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Introduction

In 2006, Peter E. Newstead paid his first academic visit to North America after
the 1960s, and the occasion originated a number of workshops and conferences in his
honor. The editors of this volume, together with Montserrat Teixidor i Bigas, or-
ganized a Clay Mathematics Institute workshop, “Moduli spaces of vector bundles,
with a view toward coherent sheaves” (October 6-10, 2006). The experts convened
produced a vigorous confluence of so many different techniques and discussed such
deep connections that we felt a proceedings volume would be a valuable asset to
the community of mathematicians and physicists; when a participant was not avail-
able to write for this volume, state-of-the-art coverage of the topic was provided
through the generosity of an alternative expert.

Peter E. Newstead earned his Ph.D. from the University of Cambridge in 1966;
both John A. Todd and Michael F. Atiyah supervised his doctoral work. From the
beginning of his career, he was interested in topological properties of classification
spaces of vector bundles. Geometric Invariant Theory was re-invigorated around
that time by the refinement of concepts of (semi-)stability and projective models,
and Newstead contributed some of the more original and deeper constructions,
for example the projective models for rank-2 bundles of fixed determinant of odd
degree over a curve of genus two, a quadratic complex (obtained also, using a
different method, by M.S. Narasimhan with S. Ramanan), and a topological proof
for non-existence of universal bundles in certain cases. He played a prominent
role in the development of a major area by focusing on moduli of vector bundles
over an algebraic curve, was a main contributor to a Brill-Noether geography for
these spaces, and his topological results led him to make major contributions (cf.
[N1-2] and [KN]) to the description, by generators and relations, of the rational
cohomology algebra H*(SUx (2, L)) for the moduli space SUx (2, L) of stable rank-
2 bundles over X with fixed determinant L, where X is a compact Riemann surface
of genus g > 2, and L a line bundle of odd degree over X (the higher-rank case
was then settled in [EK]). The main concerns of his current work are coherent
systems on algebraic curves and Picard bundles. This bird’s-eye view of Newstead’s
work omits several topics, ranging from invariants of group action to algebraic
geometry over the reals, conic bundles and other special projective varieties defined
by quadrics, and compactifications of moduli spaces, and is merely intended to
serve as orientation for the readers of the present volume.

This volume of cutting-edge contributions provides a collection of problems and
methods that are greatly enriching our understanding of moduli spaces and their
applications. It should be accessible to non-experts, as well as further the interac-
tion among researchers specializing in various aspects of these spaces. Indeed, we

vii



viii INTRODUCTION

hope this volume will impress the reader with the diversity of ideas and techniques
that are brought together by the nature of these varieties.

In brief and non-technical terms, the volume covers the following areas. An
aspect of moduli spaces that recently emerged is the disparate set of dualities that
parallel the classical Hecke correspondence of number theory. In modern terms,
such a pairing of two variables (or two categories) is a Fourier-Mukai-Laumon trans-
form; implications go under the heading of geometric Langlands program, the area
of Kamnitzer’s article. Pareschi and Popa offer original techniques in the derived-
theoretic study of regularity and generic vanishing for coherent sheaves on abelian
varieties, with applications to the study of vector bundles, as well as that of lin-
ear series on irregular varieties. Also on the theme of moduli spaces, Aprodu and
Farkas on the one hand, Jeffrey on the other, provide techniques to analyze different
properties: respectively, applications of Koszul cohomology to the study of various
moduli spaces, and symplectic-geometric methods for intersection cohomology over
singular moduli spaces. Teixidor treats moduli spaces of vector bundles over re-
ducible curves, a delicate issue with promising applications to integrable systems.
Arcara and Bertram work torwards a concept of stability for bundles over surfaces
and conjecturally over threefolds. Using the Brauer group, Lieblich relates the
geometry of moduli spaces to the properties of certain non-commutative algebras
and to arithmetic local-to-global principles. Andersen and Gammelgaard’s paper
addresses a quantization of the moduli space: the fibration of the moduli space of
curves given by the moduli of bundles admits a projective connection whose as-
sociated operator generalizes the heat equation — it was defined independently by
N. Hitchin, and by S. Axelrod with S. Della Pietra and E. Witten. Finally, the
workshop’s guest of honor, Peter Newstead himself, offers a cutting-edge overview
of his current area of work, coherent systems over algebraic curves; may we salute
it as the Brill-Noether theory of the XXI century?

We hope you enjoy the book and find it as inspiring as we do.

David A. Ellwood, Cambridge
Emma Previato, Boston
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Hitchin’s Projectively Flat Connection, Toeplitz Operators
and the Asymptotic Expansion of TQFT Curve Operators

Jgrgen Ellegaard Andersen and Niels Leth Gammelgaard

ABSTRACT. In this paper, we will provide a review of the geometric construc-
tion, proposed by Witten, of the SU(n) quantum representations of the map-
ping class groups which are part of the Reshetikhin-Turaev TQFT for the
quantum group Uy (sl(n,C)). In particular, we recall the differential geometric
construction of Hitchin’s projectively flat connection in the bundle over
Teichmiiller space obtained by push-forward of the determinant line bundle
over the moduli space of rank n, fixed determinant, semi-stable bundles fiber-
ing over Teichmiiller space. We recall the relation between the Hitchin con-
nection and Toeplitz operators which was first used by the first named author
to prove the asymptotic faithfulness of the SU(n) quantum representations of
the mapping class groups. We further review the construction of the formal
Hitchin connection, and we discuss its relation to the full asymptotic expan-
sion of the curve operators of Topological Quantum Field Theory. We then
go on to identify the first terms in the formal parallel transport of the Hitchin
connection explicitly. This allows us to identify the first terms in the resulting
star product on functions on the moduli space. This is seen to agree with the
first term in the star-product on holonomy functions on these moduli spaces
defined by Andersen, Mattes and Reshetikhin.

1. Introduction

Witten constructed, via path integral techniques, a quantization of Chern-
Simons theory in 2 4+ 1 dimensions, and he argued in [Wi] that this produced a
TQFT, indexed by a compact simple Lie group and an integer level k. For the group
SU(n) and level k, let us denote this TQFT by Z,En). Witten argues in [Wi] that the
theory Z ,f) determines the Jones polynomial of a knot in S3. Combinatorially, this
theory was first constructed by Reshetikhin and Turaev, using the representation
theory of U,(sl(n,C)) at ¢ = e(™)/(*+) in [RT1] and [RT2]. Subsequently, the
TQFT’s Z,g") were constructed using skein theory by Blanchet, Habegger, Masbaum
and Vogel in [ BHMV1], [ BHMV2] and [B1].

The two-dimensional part of the TQFT Z,gn) is a modular functor with a certain
label set. For this TQFT, the label set A,(cn) is a finite subset (depending on k)
of the set of finite dimensional irreducible representations of SU(n). We use the

2010 Mathematics Subject Classification. Primary 53D50; Secondary 47D35, 53D57, 57R56.
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2 JORGEN ELLEGAARD ANDERSEN AND NIELS LETH GAMMELGAARD

usual labeling of irreducible representations by Young diagrams, so in particular
Oe A,(cn) is the defining representation of SU(n). Let further /\(()d) € A,(Cn) be the
Young diagram consisting of d columns of length k. The label set is also equipped
with an involution, which is simply induced by taking the dual representation. The
trivial representation is a special element in the label set which is clearly preserved
by the involution.

Category of (ex-
tended) closed

(n) oriented surfaces Category of finite
Zy with A,(:l)—labeled — { dimensional vector

marked points with spaces over C
projective tangent
vectors

The three-dimensional part of Z,(C") is an association of a vector,
ZM (M, L, \) € Z" (0M, 0L, 0N),

to any compact, oriented, framed 3—manifold M together with an oriented, framed
link (L, L) C (M,dM) and a A{™-labeling A : mo(L) — A,

A3

This association has to satisfy the Atiyah-Segal-Witten TQFT axioms (see e.g.
[At], [Se] and [Wi]). For a more comprehensive presentation of the axioms, see
Turaev’s book [T].

The geometric construction of these TQFTs was proposed by Witten in [Wi]
where he derived, via the Hamiltonian approach to quantum Chern-Simons theory,
that the geometric quantization of the moduli spaces of flat connections should
give the two-dimensional part of the theory. Further, he proposed an alterna-
tive construction of the two-dimensional part of the theory via WZW-conformal
field theory. This theory has been studied intensively. In particular, the work of
Tsuchiya, Ueno and Yamada in [TUY] provided the major geometric constructions
and results needed. In [BK], their results were used to show that the category of
integrable highest weight modules of level k for the affine Lie algebra associated to
any simple Lie algebra is a modular tensor category. Further, in [BK], this result is
combined with the work of Kazhdan and Lusztig [KL] and the work of Finkelberg
[Fi] to argue that this category is isomorphic to the modular tensor category asso-
ciated to the corresponding quantum group, from which Reshetikhin and Turaev
constructed their TQFT. Unfortunately, these results do not allow one to conclude
the validity of the geometric constructions of the two-dimensional part of the TQFT
proposed by Witten. However, in joint work with Ueno, [AU1], [AU2], [AU3] and
[AU4], we have given a proof, based mainly on the results of [TUY], that the
TUY-construction of the WZW-conformal field theory, after twist by a fractional
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power of an abelian theory, satisfies all the axioms of a modular functor. Further-
more, we have proved that the full (2 + 1)-dimensional TQFT resulting from this
is isomorphic to the aforementioned one, constructed by BHMYV via skein theory.
Combining this with the theorem of Laszlo [Lal], which identifies (projectively)
the representations of the mapping class groups obtained from the geometric quan-
tization of the moduli space of flat connections with the ones obtained from the
TUY-constructions, one gets a proof of the validity of the construction proposed
by Witten in [Wi].

Part of this TQFT is the quantum SU(n) representations of the mapping class
groups. Namely, if ¥ is a closed oriented surfaces of genus g, I' is the mapping class
group of X, and p is a point on ¥, then the modular functor induces a representation

(1) Z0D T o PAw (2 (2, p, A)).

For a general label of p, we would need to choose a projective tangent vector
v, € T,X /R, and we would get a representation of the mapping class group of

(2, p,vp). But for the special labels )\éd), the dependence on v, is trivial and in fact
we get a representation of I'. Furthermore, the curve operators are also part of any

TQFT: For v C ¥ — {p} an oriented simple closed curve and any A € A,in), we have
the operators

(2) Z (1,0 2 (8, 080) = 27 (8., A7),
defined as

n n 1
Z0D (4, 0) = 20D (8 x T,y x {3 [Ttp} = 1. {0 A7),

;

—
Q /t
Q O i

d
Ay

The curve operators are natural under the action of the mapping class group,
meaning that the following diagram,

(n) @y Z"eNm) (d)
Zk (27107)‘0 ) — Zk (27107)‘0 )
Z,i"‘d)w)l lZ,i"“”(aa)

ZI(GNAN) (o
Z]in)(z,pa )‘E)d)) k—> Z]E; L)(Evpa Ag)d))a

is commutative for all ¢ € T and all labeled simple closed curves (y,\) C ¥ — {p}.

For the curve operators, we can derive an explicit formula using factorization:
Let ¥’ be the surface obtained from cutting ¥ along ~ and identifying the two
boundary components to two points, say {p4+,p—}. Here py is the point corre-

sponding to the “left” side of . For any label u € AL"), we get a labeling of the
ordered points (p,,p_) by the ordered pair of labels (u, uf).
Since Z,E") is also a modular functor, one can factor the space Z,g")(Z,p, )\((Jd))

as a direct sum, ‘along’ v, over A,(c"). That is, we get an isomorphism
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d d
(3) 70 E N = @ 20 peppon il N).
,uEA,(C”)
Strictly speaking, we need a base point on v to induce tangent directions at p.

However, the corresponding subspaces of Z(k)(Z,p, )\éd)) do not depend on the
choice of base point. The isomorphism (3) induces an isomorphism

End(ZW(2,p,A") = @ End(Z®(2 pr,po,p, i, AD)),
,uGA,(c")

which also induces a direct sum decomposition of End(Z®) (%, p, )\(()d))), independent
of the base point.

The TQFT axioms imply that the curve operator Z®) (v, \) is diagonal with
respect to this direct sum decomposition along . One has the formula

Z(k)(% A) = @ S/\’“(S‘)W)il Idz(’“)(E',p+,pﬂp,u,ufy>\éd)) ’
MGAEC")

Here S ,, is the S-matrix! of the theory Z](Cn). See e.g. [B1] for a derivation of this
formula.

Let us now briefly recall the geometric construction of the representations Z ,i"’d)
of the mapping class group, as proposed by Witten, using geometric quantization
of moduli spaces.

We assume from now on that the genus of the closed oriented surface ¥ is at
least two. Let M be the moduli space of flat SU(n) connections on ¥ — p with
holonomy around p equal to exp(2mid/n)Id € SU(n). When (n, d) are coprime, the
moduli space is smooth. In all cases, the smooth part of the moduli space has a
natural symplectic structure w. There is a natural smooth symplectic action of the
mapping class group I' of ¥ on M. Moreover, there is a unique prequantum line
bundle (£,V,(-,-)) over (M,w). The Teichmiiller space 7 of complex structures
on ¥ naturally, and I'-equivariantly, parametrizes Kéahler structures on (M,w).
For o0 € T, we denote by M, the manifold (M,w) with its corresponding Kéahler
structure. The complex structure on M, and the connection V in £ induce the
structure of a holomorphic line bundle on £. This holomorphic line bundle is simply
the determinant line bundle over the moduli space, and it is an ample generator of
the Picard group [DN].

By applying geometric quantization to the moduli space M, one gets, for any
positive integer k, a certain finite rank bundle over Teichmiiller space T which
we will call the Verlinde bundle V, at level k. The fiber of this bundle over a
point o € T is Vi, = H°(M,,L¥). We observe that there is a natural Hermitian
structure (-,-) on H°(M,,L*) by restricting the Lo-inner product on global L
sections of £F to HY(M,, L¥).

The main result pertaining to this bundle is:

THEOREM 1 (Axelrod, Della Pietra and Witten; Hitchin). The projectivization
of the bundle Vi, supports a natural flat I'-invariant connection V.

1The S-matrix is determined by the isomorphism that a modular functor induces from two
different ways of glueing an annulus to obtain a torus. For its definition, see e.g. [MS], [Se], [Wa]
or [BK] and references therein. It is also discussed in [AU3].
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This is a result proved independently by Axelrod, Della Pietra and Witten
[ADW] and by Hitchin [H]. In section 2, we review our differential geometric
construction of the connection V in the general setting discussed in [A6]. We
obtain as a corollary that the connection constructed by Axelrod, Della Pietra and
Witten projectively agrees with Hitchin’s.

DEFINITION 1. We denote by Z,(Cn’d) the representation

ZD T = P Aut(27(2,p, A7),

obtained from the action of the mapping class group on the covariant constant
sections of P(Vy) over T.

The projectively flat connection V induces a flat connection V€ in End(Vy). Let
Endo(Vx) be the subbundle consisting of traceless endomorphisms. The connection
V¢ also induces a connection in Endg(Vy), which is invariant under the action of T.

In [A3], we proved

THEOREM 2 (Andersen). Assume that n and d are coprime or that (n,d) =
(2,0) when g = 2. Then, we have that

= 1,H =2, n=2 —
m ker(Z]gn,d)) _ {{ ) } g IR a’ndd 0

o1 {1} otherwise,

where H is the hyperelliptic involution.

The main ingredient in the proof of this Theorem is the Toeplitz operators
associated to smooth functions on M. For each f € C*°(M) and each point o € T,
we have the Toeplitz operator,

k
T HO (M, £8) — HO(M,, £5),
which is given by
k
71 =M (fs)

for all s € HO(M,, ). Here 73 is the orthogonal projection onto HO(M,, £*)
induced from the Lo-inner product on C*°(M, LF). We get a smooth section of
End(V®),

T € C%(T, End(V ™)),

by letting T;k)(a) = T}kg) (see [A3]). See section 3 for further discussion of the
Toeplitz operators and their connection to deformation quantization.

The sections T;k) of End(V®)) over T are not covariant constant with respect to

Hitchin’s connection V€. However, they are asymptotically so as k goes to infinity.
This will be made precise when we discuss the formal Hitchin connection below.

As a further application of TQFT and the theory of Toeplitz operators together
with the theory of coherent states, we recall the first author’s solution to a problem
in geometric group theory, which has been around for quite some time (see e.g.
Problem (7.2) in Chapter 7, “A short list of open questions”, of [BHV]): In [AS§],
Andersen proved that

THEOREM 3 (Andersen). The mapping class group of a closed oriented surface,
of genus at least two, does not have Kazhdan’s property (T).
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Returning to the geometric construction of the Reshetikhin-Turaev TQFT,
let us recall the geometric construction of the curve operators. First of all, the
decomposition (3) is geometrically obtained as follows (see [A7] for the details):

One considers a one parameter family of complex structures o, € 7, t € Ry,
such that the corresponding family in the moduli space of curves converges in the
Mumford-Deligne boundary to a nodal curve, which topologically corresponds to
shrinking v to a point. By the results of [A1], the corresponding sequence of
complex structures on the moduli space M converges to a non-negative polariza-
tion on M whose isotropic foliation is spanned by the Hamiltonian vector fields
associated to the holonomy functions of . The main result of [A7] is that the
covariant constant sections of V*) along the family o, converge to distributions
supported on the Bohr-Sommerfeld leaves of the limiting non-negative polarization
as t goes to infinity. The direct sum of the geometric quantization of the level k
Bohr-Sommerfeld levels of this non-negative polarization is precisely the left-hand
side of (3). A sewing construction, inspired by conformal field theory (see [TUY]),
is then applied to show that the resulting linear map from the right-hand side of
(3) to the left-hand side is an isomorphism. This is described in detail in [AT7].

In [A7], we further prove the following important asymptotic result. Let h, x €
C° (M) be the holonomy function obtained by taking the trace in the representation
A of the holonomy around ~.

THEOREM 4 (Andersen). For any one-dimensional oriented submanifold v and
any labeling A of the components of v, we have that

: (n,d) _ k)
klimw||Zk (7, ) Th%A” 0.

Let us here give the main idea behind the proof of Theorem 4 and refer to [A7]
for the details. One considers the explicit expression for the S-matrix, as given in
formula (13.8.9) in Kac’s book [Kac],

A+p
+n

(4) Sxu/ S0 = Ae 2R ),

where p is half the sum of the positive roots and 7 (v any element of A) is the
unique element of the Cartan subalgebra of the Lie algebra of SU(n) which is dual
to v with respect to the Cartan-Killing form (-, -).

From the expression (4), one sees that under the isomorphism [ +— p, the
expression S /S0, makes sense for any [ in the Cartan subalgebra of the Lie
algebra of SU(n). Furthermore, one finds that the values of this sequence of func-
tions (depending on k) are asymptotic to the set of values of the holonomy function
hy,x at the level k£ Bohr-Sommerfeld sets of the limiting non-negative polarizations
discussed above (see [A1]). From this, one can deduce Theorem 4. See again [A7]
for details.

Let us now consider the general setting treated in [A6]. Thus, we consider,
as opposed to only considering the moduli spaces, a general prequantizable sym-
plectic manifold (M,w) with a prequantum line bundle (L, (+,-), V). We assume
that 7 is a complex manifold which holomorphically and rigidly (see Definition 5)
parameterizes Kéhler structures on (M, w). Then, the following theorem, proved in
[A 6], establishes the existence of the Hitchin connection under a mild cohomological
condition.

THEOREM 5 (Andersen). Suppose that I is a rigid family of Kdhler structures
on the compact, prequantizable symplectic manifold (M,w) which satisfies that there
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exists an n € Z such that the first Chern class of (M,w) is n[5=] € HQ(M Z)
and H'(M,R) = 0. Then, the Hitchin connection V in the trivial bundle H®*

T x C®(M, L) preserves the subbundle H™®) with fibers H(My, LF). It is given
by

. . 1
Vy =Vi + T {Acwv) +2Vayar +4kV'[F},

where V' is the trivial connection in H*®), and V is any smooth vector field on T

In section 4, we study the formal Hitchin connection which was introduced in
[A6]. Let D(M) be the space of smooth differential operators on M acting on
smooth functions on M. Let Cj, be the trivial C;°(M)-bundle over T.

DEFINITION 2. A formal connection D is a connection in Cy over T of the
form )
Dy f=VI[fl+ DV)(f),
where D is a smooth one-form on T with values in Dy (M) = D(M)[[h]], f is any

smooth section of Cr, V is any smooth vector field on T and V[f] is the derivative
of f in the direction of V.

Thus, a formal connection is given by a formal series of differential operators
D(V) =Y DO(V)h!
1=0

From Hitchin’s connection in H*)| we get an induced connection Ve in the
endomorphism bundle End(H (k)). As previously mentioned, the Teoplitz operators
are not covariant constant sections with respect to @e, but asymptotically in k they
are. This follows from the properties of the formal Hitchin connection, which is the
formal connection D defined through the following theorem (proved in [A6]).

THEOREM 6. (Andersen) There is a unique formal connection D which satisfies
that

(k) (k)

(5) VI3 ~ Ty £y (1 htn/2)

for all smooth sections f of Cy and all smooth vector fields on T . Moreover,
D=0 mod h.

Here ~ means the following: For all L € Z4 we have that

e (k) (k) (k)
vis _<T +ZT DrleT /2))

uniformly over compact subsets of T, for all smooth maps f: T — C>°(M).

= Ok~ ),

Now ﬁ~x an f € C°°(M) which does not depend on o € T, and notice how the
fact that D = 0 mod h implies that

Hv 7®| = o).

This expresses the fact that the Toeplitz operators are asymptotically flat with
respect to the Hitchin connection.

We define a mapping class group equivariant formal trivialization of D as fol-
lows.
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DEFINITION 3. A formal trivialization of a formal connection D is a smooth
map P : T — Dp(M) which modulo h is the identity, for all o € T, and which
satisfies

Dy (P(f)) =0,
for all vector fields V on T and all f € Cp°(M). Such a formal trivialization is
mapping class group equivariant if P(¢p(0)) = ¢*P(o) for allo € T and ¢ € T.

Since the only mapping class group invariant functions on the moduli space are
the constant ones (see [Gol]), we see that, in the case where M is the moduli space,
such a P, if it exists, must be unique up to multiplication by a formal constant.

Clearly, if D is not flat, such a formal trivialization cannot exist even locally
on 7. However, if D is flat and its zero-order term is just given by the trivial
connection in Cj, then a local formal trivialization exists, as proved in [A6].

Furthermore, it is proved in [A6] that flatness of the formal Hitchin connection
is implied by projective flatness of the Hitchin connection. As was proved by
Hitchin in [H], and stated above in Theorem 1, this is the case when M is the
moduli space. Furthermore, the existence of a formal trivialization implies the
existence of a unique (up to formal scale) mapping class group equivariant formal
trivialization, provided that HL(T,D(M)) = 0. The first steps towards proving
that this cohomology group vanishes have been taken in [AV1, AV2, AV3, Vi|.
In this paper, we prove that

THEOREM 7. The mapping class group equivariant formal trivialization of the
formal Hitchin connection exists to first order, and we have the following explicit
formula for the first order term of P;

PO = 78() + iV (f),

where X% denotes the (0,1)-part of the Hamiltonian vector field for the Ricci po-
tential.

For the proof of the theorem, see section 4. We will make the following conjec-
ture.

CONJECTURE 1. The mapping class group equivariant formal trivialization of
the formal Hitchin connection exists, and for any one-dimensional oriented sub-
manifold v and any labeling \ of the components of v, we have the full asymptotic
expansion

2, 0) ~ TS

P(h'y)\y
which means that for all L and all o € T, we have that
(n.d) ) 1
Z () =S T —— || = O(K"*Y).
H k (’77 ) P,;”(h%,\) (k 4 n/2)l H ( )

=0

It is very likely that the techniques used in [A7] to prove Theorem 4 can be
used to prove this conjecture.

When we combine this conjecture with the asymptotics of the product of two
Toeplitz operators (see Theorem 11), we get the full asymptotic expansion of the
product of two curve operators:

n,d d k
2" (M) 24" )(72’A2)NTIS’()}L’H,/M);ETP(h'VQ,/\Q)’
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where ;f Tis very closely related to the Berezin-Toeplitz star product for the Kahler
manifold (M,,w), as first defined in [BMS]. See section 3 for further details re-
garding this.

Suppose that we have a mapping class group equivariant formal trivialization
P of the formal Hitchin connection D. We can then define a new smooth family of
star products parametrized by 7 as follows:

[*e 9= Pa_l(Pa(f);ETPfr(g))

for all f,g € C°(M) and all 0 € T. Using the fact that P is a trivialization, it
is not hard to prove that *, is independent of o, and we simply denote it x. The
following theorem is proved in section 4.

THEOREM 8. if The star product x has the form

fxg=fg— 5{f.gth+OU2)

We observe that this formula for the first-order term of x agrees with the first-
order term of the star product constructed by Andersen, Mattes and Reshetikhin
in [AMR2], when we apply the formula in Theorem 8 to two holonomy functions
h’Yl,)\l and h“/z)\z:

i 2
5h{71772}7>\1Uk2 + O(h%).

We recall that {1,772} is the Goldman bracket (see [Go2]) of the two simple closed
curves y; and 7.

A similar result was obtained for the abelian case, i.e. in the case where M is
the moduli space of flat U(1)-connections, by the first author in [A2], where the
agreement between the star product defined in differential geometric terms and the
star product of Andersen, Mattes and Reshetikhin was proved to all orders. We
conjecture that the two star products also agree? in the non-abelian case.

We also remark that the constructions presented here seems to explicitly real-
ized, to first order, some of the constructions contemplated by Gukov and Witten
in [GW] in the part concerned with Chern-Simons theory.

We would finally also like to recall that the first named author has shown
that the Nielsen-Thurston classification of mapping classes is determined by the
Reshetikhin-Turaev TQFTs. We refer to [A5] for the full details of this.

Warm thanks are due to the editor of this volume for her persistent encourage-
ments towards the completion of this contribution.

Py * Py xg = Pypya aun, —

2. The Hitchin connection

In this section, we review our construction of the Hitchin connection using the
global differential geometric setting of [A6]. This approach is close in spirit to
Axelrod, Della Pietra and Witten’s in [ADW], however we do not use any infinite
dimensional gauge theory. In fact, the setting is more general than the gauge
theory setting in which Hitchin in [H] constructed his original connection. But
when applied to the gauge theory situation, we get the corollary that Hitchin’s
connection agrees with Axelrod, Della Pietra and Witten’s.

2By agree we don’t just mean agree up to equivalence, but that the two star products of any
two functions exactly agree.
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Hence, we start in the general setting and let (M, w) be any compact symplectic
manifold.

DEFINITION 4. A prequantum line bundle (L, (-,-), V) over the symplectic man-
ifold (M, w) consist of a complex line bundle L with a Hermitian structure (-,-) and
a compatible connection V whose curvature is

Fo(X,Y)=[Vx,Vy] = Vixy] = —iw(X,Y).

We say that the symplectic manifold (M,w) is prequantizable if there exists a pre-
quantum line bundle over it.

Recall that the condition for the existence of a prequantum line bundle is
that (=] € Im(H?(M,Z)— H?(M,R)). Furthermore, the inequivalent choices of
prequantum line bundles (if they exist) are parametrized by H'(M,U(1)) (see e.g.
[Wo)).

We shall assume that (M, w) is prequantizable and fix a prequantum line bundle
(‘C’ ('a ')7 V)

Assume that 7T is a smooth manifold which smoothly parametrizes Kéhler struc-
tures on (M,w). This means that we have a smooth® map I : T — C°° (M, End(TM))
such that (M,w, I,) is a Kidhler manifold for each o € T.

We will use the notation M, for the complex manifold (M, I,). For each o € T,
we use I, to split the complexified tangent bundle T'M¢ into the holomorphic and
the anti-holomorphic parts. These we denote by

T, = E(Iy,4) = Im(Id —iI,,)
and -

T, = E(ly,—i) = Im(Id +il,)
respectively.

The real Kéhler metric g, on (M,,w), extended complex linearly to TMc, is
by definition

(6) ga(Xa Y) :w(Xa IUY>7

where X, Y € C°(M,TMc).
The divergence of a vector field X is the unique function 6(X) determined by

(7) Lxw™ =§(X)w™.

It can be calculated by the formula §(X) = Ad(ixw), where A denotes contraction
with the Kahler form. Even though the divergence only depends on the volume,
which is independent of particular Kahler structure, it can be expressed in terms
of the Levi-Civita connection on M, by §(X) =TrV,X.

Inspired by this expression, we define the divergence of a symmetric bivector
field B € C>(M, S*(TMc)) by

d,(B) =TrV,B.
Notice that the divergence on bivector fields does depend on the point o € T.

3Here a smooth map from 7 to C°° (M, W), for any smooth vector bundle W over M, means
a smooth section of 7}, (W) over T x M, where 7y is the projection onto M. Likewise, a smooth
p-form on 7" with values in C°°(M, W) is, by definition, a smooth section of m3-AP(T) ® 73, (W)
over T x M. We will also encounter the situation where we have a bundle W over 7 x M and
then we will talk about a smooth p-form on 7 with values in C°° (M, W,) and mean a smooth
section of wH-AP(T) ® W over T x M.
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Suppose V' is a vector field on 7. Then, we can differentiate I along V and
we denote this derivative by V[I] : T — C*°(M,End(TMc)). Differentiating the
equation I? = —1Id, we see that V[I] anti-commutes with I. Hence, we get that

Ve € C*(M(T; 0 T,) & (T; @ T,))
for each o € T. Let
Vi, =V, + V[
be the corresponding decomposition such that V[I], € C>(M, T;®T,) and V[I] €
C*(M,Tr®1T,).
Now we will further assume that 7 is a complex manifold and that I is a

holomorphic map from 7 to the space of all complex structures on M. Concretely,
this means that

and
V', = Vg
for all ¢ € T, where V'’ means the (1,0)-part of V and V" means the (0, 1)-part of
V over T. }
Let us define G(V) € C*°(M,TMc @ TMc) by
V[l = G(V)w,
and define G(V) € C*(M, T, ® T,;) such that
GV)=G(V)+G(V)
for all real vector fields V on 7. We see that G and G are one-forms on 7~ with
values in C° (M, TMc®TMc) and C*(M,T,®T,), respectively. We observe that
VI =G(V)w,
and G(V) = G(V').
Using the relation (6), one checks that
G(V)=-Vvig™],

where g~! € C°°(M, S?(TM)) is the symmetric bivector field obtained by raising
both indices on the metric tensor. Clearly, this implies that G takes values in
C>(M,S?(TMc)) and therefore that G takes values in C>°(M, S?(T,)).

On £*, we have the smooth family of d-operators V%! defined at o € T by

1
Vol = S(L+il)V.

For every o € T, we consider the finite-dimensional subspace of C*°(M, L¥) given
by

H® = HO(M,, £F) = {s € C=(M, LF)|VO's = 0}.
Let V! denote the trivial connection in the trivial bundle H®*) = T x € (M, L*),
and let D(M, L¥) denote the vector space of differential operators on C>(M, LF).
For any smooth one-form u on 7 with values in D(M, £*), we have a connection
V in H*) given by

@V = @Q/ - U(V)

for any vector field V on T.
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LEMMA 1. The connection V in H®) preserves the subspaces H,gk) C C=(M, L"),
for all o € T, if and only if

(8) SVIIV"Os + V" u(V)s = 0
for all vector fields V. on T and all smooth sections s of H*).

This result is not surprising. See [A6] for a proof this lemma. Observe that,

if this condition holds, we can conclude that the collection of subspaces Hl(,k) -

C>®(M, LF), for all ¢ € T, form a subbundle H*) of H*).
We observe that u(V") = 0 solves (8) along the anti-holomorphic directions on
T since
V'IVHYs = 0.

In other words, the (0, 1)-part of the trivial connection V! induces a d-operator on
H®) and hence makes it a holomorphic vector bundle over 7.

This is of course not in general the situation in the (1,0) direction. Let us now
consider a particular u and prove that it solves (8) under certain conditions.

On the Kéhler manifold (M,,w), we have the Kiahler metric and we have the
Levi-Civita connection V in T,. We also have the Ricci potential F,, € C§°(M,R).
Here

C(M,R) = {f € C*°(M,R) | / fw™ = 0},
M
and the Ricci potential is the element of F, € C§°(M,R) which satisfies
Ric, = RicH 42i0,0, F,,

where Ric, € Ql’l(Mg) is the Ricci form and Ricf is its harmonic part. We see
that we get in this way a smooth function F : T — C§° (M, R).

For any symmetric bivector field B € C*°(M, S?(TM)) we get a linear bundle
map

B:T"M —-TM
given by contraction. In particular, for a smooth function f on M, we get a vector
field Bdf € C>=(M,TM).
We define the operator
Ap : C®(M, LS oM, T*M o £*) "2 e, T™M  £)
Va®1d$1d®v COO(M, T*MQTM® L:k) ’I_‘r} COO(M, Lk)
Let’s give a more concise formula for this operator. Define the operator
Viy = VxVy = Vyyy,

which is tensorial and symmetric in the vector fields X and Y. Thus, it can be
evaluated on a symmetric bivector field and we have

Ap = V% + V(;(B).
Putting these constructions together, we consider, for some n € Z such that
2k + n # 0, the operator
1

9) u(V) = mo(v) — V'[F],
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where

(10) o(V) = —=(Agw) + 2Vg)yar — 2nV'[F]).

1
4
The connection associated to this u is denoted by V, and we call it the Hitchin
connection in H®.
DEFINITION 5. We say that the complex family I of Kdhler structures on (M,w)
is rigid if
9-(G(V),) =0
for all vector fields V on T and all points o € T.
We will assume our holomorphic family [ is rigid.

THEOREM 9 (Andersen). Suppose that I is a rigid family of Kdhler structures
on the compact, prequantizable symplectic manifold (M,w) which satisfies that there
exists an n € Z such that the first Chern class of (M,w) is n[z=] € H*(M,Z) and
HY(M,R) = 0. Then u given by (9) and (10) satisfies (8), for all k such that
2k +n # 0.

Hence, the Hitchin connection V preserves the subbundle H*) under the stated
conditions. Theorem 9 is established in [A6] through the following three lemmas.

LEMMA 2. Assume that the first Chern class of (M,w) is n[s=] € H*(M,Z).
For any o € T and for any G € H°(M,, S*(T,)), we have the following formula:

VO AG(s) + 2Vaar, (s) = —i(2k + n)wGV (s) + 2ik(GdF,)w + ikd, (G)w)s,
for all s € H(M,, CF).
LEMMA 3. We have the following relation:
4i0,(V'[F)y) = 2(G(V)AF)ow + 35 (G(V)) pw,
provided that H'(M,R) = 0.
LEMMA 4. For any smooth vector field V on T, we have that
(11) 2(V'[Ric))"" = 0(3(G(V))w).

Let us here recall how Lemma 3 is derived from Lemma 4. By the definition of
the Ricci potential

Ric = Ric" 4+2iddF,
where Ric = nw by the assumption ¢ (M,w) = n[5=]. Hence
V'[Ric] = —dV'[I|dF + 2idOV'[F],
and therefore
4i00V'[F] = 2(V'[Ric])** 4 20V'[1]dF.
From the above, we conclude that
(2(G(V)dF)w + 6(G(V))w — 4i0V'[F]), € Q2 (M)

is a d,-closed one-form on M. From Lemma 2, it follows that it is also 0,-closed,
whence it must be a closed one-form. Since we assume that H!(M,R) = 0, we see
that it must be exact. But then it in fact vanishes since it is of type (0,1) on M,.
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From the above we conclude that
1

1

solves (8). Thus we have established Theorem 9 and hence Theorem 5.

In [AGL] we use half-forms and the metaplectic correction to prove the exis-
tence of a Hitchin connection in the context of half-form quantization. The assump-
tion that the first Chern class of (M,w) is n[s=] € H*(M,Z) is then just replaced
by the vanishing of the second Stiefel-Whitney class of M (see [AGL] for more
details).

Suppose I' is a group which acts by bundle automorphisms of £ over M pre-
serving both the Hermitian structure and the connection in £. Then there is an
induced action of I on (M,w). We will further assume that I" acts on 7 and that
I is T'-equivariant. In this case we immediately get the following invariance.

LEMMA 5. The natural induced action of T' on H*) preserves the subbundle
H®) and the Hitchin connection.

We are actually interested in the induced connection V¢ in the endomorphism
bundle End(H*)). Suppose ® is a section of End(H®)). Then for all sections s of
H®) and all vector fields V on 7T, we have that

(Vi@)(s) = Vv @(s) = 2(Vi(s)).

Assume now that we have extended ® to a section of Hom(H®), H®)) over T.
Then

(12) V80 = V5 + [@,u(V)),

where V! is the trivial connection in the trivial bundle End(H®)) over T.

3. Toeplitz operators and Berezin-Toeplitz deformation quantization

We shall in this section discuss the Toeplitz operators and their asymptotics as
the level k£ goes to infinity. The properties we need can all be derived from the funda-
mental work of Boutet de Monvel and Sjostrand. In [BAMS], they did a microlocal
analysis of the Szegd projection which can be applied to the asymptotic analysis in
the situation at hand, as was done by Boutet de Monvel and Guillemin in [BdMG]
(in fact in a much more general situation than the one we consider here) and others
following them. In particular, the applications developed by Schlichenmaier and
further by Karabegov and Schlichenmaier to the study of Toeplitz operators in the
geometric quantization setting is what will interest us here. Let us first describe
the basic setting.

For each f € C>°(M), we consider the prequantum operator, namely the dif-
ferential operator M)(pk) : O (M, L¥) — C>=(M, L*) given by

for all s € HO(M, L¥).

These operators act on C°°(M, L¥) and therefore also on the bundle HE).
however, they do not preserve the subbundle H*). In order to turn these operators
into operators which act on H*) we need to consider the Hilbert space structure.
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Integrating the inner product of two sections against the volume form associated
to the symplectic form gives the pre-Hilbert space structure on C> (M, LF)

(s1,82) = % /Ivf(sl,SQ)wm.
We think of this as a pre-Hilbert space structure on the trivial bundle H*), which
of course is compatible with the trivial connection in this bundle. This pre-Hilbert
space structure induces a Hermitian structure (-,-) on the finite rank subbundle
H®) of #*). The Hermitian structure (-,-) on H®*) also induces the operator
norm || - || on End(H®*)),

Since H((,k) is a finite-dimensional subspace of C>° (M, L¥) = Hc(,k) and therefore
closed, we have the orthogonal projection W[(;k) : H((,k) — H((,k). Since H®) is a smooth
subbundle of #*), the projections m(,k) form a smooth map 7(¥) from T to the space
of bounded operators on the Ly-completion of C>° (M, £¥). The easiest way to see
this is to consider a local frame (1, .. ., Sgane gw) of HF). Let h;; = (s;,5;), and
let hi_j1 be the inverse matrix of h;;. Then

(13) T () =D (s, (s1)o) (hif o (55)0-
4,

From these projections, we can construct the Toeplitz operators associated to
any smooth function f € C°°(M). They are the operators T}kg) cH 5 g
defined by

k
Ty (s) = 7 (f)

e

for any element s in H,(fk) and any point ¢ € 7. We observe that the Toeplitz
operators are smooth sections T;k) of the bundle Hom(H*), H*)) and restrict to
smooth sections of End(H ).

REMARK 1. Similarly, for any pseudo-differential operator A on M with coef-
ficients in LF (which may even depend on o € T ), we can consider the associated
Toeplitz operator 7™ A and think of it as a section of Hom(H®*), H®)). How-
ever, whenever we consider asymptotic expansions of such or consider their oper-
ator norms, we implicitly restrict them to H*) and consider them as sections of
End(H(k)) or equivalently assume that they have been precomposed with m(F).

Suppose that we have a smooth section X € C*°(M,T,) of the holomorphic
tangent bundle of M,. We then claim that the operator 7*)Vx is a zero-order
Toeplitz operator. Supposing that s; € C*°(M, £F) and s, € H(M,, L), we have
that

X(Sl, 82) = (szl, 82).

Now, calculating the Lie derivative along X of (s1, s2)w™ and using the above, one
obtains after integration that

<VX817 82> = _<§(X)81> s2>7

Thus
k _ (k)
(14) BV x = =T5 %),

as operators from C>(M, L¥) to H°(M, L*).
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Iterating (14), we find for all Xy, Xo € C*°(M,T,) that

ak (k)
(15) WVx,Vx, = T5(X2)8(X0)+ Xa[5(0)]"

again as operators from C>(M, L) to H(M,, LF).
We calculate the adjoint of V x for any complex vector field X € C° (M, T Mc).
For 51,55 € C®(M, LF), we have that
X(Sl, 52) = (VXsl, 82) + (51, VXsQ).
Computing the Lie derivative along X of (s1,s2)w™ and integrating, we get that
<V}281, S2) + <(VX)*81, S9) = —<5(X)S1, 82>.
Hence, we see that
(16) (Vx) = -V — 6(X)

as operators on C*°(M, £F). In particular, if X € C°(M,T,) is a section of the
holomorphic tangent bundle, we see that

* k
(17) 78 (Vx) k) = — (5(())?)|H0(MU,L’C),

again as operators on H®(M,, LF).

The product of two Toeplitz operators associated to two smooth functions will
in general not again be the Toeplitz operator associated to a smooth function. But,
by the results of Schlichenmaier [Sch], there is an asymptotic expansion of the
product in terms of such Toeplitz operators on a compact Kahler manifold.

THEOREM 10 (Schlichenmaier). For any pair of smooth functions fi,fa €
C>*(M), we have an asymptotic expansion

(k) (k) S (k) -
Tf1 UTf2U ;Tc(al)(fhfz)ﬁk ’

where ¢ (fl,fg) € C*°(M) are uniquely determined since ~ means the following:
For all L € Z+ we have that

k) k) _
T}l UT)S2J ZT(Z)(J» f2) l”:O(k (L+1))

uniformly over compact subsets of T. Moreover, cg (fl, f2) = fife.

REMARK 2. It will be useful for us to define new coefficients é((,l)(f, g) € C>(M)
which correspond to the expansion of the product in 1/(k +n/2) (where n is some
fized integer):

(k) (k) (k) 1
Tt o Tth0 ZT~<1>(,»1 fy.o Rt 7/2)

For future reference we note that the first three coeﬂiczents are given by cg ( fi, f2) =
<(70)(f1>f2)7 (fluf?)_ctf (f17f2) andca (f1>f2)_ctf (f17f2) (fluf?)

Theorem 10 is proved in [Sch] where it is also proved that the formal generating

series for the cg ( f1, f2)’s gives a formal deformation quantization of the symplectic
manifold (M, w).
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We recall the definition of a formal deformation quantization. Introduce the
space of formal functions Cp°(M) = C*°(M)[[h]] as the space of formal power series
in the variable h with coefficients in C*°(M). Let Cj, = CJ[[h]] denote the formal
constants.

DEFINITION 6. A deformation quantization of (M,w) is an associative product
* on Cp°(M) which respects the Cp-module structure. For f,g € C(M), it is
defined as

oo

Frg=>_c(f gh,

1=0
through a sequence of bilinear operators

W (M) @ C®(M)— C=(M),
which must satisfy
Of9)=fg  and  D(f,9) =g, f) = ~i{f. g}

The deformation quantization is said to be differential if the operators ¢V are bidif-
ferential operators. Considering the symplectic action of T on (M,w), we say that
a star product is I'-invariant if

Y (fxg)=7"(f)*7"(9)
forall f,ge C®(M) and all y €T.

THEOREM 11 (Karabegov & Schlichenmaier). The product x27 given by
o0
fg"g =2 (f 0l
1=0

where f,g € C°(M) and c((yl)(f7 g) are determined by Theorem 10, is a differentiable
deformation quantization of (M,w).

DEFINITION 7. The Berezin-Toeplitz deformation quantization of the compact
Kahler manifold (My,w) is the product x57.

REMARK 3. Let Iy, be the o-stabilizer subgroup of I'. For any element v € T,
we have that

e () _ (k)
T (The) = T o

This implies the invariance of ¥2* under the o-stabilizer T, .

REMARK 4. Using the coefficients from Remark 2, we define a new star product
by

fx0Tg = "D (f, g)h.
=0
Then

f52Tg=((foop ) x5 " (god™")) 00

for all f,g € Cp°(M), where ¢(h) = QiZh'
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4. The formal Hitchin connection

In this section, we study the the formal Hitchin connection. We assume the con-
ditions on (M, w) and I of Theorem 9, thus providing us with a Hitchin connection
V in H®) over T and the associated connection V¢ in End(H®)).

Recall from the introduction the definition of a formal connection in the trivial
bundle of formal functions. Theorem 6 establishes the existence of a unique formal
Hitchin connection, expressing asymptotically the interplay between the Hitchin
connection and the Toeplitz operators.

We want to give an explicit formula for the formal Hitchin connection in terms
of the star product ¥27. We recall that in the proof of Theorem 6, given in [A6],
it is shown that the formal Hitchin connection is given by

(18)  DV)() = ~VIFIf + VIFEf + HBEV)() - HV)FTD),
where E is the one-form on 7 with values in D(M) such that
(19) ng()v)f = 71'(k)o(v)*fﬂ'(k) + w(k)fo(V)w(k)

and H is the one-form on 7 with values in C°°(M) such that H(V) = E(V)(1).
Thus, we must find an explicit expression for the operator E(V).
The following lemmas will prove helpful.

LEMMA 6. The adjoint of Ap is given by
>;3 = ABu
for any (complex) symmetric bivector field B € C*° (M, S*(TMc)).

PROOF. First, we write B = Zf X, ®Y,. Then

R
Ap = ZVXTVYT + Vs(x,)y, -

Now, using (16), we get that
(Vx, Vy,)" = (Vy,)"(Vx,)" = (Vy,
=Vy Vg, + Vy 6(X,

\_/b<|

+0(Y,)(Vx, +6(X,))
+0(Y,) Vg, +6(Y,)d(X5),
and

(Vé(Xr)Yr) ~Vsx)y, —0(6(X,)Yy)
—6(X;)Vy,
= V?5(X)—5 Xr)

(«%)
=<
=
D

so we conclude that
R

A*B_ZVYVX +8(Y,

=
Z
I
>
@u

since B is symmetric. ([l
LEMMA 7. The operator Ap satisfies
k)ABS = 07

for any section s € C>°(M, L¥) and any symmetric bivector field B.
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PROOF. Again, we write B = Zf X, ® Y, and recall from (15) that
MV x Vy. s = 10 (8(X,)8(Y;) + Y [6(X,)])s.
On the other hand, we have that
T HV5x,0v,8 = —rM8(6(X,)Y)s = —n(8(X,)8(Yr) + Yo [8(X)])s,

and it follows immediately that
R
W(k)ABS = 7T(k) Z(VXTVYT» + VS(XT)YT)S = O7

which proves the lemma. (I

Finally, it will prove useful to observe that
(20) 6(Bdf) = Ap(f),
for any function f and any bivector field B.
Now, the adjoint of o(V) is given by
|
o(V)" = _Z(AG(V) = 2Vevyar — 2860 (F) — 20V [F]),

where we used (20). Furthermore, we observe that o(V)* differentiates in anti-
holomorphic directions only, which implies that

7 ®o(V)* fx®) = x®o(vy* (£)r®

1
= —Zﬂ(k)(AG(V)(f) —2Veyar(f) = 286 (F)f = 20V [F]f)m®.

This gives an explicit formula for the first term of (19).
To determine the second term of (19), we observe that

Acvyfs = fAgys + Ag)(f)s +2Vayars.

Projecting both sides onto the holomorphic sections and applying Lemma 7 and
the formula (20), we get that

W(k)fAG(V) = —W(k)(AG(v)(f) +2Vawyar) = 7T(k)AG(V)(f)~
Furthermore, observe that
8 (Vowyar = 8 (Vewyarf — Vaanar(f))
= =7 (Vaw)ar(f) + Aoy (F)f),
where we once again used (20) for the last equality. Thus, we get that
7 fo(V)r™) = —iw““)(AGm(f) = 2Vew)ar(f) = 28aw) (F)f — 20V [F]f)m),
which gives an explicit formula for the second term of (19). Finally, we can conclude
that

BW)(f) = =3B (1) = 2964 = 2800, (F)f — 20V [E]f),
satisfies (19) and hence (18). Also, we note that
H(V) = BV)(1) = 5(Agq, (F) + nV[F))

Summarizing the above, we have proved the following
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THEOREM 12. The formal Hitchin connection is given by
1 1 -
Dy f=VIfl = ;hdaw) () + 5hVawar (F) + VIFRf = VIF]f
]' ~BT ~BT
— Sh(B g (FYETS 4+ aVIFRT] = Mg (F)f = nVIF]f)
for any vector field V' and any section f of C},.

The next lemma is also proved in [A6], and it follows basically from the fact
that

= k 2 k k)&
V(T T®) = V5 (1T + T (1),
We have

LEMMA 8. The formal operator Dy is a derivation for 2" for each o € T, i.e.

Dy (f%°"g) = Dy (/)x""g + f%" "Dy (g)
forall f,g € C>*(M).

If the Hitchin connection is projectively flat, then the induced connection in
the endomorphism bundle is flat and hence so is the formal Hitchin connection by
Proposition 3 of [A6].

Recall from Definition 3 in the introduction the definition of a formal trivial-
ization. As mentioned there, such a formal trivialization will not exist even locally
on T, if D is not flat. However, if D is flat, then we have the following result.

PROPOSITION 1. Assume that D is flat and that D = 0 mod h. Then locally
around any point in T there exists a formal trivialization. If H*(T,R) = 0, then
there exists a formal trivialization defined globally on T. If further HL(T,D(M)) =
0, then we can construct P such that it is I'-equivariant.

In this proposition, Hj (7, D(M)) simply refers to the I-equivariant first de Rham
cohomology of T with coefficients in the real I'-vector space D(M).

Now suppose we have a formal trivialization P of the formal Hitchin connection
D. We can then define a new smooth family of star products, parametrized by T,
by

[*e 9= Pz;l(Pa(f);ETPU(g))

for all f,g € C*°(M) and all o € T. Using the fact that P is a trivialization, it is
not hard to prove the following:

PROPOSITION 2. The star products x, are independent of o € T .
Then, we have the following which is proved in [A6].

THEOREM 13 (Andersen). Assume that the formal Hitchin connection D is flat
and

H{(T, D(M)) =0,

then there is a I'-invariant trivialization P of D and the star product

f*xg= Pgl(Pa(f);gTPU(g))

is independent of o € T and U-invariant. If HE(T,C(M)) = 0 and the commu-
tant of T' in D(M) is trivial, then a T'-invariant differential star product on M is
unique.
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We calculate the first term of the equivariant formal trivialization of the formal
Hitchin connection. Let f be any function on M and suppose that P(f) =5, fiht
is parallel with respect to the formal Hitchin connection. Thus, we have that

0= DyP(f) = h(V[] - G(V)(fo) + vG(V)dF(fO) +W(VIF], fo)) + O(h?).

But fo = f, and so we get in particular

(21) VIA] = 3860 (D) + 5 Vewnar(f) + <O VIEL f)

By the results of [KS], ¥27T is a differential star product with separation of variables,
in the sense that it only differentiates in holomorphic directions in the first entry
and antiholomorphic directions in the second. As argued in [Kar], all such star
products have the same first order coefficient, namely

(22) W (f1, fo) = —g(0f1,0f2) = iVxy (f2)
for any functions fi, fo € C°°(M). From this, it is easily seen that
1
[C(l Kfl,f2) = _dfl ( )de G(V)dflfQ

Applying this to (21), we see that

(23) VIR = 1860 () — VIO (R, )]

But the variation of the Laplace-Beltrami operator is given by

VIAIf = V(g™ df)] = 6(VIg"ldf) = =0(G(V)df) = =Agn [,

and so we conclude that

1
VIA] = —VIZAf +D(F ).
We have thus proved

PROPOSITION 3. When it exists, the equivariant formal trivialization of the
formal Hitchin connection has the form

1 )
P=1d —h(ZA +iVxy) + O(h?).
Using this proposition, one easily calculates that
- 1 1 . .
P(f)¥"P(f2) = fifo — h(ZflAf2 + ZfZAfl +iVxy fi +iVxy f2)
+he(f1, f2) + O(h?).
Finally, using the explicit formula (22) for ¢(*), we get that
- = 1
P=HP(f1)%" P(f2)) = f1fo — hg(f1,0f2) + Shaldfy, df2) + O(h?)
1 _ _
= fife = h5(9(0f1,0f2) — 9(0f1,0f2)) + O(h?)
1
= fifz —ihg{fi, fo} + O(h?).

