameters a and M, such that if

(58) |06 0[* > wol D,
on H*, then the flux satisfies

(59) J (W)n,, > 0.
Note also that, for fixed M, we can take

(60) wo — 0, as a — 0.

There is an immediate application of (58). Let us restrict for the moment to
axisymmetric solutions, i.e. to ¢ such that 0y = 0. It follows that (58) trivially
holds. As a result, our argument proving boundedness is stable, i.e. Theorem 3.2
holds for axisymmetric solutions of the wave equation on Kerr spacetimes with
la| < M. (See the exercise of Section 3.5.) In fact, the restriction on a can be be
removed (Exercise, or go directly to Section 7).

Let us note that the above considerations make sense not only for Kerr but for
the more general class of metrics on R close to Schwarzschild such that 0+, Og- are
Killing, H* is null and (56) holds. In particular, (58) implies (59), where in (60),
the condition a — 0 is replaced by the condition that the metric is taken suitably
close to Schwarzschild. The discussion which follows will refer to metrics
satisfying these assumptions.?! For simplicity, the reader can specialise the
discussion below to the case of a Kerr metric with |a| < M.

5.2.3. Superradiant and non-superradiant frequencies. There is a more general
setting where we can make use of (58). Let us suppose for the time being that we
could take the Fourier transform 1[1(w) of our solution ¢ in ¢t* and then expand in
azimuthal modes ,,, i.e. modes associated to the Killing vector field Jy-.

If we were to restrict ¥ to the frequency range

(61) |w|2 > wom?,

then (58) and thus (59) holds after integrating along H . In view of this, frequencies
in the range (61) are known as nonsuperradiant frequencies. The frequency range

(62) lw]? < wom?

determines the so-called superradiant frequencies. In the physics literature, the
main difficulty of this problem has traditionally been perceived to “lie” with these
frequencies.

51They are summarised again in the formulation of Theorem 5.1.
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Let us pretend for the time being that using the Fourier transform, we could
indeed decompose

(63) Y=y + 9,

where wﬁ is supported in (61), whereas Yy, is supported in (62).

In view of the discussion immediately above and the comments of Section 5.2.2,
it is plausible to expect that one could indeed prove boundedness for 14 in the man-
ner of the proof of Theorem 3.2. In particular, if one could localise the integrated
version of (59) to arbitrary sufficiently large subsegments H(7/,7"), one could ob-
tain

(o4 L wn <5 [ wpng,

This would leave 1. Since this frequency range does not suggest a direct
boundedness argument, it is natural to revisit the decay mechanism of Schwarzs-
child. We have already discussed (see Section 4.5) the instability of the decay argu-
ment; this instability arose from the structure of the set of trapped null geodesics.
At the heuristic level, however, it is easy to see that, if one can take wy suffi-
ciently small, then solutions supported in (62) cannot be trapped. In particular,
for |a| < M, superradiant frequencies for 0,19 = 0 on Kerr are not trapped.
This will be the fundamental observation allowing for the boundedness theorem.
Let us see how this statement can be understood from the point of view of energy
currents.

5.2.4. A stable energy estimate for superradiant frequencies. We continue here
our heuristic point of view, where we assume a decomposition (63) where ’(/Jb is
supported in (62). In particular, one has an inequality

(65) / Z / T R0 de de* > / o; / 7 Ousy)? d dt*

for all (r,0). We shall see below that (65) allows us easily to construct a suitable
stable current for Schwarzschild.

It may actually be a worthwhile exercise for the reader to come up with a
suitable current for themselves. The choice is actually quite flexible in comparison
with the considerations of Section 4.1. Our choice (see [68]) is defined by

(66) JX =gV 4 JXe 4 gXowe

where here, N is the vector field of Section 3.3.2, X, = f,0,+, with

fo = —r7%ro), for r < g

fa = _17 for TOSTSRlv
r d"’

fo = —1+/ & for Ry <r < Ry,
Ry 4r

fo = Oforr > R,
Xy = fp0p+ with
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and x(r*) is a smooth cutoff with y = 0 for 7* < 0 and x = 1 for r* > 1. Here r
and 7* are Schwarzschild coordinates.?? The function wy is given by
2
wy = fy + S =2M/r)(1 = M/r)fo.
The parameters e, «, 19, R1, Ro must be chosen accordingly!
Restricting to the range (62), using (65), with some computation we would
obtain

[e%s) 27 e} 27
on [ [ ERwaetdr = [ [t o ar

—o0 J0
for all (r,0).

The above inequality can immediately be seen to be stable to small®? axisym-
metric, stationary perturbations of the Schwarzschild metric. That is to say, for
such metrics, if 4y, is supported in (62) (where frequencies here are defined by
Fourier transform in coordinates t*, ¢*), then the inequality (67) holds as before.
In particular, (67) holds for Kerr for small |a| < M.

How would (67) give boundedness for 7 We need in fact to suppose something
slightly stronger, namely that (67) holds localised to R(0, 7). Consider the currents

J=JN +e g%, K=VH'],

where es is a positive parameters, and J% is the current of Section 3.3.2. Then,
for metrics g close enough to Schwarzschild, and for es sufficiently small, we would
have from a localised (67) that

/ K(y,) =0,

R(0,7)

/ T ()t > 0,
H(0,7)

/E lty)nt, < / RIS

Moreover, for g sufficiently close to Schwarzschild and e, ey suitably defined, we
also have (exercise)

and thus

| am < B [ g,k

T T

‘We thus would obtain
(63) [ RGOy A

-

Adding (68) and (64), we would obtain

/ T < B [

Yo

52Gince we are dealing now with general perturbations of Schwarzschild, we shall now use
for what we previously denoted by rgchw. Note that in the special case that our metric is Kerr,
this r is different from the Boyer-Lindquist r.

530f course, in view of the degeneration towards i, it is important that smallness is under-
stood in a weighted sense.
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provided that we could also estimate say

o [ < [ o

o

5.2.5. Cutoff and decomposition. Unfortunately, things are not so simple!

For one thing, to take the Fourier transform necessary to decompose in fre-
quency, one would need to know a priori that ¥(t*,) is in L?(¢*). What we want
to prove at this stage is much less. A priori, ¥ can grow exponentially in ¢*. In
order to apply the above, one must cut off the solution appropriately in time.

This is achieved as follows. For definiteness, define g to be t* = 0, and X, as
before. We will also need two auxiliary families of hypersurfaces defined as follows.
(The motivation for considering these will be discussed in Section 5.2.6.) Let x be
a cutoff such that y(z) = 0 for 2 > 0 and x = 1 for 2 < —1, and define t* by

tt =" — x(—r + R)(1 +r — R)'/?
and
t==t"+x(—r+R)(1+7r— R)"/?
where R is a large constant, which must be chosen appropriately. Let us define
then
) ={tt =71}, YT(r)={t" =71}
Finally, we define

R(r,m)= (J =)

TISTST2
Rf(m.m)= |J =T,
TIST<T2
R (11, 7m2) = U X7 (7).
T1<T<T2

Let ¢ now be a cutoff function such that ¢ = 1 in J*(X7) N J~ (21 ), and
E=0in JT(ZF)NJ (2;). We may finally define
V< = E1).
The function =< is a solution of the inhomogeneous equation
Ogte< = F, F =2V + 0460,

Note that F' is supported in R™(0,1) URT (7 — 1, 7).

Another problem is that sharp cutoffs in frequency behave poorly under locali-
sation. We thus do the following: Let ¢ be a smooth cutoff supported in [—2, 2] with
the property that ¢ =1 in [—1,1], and let wy > 0 be a parameter to be determined
later. For an arbitrary ¥ of compact support in ¢*, define

ACOED I / " C(wm) ) T, ) € ds,

m#0
Wy (t",) = Wo + Zg;oeimd’* /_O:O (1= ¢((wom) " w)) U (w,-) € dw.

Note of course that \Ilﬁ + W), = W. We shall use the notation Q/Jb for (wx)b and wﬁ
for (wx)ﬁ. Note that 1, 1/Jli satisfy

(70) Ogty = F,,  Ogthy = Fy.
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5.2.6. The bootstrap. With ¢, Q/Jﬁ well defined, we now try to fill in the argu-

ment heuristically outlined before.
We wish to show the boundedness of

(71) q= sup / Jévn“.

0<7<7 J¥-
We will argue by continuity in 7. We have already seen heuristically how to obtain
a bound for q in Sections 5.2.3 and 5.2.4. When interpreted for the wb, wﬁ defined

above, these arguments produce error terms from:

e the inhomogeneous terms £, F[j from (70)

e the fact that we wish to localise estimates (59) and (65) to subregions
HT (7', 7") and R(7’,7") resepectively
e the fact that (69) is not exactly true.

These error terms can be controlled by q itself. For this, one studies carefully the
time-decay of F, Fy away from the cutoff region R(0,1) U R*(r — 1,7) using
classical properties of the Fourier transform. An important subtlety arises from the
presence of 0’th order terms in 1, and it is here that the divergence of the region
R* from R(0,7) is exploited to exchange decay in 7 and 7.

To close the continuity argument, it is essential not only that the error terms
be controlled by q itself, but that a small constant is retrieved, i.e. that the error
terms are controlled by eq, so that they can be absorbed. For this, use is made of
the fact that for metrics in the allowed class sufficiently close to Schwarzschild (in
the Kerr case, for |a| < M), one can control a priori the exponential growth rate
of (71) to be small. See [68].

5.2.7. Pointwise bounds. Having proven the uniform boundedness of (71), one
argues as in the proof of Theorem 3.2 to obtain higher order energy and point-
wise bounds. In particular, the positivity property in the computation of Proposi-
tion 3.3.2 is stable. (It turns out that this positivity property persists in fact for
much more general black hole spacetimes and there is in fact a geometric reason
for this! See Chapter 7.)

5.2.8. The boundedness theorem. We have finally

THEOREM b5.1. Let g be a metric defined on the differentiable manifold R with
stratified boundary HY UXg, and let T and ® = Qy be Schwarzschild Killing fields.
Assume

(1) g is sufficiently close to Schwarzschild in an appropriate sense
(2) T and ® are Killing with respect to g
(3) H™T is null with respect to g and T and ® span the null generator of HT.

Then the statement of Theorem 3.2 holds.
See [68] for the precise formulation of the closeness assumption 1.

COROLLARY 5.1. The result applies to Kerr, and to the more general Kerr-
Newman family (solving Einstein-Mazwell), for parameters |a] < M (and also
|Q| < M in the Kerr-Newman case).

Thus, we have quantitative pointwise and energy bounds for ¢ and arbitrary
derivatives on slowly rotating Kerr and Kerr-Newman exteriors.
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5.3. Decay for Kerr. To obtain decay results analogous to Theorem 4.1, one
needs to understand trapping. For general perturbations of Schwarzschild of the
class considered in Theorem 5.1, it is not a priori clear what stability properties
one can infer about the nature of the trapped set, and how these can be exploited.
But for the Kerr family itself, the trapping structure can easily be understood, in
view of the complete integrability of geodesic flow discovered by Carter [29]. The
codimensionality of the trapped set persists, but in contrast to the Schwarzschild
case where trapped null geodesics all approach the codimension-1 subset r = 3M
of spacetime, in Kerr, this codimensionality must be viewed in phase space.

5.3.1. Separation. There is a convenient way of doing phase space analysis in
Kerr spacetimes, namely, as discovered by Carter [30], the wave equation can be
separated. Walker and Penrose [153] later showed that both the complete integra-
bility of geodesic flow and the separability of the wave equation have their funda-
mental origin in the presence of a Killing tensor.°* In fact, as we shall see, in view
of its intimate relation with the integrability of geodesic flow, Carter’s separation
of O, immediately captures the codimensionality of the trapped set.

The separation of the wave equation requires taking the Fourier transform, and
then expanding into oblate spheroidal harmonics. As before, taking the Fourier
transform requires cutting off in time. We shall here do the cutoff, however, in a
somewhat different fashion.

Let X be defined specifically as t* = 7. Given 7/ < 7, define R(7’, 7) as before,
and let £ be a cutoff function as in Section 5.2.5, but with ¥ replacing ¥7, ¥~
replacing ¥, , and X, replacing X7, 3, _; replacing X1 |. Define as before

P = EW).

The function =< is a solution of the inhomogeneous equation

Ogee = F,  F =2V*Vath + 0,81

Note that F' is supported in R(7", 7" +1) UR(T — 1, 7).
Since )s< is compactly supported in ¢ for each fixed » > r,, we may consider
its Fourier transform wx = @[Jx( -). We may now decompose

Zng Spne(aw, cos §)e™?,

Z Sme(aw, cosf)e tmé,

where S,,,; are the oblate spher01dal harmonics. For each m € Z, and fixed w, these
are a basis of eigenfunctions 5, satisfying

1 d d m?
sm 9 @ (Sln o 95?7%) N msmé o a2w2 C082 esmé - /\mZSmZa

and, in addition, satisfying the orthogonality conditions with respect to the 6 vari-
able,

27 1
/ dy / d(cos 9)eim¢5mg(aw, cos 0) e_im/¢5m,g/ (aw, cos 0) = Gpm: Seer -
0 -1

54See (32, 108] for recent higher-dimensional generalisations of these properties.



150 MIHALIS DAFERMOS AND IGOR RODNIANSKI

Here, the A,,¢(w) are the eigenvalues associated with the harmonics S,,,. Each of
the functions RY ,(r) is a solution of the following problem
d w
A% (Ad—mré> + (a®m® + (r* 4 a®)’w? — daMrmw — A(Ape + a*w?)) R2,
= A ((r* 4 a® cos® H)F):w .
Note that if a = 0, we typically label S,,¢ by £ > |m| such that
Ame(w) = L(£+1)/2.

With this choice, S,,¢ coincides with the standard spherical harmonics Y.
Given any w; > 0, Ay > 0 then we can choose a such that for |w| < wy,
Ame < A1, then
Ame — (£ +1)/2| <e.

Rewriting the equation for the oblate spheroidal function

 sinddo do

the smallest eigenvalue of the operator on the left hand side of the above equation
is m(m + 1). This implies that

(72) Mg > m(m + 1) — a?w?.

1 d d 2
(Sin G_Smf> + .m—ggsmé = AneSme + a*w? cos? 0Sme,
S1n

This will be all that we require about A,,,. For a more detailed analysis of Ay,
see [81].

5.3.2. Frequency decomposition. Let ¢ be a sharp cutoff function such that
¢ =1for |z| <1and ¢ =0 for || > 1. Note that

(73) ¢*=¢.
Let w1, A1 be (potentially large) constants to be determined, and A2 be a (poten-
tially small) constant to be determined.

Let us define

Y, = /_O:o C(w/wr) Z R (1) S me(aw, cos B)e™? e duw,

m, 0\ e (W) <A

Py = /_Z C(w/wr) Z R (1) Sme(aw, cos B)e™ et dw,

ML Ame(w)>A1

Uy = /oo (1 —¢(w/wr)) Z R (1) S,me(aw, cos 0)e™?e™tduw,

- Ml X e (W) >Aow?
vy = / (1 —((w/wy)) Z R (1) Sme(aw, cos 0)e™P et duw.
- Ml e (W) <Aow?

We have clearly
Vo< = Py + g + Yy + by
For quick reference, we note:
e 1, is supported in [w| < w1, Ame < A1,
e 1 is supported in |w] < wiy A > A1,
° wh is supported in |w| > wy, Ape > Aow? and
° wﬁ is supported in |w| > w1, Ape < Aow?.
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5.3.3. The trapped frequencies. Trapping takes place in wh. We show here how

to construct a multiplier for this frequency range.
Defining a coordinate r* by

dr* r2 + a2

dr A

and setting

A((r? + a® cos? 0)F)“ ,(r)

ml

(r2 + a2)3/2 ’

u(r) = (r* +a®)P Ry, (r),  H(r) =

then v satisfies

d? y
(dr*)zu + (WQ - mé(r))“ =H

where

@ (r) = dAMramw — a®>m? + A(Apme + w?a?) n A(3r? —4Mr + a?) 3 3A2r2

me\") = (r2 + a2)2 (r2 + a2)3 (r2 + %)%’
Consider the following quantity

du >, df du 1 d2f
= —V)|ul? R, i) — = Z,
Q=1 (‘dr* +(w Il ) + dr* ¢ (dr*u) 2dr*2|u‘
Then, with the notation ' = %,
_ _ 1
(74) Q= 2f [W[* = fV'[ul* + Re(2fHu' + f'Hu) = o f"ul*.
For ’(/Ju, we have
(75) Ane 4+ w?a? > (Mg + a®)w? > (g + a®)wi.
We set
2
_ 9 o\ T°—=2Mr
VE) = ()\me +wa )m

so that
VoV — 4Mramw — a®*m? + a?(Ae + w2a2)+A(3r2 —4Mr+ad®)  3A%?

1 0 (r? + a?)? (r2 + a?)3 (r2 +a2)t
Using (72), (75), we easily see that

2 2\4 4
+ _
3|V |+ (%V{) < CAr? (lamw| + a®(Ame + a*w®) + 1)

(76) < A2 (A + aw?),

where € can be made arbitrarily small, if w; is chosen sufficiently large, and a is
chosen a < e. On the other hand

ﬁ(AmZ +w?a®) ((r = M)(r® + a®) — 2r(r* — 2Mr))

Ar? r—M
(77) = —2m (Ame + w?a®) (7‘ —3M +a? - > .

V=2
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This computation implies that V has a simple zero in the a? neighbourhood of
r = 3M. Furthermore,

2 2\4 !
(%%’) < = AF2 (A + wPa?).

From the above and (76), it follows that for w; sufficiently large and a sufficiently
small, we have

r? +a?)? ' 1.
<%V/) < —§A7" 2(Ame + w?a?).

This alone implies that V'’ has at most a simple zero.
To show that V' indeed has a zero we examine the boundary values at ry and
oo. From (77) we see that

(r? + a?)*
Ar2
for some positive constant C' on the horizon and
(r2 +a?)*
Ar2
near r = co. On the other hand, from the inequality as applied to the first term on
the right hand side of (76), it follows that
(r? + a?)*
Ar?

Vg ~ C(Ame + w?a?)

Vi ~ —=2r(Ame + w?a?)

Vll < er(/\vni + w2a2)7

where € can be chosen arbitrarily small if w; is chosen sufficiently large and a
sufficiently small. Thus, for suitable choice of wy, it follows that

(T2 + a2)4 / (T2 + a2)4 / /
AT2 V T4 - AT2 (VO + ‘/1) T4
(r2+a®)t a2 et
> 0> e V) =1V

and thus V’ has a unique zero. Let us denote the r-value of this zero by r .
We now choose f so that

(1) f=0,

(2) f<O0forr<ry,and f>0forr>re,,

(3) —fV' = 1p7 >
Property 3 can be verified by ensuring that f"/(r¥,) < 0 as well as requiring that
/" < 0 at the horizon. We may moreover normalise f to —1 on the horizon.
Finally, we may assume that there exists an R such that for all » > R, f is of the

form:
™ —a—a
@

In particular, for r > R, the function f will not depend on w, ¢, m.

Note the similarity of this construction with that of Section 4.1.1, modulo the
need for complete separation to centre the function f appropriately.

Integrating the identity (74) and using that u — 0 as 7 — oo we obtain that
for any compact set K7 in r* and a certain compact set K (which in particular

f=tan"? —tan" (=1 —a"/?)
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does not contain r = 3M ), there exists a positive constant b > 0 so that

b/ (|u/\2—|—|u\2)dr—|—b(/\mg+w2)/ |u|2dr
K1 KZ

< (WP + (@2 = V)Jul?) () +/ Re(2fHu' + f' Hu) dr™*.

On the horizon r = r, we have v’ = (iw + (iam/2Mr,))u and

2,,2

4Mramw — a*m

V(TJr) = (T-%- +a2)2

Therefore, we obtain

b/ (|| 4 [ul?) dr* + b( A +w2)/ u|? dr*
Kl K2

(78) < (@2 + em?)ul2(ry) + / Re(2fHu' + f' Hu) dr™,

We now wish to reinstate the dropped indices m, ¢, w, and sum over m, £ and
integrate over w. Note that by the orthogonality of the S¥ ,, it follows that for any
functions « and 8 with coefficients defined by

aw,-) = Z A (1) Smelaw, cos 0) '™, Blw,) = Z B (1) Sme(aw, cos 0)e™?
m,{ m, ¢
we have
/aQ(t*, r,0, ) sinOdp do dt = / Z % ,(r)|*dw,
X me
/a - BsinOdp df dt = / > ak, - B dw.
X me
Clearly, the summed and integrated left hand side of (78) bounds
- 2 2 2
b/ dt*/ Ophy )" + ) dV, +b/ 0y, )= dV,.
| (@ + i) av, LI

Similarly, we read off immediately that the first term on the right hand side of (78)
upon summation and integration yields precisely

[, (o).

Note that we can bound

[, (o +coowy)

IA

| (@0 + 0, 0)?)
H+

IN

B awmge[ e

H(T!",T)

v

(Exercise: Why?)
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The “error term” of the right hand side of (78) is more tricky. To estimate the
second summand of the integrand, note that

/I Z (F" )i () Hip g ()t () doo

1291 10X e () > Agw?

</ S AT a0 + A + ) s s
lw|>w1 Ml X e (W) >Aow?

< / Z SATY(r? 4+ a®)BIHE, 2 (r) + 0A|RY |2 dw
lw|>w1 Ml X e (W) >Aow?

< 6‘1BA/(Fh)2sin9d¢d9dt+6A/(wh)2sin9d¢d0dt

<

5—1BA/F2 sin9d¢d9dt+5A/¢2 sin 0 d¢ df dt,

where § can be chosen arbitrarily. In particular, this estimate holds for » < R. For
r > R, in view of the fact that f is independent of w, m, ¢, we have in fact

/ |> Z () (r)Hy o (ryuss, () dew

Ml X e (W) >Aow?

T /| ST A () dw

12901 1 px e (@) > Agw?
= f'(r)r?*+ad*)? /((T2 + a? cos? 9)F)hwh sin 6 d¢ do dt
= f(r)r?*+adH) /((7“2 + a? cos? H)F)hwx sin 6 d¢ df dt,
where for the last line we have used (73). The first summand of the error integrand

of (78) can be estimated similarly.
We thus obtain

b/Rx ((&%)Hﬁ) +b/7thJf(wh)N“

gB/ J§(¢)n§+e/ (8¢¢)2+5*13/ F?
P H(T!,T) RN{r<R}
+6 P? + (0:0)°
RN{r<R}

+ /700 dt* /T>R <2f(7"2 + a2)71/2((r2 + a2 cos? H)F)har*((’l"Q n a2)1/2q/)}<)

(79) +f'((r* + a® cos? H)F)hwx) ﬁsin@dcﬁ* do dr*,
where x is a cutoff which degenerates at infinity and A is a function 0 < h < 1
which vanishes in a suitable neighbourhood of r = 3.

5.3.4. The untrapped frequencies. Given Ay sufficiently small and any choice
of wy, A1, then, for a sufficiently small (where sufficiently small depends on these
latter two constants), it follows that for » = b, d, #, we may produce currents of
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X
type Jyu » as in Section 5.2.4 such that
- X
b [Nt e < [ Ky

for x a suitable cutoff function degenerating at infinity, and x a suitable cutoff
function degenerating at infinity and vanishing in a neighbourhood of H*. These
currents can in fact be chosen independently of a for such small a, and moreover,
they can be chosen so that, defining

Xy =wr g - KX

)

we have on the one hand

/ eXN = / at” / (2f(7"2 +a?)7V2((r? 4 a2 cos? 0)F) N0+ ((r® + a?) /i)
RN{r>R} —00 r>R

A : * *
+f((r* + a® cos? 0) F) pps<) oz sinfdo* dbdr

for the f of Section 5.3.3, and on the other hand, for the region » < R, we have
R S S0 (N R O ST
RN{r<R} RNA{r<R} RNA{r<R}

where x is supported near the horizon and away from a neighbourhood of 3M.
Moreover, one can show as in Section 5.2.6 that

o AN LR AT
H H

AT
H

B/E /Jliv(d))n“.

-

IN

IN

(Exercise: Prove the last inequality.)
From the identity

[rﬁ Jf”(%)n*;ﬁ/nl(xr(%):/Rgxr(%)
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and the above remarks, one obtains finally an estimate

| X)) + I + I e,

<B / JY ()n* + Bs~! / F?
b RN{r<R}
+ B6 U2+ (0:0)% + x I ()N
RN{r<R}

+/<><> dt*/ 2f(r? + a2)"1/2 Z ((r? + a® cos? 9)F)}6T*((r2 + a?) <)
—00 r>R }:bﬁui
(80)

A . . .
+f/$%ﬁ((r2 +a2 0052 0))F)}wg>< msnl@dgb dgd’f’ .

5.3.5. The integrated decay estimates. Now, we will add (79), (80) and the
energy identity of eJY (1))

|RACL Y K ()

R(r",7)N{r<ro}

s = e / K@)+ [ Yt

R(7/,m)N{ro<r<ri} z T

!

’

for a small e with € < e, and where g < ;1 < 3M are as in Corollary 3.1, and rq
is in the support of Ks.
In the resulting inequality, the left hand side bounds in particular

(82) / X(hIN ()NH + (0,9)%)
R(t'+1,7—1)

where y is a cutoff decaying at infinity, x is a cutoff decaying at infinity and
vanishing at H* and h is a function with 0 < h < 1 such that h vanishes precisely
in a neighbourhood of » = 3M. (As a — 0, this neighbourhood can be chosen
smaller and smaller in the sense of the coordinate r.)

Let us examine the right hand side of the resulting inequality.

The second term of the first line of the right hand side of (79) is absorbed by
the first term on the right hand side of (81) provided that e < e.

The third term of the first line of the right hand side of (79) and the second
term of (80) are bounded by

B VNCOS
in view of Theorem 5.1.

The second line of the right side of (79) and the third term of (80) can be
absorbed by (82), provided that ¢ is chosen suitably small, whereas the second
term of the right hand side of (81) can be absorbed by (82), provided that e is
sufficiently small.
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The fourth terms of the right hand sides of (79) and (80) combine to yield
/ dt*/ (2f(r2 +a®)7V2(r% + a2 cos? 0)FO,- (1% + a®) Y hs<)
—o00 r>R

A
+f(r* + a® cos® 0) Fi)e<) g sin 6 do* do dr*.
Note where F' is supported and how it decays. Using our boundedness Theorem 5.1,
a Hardy inequality and integration by parts we may now bound this term by

B / I ()nk; .
.
But the remaining terms on the right hand side of (79), (80) and (81) are also of
this form! We thus obtain

PROPOSITION 5.3.1. There exists a p-invariant weight x, degenerating only
at ig, and a second p¢-invariant weight h, which vanishes on a neighbourhood of
r=3M, and a constant B > 0 such that the following estimates hold for all 7" < T,

/ TN @IN 4 < B [ TN @yl
R(T’, ) ET/ T

/ WIN )N + xy? < B / (I () + JN (Tw))nls
R(T!,7) >

T+

for all solutions Oyt = 0 on Kerr.

Similar estimates could be shown on regions R(7/,7), i’T, after having derived
a priori suitable decay of 1 in r.%°

5.3.6. The Z-estimate. To turn integrated decay as in Proposition 5.3.1 into
decay of energy and pointwise decay, we must adapt the argument of Section 4.2.

Let V be a ¢-invariant vector field such that V' = 0« for r > ry + ¢o and
V = 0p + (a/2Mry )0y for f < ri + ¢y for some ¢; < ¢, and such that V' is
timelike in R\ H+. Note that V is Killing except in 7, +¢; <7 <7, +co. As
a — 0, we can construct such a V' with ¢y arbitrarily small.

Now let us define u and v to be the Schwarzschild®® coordinates

E3
u=1t- T'Schw
V=t4 1w

With respect to the coordinates (ulv,qb*,ﬁ), defining L = 9,, then L vanishes
smoothly along the horizon. Define L =V — L. Finally, define the vector field

Z =u?L +v2L.

Note that under these choices Z is null on HT. With w as before, the currents
J%" together with JV can be used to control the energy fluxes on ¥, with weights.
Use of the energy identities of J%* and JV leads to estimates of the form

(83) / X¢2+/ T ()l gBDT—2+BT—2/ g,
o, Sr0{rsr} T R(0,7)

55In the section that follows, we shall in fact localise the above estimate in a different way
applying a cutoff function. The resulting 0’th order terms which arise can be controlled using the
“good” 0’th order term in the boundary integrals of JZv.

56Recall that we are considering both the Kerr and Schwarzschild metric on the fixed differ-
entiable structure R as described in Section 5.1.
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where y is a cutoff function supported suitably, and where £ is an error term arising
from the part of K% which has the “wrong” sign; D arises from data.
We may partition
E=E+E+E;
where

e & is supported in some region rg < r < Ry,
e & is supported in r < rg and
e &3 is supported in r > Ry.

Recall that L+ L is Killing for r > 2M +c¢,. Tt follows (Exercise) that choosing
¢y < 1o, there are no terms growing quadratically in ¢ for &, £5. Moreover, by our
construction, Z depends smoothly on a away from the horizon. The behaviour near
the horizon is more subtle as Z itself is not smooth! We shall return to this when
discussing &s.

In view of our above remarks, we have that

&1 < B (W)N" +¢?),

just like in the case of Sch\ivarzschild. In view of Proposition 5.3.1, this leads to
the following estimate: If b = ¢ in R(7/,7”) N {r < Ry}, where ¢ solves again
Og% = 0, then

_ 7 / N (., N P n?
o [ aw=[  awss [ urersymimg

s

T+

The introduction of 1[1 is related to our localisation procedure we shall carry out in
what follows.

Recall that in the Schwarzschild case, for Ry suitably chosen, there is no &3
term, as the term K% has a good sign in that region. (See Section 4.2.) Examining
the r-decay of error terms in the smooth dependence of Z in a, we obtain

& < etr_leiV(w)N”

where e can be made arbitrarily small if a is small. If 77 — 7/ ~ 7/ ~ ¢, this leads
to an estimate

/ EW) < e’ —7)" + 1) / TN ()
R(r!,7'")

Son{r3r7—7'} T
(85) +¢€log|r" — 7| / J/iv(z/))n‘i/.
ET/

In the region 7y 4+ ¢; < r < ry + co, then, choosing rg such that & is absent
in Schwarzschild, we can argue without computation from the smooth dependence
on a that

& < et*(JY (Y)N* +4?)
where € can be made arbitrarily small by choosing a small. The necessity of a
quadratically growing error term arises from the fact that L + L is not Killing in
this region.®”

As we have already mentioned, an important subtlety occurs near the horizon
H* where Z fails to be C'. This means that & is not necessarily small in local

57 Alternatively, one can keep L + L Killing at the expense of Z failing to be causal on the
horizon. This would lead to errors of a similar nature.
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coordinates, and one must understand how to bound the singular terms. It turns
out that these singular terms have a structure:

PROPOSITION 5.3.2. Let V, f’, Ey, Ey extend V to a null frame inr < ry+4cq.
We have

& < ev|log(r —r)P(T(Y, V) + T(V,V)) + ev ) (¥)N*".

PRrooF. The warping function w can be chosen as in Schwarzschild near H™T,
and thus, the extra terms it generates are harmless. For the worst behaviour, it
suffices to examine now K7 itself. We must show that terms of the form:

|log(r —r4)[P(T(Y,Y))

do not appear in the computation for K2.
The relevant property follows from examining the covariant derivative of Z
with respect to the null frame:

Vo Z =2u(Vu)L + 20V (v)L + 02V, V — dr*oV i L+ 4(r*)?Vy L,
Vi Z = 2u(Yu)L + 20(Yv)L + 0®°Vy V — dr*oVy L+ 4(r*)?Vy L,
Ve Z =2u(Eu)L + 20(E1v)L +v°V g,V — 4r*oV g, L+ 4(r*)*V, L,
Ve, Z = 2u(Equ)L + 2v(Eyv)L + v*V g,V — 4r*vV g, L + 4(r*)*Vg, L.
0

To estimate now &, we first remark that with Proposition 5.3.1, we can obtain
the following refinement of the red-shift multiplier construction of Corollary 3.1:

PROPOSITION 5.3.3. If we weaken the requirement that N be smooth in Corol-
lary 3.1 with the statement that N is C° at Ht and smooth away from H*, then
giwen p > 0, we may construct an N as in Corollary 3.1 where property 1 is replaced
by the stronger inequality:

KN (@) > by|log(r — 1) P(T(Y, V) + T(V, V)
forr <.

It now follows immediately from Proposition 5.3.1 that with ¢ and zﬁ as before,
we have

€ 2 N (4] n‘u .
(56) fo o B e [,

s

To obtain energy decay from (83), (85), (84) and (86), we argue now by conti-
nuity. Introduce the bootstrap assumptions

(87) / I ()N* 4+ x? < C Dy,
S.n{r3t}

(88) / IN(TyY)N* < C' Dy~ 12
2.n{r3r}

for a 6 > 0.
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Now dyadically decompose the interval [0, 7] by 7; < 7;41. Using (84) and the
above, we obtain

/R(O‘r w < Z/(ﬂ Tit1)
<Sn [ Y@+ Y @i

<Y () + 2 (0N + 31

ST T}
< Z 72+25CD+ 71+25C D)
(89) <6 Y CDr 1% L ' Dr%).
Here, 1/3 is constructed separately on each dyadic region R(7;,7;+1) by throwing a
cutoff on ’(/J|27i equal to 1 inr X 7,41 —7; and vanishing in 7,11 —7; 3 r, solving again
the initial value problem in R(7;,7;4+1), and exploiting the domain of dependence
property. See the original [65] for this localisation scheme. The parameters of the

“dyadic” decomposition must be chosen accordingly for the constants to work out.
Similarly, using (86) we obtain

/R(OT w < Z/ (TisTit1)
< ezrf/ ARG
4 Er
<eynf TN ()N + xu?
. ®

Tiﬁ{?"jT»H,]—Ti}
<e Z TfT{QH‘;CD
(90) < e 1r2CD

and using (85)

/72(077') 1/} < Z/ R(Ti, Tz+1)
<oy ( /2 e [

7 E"i

7 (zﬁ)ng,i)
<e Z(TZZTZ»_2+25CD + Dlog ")
i
(91) < e rH0D.

For Tt we obtain

(92) [ a@w<sor
R(0,7)
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Es(T)) < Eo(T
/R(M X sz/R() A(TY)
TN / TN

<37 / TN (TH)NF + (T
i Er

iﬂ{rjn_*_lf‘r,;}

<e Z Tf(T{HQ‘SC/D + T{QHSCD)

(93) < e TP C'D + 670D,

/| NECEES /| L a

<ey (ﬁ/ J;V(sz)Nu/ J;V(sz)ngn>

i Ti Ti

<e Z(ngTi_l+25O/D + Dlog;)

(94) < e B C'D.

We use here the algebra of constants where Be = €. The constant D is a quantity
coming from data. Exercise: What is D and why is (92) true?

For e < 6 and C’ sufficiently large, we see that from (83) applied to T% in
place of v, using (92), (93), we improve (88).

On the other hand choosing ¢’ < C and then 7 sufficiently large, we have

T_25_1(CDT_1+26 + C/DT%) < %CDT_2+25

and thus, again for e < ¢, using (89), (90) we can improve (87) from (83).

Once one obtains (87), then decay can be extended to decay in ¥, by the
argument of Section 4.2, by applying conservation of the J7 flux backwards.®®

5.3.7. Pointwise bounds. In any region r < R, we may now obtain pointwise
decay bounds simply by further commutation with 7', N as in Section 3.3.4. To
obtain the correct pointwise decay statement towards null infinity, one must also
commute the equation with a basis €); for the Lie algebra of the Schwarzschild
metric, exploiting the r-weights of these vector fields. Defining €; = ¢ (r)€;, where
¢ is a cutoff which vanishes for » < Ry, where 3M < Ry, and, setting ¢ = Qi, we
have

Og% = F10%) + F200

where F; = O(r=?) and Fy = O(r=3). Having estimates already for v, T, one
can may apply the X and Z estimates as before for ), only, in view of the F, term,
now one must exploit also the X-estimate in D™ (X, N{r 2 71— })NJ (Zr,,,).
We leave this as an exercise.

58Note that in view of the fact that we argued by continuity to obtain (87), we could not
obtain this extended decay through 3, earlier. This is why we have localised as in [65], not as in
Section 4.2.
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5.3.8. The decay theorem. We have obtained thus

THEOREM 5.2. Let (M, g) be Kerr for |a] < M, D be the closure of its domain
of dependence, let X be the surface DN{t* = 0}, let b, P’ be initial data on g such
that y € H{ (X)), V' € H]sozl(E) for s > 1, and lim,_,;0 P = 0, and let ¥ be the
corresponding unique solution of Ogb = 0. Let ¢, denote the 1-parameter family
of diffeomorphisms generated by T, let So be an arbitrary spacelike hypersurface in
J (S0 \U) where U is an open neighbourhood of the asymptotically flat end®®, and

define Xy = 0, (X0). Let s >3 and assume
By = [ )+ ) + T (T < oo,
0

Then there exists a § > 0 depending on a (with§ — 0 as a — 0) and a B depending
only on X such that

Now let s > 5 and assume

By=Y > / r? (TR0 (L) + Jio(DOTY) + Ji (DT T))nk < oo
la|<2 T={T,N,Q;} >0

where §; are the Schwarzschild angular momentum operators. Then

sup V71| < By/Ey 7719, sup r|p| < By/Ey 7(719/2,

One can obtain decay for arbitrary derivatives, including transversal derivatives
to HT, using additional commutation by N. See [69].

5.4. Black hole uniqueness. In the context of the vacuum equations (4), the
Kerr solution plays an important role not only because it is believed to be stable,
but because it is believed to be the only stationary black hole solution.®® This is
the celebrated no-hair “theorem”. In the case of the Einstein-Maxwell equations,
there is an analogous no-hair “theorem” stating uniqueness for Kerr-Newman. A
general reference is [92].

Neither of these results is close to being a theorem in the generality which
they are often stated. Reasonably definitive statements have only been proven
in the much easier static case, and in the case where axisymmetry is assumed
a priori and the horizon is assumed connected, i.e. that there is one black hole.
Axisymmetry can be inferred from stationarity under various special assumptions,
including the especially restrictive assumption of analyticity. See [57] for the latest
on the analytic case, and [96] for new interesting results in the direction of removing
the analyticity assumption in inferring axisymmetry from stationarity.

Nonetheless, the expectation that black hole uniqueness is true reasonably
raises the question: why the interest in more general black holes, allowed in Theo-
rem 5.17

For a classical “astrophysical” motivation, note that black hole solutions can in
principle exist in the presence of persistent atmospheres. Perhaps the simplest such
constructions would involve solutions of the Einstein-Vlasov system, where matter

59This is just the assumption that o “terminates” on null infinity
60 A further extrapolation leads to the “belief” that all vacuum solutions eventually decom-
pose into n Kerr solutions moving away from each other.
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is described by a distribution function on phase space invariant under geodesic
flow. These black hole spacetimes would in general not be Kerr even in their
vacuum regions. Recent speculations in high energy physics yield other possible
motivations: There are now a variety of “hairy black holes” solving Einstein-matter
systems for non-classical matter, like Yang-Mills fields [141], and a large variety
of vacuum black holes in higher dimensions [77], many of which are currently the
topic of intense study.

There is, however, a second type of reason, which is relevant even when we
restrict our attention to the vacuum equations (4) in dimension 4. The less infor-
mation one must use about the spacetime to obtain quantitative control on fields,
the better chance one has at obtaining a stability theorem. The essentially non-
quantitative®! aspect of our current limited understanding of black hole uniqueness
should make it clear that these arguments probably will not have a place in a sta-
bility proof. Indeed, it would be an interesting problem to explore the possibility of
obtaining a more quantitative version of uniqueness theorems (in a neighbourhood
of Kerr) following ideas in this section.

5.5. Comments and further reading. Theorem 5.1 was proven in [68]. In
particular, this provided the first global result of any kind for general solutions
of the Cauchy problem on a (non-Schwarzschild) Kerr background. Theorem 5.2
was first announced at the Clay Summer School where these notes were lectured.
Results in the direction of Proposition 5.3.1 are independently being studied in
work in progress by Tataru-Tohaneanu®? and Andersson-Blue%.

The best previous results concerning Kerr had been obtained by Finster and
collaborators in an important series of papers culminating in [79]. See also [80].
The methods of [79] are spectral theoretic, with many pretty applications of con-
tour integration and o.d.e. techniques. The results of [79] do not apply to general
solutions of the Cauchy problem, however, only to individual azimuthal modes,
i.e. solutions v, of fixed m. In addition, [79] imposes the restrictive assumption
that ™ NH ™ not be in the support of the modes. (Recall the discussion of Sec-
tion 3.2.6.) Under these assumptions, the main result stated in [79] is that

(95) tlggo Ym(r,t) =0

for any r > . Note that the reason that (95) did not yield any statement concern-
ing general solutions, i.e. the sum over m-not even a non-quantitative one-is that
one did not have a quantitative boundedness statement as in Theorem 5.1. More-
over, one should mention that even for fixed m, the results of [79] are in principle
compatible with the statement

Sup P, = 00,

H+
i.e. that the azimuthal modes blow up along the horizon. See the comments in
Section 4.6. It is important to note, however, that the statement of [79] need not
restrict to |a| < M, but concerns the entire subextremal range |a| < M. Thus,
the statement (95) of [79] is currently the only known statement available in the

61 As should be apparent by the role of analyticity or Carleman estimates.

62communication from Mihai Tohaneanu, a summer school participant who attended these
lectures

63]ecture of P. Blue, Mittag-Leffler, September 2008
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literature concerning azimuthal modes on Kerr spacetimes for large but subextremal
a.

There has also been interesting work on the Dirac equation [78, 90], for which
superradiance does not occur, and the Klein-Gordon equation [89]. For the latter,
see also Section 8.3.

5.6. The nonlinear stability problem for Kerr. We have motivated these
notes with the nonlinear stability problem of Kerr. Let us give finally a rough
formulation.

CONJECTURE 5.1. Let (2,7, K) be a vacuum initial data set (see Appendiz B.2)
sufficiently close (in a weighted sense) to the initial data on Cauchy hypersurface in
the Kerr solution (M, ga.q) for some parameters 0 < |a| < M. Then the mazimal
vacuum development (M, g) possesses a complete null infinity T such that the
metric restricted to J~(IT) approaches a Kerr solution (M, gar,.a,) in a uniform

way (with respect to a foliation of the type Y, of Section 4 ) with quantitative decay
rates, where My, ay are near M, a respectively.

Let us make some remarks concerning the above statement. Under the as-
sumptions of the above conjecture, (M, g) certainly contains a trapped surface S
by Cauchy stability. By Penrose’s incompleteness theorem (Theorem 2.2), this im-
plies that (M, g) is future causally geodesically incomplete. By the methods of the
proof of Theorem 2.2, it is easy to see that SN J~(ZT) = (). Thus, as soon as 7+
is shown to be complete, it would follow that the spacetime has a black hole region
in the sense of Section 2.5.4.64

In view of this, one can also formulate the problem where the initial data are
assumed close to Kerr initial data on an incomplete subset of a Cauchy hypersurface
with one asymptotically flat end and bounded by a trapped surface. This is in fact
the physical problem®, but in view of Cauchy stability, it is equivalent to the
formulation we have given above. Note also the open problem described in the last
paragraph of Section 2.8.

In the spherically symmetric analogue of this problem where the Einstein equa-
tions are coupled with matter, or the Bianchi-triaxial IX vacuum problem discussed
in Section 2.6.4, the completeness of null infinity can be inferred easily without de-
tailed understanding of the geometry [60, 62]. One can view this as an “orbital
stability” statement. In this spherically symmetric case, the asymptotic stability
can then be studied a posteriori, as in [63, 94]. This latter problem is much more
difficult.

In the case of Conjecture 5.1, in contrast to the symmetric cases mentioned
above, one does mot expect to be able to show any weaker stability statement
than the asymptotic stability with decay rates as stated. Note that it is only the
Kerr family as a whole—not the Schwarzschild subfamily—which is expected to be
asymptotically stable: Choosing a = 0 certainly does not imply that a; = 0. On
the other hand, if |a| < M, then by the formulation of the above conjecture, it
would follow that |ay| < M/. It is with this in mind that we have considered the
la| < M case in these lecture notes.

64Let us also remark the obvious fact that the above conjecture implies in particular that
weak cosmic censorship holds in a neighbourhood of Kerr data.

65Cf. the comments on the relation between maximally-extended Schwarzschild and
Oppenheimer-Snyder.
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6. The cosmological constant A and Schwarzschild-de Sitter

Another interesting setting for the study of the stability problem are black holes
within cosmological spacetimes. Cosmological spacetimes—as opposed to asymptot-
ically flat spacetimes (See Appendix B.2.3), which model spacetime in the vicinity
of an isolated self-gravitating system-are supposed to model the whole universe.
The working hypothesis of classical cosmology is that the universe is approximately
homogeneous and isotropic (sometimes known as the Copernican principle [91]).
In the Newtonian theory, it was not possible to formulate a cosmological model sat-
isfying this hypothesis.®® One of the major successes of general relativity was that
the theory allowed for such solutions, thus making cosmology into a mathematical
science.

In the early years of mathematical cosmology, it was assumed that the universe
should be staticS”. To allow for such static cosmological solutions, Einstein modified
his equations (2) by adding a 0’th order term:

1
(96) R, — ig“VR + Agu = 87T,

Here A is a constant known as the cosmological constant. When coupled with a
perfect fluid, this system admits a static, homogeneous, isotropic solution with
A > 0 and topology S x R. This spacetime is sometimes called the Einstein static
universe.

Cosmological solutions with various values of the parameter A were studied by
Friedmann and Lemaitre, under the hypothesis of exact homogeneity and isotropy.
Static solutions are in fact always unstable under perturbation of initial data. Typ-
ical homogeneous isotropic solutions expand or contract, or both, beginning and
or ending in singular configurations. As with the early studies (referred to in Sec-
tions 2.2) illuminating the extensions of the Schwarzschild metric across the horizon,
these were ahead of their time.%® (See the forthcoming book [123] for a history
of this fascinating early period in the history of mathematical cosmology.) These
predictions were taken more seriously with Hubble’s observational discovery of the
expansion of the universe, and the subsequent evolutionary theories of matter, but
the relevance of the solutions near where they are actually singular was taken se-
riously only after the incompleteness theorems of Penrose and Hawking—Penrose
were proven (see Section 2.7).

We shall not go into a general discussion of cosmology here, nor tell the fascinat-
ing story of the ups and downs of A—from its adoption by Einstein to his subsequent
well-known rejection of it, to its later “triumphant” return in current cosmological
models, taking a very small positive value, the “explanation” of which is widely
regarded as one of the outstanding puzzles of theoretical physics. Rather, let us
pass directly to the object of our study here, one of the simplest examples of an
inhomogeneous “cosmological” spacetime, where non-trivial small scale structure
occurs in an ambient expanding cosmology. This is the Schwarzschild-de Sitter
solution.

661t is possible, however, if one geometrically reinterprets the Newtonian theory and allows
space to be-say—the torus. See [132]. These reinterpretations, of course, postdate the formulation
of general relativity.

67much like in the early studies of asymptotically flat spacetimes discussed in Section 2.1

68In fact, the two are very closely related! The interior region of the Oppenheimer-Snyder
collapsing star is precisely isometric to a region of a Friedmann universe. See [117].
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6.1. The Schwarzschild-de Sitter geometry. Again, this metric was dis-
covered in local coordinates early in the history of general relativity, independently
by Kottler [105] and Weyl [155]. Fixing A > 0,59 Schwarzschild-de Sitter is a
one-parameter family of solutions of the form

(97) —(1=2M/r — Ar®)dt* + (1 — 2M /r — Ar®) rdr? + r’doge.
The black hole case is the case where 0 < M < ﬁ A maximally-extended

solution (see [28, 85]) then has as Penrose diagram the infinitely repeating chain:

To construct “cosmological solutions” one often takes spatially compact quotients.
(One can also glue such regions into other cosmological spacetimes. See [56]. For
more on the geometry of this solution, see [10].)

6.2. Boundedness and decay. The region “analogous” to the region studied
previously for Schwarzschild and Kerr is the darker shaded region D above. The
horizon H separates D from an “expanding” region where the spacetime is similar
to the celebrated de Sitter space. If ¥ is a Cauchy surface such that ¥ NH™ =
YNH =0, then let us define ¥y = DNY, and let us deﬁne Y, to be the translates
of ¥ by the flow ¢, generated by the Killing field T' (= ) Note that, in contrast
to the Schwarzschild or Kerr case, ¥g is compact.

We have

THEOREM 6.1. The statement of Theorem 3.2 holds for these spacetimes, where
¥, Yo, ¥r are as above, and lim,_,;0 [\p| is replaced by sup,cx, [W].

PrOOF. The proof of the above theorem is as in the Schwarzschild case, except
that in addition to the analogue of N, one must use a vector field N which plays
the role of N near the “cosmological horizon” HT. It is a good exercise for the
reader to think about the properties required to construct such a N. A general
construction of such a vector field applicable to all non-extremal stationary black
holes is done in Section 7. g

As for decay, we have

THEOREM 6.2. For every k > 0, there exist constants Cy. such that the following
holds. Let\p € H*F1 ' € HE | and define

loc locf

By = Y Z/ T (D) nk,

[()| <k T={Q;}

Then

(98) / I (s < G
>

r

69The expression (97) with A < 0 defines Schwarzschild-anti-de Sitter. See Section 8.4.
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For k > 1 we have

—k+1
(99) S;PWJ — o] < CpvVEpt 2,
where Yy denotes the 0’th spherical harmonic, for which we have for instance the
estimate
(100) sup o] < sup Yo + Coy/ Eo(WPo, bp)-
T TE2Q

The proof of this theorem uses the vector fields T, Y and Y (alternatively N,
N), together with a version of X as multipliers, and requires commutation of the
equation with §2; to quantify the loss caused by trapping. (Like Schwarzschild,
the Schwarzschild-de Sitter metric has a photon sphere which is at » = 3M for all
values of A in the allowed range. See [86] for a discussion of the optical geometry
of this metric and its importance for gravitational lensing.) An estimate analogous
to (39) is obtained, but without the y weight, in view of the compactness of X.
The result of the Theorem follows essentially immediately, in view of Theorem 6.1
and a pigeonhole argument. No use need be made of a vector field of the type Z as
in Section 4.2. Note that for ¥y = constant, Ej; = 0, so removing the 0’th spherical
harmonic in (99) is necessary. See [66] for details.

Note that if €2; can be replaced by € in (39), then it follows that the loss in
derivatives for energy decay at any polynomial rate k in (98) can be made arbitrarily
small. If ; could be replaced by log €);, then what would one obtain? (Exercise)

It would be a nice exercise to commute with ¥ as in the proof of Theorem 6.1,
to obtain pointwise decay for arbitrary derivatives of k. See the related exercise in
Section 4.3 concerning improving the statement of Theorem 4.1.

6.3. Comments and further reading. Theorem 6.2 was proven in [66].
Independently, the problem of the wave equation on Schwarzschild-de Sitter has
been considered in a nice paper of Bony-Héfner [24] using methods of scattering
theory. In that setting, the presence of trapping is manifest by the appearance of
resonances, that is to say, the poles of the analytic continuation of the resolvent.”
The relevant estimates on the distribution of these necessary for the analysis of [24]
had been obtained earlier by S4 Barreto and Zworski [135].

In contrast to Theorem 6.2, the theorem of Bony-Héfner [24] makes the familiar
restrictive assumption on the support of initial data discussed in Section 3.2.5. For
these data, however, the results of [24] obtain better decay than Theorem 6.2 away
from the horizon, namely exponential, at the cost of only an e derivative. The
decay results of [24] degenerate at the horizon, in particular, they do not retrieve
even boundedness for v itself. However, using the result of [24] together with the
analogue of the red-shift Y estimate as used in the proof of Theorem 6.2, one can
prove exponential decay up to and including the horizon, i.e. exponential decay in
the parameter 7 (Exercise). This still requires, however, the restrictive hypothesis
of [24] concerning the support of the data. It would be interesting to sort out
whether the restrictive hypothesis can be removed from [24], and whether this
fast decay is stable to perturbation. There also appears to be interesting work in
progress by S& Barreto, Melrose and Vasy [150] on a related problem.

70In the physics literature, these are known as quasi-normal modes. See [104] for a nice
survey, as well as the discussion in Section 4.6.
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One should expect that the statement of Theorem 6.1 holds for the wave equa-
tion on axisymmetric stationary perturbations of Schwarzschild-de Sitter, in par-
ticular, slowly rotating Kerr-de Sitter, in analogy to Theorem 5.1.

Finally, we note that in many context, more natural than the wave equation
is the conformally covariant wave equation Og1) — %Rd} = 0. For Schwarzschild-de
Sitter, this is then a special case of Klein-Gordon (106) with g > 0. The analogue
of Theorem 6.1 holds by virtue of Section 7.2. Exercise: Prove the analogue of
Theorem 6.2 for this equation.

7. Epilogue: The red-shift effect for non-extremal black holes

We give in this section general assumptions for the existence of vector fields
Y and N as in Section 3.3.2. As an application, we can obtain the boundedness
result of Theorem 3.2 or Theorem 6.1 for all classical non-extremal black holes for
general nonnegative cosmological constant A > 0. See [91, 148, 28] for discussions
of these solutions.

7.1. A general construction of vector fields Y and N. Recall that a
Killing horizon is a null hypersurface whose normal is Killing [92, 148]. Let H
be a sufficiently regular Killing horizon with (future-directed) generator the Killing
field V, which bounds a spacetime D. Let o} denote the one-parameter family
of transformations generated by V', assumed to be globally defined for all ¢ > 0.
Assume there exists a spatial hypersurface > C D transverse to V, such that
YXNH =S5 is a compact 2-surface. Consider the region

R’ = Uzopt (3)

and assume that R’ ND is smoothly foliated by ¢;(X).
Note that
VyV =kV

for some function x : H — R.

THEOREM 7.1. LetH, D, R', %, V, ) be as above. Suppose k > 0. Then there
exists a ¢} -invariant future-directed timelike vector field N on R' and a constant
b > 0 such that

KN > bJY N+
in an open py-invariant (fort >0) subset U C R’ containing HNR'.
PROOF. Define Y on S so that Y is future directed null, say

(101) g(Y,V) = -2,
and orthogonal to S. Moreover, extend Y off S so that
(102) VyY =—-0c(Y+V)

on S. Now push Y forward by ¢} to a vector field on ¢. Note that all the above
relations still hold on H.

It is easy to see that the relations (19)—(22) hold as before, where E;, Es are
a local frame for T,p} (S). Now a!, a? are not necessarily 0, hence our having

included them in the original computation! We define as before
N=V+Y.

Note that it is the compactness of S which gives the uniformity of the choice of b
in the statement of the theorem. [
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We also have the following commutation theorem

THEOREM 7.2. Under the assumptions of the above theorem, if 1 satisfies
Og¥ = 0, then for all k > 1.

Dg(ykw) _ Kkyk+1,(/) + Z CmE{nlEglszSYm4’(/)
0<|m|<k+1,0<ms<k

on HT, where ki, > 0.

PrOOF. From (19)-(22), we deduce that relative to the null frame (on the
horizon) V.Y, Ey, E5 the deformation tensor ¥ 7 takes the form

y _ y _ y _ y _ y _ i Y 4
Tyy =20, “wyy =2k, " wyy=o0, 7wy =0, ‘7wyg =dad, " wggE =h.

