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Foreword

The year 2005 marked the 150th anniversary of the death of Gauss as well as
the 200th anniversary of the birth of Dirichlet, who became Gauss’s successor at
Gottingen. In honor of these occasions, a conference was held in Géttingen from
June 20 to June 24, 2005. These are the proceedings of this conference.

In view of the enormous impact both Gauss and Dirichlet had on large areas of
mathematics, anything even approaching a comprehensive representation of their
influence in the form of a moderately sized conference seemed untenable. Thus it
was decided to concentrate on one subject, analytic number theory, that could be
adequately represented and where their influence was profound. Indeed, Dirichlet
is known as the father of analytic number theory. The result was a broadly based
international gathering of leading number theorists who reported on recent advances
in both classical analytic number theory as well as in related parts of number theory
and algebraic geometry. It is our hope that the legacy of Gauss and Dirichlet in
modern analytic number theory is apparent in these proceedings.

We are grateful to the American Institute of Mathematics and the Clay Math-
ematics Institute for their support.

William Duke and Yuri Tschinkel
November 2006
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2 JURGEN ELSTRODT

Introduction

The great advances of mathematics in Germany during the first half of the nine-
teenth century are to a predominantly large extent associated with the pioneering
work of C.F. GauB} (1777-1855), C.G.J. Jacobi (1804-1851), and G. Lejeune Dirich-
let (1805-1859). In fact, virtually all leading German mathematicians of the second
half of the nineteenth century were their disciples, or disciples of their disciples. This
holds true to a special degree for Jacobi and Dirichlet, who most successfully intro-
duced a new level of teaching strongly oriented to their current research whereas
Gaufl had “a real dislike” of teaching — at least at the poor level which was pre-
dominant when Gauf started his career. The leading role of German mathematics
in the second half of the nineteenth century and even up to the fateful year 1933
would have been unthinkable without the foundations laid by Gauf, Jacobi, and
Dirichlet. But whereas Gaufl and Jacobi have been honoured by detailed biogra-
phies (e.g. [Du], [Koe]), a similar account of Dirichlet’s life and work is still a
desideratum repeatedly deplored. In particular, there exist in English only a few,
mostly rather brief, articles on Dirichlet, some of which are unfortunately marred
by erroneous statements. The present account is intended as a first attempt to
remedy this situation.

1. Family Background and School Education

Johann Peter Gustav Lejeune Dirichlet, to give him his full name, was born in
Diiren (approximately halfway between Cologne and Aachen (= Aix-la-Chapelle))
on February 13, 1805. He was the seventh! and last child of Johann Arnold Lejeune
Dirichlet (1762-1837) and his wife Anna Elisabeth, née Lindner (1768-1868(7)).
Dirichlet’s father was a postmaster, merchant, and city councillor in Diiren. The
official name of his profession was commissaire de poste. After 1807 the entire
region of the left bank of the Rhine was under French rule as a result of the wars
with revolutionary France and of the Napoleonic Wars. Hence the members of the
Dirichlet family were French citizens at the time of Dirichlet’s birth. After the
final defeat of Napoléon Bonaparte at Waterloo and the ensuing reorganization of
Europe at the Congress of Vienna (1814-1815), a large region of the left bank of
the Rhine including Bonn, Cologne, Aachen and Diiren came under Prussian rule,
and the Dirichlet family became Prussian citizens.

Since the name “Lejeune Dirichlet” looks quite unusual for a German family we
briefly explain its origin®: Dirichlet’s grandfather Antoine Lejeune Dirichlet (1711
1784) was born in Verviers (near Liege, Belgium) and settled in Diiren, where he
got married to a daughter of a Diiren family. It was his father who first went
under the name “Lejeune Dirichlet” (meaning “the young Dirichlet”) in order to
differentiate from his father, who had the same first name. The name “Dirichlet” (or
“Derichelette”) means “from Richelette” after a little town in Belgium. We mention
this since it has been purported erroneously that Dirichlet was a descendant of a

Hensel [H.1], vol. 1, p. 349 says that Dirichlet’s parents had 11 children. Possibly this
number includes children which died in infancy.
2For many more details on Dirichlet’s ancestors see [BuJZ].
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French Huguenot family. This was not the case as the Dirichlet family was Roman
Catholic.

The spelling of the name “Lejeune Dirichlet” is not quite uniform: Dirichlet himself
wrote his name “Gustav Lejeune Dirichlet” without a hyphen between the two parts
of his proper name. The birth-place of Dirichlet in Diiren, Weierstrafle 11, is marked
with a memorial tablet.

Kummer [Ku] and Hensel [H.1], vol. 1 inform us that Dirichlet’s parents gave their
highly gifted son a very careful upbringing. This beyond doubt would not have been
an easy matter for them, since they were by no means well off. Dirichlet’s school
and university education took place during a period of far-reaching reorganization
of the Prussian educational system. His school and university education, however,
show strong features of the pre-reform era, when formal prescriptions hardly existed.
Dirichlet first attended an elementary school, and when this became insufficient, a
private school. There he also got instruction in Latin as a preparation for the sec-
ondary school (Gymnasium), where the study of the ancient languages constituted
an essential part of the training. Dirichlet’s inclination for mathematics became
apparent very early. He was not yet 12 years of age when he used his pocket money
to buy books on mathematics, and when he was told that he could not understand
them, he responded, anyhow that he would read them until he understood them.

At first, Dirichlet’s parents wanted their son to become a merchant. When he
uttered a strong dislike of this plan and said he wanted to study, his parents gave
in, and sent him to the Gymnasium in Bonn in 1817. There the 12-year-old boy
was entrusted to the care and supervision of Peter Joseph Elvenich (1796-1886), a
brilliant student of ancient languages and philosophy, who was acquainted with the
Dirichlet family ([Sec.1]). Elvenich did not have much to supervise, for Dirichlet
was a diligent and good pupil with pleasant manners, who rapidly won the favour
of everybody who had something to do with him. For this trait we have lifelong
numerous witnesses of renowned contemporaries such as A. von Humboldt (1769
1859), C.F. GauB}, C.G.J. Jacobi, Fanny Hensel née Mendelssohn Bartholdy (1805—
1847), Felix Mendelssohn Bartholdy (1809-1847), K.A. Varnhagen von Ense (1785-
1858), B. Riemann (1826-1866), R. Dedekind (1831-1916). Without neglecting his
other subjects, Dirichlet showed a special interest in mathematics and history, in
particular in the then recent history following the French Revolution. It may be
assumed that Dirichlet’s later free and liberal political views can be traced back to
these early studies and to his later stay in the house of General Foy in Paris (see
sect. 3).

After two years Dirichlet changed to the Jesuiter-Gymnasium in Cologne. Elvenich
became a philologist at the Gymnasium in Koblenz. Later he was promoted to
professorships at the Universities of Bonn and Breslau, and informed Dirichlet
during his stay in Bonn about the state of affairs with Dirichlet’s doctor’s diploma.
In Cologne, Dirichlet had mathematics lessons with Georg Simon Ohm (1789-1854),
well known for his discovery of Ohm’s Law (1826); after him the unit of electric
resistance got its name. In 1843 Ohm discovered that pure tones are described by
purely sinusoidal oscillations. This finding opened the way for the application of
Fourier analysis to acoustics. Dirichlet made rapid progress in mathematics under
Ohm’s guidance and by his diligent private study of mathematical treatises, such
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that he acquired an unusually broad knowledge even at this early age. He attended
the Gymnasium in Cologne for only one year, starting in winter 1820, and then
left with a school-leaving certificate. It has been asserted that Dirichlet passed
the Abitur examination, but a check of the documents revealed that this was not
the case ([Sc.1]). The regulations for the Abitur examination demanded that the
candidate must be able to carry on a conversation in Latin, which was the lingua
franca of the learned world for centuries. Since Dirichlet attended the Gymnasium
just for three years, he most probably would have had problems in satisfying this
crucial condition. Moreover he did not need the Abitur to study mathematics,
which is what he aspired to. Nevertheless, his lacking the ability to speak Latin
caused him much trouble during his career as we will see later. In any case, Dirichlet
left the Gymnasium at the unusually early age of 16 years with a school-leaving
certificate but without an Abitur examination.

His parents now wanted him to study law in order to secure a good living to their
son. Dirichlet declared his willingness to devote himself to this bread-and-butter-
education during daytime — but then he would study mathematics at night. After
this his parents were wise enough to give in and gave their son their permission to
study mathematics.

2. Study in Paris

Around 1820 the conditions to study mathematics in Germany were fairly bad
for students really deeply interested in the subject ([Lo]). The only world-famous
mathematician was C.F. Gaufl in Goéttingen, but he held a chair for astronomy
and was first and foremost Director of the Sternwarte, and almost all his courses
were devoted to astronomy, geodesy, and applied mathematics (see the list in [Du],
p. 405 ff.). Moreover, Gaufl did not like teaching — at least not on the low level
which was customary at that time. On the contrary, the conditions in France
were infinitely better. Eminent scientists such as P.-S. Laplace (1749-1827), A.-M.
Legendre (1752-1833), J. Fourier (1768-1830), S.-D. Poisson (1781-1840), A.-L.
Cauchy (1789-1857) were active in Paris, making the capital of France the world
capital of mathematics. Hensel ([H.1], vol. 1, p. 351) informs us that Dirichlet’s
parents still had friendly relations with some families in Paris since the time of the
French rule, and they let their son go to Paris in May 1822 to study mathematics.
Dirichlet studied at the Collége de France and at the Faculté des Sciences, where
he attended lectures of noted professors such as S.F. Lacroix (1765-1843), J.-B.
Biot (1774-1862), J.N.P. Hachette (1769-1834), and L.B. Francoeur (1773-1849).
He also asked for permission to attend lectures as a guest student at the famous
Ecole Polytechnique. But the Prussian chargé d’affaires in Paris refused to ask for
such a permission without the special authorization from the Prussian minister of
religious, educational, and medical affairs, Karl Freiherr von Stein zum Altenstein
(1770-1840). The 17-year-old student Dirichlet from a little provincial Rhenisch
town had no chance to procure such an authorization.

More details about Dirichlet’s courses are apparently not known. We do know that
Dirichlet, besides his courses, devoted himself to a deep private study of Gauf’
masterpiece Disquisitiones arithmeticae. At Dirichlet’s request his mother had pro-
cured a copy of the Disquisitiones for him and sent to Paris in November 1822
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(communication by G. Schubring, Bielefeld). There is no doubt that the study
of Gaufl’ magnum opus left a lasting impression on Dirichlet which was of no less
importance than the impression left by his courses. We know that Dirichlet studied
the Disquisitiones arithmeticae several times during his lifetime, and we may safely
assume that he was the first German mathematician who fully mastered this unique
work. He never put his copy on his shelf, but always kept it on his desk. Sartorius
von Waltershausen ([Sa], p. 21) says, that he had his copy with him on all his
travels like some clergymen who always carry their prayer-book with themselves.

After one year of quiet life in seclusion devoted to his studies, Dirichlet’s exterior
life underwent a fundamental change in the summer of 1823. The General M.S.
Foy (1775-1825) was looking for a private tutor to teach his children the German
language and literature. The general was a highly cultured brilliant man and famous
war hero, who held leading positions for 20 years during the wars of the French
Republic and Napoléon Bonaparte. He had gained enormous popularity because of
the circumspection with which he avoided unnecessary heavy losses. In 1819 Foy
was elected into the Chamber of Deputies where he led the opposition and most
energetically attacked the extreme royalistic and clerical policy of the majority,
which voted in favour of the Bourbons. By the good offices of Larchet de Charmont,
an old companion in arms of General Foy and friend of Dirichlet’s parents, Dirichlet
was recommended to the Foy family and got the job with a good salary, so that he
no longer had to depend on his parents’ financial support. The teaching duties were
a modest burden, leaving Dirichlet enough time for his studies. In addition, with
Dirichlet’s help, Mme Foy brushed up her German, and, conversely, she helped him
to get rid of his German accent when speaking French. Dirichlet was treated like
a member of the Foy family and felt very much at ease in this fortunate position.
The house of General Foy was a meeting-point of many celebrities of the French
capital, and this enabled Dirichlet to gain self-assurance in his social bearing, which
was of notable importance for his further life.

Dirichlet soon became acquainted with his academic teachers. His first work of
academic character was a French translation of a paper by J.A. Eytelwein (1764
1848), member of the Royal Academy of Sciences in Berlin, on hydrodynamics
([Ey]). Dirichlet’s teacher Hachette used this translation when he gave a report on
this work to the Parisian Société Philomatique in May 1823, and he published a
review in the Bulletin des Sciences par la Société Philomatique de Paris, 1823, pp.
113-115. The translation was printed in 1825 ([Ey]), and Dirichlet sent a copy to
the Academy of Sciences in Berlin in 1826 ([Bi.8], p. 41).

Dirichlet’s first own scientific work entitled Mémoire sur ['impossibilité de quelques
équations indéterminées du cinquiéme degré ([D.1], pp. 1-20 and pp. 21-46)
instantly gained him high scientific recognition. This work is closely related to
Fermat’s Last Theorem of 1637, which claims that the equation

cannot be solved in integers x,y,z all different from zero whenever n > 3 is a
natural number. This topic was somehow in the air, since the French Academy
of Sciences had offered a prize for a proof of this conjecture; the solution was to
be submitted before January, 1818. In fact, we know that Wilhelm Olbers (1758
1840) had drawn Gauf}’ attention to this prize question, hoping that Gaufl would
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be awarded the prize, a gold medal worth 3000 Francs ([O.1] pp. 626-627). At that
time the insolubility of Fermat’s equation in non-zero integers had been proved only
for two exponents n, namely for n = 4 by Fermat himself, and for n = 3 by Euler.
Since it suffices to prove the assertion for n = 4 and for all odd primes n = p > 3,
the problem was open for all primes p > 5. Dirichlet attacked the case p = 5 and
from the outset considered more generally the problem of solubility of the equation

z® 5 = A2°

in integers, where A is a fixed integer. He proved for many special values of A, e.g.
for A = 4 and for A = 16, that this equation admits no non-trivial solutions in
integers. For the Fermat equation itself, Dirichlet showed that for any hypothetical
non-trivial primitive integral solution x,y, z, one of the numbers must be divisible
by 5, and he deduced a contradiction under the assumption that this number is
additionally even. The “odd case” remained open at first.

Dirichlet submitted his paper to the French Academy of Sciences and got permission
to lecture on his work to the members of the Academy. This must be considered a
sensational event since the speaker was at that time a 20-year-old German student,
who had not yet published anything and did not even have any degree. Dirichlet
gave his lecture on June 11, 1825, and already one week later Lacroix and Legendre
gave a very favourable report on his paper, such that the Academy decided to have
it printed in the Recueil des Mémoires des Savans étrangers. However, the intended
publication never materialized. Dirichlet himself had his work printed in 1825, and
published it later on in more detailed form in the third volume of Crelle’s Journal
which — fortune favoured him — was founded just in time in 1826.

After that Legendre settled the aforementioned “odd case”, and Dirichlet also sub-
sequently treated this case by his methods. This solved the case n = 5 completely.
Dirichlet had made the first significant contribution to Fermat’s claim more than 50
years after Euler, and this immediately established his reputation as an excellent
mathematician. Seven years later he also proved that Fermat’s equation for the
exponent 14 admits no non-trivial integral solution. (The case n = 7 was settled
only in 1840 by G. Lamé (1795-1870).) A remarkable point of Dirichlet’s work
on Fermat’s problem is that his proofs are based on considerations in quadratic
fields, that is, in Z[v/5] for n = 5, and Z[y/—7] for n = 14. He apparently spent
much more thought on the problem since he proved to be well-acquainted with the
difficulties of the matter when in 1843 E. Kummer (1810-1893) gave him a manu-
script containing an alleged general proof of Fermat’s claim. Dirichlet returned the
manuscript remarking that this would indeed be a valid proof, if Kummer had not
only shown the factorization of any integer in the underlying cyclotomic field into a
product of irreducible elements, but also the uniqueness of the factorization, which,
however, does not hold true. Here and in Gauf}’ second installment on biquadratic
residues we discern the beginnings of algebraic number theory.

The lecture to the Academy brought Dirichlet into closer contact with several
renowned académiciens, notably with Fourier and Poisson, who aroused his in-
terest in mathematical physics. The acquaintance with Fourier and the study of
his Théorie analytique de la chaleur clearly gave him the impetus for his later
epoch-making work on Fourier series (see sect. 8).
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3. Entering the Prussian Civil Service

By 1807 Alexander von Humboldt (1769-1859) was living in Paris working almost
single-handedly on the 36 lavishly illustrated volumes on the scientific evaluation
of his 1799-1804 research expedition with A. Bonpland (1773-1858) to South and
Central America. This expedition had earned him enormous world-wide fame, and
he became a corresponding member of the French Academy in 1804 and a foreign
member in 1810. Von Humboldt took an exceedingly broad interest in the natural
sciences and beyond that, and he made generous good use of his fame to support
young talents in any kind of art or science, sometimes even out of his own pocket.
Around 1825 he was about to complete his great work and to return to Berlin
as gentleman of the bedchamber of the Prussian King Friedrich Wilhelm III, who
wanted to have such a luminary of science at his court.

On Fourier’s and Poisson’s recommendation Dirichlet came into contact with A.
von Humboldt. For Dirichlet the search for a permanent position had become an
urgent matter in 1825-1826, since General Foy died in November 1825, and the job
as a private teacher would come to an end soon. J. Liouville (1809-1882) later said
repeatedly that his friend Dirichlet would have stayed in Paris if it had been possible
to find even a modestly paid position for him ([T], first part, p. 48, footnote). Even
on the occasion of his first visit to A. von Humboldt, Dirichlet expressed his desire
for an appointment in his homeland Prussia. Von Humboldt supported him in this
plan and offered his help at once. It was his declared aim to make Berlin a centre
of research in mathematics and the natural sciences ([Bi.5]).

With von Humboldt’s help, the application to Berlin was contrived in a most
promising way: On May 14, 1826, Dirichlet wrote a letter of application to the
Prussian Minister von Altenstein and added a reprint of his memoir on the Fermat
problem and a letter of recommendation of von Humboldt to his old friend von
Altenstein. Dirichlet also sent copies of his memoir on the Fermat problem and
of his translation of Eytelwein’s work to the Academy in Berlin together with a
letter of recommendation of A. von Humboldt, obviously hoping for support by the
academicians Eytelwein and the astronomer J.F. Encke (1791-1865), a student of
Gauf3, and secretary to the Academy. Third, on May 28, 1826, Dirichlet sent a copy
of his memoir on the Fermat problem with an accompanying letter to C.F. Gauf}
in Gottingen, explaining his situation and asking Gaufl to submit his judgement
to one of his correspondents in Berlin. Since only very few people were sufficiently
acquainted with the subject of the paper, Dirichlet was concerned that his work
might be underestimated in Berlin. (The letter is published in [D.2], p. 373-374.)
He also enclosed a letter of recommendation by Gaufl’ acquaintance A. von Hum-
boldt to the effect that in the opinion of Fourier and Poisson the young Dirichlet
had a most brilliant talent and proceeded on the best Eulerian paths. And von
Humboldt expressly asked Gauf3 for support of Dirichlet by means of his renown
([Bi.6], p. 28-29).

Now the matter proceeded smoothly: Gaufl wrote to Encke that Dirichlet showed
excellent talent, Encke wrote to a leading official in the ministry to the effect that,
to the best of his knowledge, Gaufl never had uttered such a high opinion on a
scientist. After Encke had informed Gaufl about the promising state of affairs, Gauf}
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wrote on September 13, 1826, in an almost fatherly tone to Dirichlet, expressing
his satisfaction to have evidence “from a letter received from the secretary of the
Academy in Berlin, that we may hope that you soon will be offered an appropriate
position in your homeland” ([D.2], pp. 375-376; [G.1], pp. 514-515).

Dirichlet returned to Diiren in order to await the course of events. Before his
return he had a meeting in Paris which might have left lasting traces in the history
of mathematics. On October 24, 1826, N.H. Abel (1802-1829) wrote from Paris
to his teacher and friend B.M. Holmboe (1795-1850), that he had met “Herrn Le-
jeune Dirichlet, a Prussian, who visited me the other day, since he considered me as
a compatriot. He is a very sagacious mathematician. Simultaneously with Legendre
he proved the insolubility of the equation
254y =20

in integers and other nice things” ([A], French text p. 45 and Norwegian text p.
41). The meeting between Abel and Dirichlet might have been the beginning of
a long friendship between fellow mathematicians, since in those days plans were
being made for a polytechnic institute in Berlin, and Abel, Dirichlet, Jacobi, and
the geometer J. Steiner (1796-1863) were under consideration as leading members
of the staff. These plans, however, never materialized. Abel died early in 1829
just two days before Crelle sent his final message, that Abel definitely would be
called to Berlin. Abel and Dirichlet never met after their brief encounter in Paris.
Before that tragic end A.L. Crelle (1780-1855) had made every effort to create a
position for Abel in Berlin, and he had been quite optimistic about this project
until July, 1828, when he wrote to Abel the devastating news that the plan could
not be carried out at that time, since a new competitor “had fallen out of the sky”
([A], French text, p. 66, Norwegian text, p. 55). It has been conjectured that
Dirichlet was the new competitor, whose name was unknown to Abel, but recent
investigations by G. Schubring (Bielefeld) show that this is not true.

In response to his application Minister von Altenstein offered Dirichlet a teaching
position at the University of Breslau (Silesia, now Wroctaw, Poland) with an op-
portunity for a Habilitation (qualification examination for lecturing at a university)
and a modest annual salary of 400 talers, which was the usual starting salary of an
associate professor at that time. (This was not too bad an offer for a 21-year-old
young man without any final examination.) Von Altenstein wanted Dirichlet to
move to Breslau just a few weeks later since there was a vacancy. He added, if
Dirichlet had not yet passed the doctoral examination, he might send an applica-
tion to the philosophical faculty of the University of Bonn which would grant him
all facilities consistent with the rules ([Sc.1]).

The awarding of the doctorate, however, took more time than von Altenstein and
Dirichlet had anticipated. The usual procedure was impossible for several formal
reasons: Dirichlet had not studied at a Prussian university; his thesis, the memoir
on the Fermat problem, was not written in Latin, and Dirichlet lacked experience in
speaking Latin fluently and so was unable to give the required public disputation
in Latin. A promotion in absentia was likewise impossible, since Minister von
Altenstein had forbidden this kind of procedure in order to raise the level of the
doctorates. To circumvent these formal problems some professors in Bonn suggested
the conferment of the degree of honorary doctor. This suggestion was opposed by
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other members of the faculty distrustful of this way of undermining the usual rules.
The discussions dragged along, but in the end the faculty voted unanimously. On
February 24, 1827, Dirichlet’s old friend Elvenich, at that time associate professor
in Bonn, informed him about the happy ending, and a few days later Dirichlet
obtained his doctor’s diploma.

Because of the delay Dirichlet could not resume his teaching duties in Breslau
in the winter term 1826-27. In addition, a delicate serious point still had to be
settled clandstinely by the ministry. In those days Central and Eastern Europe
were under the harsh rule of the Holy Alliance (1815), the Carlsbad Decrees (1819)
were carried out meticulously, and alleged “demagogues” were to be prosecuted
(1819). The Prussian chargé d’affaires in Paris received a letter from the ministry
in Berlin asking if anything arousing political suspicion could be found out about
the applicant, since there had been rumours that Dirichlet had lived in the house
of the deceased General Foy, a fierce enemy of the government. The chargé checked
the matter, and reported that nothing was known to the detriment of Dirichlet’s
views and actions, and that he apparently had lived only for his science.

4. Habilitation and Professorship in Breslau

In the course of the Prussian reforms following the Napoleonic Wars several uni-
versities were founded under the guidance of Wilhelm von Humboldt (1767-1835),
Alexander von Humboldt’s elder brother, namely, the Universities of Berlin (1810),
Breslau (1811), and Bonn (1818), and the General Military School was founded in
Berlin in 1810, on the initiative of the Prussian General G.J.D. von Scharnhorst
(1755-1813). During his career Dirichlet had to do with all these institutions. We
have already mentioned the honorary doctorate from Bonn.

In spring 1827, Dirichlet moved from Diiren to Breslau in order to assume his
appointment. On the long journey there he made a major detour via Gottingen to
meet Gauf in person (March 18, 1827), and via Berlin. In a letter to his mother
Dirichlet says that GauBl received him in a very friendly manner. Likewise, from a
letter of Gauf to Olbers ([0.2], p. 479), we know that Gaufl too was very much
pleased to meet Dirichlet in person, and he expresses his great satisfaction that
his recommendation had apparently helped Dirichlet to acquire his appointment.
Gauf3 also tells something about the topics of the conversation, and he says that
he was surprised to learn from Dirichlet, that his (i.e., Gau’) judgement on many
mathematical matters completely agreed with Fourier’s, notably on the foundations
of geometry.

For Dirichlet, the first task in Breslau was to habilitate (qualify as a university
lecturer). According to the rules in force he had

a) to give a trial lecture,

b) to write a thesis (Habilitationsschrift) in Latin, and

¢) to defend his thesis in a public disputation to be held in Latin.

Conditions a) and b) caused no serious trouble, but Dirichlet had difficulties to
meet condition c¢) because of his inability to speak Latin fluently. Hence he wrote to
Minister von Altenstein asking for dispensation from the disputation. The minister
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granted permission — very much to the displeasure of some members of the faculty
([Bi.1]).

To meet condition a), Dirichlet gave a trial lecture on Lambert’s proof of the irra-
tionality of the number 7. In compliance with condition b), he wrote a thesis on
the following number theoretic problem (see [D.1], pp. 45-62): Let z, b be integers,
b not a square of an integer, and expand

(x+VD)"=U+VVb,

where U and V' are integers. The problem is to determine the linear forms con-
taining the primes dividing V', when the variable x assumes all positive or negative
integral values coprime with b. This problem is solved in two cases, viz.

(i) if n is an odd prime,

(ii) if n is a power of 2.

The results are illustrated on special examples. Of notable interest is the introduc-
tion in which Dirichlet considers examples from the theory of biquadratic residues
and refers to his great work on biquadratic residues, which was to appear in Crelle’s
Journal at that time.