This proves Theorem 8.
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Koszul Cohomology and Applications to Moduli

Marian Aprodu and Gavril Farkas

1. Introduction

One of the driving problems in the theory of algebraic curves in the past two
decades has been Green’s Conjecture on syzygies of canonical curves. Initially
formulated by M. Green [Gr84a], it is a deceptively simple vanishing statement

concerning Koszul cohomology groups of canonical bundles of curves: If C ‘K—CQ P9—1
is a smooth canonically embedded curve of genus g and K; ;(C, K¢) are the Koszul
cohomology groups of the canonical bundle on C, Green’s Conjecture predicts the
equivalence

(1) K,2(C,K¢) =0+ p < Cliff(C),

where Cliff (C') := min{deg(L)—2r(L) : L € Pic(C), h*(C,L) > 2, i = 0,1} denotes
the Clifford index of C. The main attraction of Green’s Conjecture is that it links
the extrinsic geometry of C encapsulated in Cliff(C) and all the linear series gJ; on
C, to the intrinsic geometry (equations) of the canonical embedding. In particular,
quite remarkably, it shows that one can read the Clifford index of any curve off the
equations of its canonical embedding. Hence, in some sense, a curve has no other
interesting line bundle apart from the canonical bundle and its powers!.

One implication in (1), namely that K, +(C, K¢) # 0 for p > Cliff(C'), having
been immediately established in [GL84], see also Theorem 2.4 in this survey, the
converse, that is, the vanishing statement

K,2(C,K¢c) =0 for p < Cliff(C),

attracted a great deal of effort and resisted proof despite an amazing number of at-
tempts and techniques devised to prove it, see [GL84], [Sch86], [Sch91], [Ein87],
[Ei92], [PR88|, [Tei02], [V93]. The major breakthrough came around 2002 when
Voisin [V02], [V05], using specialization to curves on K3 surfaces, proved that
Green’s Conjecture holds for a general curve [C] € M,:
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THEOREM 1.1. For a general curve [C] € Mapy3 we have that K, 2(C, K¢) = 0.
For a general curve [C] € Mapra we have that K, 2(C,K¢) = 0. It follows that
Green’s Congecture holds for general curves of any genus.

Combining the results of Voisin with those of Hirschowitz and Ramanan [HR98],
one finds that Green’s Conjecture is true for every smooth curve [C] € Mag,13 of
maximal gonality gon(C') = p+ 3. This turns out to be a remarkably strong result.
For instance, via a specialization argument, Green’s Conjecture for arbitrary curves
of maximal gonality implies Green’s Conjecture for general curves of genus g and
arbitrary gonality 2 < d < [g/2] 4+ 2. One has the following more precise result, cf.
[Ap05], see Theorem 4.5 for a slightly different proof:

THEOREM 1.2. We fiz integers 2 < d < [g/2] + 1. For any smooth d-gonal
curve [C] € My satisfying the condition

dim W,_;,5(C) < g —2d+2,
we have that Kq_32(C, Kc) = 0. In particular C satisfies Green’s Congecture.

Dimension theorems from Brill-Noether theory due to Martens, Mumford, and
Keem, cf. [ACGHS5], indicate precisely when the condition appearing in the
statement of Theorem 1.2 is verified. In particular, Theorem 1.2 proves Green’s
Conjecture for general d-gonal curves of genus g for any possible gonality 2 <
d < [g/2] + 2 and offers an alternate, unitary proof of classical results of Noether,
Enriques-Babbage-Petri as well as of more recent results due to Schreyer and Voisin.
It also implies the following new result which can be viewed as a proof of statement
(1) for 6-gonal curves. We refer to Subsection 4.1 for details:

THEOREM 1.3. For any curve C with Cliff(C) > 4, we have K3 5(C, K¢) = 0.
In particular, Green’s Congecture holds for arbitrary 6-gonal curves.

Theorem 1.1 can also be applied to solve various related problems. For instance,
using precisely Theorem 1.1, the Green-Lazarsfeld Gonality Conjecture [GL86] was
verified for general d-gonal curves, for any 2 < d < (g+2)/2, cf. [ApV 03], [Ap05].
In a few words, this conjecture states that the gonality of any curve can be read
off the Koszul cohomology with values in line bundles of large degree, such as the
powers of the canonical bundle. We shall review all these results in Subsection 4.2.

Apart from surveying the progress made on Green’s and the Gonality Con-
jectures, we discuss a number of new conjectures for syzygies of line bundles on
curves. Some of these conjectures have already appeared in print (e.g. the Prym-
Green Congecture [FaLO08], or the syzygy conjecture for special line bundles on
general curves [Fa06al), whereas others like the Minimal Syzygy Conjecture are
new and have never been formulated before.

For instance we propose the following refinement of the Green-Lazarsfeld Go-
nality Conjecture [GL86|:

CONJECTURE 1.4. Let C' be a general curve of genus g = 2d — 2 > 6 and
nE PicO(C) a general line bundle. Then Ky_42(C, Kc ® 1) = 0.

Conjecture 1.4 is the sharpest vanishing statement one can make for general
line bundles of degree 2g — 2 on a curve of genus g. Since

dim K4 42(C, Kc ®n) =dim Kq_3:1(C, Kc ®1n),
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it follows that the failure locus of Conjecture 1.4 is a virtual divisor in the universal
degree 0 Picard variety %icg — M. Thus it predicts that the non-vanishing locus

{[C.n) € Picy : Kg_42(C, Kc @) # 0}

is an "honest” divisor on ‘Bicg. Conjecture 1.4 is also sharp in the sense that from
the Green-Lazarsfeld Non-Vanishing Theorem 2.8 it follows that

Kq21(C,Kc®n) #0.

Similarly, always Kq_32(C,Kc ®n) # 0 for all [C,n] € ‘Bicg. A yet stronger
conjecture is the following vanishing statement for l-roots of trivial bundles on
curves:

CONJECTURE 1.5. Let C' be a general curve of genus g = 2d —2 > 6. Then for
every prime | and every line bundle n € Pic®(C) — {O¢} satisfying n®' = O¢, we
have that K4_42(C, Kc ® n) = 0.

In order to prove Conjecture 1.5 it suffices to exhibit a single pair [C, 5] as above,
for which K¢ ® n € Pic?~2(C) satisfies property (Ng_4). The case most studied
so far is that of level [ = 2, when one recovers the Prym-Green Conjecture [FaLO08]
which has been checked using Macaulay2 for g < 14. The Prym-Green Conjecture
is a subtle statement which for small values of g is equivalent to the Prym-Torelli
Theorem, again see [FaL08]. Since the condition K4_4 2(C, Kc®n) # 0 is divisorial
in moduli, Conjecture 1.5 is of great help in the study of the birational geometry
of the compactification R := My(BZ;) of the moduli space R, classifying pairs
[C, 7], where [C] € M, and 7 € Pic’(C) satisfies n® = O¢.

Concerning both Conjectures 1.4 and 1.5, it is an open problem to find an
analogue of the Clifford index of the curve, in the sense that the classical Green
Conjecture is not only a Koszul cohomology vanishing statement but also allows one
to read off the Clifford index from a non-vanishing statement for K, »(C, K¢). It is
an interesting open question to find a Prym-Clifford index playing the same role as
the original Cliff(C') in (1) and to describe it in terms of the corresponding Prym
varieties: Is there a geometric characterization of those Prym varieties P, ([C,7]) €
Ag_1 corresponding to pairs [C, 5] € Ry with K, 2(C, K¢ ®n) # 07

Another recent development on syzygies of curves came from a completely
different direction, with the realization that loci in the moduli space M, consisting
of curves having exceptional syzygies can be used effectively to answer questions
about the birational geometry of the moduli space Mg of stable curves of genus g,
cf. [FaPo05], [Fa06a], [Fa06b], in particular, to produce infinite series of effective
divisors on ﬂg violating the Harris-Morrison Slope Conjecture [HalM90]. We recall
that the slope s(D) of an effective divisor D on M, is defined as the smallest rational
number a/b with a,b > 0, such that the class aA— b((50—|— +0(g/2)) —[D] € Pic(My)
is an effective Q-combination of boundary divisors. The Slope Conjecture [HaM90]
predicts a lower bound for the slope of effective divisors on M g

— . 12
s(My) == meeEff(ﬂg) s(D) > 6+ g—+ T
with equality precisely when g + 1 is composite; the quantity 6 + 12/(g + 1) is
the slope of the Brill-Noether divisors on My, in case such divisors exist. A first
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counterexample to the Slope Conjecture was found in [FaPo05]: The locus
K1 :={[C] € M, : C lies on a K3 surface}

can be interpreted as being set-theoretically equal to the locus of curves [C] € Mg
carrying a linear series L € Wi, (C) such that the multiplication map

vo(L) : Sym?H(C, L) — H°(C, L®?)

is not an isomorphism, or equivalently Ko 2(C, L) # 0. The main advantage of this
Koszul-theoretic description is that it provides a characterization of the K3 divisor
K10 in a way that makes no reference to K3 surfaces and can be easily generalized
to other genera. Using this characterization one shows that s(Ki9) = 7 < 78/11,
that is, K19 € Eff(M) is a counterexample to the Slope Conjecture.

Koszul cohomology provides an effective way of constructing cycles on M,.
Under suitable numerical conditions, loci of the type

249 :={[C] € My : 3L € Wj(C) such that K, >(C,L) # 0}

are virtual divisors on My, that is, degeneracy loci of morphisms between vector
bundles of the same rank over M,. The problem of extending these vector bundes
over Mg and computing the virtual classes of the resulting degeneracy loci is in
general daunting, but has been solved successfully in the case p(g,r,d) = 0, cf.
[Fa06b]. Suitable vanishing statements of the Koszul cohomology for general curves
(e.g. Conjectures 1.4, 5.4) show that, when applicable, these virtual Koszul divisors
are actual divisors and they are quite useful in specific problems such as the Slope
Conjecture or showing that certain moduli spaces of curves (with or without level
structure) are of general type, see [Fa08], [FaL08]. A picturesque application of
the Koszul technique in the study of parameter spaces is the following result about

the birational type of the moduli space of Prym varieties Ry = Ry 2, see [FaLO08]:
THEOREM 1.6. The moduli space R is of general type for g > 13 and g # 15.

The proof of Theorem 1.6 depends on the parity of g. For g = 2d — 2, it boils
down to calculating the class of the compactification in R, of the failure locus of
the Prym-Green Conjecture, that is, of the locus

{IC.n] € Raa—2 : Kq—42(C, Kc ®n) # 0}.

For odd g = 2d — 1, one computes the class of a "mixed” Koszul cohomology locus
in Ry defined in terms of Koszul cohomology groups of K¢ with values in K¢ ® 7.

The outline of the paper is as follows. In Section 2 we review the definition
of Koszul cohomology as introduced by M. Green [Gr84a] and discuss basic facts.
In Section 3 we recall the construction of (virtual) Koszul cycles on M, following
[Fa06a] and [Fa06b] and explain how their cohomology classes can be calculated.
In Section 4 we discuss a number of conjectures on syzygies of curves, starting
with Green’s Conjecture and the Gonality Conjecture and continuing with the
Prym-Green Conjecture. We end by proposing in Section 5 a strong version of the
Maximal Rank Conjecture.

Some results stated in [Ap04], [Ap05] are discussed here in greater detail.
Other results are new (see Theorems 4.9 and 4.16).
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2. Koszul cohomology

2.1. Syzygies. Let V be an n-dimensional complex vector space, S := S(V)
the symmetric algebra of V', and X C PV := Proj(S) a non-degenerate subvariety,
and denote by S(X) the homogeneous coordinate ring of X. To the embedding of
X in PVV, one associates the Hilbert function, defined by

hx(d) := dimc (S(X)q)

for any positive integer d. A remarkable property of hx is its polynomial behavior
for large values of d. It is a consequence of the existence of a graded minimal
resolution of the S-module S(X), which is an exact sequence

0—-E;—-—>FE—>E —-5—>5X)—0
with

Ep — @S(_j)ﬁm(x)
i>p
The Hilbert function of X is then given by

@) hx(d) = 3 (<178, (X) ( ntd—j ) ,

- n
p.J

( t )zt(tl)---(tn+1)

where

n I , for any t € R,

and note that the expression on the right-hand side is polynomial for large d. This
reasoning leads naturally to the definition of syzygies of X, which are the graded
components of the graded S-modules F,. The integers

Bp; (X) = dimcTor? (S(X), C),

are called the graded Betti numbers of X and determine completely the Hilbert
function, according to formula (2). Sometimes we also write b; ;(X) 1= 84, (X).

One main difficulty in developing syzygy theory was to find effective geometric
methods for computing these invariants. In the eighties, M. Green and R. Lazars-
feld published a series of papers, [Gr84a], [Gr84b], [GL84|, [GL86] that shed a
new light on syzygies. Contrary to the classical point of view, they look at integral
closures of the homogeneous coordinates rings, rather than at the rings themselves.
This approach, using intensively the language of Koszul cohomology, led to a num-
ber of beautiful geometrical results with numerous applications in classical algebraic
geometry as well as moduli theory.

2.2. Definition of Koszul cohomology. Throughout this paper, we follow
M. Green’s approach to Koszul cohomology [Gr84a]. The general setup is the
following. Suppose X is a complex projective variety, L € Pic(X) a line bundle, F
is a coherent sheaf on X, and p,q € Z. The canonical contraction map
p+1 P

)\ (X, L)@ H°(X,L)" - \ H*(X, L),

acting on tensors as

P
(soN-Asp) @Y (—=1)fo(si)(s0 A AS A Asp),
=0
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and the multiplication map
H(X,L)® H'(X,F® L1™") - H'(X,F ® LY),
define together a map
p+1 P
NH (X, L))o H'(X,Fo L"") - N\ H(X,L)® H'(X, F ® L7).
In this way, we obtain a complex (called the Koszul complez)
NPT HYD)oHY(FoLi™') — APHY(L)@HY(FRLY) — APTTHY(L)@H (FRLT!),

whose cohomology at the middle term is denoted by K, (X, F, L). In the particular
case F = Oy, to ease the notation, one drops Ox and writes directly K, ,(X, L)
for Koszul cohomology.

Here are some samples of direct applications of Koszul cohomology:

EXAMPLE 2.1. If L is ample, then L is normally generated if and only if
Ko,4(X,L) =0 for all ¢ > 2. This fact follows directly from the definition.

EXAMPLE 2.2. If L is globally generated with H'(X, L) = 0, then
H'(X,0x) = Kpo(ry—2,2(X, L)

see [ApNO8|. In particular, the genus of a curve can be read off (vanishing of)
Koszul cohomology with values in non-special bundles. More generally, under suit-
able vanishing assumptions on L, all the groups H*(X,Ox) can be computed in a
similar way, and likewise H*(X, F) for an arbitrary coherent sheaf F, cf. [ApNO8].

EXAMPLE 2.3. If L is very ample the Castelnuovo-Mumford regularity can be
recovered from Koszul cohomology. Specifically, if F is a coherent sheaf on X, then

reg; (F) = min{m : K, ,+1(X, F, L) =0, for all p}.

As a general principle, any invariant that involves multiplication maps is pre-
sumably related to Koszul cohomology.

Very surprisingly, Koszul cohomology interacts much closer with the geometry
of the variety than might have been expected. This phenomenon was discovered by
Green and Lazarsfeld [Gr84a, Appendix]:

THEOREM 2.4 (Green-Lazarsfeld). Suppose X is a smooth variety and consider
a decomposition L = Ly ® Ly with h°(X,L;) = r; + 1 > 2 fori € {1,2}. Then
K’I‘1+’I‘2—1,1(X7 L) # 0.

In other words, non-trivial geometry implies non-trivial Koszul cohomology.
We shall discuss the case of curves, which is the most relevant, and then some
consequences in Section 4.

Many problems in the theory of syzygies involve vanishing/nonvanishing of
Koszul cohomology. One useful definition is the following.

DEFINITION 2.5. An ample line bundle L on a projective variety is said to
satisfy the property (IN,) if and only if K; ,(X,L) =0 for all i < p and ¢ > 2.
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From the geometric viewpoint, the property (N,) means that L is normally
generated, the ideal of X in the corresponding embedding is generated by quadrics,
and all the syzygies up to order p are linear. In many cases, for example canonical
curves, or 2-regular varieties, the property (IV,) reduces to the single condition
Kp2(X,L) =0, see e.g. [Ein87]. This phenomenon justifies the study of various
loci given by the nonvanishing of K 2, see Section 4.

2.3. Kernel bundles. The proofs of the facts discussed in examples 2.2 and
2.3 use the kernel bundles description which is due to Lazarsfeld [La89]: Consider
L a globally generated line bundle on the projective variety X, and set

My == Ker (HO(X, L)®0x <% L) .
Note that My, is a vector bundle on X of rank h°(X, L) — 1. For any coherent sheaf
F on X, and integers p > 0, and ¢ € Z, we have a short exact sequence on X
0= APIM @ FQLI 5 NPT HY L)@ FRLITY - APMp @ F® LY — 0.

Taking global sections, we remark that the Koszul differential factors through
the map

AP EYX L)@ HY(X, Fo L) = HY(X,\°PM;, ® F ® LY),
hence we have the following characterization of Koszul cohomology, [La89]:
THEOREM 2.6 (Lazarsfeld). Notation as above. We have
Ky q(X,F, L) = coker (NPT HY(L) @ H*(F @ L") — HO(APM ® F @ L))
= ker(H' (X, NPT M @ F@ LT ') - APPTHO(L) ® HY (F ® L971)).

Theorem 2.6 has some nice direct consequences. The first one is a duality
theorem which was proved in [Gr84a].

THEOREM 2.7. Let L be a globally generated line bundle on a smooth projective
variety X of dimension n. Set r := dim|L|. If
HY(X, LT = H(X, L") =0, i=1,...,n—1
then
Kp,q(X’ L)v = KrfnfpynJrlfq(X, Kx, L)-

Another consequence of Theorem 2.6, stated implicitly in [Fa06b] without
proof, is the following:

THEOREM 2.8. Let L be a non-special globally generated line bundle on a smooth
curve C' of genus g > 2. Set d = deg(L), r = h°(C, L) — 1, and consider 1 <p < r.
Then

. . d—g\ (d+1—g d
dim KpJ(C,L)—dlm Kp_172(C,L)—p'< D )( p+1 d—g>

In particular, if

< (d+1*§7)(d*g) 1
then Kp1(C,L) # 0, and if
(d+1-g)(d—g)
d

S p S d— g,
then KP,LQ(C, L) 75 0.
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PRrROOF. Since we work with a spanned line bundle on a curve, Theorem 2.7
applies, hence we have

Kpi(C,L)~2 K, 11(C, K¢, L)Y
and
Ky, 12(C,L) 2 K,_,0(C,Kc, L).
Set, as usual, M, = Ker{H"(C,L) ® Oc — L}, and consider the Koszul
complex

(3) 0= A"PHC,L)® H°(C,K¢) — H(C, A" P 1My ® Kc ® L) — 0.

Since L is non-special, K,_, o(C, K¢, L) is isomorphic to the kernel of the dif-
ferential appearing in (3), hence the difference which we wish to compute coincides
with the Euler characteristic of the complex (3).

Next we determine h®(C, A" P~ M} ® K¢ ® L). Note that tk(My) = r and
ATTPTIM ® L2 APTIMY . In particular, since HO(C,APTIM ) 2 K1 0(C, L) =
0, we obtain

R(C,A"PIMp @ Ko ® L) = —x(C, APTMY).
Observe that
-1 -1
deg(APHIM,) = deg(Mﬁ(’" ) ) = —d(r ) )

and

k(AP =
r(/\ L) (p+1

From the Riemann-Roch Theorem it follows that

—X(C, AP M) = d<r ; 1) +(g-1) <p ! >

+1
and hence
r—1 T r+1
dim K,;1(C,L) —dim K, 12(C,L)=d -1 — .
i Kpa (G, 1) = dim Ho-1a(C, 1) ( p )+(g )<p+1> g(pH)
The formula is obtained by replacing r by d — g. O

REMARK 2.9. A full version of Theorem 2.8 for special line bundles can be
obtained in a similar manner by adding alternating sums of other groups K,_; ;1.
For example, if L®? is non-special, then from the complex

0— AN PHHEYNC, L) HY(C,Kc® L™') = A" PHY(C,L) ® H°(C, K¢) —
— HY(C, NP 'Mp @ Ke® L) — 0
we obtain the following conclusion:

dim Kp71(C, L) —dim KP,LQ(C, L) + dim Kp,Q’g(C, L) =

:d(’";1>+(g—1)(pil) —g<;ﬁ>+<r;l)(r—d+g)~
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2.4. Hilbert schemes. Suppose X is a smooth variety, and consider L €
Pic(X). A novel description of the Koszul cohomology of X with values in L was
provided in [V02] via the Hilbert scheme of points on X.

Denote by X[ the Hilbert scheme parameterizing zero-dimensional length n
subschemes of X, let X iﬁlv be the open subscheme parameterizing curvilinear length
n subschemes, and let

E,c XMoo« X

be the incidence subscheme with projection maps p: =2, — X and ¢ : =,, — Xc[ﬁ}rv.
For a line bundle L on X, the sheaf L .= q«p* L is locally free of rank n on Xiﬁ]ﬁ,,

and the fiber over ¢ € X!, is isomorphic to HO(¢,L ® O¢).
There is a natural map

HY(X,L)® O — LI,

xbike
acting on the fiber over £ € Xc[ﬁ]rv, by s = sl¢. In [V02] and [EGL)] it is shown that,
by taking wedge powers and global sections, this map induces an isomorphism:

A"H(X,L) = HO (X" det LI").

curv?

Voisin proves that there is an injective map
H(Z,41,det LPHI R LY 5 APHO(X, L) © HO(X, L)

whose image is isomorphic to the kernel of the Koszul differential. This eventually
leads to the following result:

THEOREM 2.10 (Voisin [V02]). For all integers p and q, the Koszul cohomology
K, (X, L) is isomorphic to the cokernel of the restriction map

HO(xEN < X, det LPPU R L) — HO(E, 44, det PP R LI ).

curv

In particular,

Kp1(X, L) = coker(HO(XPHY det LPHY S HO(Z,41, ¢*det LPT|z ).

curv Sp41

REMARK 2.11. The group K, ,(X,F, L) is obtained by replacing L¢~! by F ®
L7 " in the statement of Theorem 2.10.

The main application of this approach is the proof of the generic Green Conjec-
ture [V02]; see Subsection 4.1 for a more detailed discussion on the subject. The
precise statement is the following.

THEOREM 2.12 (Voisin [V02] and [V05]). Consider a smooth projective K3
surface S, such that Pic(S) is isomorphic to Z?2, and is freely generated by L and
Os(A), where A is a smooth rational curve such that deg(L|a) = 2, and L is a very
ample line bundle with L? =29 —2, g = 2k + 1. Then Kp411(S, L ® Og(A)) =0
and

(4) Ky 1(S,L) =0.

Voisin’s result, apart from settling the Generic Green Conjecture, offers the
possibility (via the cohomological calculations carried out in [Fa06b], see also Sec-
tion 3), to give a much shorter proof of the Harris-Mumford Theorem [HM&82] on
the Kodaira dimension of Mg in the case of odd genus. This proof does not use
intersection theory on the stack of admissible coverings at all and is considerably
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shorter than the original proof. This approach has been described in full detail in
[Fa08].

3. Geometric cycles on the moduli space

3.1. Brill-Noether cycles. We recall a few basic facts from Brill-Noether
theory; see [ACGHS85] for a general reference.
For a smooth curve C and integers r,d > 0 one considers the Brill-Noether
locus
Wi (C):={L € Pic/(C) : h°(C, L) > r+ 1}
as well as the variety of linear series of type gj; on C, that is,
GH(C) == {(L,V): Le Wi(C),V € G(r +1,H(L))}.

The locus W}(C) is a deteminantal subvariety of Pic?(C)) of expected dimension
equal to the Brill-Noether number p(g,r,d) = g — (r +1)(g — d + r). According to
the Brill-Noether Theorem for a general curve [C] € Mg, both W} (C) and G7(C)
are irreducible varieties of dimension

dim Wj(C) = dim GL(C) = p(g,r,d).

In particular, Wj(C) = 0 when p(g,7,d) < 0. By imposing the condition that a
curve carry a linear series gj; when p(g,r,d) < 0, one can define a whole range of
geometric subvarieties of M,.

We introduce the Deligne-Mumford stack o : &), — M, classifying pairs [C, ]
where [C] € My and [ = (L,V) € G5(C) is a linear series g7}, together with the
projection o[C,I] := [C]. The stack & has a determinantal structure inside a
Grassmann bundle over the universal Picard stack ‘,Bicg — M, . In particular, each
irreducible component of &, has dimension at least 3g — 34 p(g, 7, d), cf. [AC81b].
We define the Brill-Noether cycle

MG q = 0.(85) = {[C] € M, : W (C) # 0},
together with the substack structure induced from the determinantal structure of
&7 via the morphism o. A result of Steffen [St98] guarantees that each irreducible
component of M7 ; has dimension at least 3g — 3 + plg,r,d).
When p(g,7,d) = —1, Steffen’s result coupled with the Brill-Noether Theorem

implies that the cycle M;d is pure of codimension 1 inside M,. One has the
following more precise statement due to Eisenbud and Harris [EH89]:

THEOREM 3.1. For integers g, and d such that p(g,r,d) = —1, the locus Mj, ,

is an irreducible divisor on M. The class of its compactification M;d inside M,
is given by the following formula:

l9/2]
—_—r +1 . . .
M= coar | (g+3)A =2 ——do - > il — )i | € Pic(M,).
=1

The constant ¢y 4, has a clear intersection-theoretic interpretation using Schu-
bert calculus. Note that remarkably, the slope of all the Brill-Noether divisors on
M, is independent of d and r and

12

—_T
=6 _
s(/\/lg’d) + g+1
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for all r,d > 1 satisfying p(g,r,d) = —1. For genera g such that g + 1 is composite,
one has as many Brill-Noether divisors on M, as ways of non-trivially factoring
g+ 1. It is natural to raise the following:

PRrROBLEM 3.2. Construct an explicit linear equivalence between various Brill-
Noether divisors ./\/l;d on M, for different integers r,d > 1 with p(g,7,d) = —

The simplest case is ¢ = 11 when there exist two (distinct) Brill-Noether di-

. —1 -2 -— -2 .
visors My, ¢ and Mj; ¢ and s(./\/lilﬁ) = s(Mj;9) = 7. These divisors can be
understood in terms of Noether-Lefschetz divisors on the moduli space F1; of po-

larized K3 surfaces of degree 2g — 2 = 20. We recall that there exists a rational
P! fibration

(;5 : Mll -=> ?11, ¢[C] = [S, Os(C)],

where S is the unique K3 surface containing C, see [M94]. Noting that M7, ¢ =
MG, 14 it follows that

Mg = = Om,, (N L),
where N L is the Noether-Lefschetz divisor on Fp1 of polarized K3 surfaces S with
Picard lattice Pic(S) = Z-[0Og(1)] + Z- [C], where C? = 20 and C'- ¢;(Os(1)) = 14.
Similarly, by Riemann-Roch, we have an equality of divisors M}, g = M3, ;;, and
then

M 9= Pimy, (NL2),
with VL, being the Noether-Lefschetz divisor whose general point corresponds to
a quartic surface S C P3 with Pic(S) = Z - [Os(1)] + Z - [C], where C? = 20
and C - ¢1(0g(1)) = 11. Tt is not clear whether NL; and N Ly should be linearly
equivalent on Fi1.

The next interesting case is g = 23, see [Fa00]: The three (distinct) Brill-

.. -1 -2 -1 . . .
Noether divisors Mo 19, My 17 and My; o, are multicanonical in the sense that
there exist explicitly known integers m, mi, ma, ms € Z~ and an effective boundary
divisor F = leil ¢;0; € Pic(Mag) such that

) — —_3
mi - Mg o+ E=ma - Myg 17+ E=mgz - Mays o9 + B € ImKxg, |-

QUESTION 3.3. For a genus g such that g + 1 is composite, is there a good
geometric description of the stable base locus

( 9’|Mg d| ﬂ Bs( ga|”mz,d|)

n>0

of the Brill-Noether linear system? It is clear that B(M,, |./\/lg 4|) contains impor-
tant subvarieties of /\/lg like the hyperelliptic and trigonal locus, cf. [HaM90].

Of the higher codimension Brill-Noether cycles, the best understood are the
d-gonal loci

Miy CMyysC--CM,  Ce-- C M,

Each stratum /\/l_(lhd is an irreducible variety of dimension 2g 4+ 2d — 5. The go-
nality stratification of M, apart from being essential in the statement of Green’s
Conjecture, has often been used for cohomology calculations or for bounding the
cohomological dimension and the affine covering number of M,.
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3.2. Koszul cycles. Koszul cohomology behaves like the usual cohomology
in many regards. Notably, it can be computed in families, see [BG85], or the book
[ApNO8|:

THEOREM 3.4. Let f: X — S be a flat family of projective varieties, parame-
terized by an integral scheme, L € Pic(X/S) a line bundle and p,q € Z. Then there
exists a coherent sheaf K, o(X/S,L) on X and a nonempty Zariski open subset
U C S such that for all s € U one has that Kp, (X/S, L) @ k(s) = K, (X, Ls).

In the statement above, the open set U is precisely determined by the condition
that all h*(X, Ls) are minimal.

By Theorem 3.4, Koszul cohomology can be used to construct effective deter-
minantal cycles on the moduli spaces of smooth curves. This works particularly
well for Koszul cohomology of canonical curves, as h® remain constant over the
whole moduli space. More generally, Koszul cycles can be defined over the relative
Picard stack over the moduli space. Under stronger assumptions, the canonically
defined determinantal structure can be given a better description. To this end, one
uses the description provided by Lazarsfeld kernel bundles.

In many cases, for example canonical curves, or 2-regular varieties, the prop-
erty (N,) reduces to the single condition K, 2(X, L) = 0, see for instance [Ein87]
Proposition 3. This phenomenon justifies the study of various loci given by the
non-vanishing of K, 2. Note however that extending this determinantal descrip-
tion over the boundary of the moduli stack (especially over the locus of reducible
stable curves) poses considerable technical difficulties, see [Fa06a], [Fa06b]. We
now describe a general set-up used to compute Koszul non-vanishing loci over a
partial compactification M, of the moduli space M, inside M. As usual, if M is
a Deligne-Mumford stack, we denote by M its associated coarse moduli space.

We fix integers r,d > 1, such that p(g,r,d) = 0 and denote by Mg C M, the
open substack classifying curves [C] € M, such that W7_,(C) = 0 and W, (C) =
0. Since p(g,7+1,d) < =2 and p(g,r,d—1) = —r—1 < —2, it follows from [EH89]
that codim(My — MY, My) > 2. We further denote by A§ C Ag C M, the locus
of nodal curves [Cyq, = C/y ~ ¢|, where [C] € My is a curve that satisfies
the Brill-Noether Theorem and y,q € C are arbitrary distinct points. Finally,
A} ©¢ Ay € M, denotes the open substack classifying curves [C' U, E|], where
[C] € M1 is Brill-Noether general, y € C' is an arbitrary point and [E,y] € M ;
is an arbitrary elliptic tail. Note that every Brill-Noether general curve [C] € M,
satisfies

Wi_y(C) =0, WiH(C) =0 and dim W5(C) = plg —1,r,d) = 1.
We set Mg = MS UAJUAY € M, and we regard it as a partial compactification
of M. Then following [EH86] we consider the Deligne-Mumford stack
0o : @52 — Mg

classifying pairs [C, 1] with [C] € Mvg and [ a limit linear series of type gJ; on C.
We remark that for any curve [C] € M) UAf and L € Wj(C), we have that
hO(C,L) = r + 1 and that L is globally generated. Indeed, for a smooth curve
[C] € M) it follows that WitHC) = 0, so necessarily W} (C) = G75(C). For a



KOSZUL COHOMOLOGY AND APPLICATIONS TO MODULI 37

point [Cy,] € A we have the identification
05" [Cua] = {L € WF(C): h(C, L® Oc(~y —q)) =7},

where we note that since the normalization [C] € M,_; is assumed to be Brill-
Noether general, any sheaf L € o, *[C,,] satisfies

hO(C7 L® OC(_y)) = ho(cv L® OC(_Q)) =T

and h°(C, L) = r + 1. Furthermore, W;(qu) = W] (Cyq), where the left-hand-side

denotes the closure of WJ(C\,) inside the variety md(C’yq) of torsion-free sheaves
on Cy,. This follows because a non-locally free torsion-free sheaf in W;(qu) —
W7 (Cyq) is of the form v, (A), where A € W] _,(C) and v : C — Cyq is the
normalization map. But we know that W} _,(C) = ), because [C] € M,_; satisfies
the Brill-Noether Theorem. The conclusion of this discussion is that o : 62 — Mg
is proper. Since p(g,r,d) = 0, by general Brill-Noether theory there exists a unique
irreducible component of &} which maps onto Mg.

In [Fa06b], a universal Koszul non-vanishing locus over a partial compactifi-
cation of the moduli space of curves is introduced. Precisely, one constructs two
locally free sheaves A and B over Q~52 such that for a point [C,{] corresponding to a
smooth curve [C] € Mg and a (necessarily complete and globally generated linear

series) | = (L, H°(C, L)) € G%(C) inducing a map C LN P, we have the following
description of the fibres:

A(C,L) = H°(P", A’ Mpr ® Op-(2)) and B(C,L) = H°(C, \’ M, ® L®?).

There is a natural vector bundle morphism ¢ : A — B given by restriction. From
Grauert’s Theorem it follows that both A and B are vector bundles over &7, and
from Bott’s Theorem (in the case of A) and Riemann-Roch (in the case of B)
respectively, we compute their ranks

r+2 r pd
k(A) = (p+1 d rank(B) = (") (-2 42441 ).
rank(A) = (p+ )<p+2> and rank(B) <p> . +2d + g
Note that My, is a stable vector bundle (again, one uses that [C] € MJ), hence

HY(C,APMp, ® L®?) = 0 and then rank(B) = x(C, AP M, ® L®?) can be computed
from Riemann-Roch. We have the following result, cf. [Fa06b] Theorem 2.1:

THEOREM 3.5. The cycle
Uy p ={(C,L) e & : K,2(C,L)#0},
is the degeneracy locus of the vector bundle map ¢ : A — B over &.

Under suitable numerical restrictions, when rank(.4) = rank(B), the cycle con-
structed in Theorem 3.5 is a virtual divisor on &};. This happens precisely when

r:=2s+sp+p, g:=rs+sandd:=rs+r.

for some p > 0 and s > 1. The first remarkable case occurs when s = 1. Set
g=2p+3, r=9g—1=2p+2 and d = 29 — 2 = 4p + 4. Note that, since the
canonical bundle is the only ggg__12 on a curve of genus g, the Brill-Noether stack is
isomorphic to M. The notable fact that the cycle in question is an actual divisor
follows directly from Voisin’s Theorem 2.12 and from Green’s Hyperplane Section
Theorem [V05].
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Hence Z, ), := 0.(Uy ) is a virtual divisor on M, whenever
g=s2s+sp+p+1).
In the next section, we explain how to extend the morphism ¢ : A — B to a mor-

phism of locally free sheaves over the stack Q~52 of limit linear series and reproduce
the class formula proved in [Fa06a] for the degeneracy locus of this morphism.

3.3. Divisors of small slope. In [Fa06a] it was shown that the determinan-
tal structure of Z,, can be extended over Mg in such a way that whenever s > 2,
the resulting virtual slope violates the Harris-Morrison Slope Conjecture. One has
the following general statement:

THEOREM 3.6. If o : Q~5Z — Mg denotes the compactification of & given
by limit linear series, then there exists a matural extension of the vector bundle
morphism ¢ : A — B over Q~5§ such that Z,, is the image of the degeneracy locus
of ¢. The class of the pushforward to Mg of the virtual degeneracy locus of ¢ is
given by

U*(Cl(gpg — ’Hpvg)) =a\ — b050 - b151 — = b[%]é[%],
where a, by, . .. ,b[%] are explicitly given coefficients such that by = 12bg — a, b; > by
for1<i<]g/2] and

$(0u(c1(Gpa — Hp2))) = — =6 f(s,p)

T (pt2) sh(s,p)
f(s,p) = (p* +24p® + 8p® + 32p + 16)s™ + (p* + 4p® — 16p — 16)s° — (p* + Tp® +
13p? — 12)s° — (p* + 2p3 + p? + 14p + 24)s* + (2p3 + 2p? — 6p — 4)s% + (p3 + 17p? +
50p + 41)s? + (7p* + 18p + 9)s + 2p + 2

with

and

h(s,p) = (p* + 6p> +12p + 8)s5 + (p® + 2p% — 4p — 8)s° — (p® + Tp? + 11p + 2)s* —
— (p® = 5p)s® 4+ (4p? +5p+ 1) + (p> + Tp+ 11)s + 4p + 2.

Furthermore, we have that
6< L <ot 12
bo g+ 1
whenever s > 2. If the morphism ¢ is generically non-degenerate, then Eg,,, 18
a divisor on My which gives a counterexample to the Slope Conjecture for g =

s(2s+sp+p+1).

A few remarks are necessary. In the case s = 1 and g = 2p + 3, the vector
bundles A and B exist not only over a partial compactification of My but can be
extended (at least) over the entire stack M, U A¢ in such a way that B(C,wc) =
HO(C,A\PM,,, ® w}) for any [C] € My U Ay. Theorem 3.6 reads in this case, see
also [Fa08] Theorem 5.7:

= vir L 2p
(5) [Zoptap]” = c1(B-A) = m(p> (6(p+3)/\_(p+2)50_6(p+1)51_' ' ')’
in particular s([Z2p13,]""") =6+ 12/(g + 1).

Particularly interesting is the case p = 0 when the condition K 2(C, L) = 0 for
[C, L] € &7, is equivalent to the multiplication map

vo(L) : Sym?*H(C, L) — H°(C, L®?)



KOSZUL COHOMOLOGY AND APPLICATIONS TO MODULI 39

not being an isomorphism. Note that vo(L) is a linear map between vector spaces of
the same dimension and Z, ¢ is the failure locus of the Maximal Rank Conjecture:

COROLLARY 3.7. For g = s(2s+1),7 = 2s,d = 2s(s+1) the slope of the virtual
class of the locus of those [C] € M, for which there exists L € Wj(C) such that

L
the embedded curve C <|—>‘ P sits on a quadric hypersurface is equal to
3(1657 — 168° + 1255 — 245% — 453 + 415% + 95 + 2)

Z = .
5(Zsat1),0) 5(8s6 — 855 — 2s% + 52 + 11s + 2)

4. Conjectures on Koszul cohomology of curves

4.1. Green’s Conjecture. In what follows, we consider (C, K¢) a smooth
canonical curve of genus g > 2. In this case, the Duality Theorem 2.7 applies, and
the distribution of the numbers b, , := dim K, ,(C, K¢) organized in a table (the
Betti table) is the following:

bo 0 0 ... 0 0

0 bi1 ba1 ... bg31 byg21
boﬁg b1’2 b2’2 ... bg,372 0

0 0 0 ... 0 byas

The Betti table is symmetric with respect to its center, that is, b; ; = bg_2_;3—;
and all the other entries not marked here are zero.

Trying to apply the Non-Vanishing Theorem 2.4 to the canonical bundle K¢,
we obtain one condition and one quantity. The condition comes from the hypothesis
that for a decomposition K¢ = L1 ®(Kc®LY), Theorem 2.4 is applicable whenever

(6) ri+1:=h%(C, L) >2and ro +1:=h'(C, L) > 2.

A line bundle L; satisfying (6) is said to contribute to the Clifford index of C.

The quantity that appears in Theorem 2.4 is the Clifford index itself. More
precisely

r1+re—1=g—Clff(L;) — 2,
where
Cliff(Ly) := deg(L,) — 2h°(L1) + 2.

Clifford’s Theorem [ACGHS85] says that Cliff(L;) > 0, and Cliff(L1) > 0 unless
Ly is a g3. Following [GL86] we define the Clifford index of C as the quantity

Cliff(C) := min{Cliff (L1) : L7 contributes to the Clifford index of C'}.

In general, the Clifford index will be computed by minimal pencils. Specifically,
a general d-gonal curve [C] € M;d (recall that the gonality strata are irreducible)
will have Cliff (C') = d — 2. However, this equality is not valid for all curves, that is,
there exist curves [C] € M, with Cliff (C') < gon(C)—2, basic examples being plane
curves, or exceptional curves on K3 surfaces. Even in these exotic cases, Coppens
and Martens [CM91] established the precise relation Cliff(C') = gon(C) — 3.

Theorem 2.4 implies the following non-vanishing,
Ky cusi(o)—2,1(C, Kco) #0,
and Green’s Conjecture predicts optimality of Theorem 2.4 for canonical curves:

CONJECTURE 4.1. For any curve [C] € My we have the vanishing K, 1(C, K¢) =
0 for all p > g — Cliff(C) — 1.
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In the statement of Green’s Conjecture, it suffices to prove the vanishing of
Ky_ciifi(cy)—1,1(C, K¢) or, by duality, that Kcyigc)—1,2(C, Kco) = 0.

We shall analyze some basic cases:

EXAMPLE 4.2. Looking at the group Ky 2(C, K¢), Green’s Conjecture predicts
that it is zero for all non-hyperelliptic curves. Or, the vanishing of K o(C, K¢) is
equivalent to the projective normality of the canonical curve. This is precisely the
content of the classical Max Noether Theorem [ACGHS85], p. 117.

ExXAMPLE 4.3. For a non-hyperelliptic curve, we know that K; »(C,K¢) =
0 if and only if the canonical curve C C P97! is cut out by quadrics. Green’s
Conjecture predicts that K 2(C, K¢) = 0 unless the curve is hyperelliptic, trigonal
or a smooth plane quintic. This is precisely the Enriques-Babbage-Petri Theorem,
see [ACGHS5], p. 124.

Thus Conjecture 4.1 appears as a sweeping generalization of two famous classi-
cal theorems. Apart from these classical results, strong evidence has been found for
Green’s Conjecture (and one should immediately add that not a shred of evidence
has been found suggesting that the conjecture might fail even for a single curve
[C] € M,). For instance, the conjecture is true for general curves in any gonality
stratum M| ;, see [Ap05], [Tei02] and [V02]. The proof of this fact relies on semi-
continuity. Since ./\/l; 4 is irreducible, it suffices to find one example of a d-gonal
curve that satisfies the conjecture, for any 2 < d < (g + 2)/2; here we also need the
fact mentioned above, that the Clifford index of a general d-gonal curve is d — 2.
The most important and challenging case, solved by Voisin [V05], was the case of
curves of odd genus g = 2d — 1 and maximal gonality d + 1. Following Hirschowitz
and Ramanan [HR98] one can compare the Brill-Noether divisor ./\/l;d of curves
with a g} and the virtual divisor of curves [C] € M, with K1 1(C, K¢) # 0. The
non-vanishing Theorem 2.4 gives a set-theoretic inclusion ./\/l;d C Z4,4-2- Now, we
compare the class [Z, 4—2]"""" € Pic(M,) of the virtual divisor Z, 4_2 to the class
[M;d] computed in [HM82]. One finds the following relation

[Zg.a-2]""" = (d = 1)[M 4] € Pic(My)

cf. [HR98]; Theorem 3.6 in the particular case s = 1 provides an extension of this
equality to a partial compactification of M . Green’s Conjecture for general curves
of odd genus [V05] implies that Z; 4_» is a genuine divisor on M. Since a general
curve [C] € M ; satisfies

dim del_’l(c, Kc) Z d— 1,

cf. [HR98], one finds the set-theoretic equality M;’d = Z4.4—2. In particular we
obtain the following strong characterization of curves of odd genus and maximal
gonality:

THEOREM 4.4 (Hirschowitz-Ramanan, Voisin). If C' is a smooth curve of genus
g=2d—1>7, then Kg_11(C,Kc) # 0 if and only if C carries a g};.

Voisin proved Theorem 2.12, using Hilbert scheme techniques, then she applied
Green’s Hyperplane Section Theorem [Gr84a] to obtain the desired example of a
curve [C] € M, satisfying Green’s Conjecture.

Starting from Theorem 4.4, all the other generic d-gonal cases are obtained in
the following refined form, see [Ap05]:
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THEOREM 4.5. We fix integers g and d > 2 such that 2 < d < [g/2] + 1. For
any smooth curve [C] € My satisfying the condition

(7) dim W_;,5(C) < g—2d+2=p(g,1,9 —d +2),
we have that Kg_q+11(C,Kc) = 0. In particular, C satisfies Green’s Congjecture.

Note that the condition d < [g/2]+ 1 excludes the case already covered by The-
orem 4.4. The proof of Theorem 4.5 relies on constructing a singular stable curve
[C"] € Mayi3—24 of maximal gonality g + 3 — d (that is, [C'] ¢ M;g+3_d7g+2_d),
starting from any smooth curve [C] € M, satisfying (7). The curve C’ is obtained
from C' by gluing together g+ 3 — 2d pairs of general points of C', and then applying
an analogue of Theorem 4.4 for singular stable curves, [Ap05], see Section 4.2. The
version in question is the following, cf. [Ap05] Proposition 7. The proof we give
here is however slightly different:

THEOREM 4.6. For any nodal curve [C'] € My U Ay, with g =2d' —1>7
such that Kg—11(C",wer) # 0, it follows that [C'] € M;/7d/.

PRrROOF. By duality, we obtain the following equality of cycles on M gt
{[Cl] : Kdlfl’l(C/,L«JC/) 7é O} = {[C/] : Kd/,gﬁg(c/,wcl) 7& 0} = qud/,g.

Theorem 3.6 shows that this locus is a virtual divisor on Mvg/ whose class is
given by formula (5) and Theorem 2.12 implies that Z, 45 is actually a divisor.
Comparing its class against the class of the Hurwitz divisor ﬂ;/’d/ [HMS82], we
find that
Zga—s = (d —1)M,, 4 € Pic(M).

Note that this is a stronger statement than [HR98] Proposition 3.1, being an
equality of codimension 1 cycles on the compactified moduli space Mg/, rather
than on My . The desired statement follows immediately since for any curve [C'] €
M;,’d, one has dim Ky _11(C’,wcr) > d’' — 1, hence the degeneracy locus ?Q/7d/_2

contains H;’,d’ with multiplicity at least d’ — 1. (I

We return to the discussion on Theorem 4.5 (the proof will be resumed in the
next subsection). By duality, the vanishing in the statement above can be rephrased
as

Ky_32(C,K¢g) =0.
The condition (7) is equivalent to a string of inequalities
dim Wy, (C)<n

for all 0 < n < g — 2d 4 2, in particular gon(C) > d. This condition is satisfied
for a general d-gonal curve, cf. [Ap05]. More generally, if [C] € M;’ 4 1s a general
d-gonal curve then any irreducible component

Z # Wi(C) + Win_a(C)
of W}(C) has dimension p(g,1,n). In particular, for p(g,1,n) < 0 it follows that
WC) = W) + W,—a(C) which of course implies (7). For g = 2d — 2, the
inequality (7) becomes necessarily an equality and it reads: the curve C' carries
finitely many g}j’s of minimal degree.
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We make some comments regarding condition (7). Let us suppose that C
is non-hyperelliptic and d > 3. From Martens’ Theorem [ACGHS85] p.191, it
follows that dim W,_;,,(C) < g —d — 1. Condition (7) requires the better bound
g—2d+2 < g—d—1. However, for d = 3, the two bounds are the same, and
Theorem 4.5 shows that Ky o(C, K¢) = 0, for any non-hyperelliptic curve, which
is Max Noether’s Theorem, see also Example 4.2. Applying Mumford’s Theorem
[ACGHS85] p.193, we obtain the better bound dim ng—d-i-Q(C) <g—d—2 for
d > 4, unless the curve is trigonal, a smooth plane quintic or a double covering of
an elliptic curve. Therefore, if C' is not one of the three types listed above, then
K12(C,K¢c) = 0, and we recover the Enriques-Babbage-Petri Theorem, see also
Example 4.3 (note, however, the exception made for bielliptic curves).

Keem has improved the dimension bounds for Wg{ a42(C). For d > 5 and C
a curve that has neither a g} nor is a smooth plane sextic, one has the inequality
dim W;7d+2(0) < g—d-3, cf. [Ke90] Theorems 2.1 and 2.3. Consequently,
Theorem 4.5 implies the following result which is a complete solution to Green’s
Conjecture for 5-gonal curves:

THEOREM 4.7 (Voisin [V88], Schreyer [Sch91]). If K2 2(C, K¢) # 0, then C
is hyperelliptic, trigonal, tetragonal or a smooth plane sextic, that is, Cliff(C') < 2.

Geometrically, the vanishing of K3 2(C, K¢) is equivalent to the ideal of the
canonical curve being generated by quadrics, and the minimal relations among the
generators being linear.

Theorem 3.1 from [Ke90] gives the next bound dim W,_,;,,(C) < g—d—4, for
d > 6 and C with gon(C) > 6 which does not admit a covering of degree two or three
on another curve, and which is not a plane curve. The following improvement of
Theorem 4.7 is then obtained directly from Theorem 4.5 and [Ap05] Theorem 3.1:

THEOREM 4.8. If g > 12 and K32(C,K¢) # 0, then C is one of the following:
hyperelliptic, trigonal, tetragonal, pentagonal, double cover of an genus 3 curve,
triple cover of an elliptic curve, smooth plane septic. In other words, if Cliff(C') > 4
then ngg(c, Kc) =0.

Theorem 4.8 represents the solution to Green’s Conjecture for hexagonal curves.
Likewise, Theorem 4.5 can be used together with the Brill-Noether theory to prove
Green’s Conjecture for any gonality d and large genus. The idea is to apply Cop-
pens’ results [Co83)].

THEOREM 4.9. If g > 10 and d > 5 are two integers such that g > (d—2)(2d—7),
and C is any d-gonal curve of genus g which does not admit any morphism of degree

less than d onto another smooth curve, then Cliff (C) = d—2 and Green’s Conjecture
is verified for C, i.e. Kg_4411(C, K¢) =0.

The statement of Conjecture 4.1 (meant as a vanishing result), is empty for
hyperelliptic curves is, hence the interesting cases begin with d > 3.

It remains to verify Green’s Conjecture for curves which do not verify (7). One
result in this direction was proved in [ApPO06].

THEOREM 4.10. Let S be a K3 surface with Pic(S) =7Z-H & Z - ¢, with H
very ample, H> =2r —2 >4, and H - ¢ = 1. Then any smooth curve in the linear
system |2H + £| verifies Green’s conjecture.
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Smooth curves in the linear system |2H + £| count among the few known ex-
amples of curves whose Clifford index is not computed by pencils, i.e. Clff(C) =
gon(C)—3, [ELMS89] (other obvious examples are plane curves, for which Green’s
Conjecture was verified before, cf. [Lo89]). Such curves are the most special ones
in the moduli space of curves from the point of view of the Clifford dimension.
Hence, this case may be considered as opposite to that of a general curve of fixed
gonality. Note that these curves carry a one-parameter family of pencils of minimal
degree, hence the condition (7) is not satisfied.

4.2. The Gonality Conjecture. The Green-Lazarsfeld Gonality Conjecture
[GL86] predicts that the gonality of a curve can be read off the Koszul cohomology
with values in any sufficiently positive line bundle.

CONJECTURE 4.11 (Green-Lazarsfeld). Let C' be a smooth curve of gonality d,
and L a sufficiently positive line bundle on C. Then

Khpory-a1(C, L) = 0.

Theorem 2.8 applied to L written as a sum of a minimal pencil and the residual

bundle yields
Kpory—da-1,1(C, L) # 0.

Note that if L is sufficiently positive, then the Green-Lazarsfeld Nonvanishing
Theorem is optimal when applied for a decomposition where one factor is a pencil.
Indeed, consider any decomposition L = L; ® Ly with r; = h%(C, L) — 1 > 2,
and ro = h°(C,Ly) —1 > 2. Since L is sufficiently positive, the linear system
\K?Q ® LV| is empty, and finiteness of the addition map of divisors shows that at
least one of the two linear systems |K¢ ® LY| is empty. Suppose |Kc @ Ly| = 0,
choose a point € C'—Bs(|L1|) and consider a new decomposition L = L} ® L}, with
Ly = Li®0¢(—x), and Ly = Lo® Oc(x). Denoting as usual v, = h°(C, L) —1, we
find that 7] + 75 —1 = r1 +ro — 1, whereas ] = r; — 1, and L), is again non-special.
We can apply an inductive argument until r; becomes 1. Hence the Gonality
Conjecture predicts the optimality of the Green-Lazarsfeld Nonvanishing Theorem.
However, one major disadvantage of this statement is that “sufficiently positive” is
not a precise condition. It was proved in [Ap02] that by adding effective divisors
to bundles that verify the Gonality Conjecture we obtain again bundles that verify
the conjecture. Hence, in order to find a precise statement for Conjecture 4.11 one
has to study the edge cases.