As aresult the principal part of the commutator expression—the term 2 Y 7% D,, Dgyp
can be written as follows

2 VoVt = kViy Y +0(Viy + Viy)Y — a'Vi g v + 205V, g 0.
The result now follows by induction on k. (Il

7.2. Applications. The proposition applies in particular to sub-extremal Kerr
and Kerr-Newman, as well as to both horizons of sub-extremal Kerr-de Sitter, Kerr-
Newman-de Sitter, etc. Let us give the following general, albeit somewhat awkward
statement:

THEOREM 7.3. Let (R,g) be a manifold with stratified boundary HT UY, such
that R is globally hyperbolic with past boundary the Cauchy hypersurface X3, where
Y and H are themselves manifolds with (common) boundary S. Assume

— + —
HT =U HT, S =U,95;,

where the unions are disjoint and each H; , S; is connected. Assume each 'H,j'
satisfies the assumptions of Theorem 7.1 with future-directed Killing field V;, some
subset ¥; C 3, and cross section a connected component S; of S. Let us assume
there exists a Killing field T' with future complete orbits, and @, is the one-parameter
family of transformations generated by T. Let U; be given by Theorem 7.1 and
assume that there exists a V as above such that

R =g (2\ V) U UL U.
and
—9((¢)")uns,ng,) < B

where Y = o (X), gpz/'i represents the one-parameter family of transformations
generated by V', and the last inequality is assumed for all values of t, T where the
left hand side can be defined. Finally, let ¢ be a solution to the wave equation and
assume that for any open neighbourhood V of S in X, there exists a positive constant
by > 0 such that

(103) JE(TRp)nks > by T (TF)nk,
inX\V and
(104) Ty = ¢ Vi

on Hj . It follows that the first statement of Theorem 3.2 holds for .
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Assume in addition that X2 is compact or asymptotically flat, in the weak sense
of the validity of a Sobolev estimate (11) near infinity. Then the second statement
of Theorem 3.2 holds for 1.

In the case where T is assumed timelike in R \ H*, then (104) is automatic,
whereas (103) holds if

—9(T.T) = —by g(n, T)
in ¥\ V. Thus we have

COROLLARY 7.1. The above theorem applies to Reissner-Nordstrom, Reissner-
Nordstrom-de Sitter, etc, for all subextremal range of parameters. Thus Theo-
rem 3.2 holds for all such metrics.”™

On the other hand, (104), (103) can be easily seen to hold for azisymmetric
solutions 1y of Oyt = 0 on backgrounds in the Kerr family (see Section 5.2). We
thus have

COROLLARY 7.2. The statement of Theorem 3.2 holds for azisymmetric solu-
tions 1y of for Kerr-Newman and Kerr-Newman-de Sitter for the full subextremal
range of parameters.™

Let us also mention that the the theorems of this section apply to the Klein-
Gordon equation Oy1 = p?1), as well as to the Maxwell equations (Exercise).

8. Open problems

We end these notes with a discussion of open problems. Some of these are
related to Conjecture 5.1, but all have independent interest.

8.1. The wave equation. The decay rates of Theorem 4.1 are sharp as uni-
form decay rates in v for any nontrivial class of initial data. On the other hand,
it would be nice to obtain more decay in the interior, possibly under a stronger
assumption on initial data.

OPEN PROBLEM 1. Show that there exists a § > 0 such that (31) holds with T
replaced with 72149 for a suitable redefinition of E1. Show the same thing for
Kerr spacetimes with |a| < M.

At the very least, it would be nice to obtain this result for the energy restricted
to X, N {r < R}.

Recall how the algebraic structure of the Kerr solution is used in a fundamental
way in the proof of Theorem 5.2. On the other hand, one would think that the va-
lidity of the results should depend only on the robustness of the trapping structure.
This suggests the following

OPEN PROBLEM 2. Show the analogue of Theorem 5.2 for the wave equation
on metrics close to Schwarzschild with as few as possible geometric assumptions on
the metric.

"n the A = 0 case this range is M > 0, 0 < |Q| < M. Exercise: What is it for A > 07
72In the A = 0 case this range is M > 0, 0 < |Q| < VM2 — a2. Exercise: What is it for
A> 07
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For instance, can Theorem 5.2 be proven under the assumptions of Theo-
rem 5.17 Under even weaker assumptions?

Our results for Kerr require |a| < M. Of course, this is a “valid” assumption
in the context of the nonlinear stability problem, in the sense that if this condition
is assumed on the parameters of the initial reference Kerr solution, one expects it
holds for the final Kerr solution. Nonetheless, one certainly would like a result for
all cases. See the discussion in Section 5.5.

4

OPEN PROBLEM 3. Show the analogue of Theorem 5.2 for Kerr solutions in
the entire subextremal range 0 < |a] < M.

The extremal case |a|] = M may be quite different in view of the fact that
Section 7 cannot apply:

OPEN PROBLEM 4. Understand the behaviour of solutions to the wave equation

on extremal Reissner-Nordstréom, extremal Schwarzschild-de Sitter, and extremal
Kerr.

Turning to the case of A > 0, we have already remarked that the analogue of
Theorems 6.1 and 6.2 should certainly hold in the case of Kerr-de Sitter. In the case
of both Schwarzschild-de Sitter and Kerr-de Sitter, another interesting problem is
to understand the behaviour in the region C = J© (ﬁ:) nJ+ (ﬁ;), where H, H}
are two cosmological horizons meeting at a sphere:

OPEN PROBLEM 5. Understand the behaviour of solutions to the wave equa-
tion in region C of Schwarzschild-de Sitter and Kerr-de Sitter, in particular, their
behaviour along r = oo as i™ is approached.

Let us add that in the case of cosmological constant, in some contexts it is
appropriate to replace O, with the conformally covariant wave operator O, — %R.
In view of the fact that R is constant, this is a special case of the Klein-Gordon

equation discussed in Section 8.3 below.

8.2. Higher spin. The wave equation is a “poor man’s” linearisation of the
Einstein equations (4). The role of linearisation in the mathematical theory of
nonlinear partial differential equations is of a different nature than that which one
might imagine from the formal “perturbation” theory which one still encounters
in the physics literature. Rather than linearising the equations, one considers the
solution of the nonlinear equation from the point of view of a related linear equation
that it itself satisfies.

In the case of the simplest nonlinear equations (say (107) discussed in Sec-
tion 8.6 below), typically this means freezing the right hand side, i.e. treating it as
a given inhomogeneous term. In the case of the Einstein equations, the proper ana-
logue of this procedure is much more geometric. Specifically, it amounts to looking
at the so called Bianchi equations

(105) v[;LRy)\]pa = Oa

which are already linear as equations for the curvature tensor when ¢ is regarded
as fixed. For more on this point of view, see [51]. The above equations for a field
Sauvp With the symmetries of the Riemann curvature tensor are in general known
as the spin-2 equations. This motivates:
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OPEN PROBLEM 6. State and prove the spin-2 version of Theorems 5.1 or 5.2
(or Open problem 1) on Kerr metric backgrounds or more generally, metrics settling
down to Kerr.

In addition to [51], a good reference for these problems is [50], where this
problem is resolved just for Minkowski space. In contrast to the case of Minkowski
space, an additional difficulty in the above problem for the black hole setting arises
from the presence of nontrivial stationary solutions provided by the curvature tensor
of the solutions themselves. This will have to be accounted for in the statement
of any decay theorem. From the “linearisation” point of view, the existence of
stationary solutions is of course related to the fact that it is the 2-parameter Kerr
family which is expected to be stable, not an individual solution.

8.3. The Klein-Gordon equation. Another important problem is the Klein-
Gordon equation

(106) Ot = ot

A large body of heuristic studies suggest the existence of a sequence of quasinormal
modes (see Section 4.6) approaching the real axis from below in the Schwarzschild
case. When the metric is perturbed to Kerr, it is thought that essentially this
sequence “moves up” and produces exponentially growing solutions. See [158, 71].
This suggests

OPEN PROBLEM 7. Construct an exponentially growing solution of (106) on
Kerr, for arbitrarily small p > 0 and arbitrary small a.

Interestingly, if one fixed m, then adapting the proof of Section 5.2, one can
show that for p > 0 sufficiently small and a sufficiently small, depending on m, the
statement of Theorem 5.1 holds for (106) for such Kerr’s. This is consistent with
the quasinormal mode picture, as one must take m — oo for the modes to approach
the real axis in Schwarzschild. This shows how misleading fixed-m results can be
when compared to the actual physical problem.

8.4. Asymptotically anti-de Sitter spacetimes. In discussing the cosmo-
logical constant we have considered only the case A > 0. This is the case of current
interest in cosmology. On the other hand, from the completely different viewpoint
of high energy physics, there has been intense interest in the case A < 0. See [84].

The expression (97) for A < 0 defines a solution known as Schwarzschild-anti-de
Sitter. A Penrose diagramme of this solution is given below.
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The timelike character of infinity means that this solution is not globally hyperbolic.
As with Schwarzschild-de Sitter, Schwarzschild-anti-de Sitter can be viewed as a
subfamily of a larger Kerr-anti de Sitter family, with similar properties.

Again, as with Schwarzschild-de Sitter, the role of the wave equation is in
some contexts replaced by the conformally covariant wave equation. Note that this
corresponds to (106) with a negative = 2A/3 < 0.

Even in the case of anti-de Sitter space itself (set M = 0in (97)), the question of
the existence and uniqueness of dynamics is subtle in view of the timelike character
of the ideal boundary Z. It turns out that dynamics are unique for (106) only
if the u > 5A/12, whereas for the total energy to be nonnegative one must have
i > 3A/4. Under our conventions, the conformally covariant wave equation lies
between these values. See [6, 26].

OPEN PROBLEM 8. For suitable ranges of 1, understand the boundedness and
blow-up properties for solutions of (106) on Schwarzschild-anti de Sitter and Kerr-
anti de Sitter.

See [109, 27] for background.

8.5. Higher dimensions. All the black hole solutions described above have
higher dimensional analogues. See [77, 120]. These are currently of great interest
from the point of view of high energy physics.

OPEN PROBLEM 9. Study all the problems of Sections 8.1-8.4 in dimension
greater than 4.

Higher dimensions also brings a wealth of explicit black hole solutions such
that the topology of spatial sections of H™T is no longer spherical. In particular,
in 5 spacetime dimensions there exist “black string” solutions, and much more
interestingly, asymptotically flat “black ring” solutions with horizon topology S* x
S2. See [77].

OPEN PROBLEM 10. Inwvestigate the dynamics of the wave equation Ogp = 0
and related equations on black ring backgrounds.

8.6. Nonlinear problems. The eventual goal of this subject is to study the
global dynamics of the Einstein equations (4) themselves and in particular, to
resolve Conjecture 5.1.

It may be interesting, however, to first look at simpler non-linear equations on
fixed black hole backgrounds and ask whether decay results of the type proven here
are sufficient to show non-linear stability.

The simplest non-linear perturbation of the wave equation is

(107) Og¢ = V'(¢)
where V = V(z) is a potential function. Aspects of this problem on a Schwarzschild
background have been studied by [121, 64, 22, 115].

OPEN PROBLEM 11. Inwvestigate the problem (107) on Kerr backgrounds.

In particular, in view of the discussion of Section 8.3, one may be able to
construct solutions of (107) with V' = u? + [P, for u > 0 and for arbitrarily large
p, arising from arbitrarily small, decaying initial data, which blow up in finite time.
This would be quite interesting.
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A nonlinear problem with a stronger relation to (4) is the wave map problem.
Wave maps are maps ® : M — A where M is Lorentzian and A is Riemannian,
which are critical points of the Lagrangian

c@) = [ laof,
In local coordinates, the equations take the form
Oy, @F = —Ffjg?\‘f(ﬁafbiaﬁeta‘l)j),

where Ffj denote the Christoffel symbols of gn. See the lecture notes of Struwe [145]
for a nice introduction.

OPEN PROBLEM 12. Show global existence in the domain of outer communica-
tions for small data solutions of the wave map problem, for arbitrary target manifold
N, on Schwarzschild and Kerr backgrounds.

All the above problems concern fixed black hole backgrounds. One of the essen-
tial difficulties in proving Conjecture 5.1 is dealing with a black hole background
which is not known a priori, and whose geometry must thus be recovered in a
bootstrap setting. It would be nice to have more tractable model problems which
address this difficulty. One can arrive at such problems by passing to symmetry
classes. The closest analogue to Conjecture 5.1 in such a context is perhaps pro-
vided by the results of Holzegel [94], which concern the dynamic stability of the
5-dimensional Schwarzschild as a solution of (4), restricted under Triaxial Bianchi
IX symmetry. See Section 2.6.4. In the symmetric setting, one can perhaps attain
more insight on the geometric difficulties by attempting a large-data problem. For
instance

OPEN PROBLEM 13. Show that the mazximal development of asymptotically flat
triazial Bianchi IX vacuum initial data for the 5-dimensional vacuum equations
containing a trapped surface settles down to Schwarzschild.

The analogue of the above statement has in fact been proven for the Einstein-
scalar field system under spherical symmetry [40, 63]. In the direction of the
above, another interesting set of problems is provided by the Einstein-Maxwell-
charged scalar field system under spherical symmetry. For both the charged-scalar
field system and the Bianchi IX vacuum system, even more ambitious than Open
problem 13 would be to study the strong and weak cosmic censorship conjectures,
possibly unifying the analysis of [45, 58, 59]. Discussion of these open problems,
however, is beyond the scope of the present notes.
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10. Addendum: December 2011

It has been over 3 years since our July 2008 Clay Summer School Lectures
in Zirich and the subsequent posting of these Lecture Notes shortly thereafter to
the arxiv. The intervening period has witnessed remarkable progress concerning
the study of waves on black holes, at a rate in no way foreseen by us. It is espe-
cially satisfying that so much of this progress has been accomplished by participants
in the Clay Summer School (Aretakis, Baskin, Blue, Holzegel, Schlue, Smulevici,
Tohaneanu) as well as by two of the other lecturers (Vasy, Wunsch)!

In submitting a final version of these notes for publication by the CMI, we
wish to record, at least briefly, some of the highlights of these rapid subsequent
developments—hence this Addendum. These exciting works have clarified issues,
resolved fully or partially open problems, fulfilled prophesies, but also, modified (at
least to some extent) various aspects of our point of view. For instance, were
we to rewrite these notes, we would certainly replace Sections 4.2 and 5.3.6 with
an exposition of the results described in Section 10.5 below, which give what we
believe to be a definitive approach to obtaining robust pointwise decay from integrated
local energy decay. As another example, our discussion of finer polynomial tails in
Section 4.6 would certainly be enhanced by an exposition of the results described
in Section 10.7 below. We have resisted, however, the temptation to modify the
original text with the benefit of this hindsight. Our lecture notes were not meant as
a definitive treatment of the subject, but rather, as a snapshot of the field as it stood
in the Summer of 2008. Moreover, these lecture notes double as an original research
paper, giving for the first time a proof of integrated local energy decay on slowly
rotating Kerr (Proposition 5.3.1), pointwise decay on Kerr (Theorem 5.2), and
the general red-shift multiplier and commutation constructions (Theorems 7.1, 7.2
and 7.3) that have proven very useful in much subsequent work. We feel that in
view of this double role, it is important to preserve the notes’ original form for the
historical record.

We have thus confined all references to subsequent developments to this Adden-
dum, leaving the rest of the text “as is”, except for various typographical changes
and corrections to minor errors in some formulas which could cause confusion. We
thank particularly Stefanos Aretakis, Gustav Holzegel, Igor Khavkine, Jan Sbierski
and Volker Schlue for their careful readings and for pointing out many such errors
in the original version of these notes.

Mihalis Dafermos
Igor Rodnianski
Cambridge (UK and USA), December 2011

10.1. Two new approaches to dispersion on slowly-rotating Kerr
la| < M. Since the Clay Summer School, two additional approaches to integrated
local energy decay for the wave equation on Kerr exteriors with |a| < M, originally
proven as Proposition 5.2 of these notes, have been completed.

The first such additional approach is due to Tataru—Tohaneanu:

D. Tataru and M. Tohaneanu A local energy estimate on Kerr black hole back-
grounds Int. Math. Res. Not. 2011, no. 2, 248-292
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and was in fact posted to the arxiv in parallel with the arxiv version of these lec-
ture notes. Recall from the discussion of Section 5.3 that the main difficulty for
proving Proposition 5.2, after the stability issues at the horizon had been sorted
out in [65, 68] using the red-shift, was capturing the obstruction posed by trap-
ping in the high-frequency limit. In our own approach, as given for the first time
in these lecture notes, this difficulty was resolved by using Carter’s separation of
the wave equation as a tool to frequency-localise the energy current constructions
of Section 5.3. Tataru—Tohaneanu instead appeal to separation at the level of the
equations of geodesic flow, but microlocalise according to the standard pseudodiffer-
ential calculus applied only in a neighbourhood of the Schwarzschild photon sphere
with respect to an ambient Euclidean coordinate system. The method of red-shift
commutation, introduced in our previous [68], is then applied so as to complete the
argument, giving also an alternative proof of the pointwise boundedness statement
of [68], when the latter is specialised to the exactly Kerr case.

The second new approach to Proposition 5.2 of these lecture notes, due to
Andersson—Blue, and appearing in:

L. Andersson and P. Blue Hidden symmetries and decay for the wave equation on
the Kerr spacetime, arXiv:0908.2265,

replaces the above two frequency localisation techniques by a third, which combines
classical vector field multipliers with commutation by a second order differential
operator constructed from the so-called Carter tensor. Carter’s separation of the
wave equation is in fact intimately connected with these operators and the relevant
positivity computation can be directly translated to the formalism of Section 5.3.
(In this language, one is choosing an f as in formula (74) with polynomial w-
dependence which has an interpretation as commutation by a differential operator.)
The fact that the implicit frequency analysis is accomplished using only differential
operators gives the Andersson—Blue argument many attractive features. The result
is slightly weaker, however, than that given by our previous method (as well as that
described in the paragraph above), as commutation gives rise to an estimate at the
level of a weighted H?® norm, rather than H' as in Proposition 5.2.

Let us add that we ourselves have given yet another proof of Proposition 5.2
in our

M. Dafermos and I. Rodnianski Decay for solutions of the wave equation on Kerr
exterior spacetimes I-1I: The cases |a| < M or axisymmetry arXiv:1010.5132

For the high frequency domain, this proof follows closely the proof of these notes,
but in the new argument, the full potential (no pun intended!) of the separation
is exploited to construct novel low-frequency currents, which make the proof com-
pletely independent of both our previous decay work on Schwarzschild [65] and of
our previous general boundedness theorem [68], both of which were used (albeit
simply as a convenience) in the proof contained in Section 5.3. In particular, the
above paper yields as a by-product yet another proof of local energy decay for the
Schwarzschild case, completely self-contained, and having the additional advan-
tage that, in providing a systematic approach to low frequencies, the proof gives a
blue-print which can be applied to a wide variety of spacetimes. This has indeed



LECTURES ON BLACK HOLES AND LINEAR WAVES 177

proven useful for subsequent developments in the extremal case and in AdS (see
Sections 10.3 and 10.10 below).

Moreover, the above new proof unifies the small |a| < M case with the case of
axisymmetric solutions in the full subextremal range |a| < M, where superradiance
is absent and one can appeal to Theorem 7.3.

In contrast, as we shall see, the case of general, non-axisymmetric solutions in
the full range |a| < M required a new insight, which we turn to immediately the
next section!

10.2. The full subextremal range |a| < M. (cf. Open problem 3)

The case |a| < M is characterized by the fact that superradiance is a small
parameter. This played a fundamental role in both the general boundedness re-
sult [68] which inaugurated the study of the wave equation on Kerr, as well as the
subsequent decay results just described.

Let us briefly recall the role of the small parameter for both boundedness and
decay:

In our original general boundedness result [68], the smallness of |a| was ex-
ploited first to show that the difficulties of superradiance and trapping were “dis-
joint”. Essentially this can be understood in physical space: The ergoregion is in a
small neighbourhood of the horizon, while trapping is confined to a region near the
Schwarzschild photon sphere; for |a| < M, these two regions are well separated.
Using only the separation with respect to w and m, this allowed one to construct a
multiplier current with positive bulk term (and without degeneration) for the super-
radiant frequencies but bypass constructing such a current for the non-superradiant
frequencies, relying instead on an independent boundedness argument. In this, the
smallness of |a| is exploited a second time so as to ensure the positivity of the
boundary terms in the energy current applied to the superradiant frequencies—in
effect, here one uses that the “strength” of superradiance can be taken as a small
parameter.

In the decay problem for slowly rotating Kerr spacetimes, one does not need to
handle separately the superradiant and non-superradiant frequencies, for essentially
one applies to all frequencies the argument which above was applied only to the
superradiant frequencies, at the expense however of now having to face the difficulty
of capturing trapping. Nonetheless, the smallness of |a| in its second manifestation
described above, namely as allowing for the “strength” of superradiance to be taken
as a small parameter, is exploited just as above, for the control of the boundary
terms. This applies both to our approach and that of Tataru—Tohaneanu mentioned
above. In the work of Andersson—Blue, a similar scheme is used again requiring
small |a| for control of the boundary terms, but with the use of N replaced by a
vector field in the span of the Killing fields 7" and .

In turning to the general subextremal range |a| < M, it is not too difficult
to see (in the context of the frequency localisation given by Carter’s separation)
that currents generating a non-negative bulk term can still be constructed—here
one is in particular implicitly exploiting the fact that the dynamics of geodesic flow
near the set of trapped geodesics remain normally hyperbolic. These constructions,
however, as such, do not allow one to control the boundary terms. For this, it
turned out that one must return to the insight of the boundedness paper concern-
ing the “disjointness” of the trapped and superradiant frequencies. Fortuitously,
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it turns out that trapping and superradiance remain disjoint in the whole
subextremal range. In contrast to the |a| < M case, however, this is not ob-
vious at all from pure physical-space considerations as the ergoregion in general
now contains trapped null geodesics. It is thus very much a phase space phenom-
enon. This disjointness can moreover be quantified, in particular, one can exploit
the superradiant/non-superradiant decomposition in the multiplier constructions
to ensure that the boundary terms are also controlled. One obtains thus the pre-
cise analogue of Proposition 5.2 for the whole subextremal range |a| < M. See
Section 11 of

M. Dafermos and I. Rodnianski The black hole stability problem for linear scalar
perturbations arXiv:1010.5137

In view also of the results to be discussed in Section 10.5 below, the above result
is sufficient to obtain the full set of decay estimates in the whole subextremal range.
Thus, with the above, the study of the scalar wave equation on the subextremal
Kerr family is complete.

Let us conclude this discussion with a remark about the miraculous disjointness
of the trapping and superradiance phenomena. A special case of this disjointness is
the absence of trapped null geodesics which are orthogonal to 0;. This is related to
the conditional pseudoconvexity property that had played a fundamental role in the
Ionsecu—Klainerman approach to uniqueness of Kerr via unique continuation [96].
It would be of great interest to understand more conceptually the origin of this
feature. See also the next section for a discussion of the extremal case |a| = M.

10.3. The extremal case Q = M or |a| = M. (cf. Open problem 4)

The simplest example of an extremal black hole spacetime is extremal Reissner—
Nordstrom with parameters Q = M. As we have discussed in Section 8.1, on such
spacetimes the red-shift factor on the horizon vanishes. Thus, even a uniform
boundedness result in the style of Theorem 7.3 is now non-trivial.

This problem was taken up by Aretakis in a series of papers

S. Aretakis Stability and instability of extreme Reissner—Nordstrém black hole space-
times for linear scalar perturbations I Comm. Math. Phys. 307 (2011), 17-63

S. Aretakis Stability and instability of extreme Reissner—Nordstrém black hole space-
times for linear scalar perturbations II, Ann. Henri Poincare 12 (2011), 1491-1538

which we shall describe briefly in what follows.

First, one sees easily that in the extremal case, there is no pure-vector field
translation-invariant current satisfying K~ > 0 near the horizon, where N is time-
like at H. With a suitable modification term, this problem can be overcome, and
the above series of papers indeed begins by constructing a current J™! satisfying

(108) KN >0
near the horizon. It is however not possible to obtain

N,1 N
(109) KNt > gNNm,
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The bulk term associated to the J™! energy identity thus must still degenerate at
the horizon.

In view of the failure of (109) to hold, the above current is still not sufficient
to be used together with just 7', in the manner of the argument of Section 3.3, to
obtain uniform boundedness up to and including the horizon.

Given, however, an analogue of an X-estimate, the nonnegativity property
(108) near the horizon is then sufficient to retrieve the boundedness of the boundary
terms J™V!, and thus uniform boundedness of the non-degenerate energy. One sees
that in the extremal case, the problem of boundedness for the non-degenerate energy
is inextricably coupled with local energy decay.”

The next result of the above series of papers indeed obtains the desired X
estimate, and thus, in view of the above remarks, both integrated local energy
decay and non-degenerate boundedness. Note, however, that, in view again of
the failure of (109), the spacetime integral in this estimate still degenerates at the
horizon, though the boundary term does not.

This weaker version of integrated local energy decay, together with the uniform
boundedness, can in turn be used to show decay for the degenerate J*-energy flux
through a suitable foliation, as well as pointwise decay, following the new method
outlined in Section 10.5 below. Again, however, the degeneration at the horizon
requires a modification of this method through the introduction of yet another
vector field. See the comments at the end of Section 10.5.

Perhaps the most surprising result of this work, however, is the fact that the
above degeneracies in the estimates are in fact necessary. Using a hierarchy of
conservation laws on the horizon, Aretakis proves that the non-degenerate JV-
energy generically does not decay through a foliation 3., and higher order JN-
based energies blow up! Thus, extreme black holes are (mildly) unstable
on the event horizon itself!

In a more recent paper

S Aretakis Decay of azisymmetric solutions of the wave equation on extreme Kerr

backgrounds, arXiv:1110.2006

Aretakis has extended his stability results to axisymmetric solutions on extremal
Kerr. Obtaining analogues of the instability results in the Kerr case remains an
open problem.

The non-axisymmetric case comes with yet another difficulty. The main in-
sight leading to the resolution of the decay problem in the full subextremal range,
discussed in Section 10.2 above, namely that trapped frequencies are not superra-
diant, degenerates precisely at extremality! The repercussions of this phenomenon
for quantitative decay estimates are yet to be explored.

10.4. Improved decay and non-linear applications. (cf. Open problem
12)

73This situation is reminiscent of the original proof of uniform boundedness in [65] (i.e. before
the argument of Section 3.3 introduced in our later [68] was developed) where uniform boundedness
was obtained only after obtaining the X estimate. See the discussion in Section 3.4 of these notes.
The extremal case thus brings us full circle.
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The pointwise estimates of Theorem 4.1 for Schwarzschild yield in particular a
uniform decay bound || < Ct~!, and this rate is sharp as a uniform decay bound
in t, in view of the behaviour of ¢ along the light cone. The decay obtained in the
above theorem is no better, however, in the region r < R, where one expects more
decay; it is indeed essential to have this improvement for nonlinear applications.

In Minkowski space, seemingly strong decay results in such a region can be
obtained from the fundamental solution, most famously, the strong Huygens prin-
ciple for solutions arising from data with compact support, which states that for
large enough ¢, the solution vanishes in r < R. As is well-known, however, this
level of decay is not “seen” by non-linear problems. The robust measure of de-
cay key to nonlinear stability properties in the most difficult 3 dimensional case
is precisely that first captured by weighted commutator estimates introduced by
Klainerman. This allowed proving for instance that |9;1)| < Ct=5/2 for fixed r,
where C' depends on a suitable initial weighted higher-order energy norm. The
significance of this rate is simply that it is greater than 1, and thus, integrable in
time. (For some problems, the relevant decay estimate may involve an even slower
rate, e.g. < Ct~2-but still integrable!-but never faster.) From the modern point of
view, these type of estimates thus represent the sharp robust improved decay result
on Minkowski space.

This problem of improved decay in the black hole setting was taken up by
J. Luk. It turned out to be expedient to use a single commutation with the analogue
of the scaling vector field on top of the weighted multiplier Z. Results were first
obtained for Schwarzschild in:

J. Luk Improved decay for solutions to the linear wave equation on a Schwarzschild
black hole, Ann. Henri Poincaré 11 (2010), no. 5, 805-880

Results for slowly-rotating Kerr followed in

J. Luk A wvector field method approach to improved decay for solutions to the wave
equation on a slowly rotating Kerr black hole, arXiv:1009.0671

The ultimate test of whether one has “the right” decay-type results is whether
they can be used to prove a non-linear stability result by exploiting dispersion. This
is indeed accomplished in

J. Luk The null condition and global existence for nonlinear wave equations on
slowly rotating Kerr spacetimes, arXiv:1009.4109

With the above paper, a certain chapter is closed: In the scalar case, one
now understands the dispersive mechanism on black holes sufficiently well to tackle
nonlinear stability problems with quadratic nonlinearities in derivatives. But alas,
the black hole stability problem is not a scalar problem! For a discussion of progress
on understanding its tensorial aspects see Section 10.11.

10.5. A new physical space method for decay. The method of Section 12
of [65], streamlined in Section 4.2 of these notes, was already suggestive of the fact
that the integrated local energy decay coupled with the well-known behaviour at
null infinity together represented the only essential properties required for obtaining
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the “full” decay results. An additional difficulty, however, whose conceptual origin
was not clear, was caused by the weights of the vector field Z near the horizon and
the necessity of the positivity of both the associated bulk and boundary terms.

In Schwarzschild, by what appears to be a miracle, the vector field Z was
actually well behaved near the horizon (see Section 4.2). Already in slowly rotating
Kerr, however, this breaks down, and this fact was responsible for the loss of ¢ in
the argument given in these notes (see Section 5.3.6).

This phenomenon motivated a rethinking of the traditional use of the vector
field Z. It turns out that the difficulty of the behaviour of Z near the horizon
is in fact completely artificial, and the whole argument can be done in a much
more transparent—and, as we shall see, robust—-manner with no weights in ¢, only
weights in 7.

The crux of the new method is to replace Z with a p-hierarchy of rP-weighted
vector field currents which are used in sequence with p = 2,1,0, coupled at each
stage with the boundedness and integrated local energy decay result. The bulk
term of the p-current of the hierarchy is related to the boundary term of the p — 1-
current. One obtains thus (after several iterations) quadratic 7=2 decay of the
energy flux through foliations X;, and from this, the associated pointwise decay
bounds by commutations with 7" and—as systematised in Section 7-N. The power
772 is dictated by the maximum p which can be taken in the hierarchy, p = 2.

The nature of this argument is such that one need not use any information
about the geometry in the region of finite r, other than that already encoded in
the boundedness and integrated decay statements. This allows one to formulate a
“black box” type theorem, stating that given a boundedness result to all orders and
an integrated decay statement, possibly with finite derivative loss (as one expects
when “good” trapping is present), one could obtain all the results traditionally
proven through application of the multiplier Z (in fact, the improved decay results
of Klainerman’s vector field method [100] essential for non-linear problems: see
below). This argument was first presented in

M. Dafermos and I. Rodnianski, A new physical-space approach to decay for the
wave equation with applications to black hole spacetimes, in XVIth International
Congress on Mathematical Physics, P. Exner (ed.), World Scientific, London, 2009,
pp. 421-433

In particular, in view of the integrated decay result of Section 10.2, the above
argument applies to Kerr in the full subextremal range |a| < M.

Adapting ideas from the work of Luk to the setting of this new argument,
Schlue has extended this method (in fact in all dimensions, see Section 10.9!) so
as to retrieve the improved decay of Section 10.4. Essentially, upon commutation
with weighted vector fields in r (but again, not in ¢ for fixed r), one can extend the
p-hierarchy to p > 2, allowing for more decay in 7 of higher-order energies, from
which improved decay follows.

Let us note that this new method has a host of novel applications to the study of
linear and nonlinear wave equations on nonstationary perturbations of Minkowski
space, boundary value problems, etc. See for example
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S. Yang Global solutions of nonlinear wave equations in time dependent inhomoge-
nous media, arXiv:1010.4341

Finally, let us explicitly remark that the extremal Reissner—Nordstrom @ = M
or extremal Kerr case |a| = M do not satisfy the “black box” assumptions of the
new method described above, precisely due to the degeneration of the estimates at
the horizon. Nonetheless, the method has been extended so as to apply also to this
case by Aretakis in the works referred to in Section 10.3 above, by adding to the
hierarchy of estimates described above yet another, associated to a vector field P
supported near the horizon. The vector fields NV, P and T then stand in a hierarchal
relation analogous to the p-hierarchy at null infinity.

10.6. Quasinormal modes and Kerr-de-Sitter. Recall our brief discussion
of the cosmological case from Section 6. One approach to proving exponential
decay in the Schwarzschild-de Sitter spacetime, in the region between the event
and cosmological horizons, was by proving resolvent estimates in a strip below the
real axis [24]. To be extended to the Kerr case, as a first step, one needed to
understand the asymptotic distribution of the poles of the resolvent-the so-called
quasinormal modes, in the spirit of results of Sa Barreto—Zworski [135]. As the
w-dependence of the resolvent is non-standard, even defining these poles requires a
new argument. This was accomplished in two beautiful papers of Dyatlov

S. Dyatlov Quasi-normal modes and exponential decay for the Kerr—de Sitter black
hole Commun. Math. Phys. 306 (2011), 119-163

S. Dyatlov Asymptotic distribution of quasi-normal modes for Kerr—de Sitter black
holes to appear in Annales Henri Poincaré

where the Schwarzschild—de Sitter picture of [135, 24] was reproduced for slowly
rotating Kerr—de Sitter black holes, and this was used to show exponential decay
type results.

A drawback of the resolvent approach, already in the Schwarzschild—de Sitter
case [24], is that it required data supported away from the horizons. (See how-
ever [150].) By combining the approach with the red-shift estimates as introduced
in [65, 68], Dyatlov was able to remove this limitation, both allowing for general
data, and obtaining non-degenerate estimates at and beyond the horizons:

S. Dyatlov FEzxponential energy decay for Kerr—de Sitter black holes beyond event
horizons, to appear in Mathematical Research Letters

Another approach to exponential decay on de-Sitter space based on resolvent
estimates is given by Vasy:

A. Vasy Microlocal analysis of asymptotically hyperbolic Kerr-de Sitter spaces (with
an appendix by S. Dyatlov), arXiv:1012.4391

10.7. Fine tails revisited. As we have noted before, the decay results of
Section 10.4 and 10.5 are sharp from the point of view of applications to non-linear
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problems, as they correspond exactly to the full decay results of Klainerman’s vector
field method [100] on Minkowski space.

On the other hand, one may ask to what extent can these results be improved
if one is willing to specialise the data to be rapidly decaying (say compactly sup-
ported) and very regular (say C'°°), and if one is not so picky about the underlying
regularity assumptions on the metric—for instance, if one is only interested in exactly
Schwarzschild or Kerr spacetimes.

In Minkowski space, under such assumptions one would have the strong Huy-
gens principle. As discussed in Section 4.6, backscattering of low frequencies from
far away curvature already suggests that generically one must have at best a poly-
nomially decaying tail. Note, however, that these tails are still “finer” (i.e. they
correspond to faster decay) than the improved polynomial decay rates in the inte-
rior governed by the vector field method, described in Section 10.4. There is thus
a gap between what is sharp from the point of view of the initial data norms of the
vector field method and that which may hold for a more restricted class of data.

As discussed in Section 4.6, the first work to obtain a quantitative estimate clos-
ing this gap was our work [63] on the spherically symmetric Einstein—(Maxwell)—
scalar field system, where we showed that if a non-extremal black hole formed, one
could estimate the solution in the region r < R, by C.v 3¢, provided that the data
initially decayed very fast at spatial infinity. When specialised to the linear problem
of spherically symmetric waves on a fixed subextremal Reissner-Nordstrém back-
ground, the result also applies, and C, can be estimated by a weighted C' norm of
data.

The above work, which concerns fully dynamic, radiative solutions of an Einstein-
matter system, may at first suggest that, indeed, it is purely low-frequency backscat-
tering that determines asymptotics. The spherically symmetric case, however, is
anomalous, in particular, because it does not exhibit the phenomenon of trapping,
which, as discussed in Section 4.6, effects the nature of any quantitative decay
statement.”™ At the time of writing of these lecture notes, it was not clear whether
there was any non-spherically symmetric regime where the tails arising from the
low-frequency backscattering off far away curvature are not dwarfed by other phe-
nomena.

It turns out, however, that indeed, in various special cases, one can prove rates
of decay exactly up to the obstruction from low-frequency backscattering, by first
making rigorous some of the low-frequency estimates from the physics literature,
and then combining these with quantitative control of trapping, similar to the
integrated local energy decay estimates discussed in these notes, so as to control
the “totality of high frequencies”.

With respect to the first part of the programme, we have already discussed
various results concerning the ¢ = 0 case above and in Section 4.6. This programme
was continued in

R. Donninger, W. Schlag and A. Soffer A proof of Price’s law on Schwarzschild black
hole manifold for all angular momenta, Adv. Math. 266 (2011), no. 1, 484-540

74The spherically symmetric Einstein-scalar field case is anomalous in a second way, in that
the quadratic non-linearities of the Einstein equations do not effect the radiative properties, as
these are determined by the scalar field whose dynamics are linear.
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where a quantitative estimate is shown for each fixed spherical harmonic number
£, coinciding with Price’s prediction for £ = 0 in the compactly supported case, but
slightly weaker for higher ¢, but still, increasing with £. Subsequently, in

R. Donninger, W. Schlag and A. Soffer On pointwise decay for linear waves on a
Schwarzschild black hole background, to appear in Commun. Math. Phys.

it is then shown that one could sum the spherical harmonics starting from any ¢y to
obtain that the sum still satisfies the faster decay rate shown above associated to
lo. The proof indeed now requires quantitative control of trapping similar to that
provided by the integrated local energy decay estimates of Section 4.1. This latter
result gives a quantitative formulation of the principle that the totality of “higher
spherical modes” indeed decays faster.

Another noteworthy result in the above direction is the quite general result of
Tataru:

D. Tataru Local decay of waves on asymptotically flat stationary spacetimes, to
appear, Amer. J. Math.

which says that for exactly stationary spacetimes, then, given a uniform bounded-
ness, integrated local energy decay result and good asymptotics at infinity, one can
retrieve the worst-mode decay prediction of Price for very regular initial data that
decays rapidly at spatial infinity.

In view of our results described in Section 10.2, the result of the above paper
can now be applied to the Kerr family in the whole subextremal range |a| < M,
just like our own approach of Section 10.5. It cannot be stressed too much that
in order to be applicable in the black hole context, the assumptions of the above
paper require non-degenerate estimates, in fact to all order, on the horizon, and
thus require both the multiplier and commutator propositions of Section 7. In
particular, the above paper cannot be applied in the extremal case |a| = M, in
view of the results of Section 10.3. Nonetheless, it would be interesting to attempt
to adapt the approach of the above paper to the extremal case, following the lines
of Aretakis’s adaptation of our own method of Section 10.5.

The above work of Tataru relied heavily on resolvent estimates and was re-
stricted to exactly stationary spacetimes. A different approach, using the fun-
damental solution of the standard wave operator on Minkowski space, was given
subsequently in

D. Tataru, J. Metcalfe and M. Tohaneanu Price’s law on nonstationary spacetimes,
arXiv:1104.5437

This requires even more restrictive initial data but allows to treat the wave equation
on a certain class of dynamical spacetimes, which do not however radiate energy
to infinity. Upon imposing the Einstein equations, however, this class essentially
reduces to the stationary case.

10.8. Applications of dynamical systems to trapping. A common theme
in all the work quantifying the trapping obstruction has been the latter’s close
relation to geodesic flow. Often this relation is only implicit in the constructions.
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It would be nice to make this more explicit, so as in particular to be able to exploit
perturbative results in dynamical systems to draw conclusions on decay for waves
on say stationary perturbations of Kerr. A first result in this direction is given by
very nice work of Wunsch—Zworski:

J. Wunsch and M. Zworski Resolvent estimates for normally hyperbolic trapped sets,
Ann. Henri Poincaré, to appear

10.9. Higher dimensions. (cf. Open problem 9)
In his Smith-Knight prize essay,

V. Schlue Linear waves on higher dimensional Schwarzschild black holes Rayleigh
Smith Knight Essay, January 2010, University of Cambridge

Schlue proved the analogue of integrated local energy decay (i.e. the analogue of
(39), and then, used this to prove the analogue of Theorem 4.1, by also generalising
the 3-dimensional construction of the vector field Z to all higher dimensions. In
particular, the details of the scheme described in Section 4.2 of these notes (which
differs slightly from the approach [65]) are presented there.

In his subsequent

V. Schlue Linear waves on higher dimensional Schwarzschild black holes,
arXiv:1012.5963

he took the new approach of Section 10.5, generalising it to all dimensions, and
extending it so as to yield the improved decay of Luk in the interior region. This
argument has far reaching applications beyond the black hole setting. See the
discussion of Section 10.5. It remains an open problem, however, to obtain the
correct dimensionally dependent improved decay rates, which should become faster
with larger n.

Laul and Metcalfe present an independent, alternative construction for the in-
tegrated local energy decay part of the above work in the case of higher dimensional
Schwarzschild:

P. Laul and J. Metcalfe Localized energy estimates for wave equations on high di-
mensional Schwarzschild space-times, Proc. Amer. Math. Soc., to appear

The Laul-Metcalfe construction has the attractive feature that, following [115], it
avoids the angular frequency localisation of [65] in an alternative way from our own
method, introduced in [67], of combining multipliers with commutation by angular
momentum operators.

10.10. Asymptotically-AdS spacetimes. (cf. Open problem 8)

The mathematical study of the wave and Klein—Gordon equation on gen-
eral asymptotically-AdS spacetimes was initiated by Holzegel who proved uniform
boundedness for solutions if the mass satisfied the Breitenlohner—Freedman bound:
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G. Holzegel On the massive wave equation on slowly rotating Kerr-AdS spacetimes
Commun. Math. Phys. 294 (2009), 169-197

The above problem is non-standard as the underlying spacetime is not globally
hyperbolic. The issue of well-posedness must thus also be addressed and such a
theorem was indeed obtained in

G. Holzegel Well-posedness for the massive wave equation on asymptotically anti-de
Sitter spacetimes, arXiv:1103.0710

with a suitable boundary condition at infinity that ensures the finiteness of energy.
The above work in particular shed new light on the Breitenlohner-Freedman bound,
which now appears as the best constant in a Hardy inequality. An alternative
approach to well-posedness has been given by Vasy:

A. Vasy The wave equation on asymptotically Anti-de Sitter spaces, to appear in
Analysis and PDE

Finally, we mention that there is a range of mass parameters which admit an alter-
native boundary condition at infinity, and there is work in progress of C. Warnick
which obtains well-posedness in that setting as well.

Most recently, in joint work of Holzegel and Smulevici, logarithmic decay has
been shown for general solutions of Klein—Gordon on Kerr—AdS.

G. Holzegel and J. Smulevici Decay properties of Klein-Gordon fields on Kerr-AdS
spacetimes, arXiv:1110.6794

In the Schwarzschild-AdS case, it is in fact shown that individual spherical har-
monics decay exponentially. For general solutions made up of infinitely many such
spherical harmonics, again, it is only shown that the solution decays logarithmically.
This slow decay result is expected to be sharp as a quantitative measure
of decay, in view of the conjectured existence of a sequence of quasinormal modes
w; exponentially approaching the real axis as Re(w;) — *o0.

Previously, Holzegel-Smulevici had investigated the coupled spherically sym-
metric Einstein—Klein—Gordon system in a series of papers. After settling the well-
posedness issue in

G. Holzegel and J. Smulevici Self-gravitating Klein—Gordon fields in asymptotically
Anti-de Sitter spacetimes, Annales Henri Poincaré, to appear

they prove asymptotic stability of Schwarzschild-AdS in

G. Holzegel and J. Smulevici Stability of Schwarzschild-AdS for the spherically sym-
metric Einstein—Klein—Gordon system, arXiv:1103.3672,

in fact, small perturbations of Schwarzschild-AdS exponentially converge to
Schwarzschild—AdS.
The spherically symmetric work was motivated by an older conjecture:
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CONJECTURE 10.1 (Dafermos—Holzegel, 2006). Schwarzschild-AdS is the end-
state of generic initial data for the Finstein—Klein—Gordon system under spherical
symmetry, including those data which are arbitrarily small. In particular, pure
AdS would be dynamically unstable.”

This was motivated on the one hand by the existence of an infinite sequence
of stationary solutions of the wave equation on pure AdS (and thus the lack of a
dispersive mechanism), and on the other hand, the fact that in spherical symmetry
the presence of the horizon provides an effective route for dispersion. Following
Holzegel-Smulevici’s work, numerical evidence for this behaviour was obtained by
Bizon—Rostworowski in

P. Bizon and A. Rostworowski On weakly turbulent instability of anti-de Sitter
space, Phys. Rev. Lett. 107:031102, 2011

The above paper also gives a more detailed heuristic analysis of this instability from
the point of second order perturbation theory.

One should not be fooled, however, by the spherically symmetric picture, where
trapped surface formation guarantees then exponential convergence to Schwarzschild—
AdS! In view of the slow decay result for general solutions of the wave equation
Kerr—AdS, this suggests that when non-spherically symmetric perturbations are
allowed, then Kerr—AdS should be subject to the same instability considerations as
pure AdS. In view of this, Holzegel-Smulevici conjecture

CONJECTURE 10.2 (Holzegel-Smulevici). All asymptotically AdS vacuum space-
times are non-linearly unstable.

10.11. Gravitational perturbations. (cf. Open problem 6)

As discussed in Section 3, the wave equation is a “poor man’s” linearisation
for the Einstein equations themselves. The actual linearisation carries tensorial
structure—and the nature of this structure is still poorly understood.

One of the main difficulties of the linearised Einstein equations is that they
do not carry an obvious analogue of the energy-momentum tensor from which to
construct conserved currents. The situation is actually somewhat clearer when
one considers the full Einstein equations, but allows a priori assumptions on the
“spin coefficients”, which one does not try to retrieve.”® This approach has been
considered by Holzegel in:

G. Holzegel Ultimately Schwarzschildean spacetimes and the black hole stability
problem, arXiv:1010.3216

In this setting, the curvature tensor of the spacetime satisfies the Bianchi equa-
tions and thus admits an energy defined by the Bel-Robinson tensor. (Note in con-
trast that when linearising the Einstein equations around Schwarzschild or Kerr,

75See M. Dafermos, The Black Hole Stability Problem. Newton Institute, Cambridge, 2006
http://www.newton.ac.uk/webseminars/pg+ws/2006/gmx/1010/dafermos/ and M. Dafermos and
G. Holzegel, Dynamic instability of solitons in 4+1 dimensional gravity with negative cosmological
constant, unpublished manuscript, 2006

76This can be viewed as the “non-linear PDEer’s” linearisation, familiar from bootstrap
arguments.
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the “linearised” curvature tensor will not satisfy the Bianchi equations.) Of course,
as this is a fully dynamic spacetime without a Killing field, this energy does not
lead to a conserved current, but generates a divergence which can be understood
geometrically in terms of contractions with the deformation tensor of a suitable
vector field. Using this setup, Holzegel is able to prove a conditional decay result.

The above work of Holzegel contains many other results of independent interest,
including, a generalisation of the red-shift estimates of Section 7 for the Einstein
equations themselves as well as a generalisation of the method of Section 10.5,
using it to capture peeling properties as well as a version of the null condition. In
particular, the latter may suggest yet another approach to the proof of stability of
Minkowski space.

Another result which, though far easier than the stability problem, gives in-
sight into its novel nonlinear and tensorial aspects, is the problem of constructing
non-trivial examples of spacetimes which asymptote to Schwarzschild or Kerr, pa-
rameterised by free “scattering” data on the event horizon and null infinity. We
have very recently obtained precisely such a result, in collaboration with Holzegel:

M. Dafermos, G. Holzegel, and I. Rodnianski Construction of ultimately Schwarzs-
child and Kerr spacetimes, in preparation

Most interestingly, the above work in particular identifies how to renormalise
both the optical structure equations and the Bianchi equations so as to capture
approach to a particular Schwarzschild or Kerr solution. Through this renormali-
sation, energies can be constructed which involve only those quantities that radiate
away.

Let us mention also that, like in the stability problem, the above work requires
capturing an appropriate version of peeling and the null condition, and this is
accomplished directly at the level of the Bianchi equations, using an adaptation of
the method of Section 10.5, following also the previous work of Holzegel referred to
above.

Finally, an interesting twist in this “scattering” problem is that the redshift,
which throughout these notes has always played the role of a stabilising mechanism,
now works against us. For in trying to solve the problem backwards, one confronts
the positivity computation of Section 7 as a blue-shift effect! To counterbalance
this effect, in order to construct our spacetimes in the above work, one must impose
exponential approach to Schwarzschild or Kerr along the event horizon and along
null infinity.””

For solutions evolving from generic initial data near Schwarzschild or Kerr, now
imposed on an asymptotically flat Cauchy surface, on the basis of the conjectured
sharpness of the inverse polynomial decay rates for wave equations along”™® Z+ and
H™T obtained as in Section 10.5 or 10.7, one expects that the radiation fields along

""We stress however that we are not imposing additional decay towards null infinity. The
decay in r corresponds precisely to the decay one obtains in the “forward problem”, and thus the
free scattering data of the problem corresponds precisely to the scattering data induced by general
solutions of the “forward” problem from the point of view of their functional freedom. Additional
decay in r would effectively force the scattering data at null infinity to vanish.

"8Decay along null infinity or the event horizon is related to the improved decay rates in the
interior. We stress again, as in the previous footnote, that this is not the decay rate in r towards
null infinity, which is also of course polynomial.
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null infinity and the dynamic fields on the event horizon should decay polynomi-
ally, not exponentially. The estimates of the above work strongly suggest, however,
that if one were to start with “generic” such power-law decaying scattering data,
and attempt to solve backwards, the solution would not exist up to an asymptoti-
cally flat Cauchy surface. This in turn suggests that the characterization of the set
of solutions arising from regular asymptotically flat Cauchy data is not encoded in
the falloff rate of scattering data along Z+ and H™ alone, but in non-local correla-
tions between these two sets of data. Thus, as a matter of principle, the “generic”
case from the forward perspective is not easily captured when starting from scat-
tering data at #* and ZT, and the type of result proven in the above paper can be
expected to be an optimal result of its kind.

Appendix A. Lorentzian geometry

The reader who wishes a formal introduction to Lorentzian geometry can con-
sult [91]. For the reader familiar with the concepts and notations of Riemannian
geometry, the following remarks should suffice for a quick introduction.

A.1. The Lorentzian signature. Lorentzian geometry is defined as in Rie-
mannian geometry, except that the metric g is not assumed positive definite, but of
signature (—,+,...,+). That is to say, we assume that at each point p € M"*+1 7
we may find a basis e; of the tangent space T,M, i = 0,...,n, such that

g=—-¢€e Qe t+e Qe+ - +e,Qey.

In Riemannian geometry, the — in the first term on the right hand side would be
+.

A non-zero vector v € T, M is called timelike, spacelike, or null, according
to whether g(v,v) < 0, g(v,v) > 0, or g(v,v) = 0. Null and timelike vectors
collectively are known as causal. There are various conventions for the O-vector.
Let us not concern ourselves with such issues here.

The appellations timelike, spacelike, null are inherited by vector fields and
immersed curves by their tangent vectors, i.e. a vector field V' is timelike if V' (p) is
timelike, etc., and a curve v is timelike if 7 is timelike, etc. On the other hand, a
submanifold ¥ C M is said to be spacelike if its induced geometry is Riemannian,
timelike if its induced geometry is Lorentzian, and null if its induced geometry is
degenerate. (Check that these two definitions coincide for embedded curves.) For a
codimension-1 submanifold 3 C M, at every p € M, there exists a non-zero normal
nt, i.e. a vector in T, M such that g(n,v) =0 for all v € T,X. Tt is easily seen that
Y is spacelike iff n is timelike, ¥ is timelike iff n is spacelike, and ¥ is null iff n is
null. Note that in the latter case n € T},%X. The normal of X is thus tangent to X.

A.2. Time-orientation and causality. A time-orientation on (M, g) is de-
fined by an equivalence class [K] where K is a continuous timelike vector field, where
Ky ~ Ky if g(K;,K3) < 0. A Lorentzian manifold admitting a time-orientation
is called time-orientable, and a triple (M, g, [K]) is said to be a time-oriented
Lorentzian manifold. Sometimes one reserves the use of the word “spacetime”
for such triples. In any case, we shall always consider time-oriented Lorentzian
manifolds and often drop explicit mention of the time orientation.

"1t is conventional to denote the dimension of the manifold by n + 1.
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Given this, we may further partition causal vectors as follows. A causal vector
v is said to be future-pointing if g(v, K) < 0, otherwise past-pointing, where K is
a representative for the time orientation. As before, these names are inherited by
causal curves, i.e. we may now talk of a future-directed timelike curve, etc. Given
p, we define the causal future J*(p) by

Jt(p)=pU{qge M:3y:[0,1] = M :# future-pointing, causal}

Similarly, we define J~ (p) where future is replaced by past in the above. If S € M
is a set, then we define
Ji(S) = UpesJi(p)-

A.3. Covariant derivatives, geodesics, curvature. The standard local
notions of Riemannian geometry carry over. In particular, one defines the Christof-
fel symbols

1
F,lj)\ = 59”0‘(&/%,\ + 8)\gl/a - 3a9u,\),
and geodesics v(t) = (z*(t)) are defined as solutions to

B 4T = 0.

Here g, denote the components of g with respect to a local coordinate system x*,
g denotes the components of the inverse metric, and we are applying the Einstein
summation convention where repeated upper and lower indices are summed. The
Christoffel symbols allow us to define the covariant derivative on (k,l) tensor fields
by

VAARL = VAT + Z L Z DR A
where it is understood that p replaces Vi, i, respectwely in the two terms on the
right. This defines (k,l+ 1) tensor. As usual, if we contract this with a vector v at
p, then we will denote this operator as V,, and we note that this can be defined in
the case that the tensor field is defined only on a curve tangent to v at p. We may
thus express the geodesic equation as

V5 =0.
The Riemann curvature tensor is given by
vAp = 8>\er - aprgfu + le/rl)fa - gI/F;pLOH

and the Ricci and scalar curvatures by

R, =R}

pov? R = guyRHV'

Using the same letter R to denote all these tensors is conventional in relativity, the
number of indices indicating which tensor is being referred to. For this reason we
will avoid writing “the tensor R”. The expression R without indices will always
denote the scalar curvature. As usual, we shall also use the letter R with indices to
denote the various manifestations of these tensors with indices raised and lowered

by the inverse metric and metric, e.g.

Ruvrp = guaR7y,
Note the important formula

VaVsZy — VaVsZy = RopapZ®
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We say that an immersed curve v : I — M is inextendible if there does not
exist an immersed curve 4 : J — M where J D I and | = ~.

We say that (M, g) is geodesically complete if for all inextendible geodesics 7 :
I — M, then I = R. Otherwise, we say that it is geodesically incomplete. We can
similarly define the notion of spacelike geodesic (in)completeness, timelike geodesic
completeness, causal geodesic completeness, etc, by restricting the definition to
such geodesics. In the latter two cases, we may further specialise, e.g. to the
notion of future causal geodesic completeness, by replacing the condition I = R
with I D (a, 00) for some a.

We say that a spacelike hypersurface ¥ C M is Cauchy if every inextendible
causal curve in M intersects it precisely once. A spacetime (M, ¢) admitting such
a hypersurface is called globally hyperbolic. This notion was first introduced by
Leray [112].

Appendix B. The Cauchy problem for the Einstein equations

We outline here for reference the basic framework of the Cauchy problem for
the Einstein equations

1
(110) R, — gguvR + Agu = 87T,

Here A is a constant known as the cosmological constant and T}, is the so-called
energy momentum tensor of matter. We will consider mainly the vacuum case

(111) Ry = Mgy,

where the system closes in itself. If the reader wants to set A = 0, he should feel
free to do so. To illustrate the case of matter, we will consider the example of a
scalar field.