The thesis was printed early in 1828, and sent to von Altenstein, and in response
Dirichlet was promoted to the rank of associate professor. A. von Humboldt added
the promise to arrange Dirichlet’s transfer to Berlin as soon as possible. According
to Hensel ([H.1], vol. 1, p. 354) Dirichlet did not feel at ease in Breslau, since he
did not like the widespread provincial cliquishness. Clearly, he missed the exchange
of views with qualified researchers which he had enjoyed in Paris. On the other
hand, there were colleagues in Breslau who held Dirichlet in high esteem, as becomes
evident from a letter of Dirichlet’s colleague H. Steffens (1773-1845) to the ministry
([Bi.1], p. 30): Steffens pointed out that Dirichlet generally was highly thought of,
because of his thorough knowledge, and well liked, because of his great modesty.
Moreover he wrote that his colleague — like the great Gaufl in Gottingen — did
not have many students, but those in the audience, who were seriously occupied
with mathematics, knew how to estimate Dirichlet and how to make good use of
him.

From the scientific point of view Dirichlet’s time in Breslau proved to be quite
successful. In April 1825, Gaufl had published a first brief announcement — as he
was used to doing — of his researches on biquadratic residues ([G.1], pp. 165-168).
Recall that an integer a is called a biquadratic residue modulo the odd prime p, p 1 a,
if and only if the congruence z* = @ mod p admits an integral solution. To whet
his readers’ appetite, Gaufl communicated his results on the biquadratic character
of the numbers £2. The full-length publication of his first installment appeared in
print only in 1828 ([G.1], 65-92). It is well possible, though not reliably known,
that Gauf} talked to Dirichlet during the latter’s visit to Géttingen about his recent
work on biquadratic residues. In any case he did write in his very first letter of
September 13, 1826, to Dirichlet about his plan to write three memoirs on this
topic ([D.2], pp. 375-376; [G.1], pp. 514-515).

It is known that Gaufl’ announcement immediately aroused the keen interest of
both Dirichlet and Jacobi, who was professor in Konigsberg (East Prussia; now
Kaliningrad, Russia) at that time. They both tried to find their own proofs of
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Gauf’ results, and they both discovered plenty of new results in the realm of higher
power residues. A report on Jacobi’s findings is contained in [J.2] amongst the
correspondence with Gauf3. Dirichlet discovered remarkably simple proofs of Gauf}’
results on the biquadratic character of +2, and he even answered the question as
to when an odd prime ¢ is a biquadratic residue modulo the odd prime p,p # q.
To achieve the biquadratic reciprocity law, only one further step had to be taken
which, however, became possible only some years later, when Gauf, in his second
installment of 1832, introduced complex numbers, his Gaussian integers, into the
realm of number theory ([G.1], pp. 169-178, 93-148, 313-385; [R]). This was
Gaufy’ last long paper on number theory, and a very important one, helping to
open the gate to algebraic number theory. The first printed proof of the biquadratic
reciprocity law was published only in 1844 by G. Eisenstein (1823-1852; see [Ei],
vol. 1, pp. 141-163); Jacobi had already given a proof in his lectures in Konigsberg
somewhat earlier.

Dirichlet succeeded with some crucial steps of his work on biquadratic residues on
a brief vacation in Dresden, seven months after his visit to Gauf}. Fully aware
of the importance of his investigation, he immediately sent his findings in a long
sealed letter to Encke in Berlin to secure his priority, and shortly thereafter he
nicely described the fascinating history of his discovery in a letter of October 28,
1827, to his mother ([R], p. 19). In this letter he also expressed his high hopes to
expect much from his new work for his further promotion and his desired transfer
to Berlin. His results were published in the memoir Recherches sur les diviseurs
premiers d’une classe de formules du quatrieme degré ([D.1], pp. 61-98). Upon
publication of this work he sent an offprint with an accompanying letter (published
in [D.2], pp. 376-378) to Gauf}, who in turn expressed his appreciation of Dirichlet’s
work, announced his second installment, and communicated some results carrying
on the last lines of his first installment in a most surprising manner ([D.2], pp.
378-380; [G.1], pp. 516-518).

The subject of biquadratic residues was always in Dirichlet’s thought up to the
end of his life. In a letter of January 21, 1857, to Moritz Abraham Stern (1807—
1894), Gauf}’ first doctoral student, who in 1859 became the first Jewish professor
in Germany who did not convert to Christianity, he gave a completely elementary
proof of the criterion for the biquadratic character of the number 2 ([D.2], p. 261

£).

Having read Dirichlet’s article, F.W. Bessel (1784-1846), the famous astronomer
and colleague of Jacobi in Konigsberg, enthusiastically wrote to A. von Humboldt
on April 14, 1828: “... who could have imagined that this genius would succeed in
reducing something appearing so difficult to such simple considerations. The name
Lagrange could stand at the top of the memoir, and nobody would realize the
incorrectness” ([Bi.2], pp. 91-92). This praise came just in time for von Humboldt
to arrange Dirichlet’s transfer to Berlin. Dirichlet’s period of activity in Breslau was
quite brief; Sturm [St] mentions that he lectured in Breslau only for two semesters,
Kummer says three semesters.
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5. Transfer to Berlin and Marriage

Aiming at Dirichlet’s transfer to Berlin, A. von Humboldt sent copies of Bessel’s
enthusiastic letter to Minister von Altenstein and to Major J.M. von Radowitz
(1797-1853), at that time teacher at the Military School in Berlin. At the same
time Fourier tried to bring Dirichlet back to Paris, since he considered Dirichlet to
be the right candidate to occupy a leading role in the French Academy. (It does
not seem to be known, however, whether Fourier really had an offer of a definite
position for Dirichlet.) Dirichlet chose Berlin, at that time a medium-sized city
with 240000 inhabitants, with dirty streets, without pavements, without street
lightning, without a sewage system, without public water supply, but with many
beautiful gardens.

A. von Humboldt recommended Dirichlet to Major von Radowitz and to the min-
ister of war for a vacant post at the Military School. At first there were some
reservations to installing a young man just 23 years of age for the instruction of
officers. Hence Dirichlet was first employed on probation only. At the same time
he was granted leave for one year from his duties in Breslau. During this time
his salary was paid further on from Breslau; in addition he received 600 talers per
year from the Military School. The trial period was successful, and the leave from
Breslau was extended twice, so that he never went back there.

From the very beginning, Dirichlet also had applied for permission to give lectures at
the University of Berlin, and in 1831 he was formally transferred to the philosophical
faculty of the University of Berlin with the further duty to teach at the Military
School. There were, however, strange formal oddities about his legal status at the
University of Berlin which will be dealt with in sect. 7.

In the same year 1831 he was elected to the Royal Academy of Sciences in Berlin,
and upon confirmation by the king, the election became effective in 1832. At that
time the 27-year-old Dirichlet was the youngest member of the Academy.

Shortly after Dirichlet’s move to Berlin, a most prestigious scientific event orga-
nized by A. von Humboldt was held there, the seventh assembly of the German
Association of Scientists and Physicians (September 18-26, 1828). More than 600
participants from Germany and abroad attended the meeting, Felix Mendelssohn
Bartholdy composed a ceremonial music, the poet Rellstab wrote a special poem,
a stage design by Schinkel for the aria of the Queen of the Night in Mozart’s Magic
Flute was used for decoration, with the names of famous scientists written in the
firmament. A great gala dinner for all participants and special invited guests with
the king attending was held at von Humboldt’s expense. Gaufl took part in the
meeting and lived as a special guest in von Humboldt’s house. Dirichlet was invited
by von Humboldt jointly with GauBl, Charles Babbage (1792-1871) and the officers
von Radowitz and K. von Miiffing (1775-1851) as a step towards employment at
the Military School. Another participant of the conference was the young physicist
Wilhelm Weber (1804-1891), at that time associate professor at the University of
Halle. Gauf§ got to know Weber at this assembly, and in 1831 he arranged Weber’s
call to Gottingen, where they both started their famous joint work on the investi-
gation of electromagnetism. The stimulating atmosphere in Berlin was compared
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by Gauf in a letter to his former student C.L. Gerling (1788-1864) in Marburg “to
a move from atmospheric air to oxygen”.

The following years were the happiest in Dirichlet’s life both from the professional
and the private point of view. Once more it was A. von Humboldt who established
also the private relationship. At that time great salons were held in Berlin, where
people active in art, science, humanities, politics, military affairs, economics, etc.
met regularly, say, once per week. A. von Humboldt introduced Dirichlet to the
house of Abraham Mendelssohn Bartholdy (1776-1835) (son of the legendary Moses
Mendelssohn (1729-1786)) and his wife Lea, née Salomon (1777-1842), which was
a unique meeting point of the cultured Berlin. The Mendelssohn family lived in
a baroque palace erected in 1735, with a two-storied main building, side-wings, a
large garden hall holding up to 300 persons, and a huge garden of approximately
3 hectares (almost 10 acres) size. (The premises were sold in 1851 to the Prussian
state and the house became the seat of the Upper Chamber of the Prussian Par-
liament. In 1904 a new building was erected, which successively housed the Upper
Chamber of the Prussian Parliament, the Prussian Council of State, the Cabinet of
the GDR, and presently the German Bundesrat.) There is much to be told about
the Mendelssohn family which has to be omitted here; for more information see the
recent wonderful book by T. Lackmann [Lac]. Every Sunday morning famous Sun-
day concerts were given in the Mendelssohn garden hall with the four highly gifted
Mendelssohn children performing. These were the pianist and composer Fanny
(1805-1847), later married to the painter Wilhelm Hensel (1794-1861), the musi-
cal prodigy, brilliant pianist and composer Felix (1809-1847), the musically gifted
Rebecka (1811-1858), and the cellist Paul (1812-1874), who later carried out the
family’s banking operations. Sunday concerts started at 11 o’clock and lasted for 4
hours with a break for conversation and refreshments in between. Wilhelm Hensel
made portraits of the guests — more than 1000 portraits came into being this way,
a unique document of the cultural history of that time.

From the very beginning, Dirichlet took an interest in Rebecka, and although she
had many suitors, she decided for Dirichlet. Lackmann ([Lac]) characterizes Re-
becka as the linguistically most gifted, wittiest, and politically most receptive of
the four children. She experienced the radical changes during the first half of the
nineteeth century more consciously and critically than her siblings. These traits
are clearly discernible also from her letters quoted by her nephew Sebastian Hensel
([H.1], [H.2]). The engagement to Dirichlet took place in November 1831. Af-
ter the wedding in May 1832, the young married couple moved into a flat in the
parental house, Leipziger Str. 3, and after the Italian journey (1843-1845), the
Dirichlet family moved to Leipziger Platz 18.

In 1832 Dirichlet’s life could have taken quite a different course. Gaufl planned to
nominate Dirichlet as a successor to his deceased colleague, the mathematician B.F.
Thibaut (1775-1832). When Gauf} learnt about Dirichlet’s marriage, he cancelled
this plan, since he assumed that Dirichlet would not be willing to leave Berlin.
The triumvirate Gauf3, Dirichlet, and Weber would have given Gottingen a unique
constellation in mathematics and natural sciences not to be found anywhere else in
the world.
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Dirichlet was notoriously lazy about letter writing. He obviously preferred to set-
tle matters by directly contacting people. On July 2, 1833, the first child, the
son Walter, was born to the Dirichlet family. Grandfather Abraham Mendelssohn
Bartholdy got the happy news on a buisiness trip in London. In a letter he congrat-
ulated Rebecka and continued resentfully: “I don’t congratulate Dirichlet, at least
not in writing, since he had the heart not to write me a single word, even on this
occasion; at least he could have written: 24+ 1 = 3” ([H.1], vol. 1, pp. 340-341).
(Walter Dirichlet became a well-known politician later and member of the German
Reichstag 1881-1887; see [Ah.1], 2. Teil, p. 51.)

The Mendelssohn family is closely related with many artists and scientists of whom
we but mention some prominent mathematicians: The renowned number theo-
rist Ernst Eduard Kummer was married to Rebecka’s cousin Ottilie Mendelssohn
(1819-1848) and hence was Dirichlet’s cousin. He later became Dirichlet’s succes-
sor at the University of Berlin and at the Military School, when Dirichlet left for
Gottingen. The function theorist Hermann Amandus Schwarz (1843-1921), after
whom Schwarz’ Lemma and the Cauchy-Schwarz Inequality are named, was mar-
ried to Kummer’s daughter Marie Elisabeth, and hence was Kummer’s son-in-law.
The analyst Heinrich Eduard Heine (1821-1881), after whom the Heine-Borel The-
orem got its name, was a brother of Albertine Mendelssohn Bartholdy, née Heine,
wife of Rebecka’s brother Paul. Kurt Hensel (1861-1941), discoverer of the p-adic
numbers and for many years editor of Crelle’s Journal, was a son of Sebastian
Hensel (1830-1898) and his wife Julie, née Adelson; Sebastian Hensel was the only
child of Fanny and Wilhelm Hensel, and hence a nephew of the Dirichlets. Kurt
and Gertrud (née Hahn) Hensel’s daughter Ruth Therese was married to the profes-
sor of law Franz Haymann, and the noted function theorist Walter Hayman (born
1926) is an offspring of this married couple. The noted group theorist and num-
ber theorist Robert Remak (1888- some unknown day after 1942 when he met his
death in Auschwitz) was a nephew of Kurt and Gertrud Hensel. The philosopher
and logician Leonard Nelson (1882-1927) was a great-great-grandson of Gustav and
Rebecka Lejeune Dirichlet.

6. Teaching at the Military School

When Dirichlet began teaching at the Military School on October 1, 1828, he first
worked as a coach for the course of F.T. Poselger (1771-1838). It is a curious coinci-
dence that Georg Simon Ohm, Dirichlet’s mathematics teacher at the Gymnasium
in Cologne, simultaneously also worked as a coach for the course of his brother, the
mathematician Martin Ohm (1792-1872), who was professor at the University of
Berlin. Dirichlet’s regular teaching started one year later, on October 1, 1829. The
course went on for three years and then started anew. Its content was essentially
elementary and practical in nature, starting in the first year with the theory of
equations (up to polynomial equations of the fourth degree), elementary theory of
series, some stereometry and descriptive geometry. This was followed in the second
year by some trigonometry, the theory of conics, more stereometry and analytical
geometry of three-dimensional space. The third year was devoted to mechanics, hy-
dromechanics, mathematical geography and geodesy. At first, the differential and
integral calculus was not included in the curriculum, but some years later Dirichlet
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succeeded in raising the level of instruction by introducing so-called higher analysis
and its applications to problems of mechanics into the program. Subsequently, this
change became permanent and was adhered to even when Dirichlet left his post
([Lam)]). Altogether he taught for 27 years at the Military School, from his trans-
fer to Berlin in 1828 to his move to Géttingen in 1855, with two breaks during his
Italian journey (1843-1845) and after the March Revolution of 1848 in Berlin, when
the Military School was closed down for some time, causing Dirichlet a sizable loss
of his income.

During the first years Dirichlet really enjoyed his position at the Military School.
He proved to be an excellent teacher, whose courses were very much appreciated
by his audience, and he liked consorting with the young officers, who were almost
of his own age. His refined manners impressed the officers, and he invited them for
stimulating evening parties in the course of which he usually formed the centre of
conversation. Over the years, however, he got tired of repeating the same curricu-
lum every three years. Moreover, he urgently needed more time for his research;
together with his lectures at the university his teaching load typically was around
18 hours per week.

When the Military School was reopened after the 1848 revolution, a new reactionary
spirit had emerged among the officers, who as a rule belonged to the nobility. This
was quite opposed to Dirichlet’s own very liberal convictions. His desire to quit
the post at the Military School grew, but he needed a compensation for his loss
in income from that position, since his payment at the University of Berlin was
rather modest. When the Prussian ministry was overly reluctant to comply with
his wishes, he accepted the most prestigious call to G&ttingen as a successor to
GauB in 1855.

7. Dirichlet as a Professor at the University of Berlin

From the very beginning Dirichlet applied for permission to give lectures at the
University of Berlin. The minister approved his application and communicated this
decision to the philosophical faculty. But the faculty protested, since Dirichlet was
neither habilitated nor appointed professor, whence the instruction of the minister
was against the rules. In his response the minister showed himself conciliatory
and said he would leave it to the faculty to demand from Dirichlet an appropriate
achievement for his Habilitation. Thereupon the dean of the philosphical faculty
offered a reasonable solution: He suggested that the faculty would consider Dirichlet
— in view of his merits — as Professor designatus, with the right to give lectures.
To satisfy the formalities of a Habilitation, he only requested Dirichlet

a) to distribute a written program in Latin, and
b) to give a lecture in Latin in the large lecture-hall.

This seemed to be a generous solution. Dirichlet was well able to compose texts in
Latin as he had proved in Breslau with his Habilitationsschrift. He could prepare
his lecture in writing and just read it — this did not seem to take great pains.
But quite unexpectedly he gave the lecture only with enormous reluctance. It
took Dirichlet almost 23 years to give it. The lecture was entitled De formarum
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binarium secundi gradus compositione (“On the composition of binary quadratic
forms”; [D.2], pp. 105-114) and comprises less than 8 printed pages. On the title
page Dirichlet is referred to as Phil. Doct. Prof. Publ. Ord. Design. The reasons
for the unbelievable delay are given in a letter to the dean H.W. Dove (1803-1879)
of November 10, 1850, quoted in [Bi.1], p. 43. In the meantime Dirichlet was
transferred for long as an associate professor to the University of Berlin in 1831,
and he was even advanced to the rank of full professor in 1839, but in the faculty
he still remained Professor designatus up to his Habilitation in 1851. This meant
that it was only in 1851 that he had equal rights in the faculty; before that time
he was, e.g. not entitled to write reports on doctoral dissertations nor could he
influence Habilitationen — obviously a strange situation since Dirichlet was by far
the most competent mathematician on the faculty.

We have several reports of eye-witnesses about Dirichlet’s lectures and his social life.
After his participation in the assembly of the German Association of Scientists and
Physicians, Wilhelm Weber started a research stay in Berlin beginning in October,
1828. Following the advice of A. von Humboldt, he attended Dirichlet’s lectures on
Fourier’s theory of heat. The eager student became an intimate friend of Dirichlet’s,
who later played a vital role in the negotiations leading to Dirichlet’s move to
Gottingen (see sect. 12). We quote some lines of the physicist Heinrich Weber
(1839-1928), nephew of Wilhelm Weber, not to be confused with the mathematician
Heinrich Weber (1842-1913), which give some impression on the social life of his
uncle in Berlin ([Web], pp. 14-15): “After the lectures which were given three
times per week from 12 to 1 o’clock there used to be a walk in which Dirichlet often
took part, and in the afternoon it became eventually common practice to go to the
coffee-house ‘Dirichlet’. ‘After the lecture every time one of us invites the others
without further ado to have coffee at Dirichlet’s, where we show up at 2 or 3 o’clock
and stay quite cheerfully up to 6 o’clock™”.

During his first years in Berlin Dirichlet had only rather few students, numbers
varying typically between 5 and 10. Some lectures could not even be given at all
for lack of students. This is not surprising since Dirichlet generally gave lectures
on what were considered to be “higher” topics, whereas the great majority of the
students preferred the lectures of Dirichlet’s colleagues, which were not so demand-
ing and more oriented towards the final examination. Before long, however, the
situation changed, Dirichlet’s reputation as an excellent teacher became generally
known, and audiences comprised typically between 20 and 40 students, which was
quite a large audience at that time.

Although Dirichlet was not on the face of it a brilliant speaker like Jacobi, the great
clarity of his thought, his striving for perfection, the self-confidence with which he
elaborated on the most complicated matters, and his thoughtful remarks fascinated
his students. Whereas mere computations played a major role in the lectures of
most of his contemporaries, in Dirichlet’s lectures the mathematical argument came
to the fore. In this regard Minkowski [Mi] speaks “of the other Dirichlet Principle
to overcome the problems with a minimum of blind computation and a maximum
of penetrating thought”, and from that time on he dates “the modern times in the
history of mathematics”.

3Quotation from a family letter of W. Weber of November 21, 1828.
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Dirichlet prepared his lectures carefully and spoke without notes. When he could
not finish a longer development, he jotted down the last formula on a slip of paper,
which he drew out of his pocket at the beginning of the next lecture to continue the
argument. A vivid description of his lecturing habits was given by Karl Emil Gruhl
(1833-1917), who attended his lectures in Berlin (1853-1855) and who later became
a leading official in the Prussian ministry of education (see [Sc.2]). An admiring
description of Dirichlet’s teaching has been passed on to us by Thomas Archer Hirst
(1830-1892), who was awarded a doctor’s degree in Marburg, Germany, in 1852,
and after that studied with Dirichlet and Steiner in Berlin. In Hirst’s diary we
find the following entry of October 31, 1852 ([GW], p. 623): “Dirichlet cannot
be surpassed for richness of material and clear insight into it: as a speaker he has
no advantages — there is nothing like fluency about him, and yet a clear eye and
understanding make it dispensable: without an effort you would not notice his
hesitating speech. What is peculiar in him, he never sees his audience — when he
does not use the blackboard at which time his back is turned to us, he sits at the
high desk facing us, puts his spectacles up on his forehead, leans his head on both
hands, and keeps his eyes, when not covered with his hands, mostly shut. He uses
no notes, inside his hands he sees an imaginary calculation, and reads it out to us
— that we understand it as well as if we too saw it. I like that kind of lecturing.”
— After Hirst called on Dirichlet and was “met with a very hearty reception”, he
noted in his diary on October 13, 1852 ([GW], p. 622): “He is a rather tall, lanky-
looking man, with moustache and beard about to turn grey (perhaps 45 years old),
with a somewhat harsh voice and rather deaf: it was early, he was unwashed, and
unshaved (what of him required shaving), with his ‘Schlafrock’, slippers, cup of
coffee and cigar ... T thought, as we sat each at an end of the sofa, and the smoke
of our cigars carried question and answer to and fro, and intermingled in graceful
curves before it rose to the ceiling and mixed with the common atmospheric air, ‘If
all be well, we will smoke our friendly cigar together many a time yet, good-natured
Lejeune Dirichlet’.”

The topics of Dirichlet’s lectures were mainly chosen from various areas of number
theory, foundations of analysis (including infinite series, applications of integral
calculus), and mathematical physics. He was the first university teacher in Germany
to give lectures on his favourite subject, number theory, and on the application of
analytical techniques to number theory; 23 of his lectures were devoted to these
topics ([Bi.1]; [Bi.8], p. 47).

Most importantly, the lectures of Jacobi in Ko&nigsberg and Dirichlet in Berlin
gave the impetus for a general rise of the level of mathematical instruction in
Germany, which ultimately led to the very high standards of university mathematics
in Germany in the second half of the nineteenth century and beyond that up to 1933.
Jacobi even established a kind of “Konigsberg school” of mathematics principally
dedicated to the investigation of the theory of elliptic functions. The foundation of
the first mathematical seminar in Germany in Konigsberg (1834) was an important
event in his teaching activities. Dirichlet was less extroverted; from 1834 onwards
he conducted a kind of private mathematical seminar in his house which was not
even mentioned in the university calendar. The aim of this private seminar was to
give his students an opportunity to practice their oral presentation and their skill
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in solving problems. For a full-length account on the development of the study of
mathematics at German universities during the nineteenth century see Lorey [Lo].

A large number of mathematicians received formative impressions from Dirichlet
by his lectures or by personal contacts. Without striving for a complete list we
mention the names of P. Bachmann (1837-1920), the author of numerous books
on number theory, G. Bauer (1820-1907), professor in Munich, C.W. Borchardt
(1817-1880), Crelle’s successor as editor of Crelle’s Journal, M. Cantor (1829-
1920), a leading German historian of mathematics of his time, E.B. Christoffel
(1829-1900), known for his work on differential geometry, R. Dedekind (1831-1916),
noted for his truly fundamental work on algebra and algebraic number theory, G.
Eisenstein (1823-1852), noted for his profound work on number theory and elliptic
functions, A. Enneper (1830-1885), known for his work on the theory of surfaces and
elliptic functions, E. Heine (1821-1881), after whom the Heine—Borel Theorem got
its name, L. Kronecker (1823-1891), the editor of Dirichlet’s collected works, who
jointly with Kummer and Weierstral made Berlin a world centre of mathematics
in the second half of the nineteenth century, E.E. Kummer (1810-1893), one of the
most important number theorists of the nineteenth century and not only Dirichlet’s
successor in his chair in Berlin but also the author of the important obituary [Ku]
on Dirichlet, R. Lipschitz (1832-1903), noted for his work on analysis and number
theory, B. Riemann (1826-1866), one of the greatest mathematicians of the 19th
century and Dirichlet’s successor in Gottingen, E. Schering (1833-1897), editor of
the first edition of the first 6 volumes of Gaufl’ collected works, H. Schréter (1829-
1892), professor in Breslau, L. von Seidel (1821-1896), professor in Munich, who
introduced the notion of uniform convergence, J. Weingarten (1836-1910), who
advanced the theory of surfaces.

Dirichlet’s lectures had a lasting effect even beyond the grave, although he did
not prepare notes. After his death several of his former students published books
based on his lectures: In 1904 G. Arendt (1832-1915) edited Dirichlet’s lectures on
definite integrals following his 1854 Berlin lectures ([D.7]). As early as 1871 G.F.
Meyer (1834-1905) had published the 1858 Gottingen lectures on the same topic
(IMG]), but his account does not follow Dirichlet’s lectures as closely as Arendt
does. The lectures on “forces inversely proportional to the square of the distance”
were published by F. Grube (1835-1893) in 1876 ([Gr]). Here one may read how
Dirichlet himself explained what Riemann later called “Dirichlet’s Principle”. And
last but not least, there are Dirichlet’s lectures on number theory in the masterly
edition of R. Dedekind, who over the years enlarged his own additions to a pioneer-
ing exposition of the foundations of algebraic number theory based on the concept
of ideal.

8. Mathematical Works

In spite of his heavy teaching load, Dirichlet achieved research results of the highest
quality during his years in Berlin. When A. von Humboldt asked Gauf3 in 1845 for
a proposal of a candidate for the order pour le mérite, Gaul did “not neglect to
nominate Professor Dirichlet in Berlin. The same has — as far as I know — not
yet published a big work, and also his individual memoirs do not yet comprise a big
volume. But they are jewels, and one does not weigh jewels on a grocer’s scales”
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([Bi.6], p. 88)*. We quote a few highlights of Dirichlet’s ceuvre showing him at the
peak of his creative power.