In most generic cases (general curves in gonality strata, to be more precise),
the Gonality Conjecture can be verified for line bundles of degree 2g, see [ApV 03]
and [Ap05]. The test bundles are obtained by adding two generic points to the
canonical bundle.

THEOREM 4.12 ([ApO05]). For any d-gonal curve [C] € My with d < [g/2] + 2
which satisfies the condition (7), and for gemeral points x,y € C, we have that
Ky _gy11 (C, Ko ® Oc(z + y)) =0.

The case not covered by Theorem 4.12 is slightly different. A general curve
C of odd genus carries infinitely many minimal pencils, hence a bundle of type
Ke®Oc(x+y) can never verify the vanishing predicted by the Gonality Conjecture.
Indeed, for any two points = and y there exists a minimal pencil L; such that
H°(C, Li(—x —vy)) # 0, and we apply Theorem 2.4. However, adding three points
to the canonical bundle solves the problem, cf. [Ap04], [Ap05].
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THEOREM 4.13. For any curve [C] € Maq—1 of mazimal gonality gon(C) = d+
1 and for general points z,y,z € C, we have that Kd,l(a KC®(’)C(:E+y+z)) =0.

The proofs of Theorems 4.5, 4.12 and 4.13 are all based on the same idea. We
start with a smooth curve C' and construct a stable curve of higher genus out of
it, in such a way that the Koszul cohomology does not change. Then we apply a
version of Theorem 4.4 for singular curves.

Proof of Theorems 4.5 and 4.12. We start with [C] € M, satisfying the condition
(7). We claim that if we choose § := g + 3 — 2d pairs of general points z;,y; € C
for 1 <4 < 4, then the resulting stable curve

C .
C = € Magy3_24
[ xlNylv"'vx(sNy&] 9*

is a curve of maximal gonality, that is, ¢ + 3 — d. Indeed, otherwise [C'] €

M;g+3_2d7g+2_d and this implies that there exists a degree g + 2 — d admissible
covering f : C'— R from a nodal curve C that is semi-stably equivalent to C”, onto
a genus 0 curve R. The curve C is a subcurve of C' and if deg(fic) =n<g+2—d,
then it follows that fjc induces a pencil g}, such that fic(z;) = fio(y;) for 1 <i <6.
Since the points z;,y; € C are general, this implies that dim W} (C)+§ > 26, which
contradicts (7).

To conclude, apply Theorem 4.6 and use the following inclusions, [V02],
[ApVO03]:

Kg—d+1,1(C, K¢) C Kg—d+1,1(C, Ke(z+y)) C Kg—d+1,1(0/,WC’)-
O

REMARK 4.14. The proofs of Theorems 4.5, 4.6 and 4.12 indicate an interesting
phenomenon, completely independent of Voisin’s proof of the generic Green Con-
jecture. They show that Green’s Conjecture for general curves of genus g = 2d — 1
and maximal gonality d + 1 is equivalent to the Gonality Conjecture for bundles of
type K¢ @ Oc(z + y) for general pointed curves [C, z,y] € Mag_a2. We refer to
[Ap02] and [ApV03] for further implications between the two conjectures, in both
directions.

Proof of Theorem 4.13. For C' as in the hypothesis, and for general points x,y, z €

C, we construct a stable curve [C’] € Mag41 by adding a smooth rational compo-

nent passing through the points =,y and z. Using admissible covers one can show,

as in the proofs of Theorems 4.5 and 4.12, that C’ is of maximal gonality, that is

d + 2. From Theorem 4.6, we obtain K, 1(C’,wc) = 0. The conclusion follows

from the observation that K4 1(C, Kc @ Oc(x +y + 2)) = Kq1(C',wer). a
It is natural to ask the following;:

QUESTION 4.15. For a curve C and points x,y € C, can one give explicit
conditions on Koszul cohomology ensuring that = + y is contained in a fiber of a
minimal pencil?

We prove here the following result, which can be considered as a precise version

of the Gonality Conjecture for generic curves.

THEOREM 4.16. Let [C] € Maq_o, and z,y € C arbitrarily chosen distinct
points. Then Kq—11(C, Kc ® Oc(z+vy)) # 0 if and only if there exists A € W}(O)
such that h°(C, A® Oc(—z —y)) # 0.
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PROOF. Suppose there exists A € W}(C) such that h%(C, A(—z — y)) # 0.
Theorem 2.8 applied to the decomposition K¢ ® Oc(z +y) = A® B, with B =
Ko(x+y)®AY produces nontrivial classes in the group K4—1.1(C, Kc®Oc(x+y)).

For the converse, we consider C’, the stable curve obtained from C by gluing
together the points x and y and denote by v : C' — C’ the normalization morphism.
Clearly [C'] € Mag—1. We observe that

Ki11(C,Kc ®Oc(z+7y)) = Kg—11(C",wer).

, ——1 .
From Theorem 4.6, it follows that [C'] € My,_; 4, hence there exists a map

f:CEL R
from a curve C semistably equivalent to C’ onto a rational nodal curve R. The
curve C'is a subcurve of C' and f|¢ provides the desired pencil. O

As mentioned above, the lower possible bound for explicit examples of line
bundles that verify the Gonality Conjecture found so far was 2g. One can raise the
question whether this bound is optimal or not and the sharpest statement one can
make is Conjecture 1.4 discussed in the introduction of this paper.

5. The Strong Maximal Rank Conjecture

Based mainly on work carried out in [FaO6a] and [Fa06b] we propose a con-
jecture predicting the resolution of an embedded curve with general moduli. This
statement unifies two apparently unrelated deep results in the theory of algebraic
curves: The Mazximal Rank Conjecture which predicts the number of hypersurfaces
of each degree containing a general embedded curve C C P" and Green’s Conjecture
on syzygies of canonical curves.

We begin by recalling the statement of the classical Mazimal Rank Conjecture.
The modern formulation of this conjecture is due to Harris [H82] p. 79, even
though it appears that traces of a similar statement can be found in the work of
Max Noether. We fix integers g, and d such that p(g,r,d) > 0 and denote by
Ja4,9,» the unique component of the Hilbert scheme Hilbg g4, of curves C' C P" with
Hilbert polynomial ho(t) = dt + 1 — g containing curves with general moduli. In
other words, the variety Jq 4., is characterized by the following properties:

(1) The general point [C' — P"] € 34,4, corresponds to a smooth curve C' C P”
with deg(C) = d and g(C) = g.
(2) The moduli map m : Jg 4, --» Mgy, m([C — P7]) := [C] is dominant.

CONJECTURE 5.1. (Maximal Rank Conjecture) A general embedded smooth
curve [C — P'| € J44, is of mazimal rank, that is, for all integers n > 1 the
restriction maps

vn(C) : HY(P", Opr(n)) — H(C,Oc(n))
are of mazximal rank, that is, either injective or surjective.

Thus if a curve C' C P" lies on a hypersurface of degree d, then either hyper-
surfaces of degree d cut out the complete linear series |Oc(d)| on the curve, or else
C is special in its Hilbert scheme. Since C' can be assumed to be a Petri general
curve, it follows that H'(C,Oc(n)) = 0 for n > 2, so h°(C,0c(n)) =nd+1—g
and Conjecture 5.1 amounts to knowing the Hilbert function of C' C P", that is,
the value of h°(P",Z¢cpr(n)) for all n.
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EXAMPLE 5.2. We consider the locus of curves C' C P? with deg(C) = 6 and
g(C) = 3 that lie on a quadric surface, that is, v5(C) fails to be an isomorphism.
Such curves must be of type (2,4) on the quadric, in particular, they are hyperellip-
tic. This is a divisorial condition on Jg 3 3, that is, for a general [C' — P3] € Jg 33
the map v5(C) is an isomorphism.

Conjecture 5.1 makes sense of course for any component of Jg 4, but is known
to fail outside the Brill-Noether range, see [H82]. The Maximal Rank Conjecture
is known to hold in the non-special range, that is when d > g + r, due to work
of Ballico and Ellia relying on the méthode d’Horace of Hirschowitz, see [BE8T].
Voisin has also proved cases of the conjecture when h'(C,O¢(1)) = 2, cf. [V92].
Finally, Conjecture 5.1 is also known in the case p(g,r,d) = 0 when it has serious
implications for the birational geometry of ﬂg. This case can be reduced to the
case when dim Sym"H®(C,O¢(1)) = dim H°(C, Oc(n)), that is,

(n—l—r) —nd 11—,
n

when Conjecture 5.1 amounts to constructing one smooth curve [C' — P"] € Jg 4.,
such that H°(P",Zc/pr(n)) = 0. In this situation, the failure locus of Conjecture
5.1 is precisely the virtual divisor Z, 9 on M, whose geometry has been discussed
in Section 3, Corollary 3.7. The most interesting case (at least from the point of
view of slope calculations) is that of n = 2. One has the following result [Fa06b]
Theorem 1.5:

THEOREM 5.3. For each s > 1 we fiz integers
g=3s2s+1), r=2s and d=2s(s+1),
hence p(g,r,d) = 0. The locus

Z,0:={[C] € M, : 3L € W}(C) such that vs(L) : Sym?H(C, L) 5 H°(C, L#?)}

is an effective divisor on My. In particular, a general curve [C] € M, satisfies the
Mazimal Rank Conjecture with respect to all linear series L € W7 (C).

For s = 1 we have the equality 250 = Mé,Q, and we recover the hyperelliptic
locus on M3. The next case, s = 2 and g = 10, has been treated in detail in
[FaPo005]. One has a scheme-theoretic equality Zi00 = 42 - K19 on Mg, where
42 = #(W(C)) is the number of minimal pencils g§ = Kc(—gf,) on a general
curve [C] € M. Thus a curve [C] € M fails the Maximal Rank Conjecture for
a linear series L € Wi, (C) if and only if it fails it for all the 42 linear series gi,!
This incarnation of the K3 divisor K¢ is instrumental in being able to compute
the class of K19 on My, cf. [FaPo05].

In view of Theorem 5.3 it makes sense to propose a much stronger form of
Conjecture 5.1, replacing the generality assumption of [C' — P"] € Jg4,, by a
generality assumption of [C] € M, with respect to moduli and asking for the
maximal rank of the curve with respect to all linear series g;.

We fix positive integers g, 7, d such that g — d + r > 0 and satisfying
0<p(g,r,d) <r—2.

We also fix a general curve [C] € M. The numerical assumptions imply that
all the linear series | € G7(C) are complete (the inequality p(g,r + 1,d) < 0 is
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satisfied), as well as very ample. For each (necessarily complete) linear series | =
(L,H°(C,L)) € G5(C) and integer n > 2, we denote by

vn(L) : Sym"H®(C, L) — H°(C, L®™)

the multiplication map of global sections. We then choose a Poincaré line bundle
on C x Pic*(C) and construct two vector bundles &, and F, over G%(C) with
rank(€,) = ("T") and rank(F,) = h°(C, L®") = nd+1 — g, together with a bundle
morphism ¢y, : &, = F,, such that for L € G%(C) we have that

En(L) =Sym"H°(C, L) and F,(L) = H°(C,L®")
and v, (L) is the map given by multiplication of global sections.

CONJECTURE 5.4. (Strong Maximal Rank Conjecture) We fiz integers g,r,d >
1 and n > 2 as above. For a general curve [C] € Mg, the determinantal variety

n.g.d(C) = {L € G4(C) : vy (L) is not of mazimal rank}
has expected dimension, that is,

dim 3, _ (C) = p(g,r,d) — 1 — |rank(&,) — rank(F,,)],

n,g,d

T

where by convention, negative dimension means that En7q7d(C) is empty.

For instance, in the case p(g,r,d) < nd+2—g— (T:"), the conjecture predicts
that for a general [C] € M, we have that 32 ,(C) =0, that is,

HO(P", To e (n)) = 0

for every embedding C li)' P" given by L € G%(C).

When p(g,r,d) = 0 (and in particular whenever r < 3), using a standard
monodromy argument showing the uniqueness the component J4 4., the Strong
Maximal Rank Conjecture is equivalent to Conjecture 5.1, and it states that v, (L)

L
is of maximal rank for a general [C'— P"] € Jg 4.
For p(g,r,d) > 1 however, Conjecture 5.4 seems to be a more difficult question
than Conjecture 5.1 because one requires a way of seeing all linear series L € G7,(C)
at once.

REMARK 5.5. The bound p(g,r,d) < r — 2 in the statement of Conjecture 5.4
implies that all linear series L € GJ(C) on a general curve C, are very ample.

REMARK 5.6. We discuss Conjecture 5.4 when r = 4 and p(g,r,d) = 1. The
conjecture is trivially true for ¢ = 1. The first interesting case is g = 6 and d = 9.
For a general curve [C] € Mg we observe that there is an isomorphism C = W (C)
given by C' 3 z — K¢ ® Oc¢(—z). Since rank(€;) = 15 and rank(Fp) = 13,
Conjecture 5.4 predicts that,

vo(Ke(—x)) : Sym*H®(C, Ko ® Oc(—12)) - H°(C, K&? ® Oc(—2x)),
for all x € C, which is true (use the Base-Point-Free Pencil Trick).
The next case is g = 11,d = 13, when the conjecture predicts that the map
vo(L) : Sym?*HO(C, L) — H°(C, L®?)
is injective for all L € Wi (C). This follows (non-trivially) from [M94]. Another
case that we checked is r = 5,9 = 14 and d = 17, when p(14,5,17) = 2.
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PROPOSITION 5.7. The Strong Maximal Rank Conjecture holds for general non-
special curves, that is, when r =d — g.

PRrROOF. This is an immediate application of a theorem of Mumford’s stating
that for any line bundle L € Pic?(C) with d > 2g + 1, the map v»(L) is surjective,
see e.g. [GL86]. The condition p(g,r,d) < r — 2 forces in the case r = d — g the
inequality d > 2¢g + 3. Since the expected dimension of Ei;?d(C) is negative, the

conjecture predicts that EZ,_Q? ,(C) = 0. This is confirmed by Mumford’s result. [

5.1. The Minimal Syzygy Conjecture. Interpolating between Green’s Con-
jecture for generic curves (viewed as a vanishing statement) and the Maximal Rank
Conjecture, it is natural to expect that the Koszul cohomology groups of line bun-
dles on a general curve [C] € M, should be subject to the vanishing suggested by
the determinantal description provided by Theorem 3.5. For simplicity we restrict
ourselves to the case p(g,r,d) = 0:

CONJECTURE 5.8. We fiz integers r;s > 1 and set d :=rs+r and g :==rs+s,
hence p(g,r,d) = 0. For a general curve [C] € M, and for every integer
r—2s
s+1
we have the vanishing Ky 2(C,L) = 0, for every linear series L € Wj(C).

0<p<

As pointed out in Theorem 3.5, in the limiting case p = TS_T%S € Z, Conjecture
5.8 would imply that the failure locus

Zyp:={[C] € My :3L € Wj(C) such that K,»(C,L) # 0}

is an effective divisor on M, whose closure Z,, violates the Slope Conjecture.

Conjecture 5.8 generalizes Green’s Conjecture for generic curves: When s = 1,
it reads like K, 2(C, K¢) = 0 for g > 2p+3, which is precisely the main result from
[V05]. Next, in the case p = 0, Conjecture 5.8 specializes to Theorem 5.3. The
conjecture is also known to hold when s = 2 and g < 22 (cf. [Fa06a] Theorems 2.7
and 2.10).
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Reider’s Theorem and Thaddeus Pairs Revisited

Daniele Arcara and Aaron Bertram

1. Introduction

Let X be a smooth projective variety over C of dimension n equipped with an
ample line bundle L and a subscheme Z C X of length d. Serre duality provides a
natural isomorphism of vector spaces (for each i =0, ...,n)

(*) BExt(L®Zz,0x)2H" (X, Kx @ L®I,)Y

Thaddeus pairs and Reider’s theorem concern the cases ¢ = 1 and n = 1,2.
In these cases one associates a rank two torsion-free coherent sheaf E. to each
extension class € € Ext'(L ® I, Ox) via the short exact sequence

(xx) €e:0>0x 2 E. > L®ZTz —0

and the Mumford stability (or instability) of F. allows one to distinguish among
extension classes. The ultimate aim of this paper is to show how a new notion of
Bridgeland stability can similarly be used to distinguish among higher extension
classes, leading to a natural higher-dimensional generalization of Thaddeus pairs
as well as the setup for a higher-dimensional Reider’s theorem.

Reider’s theorem gives numerical conditions on an ample line bundle L on a
surface S that guarantee the vanishing of the vector spaces Hl(S7 Ks®L®Iy)
which in turn implies the base-point-freeness (the d = 1 case) and very ampleness
(the d = 2 case) of the adjoint line bundle Kg ® L.

In the first part of this note we will revisit Reider’s Theorem in the context
of Bridgeland stability conditions. Reider’s approach, following Mumford, uses the
Bogomolov inequality for Mumford-stable coherent sheaves on a surface to argue
(under suitable numerical conditions on L) that no exact sequence (*x*) can produce
a Mumford stable sheaf F., and then uses the Hodge Index Theorem to argue that
all the exact sequences (x%) that produce non-stable sheaves must split. Thus one
concludes that Ext'(L ® Tz, 0g) = 0 and H' (S, Ks ® L ® T) = 0, as desired.

Here, we will regard an extension class in (#x*) as a morphism ¢ : L&Z,; — Og[1]
to the shift of Og in one of a family of tilts A5 (0 < s < 1) of the abelian category of
coherent sheaves on X within the bounded derived category D(X) of complexes of
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coherent sheaves on X. Reider’s argument for a surface S is essentially equivalent
to ruling out non-trivial extensions by determining that:

e ¢ is neither injective nor surjective and
e if neither injective nor surjective, then € = 0 (using Hodge Index).

This way of looking at Reider’s argument allows for some minor improvements,
but more importantly leads to the notion of Bridgeland stablility conditions, which
are stability conditions, not on coherent sheaves, but rather on objects of Aj.

In [AB], it was shown that the Bogomolov Inequality and Hodge Index The-
orem imply the existence of such stability conditions on arbitrary smooth projec-
tive surfaces S (generalizing Bridgeland’s stability conditions for K-trivial surfaces
[Bri08]). Using these stability conditions, we investigate the stability of objects of
the form L ® Zz and Og[1] with a view toward reinterpreting the vanishing

HOH’I(L ®Iz, 05[1]) =0

as a consequence of an inequality u(L®Zz) > u(Og[1]) of Bridgeland slopes. Since
this is evidently a stronger condition than just the vanishing of the Hom, it is
unsurprising that it should require stronger numerical conditions. This reasoning
easily generalizes to the case where Og is replaced by Zyj,, the derived dual of the
ideal sheaf of a finite length subscheme W C S.

The Bridgeland stability of the objects L ® T and Zy,[1] is central to a new
generalization of Thaddeus pairs from curves to surfaces. A Thaddeus pair on a
curve C' is an extension of the form:

€e:0=Ly = E.—~L®ZIz;—0

where L is a line bundle and Z, W C C are effective divisors. Normally we would
write this

€:0>0c(W)—= E.—-L(-Z)—=0
since finite length subschemes of a curve are effective Cartier divisors. The generic
such extension determines a Mumford-stable vector bundle E. on C' whenever
dea(L(~Z)) > deg(Oc(W)) (and C £ P)

or, equivalently, whenever the Mumford slope of L(—Z) exceeds that of Oc(W)
(both line bundles are trivially Mumford-stable). Moreover, the Mumford-unstable
vector bundles arising in this way are easily described in terms of the secant varieties
to the image of C' under the natural linear series map:

¢:C = PH(C,Kc® L(-=Z - W))") = P(Ext! (L(-Z),0c(W)))
since an unstable vector bundle E. can only be destabilized by a sub-line bundle
L(—Z") C L(—Z) that lifts to a sub-bundle of E,:
L(-7")
e \
t)y 0 - Oc(W) —» E. — L(-Z2) — 0
In the second part of this paper, we note that Thaddeus pairs naturally gener-

alize to surfaces as extensions of the form

e: 0>yl 5 E - L®Iz—0
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in the categories A, under appropriate Bridgeland stability conditions for which
both L ® 7 and Zy;,[1] are Bridgeland stable and their Bridgeland slopes satisfy
w(L ®Zz) > pu(Zyy,[1]). Note that E? is never a coherent sheaf.

This is a very satisfying generalization of Thaddeus pairs since
Exty (L®ZIz, Ty (1)) 2HY(S,Ks®L®I;®Iw)"
by Serre duality. In this case, however, there are subobjects
KCL®Iz
not of the form L ® Z  that may destabilize E?, as in (). These subobjects are

€
necessarily coherent sheaves, but may be of higher rank than one, and therefore
not subsheaves of L ® Zz in the usual sense. This leads to a much richer geometry

for the locus of “unstable” extensions than in the curve case.

We will finally discuss the moduli problem for families of Bridgeland stable
objects with the particular invariants

[E] = [L® Iz] + [Ty (1] = [L ® Iz] — [Zyy]

in the Grothendieck group (or cohomology ring) of S, and finish by describing
wall-crossing phenomena of (some of) these moduli spaces in the K-trivial case,
following [AB].

This line of reasoning suggests a natural question for threefolds X. Namely,
might it be possible to prove a Reider theorem for L and Z C X by ruling out
non-trivial extensions of the form

€e:0—->0x[l] > E2—> LRIz —0

in some tilt A, of the category of coherent sheaves on X via a version of the
Bogomolov Inequality and Hodge Index Theorem for objects of A on threefolds?

We do not know versions of these results that would allow a direct application of
Reider’s method of proof, but this seems a potentially fruitful direction for further
research, and ought to be related to the current active search for examples of
Bridgeland stability conditions on complex projective threefolds.

Acknowledgment: The authors would like to thank the referee for his patience
and for many valuable suggestions.

2. The Original Reider

Fix an ample divisor H on a smooth projective variety X over C of dimension
n. A non-zero torsion-free coherent sheaf F on X has Mumford slope
ci(E)-H" !
Ey= —F"———

ni(E) = =By

and E is H-Mumford-stable if pp(K) < pg(F) for all non-zero subsheaves K C E
with the property that @ = E/K is supported in codimension < 1.

Bogomolov Inequality: Suppose E is an H-Mumford-stable torsion-free coherent
sheaf on X and n > 2. Then

2 E) .Hn—2
ho(E) - =2 < a(e)-H"=
cha(F) =T 2k(E)
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(in case X = S is a surface, the conclusion is independent of the choice of H).

Application 2.1: For an ample line bundle L = Og(H) on a smooth projective
surface S and a finite subscheme Z C S, consider € € Extl(L ®Zz,0g) and suppose
€c:0-0s—F—=L®I;—0

yields an H-Mumford-stable sheaf E. Then H? = ¢?(L) < 4d.
Proof: If F is H-Mumford stable, then by the Bogomolov inequality,

L), dE) &)

2 - 4 4
Hodge Index Theorem: Let D be an arbitrary divisor on X. Then

(D2 . Hn—Q) (Hn) S (D . H'IL—I)Q

and equality holds if and only if there exists a (rational) number k with the property
that (D - H""2). E = (kH"" ') - E for all divisors E.

Application 2.2: For S,H = ¢;(L) and Z as in Application 2.1, suppose an
extension class € € Ext' (L ® Iz, 0g),

ChQ(E) =

€:0-0s - FE—-L®IL;—0

yields a sheaf E that is not H-Mumford-stable. Then either ¢ = 0 or else there is
an effective curve C' C S such that:

(a) C~c1(L)§%c§(L) and (b) C-ci(L)<C?4d

and it follows that —d < C? < d. Moreover,
(¢) (L) >4d= C*<d and (d) c¢}(L)> (d+1)*=C?<0.

Proof: By definition of (non)-stability, there is a rank-one subsheaf K C F
such that ¢1(K)-c1(L) > 3c1(E)-¢1(L) = 3¢3(L). We may assume that the quotient
Q = E/K is torsion-free, replacing @ by Q/Qtors and K by the kernel of the map
E — @Q/Qtors if necessary (which can only increase ¢1(K) - ¢1(L)). It follows that
the induced map K — L ® Zz is non-zero and either K splits the sequence, or else
K C L ®7Zy is a proper subsheaf. In the latter case, K = L(—C) ® Zy for some

effective curve C' and zero-dimensional W C S, and (a) now follows immediately.

The inequality (b) is seen by computing the second Chern character of E in
two different ways. The quotient @ has the form Og(C) ® Zy for some V C S,
necessarily of dimension zero since ¢1(K) + ¢1(Q) = ¢1(L), and in particular

2(L L) - C)? C? 2(L
eho() = T g OB ZOF iy & gy < A o)
which gives (b).

Next, applying Hodge Index and (a) and (b) give
1
C%3(L) < (C-e1(L))? < ch(L) (C* +d)

from which we conclude that C? < d. That C? > —d follows immediately from (b)
and the fact that L is ample. Finally, suppose C? = d — k for 0 < k < d and apply
Hodge Index and (b) to conclude that:

(d = k) (L) < (C - er(L))* < (2d — k).
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In particular, ¢?(L) < 4d+ dszk and then (the contrapositives of) (¢) and (d) follow
from the cases k = 0 and k < d — 1, respectively.

All of this gives as an immediate corollary a basic version of

Reider’s Theorem: If L is an ample line bundle on a smooth projective surface
S such that ¢?(L) > (d+ 1) and C - ¢;(L) > C? + d for all effective divisors C' on
S satisfying C? < 0, then “Kg + L separates length d subschemes of S,” i.e.

HY(S,Ks®L®Iz)=0
for all subschemes Z C S of length d (or less).

Corollary (Fujita’s Conjecture for Surfaces): If L is an ample line bundle on
a smooth projective surface S, then Kg + (d 4 2)L separates length d subschemes.

Note: For other versions of Reider’s theorem, see e.g. [Laz97].

3. Reider Revisited

A torsion-free coherent sheaf F is H-Mumford semi-stable (for X and H as in
§2) if
pu(K) < pu(E)
for all subsheaves K C E (where py is the Mumford slope from §2). A Mumford
H-semi-stable sheaf E has a Jordan-Hélder filtration

FCF C---CFy=E,

where the F;yi/F; are Mumford H-stable sheaves all of the same slope pg(FE).
Although the filtration is not unique, in general, the associated graded coherent
sheaf @F; = Assy(F) is uniquely determined by the semi-stable sheaf E (and H).

The Mumford H-slope has the following additional crucial property:

Harder-Narasimhan Filtration: Every coherent sheaf F on X admits a uniquely
determined (finite) filtration by coherent subsheaves

0OCEyCELCEyC---CEny=F such that
e Fjy is the torsion subsheaf of E and
e Each E;/F;_; is H-semi-stable of slope p; with puy > po > -+ > un.

Harder-Narasimhan filtrations for a fixed ample divisor class H give rise to a
family of “torsion pairs” in the category of coherent sheaves on X:

Definition: A pair (F,T) of full subcategories of a fixed abelian category A is a
torsion pair if:

(a) For all objects T' € ob(T) and F' € ob(F), Hom(T, F') = 0.

(b) Each A € ob(A) fits into a (unique) extension 0 - T — A — F — 0 for
some (unique up to isomorphism) objects T' € ob(7) and F € ob(F).

Application 3.1: For each real number s, let 7; and Fy be full subcategories of the
category A of coherent sheaves on X that are closed under extensions and which
are generated by, respectively:

Fs D {torsion-free H-stable sheaves of H-slope u < s}
Ts D {torsion-free H-stable sheaves of H-slope u > s} U {torsion sheaves}
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Then (F;,Ts) is a torsion pair of A.

Proof: Part (a) of the definition follows from the fact that Hom(T, F') = 0 if
T, F are H-stable and pg(T) > pg(F), together with the fact that Hom(T, F) = 0
if T is torsion and F' is torsion-free.

A coherent sheaf E is either torsion (hence in 7 for all s) or else let E(s) := E;
be the largest subsheaf in the Harder-Narasimhan of E with the property that
w(E;/E;_1) > s. Then 0 — E(s) - E — E/E(s) — 0 is the desired short exact
sequence for (b) of the definition.

Theorem (Happel-Reiten-Smalg) [HRS96]: Given a torsion pair (7, F), then
there is a t-structure on the bounded derived category D(A) defined by:

ob(DZ%) = {E* € ob(D) |[H ' (E*) € F,H(E*) =0 for i < —1}

ob(D=0) = {E* € ob(D) [H*(E*) € T,H'(E*) = 0 for i > 0}

In particular, the heart of the ¢-structure:

Az ={E* | H Y (E*) € F,H°(E®) € T,H'(E®) = 0 otherwise}

is an abelian category (referred to as the “tilt” of .4 with respect to (F,T)).
Notation: We will let A, denote the tilt with respect to (Fs, 7T,) (for fixed H).

In practical terms, the category A consists of:

e Extensions of torsion and H-stable sheaves T of slope > s

e Extensions of shifts F'[1] of H-stable sheaves F of slope < s

e Extensions of a sheaf T' by a shifted sheaf F[1].

Extensions in A, of coherent sheaves 14,75 in T or shifts of coherent sheaves
Fi[1], F3[1] in F are given by extension classes in Ext! (T, T3) or Extl(Fy, F»),
which are first extension classes in the category of coherent sheaves.

However, an extension of a coherent sheaf T by a shift F[1] in A is quite
different. It is given by an element of Ext}% (T, F[1]) by definition, but:

Extl (T, F[1]) = Exty (T, F)

and this observation will allow us to associate objects of A, to certain “higher”
extension classes of coherent sheaves in A just as coherent sheaves are associated
to first extension classes of coherent sheaves.

For a general introduction to derived categories, we find the reference [M] to
be quite useful. A quick introduction to some important notions is contained in
[AB]. For this paper, we will need to recall that the shift F[1] of a coherent sheaf
is the unique object of the derived category of coherent sheaves on X satisfying
H™(F[1]) = F and H'(F[1])) = 0 for i # —1, that each short exact sequence:

0—->K*—FE*"—-Q*—0
of objects in each of the abelian categories A, induces a long exact sequence
0—->HY(K*) »H (E*) - H Q) —
— HY(K*) = H(E*) = H°(Q*) = 0
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of coherent sheaves on X, and finally that in the Grothendieck group K (D) of the
derived category, the class of each E*® in each A, satisfies

[£°] = [H°(B®)] - [HH(E*)].
Next, recall that the rank is an integer-valued linear function
r: K(D)—Z
with the property that r([E]) > 0 for all classes of coherent sheaves F.
Always fixing H, we may define an analogous rank function for each s € R:
rs: K(D) = R; r,([E®]) = c1(E®)-H" ' —s.r(E*)H"

which by definition has the property that rs([E®]) > 0 for all objects E*® of Aj
and in addition rs([T]) > 0 for all coherent sheaves in 7, that are supported in
codimension < 1. This rank is evidently rational-valued if s € Q.

Now consider the objects Ox[1] and L ® Iz of A, for 0 < s <1 (H = ¢1(L))
where Z C X is any closed subscheme supported in codimension > 2.

Sub-objects of Ox[1] in A,:

An exact sequence 0 — K* — Ox[l] — Q°® — 0 of objects of A, (for any
s > 0) induces a long exact sequence of cohomology sheaves:

0 H YK*) = Ox - H Q") 3 HYK®*) -0
Since H™(Q*) is torsion-free and § is not a (non-zero) isomorphism, then either:
(i) HY(K*) = Ox,Q* = 0,6 = 0 and K* = Ox][1],
(3) H'(K*) = 0,6 = 0 and Q* = Ox|[1], or else

(iii) H'(K*) = 0 and 6 # 0. Then H(K*) has no torsion subsheaf supported
in codimension two (since it would lift to a torsion subsheaf of H™*(Q*)). Moreover,
Q* = H '(Q*) is the shift Q[1] of a non-zero torsion-free sheaf Q that satisfies:

0<r(Q) =—c1(Q)-H" ' +5-7(Q)H" <r,(Ox[1]) = sH"
hence in particular the (ordinary) rank r(Q) > 1, and:

s(l—@)@m(@)g.

Moreover, if E is a stable coherent sheaf appearing in the associate graded of a
semi-stable coherent sheaf in the Harder-Narasimhan filtration of @, then the same
inequality holds for pg(E) (because the rs rank is additive).

Sub-objects of L ® 77 in A,:

An exact sequence: 0 — K'* - L®Zy; — Q'° — 0in A, (for any s < 1)
induces a long exact sequence of cohomology sheaves

0-HYQ"*) -H"K"") - L®ZI; - H Q") =0
from which it follows that K’ := H°(K’®) is a torsion-free sheaf, and either:
(") K"=0and Q* =L®1Zyg,

(ii') r(K') = 1, so that K’ = L ® Iy and Q'* = H(Q"*) = L ® (Iz/Tz/) for
some closed subscheme Z’ containing (and possibly equal to) Z, or else

(i33") r(K') > 1 and H"*(Q"*) # 0.
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In cases (4i') and (4i7’), we have the inequality:

(1-s)

r(K')

and the same inequality when K’ is replaced by any E’ appearing in the associated
graded of a semi-stable coherent sheaf in the Harder-Narasimhan filtration of K’.

s<pp(K')<s+

Corollary 3.2: The alternatives for a non-zero homomorphism
f €Homy, (L®Iz,0x[1])=Exty (L®ZIz, Ox) for some fixed 0 < s <1
are as follows:

(a) f is injective, with quotient Q°® = Q[1],

0o Lo, L 0x[1] — Q] — o0,

which in particular implies that 1/2 = ugy(Q) < s and, more generally, that each
stable F in the Harder-Narasimhan filtration of ¢ has Mumford-slope ug(E) < s.

(b) f is surjective, with kernel (K')® = K’,

O—>K’—>L®Izi>(9x[1]—>07

which in particular implies that 1/2 = ug(K’) > s and, more generally, that each
stable £’ in the Harder-Narasimhan filtration of K’ has Mumford-slope g (E') > s.

(c) f is neither injective nor surjective, inducing a long exact sequence

0= L(-D)®Iw — LTy 5 Ox[1] = (Ox(D) @ Ty)[1] — 0

for some effective divisor D satisfying D- H"~' < sH™ and D- H" ! < (1—s)H",
as well as subschemes V, W C X supported in codim > 2.

Proof: Immediate from the considerations above.
Ezample: At s =1/2, we nearly get the same dichotomy as in §2. Here
f is injective in A, /5 <> E is H-semistable

where F is the rank two sheaf of slope pug(F) = % defined by the extension class
determined by f. If E is H-semistable, then E[1] is an object of A/, and the
sequence of (a) is the tilt of the extension. Conversely, if f is injective in A, /2, then

E = Q in (a) and is H-semi-stable since non-semistable sheaves of slope 3 do not

belong to F. If f is surjective, then E = K’ in (b), but this yields a contradiction

(so f cannot be surjective), and if f is neither surjective nor injective, then F is an
extension of Ox (D) ®Zy by L(—D) ® Zy in (c) which is visibly not H-semistable.

Next, recall that the ordinary degree is an integer-valued linear function
d:K(D)—2Z; d([E])=ci(E)-H"!
(depending upon H) with the property that for all coherent sheaves E,
r(E) =0= (d(E) > 0 and d(E) = 0 < E is supported in codim > 2).
There is an analogous two-parameter family of degree functions (s € R, ¢ > 0),
dspy  K(D) = Ry dony ([E®]) =
§2 _ 42
2

cho(E®)- H" 2 — sci(E®) - H" ' + < > r(E®)H"
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(i.e. there is a ray of degree functions parametrized by ¢ for each rank r;).

Note that if E* is an object of A, and 74([E®]) = 0, then H(E*®) is a torsion
sheaf supported in codimension > 2, H"*(E®) is an H-semistable coherent sheaf
with pg(H ' (E®)) = s, and the “cohomology” sequence:

0—HYE")[1] - E*—=H(E®*) =0
exhibits E® as an extension in A, of a torsion sheaf by the shifted semistable sheaf.

Proposition 3.3: Suppose r5([E®]) = 0 for an object E® of As. Then for all ¢ > 0,
dis,t)([E®]) > 0 and d(, 4 ([E®]) = 0 & E® is a sheaf, supported in codim > 3.

Proof: Because d(, ) is linear, it suffices to prove the Proposition for torsion
sheaves T supported in codimension > 2 and for shifts F[1] of H-stable torsion-free
sheaves of slope s. In the former case

dis,4)(T) = cho(T) - H"2 > 0 with equality < T is supported in codim > 3.
In the latter case
2 _ 42
i . > r(F)H"
and py(F) = s implies (¢1(F) — sr(F)H) - H"! = 0, which in turn implies that
(c1(F) — sr(F)H)?H"2? < 0 by the Hodge Index Theorem. It follows from the

Bogomolov inequality that

desy (F[1]) > — <§E?)> CH" 2 4 s¢y(F)-H" ' — (%) r(F)H" + (g) r(F)H"

d(sat) (F[l]) = _ChQ(F) g2 + Scl(F) Ll (

== <2T(1F)> (c1(F) —sr(F)H)? - H" % + (g) r(F)H" >0. O

Corollary 3.4: If X = S is a surface, then the complex linear function
Zoir = (—d(s ) +itrs) : K(D) = C; s € Rt >0,i* = —1
has the property that Zs,;:(E*®) # 0 for all nonzero objects E® of A, and:
0 < arg(Zs1i(E®)) < 1 (where arg(re™) = p)
i.e. Zsyu takes values in the (extended) upper half plane.

In higher dimensions, the Corollary holds modulo coherent sheaves supported
in codimension > 3, just as the ordinary H-degree and rank lead to the same
conclusion modulo torsion sheaves supported in codimension > 2.

Remark: The “central charge” Zs,;+ has the form
ZSJrit(E) = _d(s,t) (E) + @trs(E) = _/ e_(s+it)HCh(E)H”_27
S

which is a much more compact (and important) formulation.

Corollary 3.5: Each “slope” function

pi= syt = ==
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has the usual properties of a slope function on the objects of As. That is, given an
exact sequence of objects of Aj:

0—-K*—E*"—-Q*—0
then p(K*) < p(E®) < p(E®) < p(Q®) and p(K*®) = p(E*®) < n(E*) = n(Q*).
Also, when we make the usual

Definition: E*® is p-stable if u(K*®) < u(E®) whenever K* C E*® and the quotient
has nonzero central charge (i.e. is not a torsion sheaf supported in codim > 3),

then Hom(E*®, F*) = 0 whenever E®, F'* are u-stable and p(E®) > u(F*).
Proof (of the Corollary): Simple arithmetic.

FEzxzample: In dimension n > 2

t2 _ 52 (1—8)2—t2—ﬁ
+(Ox[1]) = d H(LRIz) = Hr
pstit(Ox[1]) 95t and pis1it(L ® Iz) 2(1— 5)

where d = [Z] N H"?2 is the (codimension two) degree of the subscheme Z C X.
Thus pstit(L ® Zz) > pstit(Ox|[1]) if and only if

1 d 2 1 d 2
2 N e
t —l—(s (2 n)) < (2 n) and ¢ > 0.

This describes a nonempty subset (interior of a semicircle) of R? if H™ > 2d.

Proposition 3.6: For all smooth projective varieties X of dimension > 2 (and L)
(a) Ox[1] is a us4ie-stable object of A for all s > 0 and ¢t > 0.
(b) L is a psyit-stable object of A, for all s < 1 and ¢ > 0.

Proof: (a) Suppose 0 # K* C Ox][1], and let E be an H-stable torsion-free
sheaf in the associated graded of @), where Q[1] is the quotient object. Recall that
0 < u(E) < s. The Proposition follows once we show 514 (Ox[1]) < pstit(E[1])
for all E with these properties. We compute

—2chy(E)H" "2 + 2s¢1 (E)H" ! — (s* — ?) r(E)H"
Ho+it(E[L]) = 2t(—c1 (E)H"=1 + sr(E)H")
and we conclude (using the computation of ps4i:(Ox[1]) above) that
po20(Ox(1]) > prosin(B[1]) (52 + £2)e1 (B)H™1 > (25)chy (E)H 2.
But by the Bogomolov Inequality
(25)chy (EYH"2 < s(¢3(E)H"2)/r(E),
and by the Hodge Index Theorem and the inequality c;(E) - H*~! < sr(E)H",
sc2(EYH" 2 /r(E) < s%ci(E)H" !
The desired inequality follows from the fact that ¢ > 0 and ¢1(E) - H*~* > 0.

The proof of (b) proceeds similarly. Suppose 0 # (K')® C L in A, and let E’ be
an H-stable coherent sheaf in the Harder-Narasimhan filtration of K’ = HY(K'®).
Then s < pug(E') < 1, and we need to prove that sy (F’) < psiit(L). This
follows as in (a) from the Bogomolov Inequality and Hodge Index Theorem. [

Corollary 3.7 (Special case of Kodaira vanishing): If dim X = n > 1, then
H"Y(X,Kx + L) =0.
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Proof: Within the semicircle {(s,t) | t* + (s — %)2 < Y and t > 0} the in-

equality pis1it(L) > pstit(Ox[1]) holds. But L and Ox[1] are always p4i-stable,
hence
0 = Homu, (L, Ox[1]) 2 Exty, (L,0x) 2 H" (X, Kx + L)Y
O

Remark: The Bogomolov Inequality and Hodge Index Theorem are trivially true
in dimension one. However, the computation of psy;:(L) is different in dimension
one, and indeed in that case the inequality psiit(L) > prs+it(Ox[1]) never holds
(and evidently the corollary is false in dimension one)!

Restrict attention to X = S a surface for the rest of this section, and consider
1.
the shifted derived dual of the ideal sheaf of a subscheme W C S of length d. Since
H YZy[1]) = Os and H°(Zy[1]) is a torsion sheaf, supported on W,
it follows that Zy,[1] is in A for all s > 0.
Every quotient object Zy,[1] — Q° in A, satisfies:
e H’(Q*) is supported in codimension two (on the scheme W, in fact).

o Let Q = H'(Q*) (a torsion-free sheaf). Then every H-stable term E in the
Harder-Narasimhan filtration of @) satisfies:

0 <ry(E[l]) = —c1H +rsH? < ry(Ty[1]) = sH?,

where r = r(E) and ¢; = ¢1(FE) (the second inequality follows because the rs-rank
of the kernel of 73, [1] — Q* in Aj is positive). Therefore,

(r—1)sH?* < c;H < rsH*.

Proposition 3.8: For subschemes Z, W C S of the same length d (and H = ¢;1(L)):
(a) If H? > 8d, then psyit(L®Zz) > pstit(Zy[1]) for all (s,t) in the semicircle

N> 1 2
2y . 2

centered at the point (1/2,0) (and the semicircle is nonempty!).

2d

(b) If H*> > 8d and Z},[1] or L ® Iz is not stable at (s,t) = (3,/3 — 2%),

then there is a divisor D on S and an integer r > 0 such that

1 D D2
""H2<«D-H<IH? and Z . H <= +2d
2 r r2

Proof: Part (a) is immediate from

(1—s)?—t>— 24 2 -2+ 24
d propic(Ty[1]) = ———H=
2(1 —S)t and fs+ t( W[ ]) 2t

We prove part (b) for Zy,[1] (the proof for L ® I is analogous).

pstit(LRIz) =

Let Zy;, [1] — Q°® be a surjective map in the category A, and let Q = H Q).
Since H(Q*) is torsion, supported on W, it follows that gy (Q[1]) < psyit(Q®)
with equality if and only if H°(Q®) = 0.
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Thus if Z}),[1] is not jpsyi-stable, then psii(Zy[1]) > psti(Q[1]) for some
torsion-free sheaf Q satisfying (r — 1)sH? < ¢1(Q) - H < rsH?, and moreover, the
same set of inequalities hold for (at least) one of the stable torsion-free sheaves
E appearing in the Harder-Narasimhan filtration of Q. We let D = ¢1(F) and
r =rk(E). Then psyi(Zyy[1]) > pstie(E[1]) if and only if

(t? +s%)(D - H) < (25)chy(F) + Z—Ci(rsHQ —D-H)

and by the Bogomolov inequality, (2s)cha(E) < SDTZ. Setting (s,t) = (1,,/3 — 24),

we obtain the desired inequalities. O

Corollary 3.9: (a) If L = Og(H) is ample on S and satisfies H? > (2d + 1)? and
H'(S,Ks @ L®Iw ®17) #0

for a pair Z, W C S of length d subschemes, then there is a divisor D on S satisfying
D?<0and 0 < D-H < D* +2d.

(b) (Fujita-type result) If L is an ample line bundle on S, then
H'(S,Ks @ L®C?H2) @ Iy @ 1) =0
for all subschemes Z, W C S of length d (or less).
Proof: Part (b) immediately follows from (a). By Serre duality,
HY(S,Ks ® L® Iy @ I7) = Hom, (L ® Iz, Iy [1])Y.

Since (2d +1)? > 8d + 1 for d > 1, the non-vanishing of H' and Proposition 3.8(a)
imply that either L ® I or Zy,[1] must not be stable at (1,,/32 — 24), and by
Proposition 3.8(b) there is a divisor D and integer r > 1 such that the Q-divisor
C = D/r satisfies

1, H? H?

(similar to Application 2.2). The result now follows as in Application 2.2 once we
prove that C? > 1 whenever r > 1.1 To this end, note:

()r>3=C*+2d>C - H> 1L 5 8kl o 02 5 2441 >

(i)r=2=C+2d>C-H>2 524+ 1= 2 >0q4 1 C.H>2d+1,
and C? > 1, since C is of the form D/2 for an “honest” divisor D.

Thus either C2? < 0, in which case » =1 and C = D is an “honest” divisor, or
else C2 > 1. Furthermore, by the Hodge index theorem,

H2
C?H? < (C-H)*< 5 (C*+2d) = C*<2d

and if C? = k for 1 < k < 2d, then k?H? < (C-H)? < (k+2d)? and H? < (1 + %)2.
This is a decreasing function, giving us H? < (2d+1)2, contradicting H? > (2d+1)2.
Remark: This variation resembles other variations of Reider’s theorem, e.g. [Lan99],

though the authors do not see how to directly obtain this result from the others.

IThe authors thank Valery Alexeev for pointing out the embarrassing omission of this step
in the original version of the paper.
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In a special case, Proposition 3.8 can be made even stronger, as noted in [AB].

Proposition 3.10: If Pic(S) = Z, generated by ¢1(L) = H, then the two objects
L® Iy and Iy, [1] are fi(L py-stable for all £ > 0 and any degree of Z (and W).

Proof: Again we do this for Zjj,[1], the proof for L ® Z; being analogous.
Consider again the condition on every subbundle E C @, where @ = H™'(Q*), and
Q° is a quotient object of Zy,[1]:

((B) ~ 1)(G)H? < cx(B) - H < r(B)(3)

Since ¢1(E) = kH is an integer multiple of H, by assumption, it follows imme-
diately that @ is itself of even rank and H-stable, satisfying ¢;(Q) = (r(Q)/2) H.
But in that case, Q[1] has “Bridgeland rank” r1(Q[1]) = 0, hence has maximal

phase (infinite slope), and thus cannot destabilize Zy, [1]. O
Remark: The Proposition is not generally true for pairs (s,¢) when s # %
Corollary 3.11: If Pic(S) = ZH and H? > 8d, then

HY (S, Ks® LRIy @ZIz) =0
for all pairs of subschemes Z, W C S of length d.

4. Thaddeus Pairs Revisited

Suppose S is a surface with ample line bundle L = Og(H) and that Pic(S) =
ZH. Consider the objects of A, (0 < s < 1) appearing as extensions

€:0—->0g[1] 5 E? —-L—0
parametrized by
e € Extly (L, Os(1]) = Extd (L, Os) 2 H(S,Ks ® L)¥

As we saw in Proposition 3.6 and the preceding calculation, Og[1] and L are
both psyi stable for all (s,t). Moreover, ps1it(Og[l]) < pstit(L) inside the semi-

circle
1\? 1
C::{(s,t)|t2+(s—§> <Zandt>0}

Remark: Here and earlier, we are using the notion of stability a little bit loosely.
The correct definition, given by Bridgeland [Bri08], requires the existence of finite-
length Harder-Narasimhan filtrations for all objects of A,. This is straightforward
to prove when (s,t) are both rational numbers (following Bridgeland), but much
more subtle in the irrational case. For the purposes of this paper, the rational
values will suffice.

We investigate the dependence of the 1 1i¢-stability of E? upon the extension
class € for 1 + it inside the semicircle S. If E? is p 144-unstable, destabilized by

K*® C E?; then:
(i) K* = H°(K*®) =: K is a coherent sheaf with f1 45 (K) > 0.
(ii) K is H-stable of odd rank r and ¢1(K) = ((r +1)/2)H.
(ili) The induced map K — L is injective (in the category A1).
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Thus as in the curve case, E? can only be destabilized by lifting subobjects
K C L (in the category A%) of positive M%Ht—slope to subobjects of E?:

K

o
t 0 - Osll] - E® - L — 0

That is, the unstable objects E? correspond to extensions in the kernel of the map
Extd, (L, Os) = Extg, (K, Os)
for some mapping of coherent sheaves K — L with K satisfying (i) and (ii).
Proof (of (i)-(iii)): The d(; ,-degree of E? is
- H + (i - t2)
2 2
since chy(E®) = H?/2,¢; = H and r = 0. Thus the slope (equivalently, the degree)
of any destabilizing K*®* C E? is positive, by definition. Moreover the “ranks”
H2
T2

chy(E?) — rH? =0

are the minimal possible (as in the curve case) without being zero; hence, as in the
curve case, K* C E? must also have minimal “rank” r1 (K*®) = HTQ (if it had the
next smallest “rank” H? = r 1(E2), it would fail to destabilize). The presentation

of E® gives H'(E®) = Og and H°(E?®) = L, hence if we let Q* = E*/K*, then
0->HYK*) - 05 -H Q") - H'(K*) - L —-HQ*) =0

and, as usual, either H"'(K*) = 0 or H }(K*) = Og. The latter is impossible,
since in that case the rank consideration would give K* = Og[1], which doesn’t
destabilize for (1,t) € C. Thus K® = K is a coherent sheaf. This gives (i).

Next, the condition that r 1 (K') be minimal implies that there can only be one
term in the Harder-Narasimhan filtration of K (i.e. K is H-stable), and that

r(K)H?>  H?

ri(K)=c(K)H - ) )

Since ¢1 (K) = kH for some k, this gives (ii).

Finally, (iii) follows again from the minimal rank condition since any kernel of
the induced map to L would be a torsion-free sheaf, of positive r 1 -rank. O

Suppose now that K satisfies (i) and (ii). By the Bogomolov inequality,

1 r 2 rt2 H? H2 /1
d(;,t)(K)<—(01(K)——H) — — <—7‘2t2)

B = 2r 2 2 2r \4
so in particular, ¢ < %, or in other words, we have shown:

Proposition 4.1: Given a positive integer ro, if t > ﬁ and if u%ﬂ»t(K) < 0 for
all K C L (in Ay) of odd ordinary rank r < rg, then E? is pu1_;-stable.
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Special Case: Suppose ¢ > §. Because H = ¢1(L) generates Pic() it follows that
the only rank one subobjects K C L in A% are the subsheaves L @ Ty for Z C S
of finite length. Thus E¢ only fails to be pi1, ,-stable if both

L L g , 1 2
d(évt)(L®IZ)_§(Z—t>H —d>0<@t Si_ﬁ

and ¢ € ker(Ext*(L,0s) — Ext*(L ® Zz,05s)), so that L ® Iy C L lifts to a
subobject of E?. As in the curve case, it can be shown using Serre duality that the
image of such a (non-zero) extension in the projective space

PH’(S,K ® L)V)
is a point of the secant (d—1)-plane spanned by Z C S under the linear series map:
brir:S——>PH(S,K®L)VY).

By Corollary 3.11, this inequality on ¢ guarantees H' (S, K@ L@y ®Iz)" = 0
for all subschemes Z, W C S of length d, hence in particular, the (d — 1)-secant
planes spanned by Z C S are well-defined.

.o, . . . 2
Thus there are “critical points” or “walls” at t = 1/% — fl—% > %, ie. d< 21;

on the line s = %,
variety

where the objects E? corresponding to points of the secant

(secd-l(S) - secd—2(5)) C P(H(S, K ® L)Y),
change from p-stable to p-unstable as ¢ crosses the wall.

Moduli. The Chern class invariants of each E? are:

2

H
ch2:7, cg=H, r=0

Thus it is natural to ask for the set of all 1 1s4-stable objects with these invariants,
and further to ask whether they have (projective) moduli that are closely related
(by flips or flops) as t crosses over a critical point. In one case, this is clear:

Proposition 4.2: For ¢ > 1, the /11 4qp-stable objects with Chern class invariants
above are precisely the (Simpson)-stable coherent sheaves with these invariants, i.e.

sheaves of pure dimension one and rank one on curves in the linear series |H|.