B.1. The constraint equations. Let X be a spacelike hypersurface in (M, g),
with future directed unit timelike normal N. By definition, ¥ inherits a Riemannian
metric from g. On the other hand, we can define the so-called second fundamental
form of ¥ to be the symmetric covariant 2-tensor in 7Y defined by

K(u,v) = —g(V,V,N)

where V' denotes an arbitrary extension of v to a vector field along 3, and V here
denotes the connection of g. As in Riemannian geometry, one easily shows that the
above indeed defines a tensor on 7%, and that it is symmetric.

Suppose now (M, g) satisfies (110) with some tensor T),,,. With 3 as above,
let Gup, V, Kap, denote the induced metric, connection, and second fundamental
form, respectively, of . Let barred quantities and Latin indices refer to tensors,
curvature, etc., on 3, and let II¥(p) denote the components of the pullback map
T*M — T*3. It follows that

(112) R+ (K2)? — K{K? = 167 Tj,,nn” + 2A,

(113) VyK? — V, K} = 167 14T, n".

To see this, one derives as in Riemannian geometry the Gauss and Codazzi equa-
tions, take traces, and apply (110).
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B.2. Initial data. It is clear that (112), (113) are necessary conditions on the
induced geometry of a spacelike hypersurface X so as to arise as a hypersurface in a
spacetime satisfying (110). As we shall see, immediately, they will also be sufficient
conditions for solving the initial value problem.

B.2.1. The vacuum case. Let ¥ be a 3-manifold, g a Riemannian metric on 3,
and K a symmetric covariant 2-tensor. We shall call (£, g, K) a vacuum initial data
set with cosmological constant A if (112)—(113) are satisfied with 7, = 0. Note
that in this case, equations (112)—(113) refer only to %, g, K.

B.2.2. The case of matter. Let us here provide only the case for the Einstein-
scalar field case. Here, the system is (110) coupled with

(114) Qg =0,

1
(115) Ty = Oup0u) — §guuvawvaw'

First note that were 3 a spacelike hypersurface in a spacetime (M, g) satisfying
the Einstein-scalar field system with massless scalar field v, and n* were the future-
directed normal, then setting 1’ = n*d,¢, P = ¢|x, we have

1 o
Tuntn® = (W) + V9Va),

I Tn = $'Va,

where latin indices and barred quantities refer to ¥ and its induced metric and
connection.

This motivates the following: Let ¥ be a 3-manifold, § a Riemannian metric
on ¥, K a symmetric covariant 2-tensor, and \ : ¥ — R, ' : ¥ — R functions.
We shall call (3,g, K) an Einstein-scalar field initial data set with cosmological
constant A if (112)—(113) are satisfied replacing T, n*n” with 1(()')24+ VPV 1),
and replacing 1147}, n* with 'V 1.

Note again that with the above replacements the equations (112)—(113) do not
refer to an ambient spacetime M. See [36] for the construction of solutions to this
system.

B.2.3. Asymptotic flatness and the positive mass theorem. The study of the
Einstein constraint equations is non-trivial!

Let us refer in this section to a triple (X, g, K) where X is a 3-manifold, g a
Riemannian metric, and K a symmetric two-tensor on ¥ as an initial data set,
even though we have not specified a particular closed system of equations. An
initial data set (3, g, K) is strongly asymptotically flat with one end if there exists
a compact set K C ¥ and a coordinate chart on ¥ \ K which is a diffeomorphism
to the complement of a ball in R3, and for which

2M
Jab = <1 + T) ap+02(r "), kap = 01(r7?),

where d,, denotes the Euclidean metric and r denotes the Euclidean polar coordi-
nate.

In appropriate units, M is the “mass” measured by asymptotic observers, when
comparing to Newtonian motion in the frame §,,. On the other hand, under the
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assumption of a global coordinate system well-behaved at infinity, M can be com-
puted by integration of the 3 component of a certain pseudotensor®® added to
T{. In this manifestation, the quantity E = M is known as the total energy.®!
This relation was first studied by Einstein and is discussed in Weyl’s book Raum-
Zeit-Materie [154]. If one looks at E for a family of hypersurfaces with the above
asymptotics, then F is conserved.

A celebrated theorem of Schoen-Yau [137, 138] (see also [156]) states

THEOREM B.1. Let (2,7, K) be strongly asymptotically flat with one end and
satisfy (112), (113) with A = 0, and where T,,,n*n”, II.T,,n* are replaced by the
scalar p and the tensor J,, respectively, defined on %, such that moreover p >
VJ4J,. Suppose moreover the asymptotics are strengthened by replacing oo(r—1)
by O4(r=2) and o1(r=2) by Oz3(r=3). Then M > 0 and M = 0 iff ¥ embeds
isometrically into R3*1 with induced metric § and second fundamental form K.

The assumption p > +/J%J, holds if the matter satisfies the dominant energy
condition [91]. In particular, it holds for the Einstein scalar field system of Sec-
tion B.2.2, and (of course) for the vacuum case. The statement we have given
above is weaker than the full strength of the Schoen-Yau result. For the most
general assumptions under which mass can be defined, see [9].

One can define the notion of strongly asymptotically flat with k ends by assum-
ing that there exists a compact IC such that ¥\ K is a disjoint union of k regions
possessing a chart as in the above definition. The Cauchy surface ¥ of Schwarzs-
child of Kerr with 0 < |a] < M, can be chosen to be strongly asymptotically flat
with 2-ends. The mass of both ends coincides with the parameter M of the solution.

The above theorem applies to this case as well for the parameter M associated
to any end. If M = 0 for one end, then it follows by the rigidity statement that
there is only one end. Note why Schwarzschild with M < 0 does not provide a
counterexample.

The association of “naked singularities” with negative mass Schwarzschild gave
the impression that the positive energy theorem protects against naked singularities.
This is not true! See the examples discussed in Section 2.6.2.

In the presence of black holes, one expects a strengthening of the lower bound
on mass in Theorem B.1 to include a term related to the square root of the area of a
cross section of the horizon. Such inequalities were first discussed by Penrose [127]
with the Bondi mass in place of the mass defined above. All inequalities of this type
are often called Penrose inequalities. It is not clear what this term should be, as the
horizon is only identifiable after global properties of the maximal development have
been understood. Thus, one often replaces this area in the conjectured inequality
with the area of a suitably defined apparent horizon. Such a statement has indeed
been obtained in the so-called Riemannian case (corresponding to K = 0) where
the relevant notion of apparent horizon coincides with that of minimal surface. See
the important papers of Huisken-Ilmanen [95] and Bray [25].

80This is subtle: The Einstein vacuum equations arise from the Hilbert Lagrangian L£(g) =
J R which is 2nd order in the metric. In local coordinates, the highest order term is a divergence,
and the Lagrangian can thus be replaced by a new Lagrangian which is 1st order in the metric.
The resultant Lagrangian density, however, is no longer coordinate invariant. The quantity t8
now arises from “Noether’s theorem” [124]. See [49] for a nice discussion.

81'With the above asymptotics, the so-called linear momentum vanishes. Thus, in this case
“mass” and energy are equivalent.
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B.3. The maximal development. Let (3, g, K) denote a smooth vacuum
initial data set with cosmological constant A. We say that a smooth spacetime
(M, g) is a smooth development of initial data if

(1) (M, g) satisfies the Einstein vacuum equations (4) with cosmological con-
stant A.

(2) There exists a smooth embedding i : ¥ — M such that (M, g) is globally
hyperbolic with Cauchy surface (%), and g, K are the induced metric
and second fundamental form, respectively.

The original local existence and uniqueness theorems were proven in 1952 by
Choquet-Bruhat [33].52 In modern language, they can be formulated as follows

THEOREM B.2. Let (X,7g, K) be as in the statement of the above theorem. Then
there exists a smooth development (M, g) of initial data.

THEOREM B.3. Let M, M be two smooth developments of initial data. Then
there exists a third development M’ and isometric embeddings j : M’ — M, j :
M — M commuting with i, 1.

Application of Zorn’s lemma, the above two theorems and simple facts about
Lorentzian causality yields:

THEOREM B.4. (Choquet-Bruhat-Geroch [35]) Let (X,g, K) denote a smooth
vacuum initial data set with cosmological constant A. Then there exists a unique
development of initial data (M, g) satisfying the following mazimality statement: If
(Mv, 9) satisfies (1), (2) with embedding i, then there exists an isometric embedding
j: M — M such that j commutes with .

The spacetime (M, g) is known as the mazimal development of (2, g, K). The
spacetime MNJT(X) is known as the mazimal future development and MNJ~ (%)
the mazimal past development.

We have formulated the above theorems in the class of smooth initial data.
They are of course proven in classes of finite regularity. There has been much recent
work in proving a version of Theorem B.2 under minimal regularity assumptions.
The current state of the art requires only g € H**¢, K € H'¢. See [102].

We leave as an exercise formulating the analogue of Theorem B.4 for the
Einstein-scalar field system (110), (114), (115), where the notion of initial data set
is that given in Section B.2.2.

B.4. Harmonic coordinates and the proof of local existence. The state-
ments of Theorems B.2 and B.3 are coordinate independent. Their proofs, however,
require fixing a gauge which determines the form of the metric functions in coordi-
nates from initial data. The classic gauge is the so-called harmonic gauge®®. Here
the coordinates z* are required to satisfy

(116) Ogz! = 0.
Equivalently, this gauge is characterized by the condition
(117) gy, =0.

82Then called Fourés-Bruhat.
83also known as wave coordinates
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A linearised version of these coordinates was used by Einstein [74] to predict
gravitational waves. It appears that de Donder [70] was the first to consider har-
monic coordinates in general. These coordinates are discussed extensively in the
book of Fock [82].

The result of Theorem B.3 actually predates Theorem B.2, and in some form
was first proven by Stellmacher [143]. Given two developments (M, g), (Mv, g) one
constructs for each harmonic coordinates z*, £* adapted to X, such that g, = ..,
Orxgur = OrGu along Y. In these coordinates, the Einstein vacuum equations can
be expressed as

(118) 0,9" = Q"% g 0,97 Dgetag®™

LEAPOT

for which uniqueness follows from general results of Schauder [136]. This theorem
gives in addition a domain of dependence property.5*

Existence for solutions of the system (118) with smooth initial data would also
follow from the results of Schauder [136]. This does not immediately yield a proof
of Theorem B.2, because one does not have a priori the spacetime metric g so as
to impose (116) or (117)! The crucial observation is that if (117) is true “to first
order” on X, and g is defined to be the unique solution to (118), then (117) will hold,
and thus, g will solve (110). Thus, to prove Theorem B.2, it suffices to show that
one can arrange for (117) to be true “to first order” initially. Choquet-Bruhat [33]
showed that this can be done precisely when the constraint equations (112)—(113)
are satisfied with vanishing right hand side. Interestingly, to obtain existence for
(118), Choquet-Bruhat’s proof [33] does not in fact appeal to the techniques of
Schauder [136], but, following Sobolev, rests on a Kirchhoff formula representation
of the solution. Recently, new representations of this type have found applications
to refined extension criteria [103].

An interesting feature of the classical existence and uniqueness proofs is that
Theorem B.3 requires more regularity than Theorem B.2. This is because solutions
of (116) are a priori only as regular as the metric. This difficulty has recently been
overcome in [129].

B.5. Stability of Minkowski space. The most celebrated global result on
the Einstein equations is the stability of Minkowski space, first proven in monu-
mental work of Christodoulou and Klainerman [51]:

THEOREM B.5. Let (X,7,K) be a strongly asymptotically flat vacuum ini-
tial data set, assumed sufficiently close to Minkowski space in a weighted sense.
Then the mazimal development is geodesically complete, and the spacetime ap-
proaches Minkowski space (with quantitative decay rates) in all directions. More-
over, a complete future null infinity ZT can be attached to the spacetime such that

J(TH) = M.

The above theorem also allows one to rigorously define the laws of gravitational
radiation. These laws are nonlinear even at infinity. Theorem B.5 led to the
discovery of Christodoulou’s memory effect [42].

A new proof of a version of stability of Minkowski space using harmonic coor-
dinates has been given in [113]. This has now been extended in various directions

84There is even earlier work on uniqueness in the analytic category going back to Hilbert,
appealing to Cauchy-Kovalevskaya. Unfortunately, nature is not analytic; in particular, one cannot
infer the domain of dependence property from those considerations.
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in [34]. The original result [51] was extended to the Maxwell case in the Ph.D. the-
sis of Zipser [157]. Bieri [13] has very recently given a proof of a version of stability
of Minkowski space under weak asymptotics and regularity assumptions, following
the basic setup of [51].

There was an earlier semi-global result of Friedrich [83] where initial data were
prescribed on a hyperboloidal initial hypersurface meeting 7.

A common misconception is that it is the positivity of mass which is somehow
responsible for the stability of Minkowski space. The results of [113] for this are very
telling, for they apply not only to the Einstein-vacuum equations, but also to the
Einstein-scalar field system of Section B.2.2, including the case where the definition
of the energy-momentum tensor (115) is replaced with its negative. Minkowski
space is then not even a local minimiser for the mass functional in the class of
perturbations allowed! Nonetheless, by the results of [113], Minkowski space is
still stable in this context.

Another point which cannot be overemphasised: It is essential that the small-
ness in (B.5) concern a weighted norm. Compare with the results of Section 2.8.

Stability of Minkowski space is the only truly global result on the maximal de-
velopment which has been obtained for asymptotically flat initial data without sym-
metry. There are a number of important results applicable in cosmological settings,
due to Friedrich [83], Andersson-Moncrief [3], and most recently Ringstrom [134].

Other than this, our current global understanding of solutions to the Einstein
equations (in particular all work on the cosmic censorship conjectures) has been
confined to solutions under symmetry. We have given many such references in the
asymptotically flat setting in the course of Section 2. The cosmological setting is
beyond the scope of these notes, but we refer the reader to the recent review article
and book of Rendall [132, 133] for an overview and many references.

Appendix C. The divergence theorem

Let (M, g) be a spacetime, and let Xy, 3; be homologous spacelike hypersur-
faces with common boundary, bounding a spacetime region B, with X1 C J*(2g).
Let nf, n}’ denote the future unit normals of ¢, X; respectively, and let P, denote
a one-form. Under our convention on the signature, the divergence theorem takes
the form

(119) / Punt + / vep, = [ Pl
31 B Yo

where all integrals are with respect to the induced volume form.
This is defined as follows. The volume form of spacetime is

V/—det gdz ... da"

where det g denotes the determinant of the matrix g,g in the above coordinates.
The induced volume form of a spacelike hypersurface is defined as in Riemannian
geometry.

We will also consider the case where (part of) ¥y is null. Then, we choose
arbitrarily a future-directed null generator ny for X; arbitrarily and define the
volume element so that the divergence theorem applies. For instance the divergence
theorem in the region R(7/,7"") (described in the lectures) for an arbitrary current
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P, then takes the form

/ Pﬂng,,"‘/ Pun%—i—/ V“P#:/ Pun;,a
X T H(T!,7"") R(r!,7'") ’ T

.

where the volume elements are as described.

Note how the form of this theorem can change depending on sign conventions
regarding the directions of the normal, the definition of the divergence and the
signature of the metric.

Appendix D. Vector field multipliers and their currents
Let 1 be a solution of
(120) Oyt =0

on a Lorentzian manifold (M, g). Define

(121) Ty () = OO, — g0Vt
We call T}, the energy-momentum tensor of 1.%% Note the symmetry property
T, =T,,.
The wave equation (120) implies
(122) VAT, = 0.
Given a vector field V#, we may define the associated currents

(123) Ty () = VT (v)

(124) KY =V, T (¢)

where V7 is the deformation tensor defined by

1 1
14
Tuy = iv(HVV) = §(£Vg);w~

The identity (122) gives
L 7V _ 1%
VEIL () = K7 ().

Note that JX(@Z)) and KV (¢) both depend only on the 1-jet of 1, yet the latter
is the divergence of the former. Applying the divergence theorem (119), this allows
one to relate quantities of the same order.

The existence of a tensor T, (¢) satisfying (122) follows from the fact that
equation (120) derives from a Lagrangian of a specific type. These issues were
first systematically studied by Noether [124]. For more general such Lagrangian
theories, two currents J,,, K with V#.J, = K, both depending only on the 1-jet,
but not necessarily arising from T, as above, are known as compatible currents.
These have been introduced and classified by Christodoulou [46].

85Note that this is the same expression that appears on the right hand side of (110) in the
Einstein-scalar field system. See Section B.2.2.
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Appendix E. Vector field commutators

PRrROPOSITION E.0.1. Let v be a solution of the equation of the scalar equation
Og¢ = f,
and X be a vectorfield. Then
0g(X9) = X(f) + 257 Va Vst + (2AV ¥7ap) — (V¥ 75)) V9.
ProOF. To show this we write
X (Qg¥) = Lx(9°7VaVy) = =257V V1 + ¢ Lx (Va V1),
Furthermore,
Lx(VaVpi) = Valx V= = (Vs *Tap) = (Vi “7ga) + (Va “ms)) VI

and

LxVgp =VxVg)+ V,QX“VM/) = VB(Xi/J).

Appendix F. Some useful Schwarzschild computations

In this section, (M, g) refers to maximal Schwarzschild with M > 0, Q =
M/SO(3), I*, JF(I*) are as defined in Section 2.4.

F.1. Schwarzschild coordinates (r,t). The coordinates are (r,¢) and the
metric takes the form

—(1—2M/r)dt* + (1 — 2M /r) " dr? + r’doge.

These coordinates can be used to cover any of the four connected components of
Q\H*. In particular, the region J~(Z;)NJT(Z;) (where ZT correspond to a pair
of connected components of Z* sharing a limit point in the embedding) is covered
by a Schwarzschild coordinate system where 2M < r < oo, —oo < t < co. Note
that r has an invariant characterization namely r(z) = /Area(S)/4m where S is
the unique group orbit of the SO(3) action containing .5

The hypersurface {t = ¢} in the Schwarzschild coordinate region J~(Z}) N
J*(Z,) extends regularly to a hypersurface with boundary in M where the bound-
ary is precisely Ht NH ™.

The coordinate vector field 0, is Killing (and extends to the globally defined
Killing field T').

In a slight abuse of notation, we will often extend Schwarzschild coordinate
notation to D, the closure of J~(Z1) N J*(Z;). For instance, we may talk of the
vector field 9; “on” HT, or of {t = ¢} having boundary H* NH ™, etc.

86 Compare with the Minkowski case M = 0 where the SO(3) action is of course not unique.
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F.2. Regge-Wheeler coordinates (r*,t). Here t is as before and
(125) r* =r+2Mlog(r —2M) — 3M — 2M log M
and the metric takes the form

—(1 —2M/r)(—dt* + (dr*)?) + rdos:

where r is defined implicitly by (125). A coordinate chart defined in —oco < r* < o0,
—00 < t < oo covers JT(ZH)NJH(Ty).

The constant renormalisation of the coordinate is taken so that r* = 0 at the
photon sphere, where r = 3 M.

Note the explicit form of the wave operator

Ogt) = —(1 = 2M/r) "} (0} — =20, (r20,+0)) + V'V 0

where ¥ denotes the induced covariant derivative on the group orbit spheres.

Similar warnings of abuse of notation apply, for instance, we may write 9y = 0y«
on HT.

F.3. Double null coordinates (u,v). Our convention is to define

1

U = E(t_ T*),
1

v = §(t+r*).

The metric takes the form
—4(1 — 2M /r)dudv + r*dog?

and J~(Z4)NJ*(Z,) is covered by a chart —oo < u < 00, —00 < v < 0.

The usual comments about abuse of notation hold, in particular, we may now
parametrize HT ND with {cc} x [—00,c0) and similarly H~ ND with (—oo, 00] x
{—o0}, and write 0,(—00,v) = 0¢(—00,v), Oy(—00,v) = 0.

Note that the vector field (1 —2M/r)~19, extends to a regular vector null field
across HT \ H~. Thus, with the basis 9,, (1 — 2M/r)~1d,, one can choose regular
vector fields near H* \ H~ without changing to regular coordinates. In practice,
this can be convenient.
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1. Introduction

The title of these lecture notes is certainly too ambitious. In fact here we will
mainly consider semilinear Schrédinger initial value problems (IVP)

) iuy + 2 Au = AuP~lu,
u(z,0) = ug(x)

where A =41, p > 1,u: Rx M — C, and M is a manifold’. Even in this relatively
special case we will not be able to mention all the findings and results concerning
the initial value problem (1) and for this we apologize in advance.

Schrodinger equations are classified as dispersive partial differential equations
and the justification for this name comes from the fact that if no boundary con-
ditions are imposed their solutions tend to be waves which spread out spatially.
But what does this mean mathematically? A simple and complete mathematical

2010 Mathematics Subject Classification. Primary 35Axx, 35Bxx, 35Exx, 35Gxx, 35Lxx,
35Qxx, 42-XX.

G.S. is supported in part by N.S.F. Grant DMS-0602678.

In most cases M is the Euclidean space R™ and only at the end we will mention some results
and references when M is a different kind of manifold.
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characterization of the word dispersion is given to us for example by R. Palais in
[66]. Although his definition is given for one dimensional waves, the concept is
expressed so clearly that it is probably a good idea to follow almost? literally his
explanation: “Let us [next] consider linear wave equations of the form

0
U/t—f—P(a—x)U:O,

where P is polynomial. Recall that a solution u(t,z), which Fourier transform is
of the form k@t s called a plane-wave solution; k is called the wave number
(waves per unit of length) and w the (angular) frequency. Rewriting this in the
form e*@=(W/K)t) e recognize that this is a traveling wave of velocity 2. If we
substitute this u(t,x) into our wave equation, we get a formula determining a unique
frequency w(k) associated to any wave number k, which we can write in the form
wk)y 1 _.

(2) = ikP(Zk)'

This is called the “dispersive relation” for this wave equation. Note that it expresses
the velocity for the plane-wave solution with wave number k. For example, P(%) =
c(% gives the linear advection equation u; + cu, = 0, which has the dispersion
relation ¥ = c, showing of course that all plane-wave solutions travel at the same
velocity ¢, and we say that we have trivial dispersion in this case. On the other

) ; 2 L
hand if we take P (8%) = -3 (%) , then our wave equation is iu; + %um =0,

which is the linear Schridinger equation, and we have the non-trivial dispersion
relation 3 = % In this case, plane waves of large wave-number (and hence high
frequency) are traveling much faster than low-frequency waves. The effect of this
is to “broaden a wave packet”. That is, suppose our initial condition is ug(x). We

can use the Fourier transform® to write ug in the form

o (z) = / T k)t d,

and then, by superposition, the solution to our wave equation will be
u(t, z) = / 5 (k) eka @ ®)/R)0) gp

Suppose for example that our initial wave form is a highly peaked Gaussian. Then
in the case of the linear advection equation all the Fourier modes travel together
at the same speed and the Gaussian lump remains highly peaked over time. On
the other hand, for the linearized Schridinger equation the various Fourier modes
all travel at different velocities, so after time they start canceling each other by
destructive interference, and the original sharp Gaussian quickly broadens”.

As one can imagine dispersive equations are proposed as descriptions of certain
phenomena that occur in nature. But it turned out that some of these equations
appear also in more abstract mathematical areas like algebraic geometry [46], and
certainly we are not in the position to discuss this beautiful part of mathematics
here.

2R. Palais actually uses the Airy equation as an example, while we use the linear Schrédinger
equation to be consistent with the topic of the lectures.

3In these lectures we will ignore the absolute constants that may appear in other definitions
for the Fourier transform.
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The questions that we will address here are more phenomenological. Assume
that a profile of a wave is given at time ¢ = 0, (initial data). Is it possible to
prove that there exists a unique wave that “lives” for an interval of time [0, T], that
satisfies the equation, and that at time ¢ = 0 has the assigned profile? What kind
of properties does the wave have at later times? Does it “live” for all times or does
it “blowup” in finite time?

Our intuition tells us that, if we start with nice and small initial data, then
all the questions above should be easier to answer. This is indeed often true. In
general in this case one can prove that the wave exists for all times, it is unique and
its “size”, measured taking into account the order of smoothness, can be controlled
in a reasonable way. But what happens when we are not in this advantageous
setting? These lecture notes are devoted to the understanding of how much of the
above is still true when we consider large data and long interval of times. To be
able to give a rigorous setting for the study of the initial value problem in (1) and
to avoid any confusion in the future we need a strong mathematical definition for
well-posedness. We consider the general initial value problem of type

(3) Ot + Py (Opyy - oy On, )u+ N(u, 0%u) = 0,
u(x,0) = ug(x), x€R™(orxzeT),teR,

where m € N, P,,(0y,,-..,0;,) is a differential operator with constant coefficients
of order m and N (u,0%u) is the nonlinear part of the equation, that is a nonlinear
function that depends on u and derivatives of w up to order m — 1. The function
uo(z) is the initial condition or initial profile, and most of the time is called initial
data. Above we pointed out the fact that finding a solution for an IVP strongly
depends on the regularity one asks for the solution itself. So we first have to decide
how we “measure” the regularity of a function. The most common way of doing so
is to decide where the weak derivatives of the function “live”. It is indeed time to

recall the definition of Sobolev spaces?.

DEFINITION 1.1. We say that a function f € H*(R"),k € N if f and all its
partial derivatives up to order k are in L2. We recall that H*(R") is a Banach
space with the norm

k
I ez = D 105 f 1 2
lo]=0
where a(aq,...,a,) and |af = 31 «; is its length.

We also recall here the definition of the Fourier transform.

DEFINITION 1.2. Assume f € L?(R™), then the Fourier transform of f is defined
as

e) = @8 f(z) da
f€) = G [ 9 @)

where (-) is the inner product in R”. We also have an inverse Fourier formula

f@) = [ 9 fa)da.

4In more sophisticated instances one replaces Sobolev spaces with different ones, like LP
spaces, Holder spaces, and so on.
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If the function is defined on the torus T™ then the Fourier transform is defined as
. 1 A
k) = i(z,k) d
F9) = g [, 4+ o

and the inverse Fourier formula is

flx) =7 e "N f(k).

kEZ

REMARK 1.3. Because 8/;’7’(5) = (i€)“f(€), it is easy to see that f € HF(R")
if and only if

[ 1F@PQ+16)* de < o,

and moreover

m&%+mW&lmwmm.
(L. )

Then we can generalize our notion of Sobolev space and define H*(R"),s € R as
the set of functions such that

[ 1F©OPQ + €D de < oc.

Also H*(R™) is a Banach space with norm

(/Rn IFO)P+ e dé“)l/2 ~ N1l

Sometimes it is useful to use the homogeneous Sobolev space H*(R™). This is the
space of functions such that

| 1f@PIeR de < o0

Clearly all these observations can be made for Sobolev spaces in T", except that in
this case H*(T™) and H*(T™) coincides.

We use || f||Lr to denote the LP(R™) norm. We often need mixed norm spaces,
so for example, we say that f € L{LE if [|([|f(t,x)[|zz)llz < oo. Here we also use
the Sobolev space WP, that is functions, that together with their gradient, belong
to the space LP. Finally, for a fixed interval of time [0,7] and a Banach space of
functions Z, we denote with C([0,T7], Z) the space of continuous maps from [0, T
to Z.

We are now ready to give a first definition of well-posedness. We will give a
more refined one later in Subsection 3.10.

DEFINITION 1.4. We say that the IVP (3) is locally well-posed (l.w.p) in H*
if, given ug € H*, there exist T, a Banach space of functions Xr C C([-T,T]; H®)
and a unique v € X7 which solves (3). Moreover we ask that there is continuity
with respect to the initial data in the appropriate topology. We say that (3) is
globally well-posed (g.w.p) in H*® if the definition above is satisfied in any interval
of time [T, T].

REMARK 1.5. The intervals of time are symmetric about the origin because
the problems that we study here, that are of type (1), are all time reversible (i.e.
if u(t, z) is a solution, then so is —u(x, —t)).
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We end this introduction with some notations. Throughout the notes we use
C to denote various constants. If C' depends on other quantities as well, this will
be indicated by explicit subscripting, e.g. Cjj,,, will depend on [[ugll2. We use
A < B to denote an estimate of the form A < C'B, where C' is an absolute constant.
We use a+ and a— to denote expressions of the form a + ¢ and a — ¢, for some
0<ex 1.

I would like to thank Jim Colliander, Mark Keel, Hideo Takaoka and Terry Tao
for the wonderful collaboration we had for several years: almost all the material I
am presenting here comes from joint papers with them. I would like to thank my
student Vedran Sohinger, who read these notes in a very early stage and pointed
out several typos and inconsistencies. A special thanks also to the careful referee
who corrected several typos and inconsistencies. Finally a very warm thank you
to the Clay Institute and ETH, for their support and hospitality, and to all the
people who attended the lectures, without you the summer school would have been
impossible®.

2. The Linear Schrodinger Equation in R™: Dispersive and Strichartz
Estimates

In this lecture we introduce some of the most important estimates relative to
the linear Schrodinger IVP

(4) v(x,0) = up(z).
It is important to understand as much as possible the solution v of (4) that we will
denote with v(¢,2) = S(t)ug(x), since by the Duhamel principle one can write the
solution of the associated forced or nonlinear problem
(5) iug + 3 Au = F(u),

u(z,0) = up(x).
as

(6) u(t,z) = S(tuo — i /O S(t— ) F(u(t)) dt'.

{ ivt—l—%Av:O,

PROBLEM 2.1. Prove the Duhamel Principle (6).

The solution of the linear problem (4) is easily computable by taking Fourier
transform. In fact by fixing the frequency £ problem (4) transforms into the ODE

Zﬁt(tﬁg) - l|§|2@(t7§) = Oa
@ { B(E.0) = o (€)

and we can write its solution as

B(t, &) = e~ 31 g (¢).

5These lecture notes were written in 2008, since then enormous progress has been made
in several of the problems introduced here. In particular I would like to mention the complete
solution of the L2-critical Schrdinger problem, see [59, 60] and [37].
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In general the solution v(t, ) above is denoted by S(t)ug, where S(¢) is called the
Schrédinger group. If we define, in the distributional sense,

K (z) = _ 1 e
t(x) - (Trit)n/ge
then we have
i 1 jle—ul®
(8) S(t)ug(x) = € ug(x) = ug » Ky(z) = (rit)y? /6 2 ug(y) dy

PROBLEM 2.2. Prove, in the sense of distributions, that the inverse Fourier

) 2
transform of e=2161°t s Ky () = We 2.

As mentioned already

() S(t)uo(€) = e~ 216 g (¢),

and this last one can be interpreted as saying that the solution S(t)ug above is the
adjoint of the Fourier transform restricted on the paraboloid P = {(¢, |£]?) for ¢ €
R™}. This remark, strictly linked to (8) and (9), can be used to prove a variety
of very deep estimates for S(t)ug, see for example [71]. For example from (8) we
immediately have the so called Dispersive Estimate

1
(10) IS@)uollze < oz lluollza-

From (9) instead we have the conservation of the homogeneous Sobolev norms®

(11) 1S (@)uoll g = llwoll -

for all s € R. Interpolating (10) with (11) when s = 0 and using a so called TT*
argument one can prove the non-endpoint Strichartz estimates in Theorem 2.3
below. The endpoint estimate is due to Tao and Keel who use a more sophisticated
argument [49]. See [73] for some concise proofs, and [19] for a complete list of
authors who contributed to the final version of the following theorem.

THEOREM 2.3 (Strichartz Estimates for the Schrédinger operator). Fiz n > 1.
We call a pair (q,7) of exponents admissible if 2 < q,r < o0, %—I—% = 5 and
(g,r,n) # (2,00,2). Then for any admissible exponents (q,r) and (q,7) we have

the homogeneous Strichartz estimate

(12) 1S@®)uoll Larr mxrry S lluollz gny

and the inhomogeneous Strichartz estimate

S IFN e £ mxmrenys
LILT (RXR™)

(13) ‘ /Ot St —tF(t')dt

1, 1 _ 1, 1
where;—l—?—land;—i—ﬁ—l.

To finish this lecture we would like to present a refined bilinear Strichartz
estimate due originally to Bourgain in [9] (see also [12]).

6We will see later that the L? norm is conserved also for the nonlinear problem (1).
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THEOREM 2.4. Let n > 2. For any spacetime slab I, x R™, any tyg € 1., and
for any § > 0, we have

. 1
luvl[ 22 (1. xmny < CO)([uto)ll gr-1/2+s + [1(i0¢ + §A)UHL%H;1/2+6)
(14)

2

1
X ([[o(to)ll yngr 5 +11(E0: + §A)UIIL%H;L714)~
This estimate is very useful when w is high frequency and v is low frequency,
as it moves plenty of derivatives onto the low frequency term. This estimate shows
in particular that there is little interaction between high and low frequencies. One
can also check easily that when n = 2 one recovers the L} L% Strichartz estimate
contained in Theorem 2.3 above.

PRrROOF. We fix 4, and allow our implicit constants to depend on . We begin
by addressing the homogeneous case, with u(t) := e*22¢ and v(t) := €224 and
consider the more general problem of proving

(15) lwollz | S ¢l o 191l ez

Scaling invariance for this estimate” demands that oy + ag = 5 — 1. Our first goal
is to prove this for a; = —1 +§ and ap = 251 — §. The estimate (15) may be recast

using duality and renormalization as

(16) / 962 + 6, | + [P lEn | EE) ol (€2 e d

< H9HL2(R><R")

Cll 2@ l1¥ll p2 gy

Since a2 > a1, we may restrict our attention to the interactions with |£1] > |&a].
Indeed, in the remaining case we can multiply by (%)0‘2_0‘1 > 1 to return to the
case under consideration. In fact, we may further restrict our attention to the case
where [£1] > 4|&2| since, in the other case, we can move the frequencies between
the two factors and reduce to the case where a; = aip, which can be treated by
Lf’z Strichartz estimates® when n > 2. Next, we decompose |¢| dyadically and ||
in dyadic multiples of the size of |£1] by rewriting the quantity to be controlled as

(N, A dyadic):
Y [ o+ ealel + el Glelel (@)
N A

Note that subscripts on g,(, v have been inserted to evoke the localizations to
|&1 + &a| ~ N,|&1| ~ N, |&] ~ AN, respectively. Note that in the situation we are
considering here, namely |§1| > 4|&2|, we have that |{; + &2 ~ |£1] and this explains
why ¢ may be so localized.

By renaming components, we may assume that |1 | ~ &1 | and [£3] ~ |€2]. Write
& = (£3,&2). We now change variables by writing u = & + &, v = [£1]? 4 |&2|* and

"Here we use the fact that if v is solution to the linear Schrédinger equation, then vy (¢, z) =
v(%,g%) is also solution.
In one dimension n = 1, Lemma 2.4 fails when w,v have comparable frequencies, but
continues to hold when wu, v have separated frequencies; see [24] for further discussion.
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dudv = Jd€idé,. A calculation then shows that J = |2(£] & €3)| ~ |&1]. Therefore,
upon changing variables in the inner two integrals, we encounter

S Saw s [ ][ oty g

A<1

where

Hy a(u,v,&) = M

We apply Cauchy-Schwarz on the u, v integration and change back to the original
variables to obtain
1

N 20 2 2
ZN7QI HgNHL2 [/R \/ﬂ |CN(£1)| {;/}AN(EQN d£1d§% d£—2
N 3

We recall that J ~ N and use Cauchy-Schwarz in the §y integration, keeping in
mind the localization [€5| ~ AN, to get

—ay—1 P ——
D N2 gw e D (AN) T2 |G e A n ] 2

N A<1

D (AN)T /

A<1 Rn-t

Choose a1 = —% + 6 and ag = ”Tfl — 0 with 6 > 0 to obtain

> lanlizalicnllzs Do Alean]l e

N A<1
which may be summed up, after using the Schwarz inequality, and the Plancherel
theorem will give the claimed homogeneous estimate.
We turn our attention to the inhomogeneous estimate (14). For simplicity we
set F':= (i0; + A)u and G := (i0; + A)v. Then we use Duhamel’s formula (6) to
write

t t
u= ei(t—to)Au(tO) —i/ ei(t_t/)AF(t/) dt/, v = ei(t—to)Av(tO) —i/ ei(t_t/)AG(tl).
to tO
We obtain?

ei(t—to)Au(to)ei(t—to)Av(to) ‘

ullze 5 | .

t
+ ei(tfto)Au(tO)/ ei(tft')AG(t/)dt/

to

L2

t
+ ei(tftg)AU(tO)/ ei(tft')AF(t/)dt/

to

L2

t t
+ / ei(t—t’)AF(t/)dt// ei(t—t”)AG(x’t//) at’
to tO

= Il +IQ—|—I3—|—I4
The first term was treated in the first part of the proof. The second and the third
are similar so we consider only I5. Using the Minkowski inequality we have

I 5/ ‘|ei(t_to)Au(to)ei(t_t/)AG(t/)||L2 dt/,
R

L2

9 Alternatively, one can absorb the homogeneous components ei(t=t0) 2y (tg), ei(t—t0) Ay (14)
into the inhomogeneous term by adding an artificial forcing term of §(¢t —to)u(to) and §(t —to)v(to)
to F' and G respectively, where ¢ is the Dirac delta.
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and in this case the theorem follows from the homogeneous estimate proved above.
Finally, again by Minkowski’s inequality we have

145//‘|ei(t_t/)AF(t/)ei(t_t”)AG(t”)||L§dt'dt”,
RJR

and the proof follows by inserting in the integrand the homogeneous estimate above.
O

REMARK 2.5. In the situation where the initial data are dyadically localized in
frequency space, the estimate (15) is valid [9] at the endpoint oy = —%, g = an
Bourgain’s argument also establishes the result with a; = —% + 0,0 = ”T_l + 4,

which is not scale invariant. However, the full estimate fails at the endpoint.

PROBLEM 2.6. Consider the following two questions:

(1) Prove that the full estimate at the endpoint is false by calculating the left
and right sides of (16) in the situation where G = XRr, with Ry = {¢ :
& = Ne' + O(N2)} (where e* denotes the first coordinate unit vector),
V2(&2) = |&a|= " xR, where Ry = {€& 1 1 < |&| < N%,& - el = O(1)}
and g(u,v) = Xg,(u,v) with Ry = {(u,v) : u = Ne! + O(N2),v =
|u> + O(N)}.

(2) Use the same counterexample to show that the estimate
1l s S 1N 1l

where u(t) = eA¢, v(t) = €A, also fails at the endpoint.

3. The Nonlinear Schrédinger Equation (NLS) in R": Conservation
Laws, Classical Morawetz and Virial Identity, Invariances for the
Equation

In this section we consider the (NLS) IVP (1) and we formally talk about the
solution u(t, z) as an object that exists, is smooth etc. Of course to be able to use
whatever we say here later we will need to work on making this formal assumption
true!

Given an equation it is always a good idea to read as much as possible out of
it. So one should always ask what are the rigid constraints that an equation im-
poses on its solutions a-priori. Here we will look at conservation laws (in this case
integrals involving the solution that are independent of time), some inequalities
(or monotonicity formulas) that a solution has to satisfy, symmetries and invari-
ances that a solution to (1) can be subject to. All three of these elements are
somehow related (see for example Noether’s theorem [73]) and here we will not
even attempt to discuss ALL the possible connections. It is true though that in
describing these important features of the equation one often has to recall some
basic principles/quantities coming from physics like conservation of mass, energy
and momentum, the notion of density, interaction of particles, resonance etc.

3.1. Conservation laws. A simple way to interpret physically the function
u(t, ) solving a Schrédinger equation is to think about |u(t,z)|? as the particle
density at place x and at time ¢. Then it shouldn’t come as a surprise that the den-
sity, momentum and energy are conserved in time. More precisely if we introduce
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the pseudo-stress-energy tensor Ty, g for o, 8 =0,1,...,n then

(17)Too = |u|* (mass density)
(18)To; = Tjo = Im(ud,,u) (momentum density)
— 1
(19)Tj = Re(0x,udy,u) — Zéj’kA(M )+ )\—6jk|u|pJr (stress tensor)

then by using the equation one can show that
(20) 0yToo + 02, To; =0 and 0;Tjo + 0z, Tjr, = 0
forall j,k=1,...,n

PROBLEM 3.2. Prove (20) using the equation.

The conservation laws summarized in (20) are said to be local in the sense
that they hold pointwise in the physical space. Clearly by integrating in space and
assuming that u vanishes at infinity one also has the conserved integrals

(21) m(t):/Too(t,x)dx = /|u\2(t,x)dx (mass)

(22) pi(t) = —/Toj(t,x) = —/Im(ﬂ@zju) dz (momentum).

We observe here that the stress tensor in (19) is not conserved, but it plays an
important role in some “sophisticated” monotonicity formulas involving the solution
u. To obtain the conservation of energy F(t) we need to remember that the total
energy of a system at time ¢ is

E(t) = K(t)+ P(t)

the sum of kinetic and potential energy. In our case
K(t /|Vu| (t,x)dz and P(t /|ut x) [Pt de
and hence
(23) E(t) = 1/|Vu|2(t x)dr + 22 / lu(t, z) [P dz = E(0)
2 ’ p+1 ’ '

We immediately observe that now the sign of A plays a very important role since
by picking A = —1 one can produce a negative energy. We will discus this later in
greater details.

PROBLEM 3.3. Prove the conservation of energy (23) by using the equation.

As we will see, to have an a-priori control in time of an energy like in (23)
when A = 1 is an essential tool in order to prove that a solution exists for all times.
But it is also true that often this is not sufficient. This is indeed the case when
the problem is critical '°. We need then other a-priori controls on norms for the
solution u. This is the content of the next subsection.

10The notion of criticality will be introduced below.
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3.4. Viriel and Classical Morawetz Identities. The Viriel identity was
first introduced by Glassey [40] to show blowup for certain focusing (A = —1) NLS
problems. The classical'’ Morawetz identity was introduced instead by Morawetz
in the context of the wave equations [64]. In the NLS case it was introduced by Lin
and Strauss [61]. Morawetz type identities are particularly useful in the defocusing
setting (A = 1).

In general these identities are used in order to show that a positive quantity (of-
ten a norm) involving the solution u has a monotonic behavior in time. Monotonic
quantities are used systematically in the context of elliptic equations and although
both the Viriel and Morawetz estimates go back to the 70’s only recently they have
been used, together with their variations, in a surprisingly powerful way in the
context of dispersive equations.

Suppose that a function a(z) is measuring a particular quantity for our system?!?2
and we want to look at its overage value and in particular at its change in time.
To do so we integrate a(x) against the mass density tensor in (17) and we compute
using (20) and integration by parts

(24) / (z)[ul?(t, z dx-/@ o) Im (U0, u)(t, z) dz.

At this stage there is no obvious sign for the right hand side of the equality. The
integrals appearing above have special names. In fact we can introduce the following
definition:

DEFINITION 3.5. Given the IVP (1), we define the associated Virial potential
(25) Va(t) = / a(@)|ult, 2)|2dz
and the associated Morawetz action

(26) / Oy, () (W, u)da

By taking the second derivative in time and by using again (20), we obtain

RValt) = f / a(@)|u?(t, z) dz = 8, M,(t) = / (O, O () Re(Oy, 1y, W) div
%/\u(txﬂpHAa(w) dx — i|u\2(t,x)A2a(x) dx.

Now let’s make a particular choice for a(x).
e If a(z) = |z|2, then A%a(x) = 0 and Aa(x) = 2n so

en 0 [Pl de =45+ 2 — 1)~ 4) [l an

REMARK 3.6. For example in the focusing case A = —1, when n = 3
and p > I, if one starts with E < 0, then the function f(t)
J |z?|u|?(t,z) dz is concave down and positive (f/(t) is monotone de-
creasing). Hence there exists T* < oo such that there the function cannot

HHere we talk about classical Morawetz type identities in order to distinguish them from
the Interaction Morawetz ones.

12For example a(x) could represent the distance to a particular point, or the characteristic
function of a particular domain.
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longer exists. This was in fact the original argument of Glassey to show
the existence of blowup time for certain focusing NLS equations.

o If a(x) = |z|, then (24) becomes

(28) at/\x||u\2(t,x) dx_/lm(ﬂ%~Vu)(t,z) da,

and from here

2
(29)0; My 8t/]m(a|x_‘ - Vu)(t,z) dz = / |Y7UJT7§,$)| d
x
2(7’1,*1 7]_ |utx|17+1 1 ) )
D=8 [REDE 4o [ futeo)P(a%e]) o
where Vu :=V — (55 - V) denotes the angular gradient of u.

PROBLEM 3.7. Above we used a(xz) = |x| which is clearly non smooth
at zero. Check that if we take n > 3 and we replace |x| with Va2 + €2 and
let € — 0, then the identity (29) is correct.

One can then compute that for n > 3, (A%|z|) < 0 in the sense
of distributions. As a consequence, in the defocusing case A = 1, after
integrating in time over an interval [tg,?1] one has

(30)

" Vu(t, x)? |u(t, z) P+t |”+1
d / / dz < sup
/‘;1 ‘x| to |'T| [to,tl]

One can easily estimate the right hand side as

/Im(ﬂ% -Vu)(t, z) dz

/Im(ﬂ% -Vu)(t, z) dz|.

sup < lluoll 2 B/

[to,t1]

by using both conservation of mass and energy. But if less regularity is
preferable then one can use the Hardy inequality (see Lemma A.10 in [73])
as in Lemma 6.9 that will be introduced later in Section 6, to obtain

t1 w(t. ¢ 2 u t x p+1
(31) / |Y7 (t, | / /| | dr < sup Hu(t)H?{l/z,
t

o =l [to,t1]

where now the disadvantage is the fact that the H'/? norm of u is not
uniformly bounded in time.

3.8. Invariances and symmetries. In this section we only list invariances
and symmetries but we do not attempt to describe their usefulness and applications
except for one of them that we will start using in today’s lecture.

(1) Scaling Symmetry: If u solve the IVP (1) then
t x 2 T
32 u,(t, x o= lu( ,—,) and u,0(x) =p P Tug (—,)
(32) ult, ) = pER w0(2) .

solves the IVP for any u € R.
(2) Galilean Invariance: If u is again a solution to (1) then

e"'”eitlv‘(zﬂu(t, x —wvt) with initial data " ug ()

for every v € R™ also solves the same IVP.
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(3) Obvious Symmetries: Time and space translation invariance, spatial
rotation, phase rotation symmetry e*?u, time reversal.

(4) Pseudo-conformal Symmetry: In the case p =1+ %, if u is solution
for (1) then also

1 1 z o2
33 - R ilz| /2t
) e (1)
for ¢ # 0 is solution to the same equation.

We now concentrate on the scaling symmetry and we show how this can be
used to understand for which nonlinerity (or for which p > 1) the problem of
well-posedness is most difficult to address.

If we compute |lu ol ;. we see that

(34) lupollgs =1t
where

T ol e

n 2
Sc = 5 P
Let us consider the rescaled initial data u, o and the associated solution wu,(t,z)
that is now defined in the time interval [0, u?T]. From (34) it is clear that if we
take g — 400 then
(1) if s > s. (sub-critical case) the norm of the initial data can be made
small while at the same time the interval of time is made longer: our
intuition says that this is the best possible setting for well-posedness,
(2) if s = s, (critical case) the norm is invariant while the interval of time
is made longer. This looks like a problematic situation.
(3) if s < s, (super-critical case) the norm grows as the time interval gets
longer. Scaling is obviously against us.

In order to have a better intuition for scaling that also relates the dispersive
part of the solution Au with the nonlinear part of it |u|P~'u, we use an informal
argument as in [73]. Let’s consider a special type of initial wave ug. We want ug
such that its support in Fourier space is localized at a large frequency N > 1, its
support in space is inside a Ball of radius 1/N and its amplitude is A. Here we are
making the assumption that scaling is the only symmetry that could interfere with
a behavior that goes from linear to nonlinear, but in general this is not the only
one. We have

luollzs ~ AN"2, Jjuo|l . ~ AN—/2,
If we want |jug|| ;. small then we need to ask that A < N™/27%. Now under this
restriction we want to compare the linear term Au with the nonlinear part |u|P~ u:

|Au| ~ AN? while |u|P ~ AP.
From here if AN? > AP we believe that the linear behavior would win, alternatively
the nonlinear one would. Putting everything together we have that
(35) AP1 <« N? and A< NY?7®* — 5> 5, (more linear)
(36) APl > N? and A> N"Y?7° — 5 < s, (more nonlinear).

As announced at the beginning the so called “scaling argument” presented here
should only be used as a guideline since in delivering it we make a purely formal
calculation. On the other hand in some cases ill-posedness results below critical
exponent have been obtained (see for example [22, 23]).
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PROBLEM 3.9. Prove the conservation of mass using Fourier transform for the
IVP (1) whenn=1 and p = 3.

3.10. Definition of well-posedness. We conclude this lecture by giving the
precise definition of local and global well-posedness for an initial value problem,
which in this case we will specify to be of type (1).

DEFINITION 3.11 (Well-posedness). We say that the IVP (1) is locally well-
posed (l.w.p) in H*(R™) if for any ball B in the space H*(R™) there exist a time
T and a Banach space of functions X C L*®([-T,T], H*(R™)) such that for each
initial data ug € B there exists a unique solution v € X N C([-T,T], H*(R™)) for
the integral equation

(37) u(t,r) = S(t)ug — M/O St —t")|ulP~tu(t')) dt'.

Furthermore the map wy — w is continuous as a map from H*® into C([-T,T],
H#*(R™)). If uniqueness is obtained in C([-T,T)], H*(R™)), then we say that local
well -posedness is unconditional.

If this hold for all T € R then we say that the IVP is globally well-posed (g.w.p).

REMARK 3.12. Our notion of global well-posedness does not require that
llu(t)]| rs(rny remains uniformly bounded in time. In fact, unless s = 0,1 and one
can use the conservation of mass or energy, it is not a triviality to show such an uni-
form bound. This can be obtained as a consequence of scattering, when scattering
is available. In general this is a question related to weak turbulence theory.

4. Local and global well-posedness for the H!(R") subcritical NLS

Our intuition suggests that if one assumes enough regularity then l.w.p. should
be true basically for any p > 1. We do not prove this here but one can check
this in [19, 73], or use the argument that we will present below and the fact that
for s > n/2 the space H® is an algebra to obtain this result directly. Here we
consider instead the IVP (1) with a nonlinearity that is H' subcritical, that is
l<p< 1+% forn >3 and 1 <p < oo for n =1,2. To prove L.w.p for H*(R"),
the general strategy that we will follow is based on the contraction method. This
method is based on these four steps:

(1) Definition of the operator

L(v) = x(t/T)S(t)yuo + ex(t/T) / S(t — 1) o Lu(t')) i

where x(r) denotes a smooth nonnegative bump even function, supported
on —2 < r < 2 and satisfying x(r) =1 for -1 <r < 1.
(2) Definition of a Banach space X such that X ¢ L>*([-T,T], H*(R™)).
(3) Proof of the fact that for any ball B C H*(R"), there exist T and a
ball Bx C X such that the operator L sends By into itself and it is a
contraction there.
(4) Extension of the uniqueness result in Bx to a unique result in the whole
space X.
We observe that the continuity with respect to the initial data will be a consequence
of the fact that the solution is found through a contraction argument. In fact in
this case we obtain way more than just continuity.
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PROBLEM 4.1. Discuss the reqularity of the map ug — u from H® into
L>([-T,T), H*(R™)) when l.w.p. is proved by contraction method.

We state the main theorem (for a complete list of authors who contributed to
the final version of this theorem see [19]):

THEOREM 4.2. Assume that 1 < p < 1+ ﬁ form >3 and1l < p < o0
for n = 1,2. Then the IVP (1) is Lw.p in H*(R™) for all s, < s < 1, where
5= pzl. Moreover if the nonlinearity is algebraic, that is n = 2,3 and p = 3,
then there is persistence of reqularity, that is if ug € H™, m > 1 then the solution
u(t) € H™(R™)), for all t in its time of existence. If in (1) we assume that A =1
(defocusing) then the IVP is globally well-posed for s = 1.

Se =

Here we prove a less general version of this theorem, namely that under the
conditions given above on p there is g.w.p in H'. We do not prove Lw.p. for
Se < s < 1since we would need to introduce a product rule for fractional derivatives
and it would become too technical.

Our starting point is the definition of a Banach space X based on the norms
we introduced with the Strichartz estimates.

DEFINITION 4.3. Assume I = [-T,T] is fixed. The space S°(I x R") is the
closure of the Schwartz functions under the norm

[ fllso(rxrny = sup [ fllzarr-
(¢,r) admissible

We then define the space S (I x R™) where the closure is taken with respect to the
norm
I fllstzxrry = Iflsorxrny + [V flls0(rxRmn)-
PROOF. We consider the operator Lv and using (12) and (13) we obtain

(38) IZolls1 (1xrey < Calluollzr + Calllol”~ (o] + VoDl g 0

where (g, r) is a Strichartz admissible pair. Below we will only estimate the term
in the right hand side of 38 that contains the gradient. To treat the other term one
can use interpolation and Sobolev embedding theorem. The best couple to use in
this context is the one that solves the system

2
(39) 242 =" Strichartz Condition
q T 2
1 s 1 1
40 (-2 =2 -2
(40) (p )(T n) R

and the meaning of the second equation will become clear below. The solutions to
the system is

11 +(p—1)§ and L = (P=D(n—2s)
ro(p+1l) (+Dn q 4(p+1)
From here it follows that'3
l>£ - S>s:ﬁ—i.
¢ q 2 p-1

13 As mentioned above here we only address lL.w.p. in H!, but it is clear that if one uses
fractional derivatives and (41) Lw.p in H®, s > s. can also be obtained based on the fact that r
and ¢ are given in terms of s and s > sc.
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Then by Hoélder inequality repeated

_ — 1
ol Vol o e < TPVl are e < IV0NE2z 0]

p—
LiLE

S

where = = % — £. By Sobolev embedding

(41) lollzar: S ML+ A2l

and since we are assuming that we are in the H' subcritical regime 1 < p < 1+ ﬁ
it also follows that s < 1 and as a consequence

s
n

ol 190l o e < T
We can now conclude that
(42) [Lvlls1 (1xmny < Cilluollm + C2T||v]I g
With similar arguments one also obtains
(43) 1Lv = Luwl|gi (rxrn) < CoaT* (ol + [[wl& ) llv — wl|s1.

We are now ready to set up the contraction: pick R = 2C1 ||ugl||g: and T such that
1 1-p
(44) CoTRP™ < 5 = T3 luoll 3

then clearly from (42), (43) and (44) it follows that L : Bg — Bpr, where Bp is the
ball centered at zero and radius R in S*, and L is a contraction. There is a unique
fixed point © € Bp that is in fact a solution to our integral equation. The next
two properties for u that we need to show are continuity with respect to time, that
is w € C([-T,T), H) and uniqueness in the whole space S!. The first is left to
the reader since it is a simple consequence of the representation of u through the
Duhamel formula (6). For the second we assume that there exists another solution
@ € St for the IVP (1). Using again the Duhamel formula for both u and @ and
the estimates presented above for Lv we obtain that on an interval of time ¢

lu =il < Cad®(allgy " + llulgy Hllu— alls;
where here we use the lover index § or T' to stress that in the first case the space
S is relative to the interval [—4, §] and in the second to [T, T]. Since u and 7 are
fixed we can introduce
M = max (5" + ul2;)
and if § is small enough in terms of Cs, @« and M we obtain

. 1 -
lu—allsy < Sllu—allsy

which forces u = @ in [—§,8]. To cover the whole interval [T, T] then one iterates
this argument % times and the conclusion follows.