A. Fourier Series. The question whether or not an “arbitrary” 2mw-periodic
function on the real line can be expanded into a trigonometric series

oo
% + Z(an cosnx + by, sin nx)

n=1
was the subject of controversal discussions among the great analysts of the eigh-
teenth century, such as L. Euler, J. d’Alembert, D. Bernoulli, J. Lagrange. Fourier
himself did not settle this problem, though he and his predecessors knew that such
an expansion exists in many interesting cases. Dirichlet was the first mathemati-
cian to prove rigorously for a fairly wide class of functions that such an expansion is
possible. His justly famous memoir on this topic is entitled Sur la convergence des
séries trigonométriques qui servent a représenter une fonction arbitraire entre des
limites données (1829) ([D.1], pp. 117-132). He points out in this work that some
restriction on the behaviour of the function in question is necessary for a positive
solution to the problem, since, e.g. the notion of integral “ne signifie quelque chose”
for the (Dirichlet) function

¢ for €Q,

f(x):{ d for zeR\Q,

whenever ¢,d € R, ¢ # d ([D.1], p. 132). An extended version of his work appeared
in 1837 in German ([D.1], pp. 133-160; [D.4]). We comment on this German
version since it contains various issues of general interest. Before dealing with
his main problem, Dirichlet clarifies some points which nowadays belong to any
introductory course on real analysis, but which were by far not equally commonplace
at that time. This refers first of all to the notion of function. In Euler’s Introductio
in analysin infinitorum the notion of function is circumscribed somewhat tentatively
by means of “analytical expressions”, but in his book on differential calculus his
notion of function is so wide “as to comprise all manners by which one magnitude
may be determined by another one”. This very wide concept, however, was not
generally accepted. But then Fourier in his Théorie analytique de la chaleur (1822)
advanced the opinion that also any non-connected curve may be represented by a
trigonometric series, and he formulated a corresponding general notion of function.
Dirichlet follows Fourier in his 1837 memoir: “If to any x there corresponds a single
finite y, namely in such a way that, when x continuously runs through the interval
from a to b, y = f(x) likewise varies little by little, then y is called a continuous

. function of x. Yet it is not necessary that y in this whole interval depend on
x according to the same law; one need not even think of a dependence expressible
in terms of mathematical operations” ([D.1], p. 135). This definition suffices for
Dirichlet since he only considers piecewise continuous functions.

Then Dirichlet defines the integral for a continuous function on [a, b] as the limit of
decomposition sums for equidistant decompositions, when the number of interme-
diate points tends to infinity. Since his paper is written for a manual of physics, he
does not formally prove the existence of this limit, but in his lectures [D.7] he fully

4At that time Dirichlet was not yet awarded the order. He got it in 1855 after Gauf3’ death,
and thus became successor to Gaufl also as a recipient of this extraordinary honour.
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proves the existence by means of the uniform continuity of a continuous function on
a closed interval, which he calls a “fundamental property of continuous functions”
(loc. cit., p. 7).

He then tentatively approaches the development into a trigonometric series by
means of discretization. This makes the final result plausible, but leaves the crucial
limit process unproved. Hence he starts anew in the same way customary today:
Given the piecewise continuous® 27-periodic function f : R — R, he forms the
(Euler-)Fourier coefficients

1 s

ap = — f(¢t) cos ktdt (k> 0),
L

b = 1 f(t) sin ktdt (k>1),
™ —Tr

and transforms the partial sum
Sn(x) = (12—0 + ’;(ak cos kx + by, sin kx)

(n > 0) into an integral, nowadays known as Dirichlet’s Integral,

™ : t—x
sulw) = = [ g2 DT g

~ o - sin =5
The pioneering progress of Dirichlet’s work now is to find a precise simple sufficient
condition implying
1
lim s,(z) = i(f(a: +0)+ f(z—-0)),

n—oo
namely, this limit relation holds whenever f is piecewise continuous and piecewise
monotone in a neighbourhood of x. A crucial role in Dirichlet’s argument is played
by a preliminary version of what is now known as the Riemann-Lebesgue Lemma
and by a mean-value theorem for integrals.

Using the same method Dirichlet also proves the expansion of an “arbitrary” func-
tion depending on two angles into a series of spherical functions ([D.1], pp. 283-
306). The main trick of this paper is a transformation of the partial sum into an
integral of the shape of Dirichlet’s Integral.

A characteristic feature of Dirichlet’s work is his skilful application of analysis to
questions of number theory, which made him the founder of analytic number theory
([Sh]). This trait of his work appears for the first time in his paper Uber eine neue
Anwendung bestimmter Integrale auf die Summation endlicher oder unendlicher
Reihen (1835) (On a new application of definite integrals to the summation of
finite or infinite series, [D.1], pp. 237-256; shortened French translation in [D.1],
pp. 257-270). Applying his result on the limiting behaviour of Dirichlet’s Integral
for n tending to infinity, he computes the Gaussian Sums in a most lucid way,
and he uses the latter result to give an ingenious proof of the quadratic reciprocity
theorem. (Recall that Gaul himself published 6 different proofs of his theorema
fundamentale, the law of quadratic reciprocity (see [G.2]).)

Sfinitely many pieces in [0, 2]
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B. Dirichlet’s Theorem on Primes in Arithmetical Progressions. Di-
richlet’s mastery in the application of analysis to number theory manifests itself
most impressively in his proof of the theorem on an infinitude of primes in any
arithmetic progression of the form (a+km)g>1, where a and m are coprime natural
numbers. In order to explain why this theorem is of special interest, Dirichlet gives
the following typical example ([D.1], p. 309): The law of quadratic reciprocity
implies that the congruence 2247 = 0 (mod p) is solvable precisely for those primes
p different from 2 and 7 which are of the form 7k + 1,7k + 2, or 7k + 4 for some
natural number k. But the law of quadratic reciprocity gives no information at all
about the existence of primes in any of these arithmetic progressions.

Dirichlet’s theorem on primes in arithmetic progressions was first published in Ger-
man in 1837 (see [D.1], pp. 307-312 and pp. 313-342); a French translation was
published in Liouville’s Journal, but not included in Dirichlet’s collected papers
(see [D.2], p. 421). In this work, Dirichlet again utilizes the opportunity to clarify
some points of general interest which were not commonplace at that time. Prior
to his introduction of the L-series he explains the “essential difference” which “ex-
ists between two kinds of infinite series. If one considers instead of each term its
absolute value, or, if it is complex, its modulus, two cases may occur. Either one
may find a finite magnitude exceeding any finite sum of arbitrarily many of these
absolute values or moduli, or this condition is not satisfied by any finite number
however large. In the first case, the series always converges and has a unique def-
inite sum irrespective of the order of the terms, no matter if these proceed in one
dimension or if they proceed in two or more dimensions forming a so-called double
series or multiple series. In the second case, the series may still be convergent, but
this property as well as the sum will depend in an essential way on the order of
the terms. Whenever convergence occurs for a certain order it may fail for another
order, or, if this is not the case, the sum of the series may be quite a different one”
([D.1], p. 318).

The crucial new tools enabling Dirichlet to prove his theorem are the L-series which
nowadays bear his name. In the original work these series were introduced by means
of suitable primitive roots and roots of unity, which are the values of the characters.
This makes the representation somewhat lengthy and technical (see e.g. [Lan], vol.
I, p. 391 ff. or [N.2], p. 51 ff.). For the sake of conciseness we use the modern
language of characters: By definition, a Dirichlet character mod m is a homomor-
phism x : (Z/mZ)* — S, where (Z/mZ)* denotes the group of prime residue
classes mod m and S! the unit circle in C. To any such x corresponds a map (by
abuse of notation likewise denoted by the same letter) x : Z — C such that

a) x(n) =0 if and only if (m,n) > 1,

b) x(kn) = x(k)x(n) for all k,n € Z,

¢) x(n) = x(k) whenever k£ = n (mod m),

namely, x(n) := x(n +mZ) if (m,n) = 1.

The set of Dirichlet characters modm is a multiplicative group isomorphic to
(Z/mZ)* with the so-called principal character yo as neutral element. To any
such y Dirichlet associates an L-series

- (s>1),

L(s,y) = Z X(CL)
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and expands it into an Euler product

L(s,x) = [t = xw)p—) ",

p

where the product extends over all primes p. He then defines the logarithm

0 k
log L(s,x) = Z Z %X]Efz (s>1)

p k=1

and uses it to sift the primes in the progression (a + km),>1 by means of a sum-
mation over all ¢(m) Dirichlet characters x mod m:

1 1
X k>1,p
pk=a (mod m)
1
(1) - > = +R(s).
p=a (mod m)

Here, R(s) is the contribution of the terms with & > 2 which converges absolutely
for s > % For x # xo the series L(s, x) even converges for s > 0 and is continuous
in s. Dirichlet’s great discovery now is that

(2) L(1,x) #0 for x # xo -

Combining this with the simple observation that L(s,xo) — oo as s — 1+ 0,
formula (1) yields

1
Z — — 0 fors —1+0

p=a mod m

which gives the desired result. To be precise, in his 1837 paper Dirichlet proved
(2) only for prime numbers m, but he pointed out that in the original draft of his
paper he also proved (2) for arbitrary natural numbers m by means of “indirect
and rather complicated considerations. Later I convinced myself that the same aim
may be achieved by a different method in a much shorter way” ([D.1], p. 342). By
this he means his class number formula which makes the non-vanishing of L(1, x)
obvious (see section C).

Dirichlet’s theorem on primes in arithmetic progressions holds analogously for Z[i]
instead of Z. This was shown by Dirichlet himself in another paper in 1841 ([D.1],
pp. 503-508 and pp. 509-532).

C. Dirichlet’s Class Number Formula. On September 10, 1838, C.G.J.
Jacobi wrote to his brother Moritz Hermann Jacobi (1801-1874), a renowned physi-
cist in St. Petersburg, with unreserved admiration: “Applying Fourier series to
number theory, Dirichlet has recently found results touching the utmost of human
acumen” ([Ah.2], p. 47). This remark goes back to a letter of Dirichlet’s to Jacobi
on his research on the determination of the class number of binary quadratic forms
with fixed determinant. Dirichlet first sketched his results on this topic and on the
mean value of certain arithmetic functions in 1838 in an article in Crelle’s Journal
([D.1], pp. 357-374) and elaborated on the matter in full detail in a very long
memoir of 1839-1840, likewise in Crelle’s Journal ([D.1], pp. 411-496; [D.3]).
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Following Gau$, Dirichlet considered quadratic forms
az? + 2bzy + cy?

with even middle coefficient 2b. This entails a large number of cases such that the
class number formula finally appears in 8 different versions, 4 for positive and 4
for negative determinants. Later on Kronecker found out that the matter can be
dealt with much more concisely if one considers from the very beginning forms of
the shape

(3) f(z,y) = ax® + bey + cy® .
He published only a brief outline of the necessary modifications in the framework

of his investigations on elliptic functions ([Kr], pp. 371-375); an exposition of
book-length was subsequently given by de Seguier ([Se]).

For simplicity, we follow Kronecker’s approach and consider quadratic forms of the
type (3) with integral coefficients a, b, c and discriminant D = b — 4ac assuming
that D is not the square of an integer. The crucial question is whether or not an
integer n can be represented by the form (3) by attributing suitable integral values
to x,y. This question admits no simple answer as long as we consider an individual
The substitution

form f.
()= (5 5) () (5 5) esma

transforms f into a so-called (properly) equivalent form

fl(a,y) = d'a® + by + 'y
which evidently has the same discriminant and represents the same integers. Hence
the problem of representation needs to be solved only for a representative system

of the finitely many equivalence classes of binary forms of fixed discriminant D.
Associated with each form f is its group of automorphs containing all matrices

(: g ) € SLo(Z) transforming f into itself. The really interesting quantity now is

the number R(n, f) of representations of n by f which are inequivalent with respect
to the natural action of the group of automorphs. Then R(n, f) turns out to be
finite, but still there is no simple formula for this quantity.

Define now f to be primitive if (a,b,c¢) = 1. Forms equivalent to primitive ones

are primitive. Denote by fi,..., fn a representative system of primitive binary
quadratic forms of discriminant D, where h = h(D) is called the class number. For
D < 0 we tacitly assume that fi,..., fn are positive definite. Moreover we assume

that D is a fundamental discriminant, that is, D is an integer satisfying either

(i) D =1(mod4),D square-free, or
(ii) D =0(mod4),2 =2 or 3(mod4), 2 square-free.

Then there is the simple formula

Sao)=Y (2) wro.

Jj=1 m|n
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where (2) is the so-called Kronecker symbol, an extension of the familiar Legendre
symbol ([Z], p. 38). The law of quadratic reciprocity implies that n +— (%) is a
so-called primitive Dirichlet character mod |D|. It is known that any primitive real
Dirichlet character is one of the characters (2) for some fundamental discriminant
D. In terms of generating functions the last sum formula means, supposing that

D <0,

S Y Gt =l (= (%))

J=1 (z,5)#(0,0)
with w =2/40r 6 as D < —4,D = —4 or D = —3, respectively. Using geometric
considerations, Dirichlet deduces by a limiting process the first of his class number
formulae

e |D|L(L(£)> if D<O,
B 2
"’ T 21 (2) w b

In the second formula, £g = £ (to +ugV/D) denotes the fundamental solution of Pell’s
equation t> — Du? = 4 (with tg,up > 0 minimal). The case D > 0 is decidedly
more difficult than the case D < 0 because of the more difficult description of the
(infinite) group of automorphs in terms of the solutions of Pell’s equation. Formula
(4) continues to hold even if D is a general discriminant ([Z], p. 73 f.). The class
number being positive and finite, Dirichlet was able to conclude the non-vanishing
of L(1,x) (in the crucial case of a real character) mentioned above.

Using Gaufl sums Dirichlet was moreover able to compute the values of the L-series
in (4) in a simple closed form. This yields

w DIt D
*m Z (E) n for D <0 y
()= 1 %:_11 D ™m
— — ]1 in— f D>0
Tog 20 ; <n> 0g SIn D or >0,

where D again is a fundamental discriminant.

Kronecker’s version of the theory of binary quadratic forms has the great advantage
of laying the bridge to the theory of quadratic fields: Whenever D is a fundamental
discriminant, the classes of binary quadratic forms of discriminant D correspond
bijectively to the equivalence classes (in the narrow sense) of ideals in Q(v/D).
Hence Dirichlet’s class number formula may be understood as a formula for the
ideal class number of Q(v/D), and the gate to the class number formula for arbitrary
number fields opens up.

Special cases of Dirichlet’s class number formula were already observed by Jacobi in
1832 ([J.1], pp. 240-244 and pp. 260-262). Jacobi considered the forms x? + py?,
where p = 3(mod4) is a prime number, and computing both sides of the class
number formula, he stated the coincidence for p = 7,...,103 and noted that p = 3
is an exceptional case. Only after Gauf3’ death did it become known from his papers
that he had known the class number formula already for some time. Gauf}’ notes
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are published in [G.1], pp. 269-291 with commentaries by Dedekind (ibid., pp.
292-303); see also Bachmann’s report [Ba.3], pp. 51-53. In a letter to Dirichlet of
November 2, 1838, Gaufl deeply regretted that unfortunate circumstances had not
allowed him to elaborate on his theory of class numbers of quadratic forms which
he possessed as early as 1801 ([Bi.9], p. 165).

In another great memoir ([D.1], pp. 533-618), Dirichlet extends the theory of
quadratic forms and his class number formula to the ring of Gaussian integers Z[i].
He draws attention to the fact that in this case the formula for the class number
depends on the division of the lemniscate in the same way as it depends on the
division of the circle in the case of rational integral forms with positive determinant
(i.e., with negative discriminant; see [D.1], pp. 538, 613, 621). Moreover, he
promised that the details were to appear in the second part of his memoir, which
however never came out.

Comparing the class numbers in the complex and the real domains Dirichlet con-
cluded that
H(D) = ¢h(D)h(-D)

where D is a rational integral non-square determinant (in Dirichlet’s notation of
quadratic forms), H (D) is the complex class number, and h(D), h(—D) are the real
ones. The constant & equals 2 whenever Pell’s equation t? — Du? = —1 admits
a solution in rational integers, and & = 1 otherwise. For Dirichlet, “this result

is one of the most beautiful theorems on complex integers and all the more
surprising since in the theory of rational integers there seems to be no connection
between forms of opposite determinants” ([D.1], p. 508 and p. 618). This result
of Dirichlet’s has been the starting point of vast extensions (see e.g. [Ba.2], [H],
[He], No. 8, [K.4], [MC], [Si], [Wei]).

D. Dirichlet’s Unit Theorem. An algebraic integer is, by definition, a zero
of a monic polynomial with integral coefficients. This concept was introduced by
Dirichlet in a letter to Liouville ([D.1], pp. 619-623), but his notion of what Hilbert
later called the ring of algebraic integers in a number field remained somewhat
imperfect, since for an algebraic integer ¥ he considered only the set Z[J] as the
ring of integers of Q(¢}). Notwithstanding this minor imperfection, he succeeded in
determining the structure of the unit group of this ring in his poineering memoir
Zur Theorie der complexen Finheiten (On the theory of complex units, [D.1], pp.
639-644). His somewhat sketchy account was later carried out in detail by his
student Bachmann in the latter’s Habilitationsschrift in Breslau ([Ba.l]; see also
[Ba.2]).

In the more familiar modern notation, the unit theorem describes the structure of
the group of units as follows: Let K be an algebraic number field with r; real and
2ry complex (non-real) embeddings and ring of integers ox. Then the group of
units of 0 is equal to the direct product of the (finite cyclic) group E(K) of roots
of unity contained in K and a free abelian group of rank r := r; + 19 — 1. This
means: There exist r “fundamental units” 7y,...,n, and a primitive d-th root of
unity ¢ (d = |E(K)|) such that every unit € € ok is obtained precisely once in the
form

e = Chut



26 JURGEN ELSTRODT

with 0 <k <d—1,ny,...,n, € Z. This result is one of the basic pillars of algebraic
number theory.

In Dirichlet’s approach the ring Z[¥] is of finite index in the ring of all algebraic
integers (in the modern sense), and the same holds for the corresponding groups of
units. Hence the rank r does not depend on the choice of the generating element
of the field K = Q(¢). (Note that Z[¢] depends on that choice.)

An important special case of the unit theorem, namely the case ¥ = v/D (D>1
a square-free integer), was known before. In this case the determination of the
units comes down to Pell’s equation, and one first encounters the phenomenon that
all units are obtained by forming all integral powers of a fundamental unit and
multiplying these by £1. Dirichlet himself extended this result to the case when
) satisfies a cubic equation ([D.1], pp. 625-632) before he dealt with the general
case.

According to C.G.J. Jacobi the unit theorem is “one of the most important, but one
of the thorniest of the science of number theory” ([J.3], p. 312, footnote, [N.1],
p. 123, [Sm], p. 99). Kummer remarks that Dirichlet found the idea of proof
when listening to the Easter Music in the Sistine Chapel during his Italian journey
(1843-1845; see [D.2], p. 343).

A special feature of Dirichlet’s work is his admirable combination of surprisingly
simple observations with penetrating thought which led him to deep results. A
striking example of such a simple observation is the so-called Dirichlet box principle
(also called drawer principle or pigeon-hole principle), which states that whenever
more than n objects are distributed in n boxes, then there will be at least one box
containing two objects. Dirichlet gave an amazing application of this most obvious
principle in a brief paper ([D.1], pp. 633-638), in which he proves the follow-
ing generalization of a well-known theorem on rational approximation of irrational
numbers: Suppose that the real numbers aq, ..., a,, are such that 1, aq,...,q.y are
linearly independent over Q. Then there exist infinitely many integral (m+1)-tuples
(o, ®1, ..., Tym) Such that (z1,...,2m) # (0,...,0) and

|zo + z101 + ...+ Tpa| < (max |z;])”™.
1<j<m
Dirichlet’s proof: Let m be a natural number, and let x1,...,x,, independently
assume all 2n+1 integral values —n, —n+1,...,0,...,n—1,n. This gives (2n+1)™
fractional parts {z10q1 + ...+ Tpmouy,} in the half open unit interval [0,1[. Divide
[0,1] into (2n)™ half-open subintervals of equal length (2n)~". Then two of the
aforementioned points belong to the same subinterval. Forming the difference of
the corresponding Z-linear combinations, one obtains integers xg, 1, . . ., Zm, such
that x1,...,x,, are of absolute value at most 2n and not all zero and such that

|0 + 2101 + . oo+ T | < (20)7™ .

Since n was arbitrary, the assertion follows. As Dirichlet points out, the approxi-
mation theorem quoted above is crucial in the proof of the unit theorem because
it implies that r independent units can be found. The easier part of the theorem,
namely that the free rank of the group of units is at most r, is considered obvious
by Dirichlet.
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E. Dirichlet’s Principle. We pass over Dirichlet’s valuable work on definite
integrals and on mathematical physics in silence ([Bu]), but cannot neglect men-
tioning the so-called Dirichlet Principle, since it played a very important role in the
history of analysis (see [Mo]). Dirichlet’s Problem concerns the following problem:
Given a (say, bounded) domain G C R? and a continuous real-valued function f
on the (say, smooth) boundary dG of G, find a real-valued continuous function wu,
defined on the closure G of G, such that u is twice continuously differentiable on G
and satisfies Laplace’s equation

Au=0 onG

and such that u|9G = f. Dirichlet’s Principle gives a deceptively simple method
of how to solve this problem: Find a function v : G — R, continuous on G and
continuously differentiable on G, such that v|9G = f and such that Dirichlet’s
integral

/ (v2 +v) +v2) dody dz
G
assumes its minimum value. Then v solves the problem.

Dirichlet’s name was attributed to this principle by Riemann in his epoch-making
memoir on Abelian functions (1857), although Riemann was well aware of the fact
that the method already had been used by Gaufl in 1839. Likewise, W. Thomson
(Lord Kelvin of Largs, 1824-1907) made use of this principle in 1847 as was also
known to Riemann. Nevertheless he named the principle after Dirichlet, “because
Professor Dirichlet informed me that he had been using this method in his lectures
(since the beginning of the 1840’s (if I'm not mistaken))” ([EU], p. 278).

Riemann used the two-dimensional version of Dirichlet’s Principle in a most liberal
way. He applied it not only to plane domains but also to quite arbitrary domains
on Riemann surfaces. He did not restrict to sufficiently smooth functions, but
admitted singularities, e.g. logarithmic singularities, in order to prove his existence
theorems for functions and differentials on Riemann surfaces. As Riemann already
pointed out in his doctoral thesis (1851), this method “opens the way to investigate
certain functions of a complex variable independently of an [analytic] expression
for them”, that is, to give existence proofs for certain functions without giving an
analytic expression for them ([EU], p. 283).

From today’s point of view the naive use of Dirichlet’s principle is open to serious
doubt, since it is by no means clear that there exists a function v satisfying the
boundary condition for which the infimum value of Dirichlet’s integral is actually
attained. This led to serious criticism of the method in the second half of the nine-
teenth century discrediting the principle. It must have been a great relief to many
mathematicians when D. Hilbert (1862-1943) around the turn of the 20th century
proved a precise version of Dirichlet’s Principle which was sufficiently general to
allow for the usual function-theoretic applications.

There are only a few brief notes on the calculus of probability, the theory of errors
and the method of least squares in Dirichlet’s collected works. However, a consid-
erable number of unpublished sources on these subjects have survived which have
been evaluated in [F].
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9. Friendship with Jacobi

Dirichlet and C.G.J. Jacobi got to know each other in 1829, soon after Dirichlet’s
move to Berlin, during a trip to Halle, and from there jointly with W. Weber to
Thuringia. At that time Jacobi held a professorship in Koénigsberg, but he used
to visit his family in Potsdam near Berlin, and he and Dirichlet made good use
of these occasions to see each other and exchange views on mathematical matters.
During their lives they held each other in highest esteem, although their characters
were quite different. Jacobi was extroverted, vivid, witty, sometimes quite blunt;
Dirichlet was more introvert, reserved, refined, and charming. In the preface to
his tables Canon arithmeticus of 1839, Jacobi thanks Dirichlet for his help. He
might have extended his thanks to the Dirichlet family. To check the half a million
numbers, also Dirichlet’s wife and mother, who after the death of her husband in
1837 lived in Dirichlet’s house, helped with the time-consuming computations (see
[Ah.2], p. 57).

When Jacobi fell severely ill with diabetes mellitus, Dirichlet travelled to Konigsberg
for 16 days, assisted his friend, and “developed an eagerness never seen at him
before”, as Jacobi wrote to his brother Moritz Hermann ([Ah.2], p. 99). Dirichlet
got a history of illness from Jacobi’s physician, showed it to the personal physician
of King Friedrich Wilhelm IV, who agreed to the treatment, and recommended
a stay in the milder climate of Italy during wintertime for further recovery. The
matter was immediately brought to the King’s attention by the indefatigable A.
von Humboldt, and His Majesty on the spot granted a generous support of 2000
talers towards the travel expenses.

Jacobi was happy to have his doctoral student Borchardt, who just had passed his
examination, as a companion, and even happier to learn that Dirichlet with his
family also would spend the entire winter in Italy to stengthen the nerves of his
wife. Steiner, too, had health problems, and also travelled to Italy. They were
accompanied by the Swiss teacher L. Schlifli (1814-1895), who was a genius in
languages and helped as an interpreter and in return got mathematical instruction
from Dirichlet and Steiner, so that he later became a renowned mathematician.
Noteworthy events and encounters during the travel are recorded in the letters in
[Ah.2] and [H.1]. A special highlight was the audience of Dirichlet and Jacobi
with Pope Gregory XVI on December 28, 1843 (see [Koe], p. 317 f.).

In June 1844, Jacobi returned to Germany and got the “transfer to the Academy
of Sciences in Berlin with a salary of 3000 talers and the permission, without obli-
gation, to give lectures at the university” ([P], p. 27). Dirichlet had to apply twice
for a prolongation of his leave because of serious illness. Jacobi proved to be a real
friend and took Dirichlet’s place at the Military School and at the university and
thus helped him to avoid heavy financial losses. In spring 1845 Dirichlet returned
to Berlin. His family could follow him only a few months later under somewhat
dramatic circumstances with the help of the Hensel family, since in February 1845
Dirichlet’s daughter Flora was born in Florence.

In the following years, the contacts between Dirichlet and Jacobi became even
closer; they met each other virtually every day. Dirichlet’s mathematical rigour
was legendary already among his contemporaries. When in 1846 he received a
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most prestigious call from the University of Heidelberg, Jacobi furnished A. von
Humboldt with arguments by means of which the minister should be prompted
to improve upon Dirichlet’s conditions in order to keep him in Berlin. Jacobi
explained (see [P], p. 99): “In science, Dirichlet has two features which constitute
his speciality. He alone, not myself, not Cauchy, not Gaufl knows what a perfectly
rigorous mathematical proof is. When Gaufl says he has proved something, it is
highly probable to me, when Cauchy says it, one may bet as much pro as con,
when Dirichlet says it, it is certain; I prefer not at all to go into such subtleties.
Second, Dirichlet has created a new branch of mathematics, the application of the
infinite series, which Fourier introduced into the theory of heat, to the investigation
of the properties of the prime numbers... Dirichlet has preferred to occupy himself
mainly with such topics, which offer the greatest difficulties ...” In spite of several
increases, Dirichlet was still not yet paid the regular salary of a full professor in
1846; his annual payment was 800 talers plus his income from the Military School.
After the call to Heidelberg the sum was increasesd by 700 talers to 1500 talers
per year, and Dirichlet stayed in Berlin — with the teaching load at the Military
School unchanged.