Proof: Suppose E*® has the given invariants and is not a coherent sheaf. Then
the cohomology sequence
0—HYE")[1] - E*—=H"(E®*) =0
destabilizes E* for ¢t > & for the following reason. Let E = H™'(E®). If ¢;(E) =
kH, then k < 5 is required in order that E[1] € A;1. Moreover, since r1(E*®) = H?
and H°(E*®) has positive (ordinary) rank, hence also positive ri-rank, it follows

that either ri(E[1]) = 0 or ri(E[1]) = HTZ But ri(E[1]) = 0 implies E[1] has
maximal (infinite) slope, and then E® is unstable (for all ¢). It follows similarly
that if r%(E[l]) = HTQ, then E* is unstable for all ¢ unless E is H-stable, of rank
r = 2k + 1. In that case, by the Bogomolov inequality,
c(B)H _ (3= )rH?  H? <t2T_ 1 )

2 2 2 4r

dix gy (E[1]) = —cha(E) +
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and this is positive if ¢ > % ]

In fact, at t = 2 only H™'(E®) = Og (the rank one case, moreover matching

the Bogomolov bound) would fail to destabilize a non-sheaf E°®, and conversely,
among the coherent sheaves T with these invariants, only those fitting into an
exact sequence (of objects of A1)

0—>L—>T—0g[1]—=0
become unstable as t crosses %, and they are replaced by the “Thaddeus” extensions
0—Og[l] = E* = L—0.
The moduli of Simpson-stable coherent sheaves
H2
MS (07 H7 7)

is known to be projective by a geometric invariant theory construction [Sim94]. Tt
is the moduli of y1 4 -stable objects of A1 for ¢ > 5. The wall crossing at t =
removes

P(Ext'(Og[1], L)) = P(H°(S, L)) € Ms (0, H, H;)

and replaces it with P(H(S, Ks+L)") in what we conjecture to be a new projective
birational model. In the case Kg = 0, the Simpson moduli spaces are holomorphic
symplectic varieties, this new birational model is a Mukai flop of the moduli of
stable sheaves, and the further wall crossings (up tot = %, when rank three bundles
appear) all replace extensions of the form

0 L@z — (Tor E*) = TY[1] =0
with
0—Ty[l] - E* = L®ZI;—0.

This is achieved globally by Mukai flops, replacing projective bundles over the
product Hilb?(S) x Hilb%(S) of Hilbert schemes with their dual bundles,

PH(S, L ® Iy ® Iz)) + PH(S,L® Iy @ Iz)")
This was constructed in detail in [AB].

General questions regarding moduli of Bridgeland-stable objects remain fairly
wide open, however. Toda [Tod08] has shown that when S is a K3 surface, then
the Bridgeland semistable objects of fixed numerical class are represented by an
Artin stack of finite type. One expects the isomorphism classes of Bridgeland-
stable objects, at least in special cases as above, to be represented by a proper
scheme when (s,t) is not on a “wall.” However:

Question 1: When are the isomorphism classes of Bridgeland-stable objects of
fixed numerical type represented by a (quasi)-projective scheme of finite type?

Question 2: Conversely, is there an example where the isomorphism classes are
represented by a proper algebraic space which is not a projective scheme? (The
examples produced in [AB] are proper algebraic spaces. It is unknown whether
they are projective.)

For each t < %, we make the following provisional
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Definition: The space of t-stable Thaddeus pairs (given S and ample L) is the
proper transform of the projective space of extensions P(Ext*(L, Og[1])) under the
natural rational embedding in the moduli space of (isomorphism classes of) u 14t

stable objects with invariants (0, H, H?/2).
Remark: Note that for t < %, this will contain objects that have no analogue in

the curve case, corresponding to destabilizing Mumford-stable torsion-free sheaves
K of higher odd rank r and first Chern class ¢; (K) = “t* H.

Question 3. Can stable Thaddeus pairs, as a function of ¢ (inside the moduli of

py 1i-stable objects of the same numerical class) be defined as a moduli problem?
If so, what are its properties? Is it projective? Smooth? What happens as ¢ | 07

5. Reider in Dimension Three? Let X be a smooth projective threefold, with
Pic(X)=7Z - H and H = ¢1(L) for an ample line bundle L. Consider
€e:0->0x[l] > E2—> LRIz —0
for subschemes Z C X of finite length d, taken within the tilted category .A%.
Question 4: Are there bounds dy and ¢y such that all objects E? formed in this
way are f11;-unstable when d > do and ¢ < t¢? If so, does this follow from a more
general Bogomolov-type codimension three inequality for the numerical invariants
of u-stable objects?

As we have already discussed in the surface case, a destabilizing subobject of
an unstable such E2 would be exhibited by lifting
K
Y
(ty 0 —- Og[l] - E! — L®Iz; — 0
where K C L ® Zz is a subobject in A%. By requiring Pic(X) = Z, we guarantee
that L(—D) does not belong to Ay for any effective divisor D, and thus that K
does not factor through any L(—D). The two cases to consider are therefore

o K =L ®Zc where C' C X is a curve, and
e K is an H-stable torsion-free sheaf of odd rank r > 1 and ¢;(K) = "1 H.

Question 5: Assuming Question 4, are there examples of threefolds where the
bounds of Question 4 are satisfied (hence all E*® are p-unstable), but for which
there nevertheless exist non-zero extensions?

And the last question is whether the two cases above can be numerically elimi-
nated (by some form of the Hodge Index Theorem) for non-zero extensions, leading
to a proof of a form of Fujita’s conjecture for threefolds.
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Intersection Pairings in Singular Moduli Spaces of Bundles

Lisa Jeffrey

ABSTRACT. This article summarizes results from [13] about intersection the-
ory of moduli spaces of holomorphic bundles on Riemann surfaces, together
with background material on partial desingularisation and intersection coho-
mology.

1. Introduction

Let M (n,d) be the moduli space of bundles of rank n and degree d with fixed
determinant on a Riemann surface X of genus g > 2. We do not assume n and d are
coprime, so this space may be singular. The space M (n,d) may also be described
as the space of representations of a central extension of the fundamental group of
a Riemann surface ¥ into SU(n) (where the generator of the center is sent to the
element e2™¥/"J where I is the identity matrix) modulo the action of SU(n) by
conjugation. From this point of view the singularities of the space are determined
by the stabilizers of the conjugation action. For example M (2,0) is the space of
conjugacy classes of representations of the fundamental group of a surface ¥ into
SU(2). The most singular points are those that send the entire fundamental group
to the center of SU(2) (the identity matrix and minus the identity matrix); at these
points the stabilizer is all of SU(2). The other singular stratum is the set of those
points where the stabilizer is conjugate to U(1): these are the representations which
send the entire fundamental group to a subgroup conjugate to U(1).

We shall study intersection pairings in M (n,d) using

—_~—

e the ordinary cohomology of the partial desingularization M (n, d) (see Sec-
tions 2 and 3)
e intersection homology (see Sections 4 and 6)
We note (see [19] and [20] for the details) that M (n,d) is obtained as a geometric
invariant theory (GIT) quotient of a finite dimensional variety R(n,d) equipped
with a holomorphic action of SL(p) for

p=d—n(g—1).

2010 Mathematics Subject Classification. Primary 53D20, Secondary 53D30, 55N33, 55N91.
LJ was partially supported by a grant from NSERC. Thanks to Young-Hoon Kiem and also
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We blow up the loci with the highest dimensional stabilizers, so the action of SL(p)
extends to the blowup of R(n,d). After blowing up, the dimension of the highest
dimensional stabilizer has been reduced. We repeat this process to finally reach a

space where all the stabilizers are finite so the quotient M (n, d) is an orbifold. This
procedure (partial desingularization) is described in [18]. We use the notation of
[24], where the GIT quotient of a manifold M with an action of a reductive group
G is defined as M*° /G, where M*®*® is the set of semistable points. The set of stable
points is denoted by M?®. For the definition of ‘stable’ and ‘semistable’ we refer the
reader to [24].

Note that rather than using the description of M(n,d) as a GIT quotient of
R(n,d) by SL(p), we often use the description of it as a symplectic quotient of the
“extended moduli space” M®** [8] by a symplectic action of SU(n). The extended
moduli space is a finite dimensional space with a symplectic structure on an open
dense set with a Hamiltonian action of SU(n) for which the symplectic quotient is
M (n,d). An infinite dimensional construction of the extended moduli space can be
given [8] as the symplectic quotient of the space of all connections on a 2-manifold
by the based gauge group. The extended moduli space can be written as the fiber
product

Here K = SU(n) and ® is the map

g
O(ky, ... kag) = [ [ kojorkajhy; ks,

Jj=1

while exp is the exponential map. An open dense set of M is smooth and is
equipped with a symplectic structure, for which p is the moment map for the
action of K. In algebraic geometry the closest analogue is Seshadri’s moduli space
of bundles with level structure [25]; see also the monograph by Huybrechts and
Lehn [7].

2. Partial desingularization

Let o : M — k™ be the moment map for a Hamiltonian action of a compact Lie
group K (with maximal torus T') on a symplectic manifold M. The Lie algebra of
K is denoted by k. If the symplectic quotient x~1(0)/K is singular, there is a way
to blow up M (by reverse induction on the dimension of the stabilizer) for which
the partial desingularization M inherits a Hamiltonian K& action with moment map
fi : M — k* and its symplectic quotient ji~*(0)/K is an orbifold. The details are
given in [18].

The partial desingularization construction may be applied to the extended mod-
uli space M®** (see for example Section 8 of [13]). The classes in Hj, (M) pull
back to Hj; (Mext).

In this article all cohomology groups are assumed to be with complex co-
efficients unless specified otherwise. We introduce the map n%’o  Hiy (M) —

H*(1=*(0)/K) (the Kirwan map), which is the composition of the restriction map
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from Hj (M) to Hj(p~'(0)) with the isomorphism

Hy (A=1(0)) = H* (57(0)/K).

The latter isomorphism is valid because K acts locally freely on z~1(0). There is a
similar map mff : Hi(M) — H*(uz'(¢)/T) where pur is the moment map for the
action of the maximal torus 7" and c is an element in the Lie algebra of the maximal
torus which is a regular value for pp. The class D is the class in H}.(pt) given by
the product of the positive roots — its image under the Kirwan map is the Poincaré
dual of K/T, so it enables us to replace integration over z~1(0)/K by 1/n! times
integration over = 1(0)/T.

Throughout this article, if X is a topological space we shall use the notation
fX to mean pairing with the fundamental class of X. Let «, 8 € Hj(M"). With
the above notation,

(1) [ k(afD)=A+ B

“10)/T
where

A= D
/ﬁl(e)/T H(asP)

b= </ﬁl(0)/T w(asP) = /ﬁl(e)/T Fv(aﬁp))

Here we have chosen a small regular value € of fi. The term A is evaluated by
studying “wall crossings”, components of the fixed point set of a subtorus 7/ C T'
which intersect ¢ ~!(0). This first term is evaluated using the results of Guillemin,
Kalkman and Martin (see Theorem 6.1). The term B is the same as the pairing
for nonsingular symplectic manifolds (see [9]).

and

3. Partial desingularization of M (2,0)

In this section we give the results of the partial desingularization for M(2,0).
These were computed in Section 8 of [13], where detailed proofs may be found.
In this section only, we use the notation M (2,0) to refer to the moduli space of
semistable bundles of rank 2 and degree 0 without fizing the determinant, since this
was the case treated in Section 8 of [13] and this was the notation used there. Let
M* be the extended moduli space with the group U(2) on which K = SU(2) acts
by conjugation. Let T be the maximal torus of K.

From (1) we have (see ([13], (8.2)) that

o 1 ~
®) KO e M0 = =5 [ el (DY)
g (e)/T

1 (/ T.0 2 / Te ( @m2 )
—= K2 (ne“D7) — k2 (D7) ).
2\Jaztoyr M "2) e M W)

Here Y is the generator of Hi(pt) and @ is @(Y) = @ + purY, the equivariantly

closedﬂtension of the symplectic form @ on M. The element 7 is a class in
Hi. (Mext). The expression ¢ denotes the formal sum Y ~_ @™ /m!, where only
a finite number of terms have nonzero contributions because all the manifolds are
finite dimensional. The notation is as in Section 2. Here uy and g7 are moment
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maps for the T-action on M®* and its partial desingularization Mext, The first
term of (2) can be computed using periodicity, as in [11] (see Section 6 below).

To compute the final term, we need to examine the walls crossed in passing
from 0 to ¢ in t* = R. The components of the fixed point set that are relevant for
us are those that meet the exceptional divisors in Mt

We first describe the wall crossing term from the first blow-up. See Section 8.1
of [18]. To form M®* from M we first blow up along the set A consisting of
the points with stabilizer K = SU(2); this set is (S!)?9, where S* represents the
center of U(2).

The component with positive moment map of the T-fixed point set in the
exceptional divisor is the projectivization

]ID(TJac@R( 8 é )) g]PT]ac gp‘q_l x Jac.

of the tangent bundle T}, of the Jacobian Jac = (S1)29. The normal bundle to
this component of the fixed point set is

3) On(-1e [Tk (g

1 ) ®Opg1(1)]

® [T;;acem( e ) x opg_la)} .

Here the 2 x 2 matrices are elements of the Lie algebra of GL(2,C). The first
summand is normal to the exceptional divisor and the last two are normal in the
exceptional divisor.

The torus T' (the maximal torus of K) acts on the three summands of (3) with
weights 2, —2, —4 respectively. As Ty, is trivial, the equivariant Fuler class of the
normal bundle to Jac is

(—y+2Y)(y —2Y)9(y — 4Y)?

where y := ¢1(Ops-1(1)) is the generator of H*(P9~1) and Y € HZ(pt) is the
generator of Hi(pt).

The wall crossing term from the first blow-up in the partial desingularization
process is

ne®|AD?
W =—— R _
2 /H»J Yy 12y (y—2Y)s(y — 4Y)9

1 sy oy,
_—ZTg/JaCReSyzoReSYZQW( _W) (1_E) .

This implies that the classes ag,b}, fa (in the notation of [13]) restrict to Y2,
Yd’ and —2v respectively, where the cohomology of Jac is generated by classes
& € H'(Jac) (j = 1,...,2g) and we d_eﬁne 7= didits. Therefore, we can
explicitly compute the restriction of ne® to A in terms of Y and d’.

The last expression above is nonzero only when

ne’|a € H3(A) = Hi(Jac)
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is a constant multiple of the product of Y3973 and the fundamental class 7?7 of A,
in which case the wall crossing term is computed as follows:

Ww=—1 [ Res,_oR kA 1- Ly 11— Ly
= 23_!] N eSy:0 €Sy —0 ngQg—l ( QY) ( 4Y)
1 Y92 y y
_ L _ I \—g—1 _ 2 \—g
(4) = 3% Resy:oReSy:o—yg (1 2Y) (1 4Y)

1 Y \—g—1 Yo\
= —ﬁcoeﬁ‘yg—ly—gﬁ—l(l — ﬁ) 9 (]. — E) 9
t

1 t
- _ 2\—9-11 _ Z\—g
=53 Coeffyo-1(1 2) (1 4) .

Here, t is a variable used to define a power series (¢ represents y/Y") and Coeff;s—1
denotes the coefficient of 9! in the power series.

The next step in this program is to compute the wall-crossing term for the
second blowup. Let I' denote the set of points in M®* fixed by the action of
T, and let T be the proper transform after the first blow-up. To get the partial
desingularization we blow up along GT for G = KC. The details are given in [13],
Section 8.2.

4. Intersection cohomology

Intersection cohomology shares some properties with the ordinary cohomology
of smooth manifolds, notably

e The Lefschetz hyperplane theorem: If X is a complex projective algebraic
variety of complex dimension n and H is a general hyperplane section,
the inclusion map I H;(X N H) — I H;(X) is an isomorphism for i <n—1
and a surjection for i =n — 1.

e The hard Lefschetz theorem: the map w : TH (X) — IH*?(X) (mul-
tiplication by the Kéhler form) is injective for ¢ < n and surjective for
i >mn — 2. This implies w® : TH" (X)) — IH"*(X) is an isomorphism.

e Poincaré duality: The cup product map

IH](X) ®IH2n_j(X) — R
is a perfect pairing if dimg X = 2n.
Intersection homology has the pairing given by Poincaré duality, but in general it

does not have a ring structure. Intersection cohomology was originally defined by
Goresky and MacPherson [3, 4]. A reference is the book [22] by Kirwan and Woolf.

5. Results of Y.-H. Kiem on equivariant cohomology and intersection
homology

DEFINITION 5.1. Let G be a connected reductive group and let its mazimal
compact subgroup be K, so G = KC. Let G act linearly on a complex vector space
A. A point B € A will be defined to be in the set B if B is the closest point to 0 in
the conver hull of some subset of weights of the action of the maximal torus.

(A point 8 € B parametrizes a stratum Sg of the gradient flow of the Yang-Mills
functional |u|? on PA, where p is the moment map for the action of K.) For each
B € B, n(B) is defined as the number of weights « such that («, 8) < (8, 5).
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DEFINITION 5.2. [15] In the notation of Definition 5.2, the action of G on A
is linearly balanced if for all B € B,

1
Here, if H is the identity component of Stab(p) for a point
p€EZ:=p"0),

_H
we define Wy as the complement of the H fized point set W), in the symplectic
slice [26]

Wy == (T,(G - p))* /Tp(G - p),
(where V¥ is the symplectic annihilator of V') so that the symplectic slice VI//; de-

—~ —~ H
composes as Wy, =W, & W,
For example, a linear action of G = C* on a vector space is linearly balanced if the
number of positive weights equals the number of negative weights.

DEFINITION 5.3. ([15], Definition 4.2) The action of G on a Hamiltonian space
U (with moment map p: U — g* and Z := p=1(0)) is balanced if
e For all p € Z the action of the identity component H of the stabilizer of
G acting on Wy, is linearly balanced
e For a subgroup K C H which also appears as the identity component of
the stabilizer of a point in Z, the NX N H/K action on the K fized point
subspace W;If is also linearly balanced, where k is the Lie algebra of K.
Here N¥ is the normalizer of K, and the space Wy was introduced in
Definition 5.2.

If G is a reductive group acting on M, then the Kirwan map is defined as the
composition ([13], (2.2))
(5) kg s Hy (M) — HE (M) — H*(M//G) — TH*(M//G).
The map rps in (5) is surjective. This map is the composition of the restriction
map from Hj, (M) to Hj;(M?®®) and a surjection 37 : Hj(M?®®) — IH*(M//G)
(see [21], Theorem 2.5). The proofs of these assertions are given in [21], [17] and
[27]. The final map in the composition (5) exists (and is surjective) because the
intersection cohomology TH*(M//G) is a direct summand of the cohomology of the

partial resolution of singularities H *(1\7 //G). Here M is the partial desingulariza-
tion of M, which was discussed in Section 2 above— see [18]. The second map in

the composition (5) is the usual Kirwan map for the orbifold M so it is surjective.

THEOREM 5.4. ([14], Section 7) If the action of G is balanced then there is a
vector subspace Var of HE(M?®) such that

Ky Vu = ITH*(M//G)
is a bijection.

Remark 1: If 01,02 € V) are of complementary degrees, i.e. the sum of their
degrees equals the real dimension of M//G, then also 01 Uy € V). In fact we have
the following
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THEOREM 5.5. ([12] Theorem 14) If o1 and o2 are both in Vi and have com-
plementary degrees (as in Remark 1) then

o1 Uoy =7(01,09)

where T is the top degree class in Vi and (-,-) is the pairing in intersection coho-
mology.

This result shows that the pairing in intersection cohomology is given by the cup
product in equivariant cohomology.

There is a weaker condition than Definition 5.3, called a weakly balanced action
[14], under which Theorems 5.4 and 5.5 hold true. As mentioned in the Introduc-
tion, the space M(n,d) is the GIT quotient by SL(p) (for p =d —n(g — 1)) of a
smooth quasi-projective variety R(n,d)®® (the semistable points of R(n,d)). See
[19] and [20].

THEOREM 5.6. ([16], Proposition 7.4) The SL(p) action on R(n,d)*® is weakly
balanced.

Remark 2: ([15]) In the case of M (n,d), the space V) is characterized by decom-
posing the equivariant cohomology of components of the fixed point set of subtori
and taking only those terms where the factor involving the equivariant cohomology
of a point has degree less than a specific upper bound. The details are given in
[15], (4.2) and [14], Section 7. More precisely

(6) Vair ={€ € HG(M™) : @ (€) € Hyp y(Yer) ® Hg"" (pt) VH}

Here H C G is the identity component of the stabilizer of points in Z = p=1(0) for
1 the moment map for a G action on a Hamiltonian space U, and Y is the subset
of points in Z fixed by H. Also, nyg = %dim(Wp//H) for a point p € Z whose
stabilizer has H as its identity component. (Here W, was defined in Definition 5.2.)
The group N is the identity component of the normalizer N¥ of H. The map

is the map defined in [15] (4.1) associated to the composition of the obvious map
G X NH Yy — GYH

with the inclusion GYy — Z.
Remark 3: If K = SU(2), the K equivariant cohomology of the open subset

U:‘LL71(B) C MeXt

of M (where B is a G-invariant open ball containing 0) is given in [16] (Theorem
1, “Structure Theorem”), see also [15], Theorem 5.3. If the action of K had been
locally free (which is of course not the case) this equivariant cohomology would be
isomorphic to the ordinary cohomology of Hom(w, K)/K.

g
(7) Hip o) (U) = @ Prim; @ Q[a, B, &]/1g—1-
1=0

Here «, 3, & are generators of degrees 2, 4, 6 in integral cohomology. The ideals I,
are generated by three elements ¢, 41, Ch42, crt3 satisfying the recursion relation

() nep, = acp—1 + (n—2)Ben_o+ 2y¢n—3
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where cg = 1, ¢1 = @, ¢co = a?/2. Here v = =237 ¢i1i14 and € = a8 + 27 (see
[16] p. 254), where the 1; are cohomology classes of degree 3. Finally Prim; is
defined on [16] p. 255 before Lemma 1: it is the primitive part of the I-th exterior
power Al(¢1,...,19,) with respect to the action of the symplectic group Sp(g).

THEOREM 5.7. ([15], Corollary 5.4) Let « and 8 be as in Remark 3. (For
details see the first and second paragraphs of [15], Section 5). Then oif37 € Vi; only

ifj<g-—1.
6. Results on intersection cohomology of M(n,d)

Assume «, 8 € HE (M) and their restrictions to M*° are in Vijs. Then if af is
represented by a top-degree form 7 compactly supported in the stable part M (n, d)*
of M(n,d), Theorem 5.5 tells us that the pairing (x(«), £(8)) is given by fM(md)S 7.

Martin’s theorem [23] asserts that if p is the moment map for the action of
SU(n) on M where M (n,d) is the symplectic quotient of M by SU(n), then

1
) [ e = [ iPesD)
M(n,d)s e Jp=1(0)s /T

where D is the element of equivariant cohomology represented by the product of all
the positive roots (for some choice of positive roots) or the Poincaré dual of 1 ~1(0)
in 7' (0).

Let € € t be a regular value of u close to 0. There is a surjective map
pt(e)/T — p=1(0)/T which is a diffeomorphism on p=1(0)* /T (this map is defined
using the gradient flow of |u|?). So we find that

[ e [ )

p=1(0)*/T n=t(e)*/T

The right hand side can be evaluated using the methods of [11]. Specifically, we
have

1 - wD2
(10) —|/ K (ne®D) = Res(Z e<“(F)’X>/ ?76—).
n. u=l(e)s/T I F er
Here F' are the components of the fixed point set of the action of T and e is the
equivariant Euler class of the normal bundle to F' for a variable X in t.
The map Res from H7(M) to C is defined as follows.! If B; € t* are weights
of T, and 8 = {B1,..., B}, define hz: t — C by
1
(11) hz(X) = =———.
P H j 6]’ (X )
According to the Duistermaat-Heckman theorem [2], if M is a compact smooth
manifold equipped with a Hamiltonian group action with moment map p the inte-
gral [,, e*#X (or "Duistermaat-Heckman oscillatory integral” — see [1]) is a linear
combination of such functions hz. This integral is a smooth function of X and
has a Fourier transform, although the individual hz are singular at 0. Nonetheless

1This map has been referred to as a “residue map” only because it can be written in terms
of residues of meromorphic functions at 0 — see [10], Proposition 3.2. This description is most
obvious in the case T' = U(1), as in the example of the rotation action of the circle on S? presented
below.
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in [6] Guillemin, Lerman and Sternberg showed how to make sense of the Fourier
transform of the hz so that the appropriate linear combination of these Fourier
transforms is the pushforward of Liouville measure under the moment map (the
Fourier transform of the Duistermaat-Heckman oscillatory integral). They define
the Fourier transform Fhg(-) to be the pushforward of Lebesgue measure from C"
to t* under the map (y1,...,yn) — Ej Bjy;; in other words Fhz(§) is the volume
of the set

{1, un) €C™ | D By = €}
i

We determine the signs of the ; by choosing a polarization: we choose some cone
A C t for which none of the 3; vanish anywhere on A, and change the signs of the
B; so that all 5;(X) > 0 for any X € A. Then the residue is defined as the value
at & = 0 of the Fourier transform of a certain class of meromorphic functions on
t ® C: if f is such a function, then

Res(f) = (F7)(0).

For more details on the residue see Section 3 of [10].

For example, if S? is acted on by 7' = S' by rotation around the vertical axis,
there are two fixed points F; and F_ (the north and south poles). The moment
map is the height function and the values at the fixed points are p(Fy) = £1. We
find that the function in (10) is

X e X inh (X
h(X):e e " _ ,sin (X)
X X
This function does have a Fourier transform (it is smooth at X = 0). According
to Guillemin-Lerman-Sternberg [6], we should write h as h(X) = hy(X) — h_(X)

where

hi(X)=eTX/X.
According to the recipe in [6], we should define

Fhi(§) =H(E-1)
and
Fh_(§) = H({+1),

where H is the Heaviside function (the characteristic function of the positive real
line). Then we find that the Fourier transform of h is the characteristic function of
the interval from —1 to +1, as one would expect since this interval is the image of
S? under the moment map.

THEOREM 6.1. (Guillemin-Kalkman [5]; Martin [23]) If a and b are regular
values for the moment map p of a circle action and a < b, then (defining the

. . T T,b
corresponding Kirwan maps k,;" and ky; ) we have

Ta, o Th o et e
/71 Kap (ne )_/71 kap (€)= Z Res/ er(X)
u—t(a)/T u=1()/T F | a<p(F)<b F

where Res is as defined above. Here F' are the components of the fixed point set of
the circle action.
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REMARK 6.2. In the situation of Section 1 (for K = SU(n) acting on the

extended moduli space M) it is possible to show that u='(a) is diffeomorphic to

ut

(1]
(2]
(3]
(4]
(5]
(6]

(7]
(8]

(9]
(10]
(11]
(12]

(13]

[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
23]

[24]
[25]

(a+1). This is the ‘periodicity’ alluded to in (2). So Theorem 6.1 gives

e“(F)Xn(X)

T,a w
Ky (me¥) = g Res—————~.
/,ul(a)/T F | a<p(F)<a+1 eF(X)(l - eX)
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The Beilinson-Drinfeld Grassmannian and Symplectic Knot
Homology

Joel Kamnitzer

ABSTRACT. Seidel-Smith and Manolescu constructed knot homology theories
using symplectic fibrations whose total spaces were certain varieties of matri-
ces. These knot homology theories were associated to SL(n) and tensor prod-
ucts of the standard and dual representations. In this paper, we place their
geometric setups in a natural, general framework. For any complex reductive
group and any sequence of minuscule dominant weights, we construct a fibra-
tion of affine varieties over a configuration space. The middle cohomology of
these varieties is isomorphic to the space of invariants in the corresponding ten-
sor product of representations. Our construction uses the Beilinson-Drinfeld
Grassmannian and the geometric Satake correspondence.

1. Introduction

Let G be a complex reductive group. For any n-tuple A = (A\q,...,\,) of
dominant weights of G, consider the space of invariants ¢V := (VM ®-..@ V).
This representation carries an action of the symmetric group by permuting the
tensor factors. More precisely, the group which acts is the stabilizer ¥, of A under
the action of the symmetric group 3, (so that if all A; are equal, then ¥y = ¥,,).

These representations of symmetric groups are of interest from the point of
view of knot invariants. Via quantum groups and R-matrices, these representations
can be deformed to representations of braid groups. This construction leads to knot
invariants, such as the Jones polynomial. Roughly speaking, the invariant of a knot
K is the trace of a braid (in such a representation) whose closure is K.

Khovanov [K] has proposed categorifying these representations. This means
finding a triangulated category D2, with an action of an appropriate braid group,
such that the Grothendieck group of (D2 is isomorphic to oV2 with the above ac-
tion of 3. From these categorifications, Khovanov explained how to obtain more
refined knot invariants by computing an appropriate categorical “trace”. (Actu-
ally Khovanov has proposed categorifying the braid group representations coming
from quantum groups. However, in this paper, we will just focus on categorifying
the symmetric group representations. Restricting to the categorification of these
symmetric group representations is sufficient to get non-trivial braid group repre-
sentations and knot invariants.)

2010 Mathematics Subject Classification. Primary 14M15; Secondary 18E34, 57M27, 57B25.

© 2011 Joel Kamnitzer
81
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The construction of these categorifications has thus far proceeded in a rather
“ad-hoc” manner in different special cases, most notably when G = SLs or SL,,.

One approach was taken by Seidel-Smith [SS] and then extended by Manolescu
[M]. They considered the cases when G = SLy [SS] or G = SL,, [M] and where
A= (w1, W1, Wm—1,-.-,wm—_1), & tensor product of standard and dual represen-
tations. In this case, they constructed a symplectic fibration S — Cf,/>). Here S
is a certain variety of nm x nm matrices. They proved that there is a well-defined
(up to Hamiltonian isotopy) action of the braid group m(Cj.,/¥,) on Lagrangian
submanifolds in a fixed fibre. The braid group acts by parallel transport through
the fibration.

The Lagrangians are objects in the derived Fukaya category. So philosophically,
this means that they constructed an action of the braid group on the derived Fukaya
category and this category can be considered as (D2 (recently, this perspective has
been pursued by Reza Rezazadegan [R]). As supporting evidence, the middle
cohomology of a fibre is isomorphic to ¢V2 as a representation of X, (see [M,
section 3.1]).

The purpose of this paper is to place the geometric setup of Seidel-Smith and
Manolescu in a more general and more natural framework. For any complex re-
ductive group G and any sequence of minuscule dominant weights A\, we construct
a fibration of smooth complex affine varieties (and hence symplectic manifolds)
oGr%Oka — Confy, where Conf) = Pl?eg/ZA is a coloured configuration space of
points on P'.

The family OGI%OMA — Conf) is a type of Beilinson-Drinfeld Grassmannian
[BD]. It is a moduli space of Hecke modifications of the trivial principal G-
bundle Py on P!, where GV denotes the Langlands dual group. The fibre over a
point = [z1,...,x,] is defined by

0Gr2 = {(P,(b) : P is a principal GV-bundle on P!,

¢ Polx{z1,....2ny = Plx<{a1,...,z,} i an isomorphism,

¢ is of Hecke type \; at x;, for each 4,
and P is isomorphic to the trivial bundle.}

We prove the following facts about this fibration.

(i) The action (by monodromy) of m(Confy) on the cohomology of a fi-
bre factors through the group ¥,. Moreover there is a ¥, equivariant
isomorphism H™(,Gr2) 22 (V2 (Proposition 2.8).

(ii) When two points come together in the base corresponding to dual weights,
there is a local statement entirely analogous to lemmas in [M] and [SS]
(Lemma 3.2).

(iii) In the case when G = SL,, and (A1,..., ) =(1,...,1,m—1,... ,m—1),
then the portion of the fibration lying over points in C is isomorphic to
the fibration studied by Manolescu, which in turn reduces to the fibration
studied by Seidel-Smith when m = 2 (Theorem 4.1).

We prove statement (i) in section 2 as a consequence of the geometric Satake
correspondence of Mirkovi¢-Vilonen [MVi]. In section 3, we prove statement (ii)
as a consquence of the factorization property of the Beilinson-Drinfeld Grassman-
nian. It is interesting to see how this key technical lemma of [M] and [SS] follows
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extremely naturally and easily in this setting. In section 4, we prove statement (iii)
following ideas of Mirkovié-Vybornov [MVy] and Ngo [N].

In a future work, we hope to use this setup to define an action of the braid
group on the Fukaya category of the fibres (categorifying the action of ¥ on the
middle cohomology) and then to construct homological knot invariants, following
the approach of Seidel-Smith and Manolescu.

There is a close connection between this paper and the algebraic geometry
approach to knot homology pursued jointly with Sabin Cautis in [CK]. We expect
that the two constructions are related by hyperKéahler rotation. The hyperKahler
structure of the varieties OGr% is described by Kapustin-Witten in sections 10.2 and
10.3 of [KM].

Acknowledgements. Despite its short length, producing this paper required
consultations with many mathematicians. In particular, I would like to thank De-
nis Auroux, Roman Bezrukavnikov, Alexander Braverman, Sabin Cautis, Edward
Frenkel, Dennis Gaitsgory, Reimundo Heluani, Anton Kapustin, Ciprian Manolescu,
Carl Mautner, Paul Seidel, Ivan Smith, Constantin Teleman, Edward Witten,
Christopher Woodward, and Xinwen Zhu for helpful discussions. During the course
of this work, I was supported by a fellowship from the American Institute of Math-
ematics and by an NSERC Discovery Grant.

2. The fibration

We begin by reviewing different versions of the Beilinson-Drinfeld Grassman-
nian and exploring their properties using the geometric Satake correspondence.
These varieties were introduced by Beilinson-Drinfeld in [BD].

2.1. The affine Grassmannian. Let G be a complex reductive group and
let GV be its Langlands dual group. Let A denote the set of weights of G, which
is the same as the set of coweights of GV. Let A, denote the subset of dominant
weights.

Let K = C((t)) and O = C[[t]]. The affine Grassmannian Gr of GV is defined
as GY(K)/GY(0O). The GY(O) orbits on Gr are labelled by dominant weights of G.
We write Gr* for the GV(Q) orbit through ¢}, for A € A;. Let Lo = t° denote the
identity coset in Gr. These orbits are closed in Gr (and hence projective) if and
only if X is a minuscule weight. More generally, we have that Gr* = [J u<x G
where p < A\ means that u is a dominant weight and A\ — p is a sum of positive
roots. The smooth locus of Gr” is exactly Gr*. In particular, Gr” is smooth iff A
is minuscule.

Similarly, the GY(K) orbits on Gr x Gr are also labelled by Ay and we write
L1 25 Ly if (Ly, L) is in the same orbit as (Lo, t*).

Let A = (A1,..., k) be a k-tuple of dominant weights of G. Then we define
the local convolution Grassmannian as

Gr Ao_
Gr_:{(Lla'~-7Lk) EGI‘kZLO i)[,1 g k_>1 Lk:—l ng}
—~A
There is a map my : Gr — Gr with (Lq,...,Lg) — Li. The image of my is

The following result follows from the geometric Satake correspondence [MVi].
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THEOREM 2.1. Assume that all \; are minuscule. There are canonical isomor-
phisms
(i) H*(Gr*) =2V,
(i) H*(Gr) =V, ©-- @ Va,, and
(iii) H'P(my " (Lo)) = (Va, @@ VA, ) .
Moreover, the isomorphisms in (ii), (iii) are compatible in the sense that the dia-

gram
)\ o
H*(Gr) — V,® -2V,

l l

H'P(my ' (Lo)) ——— (Va, ® - @ V3,)C

n

~—A
commutes, where the left vertical map comes from the inclusion m;l(Lo) — Gr .

ProOOF. The geometric Satake correspodence gives us an equivalence of tensor
categories between the category of GV (O) equivariant perverse sheaves on Gr (called
the spherical Hecke category) and the category of representations of G, compatible
with the fibre functors to the category of vector spaces [MVi, Theorem 7.3]. The
fibre functor on the spherical Hecke category is derived global sections.

This equivalence takes Cgx[dim Gr*] to Vi when A is minuscule. This im-
mediately gives us (i). Also from the definition of the tensor product on the
spherical Hecke category [MVi, Section 4], we see that the equivalence takes

~A
(mx):«CqaldimGr] to Vi, ® --- ® Vj,. This gives us (ii) and (iii). The com-
patibility statement is clear by construction. O

2.2. The notion of Hecke type. Let us now fix a smooth curve X. Later
we will take X = P!,
For any x € X, and any open set U C X containing z, we define

Gry, = {(P, ¢) : P is a principal G¥-bundle on U
and ¢ : Pyly~z = Plus is an isomorphism}.

here and below, Py denotes the trivial G¥-bundle on U.

Picking a coordinate at = gives an isomorphism Gry, = Gr. The isomorphism
is well-defined up to the action of Aut(©) on Gr. Since Gr* is Aut(0O) invariant, we
may consider the locus Gr[’\],w obtained as the preimage of Gr* under any isomor-

phism. An element (P, ¢) € Grg’m is said to have Hecke type A. Note that GY(U)
acts on Gry . preserving its stratification into Hecke types.

We need to generalize our notion of Hecke type. Again fix z € X and suppose
we have two GV-bundles (P;, P») on X and an isomorphism ¢ between them over
X N z. Let us pick an open neighbourhood U of  on which P; trivializes and pick
a trivialization of P; on this neighbourhood. This gives us a point L = (Ps|y,¢’) €
Gry,., where ¢’ : Poluws — P2|luwy is the composition of this trivialization and ¢.
We say that ¢ has Hecke type A at x if L has Hecke type A.

Changing the trivialization of P; on U will change L by the action of GV (U)
and hence will not change its Hecke type. Also, changing the open set U also does
not change A\, as can be seen by shrinking the open set U. Hence the Hecke type
of ¢ is independent of the choices made in its definition.
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For X = P!, there is an alternate characterization of Hecke type. First, we
should note that if P is a principal G-bundle on P!, then we can consider its
topological type which will be an element of 71 (GY) = A/Q, where @ denotes
the coroot lattice of GV. Using this notion, we have the following result, due to
Finkelberg-Mirkovié¢ [FM, Prop 10.2].

PROPOSITION 2.2. Let x,X =P, ¢, Py, P, be as above. ¢ has Hecke type < X
at x if and only if

i) for all irreps 0 , the map ¢ induces the inclusions
i) for all Vs of GV, th o ind h [
Vﬁpl(_w’)\ﬂ) C V5P2 c Vﬁpl(<ﬁa)‘>x)

(here Vﬂp denotes the associated vector bundle P xgv Vg) and
(ii) the topological types of Py and Py differ by [\ € m(GY) = A/Q.

(Note that the second condition here is vacuous when GV is simply connected.
Also, note that a similar characterization works for any complete curve. On the
other hand, it is not clear to the author what to do with the second condition when
considering open curves.)

2.3. The global convolution Grassmannian. Now fix A = (A1,...,\;) an
n-tuple of dominant minuscule weights of G. We now consider the global convolu-
tion Grassmannian, which is the variety

A
Gryn ={((z1,...,2n), (P1y- .o, Pn), (d1,- .., 0n)) 1 25 € X,
P; is a principal GV-bundle on X,

¢i  Pi—1|lx<z; = Pilxs, is an isomorphism of Hecke type A; at z;.}

We have the projection p : (Trin — X™. For any subset A C X", let é?i =p1(A)
be the preimage of A under this map.

Consider the following two loci in X™: the locus of regular points Xy, :=
{(z1,...,2n) : ; # z;} and the small diagonal X = {(z,...,z)} € X™. The
fibres of p over regular points in X}, = {(z1,...,2,) : ¥; # x;} are isomorphic
to Gr* x --- x Gr™. The fibres over points on the small diagonal are the local
convolution products Gr*' X ... xGr .

A proof of the following result can be found in the proof of Lemma 6.1 of
[MVi].

PROPOSITION 2.3. The pushforwards R’“;ﬁ*CaA are constant sheaves.
S

1

2.4. The global singular Grassmannian. Now, we can introduce the sin-
gular version of the above space. We define the global singular Grassmannian to
be

Gr%(" = {((ml, cees ), P (j)) : x; € X, P is a principal GV-bundle on X,
¢ Polx{z1,....2n} = Plx{a1,...,,} 1S an isomorphism

and for each x € X, ¢ has Hecke type < Z A; at x}

Again this is a family over X™.

PROPOSITION 2.4. The fibres of this family are described as follows.
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A
(i) The fibres over regular points are still Gr™* x - --x Gr**. In fact Gry, =
reg

A
Grs, .
Xreg

(ii) The fibres over points on the small diagonal are the (usually singular)

varieties G+ TAn

— A
There is an obvious map Gry». — Gr%(n. This map is 1-1 over the locus in

Gr%(n which sits over Xy, and coincides with the map m, on a fibre over a point
in the small diagonal in X™.

The biggest subgroup of ¥,, which acts on Grin is denoted X . More precisely,
3, is the stabilizer of A inside 3, (so if all \; are equal, then X, = 3, and if all \;
are different, then ¥y = {1}). -

The quotient of X™ by X, is denoted by X2, Since all \; are minuscule,
distinct \; are linearly independent. Hence we can identify X2 with the space of
“At-coloured divisors” of total weight Y \;, i.e. functions D : X — Ay such that
Ywer D(@) = 3205 A

The quotient of Gr%(n by ¥, is denoted by Gri » and we can describe its points
as follows.

Grd, = {(D, P,$): D € X2, P is a principal G"-bundle on X,

¢ : Polpt<supp(D) = Plp1~supp(p) is an isomorphism

and for each x € X, ¢ has Hecke type < D(x) at x}

Let Conf) := X[, /3. We have the smooth family Gr%oan — Confy and the

€
following Cartesian square:

= A
GI'ergg —_— Grcoan

(1) ﬁl lp

Xn —_— COIlfA

reg

We can consider the monodromy action of m1(Confy) on the cohomology of
fibres in the family p. There is a short exact sequence of groups

1 — m (X)) = m(Confy) = Xy — 1.

reg

Since the pushforwards Rkﬁ*CaA are constant by Proposition 2.3, the mon-
%

odromy action of m(XJ,) on the cohomology of the fibres of p is trivial. So,
because of the Cartesian square (1), this means that the monodromy action of

m1(Confy) factors through ¥,. Moreover the following fact is true.

PROPOSITION 2.5. Assume that all A; are minuscule and let x € Confy. There
is an isomorphism H*(Gr3) =2 Vi, @ --- ® V,, compatible with the actions of ¥y
on both sides (by monodromy and by permuting tensor factors).

PrOOF. The isomorphism comes from using Proposition 2.5, Proposition 2.4,
and Theorem 2.1. The compatibility with the actions of ¥, is an immediate conse-
quence of the construction of the commutativity constraint for the spherical Hecke
category (see [MVi, Section 5]). O
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2.5. The open global convolution/singular Grassmannian. So far we
have dealt with arbitrary curves X. Now we specialize to X = P!,

Let A be such that A\; +---+ A, is in the root lattice of G. This condition is
necessary for (Vy, ® ---® Vj, )¢ to be non-empty.

We introduce the open subvariety oa}ﬂi n of é\i‘ﬁl », which consists of the locus
where we impose the constraint that P, is isomorphic to the trivial GV-bundle
on P!. This subvariety would be empty if we did not impose the above condition
that Ay +--- 4+ A, is in the root lattice. We call this the open global convolution
Grassmannian.

The significance of this open subvariety is given by the following result.

~—A
PROPOSITION 2.6. (i) For anyy € P!, oGr(, . retracts onto the half-

dimensional locus m; Y(L).
2

(ii) There is an isomorphism H™(,Gr ) =2V @ ® i, )¢,

PROOF. Assume that y = 0 € P'. We can identify E}vriy) with the convolu-
tion product Gr* X --- xGr . A point L in Gr corresponds to a trivial GV-bundle
on P! if and only if L is in the G[z~!]-orbit of Lo, which we denote by (Gr. So
77777 y) 1s identified with mil(oGr).

The open subset (Gr of the affine Grassmannian retracts onto Ly via the loop
rotation action of the group C* (see for example [MVi, Section 2]). This action
extends to the convolution product and retracts m; ' (¢Gr) onto m;* (L) as desired.

We have dimmj'(Lo) = & dimm}'(¢Gr) because the map m, is semismall
(see the proof of Lemma 4.4 in [MVi]).

Hence we have

i A o — ~
H™(0Gri,...) = HP(my ' (Lo)) = (Va, @ ® A, )¢
where the last isomorphism follows from Theorem 2.1.(iii). O

Analogously, we also define oGrﬁln and OGrlrﬁ1 », the open global singular Grass-
mannian. So

QGrlrﬁ1A ={(D,P,¢) € Gr>

pia ¢ P is isomorphic to the trivial bundle }

We have a Cartesian square identical to (1):

—~ A N
OGrﬂ“ng — OGrEoan

(2) ﬁl lp

1n
P, — Confy

PROPOSITION 2.7. The pushforwards R*p,C G are constant sheaves on P1".
0Grpin

We would like to thank Alexander Braverman for suggesting the following proof.
PROOF. Since P'" is simply connected, it suffices to show that the push for-
wards are locally constant. Since the category of locally constant sheaves is an

~2A
abelian category, it suffices to find a stratification Y}, of ¢Grpi» such that each
Rkﬁ*(CyH is locally constant.
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Recall that isomorphism classes of GV-bundles on P! are given by dominant
weights 1 of G (this is because every GV-bundle on P! admits a reduction to TV).
Hence for g = (p1,. .., pn = 0), we define

)
Y, ={(P1,..., ) € ¢Grpin : P; has isomorphism type p; for i =1,...,n}.

The family Y,, — P! " is trivial and thus the pushforwards R*p, Cy, are constant
sheaves. Hence the result follows. O

By similar reasoning as in the paragraph before Proposition 2.5, we can use
Proposition 2.7 to see that the monodromy action of m;(Confy) on the cohomology
of the fibres of p : OGI%Oan — Conf) factors through ¥,. We obtain the follow-
ing description of the monodromy action on the middle homology of the fibres of
OGr%oan :

n . . . A\~
PROPOSITION 2.8. Let z € Plreg. There is an isomorphism Hyia(oGrs) =

(Va, ® -+~ ®@ Vi)Y, which is compatible with the actions of %) on both sides.

Proor. Using Proposition 2.7 and Proposition 2.6, we obtain the isomorphism
A A ~A
Hinia(0Gry) = Huia(0G1,) = Hmia(0Gry,. )

where y € PL.
By the last statement of Proposition 2.1 we obtain a commutative square

H*(Grd) —=— 7V, ® -0V,

! l

H™4(,Gra) —— Vi, ®@---®@V3,)¢
By Proposition 2.5, the top horizontal arrow is ¥ equivariant. The right vertical
arrow is clearly ¥, equivariant and the left vertical arrow is clearly m1(Conf)y)
equivariant. Hence we conclude that the bottom horizontal arrow is ¥, equivariant
as desired. O

REMARK 2.9. For i a dominant weight of G, we can also define the subvariety
MGrﬁl » consisting of those tuples (D, P, ¢) such that P has isomorphism class p.
These varieties will be related to Hom(V,,Vy, ® --- ®@ V).

REMARK 2.10. It would be interesting to generalize the construction of oGrr%1
by replacing P! by arbitrary smooth curves X. To do so, one needs to impose
a condition on a bundle P. The two natural choices are P is trivial and P is
semistable. Imposing that P is trivial would give us too small a space and imposing
that P is semistable seems to give too big a space (I believe we lose the fact that
the fibres are affine).

3. Semilocal geometry

The purpose of this section is to establish the behaviour of our fibration when
two points come together. The basic tool is the factorization property of the Grass-
mannians. We begin by stating this property, which is due to Beilinson-Drinfeld.
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THEOREM 3.1. [BD, section 5.3.10] Let X be any smooth curve. Let Jy, Ja be
a disjoint decomposition of (1,...,n). Let U denote the set of points [x1,...,%y]
in X2 such that xj, # xj, if j1 € J1 and jo € Jo. Then there is an isomorphism

Gr% = (Gr x Gry,

X71 XJZ)|

where X' consists of those A; with j € J;. This isomorphism is compatible with the
two projections to U.

Note that we have already implicitly used a special case of this Theorem in
Proposition 2.4.(i).

3.1. Semilocal geometry in the global singular Grassmannian. For

A€ Xy, let AV = —wp(A), where wq is the long element of the Weyl group.
Equivalently, we have V" = (V)V.
Let us assume that p = \; = AY,;. Consider x = [z1,...,2,] € P1* with

Yy = x; = Tj+1 and z; # xp otherwise. By the factorization property of the
Grassmannians, we have that Gr”\ = Grg Ei‘) X Grgz 5 ) ") where d; deletes the ¢ and
1+ 1 entries of a list.

The variety Grln ") is isomorphic to Gr*™* Yo Ttis singular with a stratum for

(vy)
each v such that V, appears in V, ® VNV. In particular, we have a distinguished

point which corresponds to the trivial bundle with trivial isomorphism. This gives
a copy of Grg (23 embedded in Gr— as the locus of (D, P, ¢) where the isomorphism
¢ extends over y (equivalently, has Hecke type 0 at y).

3.2. Semilocal geometry in the open singular Grassmannian. Now, let
us pass to the open singular Grassmannian (the main object of study). The singular
fibre OGr— does not factor as a product in this case. However, we do have a copy of
OGrd o2 ) embedded in OGr% as the locus of (D, P, ¢) where ¢ extends over y. More

generally we have the following “semilocal geometry” which matches Lemma 3.5 of
[M] and Lemma 21 of [SS].

Let r be chosen such that r < |z; — y| for all j. Let B C P'* be a disc
corresponding to the points of the form [x1,...,y —u,y+u,...,z,], where |u| <r
and let B’ < (P1)®+") be the points of the form [y — u,y + ], for |u| < r.

LEMMA 3.2. There exists an open neighbourhood of OGrngA; m OGr}\g, and an

isomorphism 1 of this neighbourhood with a neighbourhood ofoGrZiE— mn OGrj (;\g X

Vv
OGrSBH,’” ) such that the following diagram commutes

oGr% L oGrd gx Grgﬁ”)

l l

B —
In [SS] and [M], the corresponding Lemma is used to construct a Lagrangian
M’ in OGr— from a Lagrangian M in OGr di( ) via a relative vanishing cycle construc-

tion (see [M, section 4.4]). In these cases the Lagrangian M’ was diffeomorphic to
P! x M. In our case, we expect that a similar construction will exist with P!
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replaced by m(# )(LO) = Gr#, which is a cominuscule partial flag variety for the
group GV.

This construction can be interpreted as a functor from the derived Fukaya
category of (Gr d‘( ) to that of 0Gr2 (see [R]). This functor should categorify the
map

QVdi(A) _ (V)‘l QR ® V)‘”)G - (V>‘1 ® - QVF® va R-® VA”)G _ OVA~
PROOF. By the factorization property, we have, as above, an isomorphism
w:Gr%%GrZZE;‘ x Gr ”” 0,

Now, we let V C Gr% be defined as the intersection of oGr% with ¢! (OGYZZ %; X

Gr()‘ N )). By construction V' is a neighbourhood of OGrZiE%; on each side. The

restriction of ¢ to V fulfills the hypotheses. O

4. Comparison with resolution of slices

4.1. Slices and their resolutions. Fix a positive integer N = mk. We will
study slices inside gl .

Consider the nilpotent matrix F,, ; which consists of £ —1 copies of the m x m
identity matrix arranged below the diagonal.

00 00

I 000

0 I 00

0 0 I 0
This is the matrix for the linear operator z acting on C[2]™/zFC[2]™ with respect
to the usual basis e1, ..., em, ze1,...,25 tey,

Let F, i, be the matrix completing it to a Jacobson-Morozov triple. Let
Sk = Emp + ker(-Fr ). So Sy is the set of block matrices consisting of
identity matrices below the diagonal and arbitrary matrices on the right column.
In particular, it is an affine space.

O O ~NO
O N O O
~N O O O
* % X ¥

Here each block is of size m x m.
Let 7 = (71,...,m,) a sequence of integers with 1 < m; < m — 1 and 7 +
-+ 7, = N. We can consider the partial flag variety F, of type 7 (that means
that the jumps are given by 7). We now define the partial Grothendieck resolution

gly C Fr x gly by
g~[;, ={(Y,W,) : YW, C W, and Y acts as a scalar on W;/W,;_1}.