Before going to the proof of g.w.p we would like to consider the question of
propagation of regularity. As mentioned above with this we mean the answer
to the following question: assume that in (1), with the restrictions on p above, we
start with ug € H™, m > 1. Is it true that the unique solution v € S* also belongs
to H™ at any later time ¢ € [0,T]? The answer to this depends on the regularity of
the non-linear term, more precisely the regularity of the function f(z) = |z[P~ 2.
This function is not C'**° for all p, hence one cannot expect propagation of regularity
for all p in the considered range. On the other hand if f is algebraic, namely when
p—1 = 2k for some k € N, then propagation of regularity follows from the estimates
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we presented above. Briefly we can go back to (42) and if we repeat the same
argument we obtain that for the solution v that we already found using only H'!
regularity we also have

ID™ulls0 < Cul|uol|m + CoT [l [1D™ uls0

because when we apply the operator D™ the term with D™ appears linearly™.
Since we already know that CoT®||ul|%% < i we then obtain'® that

1D ulls0 < lluol| -

We are now ready for the iteration of the local in time solution u to a uniformly
global one'. The first step is to go back to (44) and notice that 7' depends on
the H' norm of the initial data. From the previous lecture we learned that for a
smooth!™ solution u to (1) the conservation of the energy and mass gives an a priori
uniform bound

[u@®) |z < C*([[uolla),

1—

so if we take now T* ~ (C*) = we can repeat the argument above with no changes.
In particular when we get to time T* we can apply the argument again with the
new initial data w(7T*) and the same T™* will work. In this way we can cover the
whole time real lime and well-posedness becomes global. But in the argument we
just outlined there is a caviat in the sense that if ug € H' we do not have a smooth
solution u. This obstacle can be overcome by introducing various smoothing tools.
The precise argument can be found in [19]. O

REMARK 4.4. We are not addressing in this first part of the course g.w.p. for
the focusing NLS (1) even in the subcritical case. In order to address this issue we
need to introduce stationary solutions (or solitons) and this will be done later.

REMARK 4.5. By carefully keeping track of the various exponents that have
been introduced in order to get to (42) one can see that for the critical H! problem,

that isp=1+ ﬁ, the estimates are border line. In fact one gets

(45) | Lv|| st (1xrny < Clluoll g + Collv]|%,.

The main difference between this and (42) is that there is no time factor appearing
in the right hand side. This of course makes the contraction more difficult to attain
by shrinking the time. On the other hand if one starts with small data ||ug|l g <€
and calls now R = 2C4e, then a sufficient condition on € to have a contraction
would be

CQRp_l = C2(2016)p_1 <

| =

14Here we are cheating a little since we are ignoring the mixed lower order derivatives. For
this reason the constant C2 is the same as the one in (42). If one does this calculation correctly
then that constant Cy will need to be replaced by a larger one, which will shrink the time 7". To
cover the whole interval [—T, T'| then one uses the iteration we introduced while proving uniqueness
in ST.

15Here we are cheating again in the sense that in principle we cannot even talk about D™u
since we don’t know yet that this expression makes sense. The rigorous procedure tells us to start
with a smooth and decaying approximation of the initial data, the associated solution exists and
is unique. Only at this point one can use the argument proposed here to get the uniform bound
independent of the approximation.

16This argument only works when a uniform H! bound in time for the solution is available,
for example in the defocusing case or when the L? norm of the initial data is small enough.

17"Here with smooth we also mean zero at infinity.
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This would also guarantee a uniform global solution in H*.

One could ask if at least l.w.p could be still achieved for large data. The
following theorem gives a positive answer.

THEOREM 4.6 (L.w.p. for H' critical NLS). Assume that p = 1+ 15 and
ug € H'. Assume also that there exists T such that

(46) 1S (#)uol| 2Ani) 2n(ni2) <e

L[ n—2 " W n244

for € small enough. Then (1) is H' well posed in [T, T).
2(n+2) 2n(n+2)
9 n—2 ' n2+4
We define the new space S* using the following norm

[fllge =Tl st + 1A 2eny ) 20gen
2 n<+4+4

Lilr Wa

PROOF. We first notice that the pair (

) is Strichartz admissible.

The idea is to use a contraction method in this space based on the smallness as-
sumption (46). As we did in the proof of Theorem 4.2 we estimate Lv in the space
St

[Lollgr < Tlluollar +[1S( )uOII 2nin) o)

Lty We W
4
n—2 ! ~/
I (el + 19Dy
Now we pick the Strichartz pair (g,7) = (2, n2"2) and we obtain by Holder

4

n—2 | H

2(nt2) 2<n+2>|v 2(n+2) 1,2n(n+2) -
' n244

— n—2
L %3 La L2 Wa

_4
ol=== (ol + Vel e e S 0

By the Sobolev embedding theorem we then have

Il 2tz 2ez S0l 2nia RICRE

(-7,7) L= Li_rry Wa

hence the final bound

A7) [[Lvllg < Tlluollm + HS(ﬁ)UOHL%%ZW1 n(nt) + HUH 2(;;4;2) 1 2ngta)
[=T,T] L[ T,T) Wa

Now if T is small enough, in particular T ~ €||uo||;;}, using (46), we deduce from
(47) that

Lol g < 2Che + C1||1)H

n+2 1, 2n(n+2)
L[ T’LT ’;‘:] Wy i
We then take a ball B of radius R = 4Cye and if € is small enough then L sends B
into itself and it is a contraction. The rest is now routine. This argument proved
the theorem in the interval of time of length approximately €|[ug|/;i. In order to
cover an arbitrary interval [—T,T], then one has to use again the conservation of

energy and mass that gives a uniform bound on |ul|g1. |

REMARK 4.7. We have the following two facts:
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(1) By the homogeneous Strichartz estimate (12) it follows that

HS(t)UOH 2(nt2) g 2n(nd2) N ||u0||H1

—2 n2+4
L g W

hence we recover above the small data g.w.p we discussed in Remark 4.5.

(2) Given any data ug € H!, again by (12) we have
HS(t)UOH 2(:_4_22) 1,2:’@:42) <,

-1 Ve
so we can use the time integral to claim that for T' small enough (46) is
satisfied. This gives L.w.p. but it is important to notice that in this case
T = T(up) depends also on the profile of the initial data, not only on its
H' norm.

The next theorem gives a sort of criteria for the g.w.p. of the H' critical NLS.
It says that if a certain Strichartz norm of the solution (actually any of them would
do!) stays a-priori bounded, then g.w.p. follows.

2(n+2) 2(n+2)

THEOREM 4.8 (G.w.p. for H' critical NLS with L,"* L,"? bound). As-
sume that p =1+ ﬁ and ug € H'. Assume also the a priori estimate

(48) ull 2042 2042 <C
n—2 L n—2
(7,7 Lo

for any solution u to (1) withp = 1+ ﬁ. Then this IVP is H' globally well posed.

PROOF. Fix € to be determined later. Also assume that our until data belongs
to H* k > 1. Using (48) we can find finitely many intervals of time I, ..., I5; such
that

(49) [l

2(n+2)

(n+2)
n—2
I;

2nt2) <€

n—2

j x

for all j = 1,..,M. The goal here is to prove that as a consequence of (49) one

actually has the stronger bound

(50) lulsy <€, forall k=1,

for all j =1,.., M and putting all the intervals together
(51) lullgr < C, forall k=>1.

How do we use now this bound? We consider a method that is know as the Energy
Method. This argument is based on a priori global bounds of high Sobolev norms,
see for example [38] for details. In our case, if we start with data in H* k > 1,
the bound (51) in particular gives a uniform bound of the solution in H*, not just
in H', which we knew as a consequence of the conservation of Hamiltonian and
mass. This is enough to show that there is a unique, classical global solution for
our initial value problem. If the initial data is only in H! then an approximation
by data in H*, k> 1 can be used and a continuity argument concludes the proof.

It is now time to prove (50). Using estimates like the ones in the proof of
Theorem 4.6 this time applied to the Duhamel representation of a solution u we

have
_4 _4
lulls;, < Calluollrs + Callull sz, s lullsy < Cilluollms + Coem= ullsy

n—2 n—
L, Ly
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and if Coen? < 1/2 then (50) follows. O

We end this section by announcing that similar theorems, replacing H' with
L? are available for the L? subcritical NLS, that is when 1 < p < 14 %. We do not
list them here, but they can be found in [73].

5. Global well-posedness for the H!(R") subcritical NLS and the
“I-method”

We learned during last lecture that for the H' subcritical NLS, i.e. 1 < p <
1+ ﬁ and hence s, < 1, Lw.p for (1), either focusing or defocusing, is available
in H?(R™) for any s,s. < s < 1. We also learned that if s = 1, in the defocusing
case, uniform g.w.p is a consequence of the conservation of mass and energy. We
then ask: if 0 < s, < s < 1 is the defocusing NLS problem globally well posed
in H*? This problem is particularly interesting when we consider the L? critical
NLS, ie. s, =0and p =1+ %. In this case the L? norm cannot be used to
iterate the l.w.p. since the time interval of existence also depends on the profile
of the initial data. It is clear then that this is a difficult question since we are
in a regime when the conservation of the L? norm is too little of an information
and the conservation of the Hamiltonian cannot be used since the data has not
enough regularity. It was exactly to answer these kinds of questions that the “I-
method” [24, 25, 26, 27, 50, 51] was invented. Unfortunately the method is quite
technical to be applied in higher dimensions in its full strength. The results that we
will report below are not optimal and in general they concern the L? critical case
p=1+ % since that one is the most interesting, but similar results are available for
the general H! subcritical case when s. < 1 (see [20, 78]). We will list below the
state of the art at this point for this problem for the L? critical case. We will give
references but we will not prove these theorems in full generality. At the end of
this lecture we will prove a weaker result than the one stated here when n = 2, see
Theorem 5.2. We should also say here that if one assumes radial symmetry, then
the L2 critical NLS for n > 2 has been proved to be globally well-posed both in the
defocusing and focusing case with the assumption that the mass of the initial data
is strictly less than the mass of the stationary solution. These results are contained
in a series of very recent and deep papers [59, 60, 75, 76], see also [58]. The point
here is instead to address the question of global well-posedness without assuming
radial symmetry and to present the “I-method”.

THEOREM 5.1 (G.w.p for (1) with A =1,p =1+ 2 and n > 3). The initial
value problem (1) with A=1,p=1+ % is globally well-posed in H*(R™), for any
1>s> @ when n = 3, and for any 1 > s > —(n=2)ty (7;_2)2+8(7L_2) formn > 4.

Here we have to assume that s < 1 since in general the non smoothness of the
nonlinearity doesn’t allow us to prove persistence of regularity. The proof of this
theorem can be found in [34].

THEOREM 5.2 (G.w.p for (1) with A =1, p =1+ 2 and n = 2). The initial
value problem (1) with A\ = 1,n = 2 and p = 3 is globally well-posed in H*(R?), for
any 1> s> % Moreover the solution satisfies

3s(1—s)
(52) sup |lu(t)||g= < C(1+T)2C=2,
[0.7]
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where the constant C depends only on the index s and ||ugl|p2.

Here the theorem is stated only for s < 1 since we already know that global
well-posedness for s > 1 follows from conservation of mass and energy as explained
in the previous lecture'®.

For the proof of Theorem 5.2 see [32]. The argument is based on a combination
of the “I-method” as in [25, 26, 28] and a refined two dimensional Morawetz
interaction inequality. This combination first appeared in [39].

Finally we recall the result for the L? critical problem for n = 1:

THEOREM 5.3 (G.w.p for (1) with A =1, p =1+ 2 and n = 1). The initial
value problem (1) with A =1,n=1 and p =5 is globally well-posed in H*(R), for
any 1> s> % Moreover the solution satisfies

s(1—s)
(53) sup [[u(t)|| e < C(1+T) =1,
[0,T7]

where the constant C depends only on the index s and ||ug|| 2.

For the proof of this theorem see [36].

As promised we sketch now the proof of a weaker result than the one reported
in Theorem 5.2, namely g.w.p. for s > 4/7. This proof is a summary of the work
that appeared in [26]. Since below we will often refer to a particular IVP we write
it here once for all

. 1 _ 2
(54) { iug + 5 Au = |ul*u,

u(z,0) = up(x).
To start the argument we need to introduce some notations and state some

lemmas.
We will use the weighted Sobolev norms,

(55) 1911, = 1146)° (T = E1°)* 9 (&, )] 2 (n ) -

Here zﬁ is the space-time Fourier transform of 1. We will need local-in-time esti-
mates in terms of truncated versions of the norms (55),

(56) Mfllxs, =, _inf I¥llxs,

P
We will often use the notation %—i— = % + € for some universal 0 < € < 1. Similarly,
we shall write %— = % — €, and % ——= % — 2e.

For a Schrodinger admissible pair (q,7) we have what we will call the L]L”

Strichartz estimate:

(57) 1ollegryensny SHllx, 4 s

— |

which can be proved to be a consequence of (55).
Finally, we will need a refined version of these estimates due to Bourgain [9].

181t is an open problem to obtain a polynomial bound like in (52) for this problem when
s > 1 and the data are not radial. In fact if if p > 3 a uniform bound follows from scattering. But
scattering is still an open problem for general data for the L2 critical NLS. We should also stress
that these kinds of polynomial bounds for higher Sobolev norms are particularly interesting since
they are related to the weak turbulence theory, a topic that we will not address here.
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LEMMA 5.4. Let 91,79 € ngr be supported on spatial frequencies |&| ~
2

Ny, Ny, respectively. Then for Ny < Na, one has

1
N1\ 2
(59) lor - dallagoasan < (52 ) IWallsg, lallxs,

In addition, (58) holds (with the same proof) if we replace the product 11 - 2 on
the left with either 1 - ¥a or 1 - y.

This lemma is a consequence of Theorem 2.4.

PROBLEM 5.5. Show how to deduce (57) and (58).
Hint: Consider the space of frequencies both in time and space. Partition it into
parabolic strips of approximate unit size. On each of these strips a function ¥ can
be viewed as a solution of the linear problem. Use the appropriate Strichartz or
improved Strichartz on each of them and then sum with the appropriate weight.

For rough initial data, with s < 1, the energy is infinite, and so the conservation
law (23) is meaningless. Instead, here we use the fact that a smoothed version of
the solution of the IVP (54) has a finite energy which is almost conserved in time.
We express this ‘smoothed version’ as follows.

Given s < 1 and a parameter N > 1, define the multiplier operator

(59) INJ(€) = mn () f (),

where the multiplier my (§) is smooth, radially symmetric, nonincreasing in |£| and
1 €l <N

1-s
(&) ez

For simplicity, we will eventually drop the N from the notation, writing I and m for
(59) and (60). Note that for solution and initial data u, ug of (54), the quantities
|[wl| s mny (t) and E(Inu)(t) (see (23)) can be compared,

(60) my(§) =

2
(61) E(Iyu)(t) < (N 1ul Dl o))+ (e ) [Es o),
(62) s 8) e gy S EUInw) () + [l e,

Indeed, the H'(R?) component of the left hand side of (61) is bounded by the right
side by using the definition of Iy and by considering separately those frequencies
|¢] < N and [£] > N. The L* component of the energy in (61) is bounded by the
right hand side of (61) by using (for example) the Hérmander-Mikhlin multiplier
theorem. The bound (62) follows quickly from (60) and L? conservation (21) by
considering separately the H*(R?) and L?(R?) components of the left hand side of
(62).

To prove our result, we may assume that vy € C§°(R?), and show that the
resulting global-in-time solution grows at most polynomially in the H® norm,

(63) u(t, ) e re) < Cit™ + Co,

where the constants C,C2, M depend only on ||ug||g=(r2) and not on higher reg-
ularity norms of the smooth data. The result then follows immediately from (63),
the local-in-time theory discussed in the previous lecture, and a standard density
argument.
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By (62), it suffices to show
(64) E(Inu)(t) S (1+1)*M.

for some N = N(t). (See (71), (72) below for the definition of N and the growth
rate M we eventually establish). The following proposition, represents an “almost
conservation law” and will yield (64).

PROPOSITION 5.6. Given s > 2, N > 1, and initial data ug € C§°(R?) (see
preceding remark) with E(Ingo) < 1, then there evists a 6 = 6(||uo|[z2(r2)) > 0 so0
that the solution

u(z,t) € C([0,6], H*(R?))
of (54) satisfies
(65) E(Inu)(t) = E(Iyu)(0) + O(N~2¥),
for all t € 10,9].

We first show that Proposition 5.6 implies (64). Recall that the initial value
problem here has a scaling symmetry, and is H®-subcritical when 1 > s > 0, and
n = 2. That is, if u is a solution, so too

1 x t
(66) up(z,t) = XU(X’ ﬁ)
Using (61), the following energy can be made arbitrarily small by taking A large,
(67) E(Inuxo) < (N*72)A72 4+ 272) - (1 + [[uol | o z2))*
(68) < Co(N272X7%) - (1 + [[uol| o r2))

It is important to remark that since the problem is L? critical, |luo|r2 ~ |luxollzz2-
Assuming N >> 1 is given'?, we choose our scaling parameter A = (N, ||uol| g+ (r2))

3N

e (1) 7®
(69) A=N"= (E) (L4 [Juol s (r2))

so that E(Inuyg) < % We may now apply Proposition 5.6 to the scaled initial
data uy g, and in fact we may reapply this proposition until the size of E(Iyuy)(t)

reaches 1, that is at least C; - N 3~ times. Hence
(70) E(Inuy)(CiN2768) ~ 1.

We now have to undo the scaling: given any Tj > 1, we establish the polyno-
mial growth (64) from (70) by first choosing our parameter N > 1 so that
N%_ Ts—4
—)\2 Ci-6~N"3

(71) Ty ~

where we've kept in mind (69). Note the exponent of N on the right of (71) is
positive provided s > %, hence the definition of N makes sense for arbitrary Ty. In
two space dimensions,

E(Inu)(t) = N2E(Inuy)(A\%t).

19The parameter N will be chosen shortly.
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We use (69), (70), and (71) to conclude that for Ty > 1,

—

—s
571+

(72) E(Inu)(To) < CTf ,

1~

where NV is chosen as in (71) and Cy = Co(|[uol| s (r2),6). Together with (62), the
bound (72) establishes the desired polynomial bound (63).

It remains then to prove Proposition 5.6. We will need the following modified
version of the usual local existence theorem, wherein we control for small times the
smoothed solution in the Xi% o norm.

PROPOSITION 5.7. Assume 2 < s <1 and we are given data for the IVP (54)
with E(Iug) < 1. Then there is a constant 6 = 0(||uol|r2r2)) so that the solution
u obeys the following bound on the time interval [0, 9],

(73) Hullxs | S 1.
1,44
PRrROOF. We mimic the typical iteration argument showing local existence. We
will need the following three estimates involving the X, 5 spaces (55) and functions
F(z,t), f(z). (Throughout this section, the implicit constants in the notation <
are independent of ¢.)

(74) 1S5@) fllxs s I £1l 2 2y
12
t
) |[ se-nrena|  <ipl
0 Xl 1, 1 7%+
2
P
(76) IFllxs , S671FlIxs
where in (76) we have 0 < 8 < b < %, and P = %(1 - %) > 0. The bounds (74), (75)

are analogous to estimates (3.13), (3.15) in [55]. As for (76), by duality it suffices

to show
P o
IFllxs, , <6711 lIxs, -

Interpolation gives

(1-8y)—

1Ellxs, , S IFIs

%
1J_J,f\./ HFHXélb

b
,0

As b € (0, %), arguing exactly as on page 771 of [33],

1
Flxs, , S 02(Flxs

1,0 ™~

and (76) follows.
Duhamel’s principle gives us

HIUHXf,%Jr = HS(t)(Iuo) + /Ot S(t — ) (utu)(7)dr

X9
1,5+

(S

S Mol ey + [ (wtw)l[xs
3

2

(77) S Lol g ey + 0| (wuw)l|xs
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where —%—i——i— is a real number slightly larger than — %—i— and € > 0. By the definition
of the restricted norm (56),

(78) 1Tullxs | S M1 Tuol[m ey + O NI(W0Y)1x, .
1,1+ —%

where the function ¢ agrees with u for ¢ € [0, ], and

(79) ||IUHX§%+ ~ Yl -

We will show shortly that

(30) @Plx, ,,, S I,

Setting then Q(6) = [|[{u(t)||xs , , the bounds (77), (79) and (80) yield

1,34+

(81) Q(8) < [|Tuo || (r2y + 6°(Q(6))°.

Note

(82) [ Tuollmr g2y S (B(Tu0))® + [Juol| 2y S 1+ [[uol 2.

As @ is continuous in the variable 4, a bootstrap argument yields (73) from (81),
(82).

It remains to show (80). Using the interpolation lemma of [31], it suffices to
show

(83) lvwllx, [ll%,

_ 1++ ~ | +
for all 2 < s < 1. By duality and a “Leibniz” rule?’, (83) follows from

1
’2

/ [ (rummaudsat) S llllx, - llellx, - sl Dl
R2

Note that since the factors in the integrand on the left here will be taken in absolute
value, the relative placement of complex conjugates is irrelevant. Use Holder’s
inequality on the left side of (84), taking the factors in, respectively, Lw o Lw o L
and L%t. Using a Strichartz inequality,
V) ulleg ey S N9)mllx,
= lfuillx. .-
and

HUZHLi,t(R?“) |\U2HX0%+

<
~Y
< lfusllx,

The bound for the third factor uses Sobolev embedding and the L¢L3 Strichartz
estimate,

1
llus||LoLs me+1y S (V)3 us||LsLs met)

1
SV B usllx, o,
’2

1.

to

20By this, we mean the operator (D)* can be distributed over the product by taking Fourier
transform and using (€1 +...&4)% < (€1)5 + ... (&4)5.
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It remains to bound |[|us|[zse+1). Interpolating between |lua||pzre < |Jual|x,,
and the Strichartz estimate [|ua|[psps < [Juallx, ,, yields
e '3

luallpgrs < luallx, , -
’2
This completes the proof of (84), and hence Proposition 5.7. (Il

Before we proceed to the proof of Proposition 5.6 we would like to present the
proof of conservation of mass?! for (54) using Fourier transform. Understanding
this proof is fundamental to understand the types of cancelations that will make
E(Iu) almost conserved.

PROPOSITION 5.8. Assume that u is a solution to (54) smooth and decaying at
infinity. Then |[u(t)||2. = |luol|%-

PROOF. We write this L2 norm using Plancherel formula

)1 = [ ate.ite. o) de

Using the equation we then have

Gl = 2Re [(a(e )0 de

— —tm [ |gPal. e 1) de — 2m [ ue)ae. o) de
= —2Im W(&1)a(—E2)0(E3)0(E) dEdEydEadEs

§1+82+83—6=0

= —2Im (&) 0(—E2)U(Es)U(—E4) dErdEadEsdEs

§1+&2+E83+84=0
and by symmetry

2Im (&) 0(—E2)0(Es)U(—Ea) dErdEadEsds =

§1+E2+E€3+84=0

Im @(&1)0(—E)0(Es)0(—Es) A&y dEadEsdEy

&1+82+E83+84=0

+ Im U(—E2)0(&1)0(—E€4)0(Es) dEydErdEsdEs = 0
E1+E€2+E€3+84=0

O

PROBLEM 5.9. Prove the conservation of energy (23) by using Fourier trans-
form.

21 Actually showing the proof of conservation of energy would be even more appropriate here
since in Proposition 5.6 we will be dealing with an energy instead of a mass, but clearly for the
mass the calculation is less involved and the ideas are still present in full power!
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PROOF OF PROPOSITION 5.6. The usual energy (23) is shown to be conserved
by differentiating in time, integrating by parts, and using the equation (54),

OE(u) = Re/ T (Ju*u — Au)da
R2

We follow the same strategy to estimate the growth of E(Iu)(t),

0, E(Iu)(t) = Re / T (| Tul2Tu — ATu — iTug)da
]R2

~ Re /R s (| Tul2Tu — I(juf?u))dz,

where in the last step we’ve applied I to (54). When we integrate in time and apply
the Parseval formula?? it remains for us to bound

(85) E(Iu(d)) — E(Iu(0)) =
/ ’ / (1 (Gt &+ &) )ﬁ@m)ﬁ(gg)m).
0 1_,&=0

m(§2) - m(&3) - m(&a)

The reader may ignore the appearance of complex conjugates here and in the sequel,
as they have no impact on the availability of estimates, (see e.g. Lemma 5.4 above).
We include the complex conjugates for completeness.

We use the equation to substitute for d;/(u) in (85). Our aim is to show that

(86) Term; + Terms < N*%ﬂ
where the two terms on the left are
(87) Term; =
5 m S— — - —
o St o (1~ SRl ) (ATu)(61) - Tu(€e) - Tu(Ss) - Tulea)|
(88) Termy =

Iy fssieomo (1— et ) (F(uPu)) (&) - Tu(a) - Tulls) - Tu(&)|.

From this point on the proof proceeds with a case by case analysis based on
the relative magnitude of various frequencies. The basic cancellation of the type
we presented in the proof of Proposition 5.8 are fundamental as is the fact that
the multiplier is smooth. We send the reader to the original paper for a complete
proof. O

REMARK 5.10. Here we only gave an idea of the “I-method”. One can im-
plement it in more effective ways by defining formally families of energies that, if
controlled analytically, are proved to be more and more almost conserved. This was
in fact the case for the one dimensional derivative NLS [24, 25] and the KdV [27]
for example. Unfortunately controlling these families of energies becomes more

2That is, [pn f1(@)f2(@)f3(@) fa(@)dz = [¢ 1 e)renresmo J1(60)f2(62) f3(63) fa(€) where

_ .~ here denotes integration with respect to the hyperplane’s measure
J5. eio g p yperp

00(&1 + &2 + &3 + £a)dE1dEadE3dEs, with §p the one dimensional Dirac mass.
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difficult in higher dimensions since orthogonality issues start appearing, see for
example [30].

6. Interaction Morawetz estimates and scattering

In the last lecture we discussed the question of global well-posedness. Once one
can prove that given an initial data a unique solution evolving from that data exists
for all times it becomes natural to ask how this solution looks like as ¢ — +o00. The
theory that addresses these questions is called scattering theory. In order to put
scattering in a more general context we need a few definitions. We will give them
by assuming that the solution for (1) is defined globally in time with respect to the
energy space H', but it will be easy to generalize them when more general Sobolev
spaces are considered.

DEFINITION 6.1 (Scattering). Given a global solution v € H' to (1) we say
that u scatters to u, € H' if

(89) lu(®) — S(t)us||gr — 0 as t — +oo.
Clearly a similar definition is given if ¢t — —oc.

REMARK 6.2. Using the properties of the group S(t) it is easy to see that (89)
is equivalent to

(90) IS(=t)u(t) —ui|lgr — 0 as t — +oc.
Since by the Duhamel formula (6)

S(—t)u(t) — us = o — uy — z/o (=) [u() P~ u(t’) d

it is clear that scattering is equivalent to showing that the improper time integral
o0
/ S(—t)u) [P~ u(t) dt’
0

converges in H' and in particular this will give the formula for u, i.e.
oo
(91) Uy = ug — z/ S(—t") ()P~ u(t') dt’.
0
One can also consider an inverse problem: assume u, € H!, can we find an

initial data ug € H' such that the global solution u for (1) scatters to u.?

DEFINITION 6.3 (Wave Operator). Assume that for any u, € H! there exists
a unique ug € H' such that the solution u to (1) scatters to u, in the sense of (91).
Then we define the wave operator

Qf . H' — H' such that Q" (uy) = uo.

In order to prove the existence of Q7 it is useful to write the solution u in terms
of uy. In fact using the Duhamel representation (6) and (91) above we can write

(92) u(t) = S(t)uy — z/ St —t")(Ju(t) P~ u(t') dt’,
t
and being able to define QT is equivalent to being able to define (92) for ¢ = 0.

REMARK 6.4. From the two definitions given above it is clear that proving
scattering is equivalent to proving that the wave operator Q7 is invertible. In this
case we also say that we have Asymptotic Completeness.
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At first, from the definitions, it is not clear what is harder to prove, if existence
of the wave operator or asymptotic completeness. But in practice the former is eas-
ier. One of the reasons is that the existence of the wave operator usually follows from
the strong??® dispersive estimates (10) and from iteration of local well-posedness.
On the other hand to prove scattering one needs global space time bounds that
are very difficult to get. Here we only address the question of existence of the
wave operator (see [19]) briefly in Theorem 6.14, but we will concentrate on the
scattering issue much more. The bibliography on scattering is quite large (see for
example [19] for a good list of results), but certainly the work of Ginibre and Velo
(see for example [42]) takes a special stand in it. But in this lecture we will take
a different and more recent approach that is based on the so called Interaction
Morawetz Estimates [28, 73, 78].

6.5. Interaction Morawetz Estimates. At this point there are several ways
one can present these estimates: as weighted overages of the classical Morawetz
estimates presented in Section 3 [28, 78], as classical Morawetz estimates applied
to tensors of solutions to (1) [20, 44, 45], or as more general and refined calculations
dealing with vector fields [32, 68]. Here we describe the first one, which was also
the original one given in 3 dimensions?*.

In the following we introduce an interaction potential generalization of the
classical Morawetz action and associated inequalities. We first recall the standard
Morawetz action centered at a point and the proof that this action is monotonically
increasing with time when the nonlinearity is defocusing. The interaction general-
ization is introduced in the second subsection. The key consequence of the analysis
in this section is the L} ; estimate (116).

The discussion in this section will be carried out in the context of the following
generalization of (1):

(93) i0u + aAu = pf(|ul?)u, u:RxR3+— C,
(94) u(0) = up.

Here f is a smooth function f : Rt — RT and « and u are real constants that
permit us to easily distinguish in the analysis below those terms arising from the
Laplacian or the nonlinearity. We also define F(z) = [ f(s)ds.

We will use polar coordinates z = rw, r > 0,w € S?, and write A, for the
Laplace-Beltrami operator on S2. For ease of reference below, we record some
alternate forms of the equation in (93):

(95) ue = il — ipf (fuf?)u,

(96) Uy = —iaAT +ipf(jul*)a,
2

(97) U = 10U + i—aur + i%Awu —ipf(|u)®)u,
T r

23Especially in higher dimensions.

24The reader will see below that for n = 1,2 the argument breaks down. In fact for n = 1
one needs to use tensors of solutions [20] and for n = 2 one either is happy with a local in time
estimate [39] or needs to introduce a much more refined argument [32]. For n > 3 the argument
below can be used but the estimates are less “clean” than the L{L% norm we find below. But
some use of standard harmonic analysis leads to a better space time estimates which is as good
as the one we prove here [70, 77, 78|.
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(98) (rug) = da(ru)p, + igAwu —ipr f([u]*)u,
r

(99) (1) = —ic(rd) e, — i%Awﬂ—l— inf([ul?)a.

6.6. Standard Morawetz action and inequalities. We will call the fol-
lowing quantity the Morawetz action centered at 0 for the solution u of (93) and
this should be compared with (29),

(100) Mou(t) = /R Tmfa(t, ) Vu(t,2)] ‘%dx.

We check using the equation that,
(101) O ([u]*) = —2aV - Im[a(t, z) Vu(t, z)],

hence we may interpret M, as the spatial average of the radial component of the
L?-mass current. We might expect that My will increase with time if the wave u
scatters since such behavior involves a broadening redistribution of the L?-mass.
The following proposition of Lin and Strauss [61] that is equivalent to (29), indeed
gives £ Mo[u](t) > 0 for defocusing equations.

PROPOSITION 6.7. [61] If u solves (93)-(94) then the Morawetz action at 0
satisfies the identity

2c

(102) 0 Mo[u](t) = 4mau(t,0)|? —I—/R Voul(t,z)|*dz

2 Tl
b [ A0 - () da,

where Y, is the angular component of the derivative,
T, x
(103) You=Vu— —(— - Vu).
0 ][]
In particular, My is an increasing function of time if the equation (93) satisfies the
repulsivity condition,

(104) p{lul £ ([ul)(®) = F(lul?)} > 0.

Note that for pure power potentials F'(z) = pr_l, where the nonlinear term

2
in (93) is [u[P~'u, the function |u|?f(|u|?) — F(|u[?) = 251 F(|u|?). Hence condition
(104) holds.
We may center the above argument at any other point y € R? with corre-

sponding results. Toward this end, define the Morawetz action centered at y to
be,

(105) M, [u)(t) = /R Imfu(z) V()] - é - Z| dz.

We shall often drop the u from this notation, as we did previously in writing Mo (¢).

COROLLARY 6.8. If u solves (93) the Morawetz action at y satisfies the identity

d
(106) Dr, = dralult,y)? + /R ¥, ult, 2)[?dz

dt

200
s |z —y]
[ Al QP = F ()}

s | — Y
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Ix yl \ lz— y\
of time if the nonlinearity satisfies the repulsivity condition (104).

whereWu_Vu —Y (

Vu) In particular, M, is an increasing function

Corollary 6.8 shows that a solution is, on average, repulsed from any fixed point
y in the sense that M, [u](t) is increasing with time.
For our scattering results, we’ll need the following pointwise bound for M, [u](t).

LEMMA 6.9. Assume u is a solution of (93) and M,[u](t) as in (105). Then,
(107) M, [ul ()] < [u@®)] 5

Proor. Without loss of generality we take y = 0. This is a refinement of the
easy bound using Cauchy-Schwarz | M, [u](t)| < ||u(t)] 2 ||Vu(t)] 2. By duality

o | W 0o, 0 | <l o100l
It suffices to show |0 u||H,§ @ = Hu|| @) By duality and the definition
0r = 7% -V, it remains to prove,

||

for any f for which the right hand side is finite. Inequality (108) follows from
interpolating between the following two bounds,

f||L2 r3) < || fllz2ms)

fHHl &) S Il ws)

the first of which is trivial, the second of which follows from Hardy’s inequality,

||v(| ‘ >||Lz<||| VAl D Ll

S IVElze-

]

The well-known Morawetz-type inequalities, so useful in proving local decay
or scattering for (93), arise by integrating the identity (102) or (106) in time. For
nonlinear Schrodinger equations, this argument appears in the work of Lin and
Strauss [61], who cite as motivation earlier work on Klein-Gordon equations by
Morawetz [64].

COROLLARY 6.10 (Morawetz estimate centered at y.). Suppose u solves (93)-
(94). Then for any y € R3,

T T
2a
109) 2 sup |lu(®)|® . Z/47ra/ u(t,y 2dt—|—/ / ——— |V, u(t, z)|Pdzdt
(109) | ()HHE ; |u(t, y)] e |x_y‘|Y7y( )|

t€[0,T

{\ 2f(|uf?) = F(|ul?)} dzdt.
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Assuming (93) has a repulsive nonlinearity as in (104), all terms on the right

side of the inequality (109) are positive. The inequality therefore gives in particular
u(t,)|*

a bound uniform in T for the quantity fOT Jgs =

dzxdt, for solutions u of the
defocusing (1), when p = 3.

In their proof of scattering in the energy space for the cubic defocusing problem
(1), Ginibre and Velo [42] combine this relatively localized?® decay estimate with
a bound surrogate for finite propagation speed in order to show the solution is in
certain global-in-time Lebesgue spaces L4([0, 00), L"(R3)). Scattering follows rather
quickly, as will be shown later.

In the following section, we show how to establish an unweighted, global in time
Lebesgue space bound directly. The argument below involves the identity (106), but
our estimate arises eventually from the linear part of the equation, more specifically
from the first term on the right of (106), rather than the third (nonlinearity) term.

6.11. Morawetz interaction potential. Given a solution u of (93), we de-
fine the Morawetz interaction potential to be

(10) MO = [ futt )P, 0.
The bound (107) immediately implies
(111) O] S Ol (@),

If u solves (93) then the identity (106) gives us the following identity for %M (1),

(12 M) = dma [y + [ ] ) IV ) Py

2,Uf 2 2 2y ulz 2 .
+/R3 /]R3 lu(y)]* {Ju(@)]* f(Ju(@)]*) — F(ju(z)[*) } dedy

|z =y
+ [ oultute. ) My 2

We write the right side of (112) as I+ II+IIT+ 1V, and work now to rewrite this
as a sum involving nonnegative terms.

PROPOSITION 6.12. Referring to the terms comprising (112), we have
(113) IV > —II.
Consequently, solutions of (93) satisfy

(114) gM(t) > 47Ta/ lu(t,y)|*dy
dt R3

21 2 2 2y ul? .
[ )P (R () = P} dedy

|z

In particular, M(t) is monotone increasing for equations with repulsive nonlinear-
ities.

25The bound mentioned here may be considered localized since it implies decay of the solution
near the fixed point y, but doesn’t preclude the solution staying large at a point which moves
rapidly away from y, for example.
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Assuming Proposition 6.12 for the moment, we combine (111) and (114) to
obtain the following estimate which plays the major new role in our scattering
analysis below.

COROLLARY 6.13. Take u to be a smooth solution to the initial value problem
(93)-(94) above, under the repulsivity assumption (104). Then we have the following
interaction Morawetz inequalities,

T
(115)  2Ju)l: sup Ju(ol’y 2 4ma [ [ jutt)tdar
t€[0,T] HZ o Jrs

elo,T
T 2u 2 2 2 2
[ ] [ S )P Al ) = F () ¢ 0)dodyd.
0 yJax “T y|
In particular, we obtain the following spacetime L*([0,T] x R?) estimate,

| 2
H

)

T
(116) / / Jult, )| *dydt < ClluolZages) sup_[uld)
0 R3 te[0,T)

B

where C' is independent of T

Of course, for solutions of the defocusing IVP (1) starting from finite energy
initial data, the right side of (116) is uniformly bounded by energy considerations
- leading to a rather direct proof of the result in [42] of scattering in the energy
space that we will present below.

PrOOF. We now turn to the proof of Proposition 6.12. Use (101) to write

v = - R3V~Im[2aﬂ(y)Vu(y)]My(t)dy

- [ utmlzam(0)0,,u(0) tmfe) 2= 0, (o)

where repeated indices are implicitly summed. We integrate by parts in y, moving

the leading 9,, to the unit vector ‘i:Z‘. Note that,

Tm — Ym —0im (Ccl - yl)(xm - ym)
117 0, . = .
(17) y(lf—y|>

e -yl o —yf?
Write p(z) = Im[a(z)Vu(z)] for the mass current at x and use (117) to obtain

r—y r—y dxdy
1) v =2 [ [ o) p) - o) T L) A
yJo |z =yl [z —yl"] |z —yl
The preceding integrand has a natural geometric interpretation. We are removing
the inner product of the components of p(y) and p(x) parallel to the vector \i:ZI
from the full inner product of p(y) and p(z). This amounts to taking the inner
product of (1 p(y) “T(p—y)L P(7) where we have introduced the projections onto

the subspace of R? perpendicular to the vector Z—% . But

lz—yl
(119) Ty P)| = |p<y>—ﬁ<ﬁ-p<y>)»

= Mmfa(y)V,u)| < |u)]- |V, uy)l-
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A similar identity and inequality holds upon switching the roles of z and y in (119).
We have thus shown that

dxdy
120) vz [ [ 9,0 )] 19w
Yy x
The conclusion (113) follows by applying the elementary bound |ab| < 3(a? + b%)
with @ = [u(y)] - |V, u(z)| and b = [u(z)] - |7, u(y)]. 0

We now state the following theorem as an example of how to use Morawetz
interaction estimates in order to prove scattering

THEOREM 6.14. Consider the cubic, defocusing, NLS (1) in R3 with H* initial
data. Then the wave operator exists and there is asymptotic completeness.

REMARK 6.15. Theorem 6.14 is not the best known result for this cubic NLS.
In fact in [28] this same IVP was considered and the L} L% Morawetz estimate was
used to prove scattering below H'. For other H' subcritical scattering results one
should also consult [78] when n > 3, [32] when n = 2 and [20] when n = 1. In
these cases if one wants to show scattering with regularity s < 1, for example when
n = 3 in [28], the argument is more complicated than the one described for H*
since one has to prove that the H® norm of the solution is bounded by using the
“I-method” as in Section 5. The basic idea though is the same.

ProoF. Existence of Q7: we go back to the formula (92). The idea is to go first
from ¢t = 400 tot = T for some T" > 0 using some smallness and then solve the
problem in the finite interval of time backward from T to 0.

We know already in what kind of spaces we can argue by contraction method:
the space S' containing all the admissible Strichartz norms of the function and
its derivatives and possibly also those that are embedded into these norms by the
Sobolev theorem. But in this case there is one more request that we want to make.
We want a smallness assumption, possibly obtained by shrinking the time interval
or better by taking the time interval at infinity where the “tail” of the function
lives. For this reason we should avoid any norm that contains a L. So we proceed
in two steps first we consider the smaller space St given by the norm

1fllg = I£]
Notice that by Sobolev

sz + 1l psossyyraos.

”f”L;'ng S ||fHL%’)W:i‘3O/11
and (5,30/11) is a Strichartz admissible pair. It follows that if u, € H' then by
(12)

(121) IS@uls, <

for T large enough. From (92) if we define
(o)
(122) Lo(t) = S(t)us + @/ S(t—t)(|Ju")|Pu(t) dt’,
¢
and we use (13), where we pick the couple (g,7) = (10/3,10/3), we have

2
(123) [Lvllg ., e+ Cllel (ol + VoDl porr prorm

IN

2
e+ Cllvllzs, s HUHL[ITO’/;)W%JO/S =e+C|jv]|

x

3.,
SYiT,00)
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With a similar estimate
120)  Lo-Lulg,  <Clllg,  +lwlg, v-wla, .

Thanks to the presence of € one can proceed with the contraction argument. This
would give a solution in [T, c0), which in particular has the property that

(125) lull,, S

But we didn’t prove that this solution is in C([T, ), H') for example. To do this
we need to go back and estimate the solution « in the Strichartz space S [1T o) We

in fact have by (12) and (13)

ullsr < Cllus|lmr + Cllful?(Jv] + |VU|)||L[1;/;)LiO/7

and from (125)
fullss < Cllug lan + Ol S el

and we are done in the interval [T, 00).

We now need to proceed from ¢ = T back to t = 0. Since the problem is
subcritical, an iteration of local well-posedness like we presented in Section 5, using
the conservation of the energy and mass, will suffice to cover the finite interval
[0,T7.

Invertibility of QT : This is the proof of scattering and we need to go back to
(91). From here we see that we only need to show that the integral involving the
global solution u

AWS@xm%xom

converges in H'. By the dual of the homogeneous Strichartz estimate (12) we have
that

Clearly to conclude it would be enough to show that |Jul|g: < C. This is in fact
proved in the following proposition. O

(oo}
JAECTRIOL: I T T
0 H! Lo

< Cllulgpgllul orsyaoss < ullfs.

PROPOSITION 6.16. Assume that u is the H' global solution to the cubic, de-
focusing NLS in R3. Then
[ulls1 < C.

PROOF. We first observe that (116) provides a bound in L{L%. Tt is to be
noted that in R? this norm is not an admissible Strichartz norm so we need to do a
bit more work. We start by picking € < 1 to be defined later and intervals of time
Iy, k=1,..., M < oo such that

(126) ||U\|L‘}kL3, <¢

for all k =1,..., M. We now work on each separate interval and at the end we put
everything back together. Since for now [ is fixed we drop the index k and we set
I = [a,b]. By the Duhamel principle and (12) and (13) we have as above

(127) lullsy < llu@)llzs + el Zg gl pros g0/
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It is important to notice that 10/3 < 4 < 5 < 10, where (10/3,10/3) is an admissible
pair in the L? sense and (10, 10) is admissible in the H' sense since by Sobolev
[ulloro < flull oy 1903,
and (10,30/13) is an admissible pair. It follows by interpolation and (126) that
lullzgzs S € e,

for some o > 0. As a consequence (127) gives
lullsy < llua)llms + € ullgy ™,

and since the H' norm is uniformly bounded by energy and mass we have

(128) lullsy <1+ € ullgy ™.

We now use a continuity argument. Set X(t) = ||u\|5[1ava+t]. One can easily prove
that X (¢) is continuous. From (128) we have

X(1) S 14X (1) 2
Then if € is small enough there exist Xy < X1, X7 > 1 such that either X () < X
or X(t) > X;. But since X(0) < 1 and X (¢) is continuous it follows that X (t) < X

for all t € I. This conclusion can be made for all I, k = 1, ..., M and this concludes
the proof. O

7. Global well-posedness for the H'(R") critical NLS -Part I
We recall that the H' critical exponent for (1) is p = 1+ —2. We also recall

n—2"
the following theorem that can be basically completely proved using either directly

or indirectly theorems and arguments already presented in Section 5 and Section 6:

THEOREM 7.1 (Local or global small data well-posedness for the H' critical
NLS). We have the following two results:

(1) For any ug € H' there exist T = T(ug) and a unique solution u € S[lT,T]

to (1) with p = 1+ %5 and p = £1. Moreover there is continuity with
respect to the initial data.

(2) There exists € small enough such that for any uo, ||ug||gr < € there exists
a unique global solution u € S* to (1) with p = 1+ —25 and p = +1.
Moreover there is continuity with respect to the initial data and scattering
in the sense that there exists uyx € H' such that

lu(®) — S(t)ust||gr — 0 as t— Foo.

PROOF. It is clear that the part about well-posedness is a summary of what
has been proved in Section 5. The part about scattering instead can be proved as
in Section 6 and by simply observing that Proposition 6.16 follows directly from
the well-posedness proof thanks to the small data assumption. O

REMARK 7.2. We first remark that this theorem doesn’t see the focusing or
defocusing nature of the equation. This clearly means that in Theorem 8.1 the NLS
is treated as a “small” perturbation of the linear problem. Due to the criticality
of the problem and hence the fact that 7" depends also on the profile of the initial
data an iteration argument based on the conservation of mass and energy is not
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possible. It is also clear that even increasing the regularity of the data the large
data problem doesn’t become any easier.

The first breakthrough on this problem is due to Bourgain [13]. He considers
the defocusing case with n = 3,4 and assumes radial symmetry for the problem. He
proves the second part of Theorem 8.1 for arbitrarily large radially symmetric data.
Here we summarize the main steps of Bourgain’s proof for n = 3, which doesn’t
really do justice to the novelty and depth of the proof itself. The background
argument is done by induction on the size of the energy E, the only quantity,
besides the mass that here doesn’t play much of a role, that remains controlled
over time. From Theorem 8.1 the first step of the induction (small E) is in place.
Let’s now assume the second induction assumption that if £ < Ey, for Fy arbitrarily
large, then the theorem is true. We take F = Fj and we want to prove that also in
this case the theorem is true. One first shows that the theorem follows if and only
if the norm L{°L1Y of the solution remains bounded (see Theorem 4.8). Then the
proof proceeds by contradiction. One supposes that there is a solution u such that
[ullrop1o is arbitrarily large and £ = FEy. The heart of the proof is on showing
that at some time ¢, there is concentration of the H' norm: there exists a small ball
By centered at the origin such that |u(to)|| g1 (B,) > 0, and this ball is “sufficiently
isolated” from the rest of the solution . It is here that the radial assumption is
used. At this point one restarts the evolution at time ¢y by splitting the data as

Yo = u(to)xs, and Y1 =u(to)(1 - xs,),

where x g, is the indicator function for the ball By, and evolving vy with NLS and
11 with a difference equation so that the sum of the two evolutions give the solution
to NLS. Since now o € H' and z1) € L? it follows?® that the evolution v of vy is
global in time. Moreover since E (1) ~ 62 it follows that E(11) < Eg — 2. Hence
for the difference equation we are in the induction assumption. This is not quite
like to have the equation under the induction assumption, but with some relatively
straightforward perturbation theory?” one also gets that the evolution w of ¥ is
global. Hence we have a global evolution for the solution v = v +w to NLS and as
a consequence a uniform bound for [|u|[i0z10 which is a contradiction.

Almost at the same time, with the same radial symmetry assumption above,
Grillakis [43] proved a slighter weaker result than Bourgain’s, namely existence and
uniqueness for smooth global solution. It took few more years to remove the radial
assumption and obtain the following theorem and its corollary [29]:

THEOREM 7.3. For any wy with finite energy, E(ug) < oo, there exists a
unique®® global solution w € CP(HL)N LY, to (1) withp =5,n =3, u =1 such that

(129) / / lu(t, z)|'° dedt < C(E(ug)).
— 0o JR3
for some constant C(E(uop)) that depends only on the energy.

26 This result is for example proved in [19] as a consequence of the pseudo-conformal trans-
formation and a monotonicity formula linked to it.

27That works tanks to the fact that the ball is “sufficiently” isolated from the rest of the
solution.

281n fact, uniqueness actually holds in the larger space C?(H;) (thus eliminating the con-
straint that u € L,}f)z [29].
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As one can see from Theorem 4.8 and from the arguments in Section 6, the
L}% bound above also gives scattering and and persistence of regularity:

COROLLARY 7.4. Let uy have finite energy. Then there exist finite energy
solutions uy (t, ) to the free Schridinger equation (i0y + A)uy = 0 such that

llus(t) — u(t)| gn — 0 as t — Foo.

Furthermore, the maps uo — u+(0) are homeomorphisms from H'(R3) to H'(R?).
Finally, if ug € H® for some s > 1, then u(t) € H® for all time t, and one has the
uniform bound

sup [[u(t)|[ze < C(E(uo), s)lluol| -
teR
Most of the rest of this lecture and Section 8 will be devoted to give an idea
of the proof for Theorem 8.3. Still for the defocusing case and for n > 3 we recall
first the result of Tao [74], where an equivalent of Theorem 8.3 is proved still under
the radial assumption, the result of Ryckman and Visan [70] for n = 4, where the
radial assumption is removed, and finally the full generalization for any n > 5 by
Visan [77].
The situation in the focusing case was first considered successfully by Kenig
and Merle. They prove the following theorem [52]:

THEOREM 7.5. Assume that E(ug) < E(W),||uollgr < W]z, where n =
3,4,5 and ug s radial and W is the stationary solution. Then the solution u to the
critical H' focusing IVP (1) with data ug at t = 0 is defined for all time and there
exists uy € H' such that

1S(#)us — u(t)]| g1 — 0 as t — +o0.

Moreover for ug radial, E(ug) < E(W), but ||uo| g1 > |W |1, the solution must
break down in finite time.

This result has been extended in every dimension n > 3 and for general data in
[57]. Moreover a similar result has been proved by Kenig and Merle for the critical
wave equation without the radial assumption [53], see also [54]. The proof of The-
orem 8.5 introduces a new point of view for these problems. Using a concentration-
compactness argument the authors reduce matters to a rigidity theorem, which is
proved with the aid of a localized Virial identity (in the spirit of Merle [62, 63]).
The radiality enters only in the proof of the rigidity theorem. In the case of the
critical wave equation other consideration of elliptic nature are used to remove the
radial assumption. The authors also use in their approach a profile decomposition
proved in the context of the Schrédinger equation by Keraani [56]. For a more
elaborate discussion one should consult [58].

7.6. Idea of the proof of Theorem 8.3. To give a complete proof of this
theorem in less than two lectures is impossible, so we will first outline the idea of
the proof and then we only show rigorously few parts of it.

First the naive approach: we follow the strategy of induction/contraddiction
introduced by Bourgain. We define E,..;; the critical energy below which the L;°L°
norm of a solutions stays bounded by some constant depending on the energy. We
then identify a smooth minimal energy blow up solution u of energy E..;; such that

(130) [ullgzori0 > M,
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where M is as large as we please. For this solution we then show a series of
properties that at the end will actually give

(131)

[ullrorio < C(Eerit),

contradicting (149).
This is in order the summary of the properties we prove for the minimal energy
blow up solution on a fixed (compact) interval of time I:

(132)

(1)

Frequency and space localization: For each ¢t € I there exists N(t) >
0 and x(t) € R? such that @(t) is mostly supported at frequency of size
proportional to N(t) and w(t) is mostly supported on a ball centered at
z(t) and radius proportional to ﬁ To prove the frequency localization
part one uses the intuition that the minimal energy blow up solution u, at
a given time ¢y, cannot have two components u_ and u; which Fourier
transforms are supported respectively in |§] < N and |{] > KN, K < 1,
and such that both pieces carrie a large amount of energy. The reason
for this is that the energy relative to u_ will make the energy relative
to uy smaller than E.,.;; and viceversa. Hence both u_ and uy can flow
globally. On the other hand if K is large enough their nonlinear interaction
is basically negligible, hence perturbation theory says that v ~ u_ +
u4, hence u exists globally and its L}°L1% norm is uniformly bounded, a
contradiction. A similar, but just a bit more complicated, argument gives
also space localization.

Frequency localized interaction Morawetz inequality: As we men-
tioned several times whenever a problem is not a perturbation of the linear
one, like the critical ones for example, in order to obtain a global state-
ment we need to have a global space-time bound. We learned that the
Morawetz estimates for the defocusing problem and the Viriel identity for
the focusing one are the types of estimates that we want to have. Bour-
gain in fact used the classical Morawetz estimate that appears in (30) with
p = 5. Here the presence of the denominator forced the radial symmetry.
In our argument instead we would like to use the Interaction Morawetz
estimate (116). This is weaker in the sense that we only have the fourth
power, but it is also stronger since we do not have a denominator. We
keep in mind that our final goal is to show boundedness of the L1910
norm of the minimal energy blow up solution u so we need to upgrade the
L1L3 norm. We believe that for the low frequencies, where the energy is
very small thanks to localization, Strichartz estimates will be enough to
give us the bound in the LI°L1? norm. For the high frequencies we also
have small energy, but we expect that the Strichartz estimates are too
weak here. So the idea is to first prove (116) for the high frequency part
of the solution. We have for all N, < Njin

/ / Ponut,2)|* dedt < mN->,
I

where Ny, = infier N(t) for which one can prove Ny, > 0 and 7 is a
small quantity. Note that the quantities appearing in the right hand side
of (151) are independent of I.
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Uniform boundedness of time interval I: Assuming that N(¢) doesn’t
run to infinity, use the L‘}L‘; bound, which is uniform in I, to get a uni-
form bound on the length of time interval I itself. With this information
now, since most of the solution remains on a uniformly bounded frequency
window, perturbation will provide the final uniform bound for the L}°L0
norm.

Uniform Boundedness of N(t): We mentioned above that there exists
Npin such that 0 < Ny, < N(t), and this in not hard to prove. In fact
by rescaling?® one can assume that

Npin = 1.
The difficult part is to show that there exists Ny, < 00 such that
N(t) S Nmaz~

Again by contradiction one assumes that given R > 1 there exists tg
such that N(tg) > R and by definition most of the energy is located
on frequencies R < N(tg) < |£]. But then one can prove by a simple
application of the “I-method” that although the energy has migrated on
very large frequencies, some littering of mass has been left on medium
frequencies. But mass on medium frequencies is equivalent to energy,
hence there is some significant energy left over on medium frequencies. If
then R is large enough these two pieces of the solution u, the one at very
high frequencies and the one at medium frequencies, are very separated
and each has a significant amount of energy. But this cannot happen for
an energy critical blow up solution, as discussed above. Hence Ny, , must
be bounded.

In order to proceed with the outline given above we use heavily Strichartz estimates
(12) and (13), the improved bilinear estimate (14) and multilinear estimates of
different kinds. A very important tool that was mentioned often above is the theory
of perturbation that in practice is made of a serious of perturbation lemmas. These
lemmas are particularly useful when we have to claim that if u is a solution to NLS
and v is a solution to an equation which is a small perturbation of NLS, then u and
v are close to each other and if one exists the other does too. Here we report two
examples of such lemmas.