10. Friendship with Liouville

Joseph Liouville (1809-1882) was one of the leading French mathematicians of his
time. He began his studies at the Ecole Polytechnique when Dirichlet was about
to leave Paris and so they had no opportunity to become acquainted with each
other during their student days. In 1833 Liouville began to submit his papers to
Crelle. This brought him into contact with mathematics in Germany and made
him aware of the insufficient publication facilities in his native country. Hence,
in 1835, he decided to create a new French mathematical journal, the Journal de
Mathématiques Pures et Appliquées, in short, Liouville’s Journal. At that time,
he was only a 26-year-old répétiteur (coach). The journal proved to be a lasting
success. Liouville directed it single-handedly for almost 40 years — the journal
enjoys a high reputation to this day.

In summer 1839 Dirichlet was on vacation in Paris, and he and Liouville were
invited for dinner by Cauchy. It was probably on this occasion that they made
each other’s acquaintance, which soon developed into a devoted friendship. After
his return to Berlin, Dirichlet saw to it that Liouville was elected a corresponding
member® of the Academy of Sciences in Berlin, and he sent a letter to Liouville
suggesting that they should enter into a scientific correspondence ([Lii], p. 59 fI.).
Liouville willingly agreed; part of the correspondence was published later ([T]).
Moreover, during the following years, Liouville saw to it that French translations of
many of Dirichlet’s papers were published in his journal. Contrary to Kronecker’s
initial plans, not all of these translations were printed in [D.1], [D.2]; the missing
items are listed in [D.2], pp. 421-422.

The friendship of the two men was deepened and extended to the families during
Dirichlet’s visits to Liouville’s home in Toul in fall of 1853 and in March 1856, when
Dirichlet utilized the opportunity to attend a meeting of the French Academy of

611e became an external member in 1876.
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Sciences in the capacity of a foreign member to which he had been elected in 1854.
On the occasion of the second visit, Mme Liouville bought a dress for Mrs Dirichlet,
“la fameuse robe qui fait toujours l'admiration de la société de Geettingue”, as
Dirichlet wrote in his letter of thanks ([T], Suite, p. 52).

Mme de Blignieres, a daughter of Liouville, remembered an amusing story about
the long discussions between Dirichlet and her father ([T], p. 47, footnote): Both
of them had a lot of say; how was it possible to limit the speaking time fairly?
Liouville could not bear lamps, he lighted his room by wax and tallow candles. To
measure the time of the speakers, they returned to an old method that probably
can be traced back at least to medieval times: They pinned a certain number of
pins into one of the candles at even distances. Between two pins the speaker had
the privilege not to be interrupted. When the last pin fell, the two geometers went
to bed.

11. Vicissitudes of Life

After the deaths of Abraham Mendelssohn Bartholdy in 1835 and his wife Lea in
1842, the Mendelssohn house was first conducted as before by Fanny Hensel, with
Sunday music and close contacts among the families of the siblings, with friends
and acquaintances. Then came the catastrophic year 1847: Fanny died completely
unexpectedly of a stroke, and her brother Felix, deeply shocked by her premature
death, died shortly thereafter also of a stroke. Sebastian Hensel, the under-age son
of Fanny and Wilhelm Hensel, was adopted by the Dirichlet family. To him we owe
interesting first-hand descriptions of the Mendelssohn and Dirichlet families ([H.1],
[H.2]).

Then came the March Revolution of 1848 with its deep political impact. King
Friedrich Wilhelm IV proved to be unable to handle the situation, the army was
withdrawn, and a civic guard organized the protection of public institutions. Rie-
mann, at that time a student in Berlin, stood guard in front of the Royal Castle
of Berlin. Dirichlet with an old rifle guarded the palace of the Prince of Prussia,
a brother to the King, who had fled (in fear of the guillotine); he later succeeded
the King, when the latter’s mental disease worsened, and ultimately became the
German Kaiser Wilhelm I in 1871.

After the revolution the reactionary circles took the revolutionaries and other people
with a liberal way of thinking severely to task: Jacobi suffered massive pressure, the
conservative press published a list of liberal professors: “The red contingent of the
staff is constituted by the names ...” (there follow 17 names, including Dirichlet,
Jacobi, Virchow; see [Ah.2], p. 219). The Dirichlet family not only had a liberal
way of thinking, they also acted accordingly. In 1850 Rebecka Dirichlet helped the
revolutionary Carl Schurz, who had come incognito, to free the revolutionary G.
Kinkel from jail in Spandau ([Lac], pp. 244-245). Schurz and Kinkel escaped to
England; Schurz later became a leading politician in the USA.

The general feeling at the Military School changed considerably. Immediately after
the revolution the school was closed down for some time, causing a considerable
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loss in income for Dirichlet. When it was reopened, a reactionary spirit had spread
among the officers, and Dirichlet no longer felt at ease there.

A highlight in those strained times was the participation of Dirichlet and Jacobi
in the celebration of the fiftieth anniversary jubilee of the doctorate of Gauf} in
Gottingen in 1849. Jacobi gave an interesting account of this event in a letter to
his brother ([Ah.2], pp. 227-228); for a general account see [Du], pp. 275-279.
GauB} was in an elated mood at that festivity and he was about to light his pipe with
a pipe-light of the original manuscript of his Disquisitiones arithmeticae. Dirichlet
was horrified, rescued the paper, and treasured it for the rest of his life. After his
death the sheet was found among his papers.

The year 1851 again proved to be a catastrophic one: Jacobi died quite unexpect-
edly of smallpox the very same day, that little Felix, a son of Felix Mendelssohn
Bartholdy, was buried. The terrible shock of these events can be felt from Rebecka’s
letter to Sebastian Hensel ([H.2], pp. 133-134). On July 1, 1952, Dirichlet gave a
most moving memorial speech to the Academy of Sciences in Berlin in honour of
his great colleague and intimate friend Carl Gustav Jacob Jacobi ([D.5]).

12. Dirichlet in Go6ttingen

When Gauf3 died on February 23, 1855, the University of Gottingen unanimously
wanted to win Dirichlet as his successor. It is said that Dirichlet would have stayed
in Berlin, if His Majesty would not want him to leave, if his salary would be raised
and if he would be exempted from his teaching duties at the Military School ([Bi.7],
p. 121, footnote 3). Moreover it is said that Dirichlet had declared his willingness
to accept the call to Gottingen and that he did not want to revise his decision
thereafter. Gottingen acted faster and more efficiently than the slow bureaucracy
in Berlin. The course of events is recorded with some regret by Rebecka Dirichlet
in a letter of April 4, 1855, to Sebastian Hensel ([H.2], p. 187): “Historically
recorded, ... the little Weber came from Gottingen as an extraordinarily authorized
person to conclude the matter. Paul [Mendelssohn Barthody, Rebecka’s brother]
and [G.] Magnus [1802-1870, physicist in Berlin] strongly advised that Dirichlet
should make use of the call in the manner of professors, since nobody dared to
approach the minister before the call was available in black and white; however,
Dirichlet did not want this, and I could not persuade him with good conscience to
do so.”

In a very short time, Rebecka rented a flat in Gottingen, Gotmarstraflie 1, part
of a large house which still exists, and the Dirichlet family moved with their two
younger children, Ernst and Flora, to Géttingen. Rebecka could write to Sebastian
Hensel: “Dirichlet is contentissimo” ([H.2], p. 189). One year later, the Dirichlet
family bought the house in Miihlenstrafle 1, which still exists and bears a memorial
tablet. The house and the garden (again with a pavillon) are described in the
diaries of the Secret Legation Councillor K.A. Varnhagen von Ense (1785-1858), a
friend of the Dirichlets’, who visited them in Go6ttingen. Rebecka tried to renew
the old glory of the Mendelssohn house with big parties of up to 60-70 persons,
plenty of music with the outstanding violinist Joseph Joachim and the renowned
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pianist Clara Schumann performing — and with Dedekind playing waltzes on the
piano for dancing.

Dirichlet rapidly felt very much at home in Go6ttingen and got into fruitful con-
tact with the younger generation, notably with R. Dedekind and B. Riemann (at
that time assistant to W. Weber), who both had achieved their doctor’s degree
and Habilitation under Gaufl. They both were deeply grateful to Dirichlet for the
stimulance and assistance he gave them. This can be deduced from several of
Dedekind’s letters to members of his family (e.g. [Sch], p. 35): “Most useful for
me is my contact with Dirichlet almost every day from whom I really start learning
properly; he is always constantly kind to me, tells me frankly which gaps I have
to fill in, and immediately gives me instructions and the means to do so.” And
in another letter (ibid., p. 37) we read the almost prophetic words: “Moreover, I
have much contact with my excellent colleague Riemann, who is beyond doubt af-
ter or even with Dirichlet the most profound of the living mathematicians and will
soon be recognized as such, when his modesty allows him to publish certain things,
which, however, temporarily will be understandable only to few.” Comparing, e.g.
Dedekind’s doctoral thesis with his later pioneering deep work one may well appre-
ciate his remark, that Dirichlet “made a new human being” of him ([Lo], p. 83).
Dedekind attended all of Dirichlet’s lectures in Gottingen, although he already was
a Privatdozent, who at the same time gave the presumably first lectures on Galois
theory in the history of mathematics. Clearly, Dedekind was the ideal editor for
Dirichlet’s lectures on number theory ([D.6]).

Riemann already had studied with Dirichlet in Berlin 1847-1849, before he returned
to Gottingen to finish his thesis, a crucial part of which was based on Dirichlet’s
Principle. Already in 1852 Dirichlet had spent some time in G&ttingen, and Rie-
mann was happy to have an occasion to look through his thesis with him and to have
an extended discussion with him on his Habilitationsschrift on trigonometric series
in the course of which Riemann got a lot of most valuable hints. When Dirichlet
was called to Gottingen, he could provide the small sum of 200 talers payment per
year for Riemann which was increased to 300 talers in 1857, when Riemann was
advanced to the rank of associate professor.

There can be no doubt that the first years in Gottingen were a happy time for
Dirichlet. He was a highly esteemed professor, his teaching load was much less
than in Berlin, leaving him more time for research, and he could gather around him
a devoted circle of excellent students. Unfortunately, the results of his research of
his later years have been almost completely lost. Dirichlet had a fantastic power
of concentration and an excellent memory, which allowed him to work at any time
and any place without pen and paper. Only when a work was fully carried out in
his mind, did he most carefully write it up for publication. Unfortunately, fate did
not allow him to write up the last fruits of his thought, about which we have only
little knowledge (see [D.2], p. 343 f. and p. 420).

When the lectures of the summer semester of the year 1858 had come to an end,
Dirichlet made a journey to Montreux (Switzerland) in order to prepare a memorial
speech on Gauf}, to be held at the Gottingen Society of Sciences, and to write up a
work on hydrodynamics. (At Dirichlet’s request, the latter work was prepared for
publication by Dedekind later; see [D.2], pp. 263-301.) At Montreux he suffered
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a heart attack and returned to Go&ttingen mortally ill. Thanks to good care he
seemed to recover. Then, on December 1, 1858, Rebecka died all of a sudden and
completely unexpectedly of a stroke. Everybody suspected that Dirichlet would
not for long survive this turn of fate. Sebastian Hensel visited his uncle for the
last time on Christmas 1858 and wrote down his feelings later ([H.2], p. 311 f.):
“Dirichlet’s condition was hopeless, he knew precisely how things were going for
him, but he faced death calmly, which was edifying to observe. And now the poor
Grandmother! Her misery ... to lose also her last surviving child, ... was terrible to
observe. It was obvious that Flora, the only child still in the house, could not stay
there. I took her to Prussia ...” Dirichlet died on May 5, 1859, one day earlier than
his faithful friend Alexander von Humboldt, who died on May 6, 1859, in his 90th
year of life. The tomb of Rebecka and Gustav Lejeune Dirichlet in Gottingen still
exists and will soon be in good condition again, when the 2006 restorative work is
finished. Dirichlet’s mother survived her son for 10 more years and died only in
her 100th year of age. Wilhelm Weber took over the guardianship of Dirichlet’s
under-age children ([Web], p. 98).

The Academy of Sciences in Berlin honoured Dirichlet by a formal memorial speech
delivered by Kummer on July 5, 1860 ([Ku]). Moreover, the Academy ordered the
edition of Dirichlet’s collected works. The first volume was edited by L. Kronecker
and appeared in 1889 ([D.1]). After Kronecker’s death, the editing of the second
volume was completed by L. Fuchs and it appeared in 1897 ([D.2]).

Conclusion

Henry John Stephen Smith (1826-1883), Dublin-born Savilian Professor of Geom-
etry in the University of Oxford, was known among his contemporaries as the most
distinguished scholar of his day at Oxford. In 1858 Smith started to write a report
on the theory of numbers beginning with the investigations of P. de Fermat and
ending with the then (1865) latest results of Kummer, Kronecker, and Hurwitz.
The six parts of Smith’s report appeared over the period of 1859 to 1865 and are
very instructive to read today ([Sm]). When he prepared the first part of his re-
port, Smith got the sad news of Dirichlet’s death, and he could not help adding the
following footnote to his text ([Sm], p. 72) appreciating Dirichlet’s great service to
number theory: “The death of this eminent geometer in the present year (May 5,
1859) is an irreparable loss to the science of arithmetic. His original investigations
have probably contributed more to its advancement than those of any other writer
since the time of Gauss, if, at least, we estimate results rather by their importance
than by their number. He has also applied himself (in several of his memoirs) to give
an elementary character to arithmetical theories which, as they appear in the work
of Gauss, are tedious and obscure; and he has done much to popularize the theory
of numbers among mathematicians — a service which is impossible to appreciate
too highly.”

Acknowledgement. The author thanks Prof. Dr. S.J. Patterson (G&ttingen) for
his improvements on the text.
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An overview of Manin’s conjecture for del Pezzo surfaces
T.D. Browning

ABSTRACT. This paper surveys recent progress towards the Manin conjecture
for (singular and non-singular) del Pezzo surfaces. To illustrate some of the
techniques available, an upper bound of the expected order of magnitude is
established for a singular del Pezzo surface of degree four.

1. Introduction

A fundamental theme in mathematics is the study of integer or rational points
on algebraic varieties. Let V' C P™ be a projective variety that is cut out by a finite
system of homogeneous equations defined over Q. Then there are a number of basic
questions that can be asked about the set V(Q) := V N P"(Q) of rational points
on V: when is V(Q) non-empty? how large is V(Q) when it is non-empty? This
paper aims to survey the second question, for a large class of varieties V' for which
one expects V(Q) to be Zariski dense in V.

To make sense of this it is convenient to define the height of a projective rational
point x = [xg,...,2,] € P*(Q) to be H(z) := |x||, for any norm || - || on R**1
provided that x = (xg,...,7,) € Z"*! and ged(wg,...,2,) = 1. Throughout
this work we shall work with the height metrized by the choice of norm |x| :=
maxogi<n |Ti]. Given a suitable Zariski open subset U C V, the goal is then to
study the quantity

(1) Ny, (B) :=#{x € U(Q) : H(z) < B},

as B — oo. It is natural to question whether the asymptotic behaviour of Ny g (B)
can be related to the geometry of V', for suitable open subsets U C V. Around 1989
Manin initiated a program to do exactly this for varieties with ample anticanonical
divisor [FMT89]. Suppose for simplicity that V' C P™ is a non-singular complete
intersection, with V.= Wy N---NW; for hypersurfaces W; C P™ of degree d;. Since
V' is assumed to be Fano, its Picard group is a finitely generated free Z-module, and
we denote its rank by py . In this setting the Manin conjecture takes the following
shape [BM90, Conjecture C’].
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CONJECTURE A. Suppose that dy + --- 4+ dy < n. Then there exists a Zariski
open subset U C 'V and a non-negative constant cy, g such that

(2) Nu,u(B) = cy,yB" 144 (log B)*V 7 (1 + o(1)),
as B — oo.

It should be noted that there exist heuristic arguments supporting the value
of the exponents of B and log B appearing in the conjecture [SD04, §8]. The
constant cy, g has also received a conjectural interpretation at the hands of Peyre
[Pey95], and this has been generalised to cover certain other cases by Batyrev and
Tschinkel [BT98b], and Salberger [Sal98]. In fact whenever we refer to the Manin
conjecture we shall henceforth mean that the value of the constant cy, i should agree
with the prediction of Peyre et al. With this in mind, the Manin conjecture can be
extended to cover certain other Fano varieties V' which are not necessarily complete
intersections, nor non-singular. For the former one simply takes the exponent of B
to be the infimum of numbers a/b € Q such that b > 0 and aH + bKy is linearly
equivalent to an effective divisor, where Ky € Div(V) is a canonical divisor and
H € Div(V) is a hyperplane section. For the latter, if V' has only rational double
points one may apply the conjecture to a minimal desingularisation V of V, and
then use the functoriality of heights. A discussion of these more general versions
of the conjecture can be found in the survey of Tschinkel [Tsc03]. The purpose of
this note is to give an overview of our progress in the case that V' is a suitable Fano
variety of dimension 2.

Let d > 3. A non-singular surface S C P? of degree d, with very ample
anticanonical divisor —Kg, is known as a del Pezzo surface of degree d. Their
geometry has been expounded by Manin [Man86], for example. It is well-known
that such surfaces S arise either as the quadratic Veronese embedding of a quadric
in P2, which is a del Pezzo surface of degree 8 in P® (isomorphic to P! x P1), or as
the blow-up of P? at 9 — d points in general position, in which case the degree of S
satisfies 3 < d < 9. Apart from a brief mention in the final section of this paper,
we shall say nothing about del Pezzo surfaces of degree 1 or 2 in this work. The
arithmetic of such surfaces remains largely elusive.

We proceed under the assumption that 3 < d < 9. In terms of the expected
asymptotic formula for Ny g (B) for a suitable open subset U C S, the exponent
of B is 1, and the exponent of log B is at most 9 — d, since the geometric Picard
group Pic(S ®g Q) has rank 10 — d. An old result of Segre ensures that the set
S(Q) of rational points on S is Zariski dense as soon as it is non-empty. Moreover,
S may contain certain so-called accumulating subvarieties that can dominate the
behaviour of the counting function Ng g (B). These are the possible lines contained
in S, whose configuration is intimately related to the configuration of points in the
plane that are blown-up to obtain S. Now it is an easy exercise to check that

Np1 g(B) = 71T—2BQ (1+0(1)),

2
as B — oo, so that Ny g (B) >y B? for any geometrically integral surface V C P"
that contains a line defined over Q. However, if U C V is defined to be the Zariski
open subset formed by deleting all of the lines from V' then it follows from combining
an estimate of Heath-Brown [HB02, Theorem 6] with a simple birational projection
argument, that Ny g (B) = oy (B?).
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Returning to the setting of del Pezzo surfaces S C P4 of degree d, it turns out
that there are no accumulating subvarieties when d = 9, or when d = 8 and S is
isomorphic to P! x P!, in which case we study Ng y(B). When 3 < d < 7, or when
d = 8 and S is not isomorphic to P! x P!, there are a finite number of accumulating
subvarieties, equal to the lines in S. In these cases we study Ny g (B) for the open
subset U formed by deleting all of the lines from S. We now proceed to review the
progress that has been made towards the Manin conjecture for del Pezzo surfaces
of degree d > 3. In doing so we have split our discussion according to the degree
of the surface. It will become apparent that the problem of estimating Ny g (B)
becomes harder as the degree decreases.

1.1. Del Pezzo surfaces of degree > 5. It turns out that the non-singular
del Pezzo surfaces S of degree d > 6 are toric, in the sense that they contain the
torus G2, as a dense open subset, whose natural action on itself extends to all of S.
Thus the Manin conjecture for such surfaces is a special case of the more general
work due to Batyrev and Tschinkel [BT98a], that establishes this conjecture for
all toric varieties. One may compare this result with the work of de la Breteche
[d1B01] and Salberger [Sal98], who both establish the conjecture for toric varieties
defined over Q, and also the work of Peyre [Pey95], who handles a number of
special cases.

For non-singular del Pezzo surfaces S C P5 of degree 5, the situation is rather
less satisfactory. In fact there are very few instances for which the Manin conjecture
has been established. The most significant of these is due to de la Breteche [d1B02],
who has proved the conjecture when the 10 lines are all defined over Q. In such
cases we say that the surface is split over Q. Let Sy be the surface obtained by
blowing up P? along the four points

P11 = [17070]7 b2 = [07 170]7 p3 = [0>07 1]7 b4 = [17 1, 1]7

and let Uy C Sy denote the corresponding open subset formed by deleting the lines
from Sy. Then Pic(Sy) has rank 5, since Sy is split over Q, and de la Bretéche
obtains the following result.

THEOREM 1. Let B > 3. Then there exists a constant co > 0 such that

Nyy.(B) = COB(logB)4(1 + o(@)).

We shall return to the proof of this result below. The other major achievement
in the setting of quintic del Pezzo surfaces is a result of de la Breteche and Fouvry
[dIBF04]. Here the Manin conjecture is established for the surface obtained by
blowing up P? along four points in general position, two of which are defined over
Q and two of which are conjugate over Q(¢). In related work, Browning [Bro03b]
has obtained upper bounds for Ny ;(B) that agree with the Manin prediction for
several other del Pezzo surfaces of degree 5.

1.2. Del Pezzo surfaces of degree 4. A quartic del Pezzo surface S C P?,
that is defined over Q, can be recognised as the zero locus of a suitable pair of
quadratic forms Q1, Q2 € Z[zo,...,x4]. Then S = Proj(Q[zo, ..., x4]/(Q1,Q2)) is
the complete intersection of the hypersurfaces @, = 0 and Q2 = 0 in P*. When S
is non-singular (2) predicts the existence of a constant c¢g g > 0 such that

(3) Nu,u(B) = ¢s,uB(log B)?s~' (14 0(1)),
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as B — oo, where pg = rkPic(S) < 6 and U C S is obtained by deleting the
16 lines from S. In this setting the best result available is due to Salberger. In
work communicated at the conference Higher dimensional varieties and rational
points at Budapest in 2001, he establishes the estimate Ny g (B) = O, s(B'*¢) for
any € > 0, provided that the surface contains a conic defined over Q. In fact an
examination of Salberger’s approach, which is based upon fibering the surface into
a family of conics, reveals that one can replace the factor B¢ by (log B)* for a large
constant A. It would be more interesting to find examples of surfaces S for which
the exponent A could be reduced to the expected quantity pg — 1.

It emerges that much more can be said if one permits S to contain isolated
singularities. For the remainder of this section let S C P* be a geometrically integral
intersection of two quadric hypersurfaces, which has only isolated singularities and
is not a cone. Then S contains only rational double points (see Wall [Wal80], for
example), thereby ensuring that there exists a unique minimal desingularisation
T:5 — S of the surface, such that Kz = 7*Kg. In particular it follows that the
asymptotic formula (3) is still expected to hold, with pg now taken to be the rank of
the Picard group of S ,and U C S obtained by deleting all of the lines from S. The
classification of such surfaces S is rather classical, and can be found in the work of
Hodge and Pedoe [HP52, Book IV, §XIII.11], for example. It turns out that up to
isomorphism over Q, there are 15 possible singularity types for S, each categorised
by the extended Dynkin diagram. This is the Dynkin diagram that describes the
intersection behaviour of the exceptional divisors and the transforms of the lines on
the minimal desingularisation S of S. Of course, if one is interested in a classification
over the ground field Q, then many more singularity types can occur (see Lipman
[Lip69], for example). Over Q, Coray and Tsfasman [CT88, Proposition 6.1]
have calculated the extended Dynkin diagrams for all of the 15 types, and this
information allows us to write down a list of surfaces S = Proj(Q[x]/(Q1, @2)) that
typify each possibility, together with their singularity type and the number of lines
that they contain. The author is grateful to Ulrich Derenthal for helping to prepare
the following table.

| type | Q1(x) | Q2(x) | # lines \ singularity |

i Tox1 + Tox3 | Tox3 + T1Xo + Toky + T34 12 A

ii | xow1 + X023 ToT3 + T1T2 + Towy + 13 9 2A1
iii Tox1 + .T% Tox2 + T1X9 + T3X4 8 2A1

iv | wox1 + xox3 | wox3 + x4(To + 21 + T2 — T3) 8 A,

v o1 + T3 1T + T3 + 1374 6 3A,

vi | zox1 + T3 x% + :c% + x324 6 A+ A,
vii | xox1 + X223 T3 + gc% + xi 5 Aj
viii | wozy + 23 (w0 + x1)? + woz4 + 23 4 Asg

ix ToT1 + x% x% + x314 4 4A4

X Tox1 + I% r1To + X34 4 2A1 + AQ

xi ToT1 + :c% :L'g + 2oy + x§ 3 A, +Ajg
xii | xpx1 + 223 ToTg + 123 + LL‘% 3 Ay
xiii | wozy + 23 23+ w34 + 23 2 D,
xiv | zom + 73 23 + r314 2 2A; + As

XV ToT1 + x% ToTg + T129 + :c% 1 Dy
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Apart from the surfaces of type vi, vii, viii, xi or xiii, which contain
lines defined over Q(i), each surface in the table is split over Q. Let S denote
the minimal desingularisation of any surface S from the table, and let pg denote
the rank of the Picard group of S. Then it is natural to try and establish (3) for
such surfaces S. Several of the surfaces are actually special cases of varieties for
which the Manin conjecture is already known to hold. Thus we have seen above
that it has been established for toric varieties, and it can be checked that the
surfaces representing types ix, x, xiv are all equivariant compactifications of G2,
and so are toric. Hence (3) holds for these particular surfaces. Similarly it has
been shown by Chambert-Loir and Tschinkel [CLT02] that the Manin conjecture
is true for equivariant compactifications of vector groups. Although identifying
such surfaces in the table is not entirely routine, it transpires that the D5 surface
representing type xv is an equivariant compactification of G2. Salberger has raised
the question of whether there exist singular del Pezzo surfaces of degree 4 that arise
as equivariant compactifications of G, x G,,, but that are not already equivariant
compactifications of G2 or G2,. This is a natural class of varieties that does not
seem to have been studied yet, but for which the existing technology is likely to
prove useful.