By recording t the scalars with which Y acts on each successive quotient, we obtain
a morphism g[N — C".
Of course there is also a morphism g[TrN — gly. Let ST, . denote the preimage

of Sy, 1 inside g[?\,
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Let gl denote the image of ﬂ[} inside gl . It consists of those matrices such
that 7 refines their partition of eigenvalues. In particular any matrix in g} has at
most n distinct eigenvalues.

Let ¥, denote the stabilizer of 7 in 3,, and let C™ := C" /3. Let S;r%k denote
the following variety:

Sﬂk—{ 331,..., ]) Yes, kﬁgN,[JIl,...,.’En]ECW
and {z1}Y™ U -+ U {z,}"™ are the eigenvalues of Y }

4.2. Examples and relation with [M], [ S]. Consider the case m = 2.
This forces 7 = (1,...,1) and n = N. So g[N = g[N is the ordinary Grothendieck
resolution. This places no restriction on the matrices, so gl = gly. Also X, =%,

and so C™ = C"/%,,. We also see that S;;’k = Sp k. This is precisely the slice
considered by Seidel-Smith which maps down to the space of eigenvalues C"/¥%,,.

Now, consider the case m arbitrary and 7 = (1,...,1,m —1,...,m — 1) where
there are k 1s and k m-1s. Then X, = ¥} x ¥ and C™ = C% /%, x ¥, is the
space of collections of “thin” and “thick” eigenvalues, to use the terminology of
Manolescu. The regular locus is the bipartite configuration space BCon fi studied
by Manolescu. The fibres of ST, , — BCon f}, is the fibration studied by Manolescu.

Manolescu also develops the geometry in the same general framework that we
do. To continue the comparison of terminology, our 7 is his m, our gNIZTV is his g™,
our gl}, is his g™, our ¥ is his W™, our C" is his h™ = C*~1, our C™ is his h™ /W™.
We are unable to reconcile his map g™ — h™/W7™. We don’t believe that such a
map exists and that is why we constructed the more complicated SZ:L k

4.3. Comparison theorem. Now we take G = SL,,, so GV = PGL,,

have the usual labelling w1, ...,w;,_1 of minuscule weights for SL,,
Let A = (Aq,...,A\n) be such that Ay +--- 4+ A, is in the root lattice and each
A; is minuscule. For each 4, let m; € {1,...,m — 1} be such that A; = w,,. Then,

N : =7+ -+ m, is divisible by m (so that A\; + --- + A, is in the root lattice),
so N = mk for some positive integer k. Note that ) = ¥, and C* = C™ (here C*
denotes the subvariety of P'* where all points are in C).

The following result is due to Mirkovié-Vybornov [MVy, Theorem 5.3] and
Ngo [N, Lemma 2.3.1].

A ~
THEOREM 4.1. There exist isomorphisms ¢Grg. = ST k and oGr N = S’T
which are compatible with the following two squares:

oa}én — OGI%A S;rnk — Shk
| | | |
cr —— C2 cr —— Cr

Though the theorem has already been proved by Ngo and Mirkovié-Vybornov,
we provide a sketch proof for the convenience of the reader.
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A ~
Proor. We will show that both ¢Gr¢. and S7, ;. are isomorphic to the following
space.

0L2 = {Lo=Cl[z]™" DL D+ D Ly, : L; are free C[z] submodules of rank m,
dim(L;—1/L;) = m;, z acts by a scalar on L;_1/L;, and

le1], ... [em], [ze1]s - - - [2€m), - - -5 [2F ea], oo [25 e
is a basis for (C[z]m/Ln}

First, suppose P;, P, are two principal PGL,,-bundles on P! and ¢ is an iso-
morphism between them away from a point x # oo of Hecke type w;. Then there
exist rank m vector bundles V;, V5 representing Py, P, such that Lo := T'(C, V3) C
L, :=T(C, V) and dim(L1/L2) = j. Moreover, we see that (z — x)Ly C Lo. (This
is the PGL,, version of Proposition 2.2.)

This allows us to define an isomorphism (A}}én — L2, where £2 is just like L2
except without the last condition.

Hence it suffices to show that if a vector bundle V on P! has space of sections
L=T(C,V) C C[z]™, then [e],...,[2*Le,] is a basis if and only if V = O(k)®™
(this latter condition implies that P(V) is trivial and in this case it is in fact
equivalent to it).

To prove this claim, let us define an isomorphism V — O(k)®™. To do so
it suffices to define an isomorphism 1 of C[z]-modules ¢ : L — zFC[2]®™ which
extends over P'. Let B be the set {e1,..., z"“_lem}. For each ¢ define p; to be the
unique element of Span(B) such that p; — zFe; € L (such a p; exists by the “basis
for quotient” assumption). Note that {zFe; — p1,...,2e, — pm} forms a basis
for L as a free C[z]-module. Now, we define 1 to take z¥e; — p; to z¥e;. Since it
takes one basis to another, ¥ is a isomorphism of C[z]-modules. Finally, a simple
calculation shows that ¢ extends to a isomorphism over P!.

Thus, we have proven that o(Trén is isomorphic to ¢£2. So it remains to
construct the isomorphism between (£2 and 5311@

Given (Lg,...,L,) € L2, we consider the linear operator Y defined as the
action of z on the quotient Lo/L,. Since we have a preferred basis for Lg/L,,
we may identify Lo/L,, with CV. The sequence L,, /Ly, Ly_1/Ln,...,Lo/Ly, gives
us a flag W, of type m in CV such that Y preserves each subspace and acts as
a scalar on each quotient. Thus (Y, W,) is a point in 5[} Moreover, we see that
Y[z'e;] = [z*t1e ] for each 0 < i < k—2 and all j. Thus Y € S,, ;, as desired. (Note
that the condition that L, = z*C[z]™ is equivalent to the condition Y = E, .)
Hence (Y, W,) lies in 5;“1 x- An inverse map can easily be constructed by an explicit
formula (see [MVy, section 4.5]). O

5. Affine nature of the fibres
As a final step, we would like to prove the following result.

PROPOSITION 5.1. Let x € P'. .. Then oGr% is an affine variety.

o
We do not know a truly satisfactory proof of this result. Here is a slightly ad
hoc approach which uses the results of the previous section.

PROOF. We begin with the case of G¥Y = PSL,,. We may assume that z =
(1,...,2n) € C, since the fibre does not depend on x. Then by Theorem 4.1,

reg’
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oGr% is the variety of matrices in S, , whose set of eigenvalues is {z1}“™ U--- U
{,}Y™. Since Sy, is an affine space and imposing this set of eigenvalues is
a closed condition, we see that OGr% is an affine variety. The varieties OGr% for
GV = GL,, are the same as those for GV = PSL,,, so this establishes that case
too.

Now suppose that GV is arbitrary. Pick a faithful representation p : GV — GL,,
which takes the maximal torus T' of GV into the maximal torus T,,. This gives us
a map p : Bungv(P') — Bungyg, (P') and a closed embedding p : Grng —

Grg%i“w (here p(A) denotes the result of transforming A into a tuple of dominant

coweights for GL,, via the map T — T,,). By Lemma 5.2 below, we see that
is a closed subvariety of oGrg%)

m )"E

_ A A A
p l(oGrg(Ei“x) = oGrgv , and hence oGrgy,
and hence is affine.

x

LEMMA 5.2. Let p: G¥ — GL,, be as above. Let P be a principal GV -bundle
on P*. Then P is trivial if and only if p(P) is trivial.

PRrROOF. By Grothendieck’s theorem, every GV-bundle on P! admits a reduction
to T. Hence our bundle P comes from a T-bundle P’. Note that P is trivial iff
P’ is trivial. We may first turn P’ into a T),-bundle pr(P’) and then into the
GL,,-bundle p(P).

Now, T-bundles are determined by maps X (7T') — Z. The bundle pp(P’) is
determined by the transformed map X (T,,) — X(T) — Z. Since T — T}, is an
embedding, X (T;,) — X (T) is onto.

Hence we deduce

P is trivial <= P’ is trivial <= the map X (T') — Z is zero
<= the map X(T},,) » X(T') — Z is zero
<= pr(P') is trivial <= p(P) is trivial.
O
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Introduction

The goal of this paper is to introduce the reader to recent work on some
basic arithmetic questions about moduli spaces of vector bundles on curves. In
particular, we will focus on the correspondence between rational-point prob-
lems on (étale) forms of such moduli spaces and classical problems on the
Brauer groups of function fields. This might be thought of as a non-abelian
refinement of the following result of Artin and Tate (which we state in a spe-
cial case).

Fix a global field K with scheme of integers S. (If char K > 0, we assume
that S is proper so that it is unique.) Let f : X — S be a proper flat morphism
of relative dimension 1 with a section D C X and smooth generic fiber X,. Let
Bro (X) denote the kernel of the restriction map Br(X) — [], |, Br(X ® K,),
i.e., the Brauer classes which are trivial at the fibers over the Archimedean
places. (If char K > 0 or K is totally imaginary, Bro,(X) = Br(X).)

THEOREM (Artin-Tate). There is a natural isomorphism
Bro, (X) & HI' (Spec K, Jac(X,,)).

From a modern point of view, this isomorphism arises by sending a p,,-
gerbe 2" — X to the relative moduli space of invertible twisted sheaves of
degree 0. (We have provided a brief review of gerbes, moduli of twisted sheaves,
and the Brauer group in the form of an appendix.) Our goal will be to study
the properties of higher-rank moduli of twisted sheaves. Each moduli space
carries an adelic point (i.e., is in the analogue of the Tate-Shafarevich group),
but most of the moduli spaces are geometrically rational (or at least rationally
connected) with trivial Brauer-Manin obstruction, so that the Hasse principle
is conjectured to hold. This yields connections between information about the
complexity of Brauer classes on arithmetic surfaces and conjectures on the
Hasse principle for geometrically rational varieties.

As the majority of work on moduli spaces of vector bundles on curves is
done in a geometric context, we give in Section 1 a somewhat unconventional
introduction to the study of forms of moduli. This is done primarily to fix
notation and introduce some basic constructions. We also use this section to
introduce a central idea: forms of the moduli problem naturally give forms of
the stack and not merely of the coarse moduli space, and the relation between
these forms captures cohomological information which ultimately is crucial for
making the arithmetic connections. In this geometric section, we use this phi-
losophy to prove a silly “non-abelian Torelli theorem?”.

Starting with Section 2 we turn our attention to arithmetic problems. In
particular, after asking some basic questions in Section 2, we link a standard
conjecture on the Hasse principle for 0-cycles of degree 1 (Conjecture 1.5(a) of
[4]) to recent conjectures on the period-index problem in Section 3. We also
recast some well-known results due to Lang and de Jong on the Brauer group
in terms of rational points on moduli spaces of twisted sheaves. This serves to
create a tight link between the Hasse principle and the period-index problem
for unramified Brauer classes on arithmetic surfaces. In particular, we get the
following refinement of the Artin-Tate isomorphism.

Let 2° — X be a pu,-gerbe which is trivial on geometric fibers of f and
over infinite places, and let & € Bro.(X) denote its associated Brauer class. As
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explained in Proposition 1.6, the stack .# 4 ,s(n, (D)) of flat families of sta-
ble 2 -twisted sheaves of rank n and determinant &(D) is a form of the stack
Mx,s(n, 0(D)) of (non-twisted) stable sheaves with the same discrete invari-
ants. We write My ,5(n, 0(D)) for the coarse moduli space of .# 4 /s(n, 0(D))
and My, ,k(n,0(Dg)) for its generic fiber over S.

THEOREM (L). The class « satisfies per(«) = ind(«) if and only if the Hasse
principle for 0-cycles of degree 1 holds for the smooth projective geometrically
rational K-scheme My, /i (n, 0(Dk)).

Since Pic(M P /% (n, 0(Dx))) = Z, the condition of the theorem is equiva-
lent to the statement that the Brauer-Manin obstruction is the only obstruc-
tion to the Hasse principle for this particular variety. Just as the element of
I (Spec K, X,)) measures non-triviality of o, here the success (or failure) of the
Hasse principle for M4, /x(n, 0(D)) measures the complexity of the division
algebra over K (X) with Brauer class a. As an example for the reader unfamil-
iar with the period and index (reviewed in the appendix), this says that if the
Brauer-Manin obstruction is the only one for 0-cycles of degree 1 on geometri-
cally rational varieties then any class of order 2 in Br,,(X) must be the class
associated to a generalized quaternion algebra (a,b) over K(X).

When char K = p > 0, one can prove that any o € Br(X) whose period is
relatively prime to p satisfies per(a) = ind(«) (see [20]). The proof uses the
geometry of moduli spaces of twisted sheaves on surfaces over finite fields, and
therefore contributes nothing to our understanding of the mixed-characteristic
situation.

In Sections 4 and 5 we start to consider how one might generalize the
Theorem to the case of ramified Brauer classes. Things here are significantly
more complicated — for example, we know that there are ramified classes whose
period and index are unequal. A nice collection of such examples is provided in
[15] in the form of biquaternion algebras over Q(¢) with Faddeev index 4 such
that for all places v of Q the restriction to Q,(¢) has index 2. Can we view such
algebras as giving a violation of some sort of Hasse principle? As we discuss
in Section 5, there is a canonical rational-point problem associated to such an
algebra, but it fails to produce a counterexample to the Hasse principle because
it lacks a local point at some place! In other words, while these algebras seem
to violate some sort of “Hasse principle,” the canonically associated moduli
problems actually have local obstructions. This phenomenon is intriguing and
demands further investigation.
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Notation and assumptions

As in the introduction, given an arithmetic surface X — S with S the
scheme of integers of K, we will write Br.,(X) for the subgroup of Br(X) of
classes whose restriction to X ® K, is trivial for all Archimedean places of K.
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We assume familiarity with the theory of algebraic stacks, as explained in
[16]. Given a stack 27, we will denote the inertia stack by

f(%) Z:%XA’%X%’A %;

this is the fiber product of the diagonal with itself, and represents the sheaf
of groups which assigns to any object its automorphisms. The notation related
to moduli is explained in the Appendix. While gerbes, twisted sheaves, and
the Brauer group are briefly reviewed in the Appendix, the reader completely
unfamiliar with them will probably benefit from consulting [10, 18, 20]

Most of the material described here is derived from the more extensive
treatments in [19, 20]. We have thus felt free to merely sketch proofs. The
material of Sections 4 and 5 is new, but is not in its final form. Again, we have
not spelled out all of the details; they will appear once a more satisfactory
understanding of the phenomena described there has been reached.

1. Forms of moduli and an isotrivial Torelli theorem

Let C/K be a curve over a field with a K-rational point p and L an in-
vertible sheaf on C. The central objects of study in this paper will be forms
of the moduli stack .#¢,x(r, L) of stable vector bundles on C' of rank r and
determinant L. In this section we give a geometric introduction to the exis-
tence and study of these forms. It turns out that the most interesting forms
of ¢k (r,L) are those which arise from p,-gerbes 4 — C. The reader un-
familiar with gerbes should think of these as stacky forms of C; the curve C
itself corresponds to the trivial gerbe Bu, x C. As a warm-up for the rest of the
paper, we give an amusing Torelli-type theorem for such stacky forms of C.

We begin by discussing forms of the coarse space M¢(r, L). From a geomet-
ric point of view, forms of a variety are simply isotrivial families.

DEFINITION 1.1. Given an algebraically closed field k, a morphism of k-
schemes f : X — Y isisotrivial if there is a faithfully flat morphismg: 7 — Y,
a k-scheme W, and isomorphism X xy Z & W x Z.

Isotrivial families arise naturally from geometry, as the following example
shows.

EXAMPLE 1.2. Suppose C. is an infinitesimal deformation of C over k[e]
and L. and L] are two infinitesimal deformations of L. We claim that the mod-
uli spaces M¢, /i (7, L) and Mc,_ /i (r, L) are isomorphic. To see this, note
that L. ® L' is an infinitesimal deformation of - and is thus an rth power
in Pic(C,). Twisting by an rth root gives an isomorphism of moduli problems.
This obviously generalizes to deformations of C' over Artinian local k-algebras
A. As a consequence, if R is a complete local k-algebra with maximal ideal m
and residue field £ and £ is an invertible sheaf of degree d on C ® R with re-
duction L over the residue field, we see that Mc g p/r(r,£) = Mcyi(r, L) @ R.
Indeed, since Mc¢ g r/r(r, £) and M¢ i (r, L) are proper, the Grothendieck exis-
tence theorem shows that the natural map

IsomR(MC®R/R(T7 L)> ]V[C/k(r7 L) ® R) -
@ISOHIR" (MC® Rn/Rn (T, LR"), Mc/k(r, L) X Rn)
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is an isomorphism, where R, := R/m"*!. Since the identity map over the
residue field lifts to each infinitesimal level, we conclude that there is an iso-
morphism over R.

Now, given r and d as above, let Mc(r,d) denote the moduli space of all
stable vector bundles of rank r and degree d. The determinant defines a mor-
phism det : Mg (r,d) — Pic sk~ By the argument of the previous paragraph,
all of the fibers of det are mutually isomorphic. This is a basic example of an
isotrivial family which arises naturally from geometry.

How can we classify isotrivial families? The classification is familiar from
descent theory. Let us illustrate how this works using Example 1.2. To simplify
notation, let M denote the moduli space M (r, L) for some fixed L € Picg, /> and

write X = C x Pic‘é/k. Consider the Pic‘é/k-scheme

T = Isompicdc/k (M(T, d), M x PiCdC/k);

this is a left torsor under the scheme of automorphisms Aut(A/). We now make
one simplifying assumption which will tie the geometry to algebraic construc-
tions we will do later.

HYPOTHESIS 1.3. Suppose that the curve C' has trivial automorphism
group, and that both » and d are odd.

The purpose of Hypothesis 1.3 is to ensure that the automorphism group
of M¢(r, L) is given entirely by the natural image of Picc[r] in Aut(M) under
the map sending an invertible sheaf N € Pic[r] to the automorphism given by
twisting by N (see [13]).

Given Hypothesis 1.3, the torsor T corresponds to a class

ae Hl(Pich/k,RlprQ*ur),
where pr, is the second projection of the product C' x PicdC /i~ The cohomology
class thus arising belongs to a convergent in the Leray spectral sequence for

, with respect to the morphism pr, : C' x Pic%, k= PicZ, /k- In fact, the Leray
spectral sequence gives a surjection

H?(C x Picdc/k,ur) — Hl(Pic‘é/k,RlprQ*ur).
(This is surjective because the edge map H®(Picl. ;, p,) — H*(C' x Pic )y, )
is split by any k-point p € C.) There is a Chern class map
Pic(C x Pic%/k) — H?(C x Picdc/k,u,,)

arising in the usual way from the Kummer sequence.
Since C has a k-point, there is a tautological sheaf .# on C' x PicZ, Ik

CLAIM 1.4. The class @ is the image of ¥ ® L' under the composition of
the above maps, where L is the invertible sheaf corresponding to the base point
parameterizing M.

To prove this claim, we give a geometric interpretation of the maps
(1) Pic(C x Picd, ;) — H*(C x Picl 1, )
and
(2) H?(C x Picdc/k,u,,) — Hl(Pic%/k, Pico i [r]).
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To interpret (1): given an invertible sheaf .#” on C x Pic? /C/k, we get a p,.-
gerbe [.#]'/" over X. This is a stack, i.e., a moduli problem, which in this case
is very explicit. Given an X-scheme 7' — X, an object of [.#]'/" is given by a
pair (A, 1) with A an invertible sheaf on 7" and v : A®” — _4" an isomorphism.

To interpret (2): given a u,.-gerbe 2~ — X, we can consider the pushfor-
ward stack pr, 2 — Pict e

CLAIM 1.5. With the above notation, given a morphism f : X — Y the stack
[« 2 isan f.p,-gerbe over a R f.p,-pseudotorsor. If 2" xy U is a neutral gerbe
over X xy U for some étale surjection U — Y, the sheafification of .2 is an
étale torsor.

SKETCH OF PROOF. By definition, an object of f. 2" over a Y-scheme S —
Y is an object of 2" over S xy X. It immediately follows that f.. 2 is a gerbe
banded by f.pu,. Let the sheafification of f. 2 be denoted ® — Y. Twisting by
torsors gives an action R!f,uu, x © — ©. One checks that this makes © into
a pseudotorsor; the hypothesis of the last sentence of the claim transparently
makes O have local sections in the étale topology, and therefore a torsor. a

Sending 2" to the sheafification of pr, 2" gives an interpretation of (2).

PROOF OF CLAIM 1.4. Let 2~ — X be the p,-gerbe [Z ® L~']'/" defined
above, and let © denote the sheafification of 2" (as a Pic% /i-stack). Tensor

product defines a morphism of PicZ, /i-stacks
pry, X x M (r, L)Picdc/k — M (r,d),

where ./ is used in place of M to denote the stack instead of the coarse moduli
space. Passing to sheafifications yields a map

O x M(r,L) — M(r,d)

which is compatible with the natural R'pr, u,-actions. By adjunction, this
gives a Pic(C)[r|-equivariant map

O — Isom(M(r, L), M(r,d)),
yielding the desired result. |

This analysis of Example 1.2 fits into a general picture. Let f : C — S be
a proper smooth relative curve of genus g > 2. Suppose ¢ — C'is a u,.-gerbe
whose associated cohomology class [¢] € H?*(C, p,.) is trivial on all geometric
fibers of f.

PROPOSITION 1.6. There is an étale surjection U — S and an isomorphism
of stacks T : My, (1, L) = Mcy, (1, L).

In other words, the stack of stable ¢-twisted sheaves of rank r determinant
L is a form of the stack of stable sheaves on C of rank r and determinant L. (As
the reader will note from the proof, it is essential that the cohomology class be
trivial on geometric fibers for this to be true.)

SKETCH OF PROOF. The proper and smooth base change theorems and the
compatibility of the formation of étale cohomology with limits show that there
is an étale surjection U — S such that [¢]y = 0. Thus, it suffices to show
that if [¢] = 0 (in other words, if 4" = Bpu, ) then there is an isomorphism
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Mg ys(r, L) S e /s(r,L). Under this assumption, there is an invertible %-
sheaf y such that x®" is isomorphic to &. Tensoring with y ! gives the isomor-
phism in question. U

The isomorphism 7 of Proposition 1.6 yields a coarse isomorphism 7 :
M, ju(r, L) = Mey, ju(r, L), so that My s(r, L) is a form of M, (r, L). Just as
above, we can give the cohomology class corresponding to this form (by descent
theory): it is precisely the image of [¢] under the edge map ¢ : H*(C, p,) —
H'(S,R'f.p,) in the Leray spectral sequence. There is one mildly interesting
consequence of this fact. Since ¢ has (in general) a kernel, we see that the
coarse moduli space My s(r, L) does not (in general) characterize the “curve”
%. In other words, it appears that there is no “stacky Torelli theorem”. It is
perhaps illuminating to give an example of the failure.

LEMMA 1.7. If f : X — S is a proper morphism with geometrically con-
nected fibers such that Picx,s = Z, then the natural pullback map H?(S, u,) —

H?(X, p,.) is injective.

PROOF. The Leray spectral sequence shows that the kernel of the map is
the image of H’(S,R! . p1,) = H' (X, Picx/s[r]) = 0. O

EXAMPLE 1.8. If ¥ = C x . for a p,-gerbe . — S, then (for example,
by the above Leray spectral sequence calculation) there is an isomorphism b :
M, 5(r, L) = Mc¢s(r, L). However, the stacks .#«,s(r, L) and .#¢,5(r, L) are
not isomorphic unless . is isomorphic to By, 5. In fact, viewing (via b) both of
these stacks as p,.-gerbes over Mc,5(r, L), we have an equation

[(Mi)s(r, L)) — [Mcs(r, L) = [Pme s (1))

as described in [14]. By Lemma 1.7, we see that ] = 0 if and only if
[ M) s(rr)] = 0, as desired.

On the other hand, if we keep track of the stacky structure, we have the fol-
lowing silly “Torelli” theorem. Let f : C' — S be a proper smooth relative curve
of genus g > 2 with a section whose geometric generic fiber has no nontrivial
automorphisms. Suppose L is an invertible sheaf on C of degree d on each geo-
metric fiber of f and r is a positive integer relatively prime to d such that rd
is odd. Given stacks 2" and % with inclusions p, — #(2") and p, — Z (%),
the notation 2" =, % will mean that there is an isomorphism ¢ : 2~ = % such
that the composition t*u, = p, — S (2°) — 1*.7 (%) is the pullback under ¢ of
the given inclusion p,, — #(#'). We will call such an isomorphism “p,-linear”.

THEOREM 1.9 (Isotrivial Torelli). With the above notation, if ¢, and %>
are p,.-gerbes on C whose restrictions to geometric fibers of f are trivial, then
%1 %T (gg Lfand only if<%cg1/s(’f', L) =, %35/2/5(7', L)

PROOF. The assumption that f has a section leads (via pullback and the
relative cohomology class of the section) to a natural splitting

H*(C, p,) = H2(S, p,.) © H'(S, R fups,) @ HY(S, R fopa,)

such that the first two summands correspond to classes which are trivial on
geometric fibers of f. As discussed above, the image of [¢;] in H' (S, R! f.u,.) is
the class associated to M, /s(r, L). If .#«, /5(r, L) is isomorphic to .#«, /s (r, L)
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(say, by an isomorphism ) then certainly the same is true for the coarse mod-
uli spaces (isomorphic via ), from which we conclude that [4)] and [%5] have
the same image in H'(S,R'f,.ut,). Thus, there exists some pu,-gerbe .7 — S
such that [¢)] — [¢3] = [¥]|c in H*(C, u,.). Using Giraud’s theory [10, §IV.2.4],
it follows that we can write 47 = %> A .c. In this situation, there is a
canonical isomorphism b : Mg, ,5(r, L) 5 My, ss(r, L) with the property that
(Mg, )5(r, L)) = 0" [ Mg, s(r, L)) = L g, s (rny I B2 (Mg, ys(r, L), ).

By Hypothesis 1.3, any automorphism of M, ,5(r, L) lifts to a (u,-linear)
automorphism of .Z, ;5(r, L). Applying this to bo %!, we see that b lifts to an
isomorphism .#, ;5(r, L) = M4, s(r, L). We thus conclude that M, 5(r,L) 18
a trivial gerbe. By Lemma 1.7, we see that [.] = 0, so ¥} and %> are isomorphic
u,.-gerbes. O

2. Some arithmetic questions about Brauer groups and rational
points on varieties over global fields

Let C/k be a curve over a field. In this section we describe how the forms
arising in the preceding section are related to basic questions about the arith-
metic of function fields. The linkage is provided by an interpretation of the
group H?(C, i,.). The inclusion u, — G,, yields classes in H*(C, G,,), which is
equal to the Brauer group of C. The reader is referred to the appendix for a
review of basic facts about the Brauer group of a scheme.

Given a field K, there are several questions about the arithmetic properties
of K in which the Brauer group plays a central role.

(1) The period-index problem: given o € Br(K), what is the minimal ¢
such that ind(«) | per(a)9?

(2) The index-reduction problem: given a field extension L/K and a class
a € Br(K), how can we characterize the number ind(«)/ind(a|)?

(3) The Brauer-Manin obstruction to the Hasse principle: is the Brauer-
Manin obstruction the only obstruction to the existence of 0-cycles of
degree 1?

In this paper we will focus on questions (1) and (3). Question (2) also has close
ties to the geometry of moduli spaces; we refer the reader to [14] for details.

As the third question is the most technical, let us briefly review what it
means. Suppose K is a global field with adele ring A and X is a proper ge-
ometrically connected K-scheme. For example, X could be a smooth quadric
hypersurface. For smooth quadric hypersurfaces, a classical theorem of Hasse
and Minkowski says that X (K) # 0 if and only if X(K,) # 0 for all places
v of K (including the infinite ones). This principle is usually referred to as
the “Hasse principle”. A natural question which arises from this theorem is
whether or not this principle holds for an arbitrary variety. This turns out
not to be the case [24], but there is often an explanation for the failure of this
principle arising from a cohomological obstruction discovered by Manin [21].
To describe this obstruction, a few minor technical remarks are in order.

Since A is a K-algebra, we can consider the adelic points X (A). Restriction
gives a map X (A) — [[, X(K,). In fact, this map is a bijection. (To prove this,
one can use a regular proper model of X over the scheme of integers of K to
reduce to the case in which X is affine, where this follows from the universal
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property of the product.) From this point of view, the Hasse principle says
that X (A) # 0 if and only if X(K) # (. Moreover, the K-algebra structure
on A gives a map X(K) — X(A). Manin’s idea is to produce a pairing whose
“kernel” contains the image of X (K) in X(A). The pairing arises as follows:
restriction gives a map

Br(X) x X(A) — Br(4) — Q/Z,

where the last map comes from the usual local invariants of class field theory.
The standard reciprocity law implies that the Brauer group of K is in the left
kernel of this pairing, yielding an invariant map

X(A) — Hom(Br(X)/Br(K),Q/Z).

Write X (A)B*X) for the “kernel” of this map (i.e., the elements sent to the
map 0 : Br(X)/Br(K) — Q/Z). The same reciprocity law shows that X (K) is
contained in X (A)P*X), In particular, if X(A)P"X) = () then X(K) = ). The
obvious question concerning this pairing is the following.

QUESTION 2.1. If X (A)B*X) £ () then is K(K) # (?

As suspected from the beginning, the answer turns out to be “no,” but there
was no counterexample until Skorobogatov discovered a bielliptic surface with
no rational points and vanishing Brauer-Manin obstruction [25]. There is a
refinement of this question due to Colliot-Thélene that is still the subject of
much current research. (Cf. Conjecture 1.5(a) of [4] and Conjecture 2.4 of [5].)

CONJECTURE 2.2. If X(A)B"X) £ () then there is a 0-cycle of degree 1 (over
K)on X.

We will call this property “the Hasse principle for 0-cycles”. A famous the-
orem of Saito affirms Conjecture 2.2 when X is a curve, under the assumption
that the Tate-Shafarevich group of the curve is finite (the original is [23], with
another account of this result in [5]); the general case is still wide open. Ac-
cording to Colliot-Théleéne, it is not known if Skorobogatov’s negative answer
to Question 2.1 has a 0-cycle of degree 1. One of our primary goals in this paper
will be to link certain cases of Conjecture 2.2 to the period-index problem for
function fields of arithmetic surfaces.

There is one case of Conjecture 2.2 which will come up below.

CONJECTURE 2.3. If X is smooth and geometrically rational and
Pic(X ® K) is isomorphic to Z then the Hasse principle holds (for 0-cycles) for
X.

PROOF THAT CONJECTURE 2.3 FOLLOWS FROM CONJECTURE 2.2. By
[11], we know Br(X ® K) = 0, since X is smooth and geometrically rational.
The Leray spectral sequence for G,, then shows that Br(X)/Br(K) = H' (K, Z),
and the latter group is trivial (since the first cohomology of a finite group acting
trivially on Z is trivial, and the Galois cohomology is a colimit of such). Thus,
X(A) = X (A)B(X), O

The statement of Conjecture 2.3 is meant to include both the strong form
(classical Hasse principle) and weak form (Hasse principle for 0-cycles). We
will discuss two different relationships between Conjecture 2.3 and the period-
index problem; one will relate to the strong form, while one will relate to the
weak form.
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3. Moduli spaces of stable twisted sheaves on curves and
period-index theorems

In this section, we start to explain the connections among the various prob-
lems described in the preceding section. In particular, we will use classical the-
orems about rational points on various kinds of varieties over various C-fields
to solve moduli problems encoding period-index problems. Then we will prove
the Theorem from the Introduction.

To begin, we give another result which is a transparent translation of a
simple spectral sequence argument.

THEOREM 3.1. If C'is a proper curve over a finite field F, then Br(C) = 0.

SKETCH OF PROOF. An exercise in deformation theory (see Section A.2) re-
duces the theorem to the case in which C is smooth. Let ¥ — C be a u,,-gerbe.
Consider the stack .#r, (1,0) parameterizing invertible ¢-twisted sheaves
of degree 0. Just as in the classical case, .#¢r (1,0) is a G,,-gerbe over a
Jac(C)-torsor T. By Lang’s theorem, T has a rational point p. By Wedder-
burn’s theorem, p lifts to an object of the stack, giving an invertible ¢-twisted
sheaf. As described in the appendix, this invertible twisted sheaf trivializes
the Brauer class associated to [¢]. Since ¥ was an arbitrary u,-gerbe, this
shows that the Brauer group of C is trivial. O

Next, we will sketch a proof of the following theorem.

THEOREM 3.2 (de Jong). Let X be a surface over an algebraically closed
field k. For all a € Br(k(X)), we have per(a) = ind(a).

Unlike Theorem 3.1, this is not merely a geometric realization of a stan-
dard cohomological argument. There are various proofs of this result — de
Jong’s original proof [7], a proof due to de Jong and Starr [9], and the one we
present (found with details in [20]). They each ultimately rest on deformation
theory and the definition of a suitable moduli problem. The latter two both re-
duce the result to the existence of a section for a rationally connected fibration
over a curve and use the Graber-Harris-Starr theorem.

SKETCH OF PROOF. We assume that char k& = 0 for the sake of simplicity;
the reader will find a reduction to this case in [20]. We proceed in steps. We
will write n for the period of «.

(1) Blowing up in the base locus of a very ample pencil of divisors (one of
which contains the ramification divisor of o) on X, we may assume that there
is a fibration X — P! with a section such that the ramification of « is entirely
contained in a fiber and the generic fiber is smooth of genus g > 2. Let C/k(t)
be the generic fiber; this is a proper smooth curve of genus g > 2 with a rational
point p, and « lies in Br(C).

(2) Choose a p,,-gerbe € — C such that [¢] = « € Br(C) and [¢ ® k(t)] =
0 € H?(C, p,,). (We can do this because C has a rational point.)

(3) Consider the modular u,,-gerbe .Z« /1.(1)(n, O(p)) = Mg /1y (n, O(p)). As
discussed in Section 1, there is an isomorphism

Mg i) (n, €(p) @ k() = M o 555 77 (7 €(0)),
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and we know that the latter (hence, the former) is unirational (in fact, ratio-
nal), and thus rationally connected.

(4) The Graber-Harris-Starr theorem implies that there is a rational point
q € Mg k() (n, O(p))(k(t))-

(5) Tsen’s theorem implies that ¢ lifts to an object ¥: a locally free -
twisted sheaf of rank n.

(6) The algebra &nd(7')|, is a central division algebra of degree n with
Brauer class «, thus proving that the index of « divides n. Since we already
know the converse divisibility relation, we are done. |

REMARK 3.3. The reader will note that we use the Graber-Harris-Starr
theorem in two places in the proof: once to find a rational point on the coarse
moduli space, and once (in the guise of Tsen’s theorem) to lift that rational
point to an object of the stack. While classical algebraic geometry only “sees”
the former, the difference between fine and coarse moduli problems necessi-
tates the latter.

If we start with an arithmetic surface instead of a surface over an alge-
braically closed field, things get more complicated. (For example, it is no longer
true that the period and index are always equal if the class is allowed to ram-
ify.) For the rest of this section, we will discuss unramified classes. In Section
5 below, we will discuss certain ramified classes. In both cases, we will tie the
period-index problem to Conjecture 2.3.

Let K be a global field, S the scheme integers of K, and C' — S a proper
relative curve with a section and smooth generic fiber. (When char(K) > 0, the
scheme of integers is assumed to be proper over the prime field; this ensures
that it is unique.)

THEOREM 3.4. If Conjecture 2.3 is true, then any o € Br.(C) satisfies
per(a) = ind(«).

PROOF. Write n = per(a). Since ¢ — S has a section, we can choose a
u,,-gerbe € — C such that [¢ @ K| = 0 € H*(C ® K, ,,). By class field theory,
the restriction of « to the point p € C'(K) is trivial.

Consider the stack x : .#g, )k (n, O(p)) = M, /k(n,O(p)). We claim that
to prove the theorem it suffices to show that for every place v of K, the cat-
egory M, /k(n, 0(p))k, is nonempty. Indeed, the map x is a p,-gerbe; let
B € Br(My, /k(n, O(p)) be the associated Brauer class. Since My, /i (n, O(p))
is geometrically rational with Picard group Z [12] and has a point over every
completion of K, we know that the pullback map Br(K) — Br(My, /x(n, O(p))
is an isomorphism. Thus, § is the pullback of a class over K. The fact that
each .#¢, /k(n,0(p))K, is non-empty implies that Sk, = 0; class field theory
again shows that 3 = 0. But then any rational point of M«, /x(n, O(p)) lifts to
an object of . #, ;i (n, O(p)).

Let us assume we have found a collection of local objects as in the previous
paragraph. The assumption that Conjecture 2.3 holds yields a 0-cycle of degree
1 on the coarse space My, /x(n,O(p)), which lifts to the stack, producing a
complex P° of locally free € -twisted sheaves such that rk P* = n. Indeed,
if there is a ¥ ® L-twisted sheaf of rank n for some finite algebra L/K then
pushing forward along ¥ ® L — ¥ gives a ¥ ® K-twisted sheaf of rank [L : K]n.
A 0-cycle of degree 1 yields two algebras L, /K and Ly/K such that [L; : K] —
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[Ly : K| = 1and Hy g, /0, (n, 0(p))r, # 0. There result two ¢ ® K-twisted
sheaves V; and V5 such that rkV; — rkV5 = n, whence we can let P°® be the
complex with V; in degree 0 and V; in degree 1 (and the trivial differential).
Since the category of coherent twisted sheaves over the generic point of C is
semisimple (it is just the category of finite modules over a division ring), it
follows that there is a @,,-twisted sheaf of rank n, whence per(a) = ind(a), as
desired.

So it remains to produce local objects of .Z«, ;i (n, O(p))k, for all places
v. If v is Archimedean, then [ ® K,] = 0 € H*(C ® K,,, u,,) by assumption,
so that stable ¥ ® K, -twisted sheaves are equivalent (upon twisting down by
an invertible ¥ @ K, -twisted sheaf) to stable sheaves on C ® K,,. Since moduli
spaces of stable vector bundles with fixed invariants have rational points over
every infinite field, we find a local object.

Now assume that v is finite, and let R be the valuation ring of K,, with
finite residue field . By Theorem 3.1 and the assumption that [¢ ® F| = 0 €
H*(C®F, p,) we know that [¢ @ F] = 0 € H*(C ® F, ,,). It follows as in the
previous paragraph that it suffices to show the existence of a stable sheaf on
C ® F of determinant &(p) and rank n. Consider the stack .Z¢ ¢ r/r(n, O(p)) —
M¢ g p/r(n, O(p)). Just as above, the space M¢ g p/r(n, O(p)) is a smooth pro-
jective rationally connected variety. By Esnault’s theorem [6], it has a rational
point. Since .#c g p/p(n, O(p)) = Mcgp/p(n, 0(p)) is a pu,,-gerbe and F is fi-
nite, the moduli point lifts to an object, giving rise to a stable ¢ ® F-twisted
sheaf V' of rank n and determinant &(p)). Since .#«,5(n, 0(p)) is smooth over
S, the sheaf V' deforms to a family over R, whose generic fiber gives the desired
local object. O

4. Parabolic bundles on P!

In this section, we review some basic elements of the moduli theory of
parabolic bundles of rank 2 on the projective line. We will focus on the case of
interest to us and describe it in stack-theoretic language. We refer the reader
to [2] for a general comparison between the classical and stacky descriptions
of parabolic bundles.

Let D = p; +--- +p, C P! be a reduced divisor, and let 7 : & — P! be the
stack given by extracting square roots of the points of D as in [3]. The stack has
r non-trivial residual gerbes ¢, ..., &,, each isomorphic to Bu, over its field of
moduli (i.e., the residue field of p;). Recall that the category of quasi-coherent
sheaves on Bu, is naturally equivalent to the category of representations of
t,. Given a sheaf .7 on Bu,, we will call the representation arising by this
equivalence the associated representation of .%.

DEFINITION 4.1. A locally free sheaf V on &2 is regular if, for each i =
1,...,r, the associated representation of the restriction V|, is a direct sum of
copies of the regular representation.

DEFINITION 4.2. Let {a; < b;}]_, be elements of {0,1/2}. A parabolic
bundle V, of rank N with parabolic weights {a; < b;} is a pair (W, F'), where
W is a locally free sheaf of rank 2 and F' C Wp is a subbundle. The parabolic
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degree of V, is
pardeg (Vi) = deg W + Z a;(tkW —rk F),,) + b;(tk F},)

We will only consider parabolic bundles with weights in {0,1/2} in this
paper. More general weights in [0,1) are often useful. The stack-theoretic
interpretation of this more general situation is slightly more complicated; it is
explained clearly in [2].

In [26], Vistoli defined a Chow theory for Deligne-Mumford stacks and
showed that pushforward defines an isomorphism A(#)®@Q = A(P')® Q of
Chow rings. In particular, any invertible sheaf L on & has a degree, deg L € Q.
One can make a more ad hoc definition of the degree of an invertible sheaf L on
2 in the following way. The sheaf L®? is the pullback of a unique invertible
sheaf .# on P!, and we can define deg, L = 3 degp: .#. Thus, for example,
deg O(&;) = [ri : k]/2, where k; is the field of moduli of &, (the residue field of
Pi)-

The following is a special case of a much more general result. The reader
is referred to (e.g.) [2] for the generalities.

PROPOSITION 4.3. There is an equivalence of categories between locally
free sheaves V on & and parabolic sheaves V., on P! with parabolic divisor
D and parabolic weights contained in {0,1/2}. Moreover, we have deg,V =
pardeg(V;).

PROOF. Given V, define V, as follows: the underlying sheaf W of V, is
7. V. To define the subbundle F C Wp, consider the inclusion V(-3 &) C V.
Pushing forward by = yields a subsheaf W/ C W, and we let F be the image of
the induced map W}, — Wp.

We leave it to the reader as an amusing exercise to check that 1) this de-
fines an equivalence of categories, and 2) this equivalence respects degrees, as
claimed. O

DEFINITION 4.4. Given a non-zero locally free sheaf V on 42, the slope of
Vis doa
_ deg
vy = tk Vo
The sheaf V on & is stable if for all locally split proper subsheaves W C V we
have p(W) < pu(V).

The stability condition of Definition 4.4 is identical to the classical notion
for sheaves on a proper smooth curve. The reader familiar with the classical
definition of stability for parabolic bundles can easily check (using Proposition
4.3) that a sheaf V on 7 is stable if and only if the associated parabolic bundle
V. is stable in the parabolic sense. One can check (by the standard methods)
that stable parabolic bundles form an Artin stack of finite type over k. The
stack of stable parabolic bundles of rank n with fixed determinant is a p,,-
gerbe over an algebraic space.

NOTATION 4.5. Given L € Pic(2), let .#7, , (n, L) denote the stack of reg-
ular locally free sheaves on & of rank r and determinant L, and let M3, , (n, L)
denote the coarse space.
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PROPOSITION 4.6. If///(;/k(n, L) is non-empty then it is geometrically uni-
rational and geometrically integral. Moreover, the stack .47, (2,0 (>-¢&)) is
non-empty if r > 3.

PROOF. Basic deformation theory shows that ./, i (n, L) is smooth. Thus,
to show that it is integral, it suffices to show that it is connected. We will do
this by showing that it is unirational (i.e., finding a surjection onto .#, Jk (n, L)
from an open subset of a projective space. This is a standard trick using a
space of extensions. (There are in fact two versions, one using finite cokernels
and one using invertible cokernels. We show the reader the former, as it is
useful in situations where the latter does not apply and the latter seems to be
more easily available in the literature.)

Let V be a parabolic sheaf of rank n and determinant L. Since .47, ;. (n, L)
is of finite type, there exists a positive integer NV such that for every parabolic
sheaf of rank n and determinant L, a general map V' — W(N) is injective
with cokernel @) supported on a reduced divisor F in &\ {&1,...,&.} such that
E € |0(nN)|. Let U C |0(nN)| be the open subset parametrizing divisors
supported in & \ {{1,...,&:}, and let & C & x U be the universal divisor.
The sheaf R!(pr,).R#om(0s,pri V) is locally free on U, and gives rise to a
geometric vector bundle B — U and an extension

0= Vo =W — 2pyp — 0

such that every extension 0 — V — W(N) — @ — 0 as above arises is a
fiber over B. Passing to the open subscheme B° over which the extension %
is locally free with stable fibers yields a surjective map B° — .#, / i (n, L) from
an open subset of a projective space, proving that .Z, / (1, L) is geometrically
integral and unirational.

To prove that .Z, /k(n,L) is nonempty is significantly more subtle. The
proof is similar to a result of Biswas [1] for parabolic bundles with parabolic
degree 0, but including it here would take us too far afield. |

5. Forms of parabolic moduli via split ramification

5.1. Some generalities. In this section we show how to produce forms
of the stack of parabolic bundles on P! from Brauer classes over k(t). For
the sake of simplicity, we restrict our attention to classes in Br(k(¢))[2] and
parabolic bundles of rank 2. A generalization to higher period/rank should be
relatively straightforward.

Let o € Br(k(t))[2] be a Brauer class. Suppose D = p; + --- + p,. is the
ramification divisor of «, and let &2 — P! be the stacky branched cover as
in Section 4. By Corollary C.2, o extends to a class o/ € Br(%)[2]. Suppose
€ — 2 is a p,-gerbe representing o/ such that [¢ @k| = 0 € HX(Z @k, o).
(For a proof that % is itself an algebraic stack, the reader is referred to [19].
We cannot always ensure that the cohomology class of [¢’ @ k] is trivial; we
make that as a simplifying assumption. More general cases can be analyzed
by similar methods.)

DEFINITION 5.1.1. A regular €-twisted sheaf is a locally free ¢ -twisted
sheaf V' such that for each i = 1,...,r, the restriction Vi« _, specw, has the form
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£ @ p®™ for some integer m > 0, where . is an invertible ¢ ® %;-twisted sheaf
and p is the sheaf on Bu, associated to the regular representation of p,.

Just as in Definition 4.4 and Definition A.1.2, we can define stable regular
¢ -twisted sheaves.

NOTATION 5.1.2. Let .#Z . (n, L) denote the stack of stable regular ¢-
twisted sheaves of rank n and determinant L, and Mz, ;. (n, L) its coarse moduli
space (sheafification).

PROPOSITION 5.1.3. For any section o of ¢ @ k — & @ k there is an isomor-
phism My, (n, L)@k = M5 (1, L).

PROOF. We may assume that & = k. The section o corresponds to an in-
vertible ¢-twisted sheaf . such that ¥®? = 0. Twisting by .# defines the
isomorphism. (Note that the regularity condition implies that n must be even
for either space to be nonempty.) a

In other words, the stack . /k(n,L) (resp. the quasi-projective coarse
moduli space Mz, (n, L)) is a form of %7, ;. (n, L) (resp. M3, , (n, L)).

COROLLARY 5.1.4. The space M%/k(n, L) is geometrically (separably) uni-
rational when it is nonempty.

One can use a generalization of Corollary 5.1.4 to higher genus curves and
arbitrary period to give another proof of Theorem 3.2 without having to push
the ramification into a fiber, by simply taking any pencil and using the generic
points of the ramification divisor (and a point of the base locus) to define the
parabolic divisor. (This is not substantively different from the proof we give
here.) The main interest for us, however, will be for arithmetic surfaces of
mixed characteristic.

5.2. An extended example. Let o € Br(Q(¢))[2] be a class whose ramifi-
cation divisor D C P is non-empty with simple normal crossings. Let & —
P};2 be the stacky cover branched over D to order 2 as in the first paragraph of
Section 4 above. Let ¥ — £ be a pu,-gerbe with Brauer class «; if the degree
[D®Q : Q] is odd, one can ensure that ¢ such that [¢ ® Q] € H*(Z 2 Q, u,)
has the form [A]'/? for some invertible sheaf A € Pic(# ® Q) of half-integral
degree.

DEFINITION 5.2.1. Given a field extension L/K and a Brauer class a €
Br(L), the Faddeev index of o is mingep, () ind(a + fr).

PROPOSITION 5.2.2. The class o has Faddeev index 2 if and only if the
space M%/Q(Z L)** has a Q-rational point for some invertible sheaf L. If the
degree [D® Q : Q] is odd, we need only quantify over L of half-integral degree
and look for points in the stable locus M%/Q(Q, L).

The point of Proposition 5.2.2 is that the computation of the Faddeev index
is reduced to the existence of a rational point on one of a sequence of geometri-
cally rational smooth (projective if [D ® Q : Q] is odd) geometrically connected
varieties over Q.
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PROOF. First, suppose that P : SpecQ — M*)/Q(Q, L) is a rational point.
Pulling back .#4,q(2,L) = M«¢,q(2,L) along P yields a class 3 = —[] €
Br(Q)[2]. Just as in [14], we see that

Mens51Q(2,L) = Myry/q(2,L) = Mg q(2, L)
is split over P, whence there is a ¥ A .-twisted sheaf of rank 2. This shows
that @ — 8 has index 2 and thus that o has Faddeev index dividing 2. Since «
is ramified, it cannot have Faddeev index 1.

Now suppose that « has Faddeev index 2, so that there is some . — Spec Q
such that there is locally free ¥ A .¥-twisted sheaf of rank 2. Since there is a
canonical isomorphism My, »/q(2, L) = My /q(2, L), upon replacing ¢ by ¢ A
. we may assume that « has period 2, and is thus represented by a quaternion
algebra [(a,b)] € Br(Q(t)). To prove the result, it suffices to show that in this
case there is a regular ¢-twisted sheaf of rank 2.

By Proposition A.2.3(1), it suffices to prove this for ¢ ® ﬁpg p. Thus, we
are reduced to the following: let R be a complete discrete valuation ring with
residual characteristic 0 and (a, b) a quaternion algebra over the fraction field
K(R). Suppose (a,b) is ramified, and let € — % be a u,-gerbe with Brauer
class [(a,b)]. Then there is a regular ¢-twisted sheaf of rank 2. To prove this,
note that the bilinearity and skew-symmetry of the symbol allows us to assume
that b is a uniformizer for R and a has valuation at most 1. We will define a p,-
equivariant Azumaya algebra A in the restriction of (a,b) to R" = R[/b] such
that the induced representation of p, on the fiber A over the closed point of R’
is p®2; it then follows that any twisted sheaf V on %, such that &nd(V) = A is
regular by a simple geometric computation over the residue field.

Let z and y be the standard generators for (a, b), so that 22 = a and 3? = b,
and write ¢ = ub® with v € R* and ¢ € {0,1}. Let = x/\/I;e and § = y/Vb;
we have 2 = u and 7> = 1, which means that & and § generate an Azumaya
algebra with generic fiber (a,b) ® K(R)(\/b). A basis for A as a free R’ module
is given by 1,Z, 7, Z7; this also happens to be an eigenbasis for the action of
1. Let x! denote the non-trivial character of u, and x° the trivial character.
The eigensheaf decomposition of A corresponding to the basis can be written
as x* @ x' @ x° ® x' ¢, where the last sum is taken modulo 2. For either value
of ¢ this is isomorphic to p®2, as desired.

Gluing the local models (as in Proposition A.2.3(1)) produces a regular -
twisted sheaf V of rank 2. Since « is non-trivial, we see that this sheaf must be
stable, hence geometrically semistable (in fact, geometrically polystable [14]).
If[D®Q: Q]isodd, then V is semistable with coprime rank and degree, hence
geometrically stable. a

Proposition 5.2.2 has an amusing consequence. The starting point is the
following (somewhat useful) lemma. Fix a place v of Q.

LEMMA 5.2.3. If there is an object of L///%/Q(Z L)g, then there is an object

PROOF. Let V be a regular semistable 4 @ Q,-twisted sheaf of rank 2 and
determinant L, and let Y be an algebraization of a versal deformation space of
V. Since deformations of vector bundles on curves are unobstructed, we know
that Y is smooth over Q,. On the other hand, we also know that the field Q,
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has the property that any smooth variety with a rational point has a Zariski-
dense set of rational points. Finally, we know that the locus of geometrically
stable ¥ ® Q, -twisted sheaves is open and dense in Y. The result follows. [

In [15], the authors produce examples of biquaternion algebras A over Q(t)
of Faddeev index 4 such that for all places v of Q the algebra A ® Q, (¢) has in-
dex 2. They describe this as the failure of a sort of “Hasse principle”. However,
a careful examination of their examples shows that in fact there is a local ob-
struction: for each class of such algebras they write down, there is always a
place v over which there is no regular ¢ ® Q,-twisted sheaf! (Moreover, the
proofs that their examples work use this local failure in an essential way, al-
though the authors do not phrase things this way.) Why doesn’t this contradict
Proposition 5.2.2? Because for the place v where things fail, one of the original
ramification sections ends up in the locus where the algebra A ® Q, is unram-
ified, and now the condition that the sheaf be regular around the stacky point
over that section is non-trivial!