LEMMA 7.7 (Short-time perturbations). Let I be a compact interval, and let @
be a function on I x R® which is a near-solution to (1) with p=>5 and u =1 in the
sense that

(133)

1
(i + 5A)i = |i*a + e

for some function e. Suppose that we also have the energy bound

||1~LHL§°H;(IxR3) <E

for some E > 0. Let tg € I, and let u(ty) be close to u(ty) in the sense that

(134)

luto) = alto) 1 < B

29Gince the problem is H! critical and we only use the energy, nothing will change by rescaling!
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for some E' > 0. Assume also that we have the smallness conditions

(135) ”va”L}OLio/ls(IxR?’) § €0
(136) ||vei(t7t0)A(u(t0) - a(to))HL%OLio/l?’(IxR“) S €
(137) Vel 505 < €

for some 0 < € < €g, where € is some constant eg = €o(E, E’) > 0.
We conclude that there exists a solution w to (1) with p =5 and p =1 on
I x R3 with the specified initial data u(to) at to, and furthermore

(138) ||u_ﬂ||31(1><R3) SE
(139) ullgi(xmsy S B+ E
(140) lu = all Lo (1xrs) S IV = @)l a0 3013 ey S €
t,z t T ( )
. 1 _
(141) ||V(z8t + EA)(U - U')HLng/S(IX]R?’) 5 €.

Note that u(tg) — @(to) is allowed to have large energy, albeit at the cost of
forcing € to be smaller, and worsening the bounds in (157). From the Strichartz
estimate (12), we see that the hypothesis (155) is redundant if one is willing to take
E' = 0(e).

PROOF. By the well-posedness theory presented in Section 5, it suffice to prove
(157) - (160) as a priori estimates®’. We establish these bounds for t > t, since
the corresponding bounds for the ¢t < ¢y portion of I are proved similarly.

First note that the Strichartz estimate (12) and (13) give,

HﬂHSI(Jx]RS) SE+ ||'E“|L§?£(I><R3) : ||71H§1(IX]R3) +e.

By (154) and Sobolev embedding we have [|@|| 110 (;xgs) S €0- A standard continuity
argument in I then gives (if ¢ is sufficiently small depending on F)

(142) Hﬂ”Sl(IxRS) SE.
Define v := u — u. For each ¢t € I define the quantity

) 1
S(t) = IV G0, + 5A)0l 121955 11y 41 xm):

From using again Strichartz estimates and the definition of S', (155), we have
i(t—to)x
(143) IVOll o p30/13 1y gy S IV (0 —e ¢ tO)2A”(to))HL%OLiO“S([to,t]xR3)

PR
+ ||v61(t to)QAv(tO)HL%OLio/B([tmt]st)

< llv = e 5 20 (t0) | gr (o a1 wme) + 2
(144) < S(t) + e

On the other hand, since v obeys the equation

w

: 1 s 40~ 14 _ j~5—j
(z8t+§A)v—|u+v| (@ +v) — |g] u—e—j;Q(vju N —e

30That is, we may assume the solution u already exists and is smooth on the entire interval
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where @ (v1,v2,v3,v4,v5) denotes any combination of v; and v;. By some standard
multilinear estimates, (154), (156), (163) then

St Se+ ) (S(t)+e)eg .
j=1

If g¢ is sufficiently small, a standard continuity argument then yields the bound
S(t) < e forall t € I. This gives (160), and (159) follows from (163). Applying
Strichartz inequalities again, (153) we then conclude (157) (if € is sufficiently small),
and then from (161) and the triangle inequality we conclude (158). O

We will actually be more interested in iterating the above lemma to deal with
the more general situation of near-solutions with finite but arbitrarily large L;9,
norms.

LEMMA 7.8 (Long-time perturbations). Let I be a compact interval, and let @
be a function on I x R® which obeys the bounds

(145) ||ﬂHLg?I(Ix1R3) <M
and
(146) 1]l Lo pr1 (1 xms) < B

for some M, E > 0. Suppose also that @ is a near-solution to (1) with p =5 and
=1 in the sense that it solves (152) for some e. Let tg € I, and let u(to) be close
to U(tg) in the sense that

lu(to) — a(to)ll g2 < E'
for some E' > 0. Assume also that we have the smallness conditions,

(147) ||V€i(t7t0)%A(u(t0) — ﬂ,(to))HLtwLio/ls <e

(IxR3)
”VeHLfLS/S(IxRS) <e

for 0 < € < &1, where g1 is some constant e1 = e1(E,E', M) > 0. We conclude
there exists a solution u to (1) with p =5 and = 1 on I x R3 with the specified
initial data u(to) at to, and furthermore

||u - a”S’l(lx]I@) S C(Ma Ev E/)
Hu”Sl(Ix]R?’) S C(MaEvE/)
Ju— ﬂ'”L%f)Z(lxR‘?) <|V(u- ﬂ)HL%OLiO/”’([XRs) < C(M,E, E/)E'

Once again, the hypothesis (166) is redundant by the Strichartz estimate if one
is willing to take E' = O(¢); however it will be useful in our applications to know
that this Lemma can tolerate a perturbation which is large in the energy norm but
whose free evolution is small in the LIOW2*"" norm.

This lemma is already useful in the e = 0 case, as it says that one has local
well-posedness in the energy space whenever the L%gc norm is bounded; in fact
one has locally Lipschitz dependence on the initial data. For similar perturbative
results see [13], [12].
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PROOF. As in the previous proof, we may assume that tq is the lower bound of
the interval I. Let g = £9(F,2E’) be as in Lemma 8.7. (We need to replace E’ by
the slightly larger 2E" as the H' norm of u — @ is going to grow slightly in time.)

The first step is to establish a S* bound on @. Using (164) we may subdivide

I into C(M,eo) time intervals such that the L{9 norm of @ is at most g9 on each

such interval. By using (165) and Strichartz estimates, as in the proof of (161), we
see that the S* norm of @ is O(E) on each of these intervals. Summing up over all
the intervals we conclude

||71H31(1xm3) < C(M, E, &)
and in particular
HvaHL%OLiO/l?’(Ist) < C(Mv E7 60)'

We can then subdivide the interval I into N < C(M, E,¢p) subintervals [; =
[T, T;+1] so that on each I; we have,

HVﬂHL%OLiO/IS(Ij ><R3) S 0.

We can then verify inductively using Lemma 8.7 for each j that if €1 is sufficiently
small depending on ¢¢, N, E, E’, then we have

llu— a”s’l(]ijB) <CHE
lullga z, xey < CG)(E' + E)
HV(U - ﬂ)HL%OLiO/m(IjX]Rs) < C(J)E

. 1 . ,
HV(Zat + 5A)(u - u)”LfLS/S(IijS) < C(])€

and hence by Strichartz we have
i(—T:0 )L -
”Vez(t TJ+1)2A(u(Tj+1) — U(E_;,_l))HL%OLio/ls(Iny,)
i(t—T:) 1 . .
< ||vez(t T])QA(fu/(Tj) - U(Tj))|‘L%OL§O/13(IXR3) + C(])E
and
[w(Tj1) = w(Tipa)ll g < (@) — (Tl g + C(o)e

allowing one to continue the induction (if 7 is sufficiently small depending on E,
N, E', g9, then the quantity in (153) will not exceed 2E"). The claim follows. O

8. Global well-posedness for the H!(R") critical NLS -Part I

We recall that the H' critical exponent for (1) is p =1+ %. We also recall
the following theorem that can be basically completely proved using either directly
or indirectly theorems and arguments already presented in Section 5 and Section 6:

THEOREM 8.1 (Local or global small data well-posedness for the H?! critical
NLS). We have the following two results:
(1) For any ug € H' there exist T = T(ug) and a unique solution u € S[lT,T]

to (1) with p = 1+ %5 and p = £1. Moreover there is continuity with
respect to the initial data.
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(2) There exists € small enough such that for any ug, ||uo||g: < € there exists
a unique global solution u € S' to (1) with p = 1 + ﬁ and p = +1.
Moreover there is continuity with respect to the initial data and scattering
in the sense that there exists uy € H' such that

lu(®) — St)us||gr — 0 as t — +oo.

PROOF. It is clear that the part about well-posedness is a summary of what
has been proved in Section 5. The part about scattering instead can be proved as
in Section 6 and by simply observing that Proposition 6.16 follows directly from
the well-posedness proof thanks to the small data assumption. O

REMARK 8.2. We first remark that this theorem doesn’t see the focusing or
defocusing nature of the equation. This clearly means that in Theorem 8.1 the NLS
is treated as a “small” perturbation of the linear problem. Due to the criticality
of the problem and hence the fact that T' depends also on the profile of the initial
data an iteration argument based on the conservation of mass and energy is not
possible. It is also clear that even increasing the regularity of the data the large
data problem doesn’t become any easier.

The first breakthrough on this problem is due to Bourgain [13]. He considers
the defocusing case with n = 3,4 and assumes radial symmetry for the problem. He
proves the second part of Theorem 8.1 for arbitrarily large radially symmetric data.
Here we summarize the main steps of Bourgain’s proof for n = 3, which doesn’t
really do justice to the novelty and depth of the proof itself. The background
argument is done by induction on the size of the energy F, the only quantity,
besides the mass that here doesn’t play much of a role, that remains controlled
over time. From Theorem 8.1 the first step of the induction (small E) is in place.
Let’s now assume the second induction assumption that if £ < Ey, for Ey arbitrarily
large, then the theorem is true. We take ' = Ejy and we want to prove that also in
this case the theorem is true. One first shows that the theorem follows if and only
if the norm L{°L1Y of the solution remains bounded (see Theorem 4.8). Then the
proof proceeds by contradiction. One supposes that there is a solution u such that
[ullroio is arbitrarily large and £ = Ej. The heart of the proof is on showing
that at some time tq there is concentration of the H' norm: there exists a small ball
By centered at the origin such that |lu(to)||z1(5,) > 0, and this ball is “sufficiently
isolated” from the rest of the solution . It is here that the radial assumption is
used. At this point one restarts the evolution at time ¢y by splitting the data as

Yo = u(to)xs, and ¥ =u(to)(l—xz,),
where x g, is the indicator function for the ball By, and evolving ¢y with NLS and
11 with a difference equation so that the sum of the two evolutions give the solution
to NLS. Since now o € H' and z1) € L? it follows®!' that the evolution v of v is
global in time. Moreover since E (1) ~ 62 it follows that E(11) < Eg — 2. Hence
for the difference equation we are in the induction assumption. This is not quite
like to have the equation under the induction assumption, but with some relatively
straightforward perturbation theory>? one also gets that the evolution w of ¥ is

31This result is for example proved in [19] as a consequence of the pseudo-conformal trans-
formation and a monotonicity formula linked to it.

32That works tanks to the fact that the ball is “sufficiently” isolated from the rest of the
solution.
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global. Hence we have a global evolution for the solution v = v +w to NLS and as
a consequence a uniform bound for |[u|| 10710 which is a contradiction.

Almost at the same time, with the same radial symmetry assumption above,
Grillakis [43] proved a slighter weaker result than Bourgain’s, namely existence and
uniqueness for smooth global solution. It took few more years to remove the radial
assumption and obtain the following theorem and its corollary [29]:

THEOREM 8.3. For any wy with finite energy, E(ug) < oo, there exists a
unique® global solution w € CP(HL)N LY, to (1) withp =5,n =3, u =1 such that

(148) / / lu(t, z)|** dzdt < C(E(ugp)).
— o JR3
for some constant C(E(ug)) that depends only on the energy.

As one can see from Theorem 4.8 and from the arguments in Section 6, the
Ltl’% bound above also gives scattering and and persistence of regularity:

COROLLARY 8.4. Let uy have finite energy. Then there exist finite energy
solutions uy (t,z) to the free Schridinger equation (i0y + A)uy = 0 such that

us(t) — u®)| 2 — 0 as t — £o0.

Furthermore, the maps ug — u(0) are homeomorphisms from H*(R3) to H'(R3).
Finally, if ug € H® for some s > 1, then u(t) € H® for all time t, and one has the
uniform bound

sup [[u(t) [ < C(E(uo), 8)[|uollare-
teR

Most of the rest of this lecture and Section 8 will be devoted to give an idea
of the proof for Theorem 8.3. Still for the defocusing case and for n > 3 we recall
first the result of Tao [74], where an equivalent of Theorem 8.3 is proved still under
the radial assumption, the result of Ryckman and Visan [70] for n = 4, where the
radial assumption is removed, and finally the full generalization for any n > 5 by
Visan [77].

The situation in the focusing case was first considered successfully by Kenig
and Merle. They prove the following theorem [52]:

THEOREM 8.5. Assume that E(ug) < E(W),||uo|lg: < [|[W|l g, where n =
3,4,5 and ug is radial and W is the stationary solution. Then the solution u to the
critical H' focusing IVP (1) with data ug at t = 0 is defined for all time and there
ezists uy € H' such that

|S(t)ut — U(t)HHl — 0 ast — Fo0o.

Moreover for ug radial, E(ug) < E(W), but ||uo| g1 > |W |z, the solution must
break down in finite time.

This result has been extended in every dimension n > 3 and for general data in
[57]. Moreover a similar result has been proved by Kenig and Merle for the critical
wave equation without the radial assumption [53], see also [54]. The proof of The-
orem 8.5 introduces a new point of view for these problems. Using a concentration-
compactness argument the authors reduce matters to a rigidity theorem, which is

331n fact, uniqueness actually holds in the larger space C?(H;) (thus eliminating the con-
straint that u € L,}f)z [29].
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proved with the aid of a localized Virial identity (in the spirit of Merle [62, 63]).
The radiality enters only in the proof of the rigidity theorem. In the case of the
critical wave equation other consideration of elliptic nature are used to remove the
radial assumption. The authors also use in their approach a profile decomposition
proved in the context of the Schrédinger equation by Keraani [56]. For a more
elaborate discussion one should consult [58].

8.6. Idea of the proof of Theorem 8.3. To give a complete proof of this
theorem in less than two lectures is impossible, so we will first outline the idea of
the proof and then we only show rigorously few parts of it.

First the naive approach: we follow the strategy of induction/contraddiction
introduced by Bourgain. We define E.,.;; the critical energy below which the LtloLglcO
norm of a solutions stays bounded by some constant depending on the energy. We
then identify a smooth minimal energy blow up solution u of energy E..;; such that

(149) [ullyozro > M,

where M is as large as we please. For this solution we then show a series of
properties that at the end will actually give

(150) HUHL%OL}EO < C(Ecrit)v

contradicting (149).
This is in order the summary of the properties we prove for the minimal energy
blow up solution on a fixed (compact) interval of time I:

(1) Frequency and space localization: For each t € I there exists N () >
0 and z(t) € R3? such that a(t) is mostly supported at frequency of size
proportional to N(t) and wu(t) is mostly supported on a ball centered at
z(t) and radius proportional to ﬁ To prove the frequency localization
part one uses the intuition that the minimal energy blow up solution u, at
a given time tgp, cannot have two components u_ and w4 which Fourier
transforms are supported respectively in |£| < N and |{] > KN, K < 1,
and such that both pieces carrie a large amount of energy. The reason
for this is that the energy relative to u_ will make the energy relative
to uy smaller than E..;; and viceversa. Hence both u_ and uy can flow
globally. On the other hand if K is large enough their nonlinear interaction
is basically negligible, hence perturbation theory says that v ~ u_ +
u4, hence u exists globally and its L}°L1% norm is uniformly bounded, a
contradiction. A similar, but just a bit more complicated, argument gives
also space localization.

(2) Frequency localized interaction Morawetz inequality: As we men-
tioned several times whenever a problem is not a perturbation of the linear
one, like the critical ones for example, in order to obtain a global state-
ment we need to have a global space-time bound. We learned that the
Morawetz estimates for the defocusing problem and the Viriel identity for
the focusing one are the types of estimates that we want to have. Bour-
gain in fact used the classical Morawetz estimate that appears in (30) with
p = 5. Here the presence of the denominator forced the radial symmetry.
In our argument instead we would like to use the Interaction Morawetz
estimate (116). This is weaker in the sense that we only have the fourth
power, but it is also stronger since we do not have a denominator. We
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keep in mind that our final goal is to show boundedness of the L1910
norm of the minimal energy blow up solution u so we need to upgrade the
L1L3 norm. We believe that for the low frequencies, where the energy is
very small thanks to localization, Strichartz estimates will be enough to
give us the bound in the L}°L!% norm. For the high frequencies we also
have small energy, but we expect that the Strichartz estimates are too
weak here. So the idea is to first prove (116) for the high frequency part
of the solution. We have for all N, < Nyin

| [ 1Pov.utt, )l ded S mnz,
I

where Ny = infier N(t) for which one can prove Ny, > 0 and 7 is a
small quantity. Note that the quantities appearing in the right hand side
of (151) are independent of I.

Uniform boundedness of time interval I: Assuming that N(¢) doesn’t
run to infinity, use the L7L3 bound, which is uniform in I, to get a uni-
form bound on the length of time interval I itself. With this information
now, since most of the solution remains on a uniformly bounded frequency
window, perturbation will provide the final uniform bound for the L1910
norm.

Uniform Boundedness of N(t): We mentioned above that there exists
Npin such that 0 < Ny, < N(t), and this in not hard to prove. In fact
by rescaling®® one can assume that

Npin = 1.
The difficult part is to show that there exists Ny,q < 00 such that
N(t) < Npaz-

Again by contradiction one assumes that given R > 1 there exists tg
such that N(tg) > R and by definition most of the energy is located
on frequencies R < N(tg) < |£]. But then one can prove by a simple
application of the “I-method” that although the energy has migrated on
very large frequencies, some littering of mass has been left on medium
frequencies. But mass on medium frequencies is equivalent to energy,
hence there is some significant energy left over on medium frequencies. If
then R is large enough these two pieces of the solution w, the one at very
high frequencies and the one at medium frequencies, are very separated
and each has a significant amount of energy. But this cannot happen for
an energy critical blow up solution, as discussed above. Hence Ny, must
be bounded.

In order to proceed with the outline given above we use heavily Strichartz estimates
(12) and (13), the improved bilinear estimate (14) and multilinear estimates of
different kinds. A very important tool that was mentioned often above is the theory
of perturbation that in practice is made of a serious of perturbation lemmas. These
lemmas are particularly useful when we have to claim that if u is a solution to NLS
and v is a solution to an equation which is a small perturbation of NLS, then u and
v are close to each other and if one exists the other does too. Here we report two
examples of such lemmas.

34Since the problem is H'! critical and we only use the energy, nothing will change by rescaling!
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LEMMA 8.7 (Short-time perturbations). Let I be a compact interval, and let
be a function on I x R® which is a near-solution to (1) with p=>5 and u =1 in the
sense that

1
(152) (i0; + SA)u = |i*a + e
for some function e. Suppose that we also have the energy bound

il ety iy < B

for some E > 0. Let tg € I, and let u(ty) be close to u(ty) in the sense that

(153) lu(to) — a(to)ll g2 < E'

for some E' > 0. Assume also that we have the smallness conditions
(154) ||va||L%OL§0/13(IXR3) S €0
(155) | Velt—t)A (y(ty) — @(t0))l| 1030713 sy < €
(156) ||Ve||L?Lg/s <e

for some 0 < € < €g, where € is some constant eg = €o(E, E’) > 0.
We conclude that there exists a solution u to (1) with p =5 and p =1 on
I x R3 with the specified initial data u(to) at to, and furthermore

(157) (T aHSl(IX]R?’) SE
(158) lull 31 ey S B+ E
(159) lu =l g, (rxrs) SNV (= @) pro 20031 ggay S €
, Lz ( )
‘ 1 _
(160) ||V(18t + §A)(U - U)HL%LS/5(I><R3) S €.

Note that u(tg) — @(to) is allowed to have large energy, albeit at the cost of
forcing € to be smaller, and worsening the bounds in (157). From the Strichartz
estimate (12), we see that the hypothesis (155) is redundant if one is willing to take
E' = 0(e).

PROOF. By the well-posedness theory presented in Section 5, it suffice to prove
(157) - (160) as a priori estimates3®. We establish these bounds for ¢ > t, since
the corresponding bounds for the ¢t < ¢y portion of I are proved similarly.

First note that the Strichartz estimate (12) and (13) give,

Hﬂ”5‘1(1><R3) SE+ ”ﬂHL%f’m(IxR‘”’) ) ||1~LH4,5'~1(1><R3) +e.

By (154) and Sobolev embedding we have [|@|| 110 (;xgrs) S €0- A standard continuity
argument in I then gives (if &g is sufficiently small depending on E)

(161) |W||51(IXR3) SE.

Define v := u — . For each t € I define the quantity
. 1
S(t) = V(io, + §A)U||L§L§/5([to,t]xR3)'

35That is, we may assume the solution u already exists and is smooth on the entire interval
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From using again Strichartz estimates and the definition of S, (155), we have

i(t—t0)+
(162) HVUHL%OLio/m([tO,t]><]R3) 5 ||V(’U —e (t to)zA,U(tO))HL%OLiO/B([tO,t]XRS)

i(t—to) L
+ Hvez(t to)2Av(t0)HL%OLiD/IB([to,t]XR:i)

Slv— ei(tito)%Av(tO)||S1([t0,t]><R3) +e
(163) < S(t) +e.
On the other hand, since v obeys the equation

5
- 1 s 40~ 14 _ j~5—j
(18t+§A)v—|u+v| (@ +v) — |4 u—e_jE:1®(vJu N —e

where O (v1,v2, v3,v4, U5) denotes any combination of v; and v;. By some standard
multilinear estimates, (154), (156), (163) then

5
S(t) Se+ D (S(t)+e)e .
=1

If ¢¢ is sufficiently small, a standard continuity argument then yields the bound
S(t) S e forall t € I. This gives (160), and (159) follows from (163). Applying
Strichartz inequalities again, (153) we then conclude (157) (if € is sufficiently small),
and then from (161) and the triangle inequality we conclude (158). O

We will actually be more interested in iterating the above lemma to deal with
the more general situation of near-solutions with finite but arbitrarily large L%%
norms.

LEMMA 8.8 (Long-time perturbations). Let I be a compact interval, and let @
be a function on I x R3 which obeys the bounds

(164) [allLie, (1 xmsy < M
and
(165) @l oo prr(rmsy < B

for some M, E > 0. Suppose also that @ is a near-solution to (1) with p =5 and
=1 in the sense that it solves (152) for some e. Let tg € I, and let u(to) be close
to u(tg) in the sense that

lulto) — atto) | < B
for some E' > 0. Assume also that we have the smallness conditions,

(166) Ve =138 (u(t) = o))l o 0/0s g

(IxR3) =
||V€HL?L2/5(I><R3) <e
for 0 < e < &1, where g1 is some constant e1 = e1(E,E', M) > 0. We conclude

there exists a solution u to (1) with p =5 and = 1 on I x R3 with the specified
initial data u(ty) at to, and furthermore
||u - a||Sl(I><R3) < C(M’ E, E/)
Hu”S’l(Ifof) S C(Ma Ev E/)
<C(M,E,E)e.

ot = @l 220, 1 ckey < 97— ) o 30735 s
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Once again, the hypothesis (166) is redundant by the Strichartz estimate if one
is willing to take E' = O(e); however it will be useful in our applications to know
that this Lemma can tolerate a perturbation which is large in the energy norm but
whose free evolution is small in the L%OWQ} ,30/13

This lemma is already useful in the e = 0 case, as it says that one has local
well-posedness in the energy space whenever the L}% norm is bounded; in fact
one has locally Lipschitz dependence on the initial data. For similar perturbative
results see [13], [12].

norm.

PROOF. As in the previous proof, we may assume that tq is the lower bound of
the interval I. Let g = £9(F,2E’) be as in Lemma 8.7. (We need to replace E’ by
the slightly larger 2E" as the H' norm of u — @ is going to grow slightly in time.)

The first step is to establish a S* bound on @. Using (164) we may subdivide
I into C(M, &) time intervals such that the L%f; norm of @ is at most €y on each
such interval. By using (165) and Strichartz estimates, as in the proof of (161), we
see that the $1 norm of @ is O(E) on each of these intervals. Summing up over all
the intervals we conclude

||7:LHSI(IxR3) < C(M,E, o)

and in particular

Hva”L}OLiO/lg( ) S C(M,E,Eo).

IxR3

We can then subdivide the interval I into N < C(M, E,¢¢) subintervals I, =
[T, Tj+1] so that on each I; we have,

HVﬂHL}OLiO/IS(Ij xR3) < gp.

We can then verify inductively using Lemma 8.7 for each j that if €1 is sufficiently
small depending on ¢¢, N, E, E’, then we have

lu = il gu g, gy < CU)E
lll g1 (1, xrey < CUNE' + E)
HV(U - a)HL%OLiU/B(IijB) < C(])E
. 1 - .
HV(u?t + §A)(u - u)||L§L2/5(Ij><R3) < C(J)E
and hence by Strichartz we have

i(t—T 1 ~
||V€ (t T]+1)2A(u(Tj+1) - U(]}J’_l))”L%oLgO/l:}(lng)

< Vel T8 (w(Ty) — (Ty))l| 105015 +C(j)e

(IxR3)
and
lu(Tj1) — w(Tjr)ll o < NJu(Ty) = @(TH) | g + C(G)e

allowing one to continue the induction (if 7 is sufficiently small depending on E,
N, E', g9, then the quantity in (153) will not exceed 2E"). The claim follows. O
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9. The periodic NLS

So far we only talked about the Schrédinger equation on R™, and one can
certainly define this equation in more general manifolds M by replacing the usual
Laplacian A with the Laplace-Beltrami operator Ajps. In recent years there has
been a flurry of activity concerning well-posedness and blow up of the IVP (1) on
different manifolds, see for example in the setting of compact Riemannian manifolds
(M,g) [8, 7, 17, 18]. In this case the conclusions are generally weaker than
those in Euclidean spaces: there is no scattering to linear solutions, or some other
type of asymptotic control of the nonlinear evolution as t — oco. Moreover, in
certain cases such as the spheres S™, the well-posedness theory requires sufficiently
subcritical nonlinearities, due to concentration of certain spherical harmonics, see
[16]. The situation is different when we are in the setting of symmetric spaces
of noncompact type36. The simplest such spaces are the hyperbolic spaces H",
n > 2. On hyperbolic spaces one can in fact prove stronger theorems than on
Euclidean spaces. For the linear flow one can exhibit a larger class of global in
time Strichartz estimates [1, 47], (for radial functions these were already proved
in [3, 4, 5, 67]). For the nonlinear flow with N(u) = u|u[P~! one can prove
noneuclidean Morawetz inequalities, and scattering in H' in the full subcritical
range p € (1,1+4/(n —2)), [47]. These stronger theorems are possible because of
the more robust geometry at infinity of noncompact symmetric spaces compared to
Euclidean spaces; for example, the scattering result for the nonlinear Schrodinger
equation can be interpreted as the absence of long range effects of the nonlinearity.

Here we cannot clearly address all the work mentioned above, but instead we
will consider the spacial case of the periodic NLS (1), or in other words the problem
on the torus T™. The first work on the periodic NLS with non smooth data goes
back to Bourgain [8]. Since we already learned from Section 2 that the first step to
take is to analyze in the best possible way the linear problem, we will do this now.
We cannot hope to prove Strichartz estimates starting from a dispersive estimate
since there is no dispersion here in the sense introduced in Section 2. This is because
the periodic condition at the boundary does not allow the solution to decay in time.
So one needs to use a different analysis. We start by saying that the torus that will
be considered here is the one on which

n
A f(k) = k7 f (k).
i=1
The situation is very different if instead one consider general®” tori T" where
(167) Dgu f(k) = (D aik?) f(k),
i=1

where a? > 0 for i = 1,..,n. in this case the theorems below are either not proved
or the results are much weaker, [15].

Let’s go back to T™. We will show here only one bilinear estimate that is
particularly instructive:

36The symmetric spaces of noncompact type are simply connected Riemannian manifolds of
nonpositive sectional curvature, without Euclidean factors, and for which every geodesic symmetry
defines an isometry.

37These are also called irrational tori.
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THEOREM 9.1. Assume ¢; has Fourier transform supported at frequency N; for
i = 1,2 and that S(t)¢; is the linear solution for the linear IVP (4) on T? with
data ¢; . Then if Ny > Na, for any € > 0 we have

(168) IX(@®)S@)Prx(®)S () 2llzzrz, S Nzlldnllr2lle2llze,
where x(t) is a smooth cut off function in time near t = 0.

This theorem is only part of a more general conjecture of Bourgian [8] (see also
[41]) that we now recall. Assume that ¢ is supported at frequency N and assume
that

X (®)S(8)¢]

then we have the following estimates for K (n,r, N)

virg, < K(nr, N9,

™ — ™

CONJECTURE 9.2. With the above assumptions

2 2
(169) K(n,r,N) < C, for r< Ant2)
2 2
(170) K(n,r,N) < N¢ for r= An+2)
(171) K(n,r,N) < C, N5 for r > An+2)

For a partial proof of this conjecture see [8].

REMARK 9.3. It is important to note that (168) can also be read as the
LE‘_LI]L;1 Strichartz estimate, since in fact (4,4) is an admissible pair in this case.
Based on this and on the techniques to prove well-posedness in Section 4, we can
immediately deduce for example that for the H' subcritical IVP (1) in T? Lw.p. is
available for 0 < s < 1 when the nonlinearity is not algebraic and 0 < s when it
is. Also it should be stressed that L.w.p. for s = 0 cannot be proved using (170)
because the loss of regularity represented by N€¢. It should be said that this loss
can be proved to be even smaller, of the order of log(NV), see footnote at the end of
the lecture.

PROBLEM 9.4. Prove that there exists ¢ such that
SO s, ~ log(N) 9],
(see [41]).
The proof of (168) is based on some number theoretic facts that we recall in the
following three lemmas; see also related estimates in the work of Bourgain [7, 15]

and [35].
The following lemma is known as Pick’s Lemma [69]:

LEMMA 9.5. Let Ar be the area of a simply connected lattice polygon. Let E
denote the number of lattice points on the polygon edges and I the number of lattice
points in the interior of the polygon. Then

1

LEMMA 9.6. Let C be a circle of radius R. If v is an arc on C of length
hl< (3R

, then v contains at most 2 lattice points.
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PrOOF. We prove the lemma by contradiction. Assume that there are 3 lattice
points P, P, and P3 on an arc v = AB of €, and denote by T'(Py, Ps, P3) the triangle
with vertices Py, P> and P;. Then, by Lemma 9.5 we have

>

1 3 1
AreaofT(Pl,Pg,Pg):I+§E—12]4—5—1:]—1— 75.

|~

We shall prove that under the assumption that |y| < (3R) Y ® then

1
(172) Area of T(Py, P2, P3) < 3

hence v must contain at most two lattice points.

FIGURE 1. Triangle area.

We observe that (see Figure 1)
Area of the sector ABO = R?0,

Area of the triangle ABO = R?sin 6 cos 6.
Hence, for any P;, P>, P3 on v we have

(173) Area of T(Py, Py, P3) < R*0 — R*sinfcos = R?( — % sin(20)).
One can easily check that

1 2
— —gj < — 3.
(174) 0 5 sin(26) < 30
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Thus (173), (174) and the fact that |y| = 2R6 imply that

Area of T(Py, Py, P3) < §R293 = %R2(|7|R—1)3 < %
where to obtain the last inequality we used the assumption that |y| < (%R)l/g.
Therefore (172) is proved. U
Also we recall the following result of Gauss, see, for example [48]
LEMMA 9.7. Let K be a convex domain in R?. If
N(A) = #{Z2 N AK Y,

then, for A < 1
N(\) = N|K[+0(N),
where | K| denotes the area of K and #A denotes the number of points of a set A.

We are now ready for the proof of Theorem 9.1

PROOF. Let ¥ be a positive even Schwartz function such that ¢» = x. Then we
have (here we use for simplicity [ dk =3,)

B = |Ix(®)(S®)¢1) x(O)(S()2)ll 13122

— ‘ / 61(k1)pa (k)b (11 — k2) ¥(72 — k2) dky dks dry dr
k=k1+ko, T=T1+72

_ 1/2
< (/ O(T — k2 — k2) dky dkg) x
k=ki+ko

2
L2L2

(175)

- N =N 1/2
< ( [ Tk Bk)P Bl d d@)
k=ki+k2

3

L2132

where to obtain (175) we used Cauchy-Schwartz and the following definition of
peSs
[ w2 v = ) dndn = (- 1 - 1),
T=T1+T2

An application of Holder gives us the following upper bound on (175)

_ . . 1/2
) ([ TR )P B ki) |
k=ki+ko 22
where
_ 1/2
M = / V(T — k3 — k2) dky dky
k=k1+k2 L L

Now by integration in 7 followed by Fubini in k1, ko and two applications of Plan-
charel we have

_ =R R 1/2
([ 0= =) B alha)? ai a
k=ki+k2

L,
S llollzzlldzllre,
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which combined with (175), (176) gives
(177) B < M||é1] 22l Lz
We find an upper bound on M as follows:

7,k

(178) M < (sup#S) ,

where
S={ki €Z?||ki| ~ Ny, |k —ki| ~ No, |k|*> =2k - (k— k1) =7+ O(1)}.
For notational purposes, let us rename k; = z, that is
S={z€Z||z| ~ N1, |k —2| ~ Ny, k> +2|2]*> —2k-2=74+0(1)}.

Let zg be an element of S i.e.

(179) |zo| ~ N1, |k — 20| ~ N2,
and
(180) k|2 +2|201* — 2k - 20 = T+ O(1).

In order to obtain an upper bound on #5, we shall count the number of I’s € Z?
such that zp + 1 € S where 2o satisfies (179) - (180). Thus such I’s must satisfy

(181) |Zo+l‘NN1, |Z()—|-l—]€|NN2,
and
(182) k|2 + 2|20 + 1> = 2k - (20 + 1) = 7+ O(1).

However by (180) we can rewrite the left hand side of (182) as follows
k| + 2|20 + 1> = 2k - (20 4+ 1)
= |k|? 4 2202 + 2|1)* + 420 - 1 — 2k - 20 — 2k -1
=7+ 0) + 2|l +42 -1 — 2k - L.

Therefore (182) holds if

(183) 1?4+ 21 (20 — g) =0(1).
Moreover, (179) and (181) yield

I =l + 20 — k — z0 + k| S No + No,
that is
(184) ]| < Ns.

Finally we observe that (179) together with the assumption that N7 >> Ny implies
that

20 k 20 k 20 k 20
Ni ~ Ny — Ny ~ ____‘_‘ R G ‘_’NN Ny S Ny,
1 1 2 9 2’ 5 || = [#0 2‘_ B 2‘-1- 5 2t N1 S M
ie.
k
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Hence, it suffices to count the I's € Z? satisfying (183) and (184) where 2 is such
that (185) holds.

Let w = (a,b) denote the vector zg — % Thus we need to count the number of
points in the set A

(186) A={leZ?: [IP+2l-w|=0(1), ||| £ N2, |w| ~ N1},
or equivalently,

A=
(187)

{(z,y) € 2% |2® +y* +2(az + by)| < ¢, 2° +y* < (02N2)?, a® +0° ~ N7},

for some ¢, 09 > 0. Let C_, €4 be the following circles,

C: (z+a)+(y+b)?=—c+(a®+b%)

Ci: (r+a)+(y+b)?=c+ (a®+b%)
and for any integer n, let G, be the circle

Co: (z4+a)* + (y+b)?=n+(a®+b%).
Finally, let D denote the disk

D 2?4 9? < (03No)2

B
A

P - 7n D

Ci P - \
7
7/
, D
/ \

/ \

A \
.C” \
/ ‘9]\1 \

I \
| A |
\ C() C |
\ /
\ /
\ A /
\ /
\ /
\ 7/
AN /
N 7
N 7
~N 7

FIGURE 2. Circular sector (here ignore ).

We need to count the number of lattice points inside D that are on arcs of
circles C,,, with
—c<n<ec.
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Precisely, the total number of lattice point in A can be bounded from above by
(188) 2¢ X #(€, N D).

Denote by ~, the arc of circle €,, which is contained in D. Notice that (see
Figure 2)

(189) [Yn| < Rarbnr

where Ry = /c+ 01N12 for some constant o1 > 0, and 6, is the angle between
the line segment C'B and CD, which lie along the tangent lines from C' = (—a, —b)
to the circle 2% + y? = (02N2)?. Hence,
Ny
sinfy < o—,
M = N,

for some constant o > 0. Since N; > N, we can assume that sinf,; > %QM.
Hence,

Ny

Ny

In order to count efficiently the number of lattice points on each ~,,, we distinguish
two cases based on the application of Lemma 9.6.

(190) Orr < 20

12
Case 1: 20%—? < (%)3 R,’.

In this case (189)-(190) guarantee that the hypothesis of Lemma 9.6 is satisfied by
each arc of circle ~,,. Hence, on each =, there are at most two lattice points.

R}

ol
Wl

. 9. N 3
Case 2: QJﬁ > (Z)
In this case we approximate the number of lattice points on ,, by the number3® of
lattice points on G, (see for example [6, 8] ):
(191) #Cn S Ry ~ (V1) S (N2)™

for any € > 0.

Combining the estimate in (188), Case 1 and Case 2 we conclude that
#5 51+ Ny,
for any € > 0. Since Np > 1, together with (178), this implies that
M S N,
for all positive €’s. Hence (168) follows. O

38 Actually by Gauss Theorem one can get a even better logarithmic estimate in terms of the
radius.
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On the Singularity Formation for the Nonlinear
Schrodinger Equation

Pierre Raphaél

These notes are an introduction to the qualitative description of singularity for-
mation for the nonlinear Schrédinger equation. Part of the material was presented
during the 2008 Clay summer school on Nonlinear Evolution Equations at the ETH
Zurich. The manuscript has been enriched with additions in 2012 in order to give a
more accurate view on this very active research field and present a number of open
problems.

We consider the semi linear Schrodinger equation
iug = —Au — [uP~tu, (t,x) €1[0,T) x RN
(01) (NLS) { u((),x) — uo(x), Uo RN S C
with ug € H' = {u, Vu € L2(R")} in dimension N > 1 and for energy subcritical
nonlinearities:

% . « | +oo for N=1,2
(0.2) l<p<2' -1 Wlth2—{]3_]\/2f0rN>3

where 2* is the Sobolev exponent of the injection H' < L2". The case p = 3
appears in various areas of physics: for the propagation of waves in non linear
media and optical fibers for N = 1, the focusing of laser beams for N = 2, the
Bose-Einstein condensation phenomenon for N = 3, see the monograph [106] for a
more systematic introduction to this physical aspect of the problem.

Our aim is to develop tools for the qualitative description of the flow for data
in the energy space H', and this includes long time existence, scattering or forma-
tion of singularities. The possibility of finite time blow up corresponding to a self
focusing of the nonlinear wave and the concentration of energy will be of particu-
lar interest to us. Note that (NLS) is an infinite dimensional Hamiltonian system
without any space localization property and infinite speed of propagation. It is
in this context together with the critical generalized (gKdV) equation® one of the
few examples where blow up is known to occur. For (NLS), an elementary proof
of existence of blow up solutions is known since the 60’s but is based on energy
constraints and is not constructive. In particular, no qualitative information of any

2010 Mathematics Subject Classification. Primary 35Q51, 35Q55.
Isee (4.22).
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type on the blow up dynamics is obtained this way. In fact, the theory of global
existence or blow up for (NLS) as known up to now is intimately connected to the
theory of ground states or solitons which are special periodic in time solutions to
the Hamiltonian system. A central question is the stability of these solutions and
the description of the flow around them which has attracted a considerable amount
of work for the past thirty years.

These notes are organized as follows.

In the first section, we recall the main standard results about subcritical non
linear Schrodinger equations and in particular the existence and orbital stability
of soliton like solutions which relies on nowadays standard variational tools. In
section 2, we introduce the blow up problem and present some of the very few gen-
eral results known on the singularity formation in this case, and this includes old
results from the 50’s and very recent ones. Section 3 focuses onto the mass critical
problem p = 1 + % and we extend in the critical blow up regime the subcritical
variational theory of ground states. In section 4, we present the state of the art
on the question of description of the flow near the ground state for mass critical
problems, including recent complete answers for the generalized (gKdV) problem.
In section 5, we present a detailed proof of the pioneering result obtained in col-
laboration with F.Merle in [71], [72] on the derivation of the sharp log-log upper
bound on blow up rate for a suitable class of initial data near the ground state
solitary wave.

We expect the presentation to be essentially self contained provided the prior
knowledge of standard tools in the study of non linear PDE’s, in particular Sobolev
embeddings.

1. The subcritical problem

We recall in this section the main classical facts regarding the global well posed-
ness in the energy space of (NLS), and the main variational tools at the heart of
the proof of the existence and stability of special periodic solutions: the ground
state solitary waves.

1.1. Global well posedness in the subcritical case. Let us consider the
general non linear Schrodinger equation:
iug = —Au — [ulP~
uw(0,2) = ug(z) € H!

with p satisfying the energy subcriticality assumption (0.2). The local well posed-
ness of (1.1) in H' is a result of Ginibre, Velo, [23], see also [31]. Thus, for ug € H?,
there exists 0 < T' < +oo such that u(t) € C([0,7), H'). Moreover, the life time
of the solution can be proved to be lower bounded by a function depending on the
H*' size of the solution only, T'(ug) > f(||uo|| 1), and hence there holds the blow
up alternative:

(1.1)

(1.2) T < +oo implies lim ||u(¢)|| g1 = +oo.
t—T

We refer to [11] for a complete introduction to the Cauchy theory. To prove the
global existence of the solution, it thus suffices to control the size of the solution
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in H'. This is achieved in some cases using the invariants of the flow. Indeed, the
following H' quantities are conserved:

e L2-norm:

(1.3) [t = [ fuofe)

e Energy -or Hamiltonian-:

(14) Bt = [IVutoP - — [l = Buw)

e Momentum:

(1.5) Im ( / Vuﬂ(t,x)) — Im ( / Vuou_o(x)) .

Note that the growth condition on the non linearity (0.2) ensures from Sobolev
embedding that the energy is well defined, and this is why H' is referred to as the
energy space. These invariants are related to the group of symmetry of (1.1) in H':

e Space-time translation invariance: if u(¢, z) solves (1.1), then so does u(t+
to, T + J)o), to R, xg € RN,

e Phase invariance: if u(t, ) solves (1.1), then so does u(t,x)e’?, v € R.

e Scaling invariance: if wu(t,z) solves (1.1), then so does wux(t,z) =
AT Tu(A%, Az), A > 0.

o Galilean invariance: if u(t, ) solves (1.1), then so does u(t, :c—ﬂt)ei%'(ﬂ”*gt),
B eRN.

Let us point out that this group of H' symmetries is the same like for the linear

Schrédinger equation -up to the conformal invariance to which we will come back
later-.

The critical space is a fundamental phenomenological number for the analysis
and is defined as the number of derivatives in L? which are left invariant by the
scaling symmetry of the flow:

N
(16) Jur e = WO for se =5 = .
Observe that s, < 1 from (0.2).

A direct consequence of the Cauchy theory, the conservation laws and Sobolev
embeddings is the celebrated global existence result:

THEOREM 1.1 (Global wellposedness in the subcritical case). Let N > 1 and
l<p<1l+ % -equivalently s. < 0-, then all solutions to (1.1) are global and
bounded in H'.

PROOF OF THEOREM 1.1. By L? conservation: |u(t)||z2 = ||uol||z2. Moreover,
the Gagliardo-Nirenberg interpolation estimate:

N(p—1)

(17)  YoeH', /\v\p“ < C(N,p) (/w?) '

_N(p—1)

(f)*
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applied to v = u(t) implies using the conservation of the energy and the L? norm:

N(p—1)
1

vt e [0,T), Eo> % /|W\2 — C(uo) (/ IVUI2>

The subcriticality assumption p < 1+ % now implies an a priori bound on the H!
norm which concludes the proof of Theorem 1.1. O

The critical exponent
4
p=1+ N ie s =0

arises from this analysis and corresponds to the so-called L? or mass critical case.
It is the smallest power nonlinearity for which blow up can occur and corresponds to
an exact balance between the kinetic and potential energies under the constraint of
conserved L? mass. The L? supercritical -and energy subcritical cases- correspond
to

4 . )

1+ —<p<2"=-1ie 0<s. < 1.
N
1.2. The solitary wave. A fundamental feature of the focusing (NLS) prob-

lem is the existence of time periodic solutions. Indeed,

u(t,z) = ¢(x)e’”
is an H' solution to (1.1) iff ¢ solves the nonlinear elliptic equation:
(1.8) Ap— ¢+l =0, ¢ H'(RY).

There are various ways to construct solutions to (1.8), the simplest one being to
look for radial solutions via a shooting method, [4].

ProposITION 1.2 (Existence of solitary waves). (i) For N = 1, all solutions
to (1.8) are translates of

p—1
p+1

(1.9) Q)= [—2+L
2 ((p—1)x

2 cosh (pT)

(i1) For N > 2, there exist a sequence of radial solutions (Qn)n>0 with increasing

L? norm such that Q,, vanishes n times on RY.

The exact structure of the set of solutions to (1.8) is not known in dimension
N > 2. An important rigidity property however which combines nonlinear elliptic
techniques and ODE techniques is the uniqueness of the monnegative solution to

(1.8).
PROPOSITION 1.3 (Uniqueness of the ground state). All solutions to
(1.10) A= d+olof ™ =0, g€ H'(RY), ¢(z)>0

are a translate of an exponentially decreasing C* radial profile Q(r) ([22]) which
is the unique nonnegative radially symmetric solution to (1.8) ([42]). Q is the so
called ground state solution.
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The uniqueness is thus the consequence of two facts. A positive decaying at
infinity solution to (1.10) is necessarily radially symmetric with respect to a point,
this is a very deep and non trivial result due to Gidas, Ni, Nirenberg [22] which
relies on the maximum principle. And then there is uniqueness of the radial de-
caying positive solution in the ODE sense. The original -and delicate- proof of
this last fact by Kwong [42] has been revisited by MacLeod [52] and is very nicely
presented in the Appendix of Tao [107]. We also refer to [48] for a beautiful ex-
tension of uniqueness methods to nonlocal problems where the ODE approach fails.

Let us now observe that we may let the full group of symmetries of (1.1) act
on the solitary wave u(t,r) = Q(x)e' to get a 2N + 2 parameters family of solitary
waves: for (Ao, zo,70,3) € RL x RN x R x RV,

u(t,x) _ )\S%Q(/\O(x + 20) — )\(Q)Bt)ei)\gtei’mei%(ko(x+wo)—)\36t).

These waves are moving according to the free Galilean motion and oscillating at a
phase related to their size: the larger the g, the wilder the oscillations in time. An
explicit computation reveals that the solitary wave can be made arbitrarily small
in H' in the subcritical regime s. < 0 only.

1.3. Orbital stability of the ground states in the subcritical case. We
address in this section the question of the stability of the ground state solitary wave
u(t,z) = Q(x)e, Q > 0, as a solution to (1.1) in the mass subcritical case

4
(1.11) 1<p<1—|—ﬁ, 5. < 0.

Let us first observe that two trivial instabilities are given by the symmetries of the
equation:
e Scaling instability: YA > 0, the solution to (1.1) with initial data ug(z) =
AT Q(AT) is u(t, z) = AT TQ(Ax)eiN’t.
o Galilean instability: V8 > 0, the solution to (1.1) with initial data ug(z) =
Q(x)e is u(t,r) = Q(x — Bt)e“*g'(r’gt).
In both cases,

sup |u(t, ) — Q(z)e"| > |Q(z)]

teR
and thus the solution does not stay uniformly close to ). Cazenave and Lions
[12] proved that these trivial instabilities are the only ones in the mass ubcritical

setting: this is the celebrated orbital stability of the ground state solitary wave.

THEOREM 1.4 (Orbital stability of the ground state, [12]). Let N > 1 and p
satisfy (1.11). For all € > 0, there exists §(g) such that the following holds true.
Let ug € H' with

luo — @Il < d(e),
then there exist a translation shift x(t) € CO(R,RY) and a phase shift y(t) €
C°(R,R) such that:

VieR, |u(t,z)—Qz—x(t)e" Dy <e.

The strength -and the weakness- of the proof is that it relies only on the conser-
vation laws and the wvariational characterization of the ground state solitary wave.
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This study falls into the classical sets of concentration compactness techniques as
introduced by Lions in [50],[51]. Given A > 0, we let

2
Qx(x) = A1 Q(Ax).
The following variational result immediately implies Theorem 1.4:

PRrROPOSITION 1.5 (Description of the minimizing sequences). Let N > 1 and
p satisfy (1.11). Let M > 0 be fized.
(i) Variational characterization of Q: The minimization problem
(1.12) I(M)= inf FE(u)

llull p2=M

is attained on the family

Q)\(M)( - $0)6i707 ZTo € RN7’YO € Rv

where A\(M) is the unique scaling such that ||Qxn |2 = M.

(ii) Description of the minimizing sequences: Any minimizing sequence v, to (1.12)
is relatively compact in H' up to translation and phase shifts, that is up to a sub-
sequence:

Op (- 4 )" — Q) 0 H.

The fact that Proposition 1.5 implies Theorem 1.4 is now a simple consequence
of the conservation laws and is left to the reader. The next section is devoted to
the proof of Proposition 1.5.

1.4. The concentration compactness argument. The first key to the
proof of Proposition 1.5 is the description of the lack of compactness in RV of
the Sobolev injection H' «— LPt1 2 < p+ 1 < 2*. This description is a conse-
quence of Lions’ concentration compactness Lemma. Let us recall that the injection
is compact on a smooth bounded domain. Note also that the injection is still com-
pact when restricted to radial functions in dimension N > 2. Here one uses the
estimate:

oo C 1 1
u?(r) = —/ u(s)u'(s)ds and thus lull oo (r>r) < —RNA (|Vul 72 |lull;.
T 2

so that any H* bounded sequence of radially symmetric functions is LP™! compact.
This would considerably simplify the proof of Proposition 1.5 when restricting the
problem to radially symmetric functions. In general, there holds the following:

PROPOSITION 1.6 (Description of the lack of compactness of H! < L%). Let a
sequence u,, € H' with

(1.13) [unllrz = M, |[Vugpllrz < C,

Then there exists a subsequence uy,, such that one of the following three scenario
occurs:
(i) Compactness: 3y, € RN such that

(1.14) V2<q <2 Up(-+yr) > u in LI
(i) Vanishing:
(1.15) V2<q<2", up, —0 in L%
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(iii) Dichotomy: Jui, wr, 30 < o < 1 such that V2 < q < 2*:

Supp(v) N Supp(wy) = 0, dist(Supp(vy), Supp(wg)) — +o0,
[vkllar + lwkllm < C,

(1.16) lvkllre = oM, |wglre = (1 —a)M,
limg 4 oo ’f |t |7 — f |vk|? — f ‘wk|q|’ =0,
liminfy 100 [ [Vun, [? — [ |Vop|? = [|Vwg]? > 0.

REMARK 1.7. The key in the dichotomy case is that there is no loss of potential
energy during the splitting in space of wy, into two bumps vk, wy which support go
away from each other, while on the other hand only a lower semi continuity bound
can be derived for the kinetic energy.

REMARK 1.8. The case dichotomy corresponds to the localization of the first
bubble of concentration. One can then continue the extraction iteratively and obtain
the profile decomposition of the sequence uy, see P. Gerard [21], Hmidi, Keraani
[28] for a very elegant proof.

The proof of Proposition 1.6 is given in Appendix A. We now show how the
description of the lack of compactness of the Sobolev injection is a powerful tool
for the study of variational problems.

PROOF OF PROPOSITION 1.5. stepl Computation of I(M). Let I(M) be given
by (1.12). We claim that
(-sc)
(1.17) oo < I(M) = M T I(1) < 0.

Indeed, I(M) > —oo follows directly form the Gagliardo-Nirenberg inequality (1.7)
and the subcriticality condition (1.11). The computation of the nonpositive value
of the infimum follows from the scaling properties of the problem. First, given
u € H' with |lu||z2 = 1, we use the L? scaling

ua(z) = )\%u()\x)

1 1
_ 2 2
E(vy) = A [§/|Vu T DA D /|up+1}

Letting A — 0 yields I(1) < 0. The homogeneity in M of I(M) is derived using the
scaling of the equation

(@) = A7 Tu(Ae), foalle = Alullre, Buy) = 3207 B(u),

to get:

which yields the claim.

Let now u,, be a minimizing sequence for I(M). Then u,, is bounded in H' from
(1.7) and satisfies the assumptions of Proposition 1.5, and we now examine the
various scenario:

step 2 Vanishing cannot occur. Otherwise, from (1.15):

k—+oco

I(M)= lim E(uy,) >11m1nf /|Vunk|2 >0

which contradicts (1.17).
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step 3 Dichotomy cannot occur. Otherwise, from (1.16), we have sequences
vg, wr and 0 < a < 1 such that

[vkllre = oM, [lwg|rz = (1 — )M
and

I(M) > liminf E(vg) + liminf E(wy).
k—+o00

k— o0

In particular, this implies:
(1.18) I(M)>I(aM)+I((1 — a)M)
and thus from (1.17):

2(1—s 2(1—s

E ( 'C)
1<a Tl +(1—a) Tl forsome 0<a<l1.
2(1—s.)

Now a straightforward convexity argument implies from =—<* > 1 that a = 0 or

‘SC‘
«a =1, a contradiction.
step 4 Conclusion. We conclude that only compactness occurs ie
Up, (- +xp) = u in LPTL

Observe then from the strong LP+1 convergence and the lower semicontinuity of
the H' norm that u attains the infimum:

ullz = M, E(u) = I(M).
It thus remains to characterize the infimum. We claim that:
(1.19) u(z) = Q) (- + )€™

which concludes the proof of Proposition 1.6.
Proof of (1.19): First observe from [ |V|u||? < [|Vu|? that v = |u| is a minimizer
with v > 0. From standard Euler Lagrange theory, v solves

Av+ o™t = u, ve H.

The Lagrange multiplier, which a priori depends on v, can be computed by multi-
plying the equation by v and then y - Vv (Pohozaev integration) leading to:

N+2—-p(N-2)
)

We now observe by rescaling that w(x) = AT v(Az) with A = /i satisfies

Aw —w+wwP™t =0, we H'(RY), w>0,

p=p(M) = I(M) > 0.

and w non zero. From the uniqueness statement of Proposition 1.3, this yields:
w(z) = Q(z — x0),
and hence v(z) = Qx(ar)(z — o). This implies in particular that v does not van-
ish which together with [|Vu|?> = [|V|u||* -because they both are minimizers-
implies?
u(®) = [u(@)[e = Q) (@ — 70)e ™,
and (1.19) is proved. O

2see for example[49].



SINGULARITY FORMATION FOR THE NONLINEAR SCHRODINGER EQUATION 277
Furthers comments

1. More general nonlinearities: The proof we have presented reproduces the
original argument by Cazenave, Lions [12] and heavily relies onto the specific scal-
ing properties of the nonlinearity. The advantage of this argument is to completely
avoid the linearization near the ground state, but the prize to pay is the proof of
global estimates like (1.18) which may be non trivial in the absence of symmetries.
Another approach to stability proceeds by brute force linearization and the deriva-
tion of suitable coercivity properties of the linearized operator close to the ground
state as for example done in Grillakis, Shatah, Strauss [26] to treat more general
nonlinearities. We also refer to [44], [46], [47] for analogue results for gravitational
kinetic equations which display a similar structure.

2. Asymptotic stability: An important question is to know whether, when sta-
bility holds, asymptotic stability also holds, that is do solutions asymptotically
converge to the ground state in some local norm in space as t — +o00o? This kind
of property corresponds to a form of asymptotic irreversibility of the flow. This is
an extremely delicate problem which has attracted a considerable amount of work
for the past ten years. For some specific type of nonlinearities, asymptotic stability
holds due to a fine tuning mechanism known as the ”Fermi Golden Rule”, see Sof-
fer, Weinstein [105], Rodnianski, Soffer, Schlag [102], Sulem, Buslaev [10], Sigal,
Zhou [20]. However, the case of pure power is still open because essentially small
solitons are delicate to deal with. Indeed, in the pure power case, a soliton @, can
be made arbitrarily small in H' and not disperse. Moreover, one should keep in
mind that the asymptotic stability is false in the completely integrable case N =1,
p =3, see [112].