Let us consider the type xv surface

Sl = {[an-..7I4] S IP4 X1 +I§ = ToTy + T1X2 +$§ — 0}7

in more detail. Now we have already seen that (3) holds for S;. Nonetheless, de la
Breteche and Browning [d1BBa] have made an exhaustive study of 51, partly in an
attempt to lay down a template for the treatment of other surfaces in the table. In
doing so several new features have been revealed. For s € C such that Re(s) > 1,
let

(4) Zuu(s)= Y Hx)™

zeU(Q)

denote the corresponding height zeta function, where U = U; denotes the open
subset formed by deleting the unique line g = 292 = 3 = 0 from S;. The ana-
lytic properties of Zy, m(s) are intimately related to the asymptotic behaviour of
the counting function Ny, g(B), and it is relatively straightforward to translate
between them. For o € R, let H, denote the half-plane {s € C: Re(s) > o}. Then
with this notation in mind we have the following result [dIBBa, Theorem 1].

THEOREM 2. There exists a constant o € R and a function F(s) that is mero-
morphic on Hg /10, with a single pole of order 6 at s =1, such that

Zu,u(s) = F(s) +a(s — 1)~
for s € Hy. In particular Zy, p(s) has an analytic continuation to Hg /1o

It should be highlighted that there exist remarkably precise descriptions of «
and F'(s) in the theorem. An application of Perron’s formula enables one to deduce
a corresponding asymptotic formula for Ny, g (B) that verifies (3), with pg, = 6.
Actually one is led to the much stronger statement that there exists a polynomial
f of degree 5 such that for any ¢ € (0,1/12) we have

(5) Nuua(B) = Bf(log B) + O(B~),
with U = Uy, in which the leading coefficient of f agrees with Peyre’s prediction.
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No explicit use is made of the fact that S7 is an equivariant compactification
of G2 in the proof of Theorem 2, and this renders the method applicable to other
surfaces in the list that are not of this type. For example, in further work de la
Breteche and Browning [d1BBb] have also established the Manin conjecture for
the D4 surface

52:{[I0;...,$4] 6]?451'01’1 +I§ZI3+I1I4+IE§:O}7

which represents the type xiii surface in the table. As indicated above, this
surface is not split over Q, and it transpires that Pic(§2) has rank 4. In fact Sy has
singularity type Cs over Q, in the sense of Lipman [Lip69, §24], which becomes
a Dy singularity over Q. Building on the techniques developed in the proof of
Theorem 2, a result of the same quality is obtained for the corresponding height
zeta function Zy, m(s), and this leads to an estimate of the shape (5) for any
0 € (0,3/32), with U = Us and deg f = 3.

One of the aims of this survey is to give an overview of the various ideas
and techniques that have been used to study the surfaces S1,Ss above. We shall
illustrate the basic method by giving a simplified analysis of a new example from
the table. Let us consider the 3A; surface

(6) Sy ={[z0,...,z4] € P!t moz1 + 23 = 2122 + 23 + 2324 = 0},

which represents the type v surface in the table, and is neither toric nor an equivari-
ant compactification of G2. The surface has singularities at the points [1,0,0,0, 0],
[0,0,0,1,0] and [0,0,0,0, 1], and contains precisely 6 lines

xi:xgzszo, xo+x2:x1+x2:xj20,

where i € {0,1} and j € {3,4}. Since Ss is split over Q, one finds that the expected
exponent of log B in (3) is ps, — 1 = 5. We shall establish the following result.

THEOREM 3. We have Ny, u(B) = O(B(log B)?).

As pointed out to the author by de la Breteche, it is possible to establish
a corresponding lower bound Ny, g (B) > B(log B)®, using little more than the
most basic estimates for integers restricted to lie in fixed congruence classes. In
fact, with more work, it ought even to be possible to obtain an asymptotic formula
for Ny, m(B). In the interests of brevity, however, we have chosen to pursue neither
of these problems here.

1.3. Del Pezzo surfaces of degree 3. The del Pezzo surfaces S C P? of
degree 3 are readily recognised as the geometrically integral cubic surfaces in P3,
which are not ruled by lines. Given such a surface .S defined over Q, we may always
find an absolutely irreducible cubic form C(x) € Z[zg,x1,z2, z3] such that S =
Proj(Q[x]/(C)). Let us begin by considering the situation for non-singular cubic
surfaces. In this setting U C S is taken to be the open subset formed by deleting
the famous 27 lines from S. Although Peyre and Tschinkel [PT0la, PTO01b]
have provided ample numerical evidence for the validity of the Manin conjecture
for diagonal non-singular cubic surfaces, we are unfortunately still rather far away
from proving it. The best upper bound available is Ny g (B) = O s(B*/3+¢), due
to Heath-Brown [HB97]. This applies when the surface S contains 3 coplanar lines
defined over Q, and in particular to the Fermat cubic surface z3 + 23 = x3 + 3.
The problem of proving lower bounds is somewhat easier. Under the assumption
that S contains a pair of skew lines defined over QQ, Slater and Swinnerton-Dyer
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[SSD98] have shown that Ny i (B) >g B(log B)?s~1, as predicted by the Manin
conjecture. This does not apply to the Fermat cubic surface, however, since the
only skew lines contained in this surface are defined over Q(y/—3). It would be
interesting to extend the work of Slater and Swinnerton-Dyer to cover such cases.

Much as in the previous section, it turns out that far better estimates are
available for singular cubic surfaces. The classification of such surfaces is a well-
established subject, and essentially goes back to the work of Cayley [Cay69] and
Schléfli [Sch64] over a century ago. A contemporary classification of singular cubic
surfaces, using the terminology of modern classification theory, has since been given
by Bruce and Wall [BW79]. As in the previous section, the Manin conjecture is
already known to hold for several of these surfaces by virtue of the fact that they
are equivariant compactifications of G2, or toric. An example of the latter is given
by the 3A5 surface

(7) Sy = {[wo, x1, T2, 3] € PP : ad = 212023},

A number of authors have studied this surface, including de la Breteche [d1B98],
Fouvry [Fou98], and Heath-Brown and Moroz [HBM99]. Of the asymptotic for-
mulae obtained, the most impressive is the first. This consists of an estimate like

(5) for any 6 € (0,1/8), with U = Uy C Sy and deg f = 6. The next surface to have
received serious attention is the Cayley cubic surface

(8) S5 = {[1’0, Zl,wg,ﬂfg] € PB P XoT1T2 + XX 1X3 + ToToX3 + T1X2T3 = 0},
of singularity type 4A;. This contains 9 lines, all of which are defined over Q, and
Heath-Brown [HBO03] has shown that there exist absolute constants A;, Ay > 0
such that

A1 B(log B)® < Ny, n(B) < A3B(log B)®,
where Us C S5 is the usual open subset. An estimate of precisely the same form
has also been obtained by Browning [Bro06] for the D, surface

Se = {[z0, 21, x2,23] € P3: zyzoms = xo(x1 + 22 + x3)2}.

In both cases the corresponding Picard group has rank 7, so that the exponents of
B and log B agree with Manin’s prediction.
The final surface to have been studied extensively is the Eg cubic surface

(9) S7 = {[zo, x1, T2, 3] € P3 . xlscg + xgxg + :Eg =0},

which contains a unique line x5 = x3 = 0. Let U; C S7 denote the open subset
formed by deleting the line from S7, and recall the notation (4) for the height zeta
function Zy, (s) and that of the half-plane H, introduced before Theorem 2. Then
recent work of de la Breteche, Browning and Derenthal [d1BBD] has succeeded in
establishing the following result.

THEOREM 4. There exists a constant o € R and a function F(s) that is mero-
morphic on Hg /10, with a single pole of order 7 at s =1, such that
Zvnu(s) = F(s) +a(s = 1)}
for s € Hy. In particular Zy, m(s) has an analytic continuation to Hg 1.
As in Theorem 2, the terms a and F(s) have a very explicit description. An
application of Perron’s formula now yields an asymptotic formula of the shape

(5) for any 6 € (0,1/11), with U = Uy and deg f = 6. This too is in complete
agreement with the Manin conjecture. It should be remarked that Michael Joyce
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has independently established the Manin conjecture for S; in his doctoral thesis at
Brown University, albeit only with a weaker error term of O(B(log B)®).

2. Refinements of the Manin conjecture

The purpose of this section is to consider in what way one might hope to refine
the conjecture of Manin. We have already seen a number of examples in which
asymptotic formulae of the shape (5) hold, and it is very natural to suppose that
this is the case for any (possibly singular) del Pezzo surface S C P? of degree d,
where as usual U C S denotes the open subset formed by deleting any lines from
S, and pg denotes the rank of the Picard group of S (possibly of §) Let us record
this formally here.

CONJECTURE B. Let S,U, ps be as above. Then there exists 6 > 0, and a
polynomial f € R[z] of degree ps — 1, such that (5) holds.

The leading coefficient of f should of course agree with the prediction of Peyre
et al. It would be interesting to gain a conjectural understanding of the lower
order coefficients of f, possibly in terms of the geometry of S. At this stage it
seems worth drawing attention to the surprising nature of the constants a that
appear in Theorems 2 and 4, not least because they contribute to the constant
coefficient of f. In both cases we have o = % + 3, where the first term corresponds
to an isolated conic in the surface, and the second is purely arithmetic in nature
and takes a very complicated shape (see [dIBBa, Eq. (5.25)] and [dIBBD, Eq.
(8.49)]). It arises through the error in approximating certain arithmetic quantities
by real-valued continuous functions, and involves the application of results about
the equidistribution of squares in fixed residue classes.

One might also ask what one expects to be the true order of magnitude of the
error term in (5). This a question that Swinnerton-Dyer has recently addressed
[SDO05, Conjecture 2], inspired by comparisons with the explicit formulae from
prime number theory.

CONJECTURE C. Let S,U, ps be as above. Then there exist positive constants
01,602,035 < 1 with 8; < min{#y,03}, a polynomial f € Rlz] of degree ps — 1, a
constant v € R, and a sequence of v, € C, such for any € > 0 we have

Nuu(B) = Bf(log B) + vB% + Re Y 7, B/ + O (B"*°).

Here t,, € R form a sequence of positive and monotonically increasing numbers,
such that >~ |y,|? and Y.t 2 are convergent.

In fact Swinnerton-Dyer formulates the conjecture for non-singular cubic sur-
faces, with 6; < % = 65 and v = 0. There is no reason, however, to expect that it
doesn’t hold more generally, and one might even suppose that the constants 6, 03
somehow relate to the nature of the surface singularities. In this context there is
the recent work of de la Breteche and Swinnerton-Dyer [dIBSD], who have pro-
vided significant evidence for this finer conjecture for the singular cubic surface
(7). Under the Riemann hypothesis and the assumption that the zeros of the Rie-
mann zeta function are all simple, it is shown that the conjecture holds for Sy, with

(61,02,03) = (3,12, %) and v # 0.
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3. Available tools

There are a variety of tools that can be brought to bear upon the problem
of estimating the counting function (1), for appropriate subsets U of projective
algebraic varieties. Most of these are rooted in analytic number theory. When the
dimension of the variety is large compared to its degree, the Hardy—Littlewood circle
method can often be applied successfully (see Davenport [Dav05], for example).
When the variety has a suitable “cellular” structure, techniques involving harmonic
analysis on adelic groups can be employed (see Tschinkel [Tsc02], for example).
We shall say nothing about these methods here, save to observe that outside of the
surfaces covered by the collective work of Batyrev, Chambert-Loir and Tschinkel
[BT98a, CLT02], they do not seem capable of establishing the Manin conjecture
for all del Pezzo surfaces.

In fact we still have no clear vision of which methods are most appropriate, and
it is conceivable that the methods needed to handle the singular del Pezzo surfaces of
low degree are quite different from those needed to handle the non-singular surfaces.
Given our inability to prove the Manin conjecture for a single non-singular del Pezzo
surface of degree 3 or 4, we shall say no more about them here, save to observe that
the sharpest results we have are for examples containing conic bundle structures
over the ground field. Instead we shall concentrate on the situation for singular del
Pezzo surfaces of degree 3 or 4. Disappointing as it may seem, it is hard to imagine
that we will see how to prove Manin’s conjecture for all del Pezzo surfaces without
first attempting to do so for a number of very concrete representative examples. As
a cursory analysis of the proofs of Theorems 2—4 shows, the techniques that have
been successfully applied so far are decidedly ad-hoc. Nonetheless there are a few
salient features that are worthy of amplification, and this will be the focus of the
two subsequent sections.

3.1. The universal torsor. Universal torsors were originally introduced by
Colliot-Thélene and Sansuc [CTS76, CTS87] to aid in the study of the Hasse
principle and weak approximation for rational varieties. Since their inception it
is now well-recognised that they also have a central role to play in proofs of the
Manin conjecture for Fano varieties. Let S C P? be a del Pezzo surface of degree
d € {3,4,5}, and let S denote the minimal desingularisation of S if it is singular,
and S = S otherwise. Let FEi,...,Fi9_q € Div(g) be generators for the geometric
Picard group of S, and let EX = E; \ {zero section}. Working over Q, a universal
torsor above S is given by the action of G19~ on the map

. X ~ e e e ~ X g
miEl Xg-ooXgEjy_;— 5.

A proper discussion of universal torsors would take us too far afield at present,
and the reader should consult the survey of Peyre [Pey04] for further details, or
indeed the construction of Hassett and Tschinkel [HTO04]. The latter outlines an
alternative approach to universal torsors via the Cox ring. The guiding principle
behind the use of universal torsors is simply that they ought to be arithmetically
simpler than the original variety. The universal torsors that we shall encounter all
have embeddings as open subsets of affine varieties of higher dimension. Moreover,
the general theory ensures that there is a partition of U(Q) — where U C S is
the usual open subset formed by deleting the lines from S — into a disjoint union
of patches, each of which is in bijection with a suitable set of integral points on a
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universal torsor above S. We shall see shortly how one may often use arguments
from elementary number theory to explicitly derive these bijections.

Let us begin by giving a few examples. In the proof of Theorem 1 a passage to
the universal torsor is a crucial first step, and was originally carried out by Salberger
in his unpublished proof of the bound Ny, (B) = O(B(log B)*), announced in the
Borel seminar at Bern in 1993. Recall the Pliicker embedding

Zi 2k — ZikZj0 + 20z 6 = 0,

of the Grassmannian Gr(2,5) C P? of 2-dimensional linear subspaces of Q°. Here
(4,7, k, £) runs through the five vectors formed from elements of the set {1,2,3,4,5},
with i < j < k <. It turns out that there is a unique universal torsor 7 : 7y — Sy
above Sy, and it is a certain open subset of the affine cone over Gr(2,5). To
count points of bounded height in Uy(Q) it is then enough to count integral points
(2i)1<i<j<s € (Z\ {0})' on this cone, subject to a number of side conditions. A
thorough account of this particular example, and how it extends to arbitrary del
Pezzo surfaces of degree 5 can be found in the work of Skorobogatov [Sko93]|. A
second example is calculated by Hassett and Tschinkel [HTO04] for the Eg cubic
surface (9). There it is shown that there is a unique universal torsor above §7,
given by the equation

(10) TEPELEs + T3 & + T ETE = 0,

for variables 1y, 1o, 7¢, &1, €2, €3, &0, €4, &5, &6 One of the variables does not explicitly
appear in (10), and the torsor should be thought of as being embedded in A°.
The universal torsors that turn up in the proofs of Theorems 2 and 3 can also be
embedded in affine space via a single equation.

We proceed to carry out explicitly the passage to the universal torsor for the
3A; surface (6). We shall use N to denote the set of positive integers, and for any
n = 2 we let Z" denote the set of primitive vectors in Z", by which we mean that
the greatest common divisor of the components should be 1. We may clearly assume
that S3 is defined by the forms Q(x) = xoz1 — 23 and Q2(x) = 23 — x172 + 2374.
Now if z € U3(Q) is represented by the vector x € Z°, then x¢---x4 # 0 and
H(z) = max{|xol, |z1|, |zs3]|, |z4]}. Moreover, xg and x; must share the same sign.
On taking z¢, 21 to both be positive, and noting that x and —x represent the same
point in P4, we deduce that

Nu,u(B) = #{x € Z5:0 < mg,m1, |23, |2a] < B, Q1(%) = Qa(x) = 0}.

Let us begin by considering solutions x € Z° to the equation Q;(x) = 0. There is a
bijection between the set of integers xg, x1, rs such that xg,xz; > 0 and zpz; = x%,
and the set of zg, 1,2 such that zg = 22822,21 = 2729 and 22 = 202122, for non-
zero integers z, 21, z2 such that z1, 29 > 0 and ged(zp, 21) = 1. We now substitute
these values into the equation QQ2(x) = 0, in order to obtain

(11) 222328 — 202323 4+ 2334 = 0.

It follows from the coprimality relation ged(zg,...,z4) = 1 that we also have
ged(ze,3,74) = 1. Now we may conclude from (11) that 292?22 divides z374.
Let us write y; = ged(z1,23,24) and z1 = y1y1,23 = Y1Y5, T4 = Y1yy, with

Y1, Y1, Y5, ¥4 non-zero integers such that y1,y; > 0 and ged(yi,v5,y5) = 1. Then
20y2 23 divides y4y). We now write 2o = yo3¥o4, ¥4 = Yo3y3 and yj = yoaya, for
non-zero integers yos, Yo, ¥3, Y4 We therefore conclude that yi223 divides yzya,
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whence there exist positive integers y13, Y14, ¥23, Y24 and non-zero integers yss, ys4

such that yi = y13y14, 22 = Y23Y24, Y3 = YisY3syss and y4 = y3,y3,y34. Substituting
these into (11) yields the equation

(12) Yo3Yo4 — Y1Y13Y14 + Y33Y34 = 0.

This equation gives an affine embedding of the unique universal torsor over §3,
though we shall not prove it here. We may combine all of the various coprimality
relations above to deduce that

(13) ged(Y13Y14Y23Y24, Y13Y23Y33, Y14Y24Y34) = 1,
and
(14) ged(Yo3yoa, Y13y14) = ged (Y1, Yo3Yoay23yes) = 1.

At this point we may summarize our argument as follows. Let 7 denote the
set of non-zero integer vectors y = (y1, Y03, Yo4, Y13, Y14, Y23, Y24, Y33, Y34) such that
(12)—(14) all hold, with y1,y13, Y14, %23,%24 > 0. Then for any x € Z° such that
Q1(x) = Q2(x) = 0 and xg, 21, |23|, |x4] > 0, we have shown that there exists y € T
such that

To = 93311(2)431232/24,

T1 = y%y%yﬂyggy%

T2 = Y1Y03Y04Y13Y14Y23Y24,

T3 = Y1903Y13Y53Y33,

T4 = Y1Y0aYTaY3aYsa-
Conversely, it is not hard to check that given any y € 7 the point x given
above will be a solution of the equations Q1(x) = Q2(x) = 0, with x € Z° and
To, 21, 23], |24] > 0. Let us define the function ¥ : R? — R, given by

W(y) = max { [U6sboay2ab2al [yiyisytayzayoal. }
|y1Y03yi3y23Ys3l,  [Y1004Y14Y24Y34]

Then we have established the following result.
LEMMA 1. We have Ny, y(B) =#{y € T : ¥(y) < B}.

In this section we have given several examples of universal torsors, and we have
ended by demonstrating how elementary number theory can sometimes be used to
calculate their equations with very little trouble. In fact the general machinery of
Colliot-Thélene-Sansuc [CTS76, CTS87], or that of Hassett—Tschinkel [HTO04],
essentially provides an algorithm for calculating universal torsors over any singular
del Pezzo surface of degree 3 or 4. It should be stressed, however, that if this
constitutes being given the keys to the city, it does not tell us where in the city the
proof is hidden.

3.2. The next step. The purpose of this section is to overview some of the
techniques that have been developed for counting integral points on the parametriza-
tion that arises out of the passage to the universal torsor, as discussed above. In
the proofs of Theorems 1-4 the torsor equations all take the shape

Aj+Bj+C;=0, (1<j<J),

for monomials A;, B, C; of various degrees in the appropriate variables. By fixing
some of the variables at the outset, one is then left with the problem of counting in-
teger solutions to a system of Diophantine equations, subject to certain constraints.
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If one is sufficiently clever about which variables to fix first, then one can sometimes
be left with a quantity that we know how to estimate — and crucially — for which
we can control the overall contribution from the error term when it is summed over
the remaining variables.

Let us sketch this phenomenon briefly with the torsor equation (10) that is
used in the proof of Theorem 4. It turns out that the way to proceed here is to
fix all of the variables apart from 7y, 79, 7,. One may then view the equation as a
congruence

136 = —11€16s (mod E7E5E5),

in order to take care of the summation over 7,. This allows us to employ very
standard facts about the number of integer solutions to polynomial congruences
that are restricted to lie in certain regions, and this procedure yields a main term
and an error term which the remaining variables need to be summed over. However,
while the treatment of the main term is relatively routine, the treatment of the error
term presents a much more serious obstacle. We do not have space to discuss it in
any detail, but it is here that the unexpected constant « arises in Theorem 4.

The sort of approach discussed above, and more generally the application of
lattice methods to count solutions to ternary equations, is a very useful one. It
plays a crucial role in the proof of the following result due to Heath-Brown [HB03,
Lemma 3], which forms the next ingredient in our proof of Theorem 3.

LEMMA 2. Let Kq,...,K7 > 1 be given, and let M denote the number of
non-zero solutions my, ..., m7 € Z to the equation

mimeo — mgmyams + mgmy = 0,
subject to the conditions Ky, < |my| < 2K}, for 1 <k <7, and
(15) ged(myma, mamgams) = 1.

Then we have M < K1 Ko K3 K4 K5.

For comparison, we note that it is a trivial matter to establish the bound
M <. (K1 K2 K3K4K5)! ¢, using standard estimates for the divisor function. Such
a bound would be insufficient for our purposes.

3.3. Completion of the proof of Theorem 3. We are now ready to com-
plete the proof of Theorem 3. We shall begin by estimating the contribution to
Ny, . m(B) from the values of y appearing in Lemma 1 that are constrained to lie
in a certain region. Let Y7,Ys3,Y;4 > 1, where throughout this section ¢ denotes a
generic index from the set {0,1,2,3}. Then we write

N = N (Y1, Yos, You, Y13, Y1a, Ya3, Yau, Y33, Ya4)
for the total contribution to Ny, g(B) from y satisfying

(16) Y1 <y <2Y1, Yis < |yiz| <2Yis,  Yia < |yia| < 2Yia.
Clearly it follows from the inequality ¥(y) < B that A/ = 0 unless
(17) YAYEYasYos < B, YPYAYAYa3Yoy < B,

and

(18) Y1YosY3YAYss < B, YiYo YAYE Yz < B.
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In our estimation of Ny, g(B), we may clearly assume without loss of generality
that
(19) Yo3Yi3Y55Y33 < YoaYi3 Y5, Yaa.

We proceed to show how the equation (12) forces certain constraints upon the
choice of dyadic ranges in (16). There are three basic cases that can occur. Suppose
first that

(20) c2Yo3Y0s < Y1Y13Y14,

for an absolute constant co > 0. Then it follows from (12) that

(21) Y33Y34 < V1Y13Y14 < YasYay,

provided that ¢y is chosen to be sufficiently large. Next, we suppose that
(22) c1Y03Y04 2 Y1Y13Y14,

for an absolute constant ¢; > 0. Then we may deduce from (12) that
(23) Y33Y34 < Yo3Yos < Y33Y34,

provided that c; is chosen to be sufficiently small. Let us henceforth assume that
the values of ¢1, o are fixed in such a way that (21) holds, if (20) holds, and (23)
holds, if (22) holds. Finally we are left with the possibility that

(24) c1Y03Yo4 < Y1Y13Y14 < 2Y03Y04.

We shall need to treat the cases (20), (22) and (24) separately.

We take m; , = (y;3, Yja, Y1, Y13, Y14, Yk3, Yka) in our application of Lemma 2,
for (4,k) = (0,3) and (3,0). In particular the coprimality relation (15) follows from
(12)—(14), and we may conclude that

(25) N < Y1Y13Y14Y23Y5, min{YosYos, Y33Y34},

on summing over all of the available y23, y24. It remains to sum this contribution
over the various dyadic intervals Y7, Y;s, Y;4. Suppose for the moment that we are
interested in summing over all possible dyadic intervals X < |z| < 2X, for which
|z] < X. Then there are plainly O(log X’) possible choices for X. In addition to
this basic estimate, we shall make frequent use of the estimate > X 0 <5 X°, for
any 6 > 0.

We begin by assuming that (20) holds, so that (21) also holds. Then we may
combine (19) with (21) in order to deduce that

Y1/2Y23Y313/2 " Y1Yiy y11/2y013/4Y213/2

Y13 < min {
03

Yoi YiaYaaVy/® YisVau } TR R

We may now apply (25) to obtain

Z N < Z Y1Y03Y04Y13Y14Y23Y24
Y1,Yis,Yia Y1,Yi3,Yia
(20) holds (20) holds

1/2+,3/4+,5/4 1/2+,3/2+,1/41,3/4
< Z Yl/ Yo3/ Y04/ Y14Y23/ Y24/ Y33/ Y34/ .

Y03,Y04,Y33,Y34
Y1,Y14,Y23,Y24
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But now (18) implies that Y14 < BI/Q/(Y11/2Y014/2Y24}@)14/2), and (20) and (21)
together imply that Yo3 < Y33Y34/Yo4. We therefore deduce that

3/4+,3/4+,1/2,1/2v,1/4,1/4
Z N < B'? Z Y03/ Yo4/ Y23/ Y24/ Y33/ Y34/

Y1,Y53,Yia Yo3,Y04,Y33
(20) holds Y1,Y25,Y24,Y34
1/2 1/2y,1/2
< B2 N VY Vs
Y1,Y04,Y33
Y23,Y24,Y34

Finally it follows from (17) and (21) that Y33 < Bl/z/(%2/2Y214/2K54)7 whence
> N<B > 1 < B(log B)®,

Y1,Yi3,Yia Y04,Y13,Y14,Y23,Y34
(20) holds

which is satisfactory for the theorem.
Next we suppose that (22) holds, so that (23) also holds. In this case it follows
from (19), together with the inequality Y1Y13Y14 < Yo3Y04, that
1/2 1/2 1/4,3/4x,1/2+,1/4
Y04/ Y14Y24Y34/ Y03Y04} < Y03/ Y04/ Y24/ Y34/
Yoi YasYd®  Y1Yia Yy Py

Y13 < min {

On combining this with the inequality Y14 < B'/2/ (Yll/ 2Y014/ 2}/'243/'314/ %), that follows
from (18), we may therefore deduce from (25) that

g N« E Y1Y13Y14Y23Y24Y33Y3,
Y1,Yi3,Yia Y1,Yi3,Yia
(22) holds (22) holds
1/2v,1/4+,3/4 1/2+,3/2+,3/4+,5/4
< E Y17 Yos Yoi Y1aYog Yoy "Ysg Yy
Y1,Y03,Y04,Y33
Y14,Y23,Y24,Y34

1/45,1/4+,1/21,1/2<,3/4+,3/4
< B'/? Z Y03/ Y04/ Y23/ Y24/ Y33/ Y34/ .