Let us give an explicit example. In Proposition 4.3 of [15], the authors
show that the biquaternion algebra A = (17,¢) ®(13, (t—1)(t—11)) has Faddeev
index 4 while for all places v of Q the algebra A® Q, has index 2. Consider
A7 = A®Qqr; since 13 is a square in Q;7, we have that A,; = (17,¢) as
Qi7-algebras. Elementary calculations show that (17,1) = 0 € Br(Q;7) and
(17,11) # 0 € Br(Q7). It follows that any Q;7(¢)-algebra Faddeev-equivalent
to A7 has the property that precisely one of its specializations at 1 and 11 will
be nontrivial.

LEMMA 5.2.4. Given a field F and a nontrivial Brauer class v € Br(F)[2],
let 9 — By x Spec F be a p,-gerbe representing the pullback of v in Br(Bu, x
Spec F). There is no regular 9-twisted sheaf of rank 2.

PROOF. The inertia stack of ¢4 is isomorphic to p, X o, where the first
factor comes from the gerbe structure and the second factor comes from the
inertia of Bu,. Given a ¥-twisted sheaf F', the eigendecomposition of F' with
respect to the action of the second factor gives rise to ¥-twisted subsheaves of
F. Since ¢ has period 2, if rk F' = 2 there can be no proper twisted subsheaves.

(I

COROLLARY 5.2.5. In the example above, all of the sets M%/Q(Q,L)(Qn)
are empty.

PROOF. Suppose @ € M%/Q(Q,L)(Qn). As above, after replacing 4,7 by
a Faddeev-equivalent algebra, we can lift Q) to an object of .7 /Q(2, L)q,,- In
other words, there would be a regular (stable!) 4 @ Q;7-twisted sheaf of rank

2. But this contradicts Lemma 5.2.4 and the remarks immediately preceding
it. O

Combining Proposition 5.2.2 and Corollary 5.2.5, we see that the failure
of the “Hasse principle” to which the authors of [15] refer in relation to the
algebra A is in fact a failure of the existence of a local point in the associated
moduli problem! This is in great contrast to the unramified case, which we saw
above was directly related to the Hasse principle. It is somewhat disappointing
that the examples we actually have of classes over arithmetic surfaces whose
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period and index are distinct cannot be directly related to the Hasse principle
(except insofar as both sets under consideration are empty!).
There is one mildly interesting question which arises out of this failure.

PROPOSITION 5.2.6. If Conjecture 2.3 is true then any element
a € Br(Q(t))[2] such that

(1) the ramification of « is a simple normal crossings divisor D = D +
--++ D, in PL which is a union of fibers and an odd number of sections
of P}, — SpecZ,

(2) for every crossing point p € D; N D, both ramification extensions are
either split, non-split, or ramified at p, and

(3) all points d of D XpyL Pk which are not ramification divisors of QR(t)
give rise to the same element (agr())a € Br(R)

satisfies per(a) = ind(«).

The second condition of the proposition is almost equivalent to the state-
ment that the restriction of a to Q. (¢) has no hot points (in the sense of Salt-
man) on PIZV; it is not quite equivalent because Saltman’s hot points are all
required to lie on intersections of ramification divisors, while some of the ram-
ification divisors of a may no longer be in the ramification divisor of aq, ).
The proof of Proposition 5.2.6 uses Proposition A.2.3 (2) as a starting point for
a deformation problem. It is similar in spirit to the proof of Theorem 3.4 and
will be omitted.

6. A list of questions

We record several questions arising from the preceding discussion. Let C'
be a curve over a field k.

(1) Are there biquaternion algebras in Br,,(Q(¢)) of Faddeev index 4 with
non-hot secondary ramification (in the sense of Proposition 5.2.6)? For
example, let p be a prime congruent to 1 modulo 3-4-7-13-17 and
congruent to 2 modulo 5. What is the Faddeev index of the algebra
(p, t) ®(13,15(t — 1) (¢ + 13))?

(2) What is the Brauer-Manin obstruction for M7, , (2, L)? If algebras as
in the first question exist, is the resulting failure of the Hasse princi-
ple explained by the Brauer-Manin obstruction?

(3) Let ¥ — C be a p,-gerbe. What is the index of the Brauer class
Mg (0, O) = Mg i(n, 0)? If C has a rational point, this index must
divide n. More generally, it must divide n ind(C). Is this sharp?

(4) Does every fiber of M¢ /i (n, L) — Picdc /i, over a rational point contain
a rational point? This is (indirectly) related to the index-reduction
problem. It is not too hard to see that if the rational point of Pic% Ik
comes from an invertible sheaf then there is always a rational point
in the fiber.

(5) Suppose k is a global field. Let ¢ — S be a regular proper model of
C. Is there a class a@ € Bro(C) such that per(«) # ind(«)? When
k has positive characteristic and the period of « is invertible in £,
this is impossible [20]. The existence of such a class would disprove
Conjecture 2.3 (even the strong form).
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Appendix A. Gerbes, twisted sheaves, and their moduli

In this appendix, we remind the reader of the basic facts about twisted
sheaves, their moduli, and their applications to the Brauer group. For more
comprehensive references, the reader can consult [18, 20]. The basic setup
will be the following: let 2" — X — S be a u,,-gerbe on a proper flat morphism
of finite presentation. We assume n is invertible on S. At various points in this
appendix, we will impose conditions on the morphism.

We first recall what it means for 2~ — X to be a u,,-gerbe.

DEFINITION A.1. A p,-gerbe is an S-stack # along with an isomorphism
Hyo — F(¥). We say that ¢ is a p,,-gerbe on Y if there is a morphism
% — Y such that the natural map Sh(#) — Y is an isomorphism, where
Sh(#/) denotes the sheafification of % on the big étale site of S.

Because 2" is a u,-gerbe, any quasi-coherent sheaf .7 on 2" admits a de-
composition .¥ = %y ® --- ® %, into eigensheaves, where the natural (left)
action of the stabilizer on .%; is via the ith power map.

DEFINITION A.2. An 2 -twisted sheaf is a sheaf .# of ¢4 -modules such
that the natural left action (induced by inertia) u,, x .#% — % is equal to scalar
multiplication.

A.1. Moduli. Itis a standard fact (see, for example, [17]) that the stack of
flat families of quasi-coherent 2 -twisted sheaves of finite presentation is an
algebraic stack locally of finite presentation over S. For the purposes of this
paper, we will focus on only a single case, where we will consider stability of
twisted sheaves. From now on, we assume that S = Speck with k a field, and
X is a proper smooth curve over k.

To define stability, we need a notion of degree for invertible .2 -twisted
sheaves. For the sake of simplicity, we give an ad hoc definition. Given an
invertible .2 -twisted sheaf L, we note that L®" is the pullback of a unique
invertible sheaf L' on X. We can thus define deg L to be + deg L’. With this
definition, we can define the degree of a locally free 2 -twisted sheaf V as
deg V' = degdet V. With this notion of degree, we can define stability.

DEFINITION A.1.1. The slope of a non-zero locally free 2 -twisted sheaf V'
is
(V) = deg V'
M= Tv
DEFINITION A.1.2. A locally free 2 -twisted sheaf V is stable if for all
proper locally split subsheaves W C V' we have

(W) < (V).

The sheaf is semistable of for all proper locally split subsheaves W C V we
have

p(W) < pu(V).

By “locally split” we mean that there is a faithfully flat map Z — 2" such
that there is a retraction of the inclusion W, C Vz. (I.e., W is locally a direct
summand of V.) As in the classical case, the stack of stable sheaves is a G,,,-
gerbe over an algebraic space. If in addition we fix a determinant, then the
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resulting stack is a p,.-gerbe over an algebraic space, where r is the rank of the
sheaves in question.

NOTATION A.1.3. Given an invertible sheaf L on X, the stack of stable
(resp. semistable) 2 -twisted sheaves of rank n and determinant L will be de-
noted by .# 4 ,(n, L) (resp. .# 4 s;;(n, L)**). The coarse moduli space (which in
the stable case is also the sheafification) will be denoted by M4, (n, L) (resp.
Mggf/k(n, L)SS).

Given an integer d, the stack of stable 2 -twisted sheaves of rank n and
degree d will be denoted by .# 4 ;(n,d), and its coarse moduli space will be
denoted by M4 /1 (n,d).

As mentioned above, .#Z i (n,d) — Mg/ (n,d) is a G,,-gerbe; similarly,
Moy (0, L) — Mg i (n, L) is a p,-gerbe. In fact, the stack .# 4 /;(n, L) is the
stack theoretic fiber of the determinant morphism .# 4 (n,d) — Zic% /i OVer
the morphism Speck — Zic% n corresponding to L. The comparison results
described in Section 1, combined with classical results on the stack of stable
sheaves on a curve, show that .Z4-/;.(n, d) is of finite type over ; if we assume
that the class 2 is zero in H*(X ®k, p1,,) we know that .#y- /i (n,d) is quasi-
proper (i.e., satisfies the existence part of the valuative criterion of properness)
whenever n and d are relatively prime.

A.2. Deformation theory. As ¢-modules on a ringed topos (the étale
topos of 27), 2 -twisted sheaves are susceptible to the usual deformation the-
ory of Illusie. The following theorem summarizes the consequences of this fact.
Suppose S = Spec A is affine, [ — A — Ais a small extension (so that the ker-
nel I is an A-module), X/ Aisflat, 2 — X isa w,,-gerbe with n invertible in A,
and .7 is an A-flat family of quasi-coherent 2" ® ; A-twisted sheaves of finite
presentation.

THEOREM A.2.1. There is an element o C Ext?(.%,. %4 @ I) such that

(1) 0=0 if and only if there > is an ﬁ-ﬂat quasi-coherent 2 -twisted sheaf
Z and an isomorphism F @ 1 A = F;

(2) if such an extension exists, the set of such extensions is a torsor under
Ext'(Z,Z ®1);

(3) given one such extension, the group of automorphisms of F which re-
duce to the identity on % is identified with Hom(%, % Q I).

COROLLARY A.2.2. If X/S is a relative curve, then the stack of locally free
X -twisted sheaves is smooth over S.

Deformation theory can also be used to construct global objects from local
data. The key technical tool is the following; see [19] for a more detailed proof
and further references.

PROPOSITION A.2.3. Let & be a separated tame Artin stack of finite type
over k which is pure of dimension 1. Let P be the coarse moduli space of &
and let € — & be a p,-gerbe. Suppose & is regular away from the (finitely
many) closed residual gerbes &, ... ,&.. Suppose the map Pic(Z?) — [ Pic(&;)
has kernel generated by the image of Pic(P) under pullback.



ARITHMETIC ASPECTS OF MODULI SPACES OF SHEAVES ON CURVES 115

(1) Given locally free 6;,-twisted sheaves V; of rank m, i = 1,...,r, and
locally free €,-twisted sheaf V, of rank m, there is a locally free €-
twisted sheaf W of rank m such that W, =V, and W, = V.

(2) Suppose that k is finite, P = P!, & — P is generically a p,,-gerbe,
and the ramification extension R — P of € (see Proposition C.4 below)
is geometrically connected. Given an invertible sheaf L € Pic(2), if
there are €¢,-twisted sheaves V; of rank m such that detV; = L¢, and
a ¢,-twisted sheaf V,, of rank m, then there is a locally free ¢-twisted
sheaf V of rank m such that det V = L.

PROOF. Let P be the coarse moduli space of &, and let p; € P be the
image of §;. Let 7j; denote the localization of Spec ﬁApl at the set of maximal (i.e.,
generic) points. Let £(1) be an ample invertible sheaf on P.

To prove the first item, note that the stack ¢, is tame, as its inertia group
is an extension of a reductive group by a u,,. Thus, the infinitesimal deforma-
tions of each V; are unobstructed. Since % is proper over P, the Grothendieck
existence theorem implies that for each i there is a ¥’ x Spec % p,p,-twisted sheaf
171- of rank m whose restriction to €, is V;. On the other hand, since the scheme
of generic points of P is 0-dimensional, we know that for each i there is an iso-
morphism (V;)s, = (V;)5,. (See [19] for a similar situation, with more details.)
The basic descent result of [22] shows that we can glue the V; to V,, to produce
W, as desired.

To prove the second item, choose any W as in the first part, and let L' =
det . This is an invertible sheaf which is isomorphic to L in a neighborhood of
each &;, and therefore (by hypothesis) there is an invertible sheaf M on P such
that Le(L')"! = Mg. Twisting W by a suitable (negative!) power of (1),
we may assume that M is ample of arbitrarily large degree. By the Lang-Weil
estimates and hypothesis that P = P!, there is a point ¢ € R whose image p
in P is an element of |M|. Making an elementary transformation of W along p
(over which the Brauer class associated to % is trivial) produces a locally free
¢ -twisted sheaf with the desired properties. a

Appendix B. Basic facts on the Brauer group

In this appendix, we review a few basic facts about the Brauer group of a
scheme. We freely use the technology of twisted sheaves, as introduced in the
previous appendix. Let Z be a quasi-compact separated scheme and 2 — 7 a
G,,-gerbe. We start with a (somewhat idiosyncratic) definition of the Brauer
group of Z.

DEFINITION B.1. The cohomology class [Z] € H?(Z, G,,) is said to belong
to the Brauer group of Z if there is a non-zero locally free 2°-twisted sheaf of
finite rank.

LEMMA B.2. The Brauer group of Z is a group.

PRrROOF. Given two G,,-gerbes 27 — Z and % — Z which belong to the
Brauer group of Z, let V; be a locally free Z;-twisted sheaf. Then V; ® 15 is a
locally free 27 N %-twisted sheaf, where 24 A % is the G,,,-gerbe considered
in [10, 14], which represents the cohomology class [Z7] + [Z3]. The neutral
element in the group is represented by the trivial gerbe BG,,, x Z — Z. |
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We thus find a distinguished subgroup Br(Z) c H?(Z, G,,) containing those
classes which belong to the Brauer group of Z. What are the properties of this
group?

PROPOSITION B.3. The group Br(Z) has the following properties.

(1) An element [Z] is trivial in Br(Z) if and only if there is an invertible
Z -twisted sheaf.

(2) Br(Z) is a torsion abelian group.

(3) (Gabber) If Z admits an ample invertible sheaf, then the inclusion
Br(Z) C H2(Z7 G.)tors 1S an isomorphism.

SKETCH OF PROOF. If ¥ is an invertible 2 -twisted sheaf, then we can
define a morphism of G,,-gerbes BG,, — % by sending an invertible sheaf
L to the invertible 2 -twisted sheaf L ® . Since any G,,-gerbe admitting a
morphism of G,,-gerbes from BG,, is trivial, we see that < is trivial [10].

Now suppose that 2 is an arbitrary element of Br(Z), and let V be a locally
free Z-twisted sheaf of rank r». Writing 2. for the gerbe corresponding to
r[Z], one can show that the sheaf det V' is an invertible Z,.-twisted sheaf, thus
showing that r[Z] = 0, as desired.

The last part of the proposition is due to Gabber; a different proof has been
written down by de Jong [8]. a

Given a G,,-gerbe 2 — Z and a locally free 2’-twisted sheaf V', the & -
algebra &nd(V) is acted upon trivially by the inertia stack of 2, and thus is
the pullback of a unique sheaf of algebras </ on Z. The algebras &7 which arise
in this manner are precisely the Azumaya algebras: étale forms of M,.(0y)
(for positive integers ). Moreover, starting with an Azumaya algebra, we can
produce a G,,-gerbe by solving the moduli problem of trivializing the algebra
(i.e., making it isomorphic to a matrix algebra). Further details about this
correspondence may be found in [10, §V.4].

When Z = Spec K for some field K, an Azumaya algebra is precisely a
central simple algebra over K, and thus we recover the classical Brauer group
of the field. Note that in this case if 2 — Z is a G,,-gerbe, any nonzero
coherent Z -twisted sheaf is locally free. Moreover, we know that 2 ® K is iso-
morphic to BG,, ® K, and therefore that there is an invertible 2 ® K-twisted
sheaf. Pushing forward to Z, we see that there is a nontrivial quasi-coherent
Z -twisted sheaf 2. Since 2 is Noetherian, 2 is a colimit of coherent -
twisted subsheaves. This shows that 2 belongs to the Brauer group of Z. We
have just given a geometric proof of the classical Galois cohomological result
Br(K) = H*(Spec K, G,,,).

Now assume that Z is integral and Noetherian with generic point 7, and
let 2 — Z in arbitrary G,,-gerbe. By the preceding, there is a coherent Z -
twisted sheaf of positive rank.

DEFINITION B.4. The index of [Z], written ind([Z7]), is the minimal
nonzero rank of a coherent Z’-twisted sheaf, and the period of [%], written
per([Z]), is the order of [Z],, in H?(n, G.,).

We have written Definition B.4 so that it only pertains to generic properties
of Z and Z. One can imagine more general definitions (e.g., using locally free
Z -twisted sheaves; when 7 is regular of dimension 1 or 2, the basic properties
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of reflexive sheaves tell us that the natural global definition will actually equal
the generic definition. When Z = Spec K|, it is easy to say what the index of a
Brauer class « is: « parameterizes a unique central division algebra over K,
whose dimension over K is n? for some positive integer n. The index of « is
then n.

The basic fact governing the period and index is the following.

PROPOSITION B.5. For any o € Br(K), there is a positive integer h such
that per() | ind(a) and ind(«) | per(a)”.

The proof of Proposition B.5 is an exercise in Galois cohomology; the reader
is referred to (for example) [20, Lemma 2.1.1.3]. One immediate consequence
of Proposition B.5 is the question: how can we understand h? For example,
does h depend only on K (in the sense that there is a value of h which works
for all o € Br(K))? If so, what properties of K are being measured by 4? And
so on. Much work has gone into this problem; for a summary of our current
expectation the reader is referred to [20].

Appendix C. Ramification of Brauer classes

In this section, we recall the basic facts about the ramification theory of
Brauer classes. We also describe how to split ramification by a stack. To begin
with, we consider the case X = Spec R with R a complete discrete valuation
ring with valuation v. Fix a uniformizer ¢ of R; let K and x denote the fraction
field and residue field of R, respectively. Write j : Spec K — Spec R for the
natural inclusion. Throughout, we only consider Brauer classes o € Br(K) of
period relatively prime to char(x); we write Br(K)’ for the subgroup of classes
satisfying this condition.

The theory of divisors yields an exact sequence of étale sheaves on Spec R,

which yields a map
H*(Spec R, j.Gn,) — H?(Spec R, Z(;)) = H(k, Z) = H' (k, Q/Z).

Since any a € Br(K)' has an unramified splitting field, the Leray spectral
sequence for G,, on j shows that H?(Spec R, j,G,,) = Br(K)' (where the ’
denotes classes with orders invertible in R). Putting this together yields the
ramification sequence

0 — Br(R) — Br(K) — H'(x,Q/Z).

The last group in the sequence parameterizes cyclic extensions of the residue
field k. Suppose for the sake of simplicity that « contains a primitive nth root
of unity. The ramification of a cyclic algebra (a,b) is given by the extension of
r generated by the nth root of (—1)*(®)v(®)qv(®) /pv(@) In particular, given any
element @ € x*, the algebra (u,t) has ramification extension x(%'/"), where
u is any lift of w in R*. With our assumption about roots of unity, any cyclic
extension of degree n is given by extracting roots of some w. This has the
following two useful consequences. Given a positive integer n, let #,, — Spec R
denote the stack of nth roots of the closed point of Spec R, as in [3].

PROPOSITION C.1. Assume that x contains a primitive nth root of unity _.
Fix an element o € Br(K)[n].
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(1) There exists u € R* and o € Br(R) such that o = o/ + (u,t) € Br(K).
(2) There exists € Br(%,) whose image in Br(K) under the restriction
map is o

PROOF. The first item follows immediately from the paragraph preceding
this proposition: we can find u such that (u,t) has the same ramification as
«, and subtracting this class yields an element of Br(R). To prove the second
item, it follows in the first that it suffices to prove it for the class (u,t). Recall
that %, is the stacky quotient of Spec R[t'/"] by the natural action of u,; to
extend (u,t) to %, it suffices to find a p,-equivariant Azumaya algebra in
(u,t) g(1/n)- Recall that (u,t) is generated by x and y such that 2™ = u, y" = +t,
and zy = (yz. Letting § = y/t'/", the natural action of u, on t!/" yields an
equivariant Azumaya algebra in (u,t) g (41/u), as desired. O

The following corollary is an example of how one applies Proposition C.1 in
a global setting. More general results are true, using various purity theorems.

COROLLARY C.2. Let C be a proper regular curve over a field k which
contains a primitive nth root of unity for some n invertible in k. Suppose
a € Br(k(C))[n] is ramified at p1, . .., p,, and let € — C be a stack of nth roots of
p1+ -+ pr. Thereis an element o/ € Br(%)[n] whose restriction to the generic
point is a.

PROOF. Let A be a central simple algebra over k(C) with Brauer class
«. For any point ¢ € C, we know (at the very least) that there is a positive
integer m and an Azumaya algebra over the localization ¢, which is contained
in M,,(A). Suppose U C % is an open substack over which there is an Azumaya
algebra B with generic Brauer class a. Given a closed point ¢ € C \ U, we
can choose some m such that there is an Azumaya algebra B’ over ‘5:, whose
restriction to the generic point 7) of éq is isomorphic to M, (B);. Since we know
that U x¢ %Aq =1, we can glue B’ to M,,(B) as in the proof of Proposition A.2.3
(using [22]) to produce an Azumaya algebra over U U {¢}. Since C'\ U is finite,
we can find some m such that M,,(A) extends to an Azumaya algebra over %,
as desired. O

The following is a more complicated corollary of Proposition C.1, using pu-
rity of the Brauer group on a surface. We omit the proof.

COROLLARY C.3. Let X be a connected regular Noetherian scheme pure of
dimension 2 with function field K. Suppose U C X is the complement of a
simple normal crossings divisor D = D1 +---+ D, and o € Br(U)[n| is a Brauer
class such that n is invertible in k(D;) for i = 1,...,r. If 2 — X is the root
construction of order n over each D; then there is a class & € Br(Z") such that
ay = Q.

We end this discussion with an intrinsic characterization of the ramifica-
tion extension as a moduli space.

PROPOSITION C.4. Let X be a scheme on which n is invertible such that
(X, 0) contains a primitive nth root of unity. Suppose 1 : £ — X is a pu,,-
gerbe. Given a further p,-gerbe % — 2, the relative Picard stack ; Picy /x of
invertible % -twisted sheaves is a G,,-gerbe over a Z /nZ-torsor T. Moreover, the
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Brauer class of % in H2(2", G,,) is the pullback of a class from X if and only if
T is trivial.

PROOF. Standard methods show that ; Zicy x is a G,,-gerbe over a flat
algebraic space of finite presentation P — X. Since the relative Picard space
Picy ,x is isomorphic to the constant group scheme Z/nZ, tensoring with in-
vertible sheaves on 2" gives an action

Z/nZ x P — P.

To check that this makes B a torsor, it suffices (by the obvious functoriality
of the construction) to treat the case in which X is the spectrum of an alge-
braically closed field £. In this case, Br(2") = 0; choosing an invertible # -
twisted sheaf L, we see that all invertible % -twisted sheaves M of the form
L ® A, where A is invertible sheaf on 2°. This gives the desired result. O

Starting with a complete discrete valuation ring R with fraction field K,
an element o € Br(K) gives rise to two cyclic extensions of the residue field
k of R: the classical ramification extension and the moduli space produced in
Proposition C.4. In fact, these two extensions are isomorphic. We will use this
fact, but we omit the details.
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This survey covers the theory of moduli spaces of a-stable coherent systems
on a smooth projective curve C' of genus g > 2. (The cases ¢ = 0 and g = 1
are special cases, for which we refer to [30, 31, 32, 33].) I have concentrated on
the issues of emptiness and non-emptiness of the moduli spaces. Other questions
concerning irreducibility, smoothness, singularities, etc., and the relationship with
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Brill-Noether theory are mentioned where relevant but play a subsidiary role. In the
bibliography, I have tried to include a full list of all relevant papers which contain
results on coherent systems on algebraic curves. In general, I have not included
papers concerned solely with Brill-Noether theory except where they are needed
for reference, but I have included some which have clear relevance for coherent
systems but have not been fully developed in this context. For another survey of
coherent systems, concentrating on structural results and including an! appendix
on the cases g = 0 and g = 1, see [13]; for a survey of higher rank Brill-Noether
theory, see [27].

We work throughout over an algebraically closed field of characteristic 0. Many
results are undoubtedly valid in finite characteristic, but we omit this possibility
here since most of the basic papers on coherent systems assume characteristic 0.
As stated above, we assume that C' is a smooth projective curve of genus g > 2.
We denote by K the canonical bundle on C.

1. Definitions

Coherent systems are simply the analogues for higher rank of classical linear
systems.
Definition 1.1. A coherent system on C of type (n,d, k) is a pair (E, V) where
E is a vector bundle of rank n and degree d over C' and V is a linear subspace of
dimension k of HO(E). A coherent subsystem of (E,V) is a pair (F, W), where F is
a subbundle of E and W C VNHC(F). We say that (E, V) is generated (generically
generated) if the canonical homomorphism V ® O — E is surjective (has torsion
cokernel).
Stability of coherent systems is defined with respect to a real parameter o. We
define the a-slope pq(E, V) of a coherent system (F,V) by
d k
bo(E, V) ==+ a—.
n n

Definition 1.2. (E,V) is a-stable (a-semistable) if, for every proper coherent
subsystem (F,W) of (E,V),

pa(F,W) < (L) pa(E,V).
Every a-semistable coherent system (F,V) admits a Jordan-Hoélder filtration
0= (Ey,Vo) C (F1,V1) C -+ C(Epm,Vm) =(E,V)

such that all (E;,V;) have the same o-slope and all the quotients
(E;,V;)/(Ej-1,Vj_1) are defined and a-stable. The associated graded object
@(Eja ij)/(Ejflv ij*l)
1
is determined by (F,V) and denoted by gr(E,V). Two a-semistable coherent
systems (E,V), (E',V’) are said to be S-equivalent if
gr(E,V) = gr(E, V).
There exists a moduli space G(«a;n,d, k) for a- stable coherent systems of type
(n,d, k) [29, 36, 43, 17]; this is a quasi-projective scheme and has a natural comple-
tion to a projective scheme G(«;n,d, k), whose points correspond to S-equivalence
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classes of a-semistable coherent systems of type (n,d, k). In particular, we have

G(a;n,d,0) = M(n,d) and G(o;n,d,0) = M(n,d), where M(n,d) (M(n,d)) is the

usual moduli space of stable bundles (S-equivalence classes of semistable bundles).
We define also the Brill-Noether loci

B(n,d,k) := {E € M(n,d) : h°(E) > k}

and

B(n,d, k) := {[E] € M(n,d) : h°(gr E) > k},
where, for any semistable bundle F, [E] denotes the S-equivalence class of E and
gr E is the graded object associated to F.

For k > 1, we must have o > 0 for the existence of a-stable coherent systems
(for @« < 0, (E,0) contradicts the a-stability of (E,V)). Given this, the moduli
space G(a; 1,d, k) is independent of o and we denote it by G(1,d, k); it coincides
with the classical variety of linear series Gg_l.

So suppose n > 2 and k > 1.

Lemma 1.3. If G(a;n,d, k) # 0 then
(1) a>0,d>0,an—k)<d

ProoOF. Let (E,V) € G(a;n,d, k) with n > 2, k > 1. As already remarked,
(E,0) contradicts a-stability for « < 0. If (E,V) is generically generated, then
certainly d > 0 with equality if and only if (E,V) = (O™, H°(O™)), which is not
a-stable for n > 2. Otherwise, the subsystem (F,V), where F is the subbundle
of E generically generated by V', contradicts stability for d < 0. Finally, let W
be a 1-dimensional subspace of V' and let L be the line subbundle of E generically
generated by W. Then (L, W) contradicts a-stability if £ < n and a(n—k) > d. O

The range of permissible values of « is divided up by a finite set of critical

values

—d_ where kK <n

O=ag<a; <---<ap<{ nk
0 ! L {oo where k£ > n,

and a-stability of (F, V) cannot change within an interval (o, o;41) (see [17]). For
a € (a, ai11), we write G;(n,d, k) := G(a;n,d, k). For k > n and o > ay, we write
Gr(n,d,k) == G(a;n,d, k), with a similar definition for k < n and aj, < a < 4.
The semistable moduli spaces éz(n7 d, k) are defined similarly.

Lemma 1.4. We have a morphism éo(n,d, k) — E(n, d, k), whose image
contains B(n,d, k). In fact, for any coherent system (E,V),

o FE stable = (E,V) € Go(n,d, k)
e (E,V) € Go(n,d, k) = E semistable.

ProOOF. This follows easily from the definition of a-stability. O
Definition 1.5. The Brill-Noether number $(n,d, k) is defined by
B(n,d, k) :=n*(g—1)+1—k(k—d+n(g—1)).

This is completely analogous to the classical case (n = 1) and is significant for
two reasons. In the first place, we have

Lemma 1.6. ([28, Corollaire 3.14]; [17, Corollary 3.6]) Every irreducible com-
ponent of G(a;n,d, k) has dimension > (n,d, k).
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The second reason concerns the local structure of the moduli spaces.

Definition 1.7. Let (E,V) be a coherent system. The Petri map of (E,V) is
the linear map
Vo HYE*®K) — H°(EndE ® K)
given by multiplication of sections.
Lemma 1.8. ([17, Proposition 3.10]) Let (E, V) € G(a;n,d, k). The following
conditions are equivalent:
o G(a;n,d, k) is smooth of dimension B(n,d, k) at (E,V)
e the Petri map of (E,V) is injective.
Definition 1.9. The curve C is called a Petri curve if the Petri map of
(L, H°(L)) is injective for every line bundle L.

It is a standard result of classical Brill-Noether theory that the general curve
of any genus is a Petri curve [25, 35].

2. The Existence Problem

Among the possible questions one can ask about the existence of a-stable co-
herent systems are the following.
(i) Given n, d, k, « satisfying (1), is G(a;n,d, k) # 07
(ii) Given n, d, k, does there exist (E, V') which is a-stable for all « satisfying
(1)?
(iii) Given n, d, k, does there exist (E,V) with E stable which is a-stable for
all a satisfying (1)?
We can restate (ii) and (iii) in a nice way by defining
Un,d, k) =={(E,V) € Gr(n,d, k) | E is stable}
and
U?(n,d, k) = {(E,V) | (E,V) is a-stable for a > 0,a(n — k) < d}.
Then (ii) and (iii) become
(ii) Given n, d, k with d > 0, is U%(n,d, k) # 07
(iii)’ Given n, d, k with d > 0, is U(n, d, k) # 07
The “obvious” conjecture is that the answers are affirmative if and only if
B(n,d, k) > 0. However, this is false in both directions; see, for example, Remarks

4.2 and 8.4. A basic result, for which a complete proof has only been given very
recently, is

Theorem 2.1. For any fized n, k, U(n,d, k) # 0 for all sufficiently large d.
ProoF. For k < n, see [16, 18]. For k > n, see [3] and [49]. O
Now write
do = do(n, k) := min{d : G(a;n,d, k) # 0 for some « satisfying (1)}.
The following would be an “ideal” result.

Model Theorem. For fized n, k withn > 2, k> 1,
(a) G(asn,d, k) # 0 if and only if « >0, (n —k)a < d and d > d
(b) B(n,d, k) # 0 if and only if d > dy
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(¢) if d > do, U(n,d, k) # 0.

Note that (c) is stronger than (a) and (b) combined.

One may also ask whether, for given n, d, there is an upper bound on k for
which G(a;n,d, k) # 0. In fact the existence of an upper bound on h°(E) for any
(E,V) € G(o;n,d, k) (possibly depending on «) is used in the proof of existence of
the moduli spaces (see, for example [29]). An explicit such bound is given in [17,
Lemmas 10.2 and 10.3]. The more restricted question of an upper bound on & has
now been solved by the following generalization of Clifford’s Theorem.

Theorem 2.2. ([34]) Let (E,V) be a coherent system of type (n,d,k) with
k > 0 which is a-semistable for some oo > 0. Then

é .
k< 5t+n if 0 < d<2gn
d+n(l—g) ifd>2gn.

3. Methods

We now describe some of the methods which can be used for tackling the
existence problem.

e Degeneration Methods. These have been used very successfully by M. Teix-
idor i Bigas [46, 47, 49] (see section 8).
e Extensions 0 - £y — F — E3 — 0. For k < n, a special case, used in
16, 18], is
0> 0F 5 E— Ey—0.

The method is not so useful when V' ¢ H°(E;) because there is a prob-
lem of lifting sections of Fy to E. A more promising approach is to use
extensions of coherent systems

0— (E1,V1) = (E,V) = (Eq,V2) = 0,

which are classified by Ext'((Es, V2), (E1,V1)). This approach was pio-
neered in [17] and has been used successfully in several papers [19, 12,
32].

e Syzygies and projective embeddings. Given a generated coherent system
(E, V) of type (n,d, k) with k > n, one can construct a morphism C —
Grass(k —n, k). One can also use the sections of det E to get a morphism
from C to a projective space. The relationship between these morphisms
can be used to settle existence problems (see section 7 and [26]).

e FElementary transformations. Consider an exact sequence

0—-FE—+E —-T—0,

where T is a torsion sheaf. If (E,V) is a coherent system, then so is
(E',V). This method has been used to construct a-stable coherent sys-
tems for low (even negative) values of B(n,d, k) (see sections 6, 7 and
8).

e Flips. Flips were pioneered by M. Thaddeus [50] and introduced in this
context in [17]. They are given by extensions of coherent systems and can
allow results for one value of & to be transmitted to another value.
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e Dual Span. This was originally introduced by D. C. Butler [24] and has

been used very successfully in the case k = n + 1 (see section 6). The
idea is as follows. Let (F,V) be a coherent system. We define a new
coherent system D(E,V) = (Dy(FE),V’), where Dy (E)* is the kernel of
the evaluation map V@O — E and V' is the image of V* in H(Dy (E)).
In the case where (E, V) is generated and HY(E*) = 0, we have dual exact
sequences

0= Dy(E)=>VeO0—-FE—=0

and
0—-FE"=V*"®0 = Dy(E)—0

and D(D(E,V)) = (E,V), so this is a true duality operation. The main
point here is that the stability properties of D(E, V') are closely related
to those of (E,V) [17, section 5.4].

Covering Spaces. Suppose that f : Y — C'is a covering (maybe ramified).
If (E,V) is a coherent system on Y, then (f.F,V) is a coherent system
on C. One can for example take E to be a line bundle. The rank of f, E
is then equal to the degree of the covering and deg F is easy to compute.
The problem is to prove a-stability. Preliminary work suggests that this
may be interesting, but to get really good results one needs to take into
account the fact that Y is not a general curve and may possess line bundles
with more than the expected number of independent sections.
Homological methods. In classical Brill-Noether theory, homological meth-
ods have been very successful in proving non-emptiness of Brill-Noether
loci; essentially one views the loci as degeneration loci and uses the Por-
teous formula [1, IT (4.2) and VII (4.4)]. It is not trivial to generalize
this to higher rank Brill-Noether loci because of non-compactness of the
moduli space of stable bundles (when ged(n,d) # 1) but more particu-
larly because the cohomology is much more complicated. There is some
unpublished work in a special case by Seongsuk Park [42] (see also section
9). Once one knows that B(n,d, k) # 0, one gets also Gy(n,d, k) # ( by
Lemma 1.4.

Gauge theory. This has been used for constructing the moduli spaces of
coherent systems [14, 15], but not (so far as I know) for proving they are
non-empty.

4. 0<k<n

In this case the existence problem is completely solved and there are some

results on irreducibility and smoothness.

Theorem 4.1. ([18, Theorem 3.3]) Suppose 0 < k <n. Then G(a;n,d, k) # 0

if and only if (1) holds and in addition

(2)

E<n+ é(d—n), (n,d, k) # (n,n,n).

Moreover, if (2) holds and d > 0, then U(n,d, k) # @ and is smooth and irreducible.

INDICATION OF PROOF. It is known [17, Theorems 5.4 and 5.6] that G1.(n, d, k)

# () under the stated conditions. Moreover G (n,d, k) is smooth and irreducible
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and every element has the form

050 E—=F—=0 (k<n),
00" E—>T—-0 (k=n),

with F' semistable, T' torsion. Necessity of (2) is proved in [18, Corollary 2.5 and
Lemma 2.10] and [17, Remark 5.7]. In both cases, given (2) and d > 0, the general
E of this form is stable; this is a consequence of [38, Théoreme A.5] (see also
21, 22, 37]). O

Remark 4.2. Conditions (2) are strictly stronger than 5(n,d, k) > 0.
Corollary 4.3. Model Theorem holds with

do = {max{l,n —gln—Fk)} (k<n)
n+1 (k=mn).

5. 0<d<2n

In this case the existence problem is completely solved over any curve and all
non-empty moduli spaces are irreducible.

Theorem 5.1. ([19, Theorem 5.4]) Suppose g > 3 and C' is not hyperelliptic.
If 0 < d < 2n, then G(a;n,d, k) # O if and only if either (1) and (2) hold or
(n,d,k) = (9 — 1,29 — 2,g). Whenever it is non-empty, G(c;n,d, k) is irreducible.
Moreover U(n,d, k) # 0 and is smooth.

INDICATION OF PROOF. The necessity of the conditions for 0 < d < 2n follows
from [37]. For d = 2n, further calculations are necessary. For k < n, the sufficiency
of (1) and (2) has already been proved in Theorem 4.1. For k > n, one requires the
results of 21, 37, 39] and a lemma stating that under these conditions B(n, d, k) #
0= U(n,d, k) # 0. For (n,d, k) = (9—1,29—2,g) we take (E,V) = D(K, H°(K))
(see section 6). O

Remark 5.2. For C hyperelliptic, the theorem remains true for 0 < d < 2n,
but some modification is needed for d = 2n [19, Theorem 5.5].

The reference [19] includes an example to show that these nice results do not
extend beyond d = 2n.

Example 5.3. ([19, section 7]) Let (E, V') be a coherent system of type (n, d, k)
with
1 ng
(3) n+g(d n)<k<g_1
Then (E,V) is not a-semistable for large a. Moreover, if C' is non-hyperelliptic
and 3 < r < g—1, there exists (E,V) of type (rg —r+1,2rg—2r+3,rg+1) with
E stable, and (3) holds in this case.

6. k=n+1

In this case the existence problem is almost completely solved when C' is a Petri
curve, which we assume until further notice. Full details are contained in [12].

We use the dual span construction for (L, V'), where L is a line bundle of degree
d >0, (L, V) is generated and dimV =n + 1.



128 P. E. NEWSTEAD

Lemma 6.1. ([17, Corollary 5.10]) D(L, V) is a-stable for large c.

PRrROOF. Let (F, W) be a coherent subsystem of D(L, V) with tk F' < n. Since
D(L,V) is generated and H°(Dy (L)*) = 0, it follows that Dy (L)/F is non-trivial
and that it is generated by the image of V* in H(Dy (L)/F). This implies that
this image has dimension > n —rk F' + 1. So di’fFW <1< ”T“ which implies the
result. ]

Theorem 6.2. Gp(n,d,n+ 1) is birational to G(1,d,n+1) = G7.

ProOF. Note that S(n,d,n+1) = B(1,d,n+ 1) = dim(G(1,d,n + 1)). Now,
do a parameter count to show that non-generated (L,V') and (E,V*) contribute
< B(n,d,n+1) to the dimension (see the proof of [17, Theorem 5.11] for details). [

Corollary 6.3. G(n,d,n+1) # 0 if and only if B(n,d,n+1) >0, i.e. if and

only if
g

4 d> - =]
(4) Zg+n n+1

PRrROOF. This follows from classical Brill-Noether theory, since C is Petri. O

Theorem 6.4. ([20, Theorem 2]) If (4) holds and d < g + n, then

U (n,dyn+1) £0.

Moreover, except forg=n=2,d=4, U(n,d,n+1) #0

PrOOF. If (4) holds and d < g + n, there exists a line bundle L of degree d
with h°(L) = n + 1, so we can take V = H°(L) for such L, and suppose that V
generates L. By Lemma 6.1, D(L, V) is a-stable for large «, while by [24, Theorem

2] (see also [20, Proposition 4.1]), D (V) is stable for general L. The result for
g =n=2,d=41is contained in [20, Proposition 4.1]. O

Theorem 6.5. ([20, Theorem 2|) If G(a;n,d,n+1) # 0 for some «, then (4)
holds.

INDICATION OF PROOF. One can show that, for d < g + n,
G(ayn,d,n+1)=Gr(n,d,n+1)
for all @ > 0. Now use Corollary 6.3. O

Corollary 6.6. do(n,n+1)=g+n— [#} .

Theorem 6.7. ([20, Theorem 3]) If g > n? — 1, then Model Theorem holds.

Theorem 6.8. ([12, Theorems 7.1, 7.2, 7.3]) Model Theorem holds for n =
2,3,4 and g > 3.
For g = 2, Model Theorem does not quite hold; the result is as follows.
Theorem 6.9. ([12, Theorem 8.2]) Let X be a curve of genus 2. Then dy =
n+2 and
o Us(n,d,n+1)#0 if and only if d > dy
e U(n,d,n+1)#0 if and only if d > do, d # 2n.

The proofs of these theorems depend on combining several techniques including
those of [20], extensions of coherent systems and the following result.
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Proposition 6.10. Suppose that d > dy, where

2 L1 f g is odd

n(g+4)
|

dy = if g is even and n > (

[NIS)
~—|
—~
RN
+
-
~—|

@—Fl if g is even and n <

[N
~—|
—~
[N
—

Then U(n,d,n + 1) # 0.

PRrROOF. This is proved using elementary transformations (for details see [12,
Proposition 6.6]). The restriction on n in the third formula is required because we
need to have n non-isomorphic line bundles L; of degree dln_l with h°(L;) = 2. For
the number of such line bundles in this case, see [1, V (1.2)]. O

Remark 6.11. Although Model Theorem is not established in all cases, one can
say that U(n,d, n+1) is always smooth and is irreducible of dimension S(n,d, n+1)
whenever it is non-empty and S(n,d,n + 1) > 0 [12, Remark 6.2].

Now let us replace the Petri condition by the condition that C' be general (in
some unspecified sense). Teixidor’s result (see Theorem 8.1) takes the following
form when k =n + 1.

Theorem 6.12. Suppose that C is a general curve of genus g and that d > df,
where
g PSR g s odd
! W—i—l if g is even.
Then U(n,d,n+ 1) # 0.
Using this, we can prove

Theorem 6.13. Suppose that C is a general curve of genus 3. Then Model
Theorem holds.

PRrROOF. The methods of [12] are sufficient to prove (for any Petri curve of
genus 3) that U(n,d,n+1) # 0 if d > dy and d # 2n + 2 (see [12, Theorem 8.3]).
The exceptional case is covered by Theorem 6.12. ]

Remark 6.14. Suppose now that C is any smooth curve of genus g. Since
ged(n,d,n + 1) = 1, a specialization argument shows that, if G(a;n,d,n+ 1) # 0
on a general curve and « is not a critical value, then G(a;n,d,n+1) # 0 on C. A
priori, this does not imply that U(n,d,n+1) # 0, but Ballico [6] has used Teixidor’s
result to show that, when d > d), we have U%(n,d,n+1) # 0. If ged(n, d) = 1, this
gives U(n,d,n+ 1) # 0.

7. n=2, k=4

This is the first case in which we do not know the value of dy even on a general

curve. Let us define
_J g+3 if g is even

(5) d2_{g+4 if g is odd.
Note that 8(2,d,4) = 4d — 4g — 11, so B(2,9+ 3,4) = 1 and g + 3 is the smallest
value of d for which 8(2,d,4) > 0. Moreover, on a Petri curve, d22_ L is the smallest
degree for which there exists a line bundle L with h°(L) > 2.

Teixidor has proved the following result by degeneration methods.
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Theorem 7.1. [46] Let C be a general curve of genus g > 3. If d > da, then
U(2,d,4) # 0.

By completely different methods, we can prove the following stronger result
(further details will appear in [26]).

Theorem 7.2. Let C' be a Petri curve of genus g > 3. Then
(i) U(2,d,4) # 0 for d > da,
(ii) ifd < d2—1 and (E,V) is a-semistable of type (2,d,4) for some «, then
(E,V)eU(2,d,4). Moreover, U(2,d',4) # 0 ford < d <ds —1,
(i) G(o;2,d,4) =0 for all a for d < min{45—g +4,dy — 1}.

ProOF. (i) Consider
0—-LidLy—FE—-T—0,

where the L; are line bundles with deg(L;) = 921, hO(L;) =2, L; # Lo and T is a
torsion sheaf of length d—ds+1. By classical Brill-Noether theory, such line bundles
always exist on a Petri curve. By [38, Théoréme A.5], the general such E is stable.
Now, it is easy to show that (E,V) € U(2,d,4) where V = H°(L;) ® H°(Lz).

(ii) Let (F, W) be a coherent subsystem of (E, V) withrk F' = 1, where W = VN
HO(F). Suppose E is not stable and choose F with deg I’ > 4. Then deg(E/F) <
4 < %221 Hence, by classical Brill-Noether theory, h°(E/F) < 1, so dim W > 3.
This contradicts a-semistability for all .

So F is stable. Now, for any (F,W), deg F' < %, so h(F) < 1, hence dim W <

1. So
d d+ 4«

paEW) < 5 o< —5—,
for all « > 0,50 (E,V) € U(2,d,4).
For the last part, we proceed by induction; we need to prove that, if d < do — 1,
then

U2,d,4) #0=U(2,d+1,4) #0.
So suppose (E,V) € U(2,d,4) and consider an elementary transformation
0—-E—E —-T-0,

where T is a torsion sheaf of length 1. Then (E',V) € U(2,d + 1,4) if and only if
E’ is stable. It is easy to see that E’ is semistable. If E’ is strictly semistable, then
it possesses a line subbundle L of degree %. Since F is stable, L N E must have
degree 951 and so, by classical Brill-Noether theory, dim(H°(L) NV) < 1. Hence
h°(E/L) > 3, which is a contradiction since deg(E/L) = 45 < d2=1,

(iii) If (B,V) € G(;2,d,4) with d < min{3 + 4,d> — 1}, we have (E,V) €
U(2,d,4) by (ii). It is easy to check that (E,V) is generically generated and the
proof of (ii) shows that the subsheaf E’ of E generated by V is stable. We have an
exact sequence

0= Dy(E)Y" - V®0— E —0,
which induces two further exact sequences
(6) 0= N—=ANVRO—>detE —0
and

(7) 0— (det E')* = N — E'@ Dy (E')* — 0.
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Now Dy (E') is stable of the same slope as F’, so, by (7),
hO(N) < h°(E' @ Dy (E")*) < 1.
So h®(det E') > 5 by (6). Hence, by classical Brill-Noether theory,
4
deg E > deg E' > gg vy
O

Corollary 7.3. If % +4 > do — 1, then dy = do. If 3 +4 < dy — 1, then
% +4 < do < dy. Moreover, in all cases, Model Theorem holds.

PrROOF. The second part follows immediately from the theorem. If %g +4 >
do — 1, then certainly do — 1 < dy < dg. In fact, if (E,V) € G(«;2,ds — 1,4), the
argument used to prove part (iii) of the theorem shows that deg £ > %g + 4, which
is a contradiction.

Model Theorem is now clear except possibly when dy = do — 1. But in this
case, there exists (E,V) € G(«;2,d2 — 1,4) for some «. If E is not stable, then,
in the proof of part (ii) of the theorem, we obtain h°(E/F) < 2, so dimW >
2, contradicting a-stability. The rest of the proof works to show that (E,V) €
U(2,dy —1,4). O

Remark 7.4. Theorems 7.1 and 7.2(i) and the first statement of Corollary 7.3
fail for ¢ = 2. In this case do = 5 and the proof of Theorem 7.2(i) fails because
there is only one line bundle L of degree 2 with h°(L) = 1. Moreover it follows from
Riemann-Roch that any stable bundle E of rank 2 and degree 5 has h?(E) = 3 and
one can easily deduce that G(«;2,5,4) = 0 for all @ > 0. In fact dy = 6 and Model
Theorem holds (see statement (3) preceding Lemma 6.6 in [20]).

We finish this section with an example

Example 7.5. If 4 < g < 8 and g is even, Corollary 7.3 gives dy = dy = g + 3.
Suppose now that g = 10. Then %g +4=12=g+2=dy—1,s0dy =12 or 13.

Suppose (E,V) € G(«;2,12,4). The argument in the proof of Theorem 7.2
(ii)/(iii) shows that E’ and D(E’) are stable and h°(det E’) > 5. By classical
Brill-Noether theory, deg E' > 12, so E' = E. Also h%(det E) = 5.

Write L = det E. We can choose a 3-dimensional subspace W of H°(L) such
that there is an exact sequence

0O=FE"->W®0—=L—=0,
which induces
0— HYL® E*) - W o H(L) % HO(L®?) - 0.
Now L ® E* = E, so h°(L ® E*) > 4. Hence dim Ker ¢ > 4, from which it follows
that the linear map
(8) S*(HO(L)) — H°(L®?)

is not injective. Both of the spaces in (8) have dimension 15, so (8) is not surjective.
On the other hand, Voisin has proved that, for general C, (8) is surjective [51]. So,
for general C, G(a;2,12,4) = () and do = 13.

If (8) is not surjective, the sections of L determine an embedding C — P*
whose image lies on the quadric ¢ whose equation generates the kernel of (8).
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If ¢ has rank 5, it is easy to check that (E, V) exists. This situation does in
fact arise for certain Petri curves lying on K3 surfaces (see [51]), so there exist
Petri curves for which dg = 12. If ¢ has rank 4, it is possible that (E, V') is strictly
a-semistable for all a > 0, so we can make no deduction about dy. The quadric ¢
cannot have rank < 4.

Further details of this example will appear in [26].

8. k>n+2

The situation in section 7 is typical of that for k > n+2, except that in general
we know even less. Until recently, no reasonable bound for dy had been established.
This has now been rectified by Teixidor, who has obtained a bound for general C'
by degeneration methods. We state her result in a slightly adapted version.

Theorem 8.1. ([49]) Let C be a general curve of genus g > 2. If k > n, then
U(n,d, k) # 0 for d > ds, where

k+n(g—1)—n ﬁ}—i—l ifn|k
Eanlg—1)-n|ghts]  dnlk

Moreover U(n,d, k) has a component of dimension 3(n,d, k).

(9) dg =

It should be noted that this is not best possible; in particular, when n = 2,
k = 4, it is weaker than Theorem 7.1. Also, Teixidor states her result in terms of
non-emptiness of all G(«a;n,d, k), but her proof gives the stronger statement that
U(n,d, k) # 0. For other formulations of (9), see [44, 38|, where the corresponding
result for Brill-Noether loci is proved.

For an arbitrary smooth curve, we have the following theorem of Ballico [6],
obtained from Theorem 8.1 by a specialization argument.

Theorem 8.2. Let C be a smooth curve of genus g and k > n. If ged(n,d, k) =
1 and d > dg, then U*(n,d, k) # 0. If moreover ged(n,d) = 1, then U(n,d, k) # 0.

When n | k, we can prove the following theorem without any coprimality as-
sumptions by using the methods of [38].

Theorem 8.3. Let C be a smooth curve of genus g > 2. Ifk > n, n | k,
then U(n,d, k) # O for d > ds. If in addition C is Petri and k' := % | g, then
U(n,d, k) #0 for d > ds — n, provided that

k' —1 il
n<n =g —_—
g (i+ &)

PRrOOF. Note that d3 — 1 is divisible by n and 3 (1, dSn_I, %) > 0. Hence, by
classical Brill-Noether theory, we can find n non-isomorphic line bundles L; with
deg L; = %=1 and h°(L;) > £. Choose subspaces V; of H°(L;) of dimension £ and

n
consider an exact sequence

(10) 0—-L1®--dL,—>FE—-T—0,

where T is a torsion sheaf of length d —d3 +1 > 0. Let V := @ H°(L;) C H(E).
Then (Ly @+ ® Ly, V) is a-semistable for all a > 0. If E is stable, it follows that
(E,V) € U(n,d, k). On the other hand, the general E given by (10) is stable by
[38, Théoreme A.5]. The first result follows.
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Now suppose k' | g. Then [gk_,l] =52 — 1. Let

ds — 1
n

g
1=K 4g-1-
and B(1,d’,k")=0. So, again by classical Brill-Noether theory, there exist line bun-
dles L; with deg L; = d’ and h°(L;) > k’, and, if C is Petri, there are precisely n’
such line bundles up to isomorphism [1, V (1.2)]. The proof now goes through as
before. |

d =

Remark 8.4. It is worth noting that, when n | k and &' | g,
B(n,ds —n,k) =k —n?+1,

so one can have U(n,d, k) # 0, even on a Petri curve, with negative Brill-Noether
number.