3. Generic long time dynamics: In general, one expects the long time behavior
of the solution to correspond to a splitting of the solution into a non dispersive part
corresponding to a sum of decoupled solitary waves moving at different speeds and
a radiative part which disperses -ie goes to 0 in L™ say-. Such a general behavior
has been proved in the integrable case for the KdV system

g+ (Uze +u?)z =0, (t,z) €[0,T) xR,
(KdV) { uw(0,7) = up(z), wp:RY =R,
but complete integrability plays a very specific role here. See Rodnianski, Soffer,
Schlag [102], Martel, Merle, Tsai [63], for the case of non integrable (NLS) systems
but with specific nonlinearities. One should think here that in general, even the

simpler question of the orbital stability of the multisolitary wave in the pure power
case for (NLS) is open.

2. The blow up problem

We focus in this section on the NLS problem (1.1) with mass critical/super
critical and energy subcritical nonlinearities, or equivalently according to (1.6):

4
0<s.<1, 1+—<p<2"—1.
<s +N D

Our aim is to collect old and new results regarding the qualitative description of
blow up solutions which involves so far many open problems.
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2.1. Existence of blow up solutions: the virial law. The Cauchy theory
ensures global existence for small data in H' but for large data, the Gagliardo
Nirenberg inequality (1.7) does not suffice anymore to ensure global existence. A
well known global obstructive argument known as the virial law allows one to very
easily prove the existence of finite time blow up solutions.

THEOREM 2.1 (Virial blow up for Eg < 0). Let ug € ¥ = H* N {zu € L?} with
Ey <0,
then the corresponding solution to (1.1) blows up in finite time 0 < T < +o0.
PROOF OF THEOREM 2.1. Integrating by parts in (1.1), we find:

22 165,

2.1 — - —_—
(2.1) dt? N —2s,

/|90|2|u(7fa55)|2dJU =4N(p - 1)Ep /|Vu|2 <4N(p—1)Ep
from s, > 0. Hence from E, < 0, the positive quantity [ |z|?|u(t,z)[*dz lies below

an inverted parabola and hence the solution cannot exist for all times. O

This blow up argument is extraordinary because it provides a blow up crite-
rion based essentially on a pure Hamiltonian information Ey < 0 which applies to
arbitrarily large initial data in H'. In particular, it exhibits an open region of the
energy space -up to extra integrability condition- where blow up is proven to be
a stable phenomenon. While it may seem at first hand to be very specific to the
(NLS) problem, this kind of convexity argument is very common for parabolic or
wave type problems, see for example [30], kinetic problems [25], or even compress-
ible Euler equations, [104]. However, it has has two major weaknesses:

(i) It heavily relies on a very specific algebra and hence is very unstable by per-
turbation of the equation. It thus is completely unable to predict blow up even in
situations where it is strongly expected. A typical case is for example (NLS) on a
domain with Dirichlet boundary conditions, [96].

(ii) More fundamentally, this argument is purely obstructive in nature and says
very little a priori on the singularity formation. In fact the blow up time formally
predicted which is the time of vanishing of the variance [ |z|*|u|? is almost never
correct, solutions generically blow up before.

2.2. Scaling lower bound on blow up rate. In the setting of arbitrarily
large initial data, little is known regarding the description of the singularity for-
mation. This is mainly a consequence of the fact that the virial blow up argument
does not provide any insight into the blow up dynamics. More generally, the a pri-
ori control of the blow up speed |[Vu(t)||z2 which plays a fundamental role for the
classification of blow up dynamics for example for the heat or the wave equation,
is poorly understood. However a general lower bound on the blow up rate holds as
a very simple consequence of the scaling invariance of the problem:

PROPOSITION 2.2 (Scaling lower bound on blow up rate). Let N > 1, 0 < s. <
1. Letug € H' such that the corresponding solution u(t) to (1.1) blows up in finite
time 0 < T < 400, then there holds:
C(uo)

(2.2) Yt € [0,7), [[Vu(t)|r2 > m
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PRrROOF OF PROPOSITION 2.2. We give the proof for s, = 0 which is elementary
and based on the scaling invariance of the equation and the local well posedness
theory in H'. The proof for s. > 0 is similar and requires the Cauchy theory in
H* N H', see [76]. Consider for fixed t € [0,7T)

v(1,2) = [Vut)ll 2" u (¢ + [[Vu@) | Z 7 Va2 2) -

v' is a solution to (1.1) by scaling invariance. We have ||[Vv!(0)||z2 = 1, |[vt||zz =
llwol| L2, and thus by the resolution of the Cauchy problem locally in time by fixed
point argument, there exists 79 > 0 independent of ¢ such that v! is defined on
[0, 70]. Therefore, t + || Vu(t)|| ;370 < T which is the desired result. O

One can ask for the sharpness of the bound (2.2), or equivalently for the exis-
tence of self similar solutions in the energy space, i.e. solutions which blow according
to the scaling law

1

(T—t) ==

For s, = 0, it is an important open problem, [7]. It is however proved in [97], [74]
that the lower bound (2.2) is not sharp for data near the ground state in connection
with the log log law, see Theorem 4.3. On the contrary, for s, > 0, a stable self
similar blow up regime in the sense of (2.3) is observed numerically, [106], and a
rigorous derivation of these solutions is obtained in collaboration with Merle and
Szeftel in [78] for slightly super critical problems:

(2.3) IVu(@)|z2 ~

THEOREM 2.3 (Existence and stability of self similar solutions, [78]). Let 1 <
N <5 and 0 < s, < 1. Then there exists an open set of initial data uy € H' such
that the corresponding solution to (1.1) blows up with in finite time T = T (ug) <
400 with the self similar speed:

1

Vu(t 2N .-
IVl ~

The extension of this result to the full critical range s. < 1 is an important
open problem, in particular to address the physical case N =p =3, s, = %, but is
confronted to the construction and the understanding of the stationary self similar
profiles which is poorly understood, see [78] for a further discussion.

2.3. On concentration of the critical norm. A second general phenom-
enon of finite blow up solutions is the concentration of the critical norm. The
first result of this type goes back to Merle, Tsutsumi, [81] in the radial case, and
generalized by Nawa, [92], for the mass critical NLS.

THEOREM 2.4 (L? concentration phenomenon for s. = 0, [81], [92]). Let s. =
0. Let ug € H' such that the corresponding solution u(t) to (1.1) blows up in finite
time 0 < T < +o00. Then there exists z(t) € C°([0, T)RY) such that:

(2.4) VR >0, lim inf/ lu(t, z)|*dx > /Q2
=T Jie—a(t)<R
Theorem 2.4 relies on the sharp variational characterization of the ground state
solitary wave ) and we therefore postpone the proof to section 3.1. We refer to
[108] for an extension to critical regularity ug € L?. Two natural questions follow-
ing Theorem 2.4 are still open in the general case:
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(i) Does the function x(t) have a limit as ¢ — T defining then at least one exact
blow up point in space where L? concentration takes place?
(ii) Which is the exact amount of mass focused by the blow up dynamic?

An explicit construction of blow up solutions due to Merle, [64], is the following:
let k points (z;)1<i<x € RY, then there exists a blow up solution u(¢) which blows
up in finite time 0 < T' < 400 exactly at these k points and accumulates exactly
the mass:

[u(t)]* = Di<i<klQli200—s, as t =T,
in the sense of measures. A general conjecture concerning L? concentration is for-
mulated in [75] and states that a blow up solution focuses a quantized and universal
amount of mass at a finite number of points in RY, the rest of the L? mass being

purely dispersed. The exact statement which is directly related to the soliton res-
olution conjecture is the following:

Conjecture (*): Let u(t) € H' be a solution to (1.1) which blows up in finite
2
time 0 < T < +oc. Then there exist (x;)1<i<r, € RY with L < ff\g)z\ , and u* € L?
such that: VR > 0,

u(t) > u* in L*(RN — | B(2:,R))
1<i<L

and \u(t)|2 — Yi<i<iMilp=yg, + \u*|2 with m; € [/ Q2,+oo).

Let us now address the same question of the behavior of the critical norm for
the super critical NLS 0 < s. < 1. There is no simple a priori lower bound like
for (2.2) for the critical norm [|u(t)|| 7., which is invariant by the scaling symmetry
of the flow. Moreover, a major difference between the mass critical problem and
the super critical problem is that the critical norm is conserved by the flow for
se = 0 only, and this leads to dramatic differences in the blow up dynamics. We for
example proved in [76] that for radial data the critical norm not only concentrates
at blow up, it explodes:

THEOREM 2.5 (Blow up of the critical norm, [76]). Let 0 < s. <1, p <5 and
N > 2. There exists a universal constant v = (N, p) > 0 such that the following
holds true. Let ug € H' with radial symmetry and assume that the corresponding
solution to (1.1) blows up in finite time T < 4+o00. Then there holds the lower bound
for t close enough to T':

[u()llgree = |og(T — )72,

Related results were proved for the Navier Stokes equation [16], and are a first
step towards the understanding of the formation of the blow up bubble. Note that
the logarithmic lower bound can be proved to be sharp in some regimes, [78], but
there also exist regimes where the critical norm blows up polynomially, [80]. The
regimes N = 1,2 with p > 5 are still open, as well as the general non radial case.
The proof relies on the quantification of a Liouville type theorem, see [38] for recent
extensions to the wave equation.
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2.4. A sharp upper bound on blow up rate. We now address the question
of upper bounds on blow up rate for general solutions. A simple observation by
Merle is that for 0 < s, < 1, the brute force time integration of the virial law (2.1)
not only implies finite time blow up for Ey < 0, it also immediately yields an upper
bound on the blow up rate for any finite time blow up solution:

THEOREM 2.6 (General upper bound on blow up rate). Let 0 < s. < 1 and
ug € X such that the corresponding solution to (1.1) blows up in finite time 0 <
T < 400, then:

T
(2.5) /0 (T = )[|Vu(t)|2adt < +o0.

Note that in particular on a subsequence
IVult)|lg2(T —t,) — 0 as t, —T.

Interestingly enough, this bound fails for s. = 0, see (3.10), and in fact there exists
no known upper bound on blow up rate in the mass critical case which is one of
the reason why the mass critical problem is in some sense more degenerate3. For
0 < s < 1, we observed in collaboration with Merle and Szeftel [80] that a relatively
elementary argument based on a localization of the virial identity as initiated in
[76] implies an improved upper bound for g radial.

THEOREM 2.7 (Sharp upper bound on blow up rate for radial data, [80]). Let
N>2 0<s. <1, p<b.
Let the interpolation number
S5-p
(p—DN-1)

Let ug € H' with radial symmetry and assume that the corresponding solution
u € C([0,T), H) of (1.1) blows up in finite time T < +oo. Then there holds the
space time upper bound:

(2.6) a=

T
(2.7) / (T — )| Vu(r)|2adr < Cluo)(T — t) 5.
t
This implies in particular
1
IVu(tn)lle S
(T — t,) ™=

on a subsequence ¢, — T. Note that it would be very interesting to obtain the
pointwise bound for all times.

Before proving Theorem 2.7 which relies on a sharp localization of the virial
law, let us say that we do not know if the bound (2.5) is sharp. However, we claim
that the general bound for radial data (2.7) is indeed sharp and saturated on a new
class of blow up solutions: the collapsing ring profiles.

3The example of the (gKdV) problem and Theorem 4.9 indicate that there may be no bound...
4Observe that 0 < a < 1.
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THEOREM 2.8 (Collapsing ring solutions, [80]). Let
N>2, 0<s.<1, p<b5,
let 0 < a < 1 be given by (2.6) and the Galilean shift:

_ J2op
Boo = P

Let Q be the one dimensional mass subcritical ground state (1.9). Then there exists
a time t < 0 and a solution u € C([t,0), H') of (1.1) with radial symmetry which
blows up at time T' = 0 according to the following dynamics. There exist geometrical
parameters (r(t), A(t),y(t)) € R% x R% x R such that:

— r—r®)\ i 12N
Qe Py <7) "™ 0 i LAHRY).
AT (¢) [ ] At)

The blow up speed, the radius of concentration and the phase drift are given by the
asymptotic laws:

(2.8) u(t,r) —

(2.9) r(t) ~ |75, A0 ~ [, A1) ~ 1175 as e 10,
Moreover, the blow up speed admits the equivalent:
1
(2.10) IVu(t)||z2 ~ ———— as t10.
(T —t)T+=

Comments on the result:

1. Standing and collapsing ring: The construction of ring solutions started in
[98], [100] for p = 5 in dimension N > 2 where we constructed standing ring blow
up solutions which concentrate on a standing sphere » = 1 at the speed given by
the log-log law (4.14). The idea is that the geometry of the blow up set given by
a standing sphere allows one to reduce the leading order blow up dynamics to the
one dimension quintic NLS which is the mass critical one for p = 5. This has been
further extended to other geometries in higher dimensions [29], [114]. Then in the
breakthrough paper [17], Fibich, Gavish and Wang extended formally the construc-
tion to 3 < p < 5 in dimension N = 2 and observed numerically the collapsing ring
solutions which existence is made rigorous in [80]. Note that the collapsing ring is
expected to be stable by radial perturbation of the data, but this is still an open
problem.

2. Mass concentration: The ring solutions have a quite unexpected blow up
behavior. Indeed, despite the fact that the problem is mass super critical, the
structure (2.8) coupled with the speeds (2.9) imply the concentration of the L?
mass

(2.11) lu(t)]?> = |Ql|226,=0 as t10.

A contrario the self similar blow up solutions of Theorem 2.3 constructed in [78]
have a strong limit in L? at blow up time. In fact, by rescaling, we can let the
amount of concentrated mass in (2.11) be arbitrary, and hence the expected quan-
tization of Conjecture (*) for the mass critical problem does not hold here. In
some sense, the proof of Theorem 2.8 amounts showing that in the ring regime, the
super critical problem can be treated as a mass critical problem. Moreoever, this
is the first construction of blow up solutions for a large set of super critical regimes
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including the physical one N =p = 3.
We now turn to the proof of the sharp upper bound (2.7) which relies on a
suitably localized virial identity in the continuation of [76].

PrOOF OF THEOREM 2.7. step 1 Localized virial identity. Let N > 2, 0 <
sc < 1and u € C([0,T), H') be a radially symmetric finite time blow up solution
0 < T < +o00. Pick a time tg < T and a radius 0 < R = R(tg) < 1 to be chosen.
Let x € C°(RY) and recall the localized virial identity® for radial solutions:

1
(2.12) 3 dd x|ul? = Im (/ Vx - Vuﬂ) ,

liIm /Vx-VuE :/ ”\Vu|2——/A2 lul> = ( = — —— /Ax|u\p+1
2dr

Applying with x = ¥r = R*)(%) where ¢(z) = M for |:c| < 2 and ¢¥(x) = 0 for
|z| > 3, we get:

——Im (/VwR Vuu)

[ v - g [ At - (5 557) [avpla
2 - - p+1 1 2 p+1

/'VU| ( P+1>/|u| +c R? /R<|m<3R i /|m>RU| ]

Now from the conservation of the energy:

St =222 [ (9up =+ D E(w)

IN

from which

-1 2s
Jivur -5 (5= ) e = T b - 2 [,

and thus:
QSC 9
|Vul +——Im Vg - Vui
1
(2.13) < 1Bl + / g [ uf?
|z|>R R? Jor<|z|<3r
1
< C(uo) +ﬁ+/ u|p+1]
|lz|>R

from the energy and L? norm conservations.

step 2 Radial Gagliardo-Nirenberg interpolation estimate. In order to control
the outer nonlinear term in (2.13), we recall the radial interpolation bound:

||Vu|| HUH
lull oo (r>r) < 7}2%221 L

5see [76] for further details.
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which together with the L? conservation law ensures:
1 )
[Pt < s [l < (N “0) vz
|z|>R

25
< /|VU|2 2<N Dp-1

T G-p
280 /|V |2 =

where we used Holder for p < 5 and the definition of « (2.6). Injecting this into
(2.13) yields for § > 0 small enough using R < 1 and 0 < o < 1:

Se 5  d _ C(ug,p)
—1I . <
N_286/|Vu\ + o m(/Vz/)R Vuu) <%z

step 3 Time integration. We now integrate (2.14) twice in time on [tg, t2] using
(2.12). This yields up to constants using Fubini in time:

IA

(2.14)

/ rlu(t)? + /:(tQ )Vl [Zadt
el ([ Vo Vuw) )| + [ onluto)?

R:
(ta —to)? 2 2
< C(uo) — Rz + R(ta — to)||Vu(to)| L2 + R*|lugl|z: | -

a

N

+ (t2 — to)

We now let t — T. We conclude that the integral in the left hand side converges
and

{w + R(T — to)||Vu(to)| Lz + R2] )

a

T
@15) [ (-0 Vu(t)|Fade < Clun)
to
We now optimize in R by choosing:
T —tg)? a
(1%720) = R2 ie R(to) = (T—to)“r_”‘

(2.15) now becomes:

T
| @=0IVu@ade < Clun) (7~ 1) + (T = ) P5(7 o) |Vt
to
(2.16) < Clug)(T — to) ™% + (T — t)?||Vu(to) |3
In order to integrate this differential inequality, let
T
(2.17) glto) = [ (T = )|Vu(t) 3,
to

then (2.16) means:

ie
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Integrating this in time yields

9(t) < . 20
L < 14— je g(t) S (T —t)T+a

for t close enough to T, which together with (2.17) yields (2.7). O

2.5. More blow up problems. The study of singularity formation for non-
linear dispersive equations has experienced a substantial acceleration since the end
of the 1990’s in particular in the continuation of the pioneering breakthrough works
by Merle and Zaag on the nonlinear heat equation [83], [84], [85], and Martel and
Merle on the mass critical (gKdV) problem [55], [56], [57], [58], [59]. The analysis
has spread to various other problems and led to the development of new tools. It
is not the aim of these notes to give a complete account of the existing literature,
but we would like to point out the deep unity between some of these recent works.
One particularly active direction or research is on energy critical models s, = 1
which surprisingly enough display a similar structure like the mass critical prob-
lem, even though essential new phenomenons occur. This includes energy critical
wave or heat problems, or more geometric problems like wave and Schréodinger maps
for which the sole existence of blow up solutions in the critical regimes has been
a long standing open problem. Among the key results obtained in the past ten
years, let us mention some dynamical constructions: the first construction of blow
up solutions for the energy critical wave map problem by Krieger, Schlag, Tataru
[41], the derivation of the stable regime for the wave map jointly with Rodnianski
[99], the first construction of blow up bubble for the Schrédinger map problem and
the discovery of the rotational instability jointly with Merle and Rodnianski [77].
Moreover, a new generation of classification theorems have occurred in the direc-
tion of the multi solitary wave resolution conjecture, see in particular Duyckaerts,
Kenig, Merle [15] for the energy critical nonlinear wave equation and the spectacu-
lar series of works by Merle and Zaag [86], [87], [88], [89], [90] which give the first
complete classification of all blow up regimes for a nonlinear wave equation.

3. The mass critical problem

We focus in this section and for the rest of these notes onto the L? critical case

p=1+ %, se = 0.

which is the smallest power nonlinearity for which blow up occurs. We will show
that a large part of the orbital stability theory developed for subcritical problems
still applies in some generalized sense and provides some essential information on
the structure of the blow up bubble. We will in particular show that there exists
a sharp criterion for global existence, Theorem 3.5, and obtain the first dynami-
cal informations on the structure of the singularity formation which are mostly a
consequence of the variational characterization of the ground state solitary wave.

3.1. Variational characterization of the ground state. The minimiza-
tion problem (1.12) is no longer adapted to the critical problem due to the L?
scaling invariance

(3.1) up(t,x) = )\%u(/\zt,)\x).
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Indeed, one easily proves that I(M) =0 for M << 1 and I(M) = —oo for M > 1.
In fact, as observed by Weinstein [111], the L? criticality of (1.1) corresponds to an
exact balance between the kinetic and potential energies which can be quantified
through the knowledge of the sharp constant in the Gagliardo-Nirenberg inequality
(L.7).

PROPOSITION 3.1 (Sharp Gagliardo-Nirenberg estimate, [111]). Let the H*
functional:

IR )

J 1o+

(3.2) J(v)

The minimization problem

min ~ J(v)
vEH', v#£0

is attained on the three parameters family:
x ,
AZ Q(hoz +20)e"™, (o, 20,%0) € RY x RY xR,
where @ is the unique ground state solution to:

(3.3) { AQ-Q+QY ¥ =0, Q>0, Q radial

Q(r) —0 as r— +4oo.

In particular, there holds the following Gagliardo-Nirenberg inequality with best con-
stant:

: U ioue (1o (el )
(3.4) Vo e HY, E(U)ZQ/W\ <1 <|Q||L2> )

While E(Q) = I(M) < 0 in the subcritical case, we have in the critical case °
E(Q) 0.

A reformulation of (3.4) which is very useful is the following variational character-
ization of Q:

PROPOSITION 3.2 (Variational characterization of the ground state). Let v €
H?' such that
/|v|2 :/Q2 and E(v) =0,

N .
v(z) = A& Q(Aox + z9)e’™,
for some parameters Ao € RY , xo € RY, v € R.

then

To sum up, the situation is as follows: let v € H', then if ||v||z2 < ||Q| L2, the
kinetic energy dominates the potential energy and (3.4) yields E(v) > C(v) [ |[Vov|?
and the energy is in particular non negative; at the critical mass level ||v||pz =
|Q|| Lz, the only zero energy function is @ up to the symmetries of scaling, phase
and translation which generate the three dimensional manifold of minimizers of
(3.2). For ||v||p2 > ||Q|lL2, the sign of the energy is no longer prescribed.

6This can be seen for example by multiplying the Q equation by %Q +y-VQ and integrating
by parts.
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REMARK 3.3. Remark that on the contrary to the subcritical case, the scaling
(3.1) leaves the L? norm invariant and hence there are no small solitary waves in
the critical case.

A simple consequence of the sharp lower bound (3.4) is the concentration of
the mass at blow up given by Theorem 2.4.

PROOF OF THEOREM 2.4. The proof is purely variational. We prove the re-
sult in the radial case for N > 2. The general case follows from concentration
compactness techniques, see [91], [28]. Let up € H' radial and assume that the
corresponding solution u(¢) to (1.1) blows up at time 0 < T < 400, or equivalently:

(3.5) lim || Vu(t)|| 2 = +oc.
t—T

We need to prove (2.4) and argue by contradiction: assume that for some R > 0
and € > 0, there holds on some sequence t,, — T,

(3.6) lim [u(tn, y)|*dy < /Q2 —e.

n=tee Jiy <R

Let us rescale the solution by its size and set:

1
Atn) = Natt o vn(y) = A

then from explicit computation:

(3.7 [Vopllze =1 and E(v,) = A (t,) E(u).

First observe that v,, is H' bounded and we may assume on a sequence 1 — ~+00:
n —V in H'.

We first claim that V is non zero. Indeed, from (3.5), (3.7) and the conservation of

the energy for u(t), E(v,) = 0 as n — 400, and thus:

1 1
/| n‘%N = /|V11n|2 )Zi—E(Un)—>§ as n — +oo.

vz

(tn)ultn, A(tn)y),

2+N

Now from the compact embedding of H!, ., — L2~ v, — Vin L~ up to a
[V]**% > 1 and V is non zero. Moreover, from the

subsequence, and thus 15
2+~

4
weak H' convergence and the strong L?>*t~ convergence,

B(V) < lminf E(v,) =0.
Last, we have from (3.5), (3.6) and the weak H' convergence: VA > 0

/| VP <t / )Py < i (ot )Py
Yy S

n—-+oo n—-+oo ‘y|<x( ~
t

= lim w(ty, deg/QQ—a.
Jm [ )
Thus [ |V|* < [ Q% — e which together with V non zero and E(V) < 0 contradicts
the sharp Gagliardo-Nirenberg inequality (3.4). O

The proof in the non radial case has been simplified by Hmidi, Keraani [28],
which derived the following optimal result from concentration compactness - more
precisely profile decomposition- techniques:
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LEMMA 3.4. Let a sequence u,, € H' with

limsup ||V |22 < [[VQ|L2, limsup [unl oo s 2 [1Qf 244,
n—-+o0 n—-+o00

then there exists x, € RN and V € H' such that up to a subsequence:
(- +xp) =V in HY with |V > ||Q| e

3.2. The sharp global wellposedness criterion. A generalization of The-
orem 1.1 has been obtained by Weinstein [111]:

THEOREM 3.5 (Global well posedness for subcritical mass, [111]). Let ug € H*
with ||ugllrz < ||Q||Lz, the corresponding solution u(t) to (1.1) is global and bounded
in H'. More precisely, the solution scatters as t & oco.

PROOF OF THEOREM 3.5. From the conservation of the L? norm, |lu(t)||z: <
|Ql|lrz for all ¢ € [0,T), and thus an a priori bound on |lu(t)| g follows from
the conservation of the energy and the sharp Gagliardo-Nirenberg inequality (3.4)
applied to v = u(t). The scattering claim is easily proved for ug € ¥ = H' N {zu €
L?} using the explicit pseudo conformal symmetry: if u(¢, z) is a solution to (1.1),
then so is

-1 z, ;1=

yul e

(3.8) v(t,x) =

2|
The pseudo conformal symmetry is a well known symmetry of the linear Schrodinger
flow and a symmetry of the nonlinear problem in the mass critical case only. It is
moreover an L? isometry and thus applying Weinstein’s criterion to v ensures that
v has a limit in ¥ as ¢ T 0, and hence u scatters as t — 400 as readily seen on
(3.8). The case when uy € L? only is considerably more delicate and relies on the
rigidity theorem approach developed by Kenig, Merle [33], see Killip, Tao, Visan,
Li, Zhang [35], [36], [37] and references therein, Dodson [14]. O

A spectacular feature is that Weinstein’s criterion for global existence is sharp.
On the one hand, from (3.3),

W(t,z) = Q(z)e

is a gobal solution to (1.1) with critical mass ||W| 12 = ||@Q||z2 which does not dis-
perse. One should thus think of ||Q||2 as the minimal amount of mass required
to avoid complete dispersion of the wave, and the solitary wave is the smallest non
linear object for which dispersion and concentration exactly balance each other.

Observe now that the pseudo conformal symmetry (3.8) applied to the solitary
wave solution u(t,z) = Q(x)e! yields the explicit minimal mass blow up element:

2

1 =2
(3.9) S(t,2) = — Q(F)e T E
TEhat
which scatters as t — —oo, and blows up at the origin at the speed
1
(3.10) IVS@)]z> ~ o

by concentrating its mass:

(3.11) IS(H)]? = ||Q|3262=0 as t10.
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REMARK 3.6. For the mass critical NLS, the sharp threshold for global existence
and for scattering are therefore the same. This in fact an exceptional case induced
by the Laplace operator and the Galilean symmetry -which is again an L? isometry-.
For a more general dispersion of the type (—A)*, these threshold are not the same,
[39].

3.3. Orbital stability of the ground state. More can be said on the struc-
ture of the singularity formation, and in particular on the blow up profile for initial
data with L? mass just above the critical mass required for blow up:

(3.12) ug € Bo- = {ug € H' with /Q2 < /|u0|2 < /Q2 +a*}

for some parameter a* > 0 small enough. This situation is moreover conjectured
to locally describe the generic blow up dynamic around one blow up point.

Let us recall that E(Q) = 0 together with the virial blow up result of Theorem
2.1 imply the instability of the solitary wave Q(x)e?. We claim however that the
orbital stability of () may be retrieved in some sense according to the following
generalization of Theorem 1.4:

THEOREM 3.7 (Orbital stability in the critical case). Let N > 1. For all o™ > 0
small enough, there exists 6(a*) with 6(a*) — 0 as a™ — 0 such that the following
holds true. Let ug € H with

(3.13) [l < [@2+ar, Bw<a [1vu

and let u(t) be the corresponding solution to (1.1) with life time 0 < T < 400, then
there exist (z(t),(t)) € C°([0,T),RY x R) such that:

(3.14) VEe[0,T), [N (Dult, \(t)z + 2()e D — Q| < 5(a*).

Note that a finite time blow up solution with small super critical mass auto-
matically satisfies (3.13) near blow up time, and hence it is close to the ground
state in H! up to the set of H! symmetries. This property is again purely based on
the conservation laws and the variational characterization of @), and not on refined
properties of the flow.

PrROOF OF THEOREM 3.7. Equivalently, we need to prove the following: let a
sequence u, € H' with

3.15 Uy, — , limsup ———5%— <0,
(3.15) il = Qe Tmsup
let

x , V@2
3.16 Vp = A u(Apx) with A, = —————,
(3:16) D) Vo
then there exist x,, € RY, v, € R such that:
(3.17) Vp(- +2,)e - Q in H' as n — 4oo.

Indeed, observe from (3.15) and (3.16) that
[onllz2 = 1@z, [[VonllLz = [VQl|z2, limsup E(v,) <0.

n—-+oo
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We now apply Proposition 1.6 to v,,. If vanishing occurs, then up to a subsequence,
we have for n large enough:

v 2
E(U',L) Z || EHLQ
which contradicts limsup,,_, ., E(v,) < 0. If dichotomy occurs, then there exist
wy, 2z, and 0 < a < 1 such that
lwillz = al|l@llrzs |lzkllrz — (1 — @)||@|2 and 0> 1]i€msup(E(wk) + E(z1)).
—+o00
But from the sharp Gagliardo-Nirenberg inequality (3.4) applied to wy and zg, this
implies
IVwgllzz + |[V2kllzz = 0 as k — +o0
and thus

ol ov g =0 a5 & = +oc,

and we are back to the vanishing case. Hence compactness occurs and
(- + x,) =V strongly in L2t [2

up to a subsequence. But then F(v) < 0 and ||V]|z2 = ||@||r2 imply from (3.4) and
Proposition 3.2 that V(z) = Q(x + zg)e?™. This in turns implies E(V) = 0 and
thus |Vu, (- + 2,)[32: — |[VQ|3. which impies (3.17). O

4. Dynamical construction of blow up solutions

We give in this section an overview on the known results on singularity forma-
tion in the mass critical case which go beyond the pure variational analysis of the
previous section and rely on an explicit construction of blow up solutions for data
near the ground state. This kind of question still attracts a considerable amount of
interest, and we shall not be able to give a complete overview of the existing litera-
ture in these notes. We shall only give some key results in connection in particular
with the question of the description of the flow near the ground state solitary wave
which is the first nonlinear object.

4.1. Minimal mass blow up. Initial data uy € H' with subcritical mass
luollz < [|@]|L2 generate global bounded solutions from Theorem 3.5. Moreo-
ever, there exists an explicit minimal mass blow up element S(¢) induced by the
pseudo conformal symmetry (3.8) and explicitly given by (3.9). The existence of the
minimal element plays a distinguished role in the Kenig Merle approach to global
existence [33]. An essential feature of (3.9) is that S(t) is compact up to the sym-
metries of the flow, meaning that all the mass is put into the singularity formation.
The basic intuition is that such a behavior is very special, and minimal elements
should be classified”. This was proved using the pseudo conformal symmetry in a
seminal work by Merle:

THEOREM 4.1 (Classification of the minimal mass blow up solution, [66]). Let
ug € H' with

[uollz2 = (1@l z2-

7This is a dispersive intuition which for example is completely false in the parabolic setting,
[5].
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Assume that the corresponding solution to (1.1) blows up in finite time 0 < T <
+00. Then

up to the symmetries.

Before giving the proof of Merle’s classification Theorem, let us say that the
question of the existence of minimal elements in various settings has been a long
standing open problem, mostly due to the fact that the existence of the minimal
element for NLS relies entirely on the exceptional pseudo conformal symmetry.
Merle in [67] considered the inhomogeneous problem

i0u + Au + k(z)ulu|? =0, 2 € R?

which breaks the full symmetry group, and obtains for non smooth k non existence
results of minimal elements. A contrario and more recently, a sharp criterion for
the existence and uniqueness of minimal solutions is derived in collaboration with
Szeftel in [101] which relies on a dynamical construction and new Lypapounov
rigidity functionals at the minimal mass level. A further extension to non local
dispersion can be found in [39] which shows that minimal mass blow up is in fact
the generic situation, and has little to do with the pseudo conformal symmetry, see
also [2] for an extension to curved backgrounds, and Theorem 4.6 for the case of
the critical (gKdV).

PROOF OF THEOREM 4.1. This is the first proof of classification of minimal
elements in the Schrodinger setting. We advise the reader to compare it with the
proof of the Liouville theorem in [33] and observe the deep unity of both argu-
ments. The original proof by Merle [66] has been further simplified by Banica [1]
and Hmidi, Keraani [27], and it is the proof we present now.

step 1 Compactness of the flow in H' up to scaling. Let u as in the hypothesis
of the Theorem with blow up time 0 < T < oo. Let

IVQ| L2
At) Val) s —0 as t = T.
Then N
o(t,) = \¥ (Du(t \(t)z + 2(1))
satisfies:

Vo)l = IVQllzz,  lim E(v) =0, [lo(t)l|z2 = [1Qllz2-

Arguing as for the proof of Theorem 3.7, we conclude from standard concentration
compactness techniques and the variational characterization of the ground state
that:

4.1 v(t, x4+ z(t)e”™® 5 Q in H' as t > T.
(4.1) ( (1))

step 2 A refined Cauchy-Schwarz for critical mass functions. For [|w| 2 <
|Q|lL2, the energy controls the kinetic energy from (3.4). This controls fails for
|lw]|zz = ||@Q]|z2 but can be retrieved in some weak sense. Indeed, Banica observed
the following: let a smooth real valued ¢ and w € H' with ||wHL2 = ||Q|| 2, then:

< VE@ V@ ( [ 190 |w|2)

(4.2) ‘/Im Vi - Vuw)
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Indeed, for any a > 0,
e 1> = QI+ and thus B(we™*) > 0

and the result follows by expanding in a.

step 3 L? compactness of u and control of the concentration point. We now
claim that u is L? compact: Ve > 0, 3R > 0 such that

(4.3) vel0n), [ jutoPd<e.

|| >R
Indeed, pick ¢ small enough, For R > 0, let xr(x) = x(%) where x is a smooth
radial cut off function with x(r) = 0 for r < 1, x(r) = 1 for r > 1. Then integrating

by parts in (1.1) and using (4.2), we get:
1d 2 21,12 :
LAy o < oVE@ ([ 19xall
C
< g VEolluollz2

where we used the conservation of energy and L? norm in the last step. Integrating
in time on [0, 7] and using T' < 400 yields (4.3).

Now observe that (4.1) and (4.3) automatically imply a localization of the concen-
tration point:

(4.4) Ve e [0,T), |z(t)| < C(up).

step 4 v € X. From (4.4) and up to a translation in space, we may consider a
sequence of times t,, — T such that

z(t,) — 0 € RV,

= ‘Im/VXR-VuE

From (4.1), (4.3):

(4.5) u(tn, )2 — (/ |Q|2) So as tn — T

This means that at time T, all the mass is at the origin. Even though there is no
finite speed of propagation for (NLS), the idea is to integrate backwards from the
singularity to conclude that this implies that there was not much mass initially at
infinity, that is

(4.6) up € ¥ = H' n{au} € L2

This step is very important and corresponds to a non trivial gain of reqularity for
the asymptotic object which is a direct consequence of its non dispersive behavior.
Let a smooth radial cut off function 1 (r) = r2 for r < 1, ¥(r) = 8 for r > 2 and
such that Vi[> < Cop. Let A > 0 and 14 (r) = A%(%), then:

(4.7) IVial® S g

Then integrating by parts in (1.1), we have using (4.2) and (4.7):
ld 2 | < 2012 :
% Yalul*| = |Im [ (Vs - Vuu)| SV Eo [Vipal*|ul

N

VEo (/ ¢A|U|2>%



SINGULARITY FORMATION FOR THE NONLINEAR SCHRODINGER EQUATION 293

or equivalently:

(4.8) SV Eo.

d
_ 2
oy /¢A|u\

Now observe from (4.5) that

/dJA\u(tn)F —0 as t, = T.

Integrating (4.8) on [t,t,] and letting ¢, — T', we thus get:

vt e 0, T), / balu(®)]? < C(Eo)(T —1).

Note that the right hand side of the above expression is independent of A. We may
thus let A — oo and conclude to an even more precise version of (4.6):

(4.9) Yt €10,7), u(t) €X with /|x|2|u(t,x)|2dx—>0 as t — T.

step 5 Pseudo-conformal transformation. The conclusion of the proof is pure
magic. It relies on the following completely general fact. Let u(t) be a solution to
(1.1) leaving on [0,T), then

N
2

ot ) = (Tiﬂy

is a solution to (1.1) with

tT Tx izl
U | =——, e HT+o)
T+t T+t

1
lollze = Julle and E(v) = > lim / 2 ut, ) [2da.
8 t—T

Applying this to u and using (4.9), this implies that
[ollze = [lullrz = [|Qllzz and E(v) = 0.

From Proposition 3.2, v = @ up to the symmetries of the flow, and this concludes
the proof of Theorem 4.1. O

4.2. Log log blow up. The only explicit blow up solution we have encoun-
tered so far is the minimal mass blow up bubble (3.9). This bubble is intrinsically
unstable because a mass subcritical perturbation leads to a globally defined so-
lution. The question of the description of stable blow up bubbles has attracted
a considerable attention which started in the 80’s with the development of sharp
numerical methods and the prediction of the ”log-log law” for NLS by Landman,
Papanicoalou, Sulem, Sulem [43].

To simplify the presentation, let us restrict our attention with mass just above
the minimal required for singularity formation
(4.10)
ug € Bor = {up € H' with [|Q||z2 < [luollz2 < |Qllr2 +*}, 0<a* < 1.

A general and fundamental open problem is to completely describe the flow for such
initial data which in some sense corresponds according to the scattering statement of
Theorem 3.5 to the first non linear zone. The generalized orbital stability statement
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of Theorem 3.7 ensures that under (4.10), if u blows up at 7' < +oo. then for ¢
close enough to T, the solution must admit a nonlinear decomposition

wltz) = T —2(t)) ine)
(4.11) (0 = 1@+ e
where
. 1
(4.12) le@llar <o(a®), AE) ~ INCIES

This decomposition implies that in any blow up regime, the ground state solitary
wave @ is a good approximation of the blow up profile, and this is the starting
point for a perturbative analysis. The sharp description of the blow up bubble now
relies on the extraction of the finite dimensional and possibly universal dynamic
for the evolution of the geometrical parameters (A(¢), z(t),y(¢)) which is coupled to
the infinite dimensional dispersive dynamic driving the small excess of mass (t).

REMARK 4.2. An illuminating computation is to reformulate (3.9) for the min-
imal blow up element in terms of (4.11):

O =t =(t.y) = Q) (

_ i b®)yl?
T

_Q,bwzny

All possible regimes of A(t) are not known, but some progress has been done
on the understanding of stable and threshold dynamics. The following Theorem
summarizes the series of results obtained in [71], [72], [73], [74], [75], [97]:

THEOREM 4.3 ([71], [72], [73], [74], [75], [97]). Let N < 5. There exists a
universal constant o* > 0 such that the following holds true. Let ug € Byr and
uw€ C([0,T),H"'), 0 < T < 400 be the corresponding solution to (1.1).

(i) Sharp L? concentration: Assume T < +oo, then there exist parameters
(A1), z(t),~(t)) € CH([0,T),R% x RN x R) and an asymptotic profile u* € L? such
that

1

(4.13) u(t) — L Q < ;(

and the blow up point is finite:
z(t) —» x(T) e RN as t —T.

x(t)
t)

> e s in L? as t— T,

(ii) Classification of the speed: Under (1), the solution is either in the log-log regime
log [Tog(T — 1)

(4.14) A(t) - — V21 as t =T
and then the asymptotic profile is not smooth:

(4.15) u* ¢ H' and u* ¢ LP for p>2,
or there holds the sharp lower bound

(4.16) A(t) S Cluo)(T — 1)

and the improved reqularity:

(4.17) u* € H.

(iii) Sufficient condition for log-log blow up: Assume Ey < 0, then the solution
blows un finite time T < 400 in the log log regime (4.14).
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(iv) H' stability of the log log blow up: More generally, the set of initial data in
Bo+ such that the corresponding solution to (1.1) blows up in finite time with the
log-log law (4.14) is open in H'.

Comments on the result:

1. The log log law. The log log law (4.14) of stable blow up was first proposed
in the pioneering formal and numerical work [43]. The first rigorous construction
of such a solution is due to Galina Perelman [95] in dimension N = 1. The proof
of Theorem 4.3 involves a mild coercivity property of the linearized operator close
to @, see the Spectral Property 5.6, which is proved in dimension N = 1 in [71]
and checked numerically in an elementary way in [18] for N < 5. Here we face the
difficulty that there is no explicit formula for the ground state in dimensions N > 2.

2. Upper bound on the blow up speed: There exists no upper bound of no type
on the blow up speed ||Vu(t)||L2 in the mass critical case, even for data ug € Bex
only. The lower bound (4.16) is sharp and saturated by the minimal blow up ele-
ment S(¢). The derivation of slower blow up, which through the pseudo conformal
symmetry is equivalent to the construction of infinite time grow up solutions, is
linked to the description of the flow near the ground state which is still incomplete
for (NLS). The intuition is led here by the recent classification results obtained for
the mass critical KdV problem which we present in section 4.5.

3. Quantization of the blow up mass: The strong convergence (4.13) gives a
complete description of the blow up bubble in the scaling invariance space and
implies in particular that the mass which is put into the singularity formation is
quantized

lu(t)]? — HQ||%26I:1(T) +u? as t =T, |u*]*e€L!

which shows the validity of the conjecture (*) for near minimal mass blow up
solutions. This kind of general asymptotic simplification theorem started in the
dispersive setting in the pioneering works by Martel and Merle [55] , and was
recently propagated to impressive classification result -without assumption of size
on the data- for energy critical wave equations [15]. Underlying the convergence
(4.13) is the asymptotic stability statement of the solitary wave as the universal
attractor of all blow up solutions which in the language (4.11) means

e(t,z) >0 as t =T in LE..

In fact, there are steps in the proof of Theorem 4.3 and the derivation of either
upper bounds or lower bounds on the blow up rate is intimately connected to the
question of dispersion for the excess of mass e(t, x).

4. Asymptotic profile: The regularity of the asymptotic profile u* sees the
change of regime because in the stable log log regime, the singular and regular
parts of the solution are very much coupled, while they are more separated in any
other regimes.

4.3. Threshold dynamics. We still consider small super critical mass initial
data ug € Bgy+. Theorem 4.3 describes the stable log log blow up. The explicit
minimal mass blow up given by (4.3) does not belong to this class and is unstable.
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Bourgain and Wang [8] observed however that S(t) can be stabilized on a finite
codimensional manifold, and they do so by integrating the flow backwards from
the singularity. The excess of mass in this regime corresponds to a flat and smooth
asymptotic profile. More precisely, let N = 1,2, fix the origin as the blow up point
and let a limiting profile u* € H! such that

di
(4.18) dxiu*(o) =0, 1<i<A, A>1,
then one can build a solution to (1.1) which blows up at t = 0 at © = 0 and satisfies:
(4.19) u(t) — S(t) = u* in H' as t10.

We refer to [40] for a further discussion on the manifold construction. Note that
this produces blow up solutions with super critical mass |ugl|rz > ||Q||z2z which
saturate the lower bound (4.16):

1
Vu(t ~
Vet ~ 7
Also for small L? perturbation of S(—1), the Bourgain Wang solution blows up
at t = 0 but is global and scatters as t — —oo, simply because S(t) scatters as

t — —o0, and scattering is an L? stable behavior®.

We proved in collaboration with Merle and Szeftel in [79] that these solutions
sit on the border between the two open sets of solutions which scatter to the left as
t — —oo and respectively are global to the right and scatter as ¢t — +o0, and blow
up in finite time in the log log regime.

THEOREM 4.4 (Strong instability of Bourgain Wang solutions, [79]). Let N =
1,2. Let u* be a smooth radially symmetric satisfying the degeneracy at blow up
point (4.18). Let ulyy, € C((—o0,0), H') be the corresponding Bourgain-Wang.
solution. Then there exists a continuous map

r:-1,1-x

such that the following holds true. Given n € [—1,1], let u,(t) be the solution to
(1.1) with data u,(—1) =T'(n), then:
e I'(0) = u%y (—1) de Vt < 0, up—o(t) = u%yy () is the Bourgain Wang
solution on (—o00,0) with blow up profile S(t) and regular part u*;
o Vi€ (0,1], uy € C(R,X) is global in time and scatters forward and back-
wards;
e Vn € [-1,0), uy € C((—00,T}),X) scatters to the left and blows up in
finite time T,y < 0 on the right in the log-log regime (4.14) with

(4.20) T, —0 as n—0.

Note that this theorem describes the flow near the Bourgain Wang solution
along one instability solution. A major open problem in the field is to describe the
flow near the ground state Q). Theorem 4.4 is a first step towards the description
of the flow near the Bourgain Wang solutions which itself is a very interesting open
problem.

8This is a simple consequence of Strichartz estimates and the L? critical Cauchy theory of
Cazenave-Weissler [13].
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4.4. Structural instability of the log-log law. Another model with fun-
damental physical relevance, [106], is the Zakharov system in dimensions N = 2, 3:

{ uy = —Au + nu

(4.21) Ln = An+ Aluf

for some fixed constant 0 < ¢y < +o00. In the limit ¢ — +00, we formally recover
(1.1). In dimension N = 2, this system displays a variational structure like (1.1),
even though the scaling symmetry is destroyed by the wave coupling. In particular,
a virial law in the spirit of (2.1) holds and yields finite time blow up for radial non
positive energy initial data, see Merle [69]. Moreover, a one parameter family of
blow up solutions has been constructed as a continuation of the exact S(t) solution
for (1.1), see Glangetas, Merle, [24]. These explicit solutions have blow up speed:
C(uo)
Tt
and appear to be stable from numerics, see Papanicolaou, Sulem, Sulem, Wang,
[94]. Now from Merle, [68], all finite time blow up solutions to (4.21) satisfy
C(uo)

IVu(t)lze > %2,
In particular, there will be no log-log blow up solutions for (4.21). This fact sug-
gests that in some sense, the Zakharov system provides a much more stable and
robust blow up dynamics than its asymptotic limit (NLS). This fact enlightens
the belief that the log-log law heavily relies on the specific algebraic structure of
(1.1), and some non linear degeneracy properties will indeed be at the heart of our
understanding of the blow up dynamics. Let us insist that the fine study of the
singularity formation for the Zakharov system is mostly open, and in some sense
it is the first towards the understanding of more physical and complicated systems
related to Maxwell’s equations.

IVu(t)|[ L2 ~

4.5. Classification of the flow near @: the case of the generalized
KdV. We present in this section the recent series of results [62], [61], [60] which
give a complete description of the flow near the ground for an L? critical problem:
the generalized KdV equation

5\
(4.22) (gKdV) { Ot (e +00)a =0y 1y cR xR,
Ujt=0 = U0
This problem admits the same L? norm and energy conservation laws like (NLS),
and the same mass critical scaling. The solitary wave is here a traveling wave
solution

u(t,z) = Qx —1t)

where @ is the one dimensional ground state

This model problem has been thoroughly studied by Martel and Merle in the pio-
neering breakthrough works [55], [56],[57],[58], [59]

as a toy model for which the pseudo conformal symmetry and the associated
virial algebra are lost. The long standing open problem of the existence of blow up
solutions was solved in [70], but the structure of the singularity formation was still
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only poorly understood. We give in the series of works [62], [61], [60] a complete
description of the flow near the ground state and expect that the obtained picture
is canonical.
More precisely, let the set of initial data
A= {uo = Q + o with ||eg]| g < oo and / y'0e? < 1},
y>0

and consider the L? tube around the family of solitary waves

1 =T
_ 1 . b 0 .
Tox = {u € H with A0>b{1£0€R |l ,\é Q < " ) L2 < « } .

We first claim the rigidity of the dynamics for data in A:

THEOREM 4.5 (Rigidity of the flow in A, [62]). Let 0 < o9 <€ a* < 1 and
up € A. Let uw € C([0,T), H') be the corresponding solution to (4.22). Then one of
the following three scenarios occurs:

(Blow up): the solution blows up in finite time 0 < T < +00 in the universal regime

L(ug) + o(1)
T—1t

(Soliton): the solution is global T = +o0o and converges asymptotically to a solitary
wave.

(Exit): the solution leaves the tube Tox at some time 0 < ti, < 400.

Moreover, the scenarios (Blow up) and (Exit) are stable by small perturbation of
the data in A.

(4.23) lu@)|lgr = as t— T, £(ug) > 0.

In other words, we obtain a complete classification of solutions with data in
A which remain close in the L? critical sense to the manifold of solitary waves.
It remains to understand the long time dynamics in the (Exit) regime. The first
step is the existence and uniqueness of a minimal blow up element which is the
generalization of the S(¢) dynamics for (NLS):

THEOREM 4.6 (Existence and uniqueness of the minimal mass blow up element,
61)).
(i) Existence. There ezists a solution S(t) € C((0,+00), H') to (4.22) with minimal
mass ||S(t)||r2 = ||Ql|r2 which blows up backward at the origin at the speed

~ 1
V3@ ~ 7 as tLo,

and is globally defined on the right in time.

(ii) Uniqueness. Let ug € H' with ||lug||z> = ||Q|lz> and assume that the corre-
sponding solution u(t) to (4.22) blows up in finite time. Then
u=.9

up to the symmetries of the flow.

In other words, we recover Merle’s result in the absence of pseudo conformal
symmetry, and the proof is here completely dynamical and deeply related to the
analysis of the inhomogeneous NLS model in [101]. We now claim that S is the
universal attractor of all solutions in the (Exit) regime.
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THEOREM 4.7 (Description of the (Exit) scenario, [61]). Let u(t) be a solution
of (4.22) corresponding to the (Exit) scenario in Theorem 4.6 and let t¥ > 1 be
the corresponding exit time. Then there exist T* = 7*(a*) (independent of u) and
(A5, k) such that

u? u

< 5](&0),

| tu e v +a) - 5 )|

L2
where dr(ag) = 0 as ag — 0.

In fact a solution at the (Exit) time acquires a specific profile with a large
defocusing spreading A}, > 1 -coherent with dispersion-. Understanding the flow
for u after the (Exit) is now equivalent to controlling the flow of S(t) for large
times. For (NLS), we can see on the formula (3.9) that S(¢) blows up at ¢t = 0 and
scatters as t — +o0o. For (gKdV), we know from Theorem 4.6 that S(t) is global as
t — 400, but scattering is not known. We however expect that this holds true, in
which case because scattering is open in L? thanks to the Kenig, Ponce, Vega L>
critical theory [34], we obtain the following:

COROLLARY 4.8. Assume that S(t) scatters as t — +o0o0. Then any solution in
the (Exit) scenario is global for positive time and scatters as t — 4o0.

It is important to notice that the above results rely on the explicit computation
of the solution in the various regimes, and not on algebraic virial type identities.
Indeed we introduce the nonlinear decomposition of the flow

u(t,a) = ——(Q+¢) (tx_—m(t))

A(t)2 At)
and show that to leading order, A(t) obeys the dynamical system

The three regimes (Exit), (Blow up), (Soliton) now correspond respectively to
A+(0) > 0, A+(0) < 0 and the threshold dynamic A:(0) = 0.

Our last result shows that the universality of the leading order ODE (4.24)
is valid under the decay assumption uy € A only, and indeed the tail of slowly
decaying data can interact with the solitary wave which for (KdV) is moving to the
right, and this may lead to new exotic singular regimes:

THEOREM 4.9 (Exotic blow up regimes, [60]).
i) Blow up in finite time: for any v > 1L there exists u € C((0,1], H') solution to

132
4.22) which blows up at t = 0 with speed
4.25) lue(t)||z2 ~t7 as t —07.

—~ Y~~~

ii) Blow up in infinite time: there ezists u € C([1,+00), H') solution of (4.22)
growing up at +oco with speed

(4.26) llug ()| g2 ~ €' as t — +oo.

For any v > 0, there exists u € C([1,4+00), H') solution of (4.22) blowing up at
oo with

(4.27) lugw(@)|lLz ~t¥ as t — 4o0.

Such solutions can be constructed arbitrarily close in H' to the ground state solitary
wave.
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Note that this implies in particular that blow up can be arbitrarily slow.

We expect that the (KdV) picture is fairly general, and Theorem 4.4 is a first
step towards a similar description for the mass critical NLS. Let also mention that
in super critical regimes and large dimensions, Nakanishi and Schlag have obtained
a related classification of the flow near the solitary wave which in particular involves
a complete description of the scattering zone and its boundary.

5. The log log upper bound on blow up rate

Our aim in this section is to present a self contained proof of the first result
contained in Theorem 4.3 for the mass critical problem and for small super critical
mass initial data.

THEOREM 5.1 ([71],[72]). Let N < 4. There exist universal constants o, C* >
0 such that the following holds true. Given ug € By~ with

N 2
1/1 v
(5.1) Fo(u) = Bu) — » (12U YN g
2 |ulz2
then the corresponding solution u(t) to (1.1) blows up in finite time 0 < T < 400
and there holds for t close to T':

(52) R

This theorem is the first fundamental improvement on the virial law: it not
only shows blow up in finite time of non positive energy solutions, it also gives
an upper bound on the blow up rate which in particular rules out the S(t) type of
dynamic. Moreover the steps of the proof are in some sense canonical for our study.

The heart of our analysis will be to exhibit as a consequence of dispersive prop-
erties of (1.1) close to Q strong rigidity constraints for the dynamics of non positive
energy solutions. These will in turn imply monotonicity properties, that is the ex-
istence of a Lyapounov function. The corresponding estimates will then allow us to
prove blow up in a dynamical way and the sharp upper bound on the blow up speed
will follow.

5.1. Existence of the geometrical decomposition. Let an initial data
ug € By with Eg(ug) < 0. First observe that up to a fixed Galilean transform, we
may equivalently assume

(5.3) E(up) <0 and Im/Vuu_oz 0.

Proposition 3.7 thus applies and implies for ¢ € [0,T") the existence of a geometrical
decomposition

1 xr — xo(t
u(t,z) = ——(Q + €0)(t, 0 ®)

A (1) ot
Let us observe that this geometrical decomposition is by no mean unique. Nev-
ertheless, one can freeze and regularize this decomposition by choosing a set of
orthogonality conditions on the excess of mass: this is the modulation argument

)e ™ leo]l g < 6(a).
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which will be examined later on. Let us so far assume that we have a smooth
decomposition of the solution: Vt € [0,T),

wltz) = — L 2= at)) i
(5.4) 0 = sg @+ o 55"
with o
A(t) ~ Ve and |le(t)||g: < d(a”) =0 as a* — 0.

To study the blow up dynamic is now equivalent to understanding the coupling
between the finite dimensional dynamic which governs the evolution of the geomet-
rical parameters (A(t),v(t),z(t)) and the infinite dimensional dispersive dynamic
which drives the excess of mass €(t).

To enlighten the main issues, let us rewrite (1.1) in the so-called rescaled vari-
ables. Let us introduce the rescaled time:

bodr
s(t):/o o

It is elementary to check that whatever is the blow up behavior of u(t), one always
has:

s([0,7)) = RT.
Let us set: _ N
v(s,y) = eTONE) Zu(t, A(t)x + z(t)).