Y1,Y03,Y04
Y23,Y24,Y33,Y34

Now it follows from (23) that Y33 < Yp3Y04/Y34. We may therefore combine this
with the first inequality in (17) to conclude that

Y N<BY2 Y YeYuYy!*Y,{® < Bllog B),
Y1,Yi3,Yia Y1,Y03,Y04
(22) holds Y23,Y24,Y34
which is also satisfactory for the theorem.
Finally we suppose that (24) holds. On combining (19) with the fact that
Y33Y34 < YV():')YEM7 we obtain

Y04Y7 Y5, Y4 Y03Y04} < Y04Y14Yo4

Y33 < min ,
. { Yo3Yi3Y5y Y34 Yi3Yo3

Summing (25) over Y33 first, with min{Yy3Yp4, Y3334} < YOE/QYOZ/QYSE/Q%Z/Q, we
therefore obtain
1/2 1/21,3/2v,1/21,3/2+,1/2
Z N« Z Y1Y03/ Y04Y13/ Y14/ Y23/ Y24/ Y34/ .
Y1,Yi3,Yis Y1,Y03,Y04,Y13
(24) holds Y14,Y23,Y24,Y34
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But then we may sum over Y3, Y13 satisfying the inequalities in (17), and then Y3
satisfying the second inequality in (18), in order to conclude that

PORE: XD DI (Fi (1 (Vi G i v

Y1,Yis,Yia Y1,Y04,Y13
(24) holds Y14,Y23,Y24,Ys4
1/2 1/2+,1/2 1/2 5
<BY? N ¥ PY*YiYaYs{® < B(log B)®.
Y1,Y04,Y14
Y23,Y24,Y34

This too is satisfactory for Theorem 3, and thereby completes its proof.

4. Open problems

We close this survey article with a list of five open problems relating to Manin’s
conjecture for del Pezzo surfaces. In order to encourage activity we have deliberately
selected an array of very concrete problems.

(i) Establish (3) for a non-singular del Pezzo surface of degree 4.
The surface wox; — row3 = o3 + 27 + 25 — 23 — 223 = 0 has Picard group
of rank 5.

(ii) FEstablish (3) for more singular cubic surfaces.
Can one establish the Manin conjecture for a split singular cubic surface
whose universal torsor has more than one equation? The Cayley cubic
surface (8) is such a surface.

(iii) Break the 4/3-barrier for a non-singular cubic surface.
We have yet to prove an upper bound of the shape Ny p(B) = Os(B?),
with 6 < 4/3, for a single non-singular cubic surface S C P3. This seems
to be hardest when the surface doesn’t have a conic bundle structure over
Q. The surface zoz1(xg + 1) = zox3(x2 + x3) admits such a structure;
can one break the 4/3-barrier for this example?

(iv) Establish the lower bound Ny g (B) > B(log B)? for the Fermat cubic.
The Fermat cubic 23 + 23 = 23 + 23 has Picard group of rank 4.

(v) Better bounds for del Pezzo surfaces of degree 2.
Non-singular del Pezzo surfaces of degree 2 take the shape

t2 = F(Io,l‘l, 332),

for a non-singular quartic form F. Let N(F';B) denote the number of
integers t, zg, 1,72 such that t*> = F(x) and |x| < B. Can one prove
that we always have N(F; B) = O p(B*"¢)? Such an estimate would be
essentially best possible, as consideration of the form Fy(x) = x§+2} — x5
shows. The best result in this direction is due to Broberg [Bro03a], who
has established the weaker bound N (F; B) = O. p(B%/**¢). For certain
quartic forms, such as Fy(x) = x4 + 2} + 23, the Manin conjecture implies
that one ought to be able to replace the exponent 2+4¢ by 1 +&. Can one
prove that N(Fy; B) = O(B?) for some 6 < 2?
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The density of integral solutions for
pairs of diagonal cubic equations

Jorg Briidern and Trevor D. Wooley

ABSTRACT. We investigate the number of integral solutions possessed by a
pair of diagonal cubic equations in a large box. Provided that the number
of variables in the system is at least thirteen, and in addition the number of
variables in any non-trivial linear combination of the underlying forms is at
least seven, we obtain a lower bound for the order of magnitude of the number
of integral solutions consistent with the product of local densities associated
with the system.

1. Introduction
This paper is concerned with the solubility in integers of the equations
(1.1) a1+ agrs + .. a2 = bt +bord + .+ bt =0,

where (a;,b;) € Z2\ {0} are fixed coefficients. It is natural to enquire to what extent
the Hasse principle holds for such systems of equations. Cook [C85], refining earlier
work of Davenport and Lewis [DL66], has analysed the local solubility problem
with great care. He showed that when s > 13 and p is a prime number with p # 7,
then the system (1.1) necessarily possesses a non-trivial solution in Q,. Here, by
non-trivial solution, we mean any solution that differs from the obvious one in
which z; = 0 for 1 < j < s. No such conclusion can be valid for s < 12, for there
may then be local obstructions for any given set of primes p with p = 1 (mod 3);
see [BWO6] for an example that illuminates this observation. The 7-adic case,
moreover, is decidedly different. For s < 15 there may be 7-adic obstructions to
the solubility of the system (1.1), and so it is only when s > 16 that the existence
of non-trivial solutions in Q7 is assured. This much was known to Davenport and
Lewis [DL66].

Were the Hasse principle to hold for systems of the shape (1.1), then in view
of the above discussion concerning the local solubility problem, the existence of
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integer solutions to the equations (1.1) would be decided in Q7 alone whenever
s > 13. Under the more stringent hypothesis s > 14, this was confirmed by the
first author [B90], building upon the efforts of Davenport and Lewis [DL66], Cook
[CT2], Vaughan [V77] and Baker and Bridern [BB88] spanning an interval of
more than twenty years. In a recent collaboration [BWO06] we have been able to
add the elusive case s = 13, and may therefore enunciate the following conclusion.

THEOREM 1. Suppose that s > 13. Then for any choice of coefficients (a;,b;) €
Z2\{0} (1 < j < s), the simultaneous equations (1.1) possess a non-trivial solution
in rational integers if and only if they admit a non-trivial solution in Q.

Now let N;(P) denote the number of solutions of the system (1.1) in rational
integers 1, ...,z satisfying the condition |z;| < P (1 < j <'s). When s is large,
a nalve application of the philosophy underlying the circle method suggests that
N (P) should be of order P5=% in size, but in certain cases this may be false even
in the absence of local obstructions. This phenomenon is explained by the failure of
the Hasse principle for certain diagonal cubic forms in four variables. When s > 10
and by,...,bs € Z\ {0}, for example, the simultaneous equations

(1.2) 523 + 923 4 1023 + 1225 = byad + boas + ... + bea® =0

have non-trivial (and non-singular) solutions in every p-adic field Q,, as well as in R,
yet all solutions in rational integers must satisfy the condition z; =0 (1 < ¢ < 4).
The latter must hold, in fact, independently of the number of variables. For such
examples, therefore, one has N(P) = o(P*~5) when s > 9, whilst for s > 12 one
may show that N(P) is of order P*~7. For more details, we refer the reader to the
discussion surrounding equation (1.2) of [BWO06]. This example also shows that
weak approximation may fail for the system (1.1), even when s is large.

In order to measure the extent to which a system (1.1) may resemble the
pathological example (1.2), we introduce the number ¢g, which we define by

qgo = (c,d)glzlgl\{o} card{1 < j < s:ca; + db; # 0}.

This important invariant of the system (1.1) has the property that as go becomes
larger, the counting function N, (P) behaves more tamely. Note that in the example
(1.2) discussed above one has g = 4 whenever s > 8.

THEOREM 2. Suppose that s > 13, and that (a;,b;) € Z>\ {0} (1 < j < s)
satisfy the condition that the system (1.1) admits a non-trivial solution in Q7. Then
whenever gy > 7, one has Ns(P) > P*~5.

The conclusion of Theorem 2 was obtained in our recent paper [BWO06] for
all cases wherein gy > s — 5. This much suffices to establish Theorem 1; see §8 of
[BWO06]| for an account of this deduction. Our main objective in this paper is a
detailed discussion of the cases with 7 < gy < s —6. We remark that the arguments
of this paper as well as those in [BWO06] extend to establish weak approximation for
the system (1.1) when s > 13 and gy > 7. In the special cases in which s = 13 and
qo is equal to either 5 or 6, a conditional proof of weak approximation is possible by
invoking recent work of Swinnerton-Dyer [SDO01], subject to the as yet unproven
finiteness of the Tate-Shafarevich group for elliptic curves over quadratic fields.
Indeed, equipped with the latter conclusion, for these particular values of gy one
may relax the condition on s beyond that addressed by Theorem 2. When s = 13
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and gop < 4, on the other hand, weak approximation fails in general, as we have
already seen in the discussion accompanying the system (1.2).

The critical input into the proof of Theorem 2 is a certain arithmetic variant
of Bessel’s inequality established in [BWO06]. We begin in §2 by briefly sketching
the principal ideas underlying this innovation. In §3 we prepare the ground for an
application of the Hardy-Littlewood method, deriving a lower bound for the major
arc contribution in the problem at hand. Some delicate footwork in §4 establishes
a mean value estimate that, in all circumstances save for particularly pathological
situations, leads in §5 to a viable complementary minor arc estimate sufficient to
establish Theorem 2. The latter elusive situations are handled in §6 via an argument
motivated by our recent collaboration [BKWO01la] with Kawada, and thereby we
complete the proof of Theorem 2. Finally, in §7, we make some remarks concerning
the extent to which our methods are applicable to systems containing fewer than
13 variables.

Throughout, the letter ¢ will denote a sufficiently small positive number. We
use < and > to denote Vinogradov’s well-known notation, implicit constants de-
pending at most on e, unless otherwise indicated. In an effort to simplify our
analysis, we adopt the convention that whenever € appears in a statement, then we
are implicitly asserting that for each € > 0 the statement holds for sufficiently large
values of the main parameter. Note that the “value” of € may consequently change
from statement to statement, and hence also the dependence of implicit constants
on . Finally, from time to time we make use of vector notation in order to save
space. Thus, for example, we may abbreviate (cq,...,¢) to c.

2. An arithmetic variant of Bessel’s inequality

The major innovation in our earlier paper [BWO06] is an arithmetic variant of
Bessel’s inequality that sometimes provides good mean square estimates for Fourier
coefficients averaged over sparse sequences. Since this tool plays a crucial role also
in our current excursion, we briefly sketch the principal ideas. When P and R are
real numbers with 1 < R < P, we define the set of smooth numbers A(P, R) by

A(P,R)={neNNJ1,P] : pprime and pjn = p < R}.

The Fourier coefficients that are to be averaged arise in connection with the smooth
cubic Weyl sum h(«) = h(c; P, R), defined by

(2.1) h(a; P,R) = Z e(ax?),

z€A(P,R)

where here and later we write e(z) for exp(2miz). The sixth moment of this sum
has played an important role in many applications in recent years, and that at hand
is no exception to the rule. Write £ = (1/2833 — 43)/41. Then as a consequence of
the work of the second author [WO00], given any positive number e, there exists a
positive number 7 = n(e) with the property that whenever 1 < R < P", one has

1
(2.2) / |h(e; P, R)|® dow < P3FEFE,
0
We assume henceforth that whenever R appears in a statement, either implicitly

or explicitly, then 1 < R < P" with n a positive number sufficiently small in the
context of the upper bound (2.2).
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The Fourier coefficients over which we intend to average are now defined by

(2.3) ¥(n) = /0 Ih(0)|Pe(—na) da.

An application of Parseval’s identity in combination with conventional circle method
technology readily shows that > 1(n)? is of order P7. Rather than average ¢(n) in
mean square over all integers, we instead restrict to the sparse sequence consisting
of differences of two cubes, and establish the bound

(24) Z w(l,d _ y3)2 < po+étde
1<z,y<P

Certain contributions to the sum on the left hand side of (2.4) are easily es-
timated. By Hua’s Lemma (see Lemma 2.5 of [V97]) and a consideration of the
underlying Diophantine equations, one has

1
/ Ih(a)|* da < P2
0

On applying Schwarz’s inequality to (2.3), we therefore deduce from (2.2) that
the estimate 9 (n) = O(P5/?T¢/2+¢) holds uniformly in n. We apply this upper
bound with n = 0 in order to show that the terms with x = y contribute at most
O(P%%¢+2¢) to the left hand side of (2.4). The integers x and y with 1 < 2,y <
P and |[¢(z® — y®)| < P?+¢/242¢ likewise contribute at most O(P%+¢+4€) within
the summation of (2.4). We estimate the contribution of the remaining Fourier
coefficients by dividing into dyadic intervals. When T' is a real number with

(2.5) PAHE/2H2 < < pB/2He/2+2e

define Z(T) to be the set of ordered pairs (z,y) € N? with
(2.6) 1<z,y<P, z#y and T <|¢(z®—y?)| <2T,

and write Z(T) for card(Z(T")). Then on incorporating in addition the contributions
of those terms already estimated, a familiar dissection argument now demonstrates
that there is a number T satisfying (2.5) for which

(2.7) > @ - yt)? < PO 4 PITPZ(T).
1<z, y<P

An upper bound for Z(T') at this point being all that is required to complete
the proof of the estimate (2.4), we set up a mechanism for deriving such an upper
bound that has its origins in work of Briidern, Kawada and Wooley [BKWO01a]
and Wooley [WO02]. Let o(n) denote the sign of the real number (n) defined in
(2.3), with the convention that o(n) = 0 when ¢(n) = 0, so that ¥)(n) = o(n)|¢(n)|.
Then on forming the exponential sum

KEr(a)= Y o(@®—y’)e(aly’ - %)),

(z,y)€Z(T)

we find from (2.3) and (2.6) that

/0 b0 K (o) da > TZ(T),
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An application of Schwarz’s inequality in combination with the upper bound (2.2)
therefore permits us to infer that

(2.8) T2(T) < (PPHE4) 12 ( /O 1 \h(a)4KT(a)2|da)1/ .

Next, on applying Weyl’s differencing lemma (see, for example, Lemma 2.3 of
[V97]), one finds that for certain non-negative numbers t;, satisfying ¢; = O(P®)
for 0 < |I| < P3, one has

h(a)* < PP+ P > te(al).
o<|l|<P3

Consequently, by orthogonality,

/0 |h(a)* Kr(a)?| do < P3/O |K7()|*da + P K7(0)?
< P*(P3Z(T) + PZ(T)?).

Here we have applied the simple fact that when m is a non-zero integer, the number
of solutions of the Diophantine equation m = 23 — y3 with 1 < z,y < P is at most
O(P?). Since T > P2?t¢/2+2% the upper bound Z(T) = O(T2P%+¢+2¢) now
follows from the relation (2.8). On substituting the latter estimate into (2.7), the
desired conclusion (2.4) is now immediate.

Note that in the summation on the left hand side of the estimate (2.4), one may
restrict the summation over the integers x and y to any subset of [1, P]? without
affecting the right hand side. Thus, on recalling the definition (2.3), we see that we
have proved the special case a = b =c =d = 1 of the following lemma.

LEMMA 3. Let a, b, ¢, d denote non-zero integers. Then for any subset B of
(1, P]NZ, one has

11
/ |h(aa)h(bﬂ)|5‘z e((ca + dB)z?) i dadB < POHete,
0Jo per

This lemma is a restatement of Theorem 3 of [BWO06]. It transpires that no
great difficulty is encountered when incorporating the coefficients a, b, ¢, d into the
argument described above; see §3 of [BWO06].

We apply Lemma 3 in the cosmetically more general formulation provided by
the following lemma.

LEMMA 4. Suppose that ¢;,d; (1 <1i < 3) are integers satisfying the condition
(C1d2 - Cle)(Cldg — C3d1)(62d3 — ngg) 7& 0.
Write A\; = cja+d; 8 (j = 1,2,3). Then for any subset B of [1, P]NZ, one has

/1/1 |h()\1)h()\2)|5‘z 6()\3.%'3)‘2 dadf < pot+éte
0o zeB

PrOOF. The desired conclusion follows immediately from Lemma 3 on making
a change of variable. The reader may care to compare the situation here with that
occurring in the estimation of the integral Js in the proof of Theorem 4 of [BW06]
(see 84 of the latter). O
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3. Preparation for the circle method

The next three sections of this paper are devoted to the proof of Theorem 2.
In view of the hypotheses of the theorem together with the discussion following its
statement, we may suppose henceforth that s > 13 and 7 < gg < s — 6. With the
pairs (a;,b;) € Z*\ {0} (1 < j < s), we associate both the linear forms

(3.1) Aj=ajo+b;8 (1<j<5s),

and the two linear forms Ly (0) and L2(0) defined for 8 € R® by
(32) L1(0) = Zajﬂj and LQ(O) = Zbﬂj
j=1 j=1

We say that two forms A; and A; are equivalent when there exists a non-zero rational
number A with A; = AA;. This notion defines an equivalence relation on the set
{A1, A, ..., A}, and we refer to the number of elements in the equivalence class [A;]
containing the form A; as its multiplicity. Suppose that the s forms A; (1 <j <)
fall into T equivalence classes, and that the multiplicities of the representatives of
these classes are Ry,..., Rp. By relabelling variables if necessary, there is no loss
in supposing that Ry > Ry > ... > Rp > 1. Further, by our hypothesis that
7 < go < s — 6, it is apparent that for any pair (c,d) € Z? \ {0}, the linear form
cL1(0) + dL2(0) necessarily possesses at least 7 non-zero coefficients, and for some
choice (¢, d) € Z?\ {0} this linear form has at most s —6 non-zero coefficients. Thus
we may assume without loss of generality that 6 < R} <s—7.

We distinguish three cases according to the number of variables and the ar-
rangement of the multiplicities of the forms. We refer to a system (1.1) as being of
type I when T = 2, as being of type II when T'= 3 and R3 = 1, and as being of
type III in the remaining cases wherein T' > 3 and s — Ry — Ry > 2. The argument
required to address the systems of types I and II is entirely different from that
required for those of type III, and we defer an account of these former situations
to §6 below. Our purpose in the remainder of §3 together with §§4 and 5 is to
establish the conclusion of Theorem 2 for type III systems.

Consider then a type III system (1.1) with s > 13 and 7 < g9 < s — 6, and
consider a fixed subset S of {1, ..., s} with card(S) = 13. We may suppose that the
13 forms A; (j € S) fall into ¢ equivalence classes, and that the multiplicities of the
representatives of these classes are rq,...,r;. By relabelling variables if necessary,
there is no loss in supposing that vy > ro > ... > r; > 1. The condition Ry < s—7
ensures that Ro + Rs + --- + Rp > 7. Thus, on recalling the additional conditions
s>13, T >3, Ry > 6 and s — Ry — Ry > 2, it is apparent that we may make a
choice for § in such a manner that ¢ > 3, r; = 6 and 13 — r; — ro > 2. We may
therefore suppose that the profile of multiplicities (r1,ro,...,7;) satisfies ¢ > 3,
r1 =06, ry <5and ro+7r3+---+r; = 7. But then, in view of our earlier condition
ry >1re > ... >1ry > 1, we find that necessarily r; < 3. We now relabel variables
in the system (1.1), and likewise in (3.1) and (3.2), so that the set S becomes
{1,2,...,13}, and so that A; becomes a form in the first equivalence class counted
by 71, so that Ay becomes a form in the second equivalence class counted by ro,
and A3 becomes a form in the tth equivalence class counted by r;.

We next make some simplifying transformations that ease the analysis of the
singular integral, and here we follow the pattern of our earlier work [BWO06]. First,
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by taking suitable integral linear combinations of the equations (1.1), we may sup-
pose without loss that

Since we may suppose that a1by # 0, the simultaneous equations
(3.4) L1(0) = L2(6) =0

possess a solution @ with 6; # 0 (1 < j < s). Applying the substitution z; —
—x; for those indices j with 1 < j < s for which §; < 0, neither the solubility
of the system (1.1), nor the corresponding function N,(P), are affected, yet the
transformed linear system associated with (3.4) has a solution € with §; > 0 (1 <
Jj < s). In addition, the homogeneity of the system (3.4) ensures that a solution
of the latter type may be chosen with 8 € (0,1)*. We now fix this solution 6,
and fix also € to be a sufficiently small positive number, and 7 to be a positive
number sufficiently small in the context of Lemmata 3 and 4 with the property
that 8 € (n,1)°.

At this point we are ready to define the generating functions required in our
application of the circle method. In addition to the smooth Weyl sum h(«a) defined
in (2.1) we require also the classical Weyl sum

g(a) = Z e(ax®).

nP<z<P
On defining the generating functions
12 s
(3.5) H(a,0) = [[h(8;) and G(a,8) = ] 9(8),
j=2 j=13
we now see from orthogonality that
(36) Ny = [ 1 / g H(0, 8)C o, §) dordd.

We apply the circle method to obtain a lower bound for the integral on the right
hand side of (3.6). In this context, we put Q = (log P)'/1°° and when a,b € Z and
q € N, we write

N(g,a,b) = {(a, 8) € [0,1)* : |a —a/q| < QP™® and |3~ b/q| < QP°}.

We then define the major arcs 9t of our Hardy-Littlewood dissection to be the union
of the sets M(q, a,b) with 0 < a,b < ¢ < @Q and (g, a,b) = 1. The corresponding set
n of minor arcs are defined by n = [0,1)%\ 9.

It transpires that the contribution of the major arcs within the integral on the
right hand side of (3.6) is easily estimated by making use of the work from our
previous paper [BWO06].

LEMMA 5. Suppose that the system (1.1) is of type IIT with s > 13 and 7 < qp <
s — 6, and possesses a non-trivial T-adic solution. Then, in the setting described in
the prequel, one has

//n g(M)H (e, B)G (v, B) dadB > ps—6
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Proor. Although the formulation of the statements of Lemmata 12 and 13
of [BWO06] may appear more restrictive than our present circumstances permit,
an examination of their proofs will confirm that it is sufficient in fact that the
maximum multiplicity of any of Ay, As,..., A3 is at most six amongst the latter
forms. Such follows already from the hypotheses of the lemma at hand, and thus
the desired conclusion follows in all essentials from the estimate (7.8) of [BWO06]
together with the conclusions of Lemmata 12 and 13 of the latter paper. Note that
in [BWO06] the generating functions employed differ slightly from those herein,
in that the exponential sums corresponding to the forms Ajs,...,As are smooth
Weyl sums rather than the present classical Weyl sums. This deviation, however,
demands at most cosmetic alterations to the argument of §7 of [BWO06], and we
spare the reader the details. It should be remarked, though, that it is the reference
to Lemma 13 of [BWO06] that calls for the specific construction of the point 0
associated with the equations (3.4). d

4. The auxiliary mean value estimate

The estimate underpinning our earlier work [BWO06] takes the shape

1 p1
/ / |h(A1)h(A2) . h(A12)| dadf < PG-&-&-ﬁ-s7
0J0

predicated on the assumption that the maximum multiplicity amongst Aq,..., Ao
does not exceed 5. In order to make progress on a viable minor arc treatment
in the present situation, we require an analogue of this estimate that permits the
replacement of a smooth Weyl sum by a corresponding classical Weyl sum. In
preparation for this lemma, we recall an elementary observation from our earlier
work, the proof of which is almost self-evident (see Lemma 5 of [BWO06]).

LEMMA 6. Let k and N be natural numbers, and suppose that B C C* is mea-
surable. Let wi(z) (0 < i < N) be complez-valued functions of B. Then whenever
the functions |wo(z)w;(z)™| (1 < j < N) are integrable on B, one has the upper
bound

/ lwo(z)w1(Z) ...wn(z)]dz < N max / \wo(z)wj(z)N|dz.
B B

1<j<N

It is convenient in what follows to abbreviate, for each index I, the expression
|h(A;)| simply to hy, and likewise |g(A;)| to g; and |G(«, §)] to G. Furthermore, we
write

(41) GO(aaﬂ) = H g(AJ)a
j=14
with the implicit convention that Go(c, 3) is identically 1 when s < 14.

LEMMA 7. Suppose that the system (1.1) is of type III with s > 13 and 7 <
qo < s — 6. Then in the setting described in §3, one has

1,1
/ / [H(a, 0)G(a, )| dadp < P~ THF2,
0J0

PRrROOF. We begin by making some analytic observations that greatly simplify
the combinatorial details of the argument to come. Write £ = {As, A3z, ..., Aj2},
and suppose that the number of equivalence classes in £ is u. By relabelling indices
if necessary, we may suppose that v > 3 and that representatives of these classes
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are A; € L (1 <4 < u). For each index i we denote by s; the multiplicity of A;
amongst the elements of the set £. Then according to the discussion of the previous
section, we may suppose that Ay € [A;], that

(4.2) 1<5,<8,.1<...<s1=5 and so+83+---+ 5, =6,
and further that if A3 € [7\,] for some index ¢ with 1 < ¢ < u, then in fact
(4.3) Aise[A,] and 1<s, <2

Next, for a given index ¢ with 2 <4 < 12, consider the linear forms Alj (1<5<
s;) equivalent to A; from the set £. Apply Lemma 6 with N = s;, with h;; in
place of w; (1 < j < N), and with wy replaced by the product of those h; with
A; ¢ [A] (2 <1< 12), multiplied by G(a, 3). Then it is apparent that there is
no loss of generality in supposing that A;; = A, (1 <j < s;). By repeating this
argument for successive equivalence classes, moreover, we find that a suitable choice
of equivalence class representatives /N\l (1 <1< ) yields the bound

(4.4) // \H (o )|dadﬂ<<// GRS RS ... 3 dadp,

where we now take the liberty of abbreviating |h(A;)| simply to h; for each L.