For a lower bound on djy, we have the following result of Brambila-Paz.

Theorem 8.5. ([20, Theorem 1]) Let C' be a Petri curve of genus g. Suppose
k>mn and B(n,d,n+1) < 0. Then G(a;n,d, k) =0 for all a > 0.

Combining Theorems 8.1 and 8.5, we obtain that, on a general curve,

ntg- [HLH] < do(n, ) < ds.

9. n=2,det E =K

In this section we consider coherent systems (E,V) with tk E = 2, det E = K.
These have not to my knowledge been studied in their own right, but the corre-
sponding problem for Brill-Noether loci has attracted quite a lot of attention and
this has some implications for coherent systems. In what follows, we consistently
denote the corresponding spaces by B(2, K, k), G(a;2, K, k) etc.

The first point to note is that some definitions have to be changed. There is
a canonical skew-symmetric isomorphism between F and E* ® K. As a result of
this, the Petri map has to be replaced by the symmetrized Petri map

(11) S?HY(E) — H°(S?E).

This map governs the infinitesimal behaviour of B(2, K, k). Moreover, the Brill-
Noether number giving the expected dimension of B(2, K, k) and G(«; 2, K, k) must
be replaced by
k(k+1)
5
All components of B(2, K, k) have dimension > (2, K, k). The intriguing thing is
that often 8(2, K, k) > 8(2,29 — 2, k), so that the expected dimension of B(2, K, k)
is greater than that of B(2,2¢g — 2, k), although the latter contains the former!
These Brill-Noether loci were studied some time ago by Bertram and Feinberg
[9] and by Mukai [41], who independently proposed the following conjecture.

B(2,K,k)=3g—3—

Conjecture. Let C be a general curve of genus g. Then B(2,K,k) is non-
empty if and only if B(2, K, k) > 0.
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This was verified by Bertram and Feinberg and Mukai for low values of g. Of
course, if B(2,K,k) # 0, then Go(2, K, k) # 0, but we cannot make deductions
about U(2, K, k) without further information.

Some of these results have been extended and there are also some general
existence results due to Teixidor.

Theorem 9.1. ([45]) Let C' be a general curve of genus g. If either k = 2k
and g > k3 (k1 > 2), 9 >5 (k1 =2),9 >3 (kg =1) ork =2k +1 and
g > kI+ki+1, then B(2,K,k) # 0 and has a component of dimension 3(2, K, k).

Corollary 9.2. Under the conditions of Theorem 9.1, Go(2, K, k) # 0.
The most significant result to date is also due to Teixidor.

Theorem 9.3. ([48]) Let C be a general curve of genus g. Then the sym-
metrized Petri map (11) is injective for every semistable bundle E.

Corollary 9.4. Let C be a general curve of genus g. If B(2,K,k) < 0, then
Go(2, K, k) =10.

To prove the conjecture, it is therefore sufficient to extend Theorem 9.1 to all
cases where 3(2, K, k) > 0. Progress on this has been made recently by Seongsuk
Park using homological methods [42].

Remark 9.5. Theorem 9.3 and Corollary 9.4 fail for certain Petri curves lying
on K3 surfaces. In fact, based on work of Mukai, Voisin [51, Théoreme 0.1] observed
that on these curves B (2, K, %+ 2) # () for any even g. However, for g even, g > 10,
the Brill-Noether number (27 K,$+ 2) < 0.

10. Special curves

The results of sections 3 and 4 are valid for arbitrary smooth curves. On the
other hand, while some of the results of the remaining sections (dealing with the
case k > n) are valid on arbitrary smooth curves, most of them hold on general
curves. Indeed, if k > n, the value of dy certainly depends on the geometry of C'
and not just on g. This is of course no different from what happens for n = 1, but
it is already clear that the distinctions in higher rank are more subtle than those
for the classical case (see, for instance, Example 7.5 and Remark 9.5).

There is as yet little work in the literature concerning coherent systems on
special curves; here by special we mean a curve for which the moduli spaces of
coherent systems exhibit behaviour different from that on a general curve. So far
as I am aware, the only papers relating specifically to special curves are those of
Ballico on bielliptic curves [2] and Brambila-Paz and Ortega on curves with specified

Clifford index [23]. In the latter paper, the authors define positive numbers
n+g—14921 ify>g—n

dy = dy, ,Y) = n—l1 .
(n,9,7) {2n+7+—n71 ify<g—n

and f
B . n+g—1 i’YZg_n
d(—di(nvg77) _{ 27’L+’7 1f7<g—n

and prove, among other things, the following three results.

Theorem 10.1. (|23, Theorem 1.2]) Let C be a curve of genus g and Clifford
index v and suppose k > n. Then dy(n, k) > dy.
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Theorem 10.2. (|23, Theorem 4.1]) Let C be a curve of genus g and Clifford
index v and suppose that there exists a generated coherent system (G, W) of type
(m,d,n +m) with H*(G*) =0 and dy < d < d,,. Then U(n,d,n +m) # 0.

Corollary 10.3. (|23, Corollary 5.1]) Let C be a smooth plane curve of degree
d>5. Then dy(2,3) = d¢(2,9,7) =d and U(2,d,3) # 0.

In the corollary, one may note that the value of dy here is much smaller than
the value for a general curve of the same genus given by Corollary 6.6. The paper
[23] includes also examples where dy(n,n+1) =g — 1.

11. Singular curves

The construction of moduli spaces for coherent systems can be generalized to
arbitrary curves (see [29]). Of course, Teixidor’s work depends on constructing
coherent systems on reducible curves and in particular the concept of limit linear
series (see [44, 45, 46, 47, 48, 49| and Teixidor’s article in this volume), but apart
from this there has been little work on coherent systems on singular curves. There
is some work of Ballico proving the existence of a-stable coherent systems for large
d [4, 5] and a paper of Ballico and Prantil for C' a singular curve of genus 1 [8].

The situation for nodal curves has now changed due to work of Bhosle, who
has generalized results of [21] and [17]. We refer to [10, 11] for details.

12. Open Problems

There are many open problems in the theory of moduli spaces of coherent
systems on algebraic curves. Asin the main part of this article, we restrict attention
here to problems of emptiness and non-emptiness. The basic outstanding problems
can be formulated as follows.

Problem 12.1. Given C and (n, k) with n > 2, k > 1, determine the value of
do(n, k) (the minimum value of d for which G(a;n,d, k) # 0 for some a > 0).

Problem 12.2. Given C and (n, k), prove or disprove Model Theorem. If the
theorem fails to hold, Theorem 2.1 implies that there are finitely many values of
d > dy(n, k) for which U(n,d, k) = (). For each such d, find the range of o (possibly
empty) for which G(a;n,d, k) # (. Note that we already have a solution for this
problem when g = 2 and k = n 4 1; in this case (a) is true but not (b) or (c)
(Theorem 6.9). In Example 5.3, (a) fails but (b) may possibly be true.

Problem 12.3. For fixed genus g and fixed (n,d), we know that there exists
a bound, independent of «, on h°(E) for E to be an a-semistable coherent system.
The bound given by [17, Lemmas 10.2 and 10.3] looks weak. Find a better (even
best possible) bound. An answer to this would be useful in estimating codimensions
of flip loci.

We now turn to some more specific problems, which we state for a general
curve, although versions for special curves could also be produced.

Problem 12.4. A conjecture of D. C. Butler [24, Conjecture 2] can be stated
in the following form.

Conjecture. (Butler’s Conjecture) Let C be a general curve of genus g > 3
and let (E,V) be a general generated coherent system in Go(m,d,n+m). Then the
dual span D(E, V') belongs to Go(n,d,n +m).
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(Since Go(m,d, n+m) can be reducible, one needs to be careful over the mean-
ing of the word “general” here.) There are many possible versions of this conjec-
ture. For example, if one replaces Gy by G, then the conjecture holds for all
(E,V) € Gr(m,d,n + m) if ged(m,n) = 1 and, even in the non-coprime case,
a slightly weaker version holds [17, section 5.4]. We seem, however, to be some
distance from proving the general conjecture.

Problem 12.5. A slightly stronger version of Butler’s conjecture is

Conjecture. (Butler’s Conjecture (strong form)) Let C' be a general
curve of genus g > 3 and let (E,V) be a general generated coherent system in

Go(m,d,n+m). Then Dy (E) is stable.

When m = 1 and C is Petri, this conjecture holds for V = HY(E) (see [24,
Theorem 2] and [20, Proposition 4.1]). For general V, it is equivalent in this case
to

Conjecture. Let C be a Petri curve of genus g > 3. If f(n,d,n+1) > 0, then
U(n,d,n+1) # 0.

(For the proof of this equivalence, see [12, Conjecture 9.5 and Proposition 9.6].)
This result narrowly fails for ¢ = 2 and d = 2n (see Theorem 6.9), but is proved
in many cases in section 6. For some further results on the strong form of Butler’s
Conjecture when m = 1, see [40].

Problem 12.6. Let C be a general curve of genus g > 3. Calculate dy(2,4).
For the current state of information on this problem, see section 7, especially Corol-
lary 7.3.

Problem 12.7. Let C be a general curve of genus g. Extend the results of
section 9 to G(«; 2, K, k) for arbitrary o > 0 and hence to U(2, K, k).

Problem 12.8. Related to Problem 12.7, we can state an extended version of
the conjecture of Bertram/Feinberg/Mukai.

Conjecture. Let C be a general curve of genus g. Then
e B(2,K,k)<0=G(a;2,K,k) =10 for alla« >0
e B(2,K,k)>0=U(2,K,k) #0 for all a > 0.

For the current state of information on this problem, see section 9.
Turning now to special curves, we give two problems.

Problem 12.9. Solve the basic problems for hyperelliptic curves. For Brill-
Noether loci, a strong result is known [22, section 6]. One could try to generalize
this to coherent systems.

Problem 12.10. There are several possible notions of higher rank Clifford
indices. Determine what values these indices can take and what effect they have
on the geometry of the moduli spaces of coherent systems. What other invariants
can be introduced (generalizing gonality, Clifford dimension, ...)?

We finish with two problems on a topic not touched on in this survey.

Problem 12.11. The moduli spaces can be constructed in finite characteristic
(see [29]). Solve the basic problems in this case and compare (or contrast) them
with those for characteristic 0. Much of the basic theory should be unchanged, but
detailed structure of the moduli spaces might well be different.
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Problem 12.12. Obtain results for coherent systems on curves defined over

finite fields. This would allow the possibility of computing zeta-functions and hence
obtaining cohomological information in the characteristic 0 case.
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1. Introduction

In previous work we have introduced the notion of M -regularity for coherent
sheaves on abelian varieties ([PP1], [PP2]). This is useful because M-regular
sheaves enjoy strong generation properties, in such a way that M-regularity on
abelian varieties presents close analogies with the classical notion of Castelnuovo-
Mumford regularity on projective spaces. Later we studied objects in the derived
category of a smooth projective variety subject to Generic Vanishing conditions
(GV-objects for short, [PP4]). The main ingredients are Fourier-Mukai transforms
and the systematic use of homological and commutative algebra techniques. It
turns out that, from the general perspective, M-regularity is a natural strenght-
ening of a Generic Vanishing condition. In this paper we describe in detail the
relationship between the two notions in the case of abelian varieties, and deduce
new basic properties of both M-regular and GV -sheaves. We also collect a few extra
applications of the generation properties of M-regular sheaves, mostly announced
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but not contained in [PP1] and [PP2]. This second part of the paper is based on
our earlier preprint [PP6].

We start in §2 by recalling some basic definitions and results from [PP4] on
GV -conditions, restricted to the context of the present paper (coherent sheaves on
abelian varieties). The rest of the section is devoted to the relationship between GV-
sheaves and M-regular sheaves. More precisely, we prove a criterion, Proposition
2.8, characterizing the latter among the former: M-regular sheaves are those GV-
sheaves F for which the Fourier-Mukai transform of the Grothendieck-dual object
RAF is a torsion-free sheaf. (This will be extended to higher regularity conditions,
or strong Generic Vanishing conditions, in our upcoming work [PP5].)

We apply this relationship in §3 to the basic problem of the behavior of coho-
mological support loci under tensor products. We first prove that tensor products
of GV -sheaves are again GV when one of the factors is locally free, and then use this
and the torsion-freeness characterization to deduce a similar result for M-regular
sheaves. The question of the behavior of M-regularity under tensor products had
been posed to us by A. Beauville as well. It is worth mentioning that Theorem 3.2
does not seem to follow by any more standard methods.

In the other direction, in §4 we prove a result on GV -sheaves based on results
on M-regularity. Specifically, we show that GV -sheaves on abelian varieties are nef.
We deduce this from a theorem of Debarre [De2], stating that M-regular sheaves
are ample, and the results in §2. This is especially interesting for the well-known
problem of semipositivity: higher direct images of dualizing sheaves via maps to
abelian varieties are known to be GV (cf. [Hac], [PP3]).

In §5 we survey generation properties of M-regular sheaves. This section is
mostly expository, but the presentation of some known results, as Theorem 5.1(a) =
(b) (which was proved in [PP1]), is new and more natural with respect to the
Generic Vanishing perspective, providing also the new implication (b) = (a). In
combination with well-known results of Green-Lazarsfeld and Ein-Lazarsfeld, we
deduce some basic generation properties of the canonical bundle on a variety of
maximal Albanese dimension, used in the following section.

The second part of the paper contains miscellaneous applications of the gen-
eration properties enjoyed by M-regular sheaves on abelian varieties, extracted
or reworked from our older preprint [PP6]. In §6 we give effective results for
pluricanonical maps on irregular varieties of general type and maximal Albanese
dimension via M-regularity for direct images of canonical bundles, extending work
in [PP1] §5. In particular we show, with a rather quick argument, that on a smooth
projective variety Y of general type, maximal Albanese dimension, and whose Al-
banese image is not ruled by subtori, the pluricanonical series |3Ky | is very ample
outside the exceptional locus of the Albanese map (Theorem 6.1). This is a slight
strengthening, but also under a slightly stronger hypothesis, of a result of Chen
and Hacon ([CH], Theorem 4.4), both statements being generalizations of the fact
that the tricanonical bundle is very ample for curves of genus at least 2.

In §7.1 we look at bounding the Seshadri constant measuring the local positivity
of an ample line bundle. There is already extensive literature on this in the case of
abelian varieties (cf. [Lal], [Nak], [Bal], [Ba2], [Del] and also [La2] for further
references). Here we explain how the Seshadri constant of a polarization L on an
abelian variety is bounded below by an asymptotic version — and in particular by
the usual — M-regularity index of the line bundle L, defined in [PP2] (cf. Theorem
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7.4). Combining this with various bounds for Seshadri constants proved in [Lal],
we obtain bounds for M-regularity indices which are not apparent otherwise.

In §7.2 we shift our attention towards a cohomological study of Picard bundles,
vector bundles on Jacobians of curves closely related to Brill-Noether theory (cf.
[La2] 6.3.C and 7.2.C for a general introduction). We combine Fourier-Mukai
techniques with the use of the Eagon-Northcott resolution for special determinantal
varieties in order to compute their regularity, as well as that of their relatively
small tensor powers (cf. Theorem 7.15). This vanishing theorem has practical
applications. In particular we recover in a more direct fashion the main results of
[PP1] §4 on the equations of the Wy’s in Jacobians, and on vanishing for pull-backs
of pluritheta line bundles to symmetric products.

By work of Mukai and others ([Muk3], [Muk4|, [Muk1], [Um] and [Or]) it has
emerged that on abelian varieties the class of vector bundles most closely resembling
semistable vector bundles on curves and line bundles on abelian varieties is that
of semihomogeneous vector bundles. In §7.3 we show that there exist numerical
criteria for their geometric properties like global or normal generation, based on
their Theta regularity. More generally, we give a result on the surjectivity of the
multiplication map on global sections for two such vector bundles (cf. Theorem
7.30). Basic examples are the projective normality of ample line bundles on any
abelian variety, and the normal generation of the Verlinde bundles on the Jacobian
of a curve, coming from moduli spaces of vector bundles on that curve.
Acknowledgements. We would like to thank Rob Lazarsfeld for having intro-
duced us to some of these topics and for interesting suggestions. We also thank
Christopher Hacon for discussions, and Olivier Debarre for pointing out a mistake
in §7.2. We are grateful to the referee for a careful reading and very useful sug-
gestions. Finally, the second author thanks the organizers of the Clay Workshop,
Emma Previato and Montserrat Teixidor i Bigas, for providing a few very nice days
of mathematical interaction.

2. (GV-sheaves and M-regular sheaves on abelian varieties

GV-sheaves. We recall definitions and results from [PP4] on Generic Vanishing
conditions (GV for short). In relationship to the treatment of [PP4] we confine
ourselves to a more limited setting, with respect to the following three aspects:
(a) we consider only coherent sheaves (rather than complexes) subject to generic
vanishing conditions; (b) we consider only the simplest such condition, i.e. GVj,
henceforth denoted GV; (c) we work only on abelian varieties, with the classical
Fourier-Mukai functor associated to the Poincaré line bundle on X x Pic?(X) (rather
than arbitrary integral transforms).

Let X be an abelian variety of dimension g over an algebraically closed field,
X = Pic’(X), P a normalized Poincaré bundle on X x X, and RS : D(X)— D()?)
the standard Fourier-Mukai functor given by RS(F) = Rp 1. (P F®@P). We denote

by RS : D()A( ) — D(X) the functor in the other direction defined analogously. For
a coherent sheaf F on X, we will consider for each ¢ > 0 its i¢-th cohomological
support locus

ViF):={ae X | h(X,Foa)> 0}
By base-change, the support of RISF is contained in V(F).
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PROPOSITION/DEFINITION 2.1 (GV-sheaf, [PP4]). Given a coherent sheaf F
on X, the following conditions are equivalent:
(a) codim Supp(R'!SF) > i for all i > 0.
(b) codim V*(F) > i for all i > 0.
If one of the above conditions is satisfied, F is called a GV -sheaf. (The proof of
the equivalence is a standard base-change argument — cf. [PP4] Lemma 3.6.)

NOTATION/TERMINOLOGY 2.2. (a) (ITy-sheaf). The simplest examples of GV -
sheaves are those such that V¢(F) = ) for every i > 0. In this case F is said to
satisfy the Index Theorem with index 0 (ITp for short). If F is ITy then RSF =
ROSF , which is a locally free sheaf.

(b) (Weak Index Theorem). Let G be an object in D(X) and k € Z. G is said to
satisfy the Weak Index Theorem with index k (WIT}, for short), if RiSG = 0 for
i # k. In this case we denote G = R*SG. Hence RSG = G[—k].

~

(¢) The same terminology and notation holds for sheaves on X, or more generally

~

objects in D(X), by considering the functor RS.
We now state a basic result from [PP4] only in the special case of abelian
varieties considered in this paper. In this case, with the exception of the implications

from (1) to the other parts, it was in fact proved earlier by Hacon [Hac]. We denote
RAF := RHom(F,Ox).

THEOREM 2.3. Let X be an abelian variety of dimension g and F a coherent

sheaf on X. Then the following are equivalent:
(1) F is a GV -sheaf.
(2) For any sufficiently positive ample line bundle A on X,

HY(F® A1) =0, for all i > 0.
(8) RAF satisfies WIT,.

PrROOF. This is Corollary 3.10 of [PP4], with the slight difference that con-
ditions (1), (2) and (3) are all stated with respect to the Poincaré line bundle P,
while condition (3) of Corollary 3.10 of loc. cit. holds with respect to PV. This
can be done since, on abelian varieties, the Poincaré bundle satisfies the symmetry
relation PV 2 ((—1x) X 1¢)*P. Therefore Grothendieck duality (cf. Lemma 2.5
below) gives that the Fourier-Mukai functor defined by PV on X x X is the same
as (—1x)*o RS. We can also assume without loss of generality that the ample line
bundle A on X considered below is symmetric. ]

REMARK 2.4. The above Theorem holds in much greater generality ([PP4],
Corollary 3.10). Moreover, in [PP5] we will show that the equivalence between
(1) and (3) holds in a local setting as well. Condition (2) is a Kodaira-Kawamata-
Viehweg-type @Eishing criterion. This is because, up to an étale cover of X, the
vector bundle A1 is a direct sum of copies of an ample line bundle (cf. [Hac], and
also [PP4] and the proof of Theorem 4.1 in the sequel).

LEMMA 2.5 ([Muk1] 3.8). The Fourier-Mukai and duality functors satisfy the
exchange formula:

RAoRS = (~15)* o RSoRA[g)].
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A useful immediate consequence of the equivalence of (a) and (c¢) of Theorem
2.3, together with Lemma 2.5, is the following (cf. [PP4], Remark 3.11.):

COROLLARY 2.6. If F is a GV -sheaf on X then
R'SF = Ext'(RAF, O5).
M-regular sheaves and their characterization. We now recall the M-regularity
condition, which is simply a stronger (by one) generic vanishing condition, and re-
late it to the notion of GV-sheaf. The reason for the different terminology is that
the notion of M-regularity was discovered — in connection with many geometric

applications — before fully appreciating its relationship with generic vanishing the-
orems (see [PP1], [PP2], [PP3)).

PROPOSITION/DEFINITION 2.7. Let F be a coherent sheaf on an abelian variety
X. The following conditions are equivalent:
(a) codim Supp(R!SF) > i for all i > 0.
(b) codim V*(F)i for all i > 0.
If one of the above conditions is satisfied, F is called an M -regular sheaf.

The proof is identical to that of Proposition/Definition 2.1. By definition, every
M-regular sheaf is a GV-sheaf. Non-regular GV-sheaves are those whose support
loci have dimension as big as possible. As shown by the next result, as a consequence
of the Auslander-Buchsbaum theorem, this is equivalent to the presence of torsion
in the Fourier transform of the Grothendieck dual object.

PROPOSITION 2.8. Let X be an abelian variety of dimension g, and let F be a
GV -sheaf on X. The following conditions are equivalent:
(1) F is M-regular.
(2) RAT = RS(RAF)[g] is a torsion-free sheaf.!

Proor. By Corollary 2.6, F is M-regular if and only if for each ¢ > 0
codim Supp(é‘xti(m, 0g)) > i.

The theorem is then a consequence of the following commutative algebra fact, which
is surely known to the experts. O

LEMMA 2.9. Let G be a coherent sheaf on a smooth variety X. Then G is
torsion-free if and only if codim Supp(Ext' (G, Ox)) > i for all i > 0.

PRrROOF. If G is torsion-free then it is a subsheaf of a locally free sheaf £. From
the exact sequence
0—G—-&—E/G—0

it follows that, for i > 0, £at'(G,03) = Ext™H(€/G,O%). But then a well-known
consequence of the Auslander-Buchsbaum Theorem applied to £/G implies that

codim Supp(Ext'(G,0%)) > i, for all i > 0.

Conversely, since X is smooth, the functor RHom( -, Ox) is an involution on
D(X). Thus there is a spectral sequence

G ifi=y
0 otherwise

Egj = Exti((é'xtj(g, Ox), Ox) = {7 =H"Ig = {

INote that it is a sheaf by Theorem 2.3.
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If codim Supp(Ext(G, Ox)) > i for all i > 0, then Exti (Extj (g,oX),OX) =0

for all 4,5 such that j > 0 and i — j < 0, so the only E% term which might be
non-zero is E°. But the differentials coming into ESO are always zero, so we get a
sequence of inclusions

F=H'=EYc...c E Cc EY°.

The extremes give precisely the injectivity of the natural map G — G**. Hence G
is torsion-free. O

REMARK 2.10. It is worth noting that in the previous proof, the fact that we
are working on an abelian variety is of no importance. In fact, an extension of
Proposition 2.8 holds in the generality of [PP4], and even in a local setting, as it
will be shown in [PP5].

3. Tensor products of GV and M-regular sheaves

We now address the issue of preservation of bounds on the codimension of
support loci under tensor products. Our main result in this direction is (2) of
Theorem 3.2 below, namely that the tensor product of two M-regular sheaves on
an abelian variety is M-regular, provided that one of them is locally free. Note
that the same result holds for Castelnuovo-Mumford regularity on projective spaces
([La2], Proposition 1.8.9). We do not know whether the same holds if one removes
the local freeness condition on £ (in the case of Castelnuovo-Mumford regularity it
does not).

Unlike the previous section, the proof of the result is quite specific to abelian
varieties. Omne of the essential ingredients is Mukai’s main inversion result (cf.
[Muk1], Theorem 2.2), which states that the functor RS is an equivalence of
derived categories and, more precisely,

(1) RSoRS = (—14)"[—g] and RSoRS = (~15)*[—g].
Besides this, the argument uses the characterization of M-regularity among GV'-

sheaves given by Proposition 2.8.

ProPOSITION 3.1. Let F be a GV -sheaf and H a locally free sheaf satisfying
ITy on an abelian variety X. Then F ® H satisfies ITy.

ProoF. Consider any o € Pic’(X). Note that H ® « also satisfies ITp, so
Rg(H ®a) = ROS(H ® a) is a vector bundle N, on X. By Mukai’s inversion
theorem (1) N, satisfies WIT, with respect to RS and H®a = RS((—1x)*Na)[g].
Consequently for all i we have

(2) H'(X,F®H®a) 2 H(X,F@RS((~15)"Na)lg]).

But a basic exchange formula for integral transforms ([PP4], Lemma 2.1) states,
in the present context, that

(3) HY(X,F @ RS((~15)"Na)lg)) = H'(Y.RSF®(~15)"Nalg)-
Putting (2) and (3) together, we get that

(4)
H{(X,F® H®a)= H(Y,RSF2(~15)*Nalg]) = HI (Y, RSF@(~1¢)"N,).
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The hypercohomology groups on the right hand side are computed by the spectral
sequence

EJ¥ = HI(Y,R*SF @ (—14)"N,[g]) = H'**(Y,RSF@(—1¢)"Nulg)).

Since F is GV, we have the vanishing of H’ (Y, RFSF ® (=1%)*Nalg]) for j+Ek > g,
and from this it follows that the hypercohomology groups in (4) are zero for i >
0. O

THEOREM 3.2. Let X be an abelian variety, and F and £ two coherent sheaves
on X, with € locally free.
(1) If F and & are GV -sheaves, then F @ £ is a GV -sheaf.
(2) If F and E are M -regular, then F ® £ is M -regular.

PROOF (1) Let A be a sufficiently ample hne bundle on X. By Proposition

31ER A~ A1 satisfies IT,, and then (F® &) ® A~ A1 satisfies ITy as well. Applying
Theorem 2.3(2), we deduce that F @ £ is GV.
(2) Both F and € are GV, so (1) implies that F®E is also a GV. We use Proposition
2.8. This implies to begin with that Rg(RA}') and Rg(RAS) = R§(€V) are
torsion-free sheaves (we harmlessly forget about what degree they live in). Going
backwards, it also implies that we are done if we show that RS(RA(F ® &)) is
torsion-free. But note that

RS(RA(F® &) 2RS(RAF ® £Y) = RS(RAF)+RS(EY)

where * denotes the (derived) Pontrjagin product of sheaves on abelian varieties,
and the last isomorphism is the exchange of Pontrjagin and tensor products under
the Fourier-Mukai functor (cf. [Mukl] (3.7)). Note that this derived Pontrjagin
product is in fact an honest Pontrjagin product, as we know that all the objects
above are sheaves. Recall that by definition the Pontrjagin product of two sheaves
G and H is simply G * H := m.(p;G ® p5H), where m : X x X — X is the group
law on X. Since m is a surjective morphism, if G and H are torsion-free, then so is
piG ® piH and its push-forward G * H. O

REMARK 3.3. As mentioned in §2, Generic Vanishing conditions can be natu-
rally defined for objects in the derived category, rather than sheaves (see [PP4]).
In this more general setting, (1) of Theorem 3.2 holds for F®G, where F is any
GV-object and € any GV-sheaf, while (2) holds for F any M-regular object and &
any M-regular locally free sheaf. The proof is the same.

4. Nefness of GV-sheaves

Debarre has shown in [De2] that every M-regular sheaf on an abelian variety is
ample. We deduce from this and Theorem 2.3 that GV'-sheaves satisfy the analogous
weak positivity.

THEOREM 4.1. Every GV -sheaf on an abelian variety is nef.

ProOOF. Step 1. We first reduce to the case when the abelian variety X is
principally polarized. For this, consider A any ample line bundle on X. By Theorem
2.3 we know that the GV-condition is equivalent to the vanishing

H{(F®A-m) =0, for all i >0, and all m > 0.
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But A is the pullback tﬁ*L of a principal polarization L via an isogeny 1[) XY
(cf. [LB] Proposition 4.1.2). We then have

0=H(F®A ™) = H(F® @p*(L~™))) 2 H(F @ ,L—™) = H' (y*F @ L—™).
Here 1 denotes the dual isogeny. (The only thing that needs an explanation is the
next to last isomorphism, which is the commutation of the Fourier-Mukai functor
with isogenies, [Muk1] 3.4.) But this implies that ¢*F is also GV, and since
nefness is preserved by isogenies this completes the reduction step.

Step 2. Assume now that X is principally polarized by © (and we use the same
notation for a principal polarization on X, via the standard identification). For any

m > 1 we have that O(—m®) satisfies IT, on X, with g = dim X. Hence (9(/—-777@)

—

is locally free and satisfies ITy on X, so the same is in fact true for O(—m0O) ® «
for any a € Pic’(X). By Proposition 3.1 we get

HY{(F® (9(/—-;@) ®a) =0, for all i >0, all & € Pic’(X) and all m > 0.

If we denote by ¢, : X — X multiplication by m, i.e. the isogeny induced by m®,
then this implies that

Hi(¢:,F @ O(mO)® B) =0, for all i >0 and all § € Pic’(X)

as QSI,LO(/—-WT@) >~ B O(mO) by [Mukl] Proposition 3.11(1). This means that
the sheaf ¢* F ® O(mO) satisfies ITy on X, so in particular it is M-regular. By
Debarre’s result [De2] Corollary 3.2, it is then ample.

But ¢,, is a finite cover, and ¢7,© = m?0. The statement above is then same
as saying that, in the terminology of [La2] §6.2, the Q-twisted? sheaf F < % -0 >
on X is ample, since ¢ (F < % - © >) is an honest ample sheaf. As m goes to
00, we see that F is a limit of ample Q-twisted sheaves, and so it is nef by [La2]
Proposition 6.2.11. O

Combining the result above with the fact that higher direct images of canonical
bundles are GV (cf. [PP3] Theorem 5.9), we obtain the following result, one well-
known instance of which is that the canonical bundle of any smooth subvariety of
an abelian variety is nef.

COROLLARY 4.2. Let X be a smooth projective variety and a : Y — X a (not
necessarily surjective) morphism to an abelian variety. Then Ria.wy is a nef sheaf
on X for all j.

One example of an immediate application of Corollary is to integrate a result of
Peternell-Sommese in the general picture. For a finite surjective morphism f: Y —
X, we denote by E the dual of the kernel of the (split) trace map f.Oy — Ox,
so that

.f* OY = OX ® E}/
(Cf. the Introduction to [De2] for a discussion of the significance of this vector
bundle in the topological study of coverings.)

COROLLARY 4.3 ([PS], Theorem 1.17). Let a : Y — X be a finite surjective
morphism of smooth projective varieties, with X an abelian variety. Then the vector
bundle E, is nef.

2Note that the twist is indeed only up to numerical equivalence.
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PROOF. By duality we have a,wy = Ox & E,. Thus E, is a quotient of a,wy,
so by Corollary 4.2 it is nef. O

5. Generation properties of M-regular sheaves on abelian varieties

The interest in the notion of M-regularity comes from the fact that M-regular
sheaves on abelian varieties have strong generation properties. In this respect,
M-regularity on abelian varieties parallels the notion of Castelnuovo-Mumford reg-
ularity on projective spaces (cf. the survey [PP3]). In this section we survey the
basic results about generation properties of M-regular sheaves. The presentation
is somewhat new, since the proof of the basic result (the implication (a) = (b)
of Theorem 5.1 below) makes use of the relationship between M-regularity and
GV -sheaves (Proposition 2.8). The argument in this setting turns out to be more
natural, and provides as a byproduct the reverse implication (b) = (a), which is
new.

Another characterization of M-regularity. M-regular sheaves on abelian va-
rieties are characterized as follows:

THEOREM 5.1. ([PP1], Theorem 2.5) Let F be a GV -sheaf on an abelian va-
riety X of dimension g. Then the following conditions are equivalent:
(a) F is M-regular.
(b) For every locally free sheaf H on X satisfying ITy, and for every non-empty
Zariski open set U C )A(, the sum of multiplication maps of global sections
My @PH(X,Foa)o B (X, H®a) ™™ HO(X,F o H)
acU
18 surjective.

PROOF. Since F is a GV-sheaf, by Theorem 2.3 the transform of RAF is a
sheaf in degree g, i.e. RS(RAF) = RAF[—g|. If H is a coherent sheaf satisfying

ITj then RSH = , a locally free sheaf in degree 0. It turns out that the following
natural map is an isomorphism

(5) Ext?(H, RAF) - Hom(H, RAF).
This simply follows from Mukai’s Theorem (1), which yields that
Ext?(H, RAF) = Homp x)(H, RAF[g)) = Homp, g, (H, RAF) = Hom(H,RAF).

Proof of (a) = (b). Since RAT is torsion-free by Proposition 2.8, the evaluation
map at the fibres

(6) Hom(fﬂfm) — H Hom(H, m) ®o . k(a)
acU

is injective for all open sets U C Pic’ (X). Therefore, composing with the isomor-
phism (5), we get an injection
(7) Ext!(H,RAF) — [[ Hom(H,RAF) o k(o).

acU
By base-change for the top direct image of the complex RAJF and Serre duality,
this is the dual map of the map in (b), which is therefore surjective.
Proof of (b) = (a). Let A be an ample symmetric line bundle on X. From Mukai’s
Theorem (1), it follows that A=' = H,, where H4 is a locally free sheaf on X
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satisfying [Ty and such that ﬁ; = A=l We have that (b) is equivalent to the
injectivity of (7). We now take H = H4 in both (5) and (7). The facts that (5)
is an isomorphism and that (7) is injective yield the injectivity, for all open sets
U c Pic®(X), of the evaluation map at fibers

H'RAF® A) <% [[RAF @ A) @0, k(o).
acU

Letting A be sufficiently positive so that RAF ® A is globally generated, this is

equivalent to the torsion-freeness of RAF? and hence, by Proposition 2.8, to the
M-regularity of F. ]

Continuous global generation and global generation. Recall first the follow-
ing:

DEFINITION 5.2 ([PP1], Definition 2.10). Let Y be a variety equipped with a
morphism a : Y — X to an abelian variety X.
(a) A sheaf F on Y is continuously globally generated with respect to a if the sum
of evaluation maps

Evy @ HY(F®aa)®a'a™t — F
acU

is surjective for every non-empty open subset U C PicO(X ).
(b) More generally, let T be a proper subvariety of Y. The sheaf F is said to be
continuously globally generated with respect to a away from T if Supp(Coker Evy) C
T for every non-empty open subset U C PicO(X ).
(¢c) When q is the Albanese morphism, we will suppress a from the terminology,
speaking of continuously globally generated (resp. continuously globally generated
away from T') sheaves.

In Theorem 5.1, taking H to be a sufficiently positive line bundle on X easily
yields (cf [PP1], Proposition 2.13):

COROLLARY 5.3. An M -regular sheaf on X is continuously globally generated.

The relationship between continuous global generation and global generation comes
from:

ProprosITION 5.4 ([PP1], Proposition 2.12). (a) In the setting of Definition
5, let F (resp. A) be a coherent sheaf on'Y (resp. a line bundle, possibly supported
on a subvariety Z of Y ), both continuously globally generated. Then F ® A ® a*«
is globally generated for all a € Pic’(X).
(b) More generally, let F and A as above. Assume that F is continuously globally
generated away from T and that A is continuously globally generated away from W.
Then F ® A ® a*« is globally generated away from T UW for all o € PicO(X),

The proposition is proved via the classical method of reducible sections, i.e.
those sections of the form s, - t_, where s, (resp. t_,) belongs to H°(F @ a*«)
(resp. HY(A® a*a™1)).

Generation properties on varieties of maximal Albanese dimension via

Generic Vanishing. The above results give effective generation criteria once

3Note that the kernel of evy generates a torsion subsheaf of m ® A whose support is
contained in the complement of U.



REGULARITY AND GENERIC VANISHING ON ABELIAN VARIETIES 151

one has effective Generic Vanishing criteria ensuring that the dimension of each
cohomological support locus is not too big. The main example of such a criterion
is the Green-Lazarsfeld Generic Vanishing Theorem for the canonical line bundle
of an irregular variety, proved in [GL1] and further refined in [GL2] using the
deformation theory of cohomology groups.* For the purposes of this paper, it is
enough to state the Generic Vanishing Theorem in the case of varieties Y of mazimal
Albanese dimension, i.e. such that the Albanese map a : Y — Alb(Y) is generically
finite onto its image. More generally, we consider a morphism a : ¥ — X to an
abelian variety X. Then, as in §1 one can consider the cohomological support loci
Vi(wy) = {a € Pic?(X) | hi(wy ® a*a) > 0}. (In case a is the Albanese map we
will suppress a from the notation.)

The result of Green-Lazarsfeld (see also [EL] Remark 1.6) states that, if the
morphism a is generically finite, then

codim V'(wy) >1i for all i > 0.

Moreover, in [GL2] it is proved that the V!(wy ) are unions of translates of subtori.
Finally, an argument of Ein-Lazarsfeld [EL] yields that, if there exists an i > 0
such that codim Vi(wy) = i, then the image of a is ruled by subtori of X. All of
this implies the following typical application of the concept of M-regularity.

PROPOSITION 5.5. Assume that dimY = dima(Y) and that a(Y") is not ruled
by tori. Let Z be the exceptional locus of a, i.e. the inverse image via a of the locus
of points in a(Y) having non-finite fiber. Then:

(i) a.wy is an M-regular sheaf on X.

(i) a.wy is continuously globally generated.

(i) wy 1is continuously globally generated away from Z.

(iv) For allk > 2, wg‘?k@a*a is globally generated away from Z for any a € Pic®(X).

PRrROOF. By Grauert-Riemenschneider vanishing, Rla,wy = 0 for all i # 0.
By the Projection Formula we get Vi(wy) = V?(aswy). Combined with the Ein-
Lazarsfeld result, (i) follows. Part (ii) follows from Corollary 5.3. For (iii) note that,
as with global generation (and by a similar argument), continuous global generation
is preserved by finite maps: if a is finite and a.F is continuously globally generated,
then F is continuously globally generated. (iv) for k& = 2 follows from (iii) and
Proposition 5.4. For arbitrary k > 2 it follows in the same way by induction (note
that if a sheaf F is such that F ® a*« is globally generated away from Z for every
a € Pic’(X), then it is continuously globally generated away from Z). O

6. Pluricanonical maps of irregular varieties of maximal Albanese
dimension

One of the most elementary results about projective embeddings is that every
curve of general type can be embedded in projective space by the tricanonical line
bundle. This is sharp for curves of genus two. It turns out that this result can
be generalized to arbitrary dimension, namely to varieties of maximal Albanese
dimension. In fact, using Vanishing and Generic Vanishing Theorems and the
Fourier-Mukai transform, Chen and Hacon proved that for every smooth complex

4More recently, Hacon [Hac] has given a different proof, based on the Fourier-Mukai trans-
form and Kodaira Vanishing. Building in part on Hacon’s ideas, several extensions of this result
are given in [PP4].
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variety of general type and mazimal Albanese dimension Y such that x(wy) > 0,
the tricanonical line bundle w$® gives a birational map (cf. [CH], Theorem 4.4).
The main point of this section is that the concept of M-regularity (combined of
course with vanishing results) provides a quick and conceptually simple proof of on
one hand a slightly more explicit version of the Chen-Hacon Theorem, but on the
other hand under a slightly more restrictive hypothesis. We show the following:

THEOREM 6.1. Let Y be a smooth projective complex variety of general type
and maximal Albanese dimension. If the Albanese image of Y is not ruled by tori,
then w{‘?g is very ample away from the exceptional locus of the Albanese map.

Here the exceptional locus of the Albanese map a : Y — Alb(Y) is Z = a=}(T),
where T is the locus of points in Alb(Y') over which the fiber of a has positive
dimension.

REMARK 6.2. A word about the hypothesis of the Chen-Hacon Theorem and
of Theorem 6.1 is in order. As a consequence of the Green-Lazarsfeld Generic
Vanishing Theorem (end of §5), it follows that y(wy) > 0 for every variety Y
of maximal Albanese dimension. Moreover, Ein-Lazarsfeld [EL] prove that for YV’
of maximal Albanese dimension, if x(wy) = 0, then a(Y') is ruled by subtori of
Alb(Y). In dimension > 3 there exist examples of varieties of general type and
maximal Albanese dimension with x(wy) = 0 (cf. loc. cit.).

In the course of the proof we will invoke J (Y, || L ||), the asymptotic multiplier
ideal sheaf associated to a complete linear series |L| (cf. [La2] §11). One knows
that, given a line bundle L of non-negative litaka dimension,

(8) HYY. Lo J(| L)) = H(Y, L),

i.e. the zero locus of J(|| L ||) is contained in the base locus of |L| ([La2], Propo-
sition 11.2.10). Another basic property we will use is that, for every k,

(9) T LEEHD) € (I L% ).
(Ctf. [La2], Theorem 11.1.8.) A first standard result is

LEMMA 6.3. Let Y be a smooth projective complex variety of gemeral type.
Then:
(a) WO (W™ @ a) is constant for all o € Pic’(Y) and for all m > 1.

(b) The zero locus of T (]| wg(m_l) |) is contained in the base locus of W™ & a,
for all a € Pic®(Y).

PROOF. Since bigness is a numerical property, all line bundles wy ® « are
big, for a € Pic’(Y). By Nadel Vanishing for asymptotic multiplier ideals ([La2],
Theorem 11.2.12)

H(Y, 0P ® & T (|| (wy ®a)®" D ) =0

for all ¢+ > 0 and all o, € PiCO(X ). Therefore, by the invariance of the Euler
characteristic,

Y, wd™ @ 8@ T(|| (wy ® )2 ||)) = constant = A,
for all 3 € Pic’(Y). Now
WY, @B I(|| (wy ® )2 D)) < hOY,wi ® B)
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for all € Pic’(X) and, because of (8) and (9), equality holds for 3 = a™. By
semicontinuity it follows that h°(Y,wy™ @ B) = A, for all 3 contained in a Zariski
open set U, of Pic?(X) which contains /. Since this is true for all o, the statement
follows. Part (b) follows from the previous argument. O

LEMMA 6.4. LetY be a smooth projective complex variety of general type and
mazimal Albanese dimension, such that its Albanese image is not ruled by tori. Let
Z be the exceptional locus of its Albanese map. Then, for every a € PicO(Y):

(a) the zero-locus of J (|| wy @ v ||) is contained (set-theoretically) in Z.
(b) wP? @ a® J(| wy ||) is globally generated away from Z.

PrROOF. (a) By (8) and (9) the zero locus of J (]| w ® « ||) is contained in the
base locus of w®? ® a. By Proposition 5.5, the base locus of w®?® o2 is contained
Z. (b) Again by Proposition 5.5, the base locus of w®? ® « is contained in Z. By
Lemma 6.3(b), the zero locus of J(|| wy ||) is contained in Z. O

PROOF. (of Theorem 6.1) As above, let a : Y — Alb(Y') be the Albanese map
and let Z be the exceptional locus of a. As in the proof of Prop. 5.5, the Ein-
Lazarsfeld result at the end of §3 (see also Remark 6.2), the hypothesis implies
that a.wy is M-regular, so wy is continuously globally generated away from Z. We
make the following:

Claim. For everyy € Y — Z, the sheaf a.(I, ® w$* @ J (|| wy ||)) is M -regular.
We first see how the Claim implies Theorem 6.1. The statement of the Theorem is
equivalent to the fact that, foranyy € Y—Z2, the sheaf@@wf??’ 1s globally generated
away from Z. By Corollary 5.3, the Claim yields that a.(I, ® w$? ® J(|| wy ||))
is continuously globally generated. Therefore I, ® w$? ® J (|| wy ||) is continuously
globally generated away from Z. Hence, by Proposition 5.4, I, ® w{‘?g QT (|| wy )
is globally generated away from Z. Since the zero locus of J (|| wy ||) is contained
in Z (by Lemma 6.4)(a)), the Theorem follows from the Claim.

Proof of the Claim. We consider the standard exact sequence

(10)

0= Loy’ @a®d(|wy ) »wf?©a@I(|wy ) = Wi ®a® J(||wy ), = 0.
(Note that y does not lie in the zero locus of J (|| wy ||).) By Nadel Vanishing for
asymptotic multiplier ideals, H(Y,w$?* ® a ® J(|| wy [|)) = 0 for all 4 > 0 and

a € Pic’(Y). Since, by Lemma 6.4, y is not in the base locus of wi>®@a®@J (|| wy ||),
taking cohomology in (10) it follows that

(11) HY(Y, I, wp? @ a® J (|| wy [) =0

forall i > 0 and « € PiCO(X) as well. Since y does not belong to the exceptional
locus of a, the map a.(w?¥ @ J(|| wy |)) = a.((w? @ T(|| wy 1)),) is surjec-
tive. On the other hand, since a is generically finite, by a well-known extension of
Grauert-Riemenschneider vanishing, Ra.(w$?® J (|| wy ||)) vanishes for all i > 0.5
Therefore (10) implies also that for all ¢ > 0

(12) Rla.(I, ® w3 ® J (|| wy II)) = 0.
Combining (11) and (12) one gets, by the projection formula, that the sheaf a. (I, ®

w2 @ J(|| wy |I) is ITy on X, hence M-regular. O

5The proof of this is identical to that of the usual Grauert-Riemenschneider vanishing theorem
in [La2] §4.3.B, replacing Kawamata-Viehweg vanishing with Nadel vanishing.
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REMARK 6.5. It follows from the proof that w{‘?g ® « is very ample away from
Z for all a € Pic’(Y) as well.

REMARK 6.6 (The Chen-Hacon Theorem). The reader might wonder why,
according to the above quoted theorem of Chen-Hacon, the tricanonical bundle
of varieties of general type and maximal Albanese dimension is birational (but
not necessarily very ample outside the Albanese exceptional locus) even under the
weaker assumption that y(wy) is positive, which does not ensure the continuous
global generation of a,wy. The point is that, according to Generic Vanishing, if
the Albanese dimension is maximal, then y(wy) > 0 implies h°(wy ® ) > 0 for all
a € Pic’(Y). Hence, even if wy is not necessarily continuously globally generated
away from the exceptional locus of the Albanese map, the following condition holds:
for general y € Y, there is a Zariski open set U, C PicO(Y) such that y is not a base
point of wy ® « for all « € U,. Using the same argument as in Proposition 5.4 —
based on reducible sections — it follows that such y is not a base point of w§2 R« for
all a € Pic’ (Y). Then the Chen-Hacon Theorem follows by an argument analogous
to that of Theorem 6.1.

To complete the picture, it remains to analyze the case of varieties Y of maximal
Albanese dimension and x(wy) = 0. Chen and Hacon prove that if the Albanese
dimension is maximal, then w$® is always birational (and w$°® ® a as well). The
same result can be made slightly more precise as follows, extending also results in

[PP1] §5:

THEOREM 6.7. If Y is a smooth projective complex variety of mazimal Al-
banese dimension then, for all o € PicO(Y), wgﬁ ® « is very ample away from the
exceptional locus of the Albanese map. Moreover, if L a big line bundle on Y, then
(wy ® L)®? ® a gives a birational map.

The proof is similar to that of Theorem 6.1, and left to the interested reader.
For example, for the first part the point is that, by Nadel Vanishing for asymptotic
multiplier ideals, H*(Y,w®? ® a ® J(|| wy ||)) = 0 for all a € Pic’(Y). Hence, by
the same argument using Grauert-Riemenschneider vanishing, a.(w$?®J (|| wy |)))
is M-regular.

Finally, we remark that in [CH], Chen-Hacon also prove effective birationality
results for pluricanonical maps of irregular varieties of arbitrary Albanese dimension
(as a function of the minimal power for which the corresponding pluricanonical map
on the general Albanese fiber is birational). It is likely that the methods above apply
to this context as well.

7. Further applications of M-regularity

7.1. M-regularity indices and Seshadri constants. Here we express a
natural relationship between Seshadri constants of ample line bundles on abelian
varieties and the M-regularity indices of those line bundles as defined in [PP2].
This result is a theoretical improvement of the lower bound for Seshadri constants
proved in [Nak|. In the opposite direction, combined with the results of [Lal], it
provides bounds for controlling M-regularity. For a general overview of Seshadri
constants, in particular the statements used below, one can consult [La2] Ch.I §5.
Note only that one way to interpret the Seshadri constant of a line bundle L at a
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point x is

(13) e(L,x) = supM7
n n

where for a line bundle A we denote by s(A,z) the largest number s > 0 such that
A separates s-jets at . On abelian varieties this is independent of the chosen point,
and we denote €(L) = ¢(L,x) for any z € X.

We start by recalling the basic definition from [PP2] and by also looking at
a slight variation. We will denote by X an abelian variety of dimension g over an
algebraically closed field and by L an ample line bundle on X. Given z € X, we
denote by m, C Ox its ideal sheaf.

DEFINITION 7.1. The M-regularity index of L is defined as
m(L) :=max{l | L® mfi ®-® miz is M —regular for all distinct
z1,...,2p € X with Xk; =1}.

DEFINITION 7.2. We also define a related invariant, associated to just one given
point z € X:
p(L,z) := max{l | L ® m! is M—regular}.
The definition does not depend on x because of the homogeneity of X, so we will
denote this invariant simply by p(L).

Our main interest will be in the asymptotic versions of these indices, which
turn out to be related to the Seshadri constant associated to L.

DEFINITION 7.3. The asymptotic M -reqularity index of L and its punctual
counterpart are defined as

m
p(L) := sup
The main result of this section is:
THEOREM 7.4. We have the following inequalities:
(L) = p/(L) = p(L) > 1.
In particular e(L) > max{m(L),1}.

This improves a result of Nakamaye (cf. [Nak]| and the references therein).
Nakamaye also shows that (L) = 1 for some line bundle L if and only if X is the
product of an elliptic curve with another abelian variety. As explained in [PP2]
§3, the value of m(L) is reflected in the geometry of the map to projective space
given by L. Here is a basic example:

EXAMPLE 7.5. If L is very ample — or more generally gives a birational mor-
phism outside a codimension 2 subset — then m(L) > 2, so by the Theorem above
e(L) > 2. Note that on an arbitrary smooth projective variety very ampleness
implies in general only that e(L,z) > 1 at each point.

The proof of Theorem 7.4 is a simple application Corollary 5.3 and Proposition
5.4, via the results of [PP2] §3. We use the relationship with the notions of k-jet
ampleness and separation of jets. Recall the following;:
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DEFINITION 7.6. A line bundle L is called k-jet ample, k > 0, if the restriction
map
HY(L) — H°(L® Ox /mlt @ --- @ mlr)
is surjective for any distinct points z1,...,z, on X such that Y k; = k + 1. Note
that if L is k-jet ample, then it separates k-jets at every point.

PROPOSITION 7.7 ([PP2] Theorem 3.8 and Proposition 3.5). (i) L™ is
(n 4+ m(L) — 2)-jet ample, so in particular s(L™,z) > n+ m(L) — 2.
(i) If L is k-jet ample, then m(L) > k + 1.

Given (13), this points in the direction of local positivity. To establish the
connection with the asymptotic invariants above we also need the following:

LEMMA 7.8. For anyn > 1 and any v € X we have s(L" ™t x) > m(L").

ProOOF. This follows immediately from Corollary 5.3 and Proposition 5.4: if
L"®m’;} - - ~®m§§ is M-regular, then L"*1 ®m’;i - ®m§§ is globally generated,
and so by [PP2] Lemma 3.3, L™"! is m(L)-jet ample. O

PROOF. (of Theorem 7.4.) Note first that for every p > 1 we have
(14) m(L") > m(L) +n -1,

which follows immediately from the two parts of Proposition 7.7. In particular
m(L™) is always at least n — 1, and so p(L) > 1. Putting together the definitions,
(14) and Lemma 7.8, we obtain the main inequality e(L) > p(L). Finally, the
asymptotic punctual index computes precisely the Seshadri constant. Indeed, by
completely similar arguments as above, we have that for any ample line bundle L
and any p > 1 one has

p(L™) > s(L™, x) and s(L" ', z) > p(L", z).
The statement then follows from the definition. O

REMARK 7.9. What the proof above shows is that one can give an interpretation
for p(L) similar to that for e(L) in terms of separation of jets. In fact p(L) is
precisely the “asymptotic jet ampleness” of L, namely:

a(L™)

L:
p(L) sup—-=,

where a(M) is the largest integer k for which a line bundle M is k-jet ample.