For a given function f, we introduce the generator of L? scaling
N
A= 4y VS
then from direct computation, u(t, x) solves (1.1) on [0,T) iff v(s,y) solves: Vs > 0,
As T -
(5.5) ivs+Av—v+v|v|% ziTAv—l—z% - Vv + 7,0,

where 4 = —y — 5. Now v(s,y) = Q(y) + £(s,y) and we linearize (5.5) close to Q.
The obtained system has the form:

(5.6) ey 4 Le = i%AQ+%Q+i%-VQ+R(e),

R(e) formally quadratic in €, and L = (L4, L_) is the matrix linearized operator
closed to @ which has components:

4
L+:—A+1—(1+N)Q%, L_=-A+1-QW.

A standard approach is to think of equation (5.6) in the following way: it is essen-
tially a linear equation forced by terms depending on the law for the geometrical
parameters. The classical study of this kind of system relies on the understanding
of the dispersive properties of the propagator e’ of the linearized operator close to
Q. In particular, one needs to exhibit its spectral structure. This has been partially
done by Weinstein, [110], using the variational characterization of ). The result is
the following: L is a non self adjoint operator with a generalized eigenspace at zero.
The eigenmodes are explicit and generated by the symmetries of the problem:

Ly (AQ) = —2Q (scaling invariance), L4(VQ) =0 (translation invariance),
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L_(Q) =0 (phase invariance), L_(yQ)= —2VQ (Galilean invariance).

An additional relation is induced by the pseudo-conformal symmetry:

L*(|y|2Q) = _4AQ,
and this in turns implies the existence of an additional mode p solution to
Lyp=—lyl*Q.

These explicit directions induce “growing” solutions to the homogeneous linear
equation idse + Le = 0. More precisely, there exists a (2N+3) dimensional space
S spanned by the above directions such that H! = M @ S with |e*le|;n < C
for e € M and |e*le|g1 ~ s3 for e € S. As each symmetry is at the heart of a
growing direction, a first idea is to use the symmetries from modulation theory to a
priori ensure that € is orthogonal to S. Roughly speaking, the strategy to construct
blow up solutions is then: chose the parameters \,~,x so as to get good a priori
dispersive estimates on ¢ in order to build it from a fixed point scheme. Now the
fundamental problem is that one has (2N+2) symmetries, but (2N+3) bad modes
in the set S. Both constructions in [8] and [95] develop non trivial strategies to
overcome this intrinsic difficulty of the problem.

Our strategy will be more non linear. On the basis of the decomposition (5.4),
we will prove bounds on e induced by the virial structure (2.1). The proof will
rely on non linear degeneracies of the structure of (1.1) around Q. Using then
the Hamiltonian information Ey < 0, we will inject these estimates into the finite
dimensional dynamic which governs A(t) -which measures the size of the solution-
and prove rigidity properties of Lyapounov type. This will then allow us to prove
finite time blow up together with the control of the blow up speed.

5.2. Choice of the blow up profile. Before exhibiting the modulation the-
ory type of arguments, we present in this subsection a formal discussion regarding
explicit solutions of equation (5.5) which is inspired from a discussion in [106].
This corresponds to a finite dimensional reduction of the problem which actually
computes the leading order terms of the solution.

First, let us observe that the key geometrical parameter is A which measures
the size of the solution. Let us then set

As
_T_b

and look for solutions to a simpler version of (5.5):
. L (N 4
g + Av—v+1b Ev-f—y-Vv +v|v|¥ =0.

From the orbital stability property, we want solutions which remain close to @ in
H'. Let us look for solutions of the form v(s,y) = Qu(s)(y) where the mappings
b — Qp and the law for b(s) are the unknown. We think of b as remaining uniformly
small and Qp—o = Q. Injecting this ansatz into the equation, we get:

db [(0Q — — ) N_ _ .

i <6_bb> + AQy(s) — Qu(s) +1b(s) <5Qb(s) +y- VQb(s)) + Qb(s)|Qb(s)‘;\L] =0.



SINGULARITY FORMATION FOR THE NONLINEAR SCHRODINGER EQUATION 303

b(s) 2—
et Qy(s) and solve:

To handle the linear group, we let ﬁb(s) =el
lyl?

.db [(OPy — — db 4 — = 5 4
Z% (—8b > +APb(s) — Py + <£ +0b (S)) TPZ,(S) +Pb(s)|Pb(s)| v =0.
A remarkable fact related to the specific algebraic structure of (1.1) around @ is
that (5.7) admits three solutions:

e The first one is (b(s),ﬁb(s)) = (0,Q), that is the ground state itself. This
is just a consequence of the scaling invariance.

e The second one is (b(s), Pys)) = (£,Q). This non trivial solution is a
rewriting of the explicit critical mass blow up solution S(¢) and is induced
by the pseudo-conformal symmetry.

e The third one is given by (b(s), Py(s)) = (b, Pp) for some fixed non zero

(5.7)

constant b and P}, satisfies:

5.9 AP, =P+ Ly, + PPl =0,
This corresponds to self similar profiles. Indeed, recall that b = —%, SO
if b is frozen, we have from % = %:
b= 7);\5 = =2\ de A(t) = /2b(T —t),

this is the scaling law for the blow up speed.
Now a crucial point again is -[103]- that the solutions to (5.8) never belong to
L? from a logarithmic divergence at infinity:

C(P)

|Po(y)| ~ —== as |y| = +oo.
ly| =

This behavior is a consequence of the oscillations induced by the linear group af-
ter the turning point |y| > ‘%'. Nevertheless, in the ball |y| < %, the operator

2 2
—A+1- % is coercive, and no oscillations will take place in this zone.

Because we track a log-log correction to the self similar law as an upper bound
on the blow up speed, the profiles Q, = e‘i%‘y|2ﬁb with Py solving (5.8) are natural
candidates as refinements of the @) profile in the geometrical decomposition (4.11).
Nevertheless, as they are not in L?, we need to build a smooth localized version
avoiding the non L? tail, what according to the above discussion is doable in the
coercive zone |y| < %.

PROPOSITION 5.2 (Localized self similar profiles). There exist universal con-
stants C > 0, n* > 0 such that the following holds true. For all 0 < n < n*,
there exist constants v*(n) > 0, b*(n) > 0 going to zero as n — 0 such that for all

|b| < b*(n), let
2 _
Rb:m\/l— 5 Rb Z\/l—’an,

Bgr, ={y € RN, |y| < Ry}. Then there erists a unique radial solution Qy to
AQy — Qv +ib (XQy +y-VQu) + Qu|Qu|¥ =0,

blyl?

Pb:Qbei - >0 1in BR;,a
@5(0) € (Q0) —v*(n),Q(0) +v*(n)), Qu(Rs) =0.
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Moreover, let a smooth radially symmetric cut-off function ¢p(x) =0 for |x| > Ry
and ¢p(x) =1 for |x| < R, , 0 < ¢p(x) < 1 and set

Qu(r) = Qu(r)eu(r),
then
Qy = Q as b—0

in some very strong sense, and Qp satisfies

(5.9) AQy — Qy +ib(Qp)1 + Qu| Qo ¥ =~
with

_c

Supp(¥) C {Ry <yl < Re} and [Wyler < e .

FEventually, Qb has supercritical mass:
(5.10) /\Qb\Q = /Q2 + cob® +0(b*) as b— 0
for some universal constant cy > 0.

The meaning of this proposition is that one can build localized profiles Qb on
the ball Br, which are a smooth function of b and approximate () in a very strong
sense as b — 0, and these profiles satisfy the self similar equation up to an ex-
ponentially small term W, supported around the turning point %. The proof of
this Proposition uses standard variational tools in the setting of non linear elliptic
problems. In fact, the implicit function theorem would do the job as well, see [95].

Now one can think of making a formal expansion of @, in terms of b, and the
first term is non zero:

0Qs

_ by
ob p=0 4|y| @
However, the energy of Q, is degenerated in b at all orders:
(5.11) [E(Q)] < e 17,

for some universal constant C' > 0.

The ezistence of a one parameter family of profiles satisfying the self similar
equation up to an exponentially small term and having an exponentially small energy
is an algebraic property of the structure of (1.1) around Q which is at the heart of
the existence of the log-log regime.

5.3. Modulation theory. We are now in position to exhibit the sharp de-
composition needed for the proof of the log-log upper bound. From Theorem 3.7
and the proximity of Qp to @ in H', the solution u(t) to (1.1) is for all time close
to the four dimensional manifold

M= {"\>Qu(\y+1z), (A 7y,2,b) € R* xR x RN x R}.

We now sharpen the decomposition according to the following Lemma. In the
sequel, we let
€ =2¢€1 +1ieg

be the real and imaginary parts decomposition.
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LEMMA 5.3 (Non linear modulation of the solution close to M). There exist
C! functions of time (\,7,z,b) : [0,T) — (0,4+00) x R x RN x R such that:

(5.12) vt e [0,7), elt,y) =T ONF (Wu(t, \b)y + 2(t) — Qo (y)

satisfies:

(i)

(5.13) (e1(t), AZyry) + (e2(t), ABy(ry) = 0,

(5.14) (e1(t),y2u(r)) + (22(),¥Our)) = 0,

(5.15) — (e1(8), A?O)) + (2(1), A*Sp)) = 0,

(5.16) = (e1(1), AOyp)) + (e2(t), AXp(r)) = 0,

where € = €1 + i€g, Qb = X + 10y in terms of real and imaginary parts;

(ii) 11— A(t)%ﬁl + le(®) ||z + |b(t)] < 6(a™) with §(a*) =0 as a* — 0.
L2

Let us insist onto the fact that the reason for this precise choice of orthogonality
conditions is a fundamental issue which will be addressed in the next section.

Proor oF LEMMA 5.3. This Lemma follows the standard frame of modulation
theory and is obtained from Theorem 3.7 using the implicit function theorem. From
Theorem 3.7, there exist parameters 7o(t) € R and zg(t) € RY such that with

Vel
M(t) = rwuinfe

N
2

Ve [0,T), |Q—eDNg(t)=u(No(t)x + zo(t)) < 8@

with 6(a*) — 0 as a® — 0. Now we sharpen this decomposition using the
fact that Q, — @ in H' as b — 0, i.e. we chose (A(t),7v(t),z(t),b(t)) close to
(Mo(t),v0(t), zo(t),0) such that

(t,y) = €M ON2 (1)t Aty + 2(8)) — Qo (v)
is small in H! and satisfies suitable orthogonality conditions (5.13), (5.14), (5.15)
and (5.16).The existence of such a decomposition is a consequence of the implicit

function Theorem. For 6 > 0, let Vs = {v € H(C); |v— Q|g: < 6}, and for
veE HYC), \y >0, €R, 1 € RV, b € R small, define

. N -
(517) 5)\1,71,x1,b(y) =M )‘12 U(/\ly + xl) - Q.

We claim that there exists § > 0 and a unique C' map : V5 = (1 — A, 1+ X) x
(—7,7) x B(0,%) x (—b,b) such that if v € V5, there is a unique (A1, y1,21,b) such
that ex, 1,210 = (Exyy1,21,6)1 F 4(Exy y1,21,0)2 defined as in (5.17) satisfies

P (0) = ((Ex 7 6)1 AB) + (0 21 b)2, AOB) = 0,
P*(0) = ((Exsmmw10)1,45) + ((Exs1.01.0)2,¥O8) = 0,
P> (V) = = ((Exsr1,21,0)1, A%08) + ((Exy yr,00,6)2: A*Sp) =0,
p4(U) = ((ex171,01,0)1, AOp) — ((€A17"/151’17b)27AZb) =0.
Moreover, there exists a constant C; > 0 such that if v € V5, then [ex, 4, o, a1 +

At — 1|+ 71| + |z1] + |b] < C16. Indeed, we view the above functionals pt, p?, p3, p*
as functions of (A1, v1, 21,b,v). We first compute at (A1,71,21,b,v) = (1,0,0,0,v):
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86)\1,’71,121,1) _ 65)\1,’717117b _ N
02, = Vo, o, =3 v+ x- Vo,
eximab _ i exi b _ <3Qb>
871 b ab b=0
Now recall that (Qb)\b:o =@ and (88;%) o = —i%@. Therefore, we obtain
at the point (A, v1,21,b,v) = (1,0,0,0,Q),

apl (9[)1 apl (9[)1

F_AQ2 =0 -0 X =0

a)\l | Q|2v (9’71 i (9371 ) 8b )

op? op? op? 1 0p?

L:O7 i:()’ i:__|Q|§7LZO7

o\ on Ox1 2 b

op? op? ap° ap®

=0, —=—|AQ]3, = =0,%-=0

a)\l ) 871 | Q|2? 8961 ) 6() )

op* op* op* op*

e _yg, Py 2P Oi:—| Q2.

O\ (9’}/1 0z
The Jacobian of the above functional is non zero, thus the implicit function

Theorem applies and conclusion follows. O

Let us now write down the equation satisfied by ¢ in rescaled variables. To
simplify notations, we note

Qb =Y+06
in terms of real and imaginary parts. We have: Vs € Ry, Vy € RV,
[y As N s
(5.18) b, + Oer = M_(e) +bhey = (7 + b) AY +7,0 + % VY
(2 ) Ao A+ By
\ €1 T Vs€2 \ €1
+ Im(¥)— Ry(e)
00 As - s
(5.19) bS% + 0se2 + My (e) + bAey = (T + b) ANO — 7, X + % -Vo
(2 p) Ay A+ Y
b\ €2 — Vs€1 b\ €2
—  Re(¥)+ Ry(e),
with §(s) = —s — 7(s). The linear operator close to @ is now a deformation of the

linear operator L close to Q and is M = (M, M_) with
42 ~ 4 4¥0 4
Mye) = -Ber e = (1) @l e - (asl0t ) e

N|Qyl? N|Qy/?
4072 ~ 4 430
M_(g) = —Aey + &9 — <NQb|2 + 1) |Qp| ¥ ea — <N|Q |2|Qb|N)

The formally quadratic in € interaction terms are:

~ 4 ~ 4 2 ~ 4
Ri(e) = (2145 e+ Oul ¥ — 3Gy — (% + 1) |Qb|Nsl—<
b

430

N|Q ‘2 Qb|> €2,
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~ 4 ~ 4 2 ~ 4
Rafe) = (ca+ )|+ Qo ¥ ~ 14| - (% 1)@l a-( Vol e

Two natural estimates may now be performed:

e First, we may rewrite the conservation laws in the rescaled variables and
linearize the obtained identities close to (). This will give crucial degen-
eracy estimates on some specific order one in ¢ scalar products.

e Next, we may inject the orthogonality conditions of Lemma 5.3 into the
equations (5.18), (5.19). This will compute the geometrical parameters in
their differential form %, Vs, 55, bs in terms of e: these are the so called
modulation equations. This step requires estimating the non linear inter-
action terms. A crucial point here is to use the fact that the ground state
Q@ is exponentially decreasing in space.

The outcome is the following:

LEMMA 5.4 (First estimates on the decomposition). We have for all s > 0:
(i) Estimates induced by the conservation of the energy and the momentum:

(5.20) (61, Q)| < 6(a </|vg|2 /\5|2 —|y) +e T 4 ONE),

(5.21) |(e2, VQ)| S 6(a”) </|V€|2+/|€26'y>%

(ii) Estimate on the geometrical parameters in differential form:

1
s B w\? o e
(5.22) ’7+b‘+bs+|% < (/VE|2+/|E|26 y') e,

([ 19eR+ [lepen) e

REMARK 5.5. The exponentially small term in the degeneracy estimate (5.20)
is in fact related to the value of E(Qyp), so we use here in a fundamental way the
non linear degeneracy estimate (5.11).

(5.23)

where 6(a*) = 0 as a* — 0.

Comments on Lemma 5.4:

1. H' norm: The norm which appears in the estimates of Lemma 5.4 is es-
sentially a local norm in space. The conservation of the energy indeed relates the
f |Ve|? norm with the local norm. These two norms will turn out to play an equiv-
alent role in the analysis. A key is that no global L? norm is needed so far.

2. Degeneracy of the translation shift: Comparing estimates (5.22) and (5.23),
we see that the term induced by translation invariance is smaller than the ones
induced by scaling and phase invariances. This non trivial fact is an outcome of
our use of the Galilean transform to ensure the zero momentum condition (5.3).
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5.4. The virial type dispersive estimate. We now turn to the proof of
the dispersive virial type inequality at the heart of the proof of the log-log upper
bound. This information will be obtained as a consequence of the virial structure
of (1.1) in X.

Let us first recall that the virial identity (2.1) corresponds to two identities:

(5.24) dt2/|x| lul? = 4— Im/ - Vi) = 16 Ey.

We want to understand what information can be extracted from this dispersive
information in the variables of the geometrical decomposition.

To clarify the claim, let us consider an e solution to the linear homogeneous
equation

(5.25) i0ye + Le = 0

where L = (L4, L_) is the linearized operator close to ). A dispersive information
on € may be extracted using a similar virial law like (2.1):

(5.26) l%Jm(/y VeR) = Hi,e),

where H (e, e) = (L1e1,€1) + (Lag2,€2) is a Schrodinger type quadratic form decou-
pled in the real and imaginary parts with explicit Schrédinger operators:

A 2 (A oby,. - -1,
L= A+N<N )Q y-VQ , Lo=—A+ Q y-VQ.

Note that both these operators are of the form —A + V' for some smooth well local-
ized time independent potential V (y), and thus from standard spectral theory, they
both have a finite number of negative eigenvalues, and then continuous spectrum
on [0, +0oc). A simple outcome is then that given an e € H! which is orthogonal to
all the bound states of L1, Lo, then H (e, ¢) is coercive, that is

He,e) > b </|V5|2 /\€|2 —|y)

for some universal constant dg > 0. Now assume that for some reason -it will be in
our case a consequence of modulation theory and the conservation laws-, ¢ is indeed
for all times orthogonal to the bound states -and resonances...-, then injecting the
coercive control of H(g, ) into (5.26) yields:

(5.27) _ijm(/y Vez) > 6 </|V5|2 /\€|2 |y)

Integrating this in time yields a standard dispersive information: a space time norm
is controlled by a norm in space.

We want to apply this strategy to the full £ equation. There are two main
obstructions.

First, it is not reasonable to assume that € is orthogonal to the exact bound
states of H. In particular, due to the right hand side in the € equation, other second
order terms will appear which will need be controlled. We thus have to exhibit a set
of orthogonality conditions which ensures both the coercivity of the quadratic form
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H and the control of these other second order interactions. Note that the number
of orthogonality conditions we can ensure on ¢ is the number of symmetries plus the
one from b. A first key is the following Spectral Property which has been proved
in dimension N = 1 in [71] using the explicit value of @} and checked numerically
for N = 2,3,4.

PROPOSITION 5.6 (Spectral Property). Let N = 1,2,3,4. There exists a uni-
versal constant g > 0 such that Ve = 1 + ieo € HY,

H(ee) > 6 (/ vep + | |€26_'y>—%{(El,Q)QJr(El,AQ)2+(€1,yQ)2
(5.28) 4+ (c2,AQ) + (£2,A%Q)* + (2, VQ)?} .

To prove this property amounts first counting exactly the number of negative
eigenvalues of each Schrodinger operator, and then prove that the specific chosen
set of orthogonality conditions, which is not exactly the set of the bound states, is
enough to ensure the coercivity of the quadratic form. Both these issues appear to
be non trivial when @ is not explicit, but obvious to check numerically through the
drawing of a small number (less than 10) explicit curves.

Then, the second major obstruction is the fact that the right hand side I'm( f Y-
Veg) in (5.27) is an unbounded function of € in H'. This is a priori a major ob-
struction to the strategy, but an additional non linear algebra inherited from the
virial law (2.1) rules out this difficulty.

The formal computation is as follows. Given a function f € X, we let ®(f)
5.24)

Im([y-Vff). According to (5.26), we want to compute d—dSq)(E). Now from (
and the conservation of the energy:

Vt € [0,T), ®(u(t)) = 4Eot + co

for some constant c¢g. The key observation is that the quantity ®(u) is scaling,
phase and also translation invariant from zero momentum assumption (5.3). Using
(5.12), we get:

Vt € 0,T), ®(c+Qp) =4Ept + co.

We now expand this according to:
D(e + Qp) = ©(Qp) — 2(52, AT) + 2(1, AO) + &(e).
A simple algebra yields:

B(@) =~ lyQul§ ~ ~Cb

for some universal constant C' > 0. Next, from the choice of orthogonality condition
(5.16),
(e2,AY) — (e1,A0) = 0.

We thus get using % = \Z

(®(2)), ~ 4\*Eq + Cbs.

In other words, to compute the a priori unbounded quantity (®(e)), for the full non
linear equation is from the virial law equivalent to computing the time derivative
of by, what of course makes now perfectly sense in H?.
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The virial dispersive structure on u(t) in X thus induces a dispersive structure

in L. N H' on e(s) for the full non linear equation.

The key dispersive virial estimate is now the following.

PROPOSITION 5.7 (Local viriel estimate in €). There exist universal constants
6o >0, C > 0 such that for all s > 0, there holds:

(5.29) bs > 8o (/ Vel + / |€|26|y) —M\2Ey— e .

PROOF OF PROPOSITION 5.7. Using the heuristics, we can compute in a suit-
able way b, using the orthogonality condition (5.16). The computation -see Lemma
5 in [72]- yields:

1 s
(5.30) 11vQI3b. = Hie,2) +2)%|Eo| — 5 - {(e2, VAT) — (1, VAO)}

_ <% + b) {(62,1\22) - (617A2@)} — s {(e1,AX) + (£2,AO)}
— (1, ReA)) — (g3, Im(AD)) + (L.o.t),

where the lower order terms may be estimated from the smallness of € in H':

Lot < d(a (/V6|2 /\5|2 ly)

We now explain how the choice of orthogonality conditions and the conservation
laws allow us to deduce (5.29).

step 1 Modulation theory for phase and scaling. The choice of orthogonality
conditions (5.15), (5.13) has been made to cancel the two second order in e scalar
products in (5.30):

(AY +b) {(2,A°8) = (e1,4°0) } + s {(e1,AT) + (2, A0)} = 0.

step 2 Elliptic estimate on the quadratic form H. We now need to control
the negative directions in the quadratic form as given by Proposition 5.6. The
directions (g1, AQ), (g1, yQ), (g2, A’Q) and (e2, AQ) are treated thanks to the choice
of orthogonality conditions and the closeness of Q, to Q for |b| small. For example,
(62, AQ)2 | {(EQ,AQ - AE) + (El,A@)} + (EQ,AZ) - (81, A®)|2
= |(e2,AQ — AX) + (g1, AO)|?

(2,AQ)° /|V5|2 /|5\2 —luly,

Similarly, we have:

(5:31) (21, 5Q)% + (22, A2Q)? + (1, AQ)? / Vel? + / le[2e 1),

so that

The negative direction (g1, Q)? is treated from the conservation of the energy which
implied (5.20). The direction (g2, VQ) is treated from the zero momentum condition
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which ensured (5.21). Putting this together yields:

<

(e1,Q)* + (62, VQ)* < 6(a*) (/Vsl2+/5l26|y +)\2|EO|) +e T,

step 3 Modulation theory for translation and use of Galilean invariance. The
Galilean invariance has been used to ensure the zero momentum condition (5.3)
which in turn led together with the choice of orthogonality condition (5.14) to the
degeneracy estimate (5.23):

<
b

|%| < 5(04*)(/ |Vel? + / le[2e= W3 4™
Therefore, we estimate the term induced by translation invariance in (5.30) as

T el

T (e, VAS) - (sl,VA(a)}’ < 6(a) </|v5|2 +/e|2ely) +e T,

step 4 Conclusion. Injecting these estimates into the elliptic estimate (5.28)
yields so far:

_c 1
bs > &y (/ |Vel? + / s|2e—|y) —2N2Ey — e T — 5—()\2E0)2.
0
We now use in a crucial way the sign of the energy Ey < 0 and the smallness
A?|Eg| < 6(a*) which is a consequence of the conservation of the energy to conclude.
(]

5.5. Monotonicity and control of the blow up speed. The virial disper-
sive estimate (5.29) means a control of the excess of mass ¢ by an exponentially
small correction in b in time averaging sense. More specifically, this means that
in rescaled variables, the solution writes Qp + ¢ where Qb is the regular deforma-
tion of @ and the rest is in a suitable norm exponentially small in b. This is thus
an expansion of the solution with respect to an internal parameter in the problem: b.

This virial control is the first dispersive estimate for the infinite dimensional
dynamic driving €. Observe that it means little by itself if nothing is known about
b(t). We shall now inject this information into the finite dimensional dynamic driv-
ing the geometrical parameters. The outcome will be a rigidity property for the
parameter b(t) which will in turn imply the existence of a Lyapounov functional in
the problem. This step will again heavily rely on the conservation of the energy.

We start with exhibiting the rigidity property which proof is a maximum prin-
ciple type of argument.

PROPOSITION 5.8 (Rigidity property for b). b(s) vanishes at most once on R..

Note that the existence of a quantity with prescribed sign in the description
of the dynamic is unexpected. Indeed, b is no more then the projection of some a
priori highly oscillatory function onto a prescribed direction. It is a very specific
feature of the blow up dynamic that this projection has a fixed sign.
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PROOF OF PROPOSITION 5.8. Assume that there exists some time s; > 0 such
that b(s1) = 0 and bs(s1) < 0, then from (5.29), (s1) = 0. Thus from the conserva-
tion of the L? norm and Qb(sl) = @, we conclude [ lug|? = fQ2 what contradicts
the strictly negative energy assumption. |

The next step is to get the exact sign of b. This is done by injecting the
virial dispersive information (5.29) into the modulation equation for the scaling
parameter what will yield

As
.32 —— ~b.
(532) -

The key rigidity property is the following;:
PROPOSITION 5.9 (Rigidity of the flow). There exists a time sg > 0 such that
Vs > sg, b(s)>0.

Moreover, the size of the solution is in this regime an almost Lyapounov functional
in the sense that:

(533) VSQ Z S1 Z S0, /\(52) S 2)\(81).

PROOF OF PROPOSITION 5.9. step 1 Equation for the scaling parameter. The
modulation equation for the scaling parameter A inherited from choice of orthogo-
nality condition (5.13) implied control (5.22):

1
As u\? L —e
‘7+b‘§ (/|V€2+/|5|2e y') +e T,

which implies (5.32) in a weak sense. Nevertheless, this estimate is not good enough
to possibly use the virial estimate (5.29). We claim using extra degeneracies of the
equation that (5.22) can be improved for:

5.34 As ) < Vel2+ [ |e]2e W) + e T

step 2 Use of the virial dispersive relation and the rigidity property. We now
inject the virial dispersive relation (5.29) into (5.34) to get:

_c

As
7‘+b‘§bs+e .

We integrate this inequality in time to get: V0 < s1 < s9,

A(s2) /32 1 /32 __c_
1 b(s)ds| < ~ T ds.
°g<A<sl>)+ M R

s1
The key is now to use the rigidity property of Proposition 5.8 to ensure that b(s)
has a fized sign for s > 3o, and thus: Vs > 3,

S —

So 1 S2
/ e TN ds 5 / b(s)ds| .
S1 S1

step 3 b is positive for s large enough. Assume that ‘f0+oo b(s)ds‘ < 400,

then b has a fixed sign for s > 3y and |bs| < C, and thus: b(s) — 0 as s — +o0.
Now from (5.35) and (5.36), this implies that |log(A(s))| < C as s = +oo, and in

(5.35)

(5.36)
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particular A(s) > Ag > 0 for s large enough. Injecting this into virial control (5.29)
for s large enough yields:

1
Integrating this on large time intervals contradicts the uniform boundedness of
Here we have used again the assumption Ey < 0. We thus have proved:
’ ds’ = +00.
Now assume that b(s) < 0 for all s > §1, then from (5.35) and (5.36) again, we
conclude that log(A(s)) — 400 as s — +00. Now from A(t) ~ W, this yields
L

IVu(t)||zz — 0 as ¢ — T. But from Gagliardo-Nirenberg inequality and the con-
servation of the energy and the L? mass, this implies Fy = 0, contradicting again
the assumption Fy < 0.

step 4 Almost monotonicity of the norm. We now are in position to prove

(5.33). Indeed, injecting the sign of b into (5.35) and (5.36) yields in particular:
Vsg < 51 < 59,

(5.37) i+%/:b(s)dsg—1og<ig ) —+2/ b(s

and thus:
A 1
Vsg < 81 < 89, —10g< (82)> >~

)\(81) — 4’
what yields (5.33). This concludes the proof of Proposition 5.9.

Note that from the above proof, we have obtained f0+oo b(s)ds = +o0, and thus
from (5.37):

(5.38) A(s) =0 as s — oo,

that is finite or infinite time blow up. On the contrary to the virial arqument, the
blow up proof is no longer obstructive but completely dynamical, and relies mostly
on the rigidity property of Proposition 5.8. (]

Let us now conclude the proof of Theorem 5.1. We need to prove finite time
blow up together with the log-log upper bound (5.2) on blow up rate.

PrROOF OF THEOREM 5.1. step 1 Lower bound on b(s). We claim: there exist
some universal constant C' > 0 and some time s; > 0 such that Vs > s1,

1
(5:39) OV) 2 o Tog )
Indeed, first recall (5.29). Now that we know the sign of b(s) for s > sy from
Proposition 5.9, and we may thus view (5.29) as a differential inequality for b for
S > So:
2—b2e_% ie — 22 5 <1.
We integrate this inequality from the non vanishing property of b and get for s > §;
large enough:

1
log(s)

(5.40) 7 < § 4 5D <Ssoie b(s) 2
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We now recall (5.37) on the time interval [y, s]:

IAE —1og<;(§1)>) +5 ~208(0(0)

$1

for s > §5 large enough from A(s) — 0 as s — +o00. Inject (5.40) into the above
inequality, we get for s > 53

s 5o dr 1 [* . s
log(s) ~ / log(r) = 1 / b< —log(A(s)) ie |log(A(9))| Z ;

and thus for s large

tog | 0(A(3))| > loa(s) ~ los(los(s)) > 7 los(s)

and conclusion follows from (5.40). This concludes the proof of (5.39).

step 2 Finite time blow up and control of the blow up speed. We first use
the finite or infinite time blow up result (5.38) to consider a sequence of times
tn, — T € [0, +00] defined for n large such that

AMtn) =27
Let s, = s(t,) the corresponding sequence and ¢ such that s(f) = so given by
Proposition 5.9. Note that we may assume n > 7 such that ¢, > 7. Remark that

0 < tp < tpy1 from (5.33), and so 0 < s, < Sp4+1. Moreover, there holds from
(5.33)

(5.41) Vs € [Sp, Snp1), 27" < A(s) <27 (7D,
We now claim that (5.2) follows from a control from above of the size of the intervals

[tn, tny1] for n > 7.
Let n > 7. (5.39) implies

/ T ds o / TRy
— = 5 s)ds.
s, logllog(A(s))] ™ Js

(5.37) with s; = s, and sy = 8,11 yields:

1

Sn+1 1 9
3/ b < Gl o

/\(SnJrl)
/\(Sn)

)< 1.

Therefore,
Sn41 ds
vz [ S
s log|log(A(s))|
Now we change variables in the integral at the left of the above inequality according
to 28 = le(s) and estimate with (5.41):

1> /+ ds _ /tnﬂ dt
~Js,  logllog(A(s))|  Ji,  A%(t)log|log(A(D))]

n

1 tn+1
> dt
~ 10A2(t,,) log [log(A(tn))| /tn
so that
b1 = tn S A (tn) log [log(A(tn))]-
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From A(t,) = 27" and summing the above inequality in n, we first get

T < +o00
and
T—t, S > 2%logk)= > 27log(k)+ > 27*log(k)
k>n n<k<2n k>2n
_ _ _oplog(2n + k)
< 272 274" og(2 p e =b A

S 27 log(n) + 27" log(n) < 272" log(n) S A%(t,) log | log(A(t,))].
From the monotonicity of A (5.33), we extend the above control to the whole se-

quence t > t. Let ¢ > ¢, then ¢ € [t,,t,,1] for some n > 7, and from %)\(tn) <
A(t) < 2\(t,), we conclude

A2(t) log | log(A(t))| 2 A*(tn) log | log(A(tn))| 2 T — tn 2 T —t.

Now remark that the function f(z) = 22log|log(z)| is non decreasing in a neigh-
borhood at the right of x = 0, and moreover

c | T—t
f (5 10g|10g(T—t)|>

o (T-v)

=———* 1
4 log |log(T —t)| o8

<C(T-1)

T—1t
log (C log | log(T — t)|>

for ¢ close enough to T, so that we get for some universal constant C*:

. T —t : . T-t¢
f()\(t))zf((] m) i A(t) 2 Oy [ o =]

and (5.2) is proved.

Appendix

This Appendix is devoted to the proof of the concentration compactness Lemma,
i.e. Proposition 1.6. We follow Cazenave [11].

PROOF OF PROPOSITION 1.6. . Let u,, € H' be as in the hypothesis of Propo-
sition 1.6.

step 1 Concentration function. Let the sequence of concentration functions:
pn(R) = sup / [, (2)|*d.
yERN J B(y,R)
The following facts are elementary and left to the reader:

e Monotonicity: ¥n > 0, p,(R) is a nondecreasing function of R.
e The concentration point is attained:

VR >0, Vn>0, Jy,(R) € RY such that p,(R)= / [y, (2) | da.
B(yn(R),R)
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e Uniform Hoélder continuity: 3C, « > 0 independent of n such that
(5.42) VRi,Ry >0, ¥Yn >0, |pn(R1) — pn(R2)| < C|RY — RY°.
This last fact is a simple consequence of the H bound (1.13).

step 2 Limit of concentration functions. From (5.42) and Ascoli’s theorem,
there exists a subsequence n; — +o00 and a nondecreasing limit p such that

(5.43) VR>0, lLm pn, (R)=p(R).
k— o0

Let now
pw=lim liminf p,(R).

R—400 n—+00

By definition, there exists Ry — 400 such that
li Ry) = p.
L pn, (Ri) = p

We now claim some stability of the sequence Ry which is a very general and simple
fact but crucial for the rest of the argument:

: . Ry, .
(5.44) p= i pn, (Be) = lim pn (7)) = lm p(R).
Proof of (5.44): First oberve from the monotonicity of p,, that
R
(5.45) lim sup pnk(—k) < limsup pp, (Ry) = p.
k—+o00 2 k—4oc0

For the other sense, we argue as follows. For every R > 0, there holds:
T > Timi
p(R) = lim inf p, (R) 2 lim inf p,,(R)
and thus:

. i > p
(5.46) Rim p(R) > p

Eventually, for any R > 0, we have % > R for k large enough and thus:

Ry,
Letting k — +oo implies:
. Ry,
VR>0, lim pn,(5) 2 p(R)
Letting now R > 0 yields:
. Ry .
—) > >
kEToopnk( 2 )2 R1—1>IEOOP(R) =H

where we used (5.46) in the last step. This together with (5.45) concludes the proof
of (5.44).
The proof now proceed by making an hypothesis on p.

Step 3: = 01is vanishing. Assume p = 0. Then from (5.44), limp_, 40 p(R) =
0. But p is nondecreasing positive so: VR > 0, p(R) = 0. In particular, p(1) =0
and thus

5.47 lim p,, (1) = i > = 0.
(5.47) L pn, (1) i sup /B(y,1) [tm, |
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We claim that this together with the H! bound on w,, implies (1.15). There is
a slight difficulty here which is that we need to pass from a local information -
vanishing on every ball- to a global information -vanishing of the global L¢ norm-.
This relies on a refinement of the Gagliardo Nirenberg interpolation inequality.
Indeed, we claim that

4
(5.48) Vu e HY, / PR Sl lul &

can be refined for:

(5.49) vue B [P S fulle s [P
B(y,1)

yERN

2
N

This together with (5.47) implies
Up, — 0 in L*V as k — +oo

and (1.15) follows by interpolation using the global H! bound.
Proof of (5.49): Let a partition of R? with disjoint rectangles Q; of side % Assume
N > 3 and write Holder noticing:

1 1-—
T St B

245 2 2A N+2

so that
el 20 4 gy S Il 055550,
and hence using Sobolev in Q);:

2+ 4 4
Iy < Nl g g

where the Sobolev constant does not depend on j thanks to the translation invari-
ance of Lebesgue’s mesure. We may now sum on the disjoint cubes:

/\u|2+%d:17

4
Spo [ 1R $ sl Sl
i J=Z

J

2
N

2 2
= |sup|ju _ u
L>131) [ ||L2(Q]):| [[wll %
and (5.49) is proved. The cases N = 1,2 is similar and left to the reader.

Step 4: u = M is compactness. Let n; be the sequence satisfying (5.43). For
R > 0, let yx(R) such that

(5.50) pul®) = [, (o).
B(yk(R),R)
Pick € > 0. Then from (5.44), there exist Ry, R(g) such that
M
p(Ro) > - p(R(e)) > M —e.
Hence there exists ko(¢) such that Vk > ko(e),

M
purlBo) = [ e > 50 pu(R(E) = un? > M —e.
B(yk(Ro),Ro)

/B(yk (R(¢)),R(e))
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But the total L? mass being M, this implies that the balls B(yx(Ro), Ro) and
B(yr(R(g)), R(g)) cannot be disjoint. Hence -draw a picture- we can find R;(¢e)
such that:

Ve >0, Vk > ko(e), [tn, |> > M —¢.

/B(yk(ROLRl(E))

By possibly raising the value of Ry (e) for the values k € [1, ko(¢)], this implies that
the sequence vy, = uy,, (- + yr(Ro)) is L? compact:

Ve >0, JRa(e) >0 such that Vk > 1, / ok (y)|?dy < e.
y|=R2 ()

The compactness of the embedding H! — L2(B(0, R(¢))) then implies that v, a
Cauchy sequence in L?, and the H! boundedness now implies (1.14) by interpola-
tion.

Step 5: 0 < ;< M is dichotomy. Let again (ng, Ry) satisfying (5.43), (5.44).
Then we can write:
Up,, = Vg + Wk + 2k
with
Vi = Up

Wr = Unp,, ZE — U

np 1R
\y yo (B < T s Iy i (5E)[> Ry, B <y (BZE)| <Ry

The key is to observe from (5.50) and (5.44) that:

Jrar = [ e b
k(%) Rk) B(yr (=), =)
Ry,

< pua(Be) - / s el = P () = s ()

2 7

)

— 0 as k— +o0

The claim dichotomy now follows by taking smooth cut off in the localization. The
LP norm of z;, will go to zero using the vanishing of the L? norm and the global H*
bound, and the error introduced by localization will be treated using Ry — +oo.
This is left to the reader.

This concludes the proof of Proposition 1.6. O
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1. Introduction

We will be discussing the Cauchy problem for the nonlinear Schrédinger equa-
tion:

{ iuy = —Au + plulPu
Here u : R x R? — C is a complex-valued function of time and space, the Laplacian
is in the space variables only, u € R\ {0}, and p > 0. By rescaling the values of u,
it is possible to restrict attention to the cases p = —1 or u = +1; these are known
as the focusing and defocusing equations, respectively.

The class of solutions to (1.1) is left invariant by the scaling

(1.2) u(t,z) — Aru(\%t, Az).

This scaling defines a notion of criticality, specifically, for a given Banach space of
initial data ug, the problem is called critical if the norm is invariant under (1.2).
The problem is called subcritical if the norm of the rescaled solution diverges as
A — oo; if the norm shrinks to zero, then the problem is supercritical. Notice that
sub-/super-criticality is determined by the response of the norm to the behaviour of
ug at small length scales, or equivalently, at high-frequencies. This is natural as the
low frequencies are comparatively harmless; they are both smooth and slow-moving.

To date, most authors have focused on initial data belonging to L2-based
Sobolev spaces

(13)  luollz, 1=/ (&) (1+[¢[*)"d¢  or IIUOIIQ'S:Z/ [0 () €] de.
Rd x Rd

These are known as the inhomogeneous and homogeneous Sobolev spaces, respec-
tively. The latter is better behaved under scaling, which makes it the more natural
choice for studying critical problems. Let us pause to reiterate criticality in these
terms.

DEFINITION 1.1. Consider the initial value problem (1.1) for ug € H(R%).

This problem is critical when s = s, = ¢ — %, subcritical when s > s., and

2
supercritical when s < s.
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In these notes, we will be focusing on two specific critical problems, which
are singled out by the fact that the critical regularity coincides with a conserved
quantity. These are the mass-critical equation,

(1.4) iy = —Au+ plulTu,

which is associated with the conservation of mass,

(15) M(®) = [ Ju(t.0) da.
Rd

and the energy-critical equation (in dimensions d > 3),

(1.6) iy = —Au + u|u|ﬁu7

which is associated with the conservation of energy,
4o Blu(t) = / §IVu(t, )P 4y fu(t, )| 2 dar
Rd

For subcritical equations, the local problem is well understood, because it is
amenable to treatment as a perturbation of the linear equation. This has lead
to a satisfactory global theory at conserved regularity. A major theme of cur-
rent research is to understand the global behaviour of subcritical solutions at non-
conserved regularity. By comparison, supercritical equations, even at conserved
regularity, are terra incognita at present.

To describe the current state of affairs regarding the mass- and energy-critical
nonlinear Schrédinger equations we need to introduce a certain amount of vocabu-
lary. We begin with what it means to be a solution of (1.4) or (1.6).

DEFINITION 1.2 (Solution). Let I be an interval containing the origin. A
function u : I x R? — C is a (strong) solution to (1.6) if it lies in the class CYH}
and obeys the Duhamel formula

t
(1.8) u(t) = ePuy — iu/ ei(t_s)A|u(s)|ﬁu(s) ds.
0

for all t € I. We say that u is a solution to (1.4) if it belongs to both C{ L2 and
[2d+2)/d  2(d+2)/d

tloc and also obeys

¢
(1.9) u(t) = P ug — iu/ ei(t_S)A|u(s)\%u(s) ds.
0

For the definition of L{L" see (1.10).

When we say that (1.8) or (1.9) are obeyed, we mean as a weak integral of
distributions. Note that in the mass-critical case, the nonlinearity |u| du is not even
a distribution for arbitrary u € CYL2 and d < 3. This is one reason we require
u to have some additional spacetime integrability. A second reason (the primary
one for d > 4) is that uniqueness of solutions is not currently known without this
hypothesis. The particular spacetime integrability we require holds for solutions
of the linear equation (this is Strichartz inequality, Theorem 3.2); moreover, in
Section 3 we will show that (1.4) does admit local solutions in this space.

The existence of local solutions, that is, solutions on some small neighbourhood
of t = 0, was proved by Cazenave and Weissler, [13, 14]. Note that in this result,
the time of existence depends on the profile of uy rather than simply its norm.
Indeed, the latter would be inconsistent with scaling invariance.
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Primarily, these notes are devoted to global questions, specifically, whether the
solution exists forever (I = R) and if it does, what is its asymptotic behaviour as
t — Fo0. Here are the main notions:

DEFINITION 1.3. A Cauchy problem is called globally wellposed if solutions exist
for all time, are unique, and depend continuously on the initial data. A stronger
notion is that the problem admits global spacetime bounds. In the mass-critical
case, (1.4), this means that the solution u also obeys

//IWJW%”MﬁsaMwm
R JR2

for some function C. For the analogous notion in the energy-critical case, (1.6),
replace u by Vu and ug by Vug. We say that asymptotic completeness holds if for
each (global) solution w there exist u4 and u_ so that

¢

u(t) —e™®uy -0 ast—ooand u(t)—eu_ -0 ast— —oo.

Note that vy and u_ are supposed to lie in the same space as the initial data;
convergence is with respect to its norm. A converse notion is the erxistence of wave
operators. This means that for each uy there is a global solution u of the nonlinear
problem so that u(t) — e*®uy — 0 and similarly for each u_. We say scattering
holds if wave operators exist and are asymptotically complete.

Simple arguments show that scattering follows from global spacetime bounds.
In the defocusing case (u = +1), we believe that critical equations admit global
spacetime bounds even when the critical Sobolev norm does not correspond to a
conserved quantity. No such bold claim can hold in the focusing case; indeed, there
are explicit counterexamples.

As we will discuss in Subsection 4.1, the elliptic problem

—Af - Iflif=—f
on R? admits Schwartz-space solutions. Indeed, there is a unique non-negative
spherically symmetric Schwartz solution, which we denote by Q; see [49, 105].
This function is known as the ground state; it is, at least, the lowest eigenstate of
the operator f — —Af — Q2 f.

Now, u(t,z) = e®*Q(x) is a global solution to the mass-critical focusing NLS
that manifestly does not obey spacetime bounds, nor does it scatter (cf. (4.28)).
Furthermore, by applying the pseudo-conformal identity, (2.12), we may transform
this to a solution that blows up in finite time:

2
u(t,z) = (1 — )~ S iarm it (o).

By comparison, the work of Cazenave and Weissler mentioned before shows
that initial data of sufficiently small mass (that is, L2 norm) does lead to global
solutions obeying spacetime bounds. Thus one may hope to identify the minimal
mass at which such good behaviour first fails; M (Q) is one candidate. Indeed, it is
widely believed to be the correct answer:

CONJECTURE 1.4. For arbitrary initial data ug € L2(R?), the defocusing mass-
critical nonlinear Schréodinger equation is globally wellposed and solutions obey
global spacetime bounds; in particular, scattering holds.

For the focusing equation, the same conclusions hold for initial data obeying
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Perhaps the earliest (and one of the strongest) indications that M (Q) is the
correct bound in the focusing case comes from work of Weinstein, [105], which
proves global well-posedness for H! initial data obeying M (ug) < M(Q). Recent
progress toward settling the conjecture (at critical regularity) is discussed in the
next subsection.

Before formulating the analogous conjecture for the energy-critical problem, let
us discuss the natural candidate for the role of Q. By a result of Pohozaev, [68],
the equation —Af — |f|ﬁf = —ff does not have H; (R4) solutions for B # 0.
When 8 = 0, this equation has a very explicit solution, namely,

W(z) = (1+ gt lel?) 7 .

From the elliptic equation, we see that u(t,z) = W(z) is a stationary solution
of (1.6). The general belief is that W is the minimal counterexample to global
spacetime bounds in the energy-critical setting; however, the way in which it is
minimal is more subtle than in the mass-critical setting. Firstly, we should not
measure minimality in terms of the energy, (1.7), since the energy can be made
arbitrarily negative. An alternative is to consider the kinetic energy,

Fo(u(t)) = /R Vu(t, z)? de.

However, this creates problems of its own since it is not a conserved quantity. The
solution we choose (cf. [38, 44)) is to assert that the only way a solution can fail to
be global and obey spacetime bounds is if its kinetic energy matches (or exceeds)
that of W at least asymptotically:

CONJECTURE 1.5. For arbitrary initial data uy € HL(R?), the defocusing
energy-critical nonlinear Schrodinger equation is globally wellposed and solutions
obey global spacetime bounds; in particular, scattering holds.

For the focusing equation, we have the following statement: Let u : I x R — C
be a solution to (1.6) such that

E, :=sup Ey(u(t)) < Eo(W).
tel

Then
2(d+2)
// lu(t, )| dz dt < C(E.) < oo.
I JRd

The defocusing case of this conjecture has been completely resolved, while
for the focusing equation only the three- and four-dimensional cases remain open.
These results, as well as some of their precursors, are the topic of the next subsec-
tion.

1.1. Where are we? And how did we get there? We will not discuss
the nonlinear wave equation in these notes; however, it seems appropriate to point
out that global well-posedness for the defocusing energy-critical wave equation was
proved (after considerable effort) some years before the analogous result for the
nonlinear Schrodinger equation; see [78] where references to the original papers
may be found. Treatment of the focusing energy-critical wave equation is much
more recent, [39]. There is no analogue of mass conservation for NLW and hence
no true analogue of the mass-critical NLS.
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Turning now to NLS, we would like to point out two important differences
between it and NLW. First, it does not enjoy finite speed of propagation. Second,
in the wave case, the natural monotonicity formula (i.e., the Morawetz identity) has
critical scaling; this is not the case for NLS. Both differences have had an important
effect on how the theory has developed.

In [6], Bourgain considers the two-dimensional mass-critical NLS for inital data
in L2. Tt is shown that in order for a solution to blow up, it must concentrate some
finite amount of mass in ever smaller sets (as one approaches the blowup time).
Perhaps more important than the result itself were two aspects of the proof: the
use of recent progress toward the restriction conjecture (see Conjecture 4.17) and
a rather precise form of inverse Strichartz inequality.

Using these ingredients, Merle and Vega [58] obtained a concentration com-
pactness principle for the mass-critical NLS in two dimensions. (For the analogous
result in other dimensions, see [4, 12].) The formulation mimics results for the
wave equation [3], although the proof is very different. The techniques used for
the wave equation are better suited to the energy-critical NLS and were used by
Keraani [41] to obtain a concentration compactness principle for this equation.
These concentration compactness principles are discussed in Section 4 and play an
important role in the arguments presented in these notes. History, however, took a
slightly different route.

The first major step toward verifying either conjecture was Bourgain’s proof,
[7], of global spacetime bounds for the defocusing energy-critical NLS in three and
four dimensions with spherically symmetric data. A major new tool introduced
therein was ‘induction on energy’. We will now try to convey the outline. The
role of the base step is played by the fact that global spacetime bounds are known
for small data, say for data with energy less than ey. Next we choose a small n
depending on eg. If all solutions with energy less than e; := eg+1n obey satisfactory
spacetime bounds then we are ready to move to the next step. Suppose not, that
is, suppose that there is a (local) solution u with enormous spacetime norm, but
energy less than e;. Then, using Morawetz and inverse Strichartz-type inequalities,
one may show that the there is a bubble of concentration carrying energy > n that
is protected by a comparatively long time interval over which w has little spacetime
norm. If we remove the bubble, we obtain initial data with energy less than eg
which then leads to a global solution with good bounds (thanks to the inductive
hypothesis). Taking advantage of the buffer zone, it is possible to glue the bubble
back in without completely destroying this bound. By defining what was meant
earlier by ‘satisfactory spacetime bound’ in an appropriate manner, we reach a
contradiction. This proves the result for solutions with energy less than e;. Next,
we turn our attention to solutions with energy less that es := e; + n(e1), and so
on, and so on.

Concentration results such as those mentioned in the previous paragraph pro-
vide important leverage in critical problems; the size of the bubbles they exhibit
provide a characteristic length scale. The fact that we are dealing with scale-
invariant problems means that any length scale must be dictated by the solution; it
cannot be imposed from without. It is only through breaking the scaling symmetry,
in a manner such as this, that non-critical tools such as the Morawetz identity can
be properly brought to bear.
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In [32], Grillakis showed global regularity for the three-dimensional energy-
critical defocusing NLS with spherically symmetric initial data, that is, he proved
that smooth spherically symmetric initial data leads to a global smooth solution.
This can be deduced a posteriori from [7]; however, the argument in [32] is rather
different. Subsequent progress in the spherically symmetric case, including the
treatment of higher dimensions, can be found in [89].

The big breakthrough for non-spherically symmetric initial data was made in
[20]. This paper brought a wealth of new ideas and tools to the problem, of which we
will describe just a few. First, the authors use an interaction Morawetz inequality
(introduced in [19]), which is much better suited to the non-symmetric case than
the (Lin—Strauss) Morawetz used in previous works. See Section 7 for a discussion
of both.

Unfortunately, the interaction Morawetz identity is further from critical scal-
ing than its predecessor, which necessitates a much stronger form of concentration
result. By reaping the ultimate potential of the induction on energy technique, the
authors of [20] showed that it suffices to consider solutions that are well localized
in both space and frequency. Indeed, modulo the action of scaling and space trans-
lations, these solutions remain in a very small neighbourhood of a compact set in
H(R3).

The argument from [20] was generalized to four space dimensions in [75] and
then to dimensions five and higher in [103, 104]. Taken together, these papers
resolve the defocusing case of Conjecture 1.5.

In [42], Keraani used the concentration compactness statements discussed ear-
lier to show that if the mass-critical NLS did not obey global spacetime bounds,
then there is a solution v with minimal mass and infinite spacetime norm. Simple
contrapositive would show that there is a sequence of global solutions with mass
growing to the minimal value whose spacetime norms diverge to infinity. The point
here is that the limit object exists, albeit after passing to a subsequence and per-
forming symmetry operations. An additional immediate consequence of this com-
pactness principle is that the minimal mass blowup solution u is almost periodic
modulo symmetries (cf. Definition 5.1). This is a stronger form of concentration
result than is provided by the induction on energy technique. We will turn to a
more formal comparison shortly. The existence of minimal blowup solutions was
adapted to the energy-critical case in [38], which is also the first application of this
important innovation to the well-posedness problem. The main result of that paper
was to prove the focusing case of Conjecture 1.5 for spherically symmetric data in
dimensions d = 3,4,5. This was extended to all dimensions in [47]. For general
(non-symmetric) data in dimensions five and higher, Conjecture 1.5 was proved in
[44]. The complete details of this argument will be presented here. The conjecture
remains open for d = 3, 4.

The difference between the ‘minimal blowup solution’ strategy and the ‘in-
duction on energy’ approach is akin to that between the well ordering principle
(any non-empty subset of {0,1,2,...} contains a least element) and the principle of
induction. By its intrinsically recursive nature, induction is well suited to obtain-
ing concrete bounds and this is, indeed, what the induction on energy approach
provides. By contrast, proof by contradiction, which is the basis of the minimal
counterexample approach, often leads to cleaner simpler arguments, but can sel-
dom be made effective. These general principles hold true in the NLS setting. The
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minimal counterexample approach leads to simpler proofs, particularly because it
allows for a much more modular approach — induction on energy requires deli-
cately interconnected arguments that cannot be disentangled until the very end —
however, it does not seem possible to obtain effective bounds without reverting to
the older technology. On pedagogical grounds, we will confine our attention to the
minimal counterexample method in these notes.

Perhaps we have done too good a job of distinguishing the two approaches; they
are two sides of the same coin: they may look very different, but are built upon
the same substrate, namely, improved Strichartz inequalities. These are discussed
in Subsection 4.4.

Let us now describe the current state of affairs for the mass-critical equation.
Building on developments in the energy-critical case, Conjecture 1.4 has been settled
for spherically symmetric data in dimensions two and higher. For the defocusing
case, d > 3, see [96, 97]. For d = 2, both focusing and defocusing, see [43]. The
latter argument was adapted to treat the d > 3 focusing case in [46].

With so much of the road left to travel, it would be premature to try to discern
what parts of the these works may prove valuable in settling the full conjecture. We
present here a number of building blocks taken from those papers that we believe
will be useful in the non-symmetric case.
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1.2. Notation. We will be regularly referring to the spacetime norms

a 1
(1.10) - ( /R { /R d |u(t,x)|rdx] dt> ,

with obvious changes if ¢ or r is infinity. To save space in in-line formulas, we will
abbreviate

1fllr = [1fllzy  and flullgr = llullLor; -

We write X < Y to indicate that X < CY for some constant C, which is
permitted to depend on the ambient spatial dimension, d, without further comment.
Other dependencies of C will be indicated with subscripts, for example, X <, Y.
We will write X ~ Y to indicate that X <Y < X.

We use the ‘Japanese bracket’ convention: (z) := (14 |x|?)"/? as well as (V) :=
(1 — A)Y/2. Similarly, |[V|* denotes the Fourier multiplier with symbol |£|*. These
are used to define the Sobolev norms

[fllwer = [[{V)* f]

Our convention for the Fourier transform is

fo=ent [ e

Rd

Lr-

so that
_ —d iz€ F 0 FIEV2 e — 2 g,
f(z) = (2n) / f©)de and /Rdlf(f)l de /Rdlf(w)\ da
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Notations associated to Littlewood-Paley projections are discussed in Appendix A.