A further simplification is achieved through the use of a device employed in
the proof of Lemma 6 of [BWO06]. We begin by considering the situation in which
A3 € [Ku] Let v be a non-negative integer, and suppose that s,,_o = 5,1 +v < 5.
Then we may apply Lemma 6 with N = v+2, with h,_o in place of w; (1<i<v+l)
and h,_1 in place of wy, and with wy set equal to

GR hs? .. hS RS T RS T R,

Here, and in what follows, we interpret the vanishing of any exponent as indicating
that the associated exponential sum is deleted from the product. In this way
we obtain an upper bound of the shape (4.4) in which the exponents s,_o and
Su_1 = Sy_o — v are replaced by s, o + 1 and s,_1 — 1, respectively, or else by
Su—2 — v —1 and s,_1 + v + 1. By relabelling if necessary, we derive an upper
bound of the shape (4.4), subject to the constraints (4.2) and (4.3), wherein either
the parameter s,_; is reduced, or else the parameter u is reduced. By repeating
this process, therefore, we ultimately arrive at a situation in which v = 3 and
Sy—1 = 6 — sy, and then the constraints (4.2) and (4.3) imply that necessarily
(81,82,.-.,84) = (5,6 — s3,53) with s3 =1 or 2. When A3 & [KU} we may proceed
likewise, but in the above argument s,_; now plays the role of s,_»o, and s, that
of s,_1, and with concommitant adjustments to the associated indices throughout.
In this second situation we ultimately arrive at a scenario in which u = 3 and
Su—1 = 5, and in these circumstances the constraints (4.2) imply that necessarily
(81,82, ...,84) = (5,5,1).

On recalling (4.1) and (4.4), and making use of a trivial inequality for |Go(a, 8)|,
we may conclude thus far that

1 1 1 1
(4.5) / / H(a, B)G(a, B)| dadf < P*—13 / / GRS RS dadB,
0J0 0J0
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with (s1, $2,53) = (5,5,1) or (5,4,2). We now write

/ / h2h2? dodp,

and we observe that an application of Hélder’s inequality yields

(4.6) // g13h5 h? b dadB < Tio(g13)  Tha(hs) 2 Tis(ha ),
0Jo

where
(1/2,1/2,0), when s3 = 1,

i) = {(1/2, 1/6.1/3), when s, =2,

But Lemma 4 is applicable to each of the mean values Z12(g13), Ilg(ﬁg) and Ilg(l:@),
and so we see from (4.6) that

1,1
[ [ ouhithshs daas < poese.
0J0

The conclusion of Lemma 7 is now immediate on substituting the latter estimate
into (4.5). O

5. Minor arcs, with some pruning

Equipped with the mean value estimate provided by Lemma 7, an advance
on the minor arc bound complementary to the major arc estimate of Lemma 5 is
feasible by the use of appropriate pruning technology. Here, in certain respects, the
situation is a little more delicate than was the case in our treatment of the analogous
situation in [BWO06]. The explanation is to be found in the higher multiplicity of
coefficient ratios permitted in our present discussion, associated with which is a
lower average level of independence amongst the available generating functions.

We begin our account of the minor arcs by defining a set of auxiliary arcs to
be employed in the pruning process. Given a parameter X with 1 < X < P, we
define M(X) to be the set of real numbers o with o € [0,1) for which there exist
a € Z and q € N satisfying 0 < a < ¢ < X, (a,q) = 1 and |ga — a] < XP~3. We
then define sets of major arcs 9 = M(P3/4) and & = M(Q'/*), and write also
m=1[0,1)\ 9 and ¢ =[0,1) \ K for the corresponding sets of minor arcs.

Given a measurable set B C R?, define the mean-value J(%B) by

(5.1) 7(B) = / /% 9(a10)G (0, B)H (a, B)) da B,

Also, put € = {(o,3) € n : a € M}. Then on recalling the enhanced version of
Weyl’s inequality afforded by Lemma 1 of Vaughan [V86], one finds from Lemma 7
that

Jh) < J(€& )+sup|ga1a|// |G(c, B)H (c, B)| dx d 3

< J(€) + P67,

(5.2)

wherein we have written

(5.3) T=(1/4-¢)/3.
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Our aim now is to show that J(€) = o(P*~%), for then it follows from (5.1) and
in combination with the conclusion of Lemma 5 that

// H(a,B)dadp = J(n // H(o, 8) dodf

>Ps 6—|-OPS 6)

The conclusion N, (P) > P*~% is now immediate, and this completes the proof of
Theorem 2 for systems (1.1) of type III.
Before proceeding further, we define

7 12
(5.4) Hy(or, B) = [[ 1(A;) and  Hi(e) = [ h(A)),
Jj=2 j=8

wherein we have implicitly made use of the discussion of §3 leading to (3.3) that
permits us to assume that A; = ajo (8 < j < 12). Also, given a € M we put
E(a)={B€0,1) : (a,B) € €} and write

(55) o) = [ 160 @)tifer 0) d8.

The relation

(5.6 7(®) = [ It Hi(@)/(a) da

then follows from (5.1), and it is from here that we launch our pruning argument.

LEMMA 8. One has

sup O(a) < P2 and sup O(a) < P*0Q™Y™,
a€lo,1) aER

ProoFr. We divide the set () into pieces on which major arc and minor arc
estimates of various types may be employed so as to estimate the integral defining
O(a) in (5.5). Let €;(«) denote the set consisting of those values 5 in €(«) for which
lg(A13)| < P3/**7 where 7 is defined as in (5.3), and put €z(a) = €(a) \ & (a).
Then on applying a trivial estimate for those exponential sums g(A;) with j > 14,
it follows from (3.5) that

(5.7) sup  |G(a, B)] < Ps49/44T
peE (o)

But the discussion of §3 leading to (3.3) ensures that b; # 0 for 2 < j < 7. By
making use of the mean value estimate (2.2), one therefore obtains the estimate

1 1
/ [h(A)]° dB = / |h(7)[Cdy < PPHSte (2<5 <),
0 0

whence an application of Holder’s inequality leads from (5.4) to the bound
1 7 1 1/6
(5.8) / |Ho(a, B)]dp < H(/ \h(Aj)|6 dﬂ) <« p3tete,
0 2o

Consequently, by combining (5.7) and (5.8) we obtain

/ |G (v, B)Ho(ev, B)| dB < P=9F(E-1/DtrHe o ps=9-7,
@1(&)
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When 3 € €y(a), on the other hand, one has |g(A13)| > P3/*t7. Applying the
enhanced version of Weyl’s inequality already cited, we find that the latter can
hold only when Aj3 € M (mod 1). If we now define the set F(«) by

Fla)={B8€]0,1) : (a,0) € nand A3 € M (mod 1)},

and apply a trivial estimate once again for g(A;) (j > 14), then we may summarise
our deliberations thus far with the estimate

(5.9) Oa) < P7977 4 Ps’l?’/ lg(A13)Ho(av, B)| dB.
3(a)
A transparent application of Lemma 6 leads from (5.4) to the upper bound
| lahuaHoa,0)1d8 < max [ Jg(hia)h(a;)°las.
F(a) 2SIST S ()

The conclusion of the lemma will therefore follow from (5.9) provided that we
establish for 2 < j < 7 the two estimates

(5.10) sup / lg(A13)h(A;)®|dB < P*
a€l0,1) JF(«)
and
(5.11) Sup/ |g(A13)h(Aj)6‘ df <« P4Q_1/72.
a€R JF(a)

We henceforth suppose that j is an index with 2 < j < 7, and we begin by
considering the upper bound (5.10). Given « € [0,1), we make the change of
variable defined by the substitution b3y = ai13a + b133. Let 9y be defined by

Mo ={y€[0,1) : byzgy € M (mod 1)}.

Then by the periodicity of the integrand modulo 1, the aforementioned change of
variable leads to the upper bound

1/6
G [ danalas < (s o)) s U,
3(e) BET(a) PYS

in which we write
(5.13) UK = /m 19(brsy) /0l (byy + ) ° dy.
0

We next examine the first factor on the right hand side of (5.12). Given a € &,
consider a real number 5 with § € §(«). If it were the case that A13 € & (mod 1),
then one would have 3 = b3 (A3 — a13) € M(Q3/*), whence (a, 3) € N (see the
proof of Lemma 10 in §6 of [BWO06] for details of a similar argument). But the latter
contradicts the hypothesis 8 € F(«), in view of the definition of F(«). Thus we
conclude that Ay3 € € (mod 1), and so a standard application of Weyl’s inequality
(see Lemma 2.4 of [V97]) in combination with available major arc estimates (see
Theorem 4.1 and Lemma 4.6 of [V97]) yields the upper bound

(5.14) sup |g(A13)] < sup[g(7)] < PQ™Y12.
BEF(a) yEE

Of course, one has also the trivial upper bound

sup |g(A13)| < P.
B€[0,1)
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We therefore deduce from (5.12) that
(5.15) / lg(A13)h(A;)8] dB < PYUY ™ sup U(N),
F(a) AER

where U = Q when a € R, and otherwise U = 1.
Next, on considering the underlying Diophantine equations, it follows from
Theorem 2 of Vaughan [V86] that for each A € R, one has the upper bound

1
/ Ih(by + N dy < PP,
0
Meanwhile, Lemma 9 of [BWO06] yields the estimate

sup / lg(b137) [P 2| h(bjy + N)|? dy < P2,
AeR Jon,

By applying Holder’s inequality to the integral on the right hand side of (5.13),
therefore, we obtain

u) < ([ I+ 0P ) ([ a2 nesy + D)
< (P5)2/3(P3/2)1/3.

On substituting the latter estimate into (5.15), we may conclude that

/ 9(As)h(A,)|dB < U7,
F(a)

/3

with U defined as in the sequel to (5.15). The estimates (5.10) and (5.11) that
we seek to establish are then immediate, and in view of our earlier discussion this
suffices already to complete the proof of the lemma. O

We now employ the bounds supplied by Lemma 8 to prune the integral on the
right hand side of (5.6), making use also of an argument similar to that used in the
proof of this lemma. Applying these estimates within the aforementioned equation,
we obtain the bound

(5.16) J(€) < P*OK(ENIM) + P0Q 2 (R),
where we write
(5.17) K(8) = [ lg(we) ()] da.

B

But in view of (5.4), when B8 C 90, an application of Holder’s inequality to (5.17)
yields

1/5

12 1/58 /
(5.18) ks <] (( sup lg(@a)l) £y 2%;?/29) ,
j=8

ac’B

where for 8 < j < 12 we put

L= [ o) P h(aza)f? da
m
and

1
Loj= [ Ihlasa) " da.
0
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The integral £, ; may be estimated by applying Lemma 9 of [BWO06], and L, ; via
Theorem 2 of Briidern and Wooley [BWO01]. Thus we have

(5.19) L1; < PP/ and Ly; < P?° (8<j<12).

But as in the argument leading to the estimate (5.14) in the proof of Lemma 8, one
has also

(5.20) sup |g(a10)| < PQ™1/12.
act

Thus, on making use in addition of the trivial estimate |g(a;)| < P valid uniformly
in «, and substituting this and the estimates (5.19) and (5.20) into (5.18), we
conclude that
KEnm) < PPQ™Y% and K(R) < P2

In this way, we deduce from (5.16) that J(€) < P*~9Q~1/6%.  The estimate
J(n) <« P*~6Q~1/%% is now confirmed by (5.2), so that by the discussion following
that equation, we arrive at the desired lower bound N;(P) > P*~6 for the systems
(1.1) of type III under consideration. This completes the proof of Theorem 2 for
the latter systems, and so we may turn our attention in the next section to systems
of types I and II.

6. An exceptional approach to systems of types I and II

Systems of type II split into two almost separate diagonal cubic equations
linked by a single variable. Here we may apply the main ideas from our recent
collaboration with Kawada [BKWO01la] in order to show that this linked cubic
variable is almost always simultaneously as often as expected equal both to the
first and to the second residual diagonal cubic. A lower bound for N (P) of the
desired strength follows with ease. Although systems of type I are accessible in a
straightforward fashion to the modern theory of cubic smooth Weyl sums (see, for
example, [V89] and [WO00]), we are able to avoid detailed discussion by appealing
to the main result underpinning the analysis of type II systems.

In preparation for the statement of the basic estimate of this section, we require
some notation. When ¢ is a natural number, and ¢y, ..., ¢; are natural numbers, let
R;(m;c) denote the number of positive integral solutions of the equation

(6.1) 12y + coxhy 4+ - et = m.

In addition, let n be a positive number with (¢; + ¢2)n < 1/4 sufficiently small in
the context of the estimate (2.2), and put v = 16(c; + c2)n. Finally, recall from
(5.3) that 7 = (1/4 — £)/3 > 104,

THEOREM 9. Suppose that t is a natural number with t > 6, and let cq,...,c;
be natural numbers satisfying (c1,...,¢;) = 1. Then for each natural number d

there is a positive number A, depending at most on ¢ and d, with the property that
the set £(P), defined by

E(P)={neN:vPdV? <n< Pd™'3 and R,(dn?;c) < AP*~3},
has at most P'~" elements.

We note that the conclusion of the theorem for t > 7 is essentially classical,
and indeed one may establish that card(€;(P)) = O(1) under the latter hypothesis.
It is, however, painless to add these additional cases to the primary case t = 6,
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and this permits economies later in this section. Much improvement is possible in
the estimate for card(&;(P)) even when t = 6 (see Briidern, Kawada and Wooley
[BKWO01a] for the ideas necessary to save a relatively large power of P). Here we
briefly sketch a proof of Theorem 9 that employs a straightforward approach to the
problem.

PrROOF. Let B C [0,1) be a measurable set, and consider a natural number m.
If we define the Fourier coefficient Y;(m;B) by

(6.2) T (m;B) = /B g(c1a)g(caa)h(csa)h(csa) . .. h(cia)e(—ma) de,

then it follows from orthogonality that for each m € N, one has
(6.3) T:(m;[0,1)) < Ri(m;c).

Recall the definition of the sets of major arcs 9t and minor arcs m from §5. We ob-
serve that the methods of Wooley [W00] apply to provide the mean value estimate

1
(6.4) / lg(cia)*h(cja)|da < PPTEFe (i=1,2and 3<j <t).
0

In addition, whenever u is a real number with v > 7.7, it follows from Theorem 2
of Briidern and Wooley [BWO01] that

1
(6.5) / |h(cja)[“da < P*™3 (3 <j <t).
0

Finally, we define the singular series

S (m) = Z q" Z S1(q,a)S2(q,a) ... Si(q,a)e(—ma/q),
g=1 a=1

(a1Q):1

where we write
q

Si(g,a) = Ze(ciar3/q) (1<i<).
r=1
Then in view of (6.5), the presence of two classical Weyl sums within the integral
on the right hand side of (6.2) permits the use of the argument applied by Vaughan
in §5 of [V89] so as to establish that when 7 is a positive number sufficiently small
in terms of 7, one has

T (m; M) = Cy(n; m)S(m)ymt>~1 + O(P3(log P)™7),

where C¢(n;m) is a non-negative number related to the singular integral. When
v3P3 < m < P3 it follows from Lemma 8.5 of [W91] (see also Lemma 5.4 of
[V89]) that Ci(n;m) > 1, in which the implicit constant depends at most on ¢,
c and 1. The methods of Chapter 4 of [V97] (see, in particular, Theorem 4.5)
show that &;(m) > 1 uniformly in m, with an implicit constant depending at most
on t and c. Here it may be worth remarking that a homogenised version of the
representation problem (6.1) defines a diagonal cubic equation in t+1 > 7 variables.
Non-singular p-adic solutions of the latter equation are guaranteed by the work of
Lewis [L57], and the coprimality of the coefficients ¢y, co, . .., c; ensures that a p-
adic solution of the homogenised equation may be found in which the homogenising
variable is equal to 1. Thus the existence of non-singular p-adic solutions for the
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equation (6.1) is assured, and it is this observation that permits us to conclude that
Si(m) > 1.

Our discussion thus far permits us to conclude that when A is a positive number
sufficiently small in terms of ¢, ¢ and 7, then for each m € (v3P3, P3] one has
Ty (m; M) > 2AP3. But Yy(m;[0,1)) = Ti(m; M) + Ti(m;m), and so it follows
from (6.2) and (6.3) that for each n € &(P), one has

(6.6) |T¢(dn3;m)| > AP3.

When n € &(P), we now define o, via the relation |Y;(dn®;m)| = 0, (dn®;m),
and then put
Ki(a) = Z ope(—dnia).
ne&(P)
Here, in the event that Y;(dn?;m) = 0, we put o,, = 0. Consequently, on abbrevi-
ating card(&(P)) to E;, we find that by summing the relation (6.6) over n € &(P),
one obtains

(6.7) E,AP'3 < / g(cra)g(cea)h(csa)h(cac) ... h(cro) K (o) dov.
m
An application of Lemma 6 within (6.7) reveals that

E;AP'™3 < max max/ lg(cia)?h(c;a) "2 K(a)| da.

i=1,2 3<j<t

On making a trivial estimate for h(c;ja) in case t > 6, we find by applying Schwarz’s
inequality that there are indices ¢ € {1,2} and j € {3,4,...,¢} for which

BAP' < ((sup lg(cja)|) POTA T2,
acem
where we write

T = / lg(cia)?h(c;)*|da and Tp = / |h(cja)* Ki(a)?| da.

The first of the latter integrals can plainly be estimated via (6.4), and a consid-
eration of the underlying Diophantine equation reveals that the second may be
estimated in similar fashion. Thus, on making use of the enhanced version of
Weyl’s inequality (Lemma 1 of [V86]) by now familiar to the reader, we arrive at
the estimate

EtAPt—S < (P3/4+s)(Pt—6)(P3+§+E) < Pt_2_2T+2€.

The upper bound E; < P!~ now follows whenever P is sufficiently large in terms
of t, ¢, n, A and 7. This completes the proof of the theorem. O

We may now complete the proof of Theorem 2 for systems of type II. From
the discussion in §3, we may suppose that s > 13, that 7 < ¢gp < s — 6, and that
amongst the forms A; (1 <14 < s) there are precisely 3 equivalence classes, one of
which has multiplicity 1. By taking suitable linear combinations of the equations
(1.1), and by relabelling the variables if necessary, it thus suffices to consider the
pair of equations

o ot —
. br-&-lxi-&-l et bs_1$§_1 = d2z§,
where we have written d; = —a, and do = —b,, both of which we may suppose to

be non-zero. We may apply the substitution z; — —x; whenever necessary so as to
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ensure that all of the coefficients in the system (6.8) are positive. Next write A and
B for the greatest common divisors of aq,...,a, and b,41,...,bs_1 respectively.
On replacing x5 by ABy, with a new variable y, we may cancel a factor A from
the coefficients of the first equation, and likewise B from the second. There is
consequently no loss in assuming that A = B =1 for the system (6.8).

In view of the discussion of §3, the hypotheses s > 13 and 7 < g9 < s — 6
permit us to assume that in the system (6.8), one has r > 6 and s —r > 7. Let A
be a positive number sufficiently small in terms of a; (1 <i<7r),b; (r+1<j<
s —1), and dy,d2. Also, put d = min{d;y,ds}, D = max{d;,ds2}, and recall that
v = 16(c1 +c2)n. Note here that by taking n sufficiently small in terms of d, we may
suppose without loss that vd—1/3 < %D‘l/ 3. Then as a consequence of Theorem 9,
for all but at most P'~7 of the integers =, with vPd=/3 < z, < PD~'/3 one has
R,(d1z3;a) > AP"73, and likewise for all but at most P1~7 of the same integers
x5 one has Ry_,_1(daz3;b) > AP*~"=%. Thus we see that

N.(P)> > Ri(diz;2)Re_p_1(dpal;b)

1<zs;<P
> (P _ 2P1—T)(Pr—3)(Ps—r—4)_

The bound N;(P) > P*~5 that we sought in order to confirm Theorem 2 for type
IT systems is now apparent.

The only remaining situations to consider concern type I systems with s > 13
and 7 < gop < s — 6. Here the simultaneous equations take the shape
(6.9) a@] + -+ a2}y = diay,
. br+11‘§+1 +-- b3_1$§_1 = dzl‘g’,
with r > 7 and s —r > 7. As in the discussion of type II systems, one may make
changes of variable so as to ensure that (a,...,a,—1) = 1 and (by41,...,bs-1) =1,
and in addition that all of the coefficients in the system (6.9) are positive. But as
a direct consequence of Theorem 9, in a manner similar to that described in the
previous paragraph, one obtains

NS(P)Z Z Z Rr—l(dlfa?:;a)RS—r—l(d2x§?b)

1<z, <P 1<z, <P
> (P _ Pl—T)Q(P7-—4)(Ps—7'—4) > PS—G.

This confirms the lower bound N, (P) > P*~% for type I systems, and thus the
proof of Theorem 2 is complete in all cases.

7. Asymptotic lower bounds for systems of smaller dimension

Although our methods are certainly not applicable to general systems of the
shape (1.1) containing 12 or fewer variables, we are nonetheless able to generalise
the approach described in the previous section so as to handle systems containing at
most 3 distinct coefficient ratios. We sketch below the ideas required to establish
such conclusions, leaving the reader to verify the details as time permits. It is
appropriate in future investigations of pairs of cubic equations, therefore, to restrict
attention to systems containing four or more coefficient ratios.

THEOREM 10. Suppose that s > 11, and that (a;,b;) € Z*\ {0} (1 < j < s)
satisfy the condition that the system (1.1) admits a non-trivial solution in Q, for
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every prime number p. Suppose in addition that the number of equivalence classes
amongst the forms Aj = ajo+b;8 (1 < j < s) is at most 3. Then whenever qo > 7,
one has Ny(P) > P,

We note that the hypothesis qg > 7 by itself ensures that there must be at
least 3 equivalence classes amongst the forms A; (1 <75 <s)when 8 < s <
12, and at least 4 equivalence classes when 8 < s < 10. The discussion in the
introduction, moreover, explains why it is that the hypothesis gy > 7 must be
imposed, at least until such time as the current state of knowledge concerning
the density of rational solutions to (single) diagonal cubic equations in six or fewer
variables dramatically improves. The class of simultaneous diagonal cubic equations
addressed by Theorem 10 is therefore as broad as it is possible to address given
the restriction that there be at most three distinct equivalence classes amongst the
forms A; (1 < j < s). In addition, we note that although, when s < 12, one
may have p-adic obstructions to the solubility of the system (1.1) for any prime
number p with p = 1 (mod 3), for each fixed system with s > 4 and ¢o > 3 such
an obstruction must come from at worst a finite set of primes determined by the
coefficients a, b.

We now sketch the proof of Theorem 10. When s > 13, of course, the desired
conclusion follows already from that of Theorem 2. We suppose henceforth, there-
fore, that s is equal to either 11 or 12. Next, in view of the discussion of §3, we
may take suitable linear combinations of the equations and relabel variables so as
to transform the system (1.1) to the shape

l m n
(7.1) ZANJ? = Z,ij? = Z ViZh,
i=1 j=1 k=1

with Aj, i, v € Z\{0} (1 <i<1l, 1<j<m, 1<k <n), wherein
(7.2) I>m>n, l+m+n=s, [+n>7 and m+n>7.

By applying the substitution z; — —x;, y; — —y; and 2 — —z;, wherever nec-
essary, moreover, it is apparent that we may assume without loss that all of the
coefficients in the system (7.1) are positive. In this way we conclude that

(73) Ni(P)2 37 RuN; A)Ron (N )R (N ).

1<N<P3

Finally, we note that the only possible triples (I, m,n) permitted by the constraints
(7.2) are (5,5,2), (5,4,3) and (4,4,4) when s = 12, and (4,4,3) when s = 11. We
consider these four triples (I,m, n) in turn. Throughout, we write 7 for a sufficiently
small positive number.

We consider first the triple of multiplicities (5,5,2). Let (v1,v2) € N2, and
denote by X the multiset of integers {123 + 1223 : 21,22 € A(P, P")}. Consider
a 5-tuple € of natural numbers, and denote by X(P;€) the multiset of integers
N € XN [4P3, P? for which the equation & uf + -+ + &ud = N possesses a p-
adic solution u for each prime p. It follows from the hypotheses of the statement
of the theorem that the multiset X(P;A; ) = X(P;A) N X(P; ) is non-empty.
Indeed, by considering a suitable arithmetic progression determined only by A, p
and v, a simple counting argument establishes that card(X(P;A; u)) > P2. Then
by the methods of [BKWO01la] (see also the discussion following the statement
of Theorem 1.2 of [BKWO01b]), one has the lower bound Rs(N;\) > P? for
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each N € X(P;A; p) with at most O(P?~7) possible exceptions. Similarly, one has
R5(N; p) > P2 for each N € X(P; \; ) with at most O(P2~7) possible exceptions.
Thus we see that for systems with coefficient ratio multiplicity profile (5, 5,2), one
has the lower bound

Nio(P) > Z R5(N;X)R5(N; )
(7.4) NEX(PiA;p)
> (P2 _ 2P27T)(P2)2 > P6.

Consider next the triple of multiplicities (5,4,3). Let (v1,10,v3) € N3, and
take 7 > 0 as before. We now denote by ) the multiset of integers

{2} +vo2s 41328+ 21, 29,23 € A(P, P")}.

Consider a v-tuple € of natural numbers with v > 4, and denote by 2),(P; ) the
multiset of integers N € 9N [1P3, P3] for which the equation & uf+---+&ud = N
possesses a p-adic solution u for each prime p. The hypotheses of the statement
of the theorem ensure that the multiset Y(P; A; u) = Ds5(P; A) N Y4 (P; ) is non-
empty. Indeed, again by considering a suitable arithmetic progression determined
only by A, pu and v, one may show that card(Q(P;\;u)) > P3. When s > 4,
the methods of [ BKWO01a] may on this occasion be applied to establish the lower
bound R5(N;A) > P? for each N € 9(P;\; ), with at most O(P3~7) possible
exceptions. Likewise, one obtains the lower bound R4(N;p) > P for each N €
D(P; \; ), with at most O(P3~7) possible exceptions. Thus we find that for
systems with coefficient ratio multiplicity profile (5,4, 3), one has the lower bound

Nis(P)> > Rs(N;A)Ra(N;p)
(7.5) NeY(Pix;p)
> (P3 —2P3 ") (P?)(P) > PS.

The triple of multiplicities (4, 4, 3) may plainly be analysed in essentially the same
manner, so that

Nii(P)> > Ra(N;M)Ry(N; p)
(7.6) NeY(Pix;p)
> (P? —2P377)(P)? > P5.

An inspection of the cases listed in the aftermath of equation (7.3) reveals
that it is only the multiplicity triple (4,4,4) that remains to be tackled. But here
conventional exceptional set technology in combination with available estimates
for cubic Weyl sums may be applied. Consider a 4-tuple £ of natural numbers,
and denote by 3(P;&) the set of integers N € [%P?’,P?’] for which the equation
&ud + -+ &ui = N possesses a p-adic solution u for each prime p. It follows
from the hypotheses of the statement of the theorem that the set

3(P; s psv) = 3(P;A) N 3(P; ) N 3(Ps;v)

is non-empty. But the estimates of Vaughan [V86] permit one to prove that
the lower bound R4(N;X) > P holds for each N € 3(P;A; pu;v) with at most
O(P3(log P)~7) possible exceptions, and likewise when R4(N;\) is replaced by
R4(N;p) or Rg(N;v). Thus, for systems with coefficient ratio multiplicity profile
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(4,4,4), one arrives at the lower bound
Ni2(P) > Z Ry(N; A Ry(N; p)Ra(N; v)
(7.7) Ne3(Ajpiv)
> (P? —3P3(log P)"7)(P)% > PS.