QUESTION 7.10. Do we always have e(L) = p(L)? Can one give independent
lower bounds for p(L) or p'(L) (which would then bound Seshadri constants from
below)?

In the other direction, there are numerous bounds on Seshadri constants, which
in turn give bounds for the M-regularity indices that (at least to us) are not obvious
from the definition. All of the results in [La2] Ch.I §5 give some sort of bound.
Let’s just give a couple of examples:

COROLLARY 7.11. If (J(C), ©) is a principally polarized Jacobian, then m(n®)
< Vg-n. On an arbitrary abelian variety, for any principal polarization © we have

m(n®) < (¢")7 - n.
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PROOF. It is shown in [Lal] that ¢(©) < ,/g. We then apply Theorem 7.4. For
the other bound we use the usual elementary upper bound for Seshadri constants,
namely () < (g')% O

COROLLARY 7.12. If (A,©) is a very general PPAV, then there exists at least
29

(9

PROOF. Here we use the lower bound given in [Lal] via a result of Buser-
Sarnak. 0

w\»—‘

one n such that p(n®©) >

There exist more specific results on €(0) for Jacobians (cf. [Del], Theorem 7),
each giving a corresponding result for m(n©). We can ask however:

QUESTION 7.13. Can we calculate m(n®©) individually on Jacobians, at least
for small n, in terms of the geometry of the curve?

EXAMPLE 7.14 (Elliptic curves). As a simple example, the above question has
a clear answer for elliptic curves. We know that on an elliptic curve F a line bundle
L is M-regular if and only if deg(L) > 1, i.e. if and only if L is ample. From the
definition of M-regularity we see then that if deg(L) = d > 0, then m(L) = d — 1.
This implies that on an elliptic curve m(n®) = n — 1 for all n > 1. This is
misleading in higher genus however; in the simplest case we have the following
general statement: If (X,0) is an irreducible principally polarized abelian variety
of dimension at least 2, then m(20©) > 2. This is an immediate consequence of the
properties of the Kummer map. The linear series |20| induces a 2 : 1 map of X
onto its image in P> 1 with injective differential. Thus the cohomological support
locus for O(20) ® m, ® m, consists of a finite number of points, while the one for
0(20) ® m2 is empty.

7.2. Regularity of Picard bundles and vanishing on symmetric prod-
ucts. In this subsection we study the regularity of Picard bundles over the Jacobian
of a curve, twisted by positive multiples of the theta divisor. Some applications to
the degrees of equations cutting out special subvarieties of Jacobians are drawn in
the second part. Let C' be a smooth curve of genus g > 2, and denote by J(C) the
Jacobian of C. The objects we are interested in are the Picard bundles on J(C):
a line bundle L on C of degree n > 2g — 1 — seen as a sheaf on J(C) via an Abel-
Jacobi embedding of C into J(C') — satisfies ITy, and the Fourier-Mukai transform
Er = L is called an n-th Picard bundle . When possible, we omit the dependence
on L and write simply E. Note that any other such n-th Picard bundle Fj;, with
M € Pic"(C), is a translate of E,. The line bundle L induces an identification
between J(C') and Pic"(C), so that the projectivization of E — seen as a vector
bundle over Pic”(C) — is the symmetric product C,, (cf. [ACGH] Ch.VII §2).

The following Proposition is the main cohomological result needed for the proof
of Theorem 7.18. It is worth noting that Picard bundles are known to be negative
(i.e. with ample dual bundle), so vanishing theorems are not automatic. For
simplicity we prove only a non-effective result, as the value of n does not affect
the applications, but cf. Remark 7.17.

ProprosITION 7.15. If n > 0, for every 1 < k < g — 1 the vector bundle
®FE @ 0(0) satisfies ITy.
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PRrROOF. % The first step in the proof is to record the following description of
tensor powers of Picard bundles as Fourier-Mukai transforms.

LEMMA 7.16. For any k > 1, let 7, : CF — J(C) be a desymmetrized Abel-
Jacobi mapping and let L be a line bundle on C of degree n > 0 on C. Then
T (LR - W L) satisfies ITy, and

(ren (L8 B L)) = &4,
where E is the n-th Picard bundle of C.

PROOF. The first assertion is clear. Concerning the second assertion note that,
by definition, 7, (LXK L) is the Pontrjagin product L - - - * L. Moreover, this
is the same as the entire derived Pontrjagin product, as

R (LR ---® L) =0 for all i > 0

by relative Serre vanishing. But then by the exchange of derived Pontrjagin and
tensor product under the Fourier-Mukai transform ([Muk1] (3.7)), it follows that

(L - +L)2L® - -®L=Q"E. 0

Continuing with the proof of the Proposition, we will loosely use the notation
O for any translate of the canonical theta divisor. The statement then becomes
equivalent to the vanishing

R(RFE®O©)=0,YVi>0,V1<k<g-—1.
To prove this we use the Fourier-Mukai transform. The first point is that Lemma
7.16, combined with Grothendieck duality (Lemma 2.5 above), tells us precisely that
®*E satisfies WIT, and, by Mukai’s inversion theorem (1) its Fourier transform is
SRE = (—1;) e (LR - K L).

Using once again the fact that the Fourier-Mukai transform is an equivalence, we
have the following sequence of isomorphisms:

Hi(®"E ® 0(0)) = Ext'(0(-0), 9" E) = Ext'(O(—0), 9+ E)

>~ Ext'(0(0), (—15) mp (LR --- K L)) =2 H' ((=1;)* 7 (LR - K L) @ O(—0)).
(Here we are using the fact that both O(—©) and ®*E satisfy WIT, and that
0(-0)=0(0).)

As we are loosely writing © for any translate, multiplication by —1 does not
influence the vanishing, so the result follows if we show:

Hi(mp, (LR - K L)® O(-0)) =0, ¥i>0.

But we have seen in the proof of Lemma 7.16 that Rimy, (LX---KL) = 0 for i > 0,
so from Leray and the Projection Formula we get that it is enough to have

HY(C* (LW K L)®@71;0(-0)) =0, YVi>0.

This follows again from Serre vanishing. O

6We are grateful to Olivier Debarre for pointing out a numerical mistake in the statement,
in a previous version of this paper.
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REMARK 7.17. Note that the proof above works identically if one replaces O(©)
by any vector bundle satisfying ITy. On the other hand, in the particular case of
0O(0©), with more work one can show that the effective bound n > 4¢ —4 suffices for
Proposition 7.15 to hold. For this one first needs to apply the theorem on formal
functions to show the effective vanishing of Rimg,(LX---X L) = 0 (under very
mild positivity for L) similarly to [Ei] Theorem 2.7 or [Pol] Lemma 3.3(b). Then
one uses the well-known fact that

mO(0) = (we ® AT K-+ B (we ® A7) ® O(-A),

where A is the union of all the diagonal divisors in C* (themselves symmetric
products) and A is a line bundle of degree g — k — 1, from which the effective bound
for the vanishing of the groups at the end of the proof of the Proposition follows
by chasing cohomology via inductive restriction to diagonals.

An interesting consequence of the vanishing result for Picard bundles proved
above is a new — and in some sense more classical — way to deduce Theorem 4.1
of [PP1] on the M-regularity of twists of ideal sheaves Zy, on the Jacobian J(C).
This theorem has a number of applications to the equations of the Wy’s inside J(C),
and also to vanishing results for pull-backs of theta divisors to symmetric products.
For this circle of ideas we refer the reader to [PP1] §4. For any 1 < d < g — 1,
g > 3, consider ug : C4 — J(C) to be an Abel-Jacobi mapping of the symmetric
product (depending on the choice of a line bundle of degree d on C), and denote
by W the image of ug in J(C).

THEOREM 7.18. For every 1 <d < g—1, Tw,(20) satisfies ITp.

Proor. We have to prove that
Wi(Tw, ® 0(20) @ a) =0, Yi> 0, V¥ a € Pic’(J(C)).

In the rest of the proof, by ©® we will understand generically any translate of the
canonical theta divisor, and so « will disappear from the notation.

It is well known that W, has a natural determinantal structure, and its ideal
is resolved by an Eagon-Northcott complex. We will chase the vanishing along this
complex. This setup is precisely the one used by Fulton and Lazarsfeld in order
to prove for example the existence theorem in Brill-Noether theory — for explicit
details on this cf. [ACGH] Ch.VII §2. Concretely, Wy is the "highest” degeneracy
locus of a map of vector bundles

v:E — F,

where tk FF = m and tkE = n = m+d — g + 1, with m >> 0 arbitrary. The
bundles E and F' are well understood: E is the n-th Picard bundle of C, discussed
above, and F' is a direct sum of topologically trivial line bundles. (For simplicity
we are again moving the whole construction on J(C') via the choice of a line bundle
of degree n.) In other words, W, is scheme theoretically the locus where the dual
map
v F* — E*

fails to be surjective. This locus is resolved by an Eagon-Northcott complex (cf.
[Kel]) of the form

0= A"F* @S "E®detE — -+ = A" F* @ E®detE — A"F* — Iy, — 0.
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As it is known that the determinant of E is nothing but O(—0), and since F' is a
direct sum of topologically trivial line bundles, the statement of the theorem follows
by chopping this into short exact sequences, as long as we prove
R(S*E®0(©)=0,Vi>0,VI<k<m-n=g—d—1.
Since we are in characteristic zero, S*E is naturally a direct summand in ®*E, and
so it is sufficient to prove that
M(@*E20(©)=0,Vi>0,V1<k<g—d—1.
But this follows from Proposition 7.15. (]

REMARK 7.19. Using [PP1] Proposition 2.9, it follows that Zy, (k©O) satisfies
IT, for all £ > 2.

REMARK 7.20. It is conjectured, based on a connection with minimal cohomol-
ogy classes (cf. [PP7] for a discussion), that the only nondegenerate subvarieties
Y of a principally polarized abelian variety (A, ©) such that 7y (20) satisfies IT;
are precisely the Wy’s above, in Jacobians, and the Fano surface of lines in the
intermediate Jacobian of the cubic threefold.

QUESTION 7.21. What is the minimal k such that Zy+(k©) is M-regular, for
r and d arbitrary?

We describe below one case in which the answer can already be given, namely
that of the singular locus of the Riemann theta divisor on a non-hyperelliptic Jaco-
bian. It should be noted that in this case we do not have that Zyy1 (20) satisfies

o

IT, any longer (but rather Zyy1 (30) does, by the same [PP1] Proposition 2.9).
PROPOSITION 7.22. Iy (20) is M-regular.

PRrROOF. It follows from the results of [vGI] that
0 fori>g— 2, Va € Pic®(J(C))
0 for0<i<g-—2, Va € Pic’(J(C)) such that a # O (c).

For the reader’s convenience, let us briefly recall the relevant points from Section
7 of [vGI]. We denote for simplicity, via translation, © = W,_; (so that W;_l =
Sing(©)). In the first place, from the exact sequence

0—0(20)2a®0(-0) = Iy (20)@a = Iy 6(20) @ a =0
it follows that
hi(J(C),Ing_l@@) ®a) = hi(@,zwa_l/@(g@) ® a) for i > 0.

W' (Zy:  ®0(20)®a) = {

Hence one is reduced to a computation on ©. It is a standard fact (see e.g. [vGI],
7.2) that, via the Abel-Jacobi map u = uy_1 : Cy_1 — O C J(C),

h'(©,Iw: /0(20) ® a) = h'(Cy—r, L ® B @ I7),

where Z = u=(W;_,), L = u*Ox(©) and 3 = u*«. We now use the standard
exact sequence ([ACGH], p.258):

0—=Te, , BHYC,00)® O, , = LTz 0.
Tensoring with L ® 8, we see that it is sufficient to prove that
H (Cy-1,Tc, , @ L@ B)=0,Vi>2,V8+#Oc,_,.
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To this end we use the well known fact (cf. loc. cit.) that
TC£771 g p*OD(D)

where D C Cy;_1 x C'is the universal divisor and p is the projection onto the first
factor. As p|p is finite, the degeneration of the Leray spectral sequence and the
projection formula ensure that

W (Cy1,Te, , @ L@ B) = h'(D,0p(D) @ p* (L B)),
which are zero for ¢ > 2 and S non-trivial by [vGI], Lemma 7.24. O

7.3. Numerical study of semihomogeneous vector bundles. An idea
that originated in work of Mukai is that on abelian varieties the class of vector
bundles to which the theory of line bundles should generalize naturally is that of
semihomogeneous bundles (cf. [Mukl], [Muk3], [Muk4]). These vector bundles
are semistable, behave nicely under isogenies and Fourier transforms, and have a
Mumford type theta group theory as in the case of line bundles (cf. [Um]). The pur-
pose of this section is to show that this analogy can be extended to include effective
global generation and normal generation statements dictated by specific numerical
invariants measuring positivity. Recall that normal generation is Mumford’s termi-
nology for the surjectivity of the multiplication map H°(E) @ H°(E) — H°(E®?).

In order to set up a criterion for normal generation, it is useful to introduce the
following notion, which parallels the notion of Castelnuovo-Mumford regularity.

DEFINITION 7.23. A coherent sheaf F on a polarized abelian variety (X, ©) is
called m-O-regular if F((m —1)0) is M-regular.

The relationship with normal generation comes from (3) of the following “abelian”
Castelnuovo-Mumford Lemma. Note that (1) is Corollary 5.3 plus Proposition 5.4.

THEOREM 7.24 ([PP1], Theorem 6.3). Let F be a 0-O-regular coherent sheaf
on X. Then:
(1) F is globally generated.
(2) F is m-O-regular for any m > 1.
(3) The multiplication map

HY(F(©)) @ H(O(kO)) — H°(F((k +1)©))
s surjective for any k > 2.

Basics on semihomogeneous bundles. Let X be an abelian variety of dimension
g over an algebraically closed field. As a general convention, for a numerical class
a we will use the notation o > 0 to express the fact that « is ample. If the class is
represented by an effective divisor, then the condition of being ample is equivalent
to @9 > 0. For a line bundle L on X, we denote by ¢, the isogeny defined by L:

o X — Pid(X)=X
r o~ tL®L7hL

DEFINITION 7.25. ([Muk3]) A vector bundle E on X is called semihomoge-
neous if for every z € X, t*E = E ® a, for some a € Pic’(X).

Mukai shows in [Muk3] §6 that the semihomogeneous bundles are Gieseker
semistable (while the simple ones — i.e. with no nontrivial automorphisms — are in
fact stable). Moreover, any semihomogeneous bundle has a Jordan-Hoélder filtration
in a strong sense.



162 G. PARESCHI and M. POPA

PROPOSITION 7.26. ([Muk3] Proposition 6.18) Let E be a semihomogeneous
bundle on X, and let § be the equivalence class of det(B) NS(X)®z Q. Then

rk(E)
there exist simple semihomogeneous bundles Fy,--- , F,, whose corresponding class
is the same 0, and semihomogeneous bundles E1,--- , E,, satisfying:
o [ = EBZL:l E;.

e FEach E; has a filtration whose factors are all isomorphic to F;.

Since the positivity of F is carried through to the factors of a Jordan-Holder
filtration as in the Proposition above, standard inductive arguments allow us to
immediately reduce the study below to the case of simple semihomogeneous bundles,
which we do freely in what follows.

LEMMA 7.27. Let E be a simple semihomogeneous bundle of rank r on X.
(1) ((Muk3], Proposition 7.3) There ezists an isogeny m : Y — X and a line bundle
M on'Y such that n*E =~ M.

(2) (IMuk3], Theorem 5.8(iv)) There exists an isogeny ¢ : Z — X and a line
bundle L on Z such that ¢p.L = E.

LEMMA 7.28. Let E be a nondegenerate (i.e. x(E) # 0) simple semihomoge-
neous bundle on X. Then exactly one cohomology group H'(E) is nonzero, i.e. E
satisfies the Index Theorem.

Proor. This follows immediately from the similar property of the line bundle
L in Lemma 7.27(2). O

LEMMA 7.29. A semihomogeneous bundle E is m-©-reqular if and only if
E((m —1)0©) satisfies ITy.

PROOF. The more general fact that an M-regular semihomogeneous bundle
satisfies ITy follows quickly from Lemma 7.27(1) above. More precisely, the line
bundle M in its statement is forced to be ample since it has a twist with global
sections and positive Euler characteristic. O

A numerical criterion for normal generation. The main result of this section
is that the normal generation of a semihomogeneous vector bundle is dictated by an
explicit numerical criterion. We assume throughout that all the semihomogeneous
vector bundles involved satisfy the minimal positivity condition, namely that they
are 0-O-regular, which in particular is a criterion for global generation by Theorem
7.24. We will in fact prove a criterion which guarantees the surjectivity of multi-
plication maps for two arbitrary semihomogeneous bundles. This could be seen as
an analogue of Butler’s theorem [Bu] for semistable bundles on curves.

THEOREM 7.30. Let E and F be semihomogeneous bundles on (X,0), both
0-O-regular. Then the multiplication maps

HY(E)® H'(t:F) — HY(E®t:F)
are surjective for all x € X if the following holds:

Lo (F(=0)) + - ¢es (B(—0)) > 0,
TR "E

where rp = 1k(F) and rp = rk(ﬁ)) (Recall that ¢o is the isogeny induced
by ©.)
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REMARK 7.31. Although most conveniently written in terms of the Fourier-
Mukai transform, the statement of the theorem is indeed a numerical condition
intrinsic to F (and F), since by [Muk2] Corollary 1.18 one has:

c1(B(=6)) = =PDsy s(ch,_1(E(-6))),
where PD denotes the Poincaré duality map
PDyy o H*2(J(X),Z) — H*(J(X),Z),
and chy_; the (g — 1)-st component of the Chern character. Note also that

tk(B(—0)) = h(B(-0)) = 1 a(E(=9))7

by Lemma 7.29 and [Muk1] Corollary 2.8.

We can assume F and F' to be simple by the considerations in §2, and we will
do so in what follows. We begin with a few technical results. In the first place,
it is useful to consider the skew Pontrjagin product, a slight variation of the usual
Pontrjagin product (see [Pa] §1). Namely, given two sheaves £ and G on X, one
defines

ExG == d.(p1(€) @ p3(9)),
where p; and py are the projections from X x X to the two factors and d : X x X —
X is the difference map.

LEMMA 7.32. For all 1 > 0 we have:
R{((E4F) ® Ox(—©)) = h'((E*0x(—0)) ® F).
PRrROOF. This follows from Lemma 3.2 in [Pa] if we prove the following vanish-
ings:
(1) K(tzE® F) =0, ¥i> 0, Vo € X.
(2) M (trE® Ox(—0)) =0, Vi >0, Vz € X.
We treat them separately:

(1) By Lemma 7.27(1) we know that there exist isogenies 7 : Y — X
and 7r : Y — X, and line bundles M on Yg and N on Yr, such that
mpE =2 @M and 7 F =2 ©N. Now on the fiber product Yg X x YF, the

TE TF

pull-back of t7 E® F' is a direct sum of line bundles numerically equivalent
to piM ® p5sN . This line bundle is ample and has sections, and so no
higher cohomology by the Index Theorem. Consequently the same must
be true for t;E ® F.

(2) Since E is semihomogeneous, we have t:F = E ® « for some a € Pic’(X),
and so

R(tiE ® Ox(—0)) = h'(E ® Ox(—0) ® a) = 0,
since E(—0O) satisfies I'Ty.
(]

Let us assume from now on for simplicity that the polarization © is symmetric.
This makes the proofs less technical, but the general case is completely similar since
everything depends (via suitable isogenies) only on numerical equivalence classes.
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PrOPOSITION 7.33. Under the hypotheses above, the multiplication maps
HY(E)® H(t:F) — HY(E®t:F)
are surjective for all x € X if we have the following vanishing:
hi(p5((—1x)*FE ® Ox(—0)) ® F(—0)) =0, Vi > 0.

PrROOF. By [Pa] Theorem 3.1, all the multiplication maps in the statement are
surjective if the skew-Pontrjagin product E*F is globally generated, so in particular
if (E4F) is 0-©-regular. On the other hand, by Lemma 7.32, we can check this 0-
regularity by checking the vanishing of h¢((E*Ox (—0)) ® F). To this end, we use
Mukai’s general Lemma 3.10 in [Muk1] to see that

EiOx(-0) = ¢5((—1x)"E® Ox(—0)) ® O(-0).
This implies the statement. |

We are now in a position to prove Theorem 7.30: we only need to understand the
numerical assumptions under which the cohomological requirement in Proposition
7.33 is satisfied.

PROOF. (of Theorem 7.30.) We first apply Lemma 7.27(1) to
G := ¢5(—1x)*E(—0) and H := F(—0O): there exist isogenies ng : Yo — X and
mg Yy — X, and line bundles M on Yg and N on Yy, such that n5G = @M
and w;H = EBN Consider the fiber product Z := Yg X x Yy, with prOJectlons

pe and py. Denote by p: Z — X the natural composition. By pulling everything
back to Z, we see that

p(GeoH)= P (piM @ p;N).
rg TR
This implies that our desired vanishing H(G' ® H) = 0 (cf. Proposition 7.33) holds
as long as 4
Hi(pt,M @ plyN) = 0, Vi > 0.
Now c1(pEM) = pEar(M) = %p*cl(G) and similarly ¢;(pf;N) = pj;c1(IN) =
%p*cl(G). Finally we get

aeM @pyN) =p (- a(G) + - er(H)).

Thus all we need to have is that the class
1 1
e () + — e (H
—-a(@)+ - alH)
be ample, and this is clearly equivalent to the statement of the theorem. O

(—1)-O-regular vector bundles. It can be easily seen that Theorem 7.30 implies
that a (—1)-O-regular semihomogeneous bundle is normally generated. Under this
regularity hypothesis we have however a much more general statement, which works
for every vector bundle on a polarized abelian variety.

THEOREM 7.34. For (—1)-O-regular vector bundles E and F on X, the multi-
plication map

H°(E)® H*(F) - HY(E®F)

18 surjective.
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PROOF. We use an argument exploited in [PP1], inspired by techniques intro-
duced by Kempf. Let us consider the diagram

Dy H'(E(-20) @ Pr) @ H'(20 ® P) @ H*(F) — H°(E) © H(F)

| |

@Decy H(E(—20) ® Pe) @ HO(F(20) @ PY) —— H(E @ F)

Under the given hypotheses, the bottom horizontal arrow is onto by the general
Theorem 5.1. On the other hand, the abelian Castelnuovo-Mumford Lemma The-
orem 7.24 ensures that each one of the components of the vertical map on the left
is surjective. Thus the composition is surjective, which gives the surjectivity of the
vertical map on the right. O

COROLLARY 7.35. Ewvery (—1)-O-regular vector bundle is normally generated.

Examples. There are two basic classes of examples of (—1)-©-regular bundles,
and both turn out to be semihomogeneous. They correspond to the properties of
linear series on abelian varieties and on moduli spaces of vector bundles on curves,
respectively.

ExaMPLE 7.36. (Projective normality of line bundles.) For every ample
divisor © on X, the line bundle L = Ox(m®) is (—1)-O-regular for m > 3. Thus
we recover the classical fact that Ox(m®) is projectively normal for m > 3.

EXAMPLE 7.37. (Verlinde bundles.) Let Us(r,0) be the moduli space of
rank r and degree 0 semistable vector bundles on a a smooth projective curve C' of
genus g > 2. This comes with a natural determinant map det : Ug(r,0) — J(C),
where J(C) is the Jacobian of C. To a generalized theta divisor © 5 on U (r,0)
(depending on the choice of a line bundle N € Pic?~*(C)) one associates for any
k > 1 the (r, k)-Verlinde bundle on J(C), defined by E,; := det,O(kOy) (cf.
[Po]). It is shown in loc. cit. that the numerical properties of E, j are essential in
understanding the linear series |k©y| on Uc(r,0). It is noted there that E,  are
polystable and semihomogeneous.

A basic property of these vector bundles is the fact that rE, , = @O ;(krOy),
where r; denotes multiplication by r on J(C) (cf. [Po] Lemma 2.3). Noting that
the pull-back 50 (0 y) is numerically equivalent to O(r*© ), we obtain that E,
is 0-O-regular iff £ > r + 1, and (—1)-O-regular iff £ > 2r + 1. This implies by
the statements above that E, j is globally generated for £ > r + 1 and normally
generated for k > 2r 4+ 1. These are precisely the results [Po] Proposition 5.2 and
Theorem 5.9(a), the second obtained there by ad hoc (though related) methods.
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Vector Bundles on Reducible Curves and Applications

Montserrat Teixidor i Bigas

1. Introduction

Let C be a projective, irreducible, non-singular curve of given genus g > 2
defined over an algebraically closed field. Let E be a vector bundle on C. The
slope of E is defined as
() = S

rankF

A vector bundle E is said to be semistable (resp. stable) if and only if for every
subbundle F of E, u(F) < (resp. <)u(E). The set of all stable bundles of a given
rank r and degree d on C form a moduli space U(r,d). If r and d are coprime,
the condition for semistability is the same as the condition for stability and U (r,d)
is projective. If r and d are not coprime, this is no longer the case. A projective
moduli space can be obtained, though, by considering semistable vector bundles
modulo a suitable equivalence relation.

If C is a singular curve, the results above are not true. The moduli space
of stable bundles U(r,d) is no longer projective even when r and d are relatively
prime. Newstead (see [N]) gave a compactification for a fixed irreducible curve
by considering torsion-free sheaves instead of just vector bundles on the curve.
This was later generalized by Seshadri ([Se]) to include reducible curves and by
Pandariphande ([P]) when the curve moves in the moduli space of a fixed genus.

A different approach was taken by Gieseker in the case of an irreducible nodal
curve for r = 2 by considering vector bundles on various semistable models of the
given curve. His methods were extended in [X] to the case of a reducible curve (and
r = 2) and then by Schmitt [Sc2] to any rank and curves moving in the moduli
space.

In the case of rank one, many results about non-singular curves and their linear
series have been proved by degenerating to singular curves. This requires knowing
what is the equivalent in the singular case of a linear series. For a reducible curve
of compact type, the theory of limit linear series from [EH1] gave an excellent
solution. In order to do something similar in higher rank, one needs to extend the
concept of limit linear series to rank greater than one. At the same time, one must
deal with the stability condition.

2010 Mathematics Subject Classification. Primary 14H60; Secondary 14C20.

© 2011 Montserrat Teixidor i Bigas

169



170 MONTSERRAT TEIXIDOR I BIGAS

In this paper, we present some scattered results about the moduli spaces of
(semi) stable vector bundles on reducible nodal curves, the concept of generalized
limit linear series and some of their applications. On neither of these themes does
the paper try to be comprehensive. Its main purpose is to present a few examples
of some techniques that have proved useful in the resolution of problems related to
vector bundles with the hope that they will become more widely used.

2. Moduli spaces of slope-stable torsion-free sheaves

Seshadri in [Se] gave the following compactification(s) of a moduli space of
vector bundles on a reducible curve. While his construction is more general, we
shall concentrate on the nodal case.

Let C be a nodal curve with components C;. When the curve is reducible, the
notion of torsion-free sheaf mentioned in the introduction for irreducible curves can
be generalized to the concept of depth one sheaves. A sheaf F on C is said to be
of depth one if any torsion section vanishes identically on some component of C'.

For an irreducible curve, the concept of stability could have been formulated
equivalently by the condition that for every subbundle F' of F,

XE) ) xB)
rank(F) — rank(E)
where x denotes the Euler-Poincaré characteristic. On a reducible curve, even if E
has constant rank, there will be subsheaves of F with different ranks on the various
components. Therefore, in order to generalize the definition above, one needs to
make clear how to count the relative rank of every component. This is done in the
following way:
A polarization of C' is the choice of rational weights

w;, 0<w; <1, Zwi:l'

A depth one sheaf E of rank n on C' is said to be (semi)stable for the given polar-
ization if for every subsheaf F' of E with rank r; on the component C;,

X0 () xE)

S wir; r
We will refer to the number Y w;r; as the w-rank of F. There is then a moduli
space parameterizing (equivalence classes of semi)stable torsion-free sheaves on C.

The moduli space of torsion-free sheaves on a nodal reducible curve is itself
reducible. The description of its components was given in [T'2] for curves of compact
type (that is, curves whose Jacobian is compact or whose dual graph has no non-
trivial cycles) and in [T3] for arbitrary nodal curves. If each component of the curve
has genus at least one, the number of components of the moduli space depends only
on the rank and the dual graph of the curve rather than the genus of the various
components of C'. For example, if the curve is of compact type with M components
all of genus at least one, then the moduli space of vector bundles of rank r on C
has r™~! components.

More generally, consider any nodal curve C'. Assume that C' is the fiber of a
one-dimensional family 7 : C — S. Fix a vector bundle £ on C so that the restriction
to every fiber of 7 is of degree d. The multidegree (d;) is the collection of degrees of
the restriction of this vector bundle to the components C; of C. If we tensor £ by a
line bundle £ = O¢ (3" a;C;), the numbers d; will be modified by multiples of r and
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the total degree d will remain invariant. For example, if C' has only two components
glued at one point, the degree on one of the components can be increased by an
arbitrary multiple of r while the degree on the other component will decrease by
subtracting the same multiple of r. Let us say that two multidegrees are equivalent
if they can be obtained from one another by such a transformation. Then, the set of
components of the moduli space corresponds one to one with the set of equivalence
classes of multidegrees by this equivalence relation.

We provide a sketch of proof of this fact in the case of a curve C' with two
components C7,Cy and a single node obtained by identifying @ € C; with P € Cs
(for the more general statements and proofs see [T3]):

2.1. Proposition Let C be the nodal curve of genus g obtained by identifying
Q € C1 with P € Cy, where C1,Cy are two non-singular curves of genus at least
one. Then the moduli space of torsion-free sheaves on C semistable with respect
to a generic polarization is connected and has r irreducible components each of
dimension r2(g — 1) + 1.

PROOF. Assume that F is a vector bundle stable by a generic polarization
w1, ws. Consider the subsheaf F' of E consisting of the sections of E that vanish
identically on the second component Cs. Then, x(F) = x(E|¢,) — r while the
w-rank of F' is wyr. The stability condition gives

XFle) =7 _ x(F) _ x(E)

Hence, x(E|c,) < wix(E) +r. Reversing the role of C1,Cy and using that x(E) =
X(Ec,) + X(E|c,) — r,w1 + w2 = 1, one obtains

() wix(E) < x(Bje,) <wix(E) +7.

If wq is generic, w1 x(E) is not an integer and there are therefore r possible
values of x(E)c,) that satisfy (). Moreover (see (cf. [T2], [T3]) if (x) is satisfied
and E\¢,, E|c, are semistable then the vector bundle E is also semistable. If in
addition, at least one of the vector bundles F|¢,, E|c, is stable, then so is E. In
fact it suffices if they are both semistable and no destabilizing subsheaf of E)c,
glues with a destabilizing subsheaf of F|c, for E to be stable.

The moduli space of semistable vector bundles of a given rank and degree on
each of the curves Oy, Cs is irreducible of dimension r%(g; — 1) +1,7%(go — 1) +1
with g1 > 1, g2 > 1 the genera of the corresponding curves. Once E|¢,, E|c, have
been fixed, a vector bundle on C' is determined by giving a projective isomorphism
of the fibers (E|c, )q = (Ej¢,)p. Fix a degree for E satisfying (*). As the degree
of E is fixed, this determines the degree for Ejc,. One gets a variety of dimension

T2(91—1)—|—1+r2(g2—1)—|—1+r2—1:7‘2(9—1)+1.

This is the dimension of the moduli space of vector bundles on C. We obtain in this
way an open set of one of the components of the moduli space of vector bundles on
C. The closure of this component may contain some points corresponding to vector
bundles that are stable on C' but whose restriction to each of the components
is not necessarily semistable. Moreover, the different components of the moduli
space are not disjoint, the points of intersection correspond to torsion-free sheaves
that are not locally free at the nodes. For example, in the situation above, the
components corresponding to deg(E|c, ) = di,deg(E|c,) = d — di and deg(El’Cl) =
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dy —1, deg(El’Cz) = d —d; + 1 have an intersection whose generic point is a torsion-
free sheaf F' such that deg(Fjc,) = di — 1,deg(F|c,) = d — di and the fiber at the
node N is of the form (On)"~! @ My with My the maximal ideal at the node.
On an elliptic curve, there are no stable vector bundles of rank r and degree
d when r,d are not coprime. Assume that Cj is an elliptic curve and that d; =
deg(E)c,) gives a solution to (*) (or a suitable set of relations deduced from the
graph of the nodal curve). Write h for the greatest common divisor of r, dy. Then,
the generic point in the component corresponding to this value d; is a vector bundle
whose restriction to C1 is a direct sum of i vector bundles of rank 7 and degree %1.
Note that this still gives the right dimension to the component of the moduli space
of vector bundles on C': while there is an h-dimensional space of these restrictions
of vector bundles to C; there is also an h-dimensional set of automorphisms of these
restrictions acting on the set that identify isomorphic bundles. O

As it was mentioned before, the stability of a vector bundle for a given polar-
ization on a reducible curve does not imply that the restriction of this bundle to
each component is stable. But these restrictions cannot be too unstable either. As
an example we present the following:

2.2. Proposition Let C be a nodal curve with an irreducible component C
intersecting the rest of the curve in a nodes. Let E be a vector bundle on C' that is
stable by a generic polarization. Assume that the restriction of E to C is the direct
sum of v line bundles L1 & --- & L,. Then, |degL; —deg L;| < a — 1.

PROOF. Consider the subsheaf F of £ that vanishes on all components of C -C
and that restricts to C' to the sheaf of sections of L, that vanish at the nodes. Then
X(F) = x(L1) — k while the weighted rank rank(F) = w. The stability condition
then gives

E
x(L1) —a < E)M
r

Consider the subsheaf F/ of E that restricts to C to the sheaf of sections of
Ly ® - - @ L, and on all components of C — C restricts to the sections of E that
glue with the above on C. Then x(F’) = x(E) — x(L1) while the weighted rank
rank(F’) = (r — 1)@ + r(1 — @) = r — w. The stability condition then gives

x@D—x@ﬂf;MEX

g

One obtains

E E
X <y <Xy
r r
As w is generic, u’)@ is not an integer. As the above equation is valid for all L;,
not just L, the result follows. |

While the choice of a polarization can be arbitrary, there is a natural one that
can be defined as follows: For a given semistable curve C, define d; as the degree of
the canonical sheaf of C restricted to the component C;. The canonical polarization
has weights
— di
29 -2
Pandharipande showed in [P] that there is a moduli space of torsion-free sheaves
over the moduli space of stable curves if one considers the canonical polarization.

W;
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3. Hilbert compactification of the moduli space and its relationship
with the slope-stable moduli space

Gieseker took the following approach towards compactifying the moduli space
of vector bundles on a nodal curve. There is an isomorphism between moduli spaces
of vector bundles U(r,d) = U(r,d + kr) given by tensoring with a line bundle of
degree k. Hence, one can assume that d is sufficiently large. In this situation, on a
non-singular curve, a stable vector bundle is globally generated, hence it induces a
map from the curve to the Grassmannian.

Start now the other way around. Consider the Hilbert scheme of curves in
Gr(HY(E),r) of suitable Hilbert polynomial. Take the connected component of
points corresponding to immersions of a given nodal curve and consider its closure.
The restriction to the curve of the universal bundle on the Grassmannian gives a
vector bundle on the curve. In order to obtain a moduli space for vector bundles,
one should first restrict to the points that are stable under the action of the linear
group and then take quotient by this action.

This provides a natural compactification of the locus of vector bundles. Its
main advantage is that all the points of this space correspond to vector bundles on
a curve, namely the restriction of the universal bundle on the Grassmannian. Its
main drawback is that the curve is not fixed. Other curves may appear that differ
from the given nodal curve in adding a few rational components between the nodes
of the original nodal curve. As this is precisely what happens with limit liner series
(see next section), this seems a suitable model to use in this case.

Several extensions of Gieseker’s results to higher rank were given by Nagaraj-
Seshadri [NS1], [NS2] and Kausz [K]| using different methods. Caporaso ([C])
gave a compactification of the Hilbert stable set of curves over M, when r = 1.
Finally, Schmitt (see [Sc2]) extended Gieseker’s construction not only to higher
rank but also to the whole moduli space of semistable curves in M g-

The two compactifications of Seshadri and Gieseker-Schmitt are in fact closely
related: for a non-singular curve, slope stability and Hilbert stability are equivalent.
This was first proved for rank 2 by Gieseker and Morrison in [GM] (see also [T4]
for a different proof). For general rank, one of the implications was proved in [T5]
and the equivalence in [Scl].

On reducible curves, Hilbert stability implies that the distribution of degrees
on the various components is the same as that allowed by slope stability in the case
of the canonical weights (that is conditions similar to those in () in the proof of
2.1 are satisfied). Similarly, the restriction to the various components cannot be
too unstable, so conditions as those stated in 2.2 are also satisfied. For instance,
rational components on Hilbert stable curves must have at least two nodes and
in this case the restriction of the vector bundles to the components is of the form
0% ¢ (’)(1)@7"—]"

4. Limit linear series

Assume that we have a family of curves 7 : C — S such that C; is non-singular
for t # to while the special fiber C;, is a curve of compact type (that is, a curve
whose Jacobian is compact or whose dual graph has no cycles).

We want to consider a linear series for vector bundles on C —C;, and we would
like to describe the limit of this object on Cy,.
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A linear series for vector bundles on C — C;, will be given by a vector bundle
€ on C — Cy, such that the restriction to each fiber has a preassigned rank r and
degree d together with a family of spaces of sections given by a locally free subsheaf
V of rank k of 7, (&).

Up to making a few base changes and blow-ups (that may add a few rational
components to the central fiber), we can assume that the vector bundle and locally-
free subsheaf can be extended to the whole family.

On the central fiber, one obtains then a limit linear series in the sense of [T1]
section 2, that can be defined as follows:

4.1. Definition. Limit linear series A limit linear series of rank r, degree d
and dimension k on a curve of compact type with M components consists of data
(1), (II) below for which data (III), (IV) exist satisfying conditions (a)-(c).

(1) For every component C;, a vector bundle E; of rank r and degree d; and a
k-dimensional space of sections V; of E;.

(II) For every node obtained by gluing Q € C; with P € C; an isomorphism of
the projectivisation of the fibers (E;)q and (E;)p

(III) A positive integer a

(IV) For every node obtained by gluing Q € C; and P € C;, bases stQ’Z-, sfpﬁj, t=
1...k of the vector spaces V; and V;

Subject to the conditions

(a) ("M, di) —r(M —1)a=d

(b) At the nodes, the sections glue with each other through the isomorphism
in II and the orders of vanishing at Pj, Q; of corresponding sections of the chosen
basis satisfy ordpsp ; +ordgsg ; > a

(c) Sections of the vector bundles E;(—aQ) are completely determined by their
value at the nodes.

This is a generalization of the concept of limit linear series for line bundles. In
the line bundle case, a = d = deg E; for all i. Hence, (III) is irrelevant and so is
the projective isomorphism in (II) as the fibers are one-dimensional. Conditions
(a), (c) and the first part of (b) are automatically satisfied and one only needs to
impose the second part of (b).

Let us check that the limit of a linear series on a non-singular curve is actually a
limit linear series. Given a family of curves 7 : C — S as above, fix a vector bundle
on the generic fiber and extend it (after some base change and normalizations) to a
vector bundle on the central fiber. This limit vector bundle on the central fiber is
not unique. We could modify it by, for example, tensoring the bundle on the whole
curve C with a line bundle with support on the central fiber. This would leave the
vector bundle on the generic curve unchanged but would modify the vector bundle
on the reducible curve (by adding to the restriction to each component a linear
combination of the nodes). In this way, for each component C;, one can choose (in
many different ways) a version &; of the limit vector bundle such that the sections
of &c,, © # j are trivial. In particular, this implies that V; restricts to a space of
sections of dimension & on the component C;. Taking E; = & ¢,, Vi = Vy¢,, one
obtains data in (I) satisfying condition (c).

We want to see how to choose the data above in order to obtain the integer a
in (IIT).

Order the components of C' so that Cy has only one node and C; U---UCj is
connected. From the connectivity, C; intersects some Cj;), j(i) <4 and from the
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fact that the curve is of compact type, this j(¢) is uniquely determined. Let C! be
the connected component of C'— C; containing Cj;). The restriction of &£;;)(—bC})
to any component of C' other than Cj, Cj;) is identical to the restriction of &
to that component. The restriction to C; (resp Cj(;)) is changed by tensoring with
Oc, (bP;) (resp Oc;,, (—bQj4))) if Pi, Qi) are the two points that get identified to
form the node. Hence, in order to satisfy the conditions in the previous paragraph,
we can take & = &;(;)(—b;C;) for some integer b;. As the curve has only a finite
number of components, we may assume the b; to be all identical. We denote this
number by a.

It is easy to check then that condition (a) is satisfied.

As & = &£j(—aCj) the gluing defining &) determine those of &;c. Hence, the
isomorphisms in (IT) are well determined and the first part of b) is satisfied.

Let us check the second part of (b). If C;, C;, j < i intersect, then j = j(i) (in
the notations above). Hence & = &;(—aCj). Let s be a section of V;c. Assume
that s vanishes on C} with multiplicity o (and therefore vanishes at the point P of
intersection with C] with order at least «). Let ¢o be a local equation for C. Then
(t5~“)s is a non-trivial section of £;(—aC}) = &;. Hence it gives rise to a section
on V; that vanishes to order at least a — o on P.

Given a vector bundle £ stable by some polarization, the vector bundles &;
that give rise to the limit linear series are no longer stable by this polarisation, as
the distribution of degrees among the components gets changed. But conditions
of ”quasistability” are preserved, that is, conditions that say that the restriciton
of the vector bundle to each component is not far from being stable (analogous to
2.2). This fact is very important in applications as it restricts the possibilities for
these vector bundles.

5. Subbundles of a vector bundle

Let E be a vector bundle of rank r and degree d. Let E’ be a subsheaf of E of
fixed rank r’. Up to increasing the degree of E’, we can assume that the quotient
is again a vector bundle. Hence, we have an exact sequence

(xx) 0—F -FE—E"=0
Define
sp(F) =r'd — rmax{deg(E’)}
where E’ varies among all subsheaves of E of rank /. If F is stable, then s,/ (E) > 0.
If £/, E” are fixed, the set of vector bundles that fit in an exact sequence as
() is parameterized by H*(C, (E")* ® E’). If there exists a stable E fitting in
one of these exact sequences, then H°(C, (E")* @ E’) = 0, otherwise there would
be a non-trivial map E” — E’ and therefore a non-trivial endomorphism of F
contradicting stability. This implies that h'(C, (E”)* ® E’) is constant.
Let E', E" vary
E' eU(',d), E"eU(r—r",d—d).
Then, the set of stable E varies in a space of dimension
(9= +1+(r =) (g-1)+1+r'(d=d) = (r—1")d' +r'(r—1")(g-1) -1 =
=r*(g—1)+14+r'd—rd —1'(r —1")(g—1)

The following result was conjectured by Lange in [L]
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5.1. Theorem Ifr'd—rd —r'(r—71")(g—1) > 0, the generic vector bundle in
U(r,d) has subbundles of rank v’ and degree d’'. For 0 < r'd—rd <r'(r—1r")(g—1),
the set of vector bundles with such a subbundle is an irreducible set of the moduli
space of codimension v'(r —r')(g — 1) — (r'd — rd’).

The rank two case was proved by Lange in [L] . Several special cases were
obtained (see[BL] and the references there).

The result was proved for the generic curve in [T7] and then in its full generality
in [RT].

The main point of any proof of the result is to show that there exist extensions
as in (%) with a stable E and for 'd — rd’ < r'(r — 1’)(g — 1) that such an F has
only a finite number of subbundles of the given rank and degree.

Reducible curves were used in [T6], [T7], [T8]. We will sketch below the main
points of the proof when » = 2, ' = 1,d = 1. In order to prove the result for
the generic curve, it suffices to show it for a special curve. Take g elliptic curves
Cy, ..., Cgq with marked points F;, @; on them and identify ¢); with P;y; to form a
nodal curve of arithmetic genus g. Consider the component of the moduli space of
vector bundles on this curve with distribution of degrees one on the first component
and zero on the remaining ones. For a generic point on this component, F; is an
indecomposable vector bundle of degree one while the remaining F; are direct sums
of two line bundles.

The largest degree of a line subbundle of E is zero. In fact, every line subbundle
of degree zero on C7 can be immersed in F;. For a particular choice of such a
subbundle, we can assume that it glues at (); with a fixed direction. On the
remaining components, the degree of the largest subbundle is zero and there are
precisely two subbundles of this degree inside each E;. On the other hand, every
line bundle of degree —1 on C; can be immersed in C; by a two-dimensional family
of maps. Given a fixed direction at both P; and ();, one can find a subbundle of F;
of degree —1 that glues with these two directions at the nodes.

In order to obtain a line subbundle on the total curve, we must choose line
subbundles of each of the components that glue with each other. If all the gluing
are generic, the choice that gives the largest degree will be as follows: Take a
subbundle of degree zero of E; that glues with one of the two subbundles of degree
zero of Fs. Choose a subbundle of degree zero on each of the components C; for
even i. Choose a subbundle of degree —1 on the components C; for odd 7 that glues
with the chosen subbundles in adjacent components. The degree of the subbundle
obtained in this way is d' = —g2;2 if this number is an integer and d’ = —9—51
otherwise.

In order to obtain subbundles of higher degree, take the gluing in the last k
components so that line subbundles of degree zero glue with each other and glue
with the chosen subbundle in the previous g — k components. One then obtains
a subbundle of degree d’ = —g_g_z (again if this number is an integer). In this
case, the gluing depends on three rather than four parameters at the last k nodes.
Hence, the codimension of the set is k = g + 2d’ — 2 as expected.

6. Some applications to Brill-Noether Theory

A Brill-Noether subvariety Bﬁ o of the stable set in U(r, d) is a subset of U(r, d)
whose points correspond to stable bundles having at least k independent sections
(often denoted by ergl). Brill-Noether varieties can be locally represented as
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determinantal varieties. This implies that, when non-empty, the dimension of Bfi d
at any point is at least the so called Brill-Noether number

pr g =dimU(r,d) — RO (E)h'(E) = r*(g — 1) + 1 — k(k —d +r(g — 1))

with expected equality. Moreover, Bf;l is contained in the singular locus, again
with expected equality. It is not true that the above expectations actually occur for
all meaningful values of r, d, k. For an account of the state of the art in Brill-Noether
Theory see [GT].

Using limit linear series, one can prove the following:

6.1. Theorem (see [T1], [T9]) Let C be a generic non-singular curve of genus
g > 2. Let d,r, k be positive integers with k > r. Write

d:Td1+d2, k:Tk1+k2, d2<7', ko <r

and all d;, k; non-negative integers. Assume that one of the following conditions
s satisfied
Dg—=(ki+1)(g—di+ki—1)>1, do > ka #0
(2)g—k1(g—d1+ki1—1) >1, ke =0
(3)g — (k1 +1)(g —di + k1) > 1, da < k2.
Then the set BE , of rank r degree d and with k sections on C is non-empty and
has (at least) one component of the expected dimension p.

Given a family of curves
C—>T

construct the Brill-Noether locus for the family
Bry={(tE)teT, Ec B C)}

The dimension of this scheme at any point is at least dim 7T + ,07’?7 4- Assume
that we can find a point (¢, Ey) such that the dimension at the point (o, Eg) of
the fiber of Bf ; over to dim(B ;(Ci,))m, = pf 4- Then dim B ; < pF ; 4+ dim T and
therefore we have equality. The dimension of the generic fiber of the projection
Bfﬁ 4 — T is at most the dimension of the fiber over ¢y, namely pfﬁ 4- But it cannot
be any smaller, as the fiber over a point ¢t € T is Bf’ 4(C;) which has dimension at
least pfh 4 at any point. Hence, there is equality which is the result we are looking
for.

As the particular curve Cy,, we take g elliptic curves Ci,...,Cy with marked
points P;, @; on them and identify @; with P, to form a node. Then, one needs
to prove that there is a component of the set of limit linear series on the curve of
dimension exactly p with the generic point corresponding to a stable bundle.

Let us sketch how one could proceed in the particular case g =5,k =4,d =9
(and hence p = 5).

On the curve C1, take the vector bundle to be a generic indecomposable vector
bundle of degree nine. On the curve Cy take O(Ps + 3Q2) ® O(2FP; + 2Q2). On
the curve C3, take O(P3 + 3Q3)®2. On the curve Cy, take O(3P; + Q4)®2. On the
curve Cj5, take the direct sum of two generic line bundles of degree four.

The sections and gluing at the nodes are taken as follows: there is a unique
section s1 of F4p that vanishes at (); with order four. Take as space of sections
the space that contains sy, two sections that vanish at ) to order three and one
section that vanishes to order two.



178 MONTSERRAT TEIXIDOR I BIGAS

On Cy, glue O(2P;+2@)2) with the direction of s;. Take a section that vanishes
at P to order three, the section that vanishes at P, to order one and at Q5 to order
three, one section that vanishes at P to order one and at Q2 to order two and the
section that vanishes at P, to order two and at Q5 to order two.

On Cs, take generic gluing. Take two sections that vanish at P with order one
and at @3 to order three and two sections that vanish at P3 to order two and at
Q3 to order one.

On C4, take generic gluing. Take two sections that vanish at P; to order one
and at @4 to order two and two sections that vanish at P, to order three and at
@4 to order one.

On Cjs, take generic gluing. Take two sections that vanish at Ps to order two
and two sections that vanish at Ps to order three.

In this way, each section on C; glues at @); with a section on C;;1 so that the
sum of the orders of vanishing is four. Note also that we have been using sections
of our vector bundles that vanish as much as possible between the two nodes. So
it is not possible to obtain a limit linear series of dimension larger than four with
these vector bundles.

Let us count the dimension of the family so obtained. The vector bundle E
varies in a one-dimensional family and has a one-dimensional family of endomor-
phisms. The vector bundles E5, Fs3, FE,; are completely determined and have a
family of endomorphisms of dimensions two, four and four respectively while Fs
varies in a two-dimensional family and has a two-dimensional family of endomor-
phisms. The resulting vector bundle is stable as the restriction to each component
is semistable and the first one is actually stable (see section 2). Therefore it has a
one-dimensional family of automorphisms. The gluings at each of the nodes vary in
a four-dimensional family except for the first one that varies in a three-dimensional
family. Therefore the total dimension of the family is

140+04+04+2—(14+2+4+4+44+2)+14+B+4+4+4)=5=p.

If we try to deform the vector bundle by either taking more general restrictions
to some component curves or more general gluing at some nodes, the limit linear
series does not extend to this deformation. Hence, the point we describe is a general
point in the set of limit linear series. Therefore, the result is proved.

One of the main questions for classical Brill-Noether Theory (that is in the case
r = 1) comes from the infinitesimal study of Bf)d. The tangent space to U(r,d)
can be identified with the set of infinitesimal deformations of the vector bundle F
which is parameterized by H}(C, E® E*) 2 H°(C, K® E*® E). The tangent space
to Bfi . inside the tangent space to U(r, d) can be identified with the orthogonal to
the image of the Petri map

Py :H(C,E)® H'(C,K ® E*) - H°(C,K ® E ® E¥).

If this map is injective for a given F, then Bf’ 4 is non-singular of the right dimension
at F. Hence, in order to prove that the expected results hold, it would be sufficient
to prove the injectivity of this map for all possible E on say, a generic curve. This
is true in rank one ([G1]). Unfortunately, for rank greater than one, the map is
not injective in general. There is one case though in which one has an analogous
result.
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Assume that E is a vector bundle of rank two and canonical determinant. Let
U(2, K) be the moduli space of stable rank two vector bundles with determinant
the canonical sheaf. Consider the set

B x ={E € U2 K)h(C,E) >k}

Then B} ;; can be given a natural scheme structure. Its expected dimension is

(see [GT], [TlO]) -
dimU(Q,K)—( ; )

The tangent space to Béﬂ x at a point E is naturally identified with the orthog-
onal to the image of the symmetric Petri map

S*(H°(C,E)) — H°(C,S*(E))

6.2. Theorem (c¢f. [T10]) Let C be a generic curve of genus g defined over an
algebraically closed field of characteristic different from two. Let E be a semistable
vector bundle on C of rank two with canonical determinant. Then, the canonical
Petri map

S?H°(C,E) — H°(S*FE)
18 injective.
The proof of this fact is in many ways similar to the proof of the injectivity

of the classical Petri map in [EH2] with the (considerable) added complication
brought in by higher rank.
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