2. Symmetries

2.1. Hamiltonian formulation. As we will see, the nonlinear Schrédinger
equation may be viewed as an infinite dimensional Hamiltonian system. In the
finite dimensional case, Hamiltonian mechanics has many general theorems of wide
applicability. In the PDE setting, however, these tend to become guiding principles
with each system requiring its own special treatment; indeed, compare the local
theory for ODE with that for PDE. In what follows, we will take a rather formal
approach, since it is not difficult to check the conclusions a posteriori. In particular,
we will allow ourselves a rather fluid notion of phase space. In all cases, it will be
a vector space of functions from R? into C. If we were working with polynomial
nonlinearities, it would be reasonable to use Schwartz space. However, in the case
of fractional power nonlinearities, this space is not conserved by the flow; besides,
the main goal of these notes is to work in low regularity spaces.

A symplectic form is a closed non-degenerate (anti-symmetric) 2-form on phase
space. In particular, it takes two tangent vectors f,g at a point w in phase space
and returns a real number. The symplectic form relevant to us is

w(f.g) ==Tm / S @)gw) da

Notice that this implies g(z) : u — Reu(z) and p(z) : u — Imu(z) are canonically
conjugate coordinates (indexed by x). In light of this, we see that (with the sign
conventions in [1]) the Poisson bracket associated to w is given by

oF 0G oF 0G
2.1 F = il il _ = °~
ey @Rm= [ T eF @5 oF
where the functional derivatives are defined by

lim Glu+ev) = Glu) = dG} (v) = / oG
=0 € u rd 0q

for all v : R — C. In particular, {q(y),p(z)}(u) = 6(z — y), independent of u,
which expresses the fact that these are canonically conjugate coordinates.

For a general real-valued function H defined on phase space, the associated
(Hamiltonian) flow is defined by

uy = Vo H(u) where the vector field V, H is defined by dH(-) = w(-, Vo H).

(z) dz,

u

() Rev(x) + % () Imv(x) dz

u

u

A consequence (or alternate definition) is that for any function F' on phase space,

& (u(t) = {F, H}(u(t)).

In particular, ¢ = %—IZ and p; = —%—ZI, which are the usual form of Hamilton’s

equations. When needed, we will write exp(tV,,H) for the time-t flow map.
With all these notions in place, we leave the final (indeed central) point to the
reader:

EXERCISE. Show that formally, the Hamiltonian

(2.2) H(u) = /R LVl + s [u*? de
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leads to the flow
(2.3) iuy = —Au + plulPu.

2.2. The symmetries. In this subsection, we will list the main symmetries
of (2.3), together with a brief discussion of each.

Recall that Noether’s Theorem guarantees that there is a bijection between
conserved quantities and one-parameter groups of symplectomorphisms preserving
the Hamiltonian. Specifically, using the conserved quantity as a Hamiltonian leads
to a (symplectic form preserving) flow that conserves the original Hamiltonian. In
each case that this theorem is applicable, we will note the corresponding conserva-
tion law. Some important symmetries do not preserve the symplectic form and/or
the Hamiltonian; nevertheless, we will still be able to find an appropriate substitute
for a corresponding conserved quantity.

Time translations. If u(t) is a solution of (2.3), then clearly so is u(t 4+ 7) for
7 fixed. This symmetry is associated with conservation of the Hamiltonian (2.2).

Space translations. It is not difficult to see that both the Hamiltonian (2.2) and
the symplectic/Poisson structure are invariant under spatial translations: u(t,z) —
u(t,x — xp). This symmetry is generated by the total momentum

(2.4) P(u) ::/ 2Im(aVu) dz.
Rd
Indeed, given zo € R?,

u(x — xo) = [(ﬁV“(I“'P)u} (z).

The factor 2 has been included in (2.4) to match conventions elsewhere.

Space rotations. Invariance under rotations of the coordinate axes corresponds
to the conservation of angular momentum. The later is a tensor with (‘21) compo-
nents, indexed by pairs 1 < j < k < d:

Lik(u) = z/ alx;Oku — z0;u] dz.
Rd

Concomitant with the non-commutativity of the rotation group SO(d), the compo-
nents of angular momentum do not all Poisson commute with one another, forming
instead, a representation of the Lie algebra so(d).

Phase rotations. The map u(z) — e’u(r) is a simple form of gauge symmetry.
It is connected to the conservation of mass:

(2.5) M (u) ::/ |u|?>dz  obeys eTVeMy =727y,
R4

Time reversal. As intuition dictates, one may invert the time evolution by
simply reversing all momenta. Given our choice of canonical coordinates, this
corresponds to the map u +— u. We leave the reader to check that

Vel = e—tVuHy,

Galilei boosts. A central tenet of mechanics is that the same laws of motion
apply in all inertial (non-accelerating) reference frames. Combined with an absolute
notion of time, this leads directly to Galilean relativity.

The class of solutions to the nonlinear Schrédinger equation (2.3) is left invari-
ant by Galilei boosts:

(2.6) u(t, z) — e”fo_it‘goIQu(t, x — 2&pt),
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where £ € R? denotes (half the) relative velocity of the two reference frames.
There are two (connected) problems with applying Noether’s Theorem in this
case: the symmetry explicitly involves time, it is not simply a transformation of
phase space, and it does not leave the Hamiltonian invariant (cf. Proposition 2.3
below). As we will explain, the appropriate substitute for a conserved quantity is

(2.7) X(u) == /Rdx\u|2 dx.

This represents the location of the centre of mass, at least when M (u) = 1.
The time derivative of X is

(2.8) {X,H} =P, whichimplies {{X,H} H}=0.
Thus, although it is not conserved, X has a very simple time evolution:
X(u(t)) = X(u(0)) +t- P(u(0)).
It remains for us to connect X with Galilei boosts. The first indication of this
is
[67%VUJ(§U'X)U:| () = eix'fou(x)
which reproduces the action of a Galilei boost on the initial data u(t = 0). Perhaps
this is enough to convince the reader of a connection; however, we wish to use
this example to elucidate a little abstract theory. The central tenet is quite sim-
ple: One may extend the privileged status of conserved quantities, that is, those
obeying {F, H} = 0, to those functions F' that together with H generate a finite-
dimensional Lie algebra under the action of the Poisson bracket. The concomitant
group multiplication law gives a form of time-dependent symmetry.
Together with the Hamiltonian, X generates a (2d 4 2)-dimensional Lie algebra
under the action of the Poisson bracket. The basis vectors are H, M, and X;, FP;,
1 < j < d and the only non-zero brackets among them are

(2.9) (X,H} =P and {X;, Py} =46;,M.

Note that (X, P, M) form the Heisenberg Lie algebra; indeed, the corresponding
flows (on u) exactly reproduce the standard Schrédinger representation of the
Heisenberg group. Using the (Lie group) commutation laws induced by (2.9), we
obtain

3

Vel g=3Vu(60-X) — o5V (S0 P=l€0l*M) =5V (§0-X) ot VW H

which is exactly the statement that (2.6) preserves solutions to (2.3).
Scaling. The scaling symmetry for (2.3) is

(2.10) u(t, z) > Aru(A2t, \z).

This does not preserve the symplectic/Poisson structure, except in the mass-critical
(p = %) case. It does not preserve the Hamiltonian unless p = (1472, which corre-
sponds to the energy-critical equation.

As noted, the mass-critical scaling does preserve the symplectic/Poisson struc-
ture, which guarantees that it is generated by some Hamiltonian flow. A few

computations reveal that
Au) := %/ wx-V+V-z)udr = %/ z - Im(aVu) dz
R4 Rd

obeys
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and further, that

d—
{A, H} = 2H 4 42=3) /R |ul > da.

This is the best substitute we have for a conservation law associated to (2.10).
The peculiar combination of kinetic and potential energies on the right-hand side
actually turns out to play an important role; see Section 7.

Specializing to the mass-critical or the linear Schrédinger equation, we obtain
the simple relation {A, H} = 2H, which is much more amenable to a Lie-theoretic
perspective. In particular,

etvaefvaA —

_ 2T
e TVwAee tiH7

which reproduces (2.10).

Lens transformations. An idealized lens advances (or retards) the phase of the
incident wave in proportion to the square of the distance to the optical axis. This
leads us to consider

(2.11) Viu) := / 2|2 |ul? d,
Rd
which is the generator of lens transformations:
[ervwvu}(x) _ 672i7\z|2u($).

The time evolution of V' is given by {V, H} = 8A.

Under the linear or mass-critical nonlinear Schrédinger evolutions, A behaves
in a simple manner, as we discussed above. This leads directly to a time-dependent
symmetry, known as the pseudo-conformal symmetry; see (2.12) below. We leave
the computations to the reader’s private pleasure:

EXERCISE. In the mass-critical (or linear) case, H, A,V form a three dimen-
sional Lie algebra with relations {4, H} = 2H, {V,H} = 84, and {V, A} = 2V.
By comparing this with matrices of the form

—a —8v
h a |’
show that this is the Lie algebra of SLy(R). Use this (or not) to verify that
iBlz|?
(2.12) (28] s p(t, z) > (Bt + 0) " Bertmrmgp(aLy _z )

v 6 Bt+3 Bt+o
gives an explicit representation of SLz2(R) on the class of mass-critical solutions.

2.3. Group therapy. The main purpose of this subsection is to introduce
some notation we will be using for (a subgroup of) the symmetries just introduced.
After that, we will record the effect of symmetries on the major conserved quantities.

DEFINITION 2.1 (Mass-critical symmetry group). For any phase 6 € R/27Z,
position zy € R?, frequency & € R?, and scaling parameter A > 0, we define the
unitary transformation g ;.1 @ L2(RY) — L2(R?) by the formula

9060.r0n 1) = et f(FS0)
We let G be the collection of such transformations. If v : I x R* — C, we define
Tgo ey wg s A2I X RT — C, where NI := {X¢ : t € I}, by the formula
t x—x9— 2§0t)

1 .. ,
ul(t,x) = —_eif im0 g—itléol®y, (ﬁ S

[T T\d/2

96,6¢0,20,X
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or equivalently,

[Tge,go,wo,xu](t) = 90—t|¢0|2,80,z0+2E0t,A (u(>\72t)).
Note that if v is a solution to the mass-critical NLS, then Tju is also solution and

has initial data g[u(t = 0)].

DEFINITION 2.2 (Energy-critical symmetry group). For any phase 6 € R/27Z,
position zg € R4, and scaling parameter A > 0, we define a unitary transformation
9o,00x + Hy(RT) — Hy(R?) by

d—2
(90,00 0f1(2) = A777 € f (AT (@ — o).
Let G denote the collection of such transformations. For a function u : I x R — C,
we define Ty, . u: AT x RY = C, where A1 := {A\?t : t € I}, by the formula
ul(t, x) := )\_%ewu(/\_Qt, ANz — ).

Note that if u is a solution to the energy-critical NLS, then so is T,u; the latter has
initial data gu(t = 0)].

[T,

96,xq,

The next proposition shows how the total mass, momentum, and energy are
affected by elements of the mass- or energy-critical symmetry groups. In the latter
case, we also record the effect of Galilei boosts. Although they have been omitted
from the definition of the symmetry group (they will not be required in the concen-
tration compactness step), they are valuable in further simplifying the structure of
minimal blowup solutions.

PROPOSITION 2.3 (Mass, Momentum, and Energy under symmetries). Let g
be an element of the mass-critical symmetry group with parameters 0, x, &, and \.
Then

M(guo) = M(uo), P(guo) = 26M (u) + A~"P(ug),

E(guo) = A*E(uq) + 3A7"'¢ - P(ug) + §[€[*M (up).

The analogous statement for the energy-critical case reads

M(vo) = N*M(ug), P(vo) = 2X\*EM (uo) + AP(up),
E(vg) = E(uo) + $A¢ - P(ug) + 3A*[€]*M (uo),

where vo(z) = [e=2V=EX) gug)(z) = €€ [guo] ().

(2.13)

(2.14)

COROLLARY 2.4 (Minimal energy in the rest frame). Let @ € L{°HL be a
blowup solution to the mass- or energy-critical NLS. Then there is a blowup solution
u € LHL, obeying M (u) = M (), E(u) < E(), and

Pu(t))=2Im | wu(t,x)Vu(t,z)dx =0.
Rd

Note also that ||Vullso,2 < ||V co,2-

PRrOOF. Choose u to be the unique Galilei boost of @ that has zero momentum.
All the conclusions now follow quickly from the formulae above. Note that « has
minimal energy among all Galilei boosts of @; indeed, this is an expression of the
well-know physical fact that the total energy can be decomposed as the energy
viewed in the centre of mass frame plus the energy arising from the motion of the
center of mass (cf. [50, §8]). O



338 ROWAN KILLIP AND MONICA VISAN

2.4. Complete integrability. The purpose of this subsection is to share an
observation of Jirgen Moser: scattering implies complete integrability. This was
passed on to us by Percy Deift.

In the finite dimensional setting, a Hamiltonian flow on a 2n-dimensional phase
space is called completely integrable if it admits n functionally independent Pois-
son commuting conserved quantities. An essentially equivalent formulation is the
existence of action-angle coordinates (cf. [1]). These are a system of canonically
conjugate coordinates Iy, ..., I,, ¢1,...,¢n, which is to say

U Iy = {05,061 =0 {Lj,dx} = s
so that under the flow,
41;=0 and Lo, =w;(l,...,1,).

Here w1, ...,w, are smooth functions.

In what follows, we will exemplify Moser’s assertion in the context of the mass-
critical defocusing equation. For clarity of exposition, we presuppose the truth of
the associated global well-posedness and scattering conjecture. The principal ideas
can be applied to any NLS setting.

As we will see in Section 3, we are guaranteed that the wave operator

Q:ug = uy = lim e "*Au(t)
t—o0

defines a bijection on L2(R%); here u(t) denotes the solution of NLS with initial data
ug. In fact, since both the free Schrédinger and the NLS evolutions are Hamiltonian,
the wave operator preserves the symplectic form. As the Fourier transform is also
bijective and symplectic (both follow from unitarity), so is the combined map

(:ug > @y, which obeys  [Q(u(t)] () = e € a7 ().

Thus we have found a symplectic map that trivializes the flow; moreover, we have
an infinite family of Poisson commuting conserved quantities, namely,

Y GG

as g varies over real-valued functions in Lg (R9). Lastly, to see that these do indeed
Poisson commute and also to exhibit action-angle Valfiables, we note that if we
define 1(¢) = 3|a(§)]” and ¢(€) by ux(€) = |ax(§)[e™**®), then

{1(6), I(m)} ={0(&), 0(n)} =0, {I(&),6(n)} = (& —n),
GLE) =0, and Fo(6) = [¢*.
REMARK. By integrating |u; (£)|? against appropriate powers of £, one obtains
conserved quantities that agree with the asymptotic H; norm. For s =0 or s =1,
these are exactly the mass and energy. For general values of s, the conserved

quantities need not take such a simple (polynomial in u, @, and their derivatives)
form.

3. The local theory

3.1. Dispersive and Strichartz inequalities. It is not difficult to check (or
derive) that the fundamental solution of the heat equation is given by

e (z,y) = (2m) ¢ /Rd i @) =slE ge — (475) U 2e~Io—ul"/4s
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for all s > 0. By analytic continuation, we find the fundamental solution of the free
Schrédinger equation:

(3.1) eitA(x,y) = (4m't)_d/26i‘x_y‘2/4t
for all t # 0. Note that here
(47Tit)_d/2 — (47‘(‘t|)_d/26_md51gn(t)/4.

From (3.1) one easily derives the standard dispersive inequality
i d(i-1
(3.2) 16 Fll ey < 119G DALy g

forallt#OandZﬁpgoo,where%—I—ﬁ:l.

A different way to express the dispersive effect of the operator e* is in terms of
spacetime integrability. To state the estimates, we first need the following definition.

A

DEFINITION 3.1 (Admissible pairs). For d > 1, we say that a pair of exponents
(g,r) is Schriodinger-admissible if

2 d d
(3.3) _+_:§’ 2<q,r<oo, and (d,q,r)#(2,2,00).
qg T

For a fixed spacetime slab I x R?, we define the Strichartz norm

(3.4) HU'HSO(I) = sup HUHL;{L;(Ide)
q,r) admissible

We write SO(I) for the closure of all test functions under this norm and denote by
NO(I) the dual of S°(I).

REMARK. In the case of two space dimensions, the absence of the endpoint
requires us to restrict the supremum in (3.4) to a closed subset of admissible pairs.
As any reasonable argument only involves finitely many admissible pairs, this is of
little consequence.

We are now ready to state the standard Strichartz estimates:

THEOREM 3.2 (Strichartz). Let 0 < s < 1, let I be a compact time interval,
and let u: I x R4 — C be a solution to the forced Schrédinger equation

tug + Au=F.
Then,
IV PPullsocry S llulto)ll g + IIVIPFllnvor
for any tg € I.

PrROOF. We will treat the non-endpoint cases in Subsection 4.4 following [28,
83]. For the endpoint (¢q,r) = (2, dQ—_dz) in dimensions d > 3, see [37]. For failure of
the d = 2 endpoint, see [59]. This endpoint can be partially recovered in the case
of spherically symmetric functions; see [82, 87]. O
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3.2. The H; critical case. In this subsection we revisit the local theory at
critical regularity. Consider the initial-value problem

{iut—l-Au—F(u)

(3.5) (0} =

where u(t, z) is a complex-valued function of spacetime R x R? with d > 1. Assume
that the nonlinearity F' : C — C is continuously differentiable and obeys the power-
type estimates

(3.6) F(z) = O(|="*?)

(3.7) F.(2), F:(z) = O(|z]?)

(38)  Fi(2) = Fa(w), Fs(2) = Fz(w) = O(|z — w[™ @1 (|z] 4 |w|ym>0r~1)
for some p > 0, where F, and F3 are the usual complex derivatives

1/0F oF 1/0F OF
Fo=o (T —is), Fo=s (5 i),
2(8z Z@y) 2(8x+23y)
For future reference, we record the chain rule

(3.9) VF(u(z)) = F,(u(x))Vu(z) + Fz(u(x))Vu(z),

as well as the closely related integral identity
1 1
(3.10) F(2)—F(w) = (z—w)/ F. (w40(z—w)) df+(z — w)/ F: (w+6(z—w)) df
0 0

for any z,w € C; in particular, from (3.7), (3.10), and the triangle inequality, we
have the estimate

(3.11) |F(z)—F(w)| < |z—w|(|z|p—|—|w|p).
The model example of a nonlinearity obeying the conditions above is F(u) =
|u|Pu, for which the critical homogeneous Sobolev space is HZ¢ with s, := g - %.

The local theory for (3.5) at this critical regularity was developed by Cazenave and
Weissler [13, 14, 15]. Like them, we are interested in strong solutions to (3.5).

DEFINITION 3.3 (Solution). A function u : I x R? — C on a non-empty time
interval 0 € I C R is a solution (more precisely, a strong H2<(R9) solution) to (3.5)

. dp(p+2)
if it lies in the class COHSe (K x R)NLPY2L, © (K xRY) for all compact K C I,
and obeys the Duhamel formula

(3.12) u(t) = e u(0) — i /0 ¢i=98 P(y(s)) ds

for all t € I. We refer to the interval I as the lifespan of u. We say that u is a
mazimal-lifespan solution if the solution cannot be extended to any strictly larger
interval. We say that v is a global solution if I = R.

Note that for s, € {0, 1}, this is slightly different from the definition of solution
given in the introduction. However, one of the consequences of the theory developed
in this section is that the two notions are equivalent.
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THEOREM 3.4 (Standard local well-posedness, [13, 14, 15]). Let d > 1 and
ug € H3*(RY). Assume further that 0 < s. < 1. There exists ng = no(d) > 0 such
that if 0 <n < mng and I is a compact interval containing zero such that
(3.13) || |V|S“6itAuoH 2d(p+2) <,

Lpr2p20d=2%dr (1 Ry
then there exists a unique solution u to (3.5) on I x RY. Moreover, we have the
bounds

(314) || |V|Scu||Lf+2Lf(2dd—(g;r+231p (IXRd) é 27’
(3.15) |||v|scu||50(1xnw) S H‘V‘SCUOHLg +n'tr
(3.16) lullso(rxmray < lluollzz-

REMARKS. 1. By Strichartz inequality, we know that

[[IV7]%<€™ A uq| _2d(pt2) S IVIPuol| 2 -
tho+2L$2(d*2)+dp (RxR4) z

Thus, (3.13) holds for initial data with sufficiently small norm. Alternatively, by the

monotone convergence theorem, (3.13) holds provided I is chosen sufficiently small.

Note that by scaling, the length of the interval I depends on the fine properties of

up, not only on its norm.

2. Note that the initial data in the theorem above is assumed to belong to the
inhomogeneous Sobolev space HZ<(R?), as in the work of Cazenave and Weissler.
This makes the proof significantly simpler. In the next two subsections, we will
present a technique which allows one to show uniform continuous dependence of the
solution u upon the initial data ug in critical spaces. This technique (or indeed, the
result) can be used to treat initial data in the homogeneous Sobolev space H?*(R%).

3. The sole purpose of the restriction to s. < 1 is to simplify the statement
and proof. In any event, it covers the two cases of greatest interest to us, s, = 0, 1.

PRrROOF. We will essentially repeat the original argument from [14]; the frac-
tional chain rule Lemma A.11 leads to some simplifications.

The theorem follows from a contraction mapping argument. More precisely,
using the Strichartz estimates from Theorem 3.2, we will show that the solution
map u — ®(u) defined by

®(u)(t) = ePug — i/o =B (u(s)) ds,

is a contraction on the set B; N By where

By i= {u€ L HE(I < RY) ¢ fJull e prze 1m0y < 2ol grze + C(d) 2m) 7 }
2d(p+2)

By = {u € LETW, ORI ([ RY) ¢ |||Vl 2a(p+2) <2
L

f+2L$2(d*2)+dP (IXRd)

and HuH 2d(p+2) §2C(d)“UO”L§}
L

f+2L$2(d*2)+dP (IXRd)
under the metric given by

d(u,v) == ||u — || 2d(p+2)
L?+2L$2(d*2)+dp (IxR4)
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Here C(d) denotes the constant from the Strichartz inequality. Note that the norm
appearing in the metric scales like L2; see the second remark above. Note that
both By and By are closed (and hence complete) in this metric.

Using Strichartz inequality followed by the fractional chain rule Lemma A.11
and Sobolev embedding, we find that for u € B; N Bsy,

@ ()l e e (1 xma)

< c+C(d
ol ze + C(D)[[(V HL%L%(MW)

< uo| grze + C(d)]|(V)*ul| _2d(pt2) [
Lpr2p20d=2%dr (1 Ry LPY2L T (IxR9)

< [luollprze + C(d)(2n +20(d)Juo £2) [ V]*u||” 2a(p12)

Lo 2 20=DFdp (1, Ry
< |luollmze + C(d)(2n +2C(d)||uol 2 ) (20)”
and similarly,

H(I)(U)H 2d(p+2) <C(d )||u0||L2 +C(d ”F || pt2  _2d(p+2)

Lf“Lf(d*”*d"(Ide) LPH 2D (1 Ra)

C(d)lluoll 2 +2C(d)?|[uo] £z (2n)P.

Arguing as above and invoking (3.13), we obtain

H |V Sed H _2d(p+2) <n+ C(d)H|V|S"F(u)H pt2  _2d(p+2)

Ly 2D (1xRa) LI LD (1 a)
<+ C(d)(2n)' 7.
Thus, choosing 19 = no(d) sufficiently small, we see that for 0 < n < o, the

functional ® maps the set B; N By back to itself. To see that ® is a contraction,
we repeat the computations above and use (3.11) to obtain

@ p <Cd)||F(u) - F "
|| (U) || IJ+2 2(2dd(2;—ft)ip (1 Rd) ( )|| (U) ('U) HLE% Lf.(2512;ft)ip (IX]Rd)
< C(d) (277)pHU - UH 2d(p+2)

LP+2L 2(d 2)+dp (IXRd)

Thus, choosing 79 = 19(d) even smaller (if necessary), we can guarantee that ® is
a contraction on the set By N By. By the contraction mapping theorem, it follows
that ® has a fixed point in By N By. Moreover, noting that ® maps into Cy H?2¢
(not just L{° H3e), we derive that the fixed point of ® is indeed a solution to (3.5).

We now turn our attention to the uniqueness statement. Since uniqueness is
a local property, it suffices to study a neighbourhood of ¢ = 0. By Definition 3.3,
any solution to (3.5) belongs to By N By on some such neighbourhood. Uniqueness
thus follows from uniqueness in the contraction mapping theorem.

The claims (3.15) and (3.16) follow from another application of Strichartz in-
equality, as above. O

We end this section with a collection of statements which encapsulate the local
theory for (3.5).

CoOROLLARY 3.5 (Local theory, [13, 14, 15]). Let d > 1 and ug € H3*(RY).
Assume also that 0 < s. < 1. Then there exists a unique mazimal-lifespan solution
u: I xRY — C to (3.5) with initial data u(0) = ug. This solution also has the
following properties:
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e (Local ezistence) I is an open neighbourhood of zero.

e (Energy and mass conservation) The mass of u is conserved, that is, M(u(t)) =
M (ug) for all t € I. Moreover, if s = 1 then the energy of u is also conserved,
that is, E(u(t)) = E(ug) for allt € I.

e (Blowup criterion) If sup I is finite, then u blows up forward in time, that is,
there exists a time t € I such that

HUH pd(p+2) = 0Q.
LPT2L, % ([t,sup I)xR4)
A similar statement holds in the negative time direction.
e (Scattering) If supl = 400 and u does not blow up forward in time, then u
scatters forward in time, that is, there exists a unique uy € H<(RY) such that
. _itA . _

(3.17) tilgrnoo lu(t) — " “uy | g ®e) = 0.
Conversely, given uy € Hc(R?) there exists a unique solution to (3.5) in a neigh-
bourhood of infinity so that (3.17) holds.
e (Small data global existence) If |||V S“u0H2 is sufficiently small (depending on
d), then u is a global solution which does not blow up either forward or backward
in time. Indeed,

(3.18) 11917 ul| g0y S [1V1% o]l

e (Unconditional uniqueness in the energy-critical case) Suppose s, = 1 and @ €
CYHL(J x RY) obeys (3.12) and a(to) = uo, then J C I and @ = u throughout J.

PrOOF. The corollary is a consequence of Theorem 3.4 and its proof. We leave
it as an exercise. (]

3.3. Stability: the mass-critical case. An important part of the local well-
posedness theory is the study of how the strong solutions built in the previous
subsection depend upon the initial data. More precisely, we would like to know
whether small perturbations of the initial data lead to small changes in the solution.
More generally, we are interested in developing a stability theory for (3.5). By
stability, we mean the following property: Given an approximate solution to (3.5),
say 4 obeying

ity + Au=F(u) + e
(0, z) = uo(x)

with e small in a suitable space and g —ug small in H oe, then there exists a genuine

solution u to (3.5) which stays very close to @ in critical norms. The question of

continuous dependence of the solution upon the initial data corresponds to taking

e = 0; the case where e # 0 can be used to consider situations where NLS is only

an approximate model for the physical system under consideration.

Although stability is a local question, it plays an important role in all existing
treatments of the global well-posedness problem for NLS at critical regularity. It
has also proved useful in the treatment of local and global questions for more exotic
nonlinearities [95, 108].

In these notes, we will only address the stability question for the mass- and
energy-critical NLS. The techniques we will employ (particularly, those from the
next subsection) can be used to develop a stability theory for the more general
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equation (3.5). We start with the mass-critical equation, which is the more elemen-
tary of the two. That is to say, for the remainder of this subsection we adopt the
following

CONVENTION. The nonlinearity F obeys (3.6) through (3.8) and (3.11) with
p=4/d.

LEMMA 3.6 (Short-time perturbations, [95]). Let I be a compact interval and
let @ be an approximate solution to (3.5) in the sense that

(i, + A)i = F(@) + e,

for some function e. Assume that

(3.19) il Lo 2 (1xray < M
for some positive constant M. Let to € I and let u(ty) be such that
(3.20) [u(to) — a(to) ||z < M’
for some M’ > 0. Assume also the smallness conditions
(3:21) ]l 2cayz < €0
L, .7 (IxR9)
(3.22) (|12 (u(to) — alto))|| 2wre <e
t,zd (IxR%)
(3.23) lellnory <e,

for some 0 < e < gy where g = eo(M,M') > 0 is a small constant. Then, there
exists a solution u to (3.5) on I x RY with initial data u(to) at time t =t satisfying

(3.24) lu—al 22 Se

et (IXRY)
(3.25) u =l g0y S M
(3.26) ullsory S M + M’
(3.27) [ F(u) — F(@)||nory S e

REMARK. Note that by Strichartz,

|12 (u(to) — dlto))|| 2ware S llulto) — a(to)|| e,
L, 7  (IxRd)

t,x

so hypothesis (3.22) is redundant if M’ = O(e).

PROOF. By symmetry, we may assume tg = inf I. Let w := v — 4. Then w
satisfies the following initial value problem

iwy + Aw = F(a+w) — F(a) —e
w(to) = u(to) — a(to).
For t € I we define

A(t) = ||F(1] +w) — F(ﬂ)HNO([to,tD'
By (3.21),

Alt) S||F(a+w) — F@)|| 2z
Ly &7 (to,t] xRY)
< 1+3 <G
NHwH 2(d+2) +Hu” 2(d42) ”wH 2(d+2)
([to,t] xRd) L ([to,t] xR4) L, % ([to,t]xR%)

t,@ t,x
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1+2 4
(3.28) S wll” s +egllwll 2w :
Lo ([tost]xRY) Lio®  ([tot]xRY)

On the other hand, by Strichartz, (3.22), and (3.23), we get

w| 2eat2) S e T2 (k)| vz + A(t) + llell Noizo,0)
L, .¢ ([to,t]xR%) Ly, % ([to,t]xR%)

(3.29) SA(t) +e.
Combining (3.28) and (3.29), we obtain

tx

A() S (A(t) + o) 4+ cH (A(t) + o).
A standard continuity argument then shows that if g is taken sufficiently small,
A(t)Se forany tel,

which implies (3.27). Using (3.27) and (3.29), one easily derives (3.24). Moreover,
by Strichartz, (3.20), (3.23), and (3.27),
Jelsoqry S leteo)lzz + 1FGE +w) = F@)lvon) + lellnogn M+,
which establishes (3.25) for eg = g¢(M’) sufficiently small.
To prove (3.26), we use Strichartz, (3.19), (3.20), (3.27), and (3.21):
l[ullso(ry < llulto)llrz + [1F(w)llnocr
< atto)lzz + llu(to) — o)lzz + I1F () ~ FG@) o + 1F@ o
1+3

SM+M e+ all 5h.,
L, ¢ (IxR%)

. ,T
SM+M +e+ey 2.
Choosing g = go(M, M) sufficiently small, this finishes the proof of the lemma. O

Building upon the previous result, we are now able to prove stability for the
mass-critical NLS.

THEOREM 3.7 (Mass-critical stability result, [95]). Let I be a compact interval
and let @ be an approzimate solution to (3.5) in the sense that

(i0y + A)a = F(a) + e,
for some function e. Assume that

(3.30) [l oo 2 (1xray < M

(3.31) ]| 2car2 <L,
L, % (IxRd)

tx

for some positive constants M and L. Let ty € T and let u(ty) obey
(3.32) lu(to) — alto) 2 < M’
for some M’ > 0. Moreover, assume the smallness conditions

(333) ||€i(tito)A (u(to) — ’a(to)) H 2(d+2) <e
L, & (IxR4)

(3.34) lellnocry <e,

t,a
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for some 0 < e < &1 where ey =e1(M,M’, L) > 0 is a small constant. Then, there
exists a solution u to (3.5) on I x RY with initial data u(to) at time t =t satisfying

(335) ||u - &|| 2(d+2) < EC(M, M/, L)
Lt@d (IxR®)

(3.36) lu — @l g0y < C(M, M', L)M’

(3.37) lullsory < C(M, M, L).

2(d+2)
d

PROOF. Subdivide T into J ~ (1 + %)
7 < J, such that

subintervals I; = [tj,tj41], 0 <

il 2ea+2 < ¢o,
T (1 xRd)

t,x )

where gg = g9(M, 2M’) is as in Lemma 3.6. We need to replace M’ by 2M’ as the
mass of the difference v — @ might grow slightly in time.

By choosing e; sufficiently small depending on J, M, and M’ , we can apply
Lemma 3.6 to obtain for each j and all 0 < e < ¢

[ —all 2wz <C()e
L, .7 (IjxRd)
u — g0z, < C(j)M’

ullsoqr,y < CF)(M + M")
[1E(u) = F(@)| noq;) < C(h)e,
provided we can prove that analogues of (3.32) and (3.33) hold with ¢y replaced

by t;. In order to verify this, we use an inductive argument. By Strichartz, (3.32),
(3.34), and the inductive hypothesis,

u(t;) —a(ti)llcz < llulto) — @lto)llzz + I1F (w) — F(@)[no(ito,;1) + llellnoio.;
Jj—1
SM/+ZC(I€)5—|—5.
k=0

Similarly, by Strichartz, (3.33), (3.34), and the inductive hypothesis,

% (ulty) = at)| 2o

t,a

S e (utto) ~ alto)] g ellvoqnn

t,x J

+1F(w) = F(@)lno .,

j—1
Se+ Z C(k)e.
k=0

(Ij XRd)

Choosing ¢ sufficiently small depending on J, M, and M’, we can guarantee that
the hypotheses of Lemma 3.6 continue to hold as j varies. ]

3.4. Stability: the energy-critical case. In this subsection we address the
stability theory for the energy-critical NLS, that is, we adopt the following

CONVENTION. The nonlinearity F' obeys (3.6) through (3.8) and (3.11) with
p=4/(d—2)and d > 3.
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To motivate the approach we will take, let us consider the question of continuous
dependence of the solution upon the initial data. To make things as simple as
possible, let us choose initial data ug, g € H} which are small:

l[uoll g1 + 1ol 71 < mo-

By Corollary 3.5, if 7g is sufficiently small, there exist unique global solutions u
and @ to (3.5) with initial data ug and g, respectively; moreover, they satisfy

[Vl so®) + [ Vil so®) S no-

We would like to see that if ug and 1 are close in le, say ||V (ug—to)|l2 < & < 1o,
then v and % remain close in energy-critical norms, measured in terms of €, not 7.
An application of Strichartz inequality combined with the bounds above yields

_4_ _4_
IV (u = @) som) SIV(uo = @)z + 15~ IV(w = @)l so@) + m0ll V(v = )| g0 (-

If 4/(d — 2) > 1, a simple bootstrap argument will imply continuous dependence
of the solution upon the initial data. However, this will not work if 4/(d — 2) < 1,
that is, if d > 6. The obstacle comes from the last term above; tiny numbers
become much larger when raised to a fractional power. Ultimately, the problem
stems from the fact that in high dimensions the derivative maps F, and F are
merely Holder continuous rather than Lipschitz. The remedy is to work in spaces
with fractional derivatives (rather than a full derivative), while still maintaining
criticality with respect to the scaling. This is the approach taken by Tao and Visan
[94], who proved stability for the energy-critical NLS in all dimensions d > 3 (see
also [20, 75] for earlier treatments in dimensions d = 3,4). A similar technique
was employed by Nakanishi [64] for the energy-critical Klein-Gordon equation in
high dimensions.

Here we present a small improvement upon the results obtained in [94] made
possible by the fractional chain rule for fractional powers; see Lemma A.12. The
proof is rather involved and will occupy the remainder of this subsection. It is joint
work with Xiaoyi Zhang (unpublished).

THEOREM 3.8 (Energy-critical stability result). Let I be a compact time inter-
val and let @ be an approzimate solution to (3.5) on I x R in the sense that

i+ Au=F(a)+e
for some function e. Assume that
(3.38) ||aHLt°°H;(I><Rd) <E

(3.39) ]| 2casa <L
L, 972 (IxR4)

t,a

for some positive constants E and L. Let tg € I and let u(ty) obey

(3.40) ulto) = alto)ll ;1 < B’
for some positive constant E'. Assume also the smallness conditions
(3.41) Hei(t_tO)A (u(to) — ﬂ(to)) H 2(d+2) <e

L, 7% (IxR4)

(3.42) [Velnoy <€
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for some 0 < e < g1 = e1(E,E’',L). Then, there exists a unique strong solution
u: I xR C to (3.5) with initial data u(to) at time t = to satisfying

(343) ||u - ’&H 2(d+2) S C(E, E‘l7 L)&C
L, 7% (IxRY)

(3.44) IV(u—@)lgory S C(E,E" L) E'

(3.45) IVull 3oy S CE, E', L),

where 0 < ¢ =¢(d) < 1.

REMARK. The result in [94] assumes

) 1/2
(32 IVPwe 0 (ufto) — lto) " sasn 2agen ) <
Neo? L, %72 L, ¥ (IxRY)

in place of (3.41). Note that by Sobolev embedding, this is a strictly stronger
requirement.

One of the consequences of the theorem above is a local well-posedness state-
ment in energy-critical norms. More precisely, in Theorem 3.4 and Corollary 3.5
one can remove the assumption that the initial data belongs to L2, since every
H 1 function is well approximated by H} functions. Alternatively, one may use the
techniques we present to prove the following corollary directly. The approach we
have chosen is motivated by the desire to introduce the difficulties one at a time.

COROLLARY 3.9 (Local well-posedness). Let I be a compact time interval, to €
I, and let ugp € HL(RY). Assume that

ol < E.
Then for any € > 0 there exists 6 = §(E, &) > 0 such that if
Hei(titO)AuOH 2(d+2) < (5,

L, 72 (IxR9)

t,x

then there exists a unique solution u to (3.5) with initial data uy at time t = tg.
Moreover,

ull 22 <e and |Vullso <2E.
L, 7% (IxR%)

t,a

We now turn our attention to the proof of Theorem 3.8. Let us first introduce
the spaces we will use; as mentioned above, these are critical with respect to scaling
and have a small fractional number of derivatives. Throughout the remainder of
this subsection, for any time interval I we will use the abbreviations

HUHXO(I) = || d(dt2) _2d2(d+2)
Ltz(dfz) L£d+4)(d—2)2 (IxRd)

_4
(3.46) lull x(ry = [Vl TG

= a3 _4d+16
: d-2) j,d3—4d+16 (IxR4)

IFlly ) == |[|[V|7= F||
L

a 2d2 (d+2)
? L;;i3+4d2+4d—16 (IxR4)

First, we connect the spaces in which the solution to (3.5) is measured to the
spaces in which the nonlinearity is measured. As usual, this is done via a Strichartz
inequality; we reproduce the standard proof.
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LEMMA 3.10 (Strichartz estimate). Let I be a compact time interval containing
tg. Then

t
AP (s dsH <||F .
n s, < IFlv)

PROOF. By the dispersive estimate (3.2),

i(t—s)A < lp o Lzds
e F(s)|| 2a2ae0) S[t— s IES) _ 2422
Lxd3—4d+16 Lg3+4d7+4d—16

An application of the Hardy-Littlewood-Sobolev inequality yields

t
t—s)A
‘ / « F(s)ds|| iz 2a2(at2) SIE 4 2d2 (d+2) .
tO Lt2(d,—2) deg—4d+16 (IXRd) L? L;i3+4d2+4d716 (IXRC”)

As the differentiation operator |V| 77 commutes with the free evolution, we recover
the claim. g

We next establish some connections between the spaces defined in (3.46) and
the usual Strichartz spaces.

LEMMA 3.11 (Interpolations). For any compact time interval I,

(3.47) llull xory S lullxry S IVullso(r

(3.48) lullx ) S llull Ttass ||Vu||§3{‘})
L, 377 (IxRd)
c 1—c

(3.49) ||U\|Lt2§l+;> o S el IVullso(ry,

where 0 < ¢ =¢(d) < 1.

PROOF. A simple application of Sobolev embedding yields (3.47).
Using interpolation followed by Sobolev embedding,

ol < el Sy H\V\d“u!\dtidﬂmm 202 (1) (042)
‘) T’_Q (IxR4) L, (@=2)(3d+8) f dl+aS—2d7+8d+32 (IxR4)
1
Sl IVul2EE.

L, 72 (IxR9)

t,x
This settles (3.48).
To establish (3.49), we analyze two cases. When d = 3, interpolation yields

3 1
lull 2ws2) S lull ko llull®
L, 277 (ixrd) 0 L LT (1xRa)

and the claim follows (with ¢ = 2) from (3.47) and Sobolev embedding. For d > 4,
another application of interpolation gives

_2
HUH 2(d+2) N ||u||)d(_02(1)||u||d : 242
e o (IXRY) Ld 2L(d 2% (IxRY)
and the claim follows again (with ¢ = 7%5) from (3.47) and Sobolev embedding. [
Finally, we derive estimates that will help us control the nonlinearity. The

main tools we use in deriving these estimates are the fractional chain rules; see
Lemmas A.11 and A.12.
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LEMMA 3.12 (Nonlinear estimates). Let I a compact time interval. Then,

d+2
(3.50) IF@)lva S s,
and

(3:51) [[Fx(u+v)wlly @ + [|Fz(u+v)wllym

8 8
< (I ZE IVul B + 10 E o3 ) lwlx.

PRrROOF. Throughout the proof, all spacetime norms are on I x R%.
Applying Lemma A.11 combined with (3.7) and (3.47) we find

a+2

IE@)lly @) S llu ||dd‘2+§§L(;’d§fd$ii V172 ]| PN S lullse -

1,2 d+16

This establishes (3.50).
We now turn to (3.51); we only treat the first term on the left-hand side, as
the second can be handled similarly. By Lemma A.10 followed by (3.7) and (3.47),

[ (utv)wlly 1)

4
< || Fo(u+ V|72
SIE@O wym g (V170 s

a4
+H|V|d+2Fz(u+v)|| aatz) d2(d:2) ||U)||X0([)

L, 8 L2¥F8

4
a—3 _4
S+ ol ity lwlxa + |1V T F, (u + U)HL‘”L%“) i lwllx ()
t x

Thus, the claim will follow from (3.47), once we establish

4
(3.52) |||V|d+2Fz(U+U)H darzy _d2(d+2)
LtT L:E2d2+8d716

2 2 2 2
Sl Z IVl B + Tl ot Vol B

In dimensions 3 < d < 5, this follows from Lemma A.11 and (3.47):

VT2 (w4 )| e a2casn <IIUJrvII I)\IU+UI\X(I><IIU+UIIX(1
LtT L;’d2+8d—16

To derive (3.52) in dimensions d > 6, we apply Lemma A.12 (with a = %5,
s = d%, and o = ¢ 2) followed by Holder’s inequality in the time variable,
Sobolev embedding, and (3.47):
H‘V“HQF u+v H d(d+2) _d2(d+2)
L2d2+8d—16
d(d 2) 4 %
S llw ol d(d42) _2d%(d+2) H|V| =2 (u+ U)H d(d+2) 242 (d+2)
L2(d 2) L'(.d+4)(d—2)§ Ltz(dfz) Lg3+2d2—12d+16

< H|V|d+2 u+ v H

d(d+2) 2d2 (d+2)
2(d—2) ; d3+2d2—12d+16
L; Ly

8 8
92 _4 2 92 _4 2
S Nl Z IVl Z 5+ ol Z R Vel

This settles (3.52) and hence (3.51). O
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We have now all the tools we need to attack Theorem 3.8. As in the mass-
critical setting, the stability result for the energy-critical NLS will be obtained
iteratively from a short-time perturbation result.

LEMMA 3.13 (Short-time perturbations). Let I be a compact time interval and
let @ be an approzimate solution to (3.5) on I x R% in the sense that

i+ Au=F(a)+e
for some function e. Assume that
lll oo 11 (1 xpay < E
for some positive constant E. Moreover, let tg € I and let u(ty) obey
lu(to) — a(to)ll g2 < E'

for some positive constant E'. Assume also the smallness conditions

(3.53) il x ) <6
(3.54) [ €712 (u(to) — i(to)) HX(I) se¢
(3.55) IVellnor) < e

for some small 0 < § = 6(F) and 0 < & < eo(E, E"). Then there exists a unique
solution u : I x R* — C to (3.5) with initial data u(ty) at time t =ty satisfying

(3.56) lu—dallxa) S e
(3.57) IV(u—a)llsory S E'
(3.58) IVullsoa) S B+ E
(3.59) 1F(u) = F(a)|lya) S e
(3.60) [V (F () = F(@) | yo ) S E"

PROOF. We prove the lemma under the additional assumption that M (u) < oo,
so that we can rely on Theorem 3.4 to guarantee that u exists. This additional as-
sumption can be removed a posteriori by the usual limiting argument: approximate
u(to) in H: by {un(to)}n C HE and apply the lemma with @ = u,,, u = u,, and
e = 0 to deduce that the sequence of solutions {u,}, with initial data {u,(to)}n
is Cauchy in energy-critical norms and thus convergent to a solution u with ini-
tial data u(tg) which obeys Vu € S°(I). Thus, it suffices to prove (3.56) through
(3.60) as a priori estimates, that is we assume that the solution u exists and obeys
Vu € SOI).

We start by deriving some bounds on @ and u. By Strichartz, Lemma 3.11,
(3.53), and (3.55),

IVllsory S l1ll poe g1 (rxray + IVF (@) vy + [ Vell oy

_4
S E+all 5 Vil sory + €
LA? (xR
" R e 05!
SE+072 ||Vu||so(f)l ® +e
where ¢ = ¢(d) is as in Lemma 3.11. Choosing ¢ small depending on d, E and &
sufficiently small depending on E, we obtain

(3.61) IVil[sor) S E-
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Moreover, by Lemma 3.10, Lemma 3.12, (3.53), and (3.55),
(bt A ~ N _ dr2
e =% a(to) || ¢ 1y S Nallxeny + IF@ vy + I Vellwoy S 6+672 +e S 6,

provided § and ¢ are chosen sufficiently small. Combining this with (3.54) and the
triangle inequality, we obtain

Hei(t—to)Au(t

O)HX(I) S0

Thus, another application of Lemma 3.10 combined with Lemma 3.12 gives

lullxry S [l€¥7 2 uto) | gy + IF (@) S 6+ HU||X(1
Choosing ¢ sufficiently small, the usual bootstrap argument yields
(3.62) ullxry < 90

Next we derive the claimed bounds on w := u — @. Note that w is a solution to

iwy + Aw = F(a+w) — F(a) —e
{w(to) = u(ty) — a(tp)-

Using Lemma 3.10 together with Lemma 3.11 and (3.55), we see that

ol < [l (utto) — (to)) sy + IVellocs) + 1F() ~ F@llvr

S e+ 1P (w) = F(a)lly

To estimate the difference of the nonlinearities, we use Lemma 3.12, (3.53), and
(3.61):

|F() = F(@)ly ) S Mw*ﬂww£5+wwﬂﬂwwW4Mwuu

_4d

1+
(3.63) < 6P BT ||w||x(ry + |Vl G ;)Hw”X(dz i
Thus, choosing ¢ sufficiently small depending only on E, we obtain

1+
(3.64) lollxy S &+ IVl 2 b lwle .

On the other hand, by the Strichartz inequality and the hypotheses,
IVwlisoy S lluo — toll g1 + IVellwocry + |V (F(w) = F(@))|| o)

(3.65) SE +e+|V(F(u) - F(a )HNO(I)'

To estimate the difference of the nonlinearities, we consider low and high dimen-

sions separately. Consider first 3 < d < 5. Using Holder’s inequality followed by
Lemma 3.11, (3.53), (3.61), and (3.62),

HV(F(U)iF(’a))HNO(I)
S, HV(F(U) - F('&))H 2d(d+2) 2d2 (d+2)

Ltd2+2d+4 Lg3+4d2+4d—8 (IxR4)

S IVl socry (lullxor + HaHXO(I))g;_g [[wllxor) + Hu”;(%OQ(DHVUJHSO(I)
(3.66) < (B6TE 4677 |Vl sor)
Thus, choosing 0 small depending only on E, (3.65) implies
[Vwllsory S E'+¢
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for 3 < d < 5. Consider now higher dimensions, that is, d > 6. Using Holder’s
inequality followed by Lemma 3.11, (3.61), and (3.62),

IVE@ = F@) |y S [VE@ = F@)|| spasn 22
L

3 2
+2d+4Ld +4d214d— 8(I><]Rd)

_4
S IVallsollwlloiry + HUIISEBQ(I)HV%UHSO(I)

(3.67) < Elolg Gy + 07|Vl go(r)
Therefore, taking ¢ sufficiently small, (3.65) implies

4
IVelsom S E' +e+ Elwlig,

for d > 6. Collecting the estimates for low and high dimensions (and choosing
g0 = €o(E") sufficiently small), we obtain

(3.68) IVwl[sor) S E' + EIIwHX 0

for all d > 3.

Combining (3.64) with (3.68), the usual bootstrap argument yields (3.56) and
(3.57), provided ¢q is chosen sufficiently small depending on F and E’. By the
triangle inequality, (3.57) and (3.61) imply (3.58).

Claims (3.59) and (3.60) follow from (3.63), (3.66), and (3.67) combined with
(3.56) and (3.57), provided we take d sufficiently small depending on E and &
sufficiently small depending on E, E’. O

We are finally in a position to prove the energy-critical stability result.

PrROOF OF THEOREM 3.8. Our first goal is to show
(3.69) Vil sory < C(E, L).
Indeed, by (3.39) we may divide I into Jy = Jo(L,n) subintervals I; = [t;,t;41]
such that on each spacetime slab I; x R

lall 22 <n
L, 972 (I;xRd)

t,a

for a small constant 77 > 0 to be chosen in a moment. By the Strichartz inequality
combined with (3.38) and (3.42),

IVallsory S N1at) gz + IVellwow,y + IVF(@)|[vo,)

SE+e+ HU||d2<2d+2> ||VT~LHS0(IJ)
L, %72 (I;xR4)

S B+ ety Vilaog .
Thus, choosing n > 0 small depending on the dimension d and e; sufficiently small
depending on E, we obtain
Vil sor,) S E
Summing this over all subintervals I;, we derive (3.69).
Using Lemma 3.11 together with (3.69) and then with (3.40) and (3.41), we
obtain

(3.70) lallx ) < C(E, L)

(3.71) (| t1002 (u(to) — i(to) Wi S emz (BT
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By (3.70), we may divide I into J; = J1(F, L) subintervals I; = [t;,¢;11] such that
on each spacetime slab I; x R?

il x ;) <6

for some small § = §(F) > 0 as in Lemma 3.13. Moreover, taking &1 (F, E’, L) suffi-
ciently small compared to eo(E,C(J1)E’), (3.71) guarantees (3.54) with ¢ replaced
by €¢ < gg, where ¢ may be taken equal to m. Note that E’ is being replaced
by C(J1)E’, as the energy of the difference of the two initial data may increase with
each iteration.

Thus, choosing ¢; sufficiently small (depending on Ji, E, and E’), we may

apply Lemma 3.13 to obtain for each 0 < j < J; and all 0 < & < €7,
lu =l xr,) < C>)e°

llu— uHsl(z y < C(HE
(3.72) [ullgi(r,) < CONE + E)
[F(w) = F(@)[ly ;) < Cj)e°
|V (F(u) - F(a )HNO(I ) > C(H)E,

provided we can show

(3.73) ||ei(t*tj)A(u(tj) —aft )HX Se and  u(ty) — ﬂ(tj)||Hi(Rd) <FE

for each 0 < j < Ji. By Lemma 3.10 and the inductive hypothesis,
e =52 (ult) = alt) || o,

< et “”A( <to>—uto)HX )+ IVellwoy + I1F (1) = F(@)lly (10.1,1)
j—1

Seftet Y Clh)e
k=0

Similarly, by the Strichartz inequality and the inductive hypothesis,

l[u(t;)—at;)l g
< llulto) = ato)ll g1 + IVellnogeo e,y + ||V (F(u) = F(a)

SE +e+ Z C(k)E'
k=0

) HNO([to,tj])

Taking e, sufficiently small depending on Ji, E, and E’, we see that (3.73) is
satisfied.

Summing the bounds in (3.72) over all subintervals I; and using Lemma 3.11,
we derive (3.43) through (3.45). This completes the proof of the theorem. O

4. A word from our sponsor: Harmonic Analysis

Without doubt, recent progress on nonlinear Schrodinger equations at critical
regularity has been made possible by the introduction of important ideas from
harmonic analysis, particularly some related to the restriction conjecture.
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4.1. The Gagliardo—Nirenberg inequality. The sharp constant for the
Gagliardo—Nirenberg inequality was derived by Nagy [63], in the one-dimensional
setting, and by Weinstein [105] for higher dimensions. We begin by recounting
this theorem. After that, we will present two applications to nonlinear Schrodinger
equations.

THEOREM 4.1 (Sharp Gagliardo—Nirenberg, [63, 105]). Fizxd > 1 and0 < p <
0o ford=1,2 or 0 <p < 325 ford > 3. Thenfor all f € HY(RY),

(1) ||fI < et

2 () QI VA

Here Q) denotes the unique positive radial Schwartz solution to AQ + QPT! = Q.
Moreover, equality holds in (4.1) if and only if f(z) = aQ(Ax — x¢)) for some
a€C, A€ (0,00), and zo € RY.

PRrOOF. The traditional (non-sharp) Gagliardo—Nirenberg inequality says
B [Vl
2__
A E e

What we seek here is the optimal constant C' = Cy in this inequality. We will
present only the proof for d > 2, following [105].

It suffices to consider merely non-negative spherically symmetric functions,
since we may replace f by its spherically symmetric decreasing rearrangement f*
(cf. [54, §7.17]). The H} norm of f* is no larger than that of f, while the L2 and
L2*P norms are invariant under f — f*. Thus J(f) < J(f*).

Let f,, be an optimizing sequence (of non-negative spherically symmetric func-
tions). By rescaling space and the values of the function, we may assume that
IVfullz = || fnllz2 = 1. We are now ready for the key step in the argument: The
embedding H]}ad < L2*P is compact; see Lemma A.4. Thus we may deduce that,
up to a subsequence, f,, converge strongly in L27P. Additionally, since f, is an
optimizing sequence, we can upgrade the weak convergence of f,, in H. (courtesy
of Alaoglu’s theorem) to strong convergence.

In the previous paragraph, we deduced that optimizers exist, that is, there are
functions f maximizing J(f). Moreover, f has been normalized to obey ||V f|l2 =
Ifll2 = 1, which implies Cyq = ||f||er2 By studying small Schwartz-space pertur-
bations of f, we quickly see that any optimizer f must be a distributional solution
to

(4.2) <C.

(4.3) (p+2)f7 = Ca{lp+2-5)f - HAf} =0.
This equation can be reduced to AQ + QP! = Q by setting
flz) = Q%Q(ﬂ%l‘) with 8 = png) and o = %C’d.

Taking advantage of || f||2 = 1, we may deduce Cy = 422”(22 ) BPU41Q|5".

We now turn to the uniqueness question. It is very tempting to believe that
J(f) < J(f*) with equality if and only if f(z) = ¥ f*(z + x¢) for some 6 €
[0,27) and xp € R?. (This would immediately imply that any optimizer is radially
symmetric up to translations.) Alas, it is not true without an additional constraint,
for instance, that Vf* does not vanish on a set of positive measure; see [11].

Fortunately for us, as f* is a non-zero spherically symmetric solution to (4.3),
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V f* cannot vanish on a set of positive measure; indeed this is a basic uniqueness
property of ODEs.

This leaves us to show uniqueness of positive spherically symmetric solutions
of AQ + QP+l = @, for which we refer the reader to [49]. O

REMARK. That rearrangement of a non-spherically-symmetric function may
fail to reduce the H;; norm can be demonstrated with a simple example, which we
will now describe. Let ¢ € C*°(R?) be supported on {|z| < 2} and obey ¢(z) = 1
when |z| < 1. The skewed ‘wedding cake’ f(z) = ¢(x) + ¢(4(x — 20)) with |zo| < 3
has H 1 norm equal to that of its spherically-symmetric decreasing rearrangement.

The main application of Theorem 4.1 in these notes is embodied by the foll