On collecting together (7.4), (7.5), (7.6) and (7.7), the proof of the theorem is
complete.
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Second moments of GL, automorphic L-functions

Adrian Diaconu and Dorian Goldfeld

ABSTRACT. The main objective of this paper is to explore a variant of the
Rankin-Selberg method introduced by Anton Good about twenty years ago in
the context of second integral moments of L-functions attached to modular
forms on SL2(Z). By combining Good’s idea with some novel techniques, we
shall establish the meromorphic continuation and sharp polynomial growth
estimates for certain functions of two complex variables (double Dirichlet se-
ries) naturally attached to second integral moments.

1. Introduction

In 1801, in the Disquisitiones Arithmeticae [Gau01], Gauss introduced the
class number h(d) as the number of inequivalent binary quadratic forms of discrim-
inant d. Gauss conjectured that the average value of h(d) is 7€ %5 V/|d] for negative
discriminants d. This conjecture was first proved by I. M. Vinogradov [Vin18] in
1918. Remarkably, Gauss also made a similar conjecture for the average value of
h(d)log(eq), where d ranges over positive discriminants and €4 is the fundamen-
tal unit of the real quadratic field (@(\/E) Of course, Gauss did not know what
a fundamental unit of a real quadratic field was, but he gave the definition that
€q = %, where ¢, u are the smallest positive integral solutions to Pell’s equation
2 — du® = 4. For example, he conjectured that

M\W

d=0 (mod 4) Zh ) log(e dm?
= q) ~
= 21¢(3)"

while
2

N)lw

T
d=1 (mod4) h(d)log(eq) ~
d% Bl ~ T5em)”

These latter conjectures were first proved by C. L. Siegel [Sie44] in 1944.
In 1831, Dirichlet introduced his famous L—functions
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where x is a character (mod ¢) and #(s) > 1. The study of moments
> Llsixa)™,
q

say, where x, is the real character associated to a quadratic field Q(,/q), was not
achieved until modern times. In the special case when s = 1 and m = 1, the value of
the first moment reduces to the aforementioned conjecture of Gauss because of the
Dirichlet class number formula (see [Dav00], pp. 43-53) which relates the special
value of the L-function L(1, x,) with the class number and fundamental unit of the

quadratic field Q(,/q).
Let

L(s) = Z a(n)n™?

n=1
be the L—-function associated to a modular form for the modular group. The main
focus of this paper is to obtain meromorphic continuation and growth estimates in
the complex variable w of the Dirichlet series

/ |L (3 +it) | t—at.
1

We shall show, by a new method, that it is possible to obtain meromorphic contin-
uation and rather strong growth estimates of the above Dirichlet series for the case
k = 2. It is then possible, by standard methods, to obtain asymptotics, as T — oo,
for the second integral moment

T
/ |L(% +it)|? dt.
0

In the special case that the modular form is an Eisenstein series this yields asymp-
totics for the fourth moment of the Riemann zeta-function.

(e}
Moment problems associated to the Riemann zeta-function ((s) = > n™*®
=1

were intensively studied in the beginning of the last century. In 1918, Hard}r and
Littlewood [HL18] obtained the second moment

T
/ IC (3 +it))* dt ~ TlogT,
0

and in 1926, Ingham [Ing26], obtained the fourth moment

T
4 1 4
/0 IC (L +idt)|” dt ~ ﬁ~T(logT) .

Heath-Brown (1979) [HB81] obtained the fourth moment with error term of the
form

T
1
/ ¢ (s +inl* dt = B} T Py(logT) + O (T%+e) 7
0 T
where Py(z) is a certain polynomial of degree four.

Let f(z) = Y. a(n)e?>™"* be a cusp form of weight s for the modular group

n=1

with associated L—function Lf(s) = > a(n)n™°. Anton Good [Goo82] made a

n=1
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significant breakthrough in 1982 when he proved that
T 2
/ |Ly (5 +it) [*dt = 2aT(log(T) +b) + O ((TlogT) 3)
0

for certain constants a, b. It seems likely that Good’s method can apply to Eisenstein
series.
In 1989, Zavorotny [Zav89], improved Heath-Brown’s 1979 error term to

T 1 1 3+
/O €+l dt = 5T Pi(logT) + 0<T3 )

Shortly afterwards, Motohashi [Mot92], [Mot93] slightly improved the above error
term to
2
0 (TE (log T)B)
for some constant B > 0. Motohashi introduced the double Dirichlet series [Mot95],
[Mot97]

/Oo C(s +it)?C(s —it)?t~v dt
1

into the picture and gave a spectral interpretation to the moment problem.

Unfortunately, an old paper of Anton Good [Goo86], going back to 1985,
which had much earlier outlined an alternative approach to the second moment
problem for GL(2) automorphic forms using Poincaré series has been largely for-
gotten. Using Good’s approach, it is possible to recover the aforementioned results
of Zavorotny and Motohashi. It is also possible to generalize this method to more
general situations; for instance see [DG], where the case of GL(2) automorphic
forms over an imaginary quadratic field is considered. Our aim here is to explore
Good’s method and show that it is, in fact, an exceptionally powerful tool for the
study of moment problems.

Second moments of GL(2) Maass forms were investigated in [Jut97], [Jut05].
Higher moments of L—-functions associated to automorphic forms seem out of reach
at present. Even the conjectured values of such moments were not obtained un-
til fairly recently (see [CF00], [CGO1], [CFKT], [CG84], [DGHO03], [KS99],
[KS00]).

Let ‘H denote the upper half-plane. A complex valued function f defined on H
is called an automorphic form for T' = SLy(Z), if it satisfies the following properties:

(1) We have
f(“”b) — (24 d)f(z)  for (‘c’ Z) €T

cz+d

(2) f(iy) = O(y*) for some a, as y — oo;

(3) & is either an even positive integer and f is holomorphic, or £ = 0, in
which case, f is an eigenfunction of the non-euclidean Laplacian A =
—y? (38—;2 + 88—:2> (z = x+iy € H) with eigenvalue A. In the first case, we
call f a modular form of weight x, and in the second, we call f a Maass
form with eigenvalue .

In addition, if f satisfies

1
/ flz+iy)dz = 0,
0
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then it is called a cusp form.
Let f and g be two cusp forms for T' of the same weight x (for Maass forms we
take k = 0) with Fourier expansions

flz) = Z am |m|ﬁ771 W(mz), g(z) = Z by, |n\%1 W(nz) (z=x +1iy, y > 0).
m##0 n#0

Here, if f, for example, is a modular form, W (z) = €27 and the sum is restricted

to m > 1, while if f is a Maass form with eigenvalue A\ = 1 + 1%,

W(2) = Wiy (2) = Y2 Kip, 2my)e®™®  (z =2 +iy, y > 0),

where K, (y) is the K—Bessel function. Throughout, we shall assume that both f
and g are eigenfunctions of the Hecke operators, normalized so that the first Fourier
coefficients a; = by = 1. Furthermore, if f and g are Maass cusp forms, we shall
assume them to be even.

Associated to f and g, we have the L—functions:

Ls(s) = i Amm™%; Ly(s) = ibnn_s.
m=1 n=1

In [Goo86], Anton Good found a natural method to obtain the meromorphic con-
tinuation of multiple Dirichlet series of type

o0
(1.1) / Ly(s1 4+ it)Ly(ss — it) =" dt,
1

where L¢(s) and Lgy(s) are the L-functions associated to automorphic forms f
and g on GL(2,Q). For fixed g and fixed s1, s2,w € C, the integral (1.1) may be
interpreted as the image of a linear map from the Hilbert space of cusp forms to C
given by

f —_— / Lf(31 + it)Lg(Sg — it) t~v dt.
1

The Riesz representation theorem guarantees that this linear map has a kernel.
Good computes this kernel explicitly. For example when s; = so = %, he shows
that there exists a Poincaré series P, and a certain function K such that

oo
F Pug) = [ Ly LT T 0 K(w)dt
where (, ) denotes the Petersson inner product on the Hilbert space of cusp forms.
Remarkably, it is possible to choose P, so that

K(t,w) ~ [t]|7%, (as |t| — o0).

Good’s approach has been worked out for congruence subgroups in [Zha].

There are, however, two serious obstacles in Good’s method.

o Although K(t,w) ~ [t|™" as |t| — oo and w fized, it has a quite different
behavior when t < |S(w)|. In this case it grows exponentially in |t|.

e The function (f, P,g) has infinitely many poles in w, occurring at the
eigenvalues of the Laplacian. So there is a problem to obtain polynomial
growth in w by the use of convexity estimates such as the Phragmén-
Lindelof theorem.
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In this paper, we introduce novel techniques for surmounting the above two
obstacles. The key idea is to use instead another function Kpg, instead of K, so
that (1.1) satisfies a functional equation w — 1 — w. This allows one to obtain
growth estimates for (1.1) in the regions ®(w) > 1 and —e < R(w) < 0. In order to
apply the Phragmén-Lindel6f theorem, one constructs an auxiliary function with the
same poles as (1.1) and which has good growth properties. After subtracting this
auxiliary function from (1.1), one may apply the Phragmen-Lindeléf theorem. It
appears that the above methods constitute a new technique which may be applied
in much greater generality. We will address these considerations in subsequent
papers.

For R(w) sufficiently large, consider the function Z(w) defined by the absolutely
convergent integral

(1.2) Z(w) = /Lf(% +it)Lg(L —dit)t™" dt.

The main object of this paper is to prove the following.

THEOREM 1.3. Suppose f and g are two cusp forms of weight k > 12 for
SL(2,7Z). The function Z(w), originally defined by (1.2) for R(w) sufficiently large,
has a meromorphic continuation to the half-plane R(w) > —1, with at most simple
poles at

1 1 P
w 72+Z/J’a 2+Z/~‘La 27
where %—&—,ug is an eigenvalue of A and {(p) = 0; when f = g, it has a pole of order
two at w = 1. Furthermore, for fired ¢ > 0, and ¢ < § < 1 — ¢, we have the growth
estimate
_3
(1.4) Z(+in) <o (L+P)*™+,
provided |wl, |w — 1|, |w & & — pl,
above.

w—§| > € with w = § +1in, and for all p, p, as

Note that in the special case when f(z) = g(z) is the usual SL2(Z) Eisenstein
series at s = % (suitably renormalized), a stronger result is already known (see
[LJMO0] and [Ivi02]) for R(8) > 1. It is remarked in [IJMOO] that their methods
can be extended to holomorphic cusp forms, but that obtaining such results for

Maass forms is problematic.

2. Poincaré series

To obtain Theorem 1.3, we shall need two Poincaré series, the second one
being first considered by A. Good in [Goo86]. The first Poincaré series P(z;v, w)
is defined by

@) Pevw) = ¥ 60 (SE) 2= .

~yel'/Z |7Z|

This series converges absolutely for $(v) and R(w) sufficiently large. Writing

oo

PEow) =5 S o B = X et Y leml ™| bl

YESL2(Z) YET oo \I' m=—o00
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and using the well-known Fourier expansion of the above inner sum, one can im-
mediately write

w—1
(2.2) P(z;v,w) = ﬁ%E(z,v—%—l)
2
w w w w—l
+ 27r2F<§) Z |k (z ’U—|—2 — ),
i

where T'(s) is the usual Gamma function, E(z, s) is the classical non-holomorphic
Eisenstein series for SLo(Z), and Py(z;v,s) is the classical Poincaré series defined
by

(2.3) Pi(zivos) = K72 Y (S(32)" Wyi(k - 72),
YET \T

It is not hard to show that Py (2;v,s) € L?(T\H), for |R(s)[+3 > R(v) > |R(s)|+3
(see [Zhal).

To define the second Poincaré series Pg(z,w), let B(z,w) be defined for z € H
and R(w) > 0 by

1 ez 2ye 1-w :
7 lf [m} d€ if §R(Z) =T Z 0 and
—log z
(24)  Blzw) = R(w) >0,

where the logarithm takes its principal values, and the integration is along a ver-
tical line segment. It can be easily checked that 3(z,w) satisfies the following two
properties:

(2.5) Blaz,w) = B(z,w) (a>0),
and for z off the imaginary axis,
(2.6) AB = w(l —w)p.

If we write z = re with r > 0 and 0 < § < %, then by (2.4) and (2.5), we
have

0

» 1 2ef sin o
_ 160 _
6(sz) - ﬂ(e ,’LU) - Z / |:(€§+'L9 _ 1)(e§_i9 _ 1):| dé-
—i6
_ 2¢e' sin 6 T "
(2.7) - el(t-‘r@) —1 (el(t 0) _ 1)

sin 0 1w
dt
cost — cos

V2rsin T'(w) P

/
/

(cosb),

1
2
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where PH(z) is the spherical function of the first kind. This function is a solution
of the differential equation
d*u d

12

(2.8) (1—2%) -

}u—() (1, v € C).

There is another linearly independent solution of (2.8) denoted by Q“(z) and
called the spherical function of the second kind. We shall need these functions for
real values of z = x and —1 < x < 1. For these values, one can take as linearly
independent solutions the functions defined by

N
1 14+2)\?2 1—2x
H - - _ 1,
(2.9) P¥(x) F(l—,u)(l—m) F< v,v+1;1 — 5 ),

(2.10) Qh(z) = T [P“(x) COS T —

r 1
- / Ty+pt+l) p—u(x)] ,
2sin pm

Myv—pu+1) "

Here

F(a, B5v;2) =

f0) 5 LTt nr@ e ,
T'(a)T(6) = n! L(vy+mn)
is the Gauss hypergeometric function. We shall need an additional formula (see
[GR94], page 1023, 8.737-2) relating the spherical functions, namely

(211)  Pr(—a) = Pi(x) cos[(u+v)7] — = QU(x) sinf(u + v)7].
T
Now, we define the second Poincaré series Pg(z, w) by
(2.12) Poew) = 3 Blrmw) (7 = {£1}).
~yel'/Z

It can be observed that the series in the right hand side converges absolutely for
R(w) > 1.

3. Multiple Dirichlet series

Fix two cusp forms f, g of weight x for I' = SL(2,Z) as in Section 1. Here f, g
are holomorphic for k > 12 and are Maass forms if k = 0. Define

F(z) = y" f(2)g9(2).
For complex variables s1, so, w, we are interested in studying the multiple Dirichlet

series of type
o0

/Lf (81 + it) Lg (82 — ’it) t— " dt.

1
As was first discovered by Good [Goo86], such series can be constructed by consid-
ering inner products of F' with Poincaré series of the type that we have introduced
in Section 2. Good shows that such inner products lead to multiple Dirichlet series

of the form

/Lf (51 + it) Ly (52 — it) K (s1, 89, £, w) d,
0
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with a suitable kernel function K (s, s2,t, w). One of the main difficulties of the the-
ory is to obtain kernel functions K with good asymptotic behavior. The following
kernel functions arise naturally in our approach.

First, if f, g are holomorphic cusp forms of weight , then we define:

Fw+v+r—-1)I(s)I(v+kK—s5)

. _ ol—w—2v—-2Kk _—v—k
(3.1)  K(s;v,w) = 2 T NY+s)I(%+v+r—s)

Kg(t,w) =
z
3.2 2 )
(B2 e e ‘r(g +it)’ /ﬁ(e”’,w) sin®~2(0) cosh[t(20 — )] db.
0
Also, for 0 < 0 < 27, let W;+V (eie, s) denote the Mellin transform of W1, , (uew) .
2 2

Then, if f and g are both Maass cusp forms, we define K (s;v, w) and Kg(¢, w) with
t>0, by

(3.3) Z / W%-&-in (16, s) W%_H»Tz (e2€i, 5 — 5) sin®T*~2(0) db;
0

(34) Z / (e, w) sin™>(0) W%Hr (616 it) W, 1y (eg €%, it) db.

€1, €2— :t] 0
We have the following.

PROPOSITION 3.5. Fiz two cusp forms f,g of weight k for SL(2,7) with asso-
ciated L-functions L¢(s), Ly(s). For R(v) and R(w) sufficiently large, we have

(P(*; v,w), F) =
T 1 1
/Lf O’—E—F——‘rit L, U—I—E—l———a—it K(o +it;v,w) dt,
2 2 : 2 2
and

(Pati w), F) = [ Ly + 0Ly (s — 0Kt w) d
0
where K(s;v,w), Kg(t,w) are given by (3.1) and (3.2), if f and g are holomorphic,
and by (3.3) and (3.4), if f and g are both Maass cusp forms.

PRrROOF. We evaluate

I(v,w) = (P(*;v,w) //F\H (z;0,w) f(2)g(2) ¥~ d:;jy
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by the unfolding technique. We have

_ //f(rew)m v+K— 1 pUtwts— 2(9) dr do =
0 0

= //W2 vip, (mre®®) Wi pip, (nret®)r vER=Lgint W re=2(9) dr de.

m, n#0 |mn|

By Mellin transform theory, we may express

du —s
Wi, (mre = 27rz/ /W1+”,1 (mue' )u il ds.
(o) 0

Making the substitution u +— ﬁ, we have

, u®  du
Wi 7"6 = — e — r %ds.
2 +in 2772 Wi, Im|s u

Plugging this in the last expression of (P(-;v,w), F'), we obtain

a ; du
I m n e 0 s
(U 'LU 271_1/ Z |m|3+—‘n| // +Z’l‘1 ( m| ue ) u ”

—_ o d
~/W%+i,,2 (nreif) pr=str % -sin? T tr=2(9) df ds.

Recall that if f and g are Maass forms, then both are even. The proposition
immediately follows by making the substitution r — %‘

The second formula in Proposition 3.5 can be proved by a similar argument. [J
4. The kernels K(t,w) and Kz(t, w)
In this section, we shall study the behavior in the variable ¢ of the kernels
K(t,w) := K(g + it;O,w)
(4.1) giowze —x L@+ A1 (5 +it) T(§ —it)
D(2+5+it)D(%L+5—it)

and Kj(t,w) given by (3.2). This will play an important role in the sequel. We
begin by proving the following.

PROPOSITION 4.2. Fort > 0, the kernels K(t,w) and Kg(t,w) are meromor-
phic functions of the variable w. Furthermore, for —1 < R(w) < 2, |S(w)| — oo,
we have the asymptotic formulae

(4.3) K(t,w) = A(w)t™™ - (1 + o, ('g(w)4)>,

t2
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Ks(t,w) =
(4.4) — ol D (s 4 gt /5(@107 w) sin"2(6) cosh[t(20 — )] db
0
—w S (w)[?
= B(w)t (1+(9,€ ( 2 )) ’
where
A(’U)) = M and B(’U}) _ 277“175].—‘('10)1—\(1/_) + K — 1)

22f@+w—1ﬂ-m F(’LU+ %)(471-)/@—&-111—1

PROOF. Let s and a be complex numbers with |a| large and |a| < |s|2. Using
the well-known asymptotic representation for large values of |s| :

1 1 139
T(s) = V2152 1 - —4
(8) = v2m-s772 e ( 135 s~ ssao T O ))’

which is valid provided —7m < arg(s) < 7, we have

T —s—a+3
_Ji_zquq :
S

I'(s+a)
(1ot po@s?)) 1+ 1 o(s).
12(s+a) 125
Since [s| > |a|?, it easily follows that
a(l—a) a?

a _
(%fsfa)log(le;)Jra = —35 + 642 + O (lal*[s|7?).

Consequently,

s —a a(l a) a2 2 -~
F{s(-&-)a) =5 ¢ ’ +O(‘a| - ) (1_ 12(;+a) + O(‘S‘ 2))
I+ + O(Is17%).

Now, we have by the Taylor expansion that

4
T PRt Ny SR
2s |s]2

It follows that
I(s)  _ —a a(l —a) lal*
(4.5) (s +a) =5 <1+ +0 EE
Now
L (5+it) T(5 —it)

K(t,w) = Ql-w=2k =k F(’LU—‘FK— 1) F(E + & +it) F(ﬂ + —it)-
2 2 2

We may apply (4.5) (with s = § £it, a = §) to obtain (for t —

)
K(tw) = gt |5+~ (1+ 0 ()
N (R ICO))

This proves the asymptotic formula (4.3). O
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We now continue on to the proof of (4.4). Recall that

Kg(t,w) = 4|F27r Hﬁ s /B ) sin""?(0) cosh[t(20 — )] df.

We shall split the #—integral into two parts. Accordingly, we write

Kg(t,w) =
. S(w)| =% 3
SRR [ [ ] B st 0) coshian - ) o

IS (w)|~ 3

First of all, we may assume ¢ > |3(w)|27¢. Otherwise, the asymptotic formula

(4.4) is not valid.

s

/li B(e®,w) sin"2(6) cosh[t(20 — )] dO

S(w) "2 ,
< eMe VISl . max |6(e’9,w)|
[S(w)|”"2<0<%
_ 1+e
< emteIS@ITt

since t > |$(w)|2 1€ and 3 (¢",w) is bounded. It follows that

[N

| (w
. 42 ,
Ks(t,w) = % / B(™,w) sin™2(9) cosh[t(20 — )] d6
+ @(e—mwnl*f)

S(w)|" 2

|
K 1\|2 . o7t )
2|F(§ + Zt)| € 6(619711}) Sinm—Q(g) 672% 46

- (2m)rtt
+0 (e8I,

Now, for 6 < |$(w)|~2, we have
ﬁ( 0 1)
1—w
- f (Coaiszb@) du

= 2(sin )~ - 90f1 (cos(fu) — cos(@))w_1 du

1 w—1
— 2(sin9)1_w . eof (92 (1—2? ) _ g4 (1— u4) 4 gb (1 ub) ) du
= 1—w(gin g)l—w . g2w—1 | _L(w) 0% (w=1) [ _ _20(w) T(14w)
= VA0 O T Sy T ( oy + ) +

= /7 21 ¥ (sin §) 1~ . g2w—1 F(Ffjfu) (1 + 02hy(w) + 0*hy(w) + 05hg(w) +
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where
1—w? (w—1)(—21 — 5w + 9w? + 5w?)
ho(w) = hy(w) =
2(0) = G 10 4(w) 360(3 + Sw + 4w?) ’
(1 — w)(3 4 w)(465 — 314w — 80w? + 14w + 35w*)
h6(w) = B

45360(1 + 2w) (3 + 2w) (5 + 2w)
and where hog(w) = O (|S(w)[¢) for £=1,2,3,..., and

2 4
7+w)<1+0 ha(w) + 0*ha(w) + 0he (w) + )

converges absolutely for all w € C and any fixed 6.
We may now substitute this expression for 3 (eie, w) into the above integral for
Kp(t,w). We then obtain

Kﬁ(t,w) =

1
5 it)12.e™ T(w [ (w)| ™ 2
= ZLljr(wzjz %LK F(T(Jr )) f (sin §)F—w—1g2w—1 =26t (1 + 02hy(w) + - >
T 14w b
+ o(e |o<w)|1+€)
1
IT(&+it)]?-e™ I'(w) [S(w)|™ 2 w01 - .-
- Qrtw—1 %+"I‘(1+ ) ‘Of 0 e 14 60%ho(w) + 0*hg(w) + -+ ) db
T IT+w

+0O (ef\swn“e)

_ P Hit)Pem Tw) Ttz o= 20t 2 47,

- 2n+w—1ﬂ.%+fi F( +w) f 9 1 + 9 h2( )+ 9 h’4(w) + de
+ o(efl%‘(w)ll“)

£40t)|%-e™ I'(w)D(k+w— S(w
_  In(gHin)l* et T (stw-1) (1 + 0(“%2)'3))’

t"+w*1~4’“~+“’*17r%+'€ F(%+w)

where, in the above, hog(w) = O (IS(w)[f) for £ =1,2,....
If we now apply the identity

T (5 +at)[" =t [L+at22 a3+t |5 —1+it|] o
= 2mt" e (1 + O, (t72))
in the above expression, we obtain the second part of Proposition 4.2. O

For ¢ smaller than |3(w)|?T¢, we have the following

PROPOSITION 4.6. Fiz ¢ > 0,k > 12. For -1 < R(w) < 2 and 0 < t K
| (w)|?F¢, with I(w) — oo, we have

sin (71—2 )Kg(t 1 —w) — cos (7; )Kg(t w)‘ <5 t%|%(w)|"_%.
PROOF. Let g(w,0) denote the function defined by

g(w,0) = T(w) P%;’(coso).
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‘We observe that

i sin (%) g(1 —w,0) — cos (%) g(w,0) =
o = T lg(w.0) + g7~ 0)].

2 cos (%)

To see this, apply (2.10) and (2.11) with v = —3 and p = § — w. We have:

g(1 —w,0) = g(w,d)sinTw — 2 I'(w) Q%zw(cos 6) cos Tw;
™ 2

g(w,m—0) = g(w, ) cosTw + 2 I'(w) Q%;w(cos 0) sin Tw.
s 2

Multiplying the first by sin 7w, the second by cos 7w, and then adding the resulting
identities, we obtain

g(1 —w,0)sinTw + g(w, ™ — ) cosTw = g(w, ),

from which (4.7) immediately follows by adding g(w, §) cos 7w on both sides.
Now, if f and g are holomorphic, it follows from (2.7), (3.3), and (4.7) that

sin (52) Kp(t,1 — w) — cos (52) Kg(t,w)
z

1ok —n—1 Ko\ [P cosTw B
— -2 s F(2+Zt)‘ COS(%)/[g(w’G)—i_g(w?ﬂ— 9)]

(4.8) sin®~2(6) cosh[t(20 — )] df

By (2.9), we have

1w 1 1 (0 11 1 ,(8
P_% (cosb) = Twt1) cot (2>F(2,2,w+2,sm (2>>

Invoking the well-known transformation formula

Flo, Biy32) = (1—2)"°F (a>7—5573zz1>’

we can further write
—w—2L1 70\ . w—121 /0
1_ cos~ Wz (7) sin® ™ 2 (f) 1 1 0
P?,"(cosf) = 2 22 F( s,wsw+ oy —tan® (5 ) ).
1 (cos®) T(w+ 1) 2,w,w+2, an” { 5

Now, represent the hypergeometric function on the right hand side by its inverse
Mellin transform obtaining:

1 1 o L
Pj% (COSH) = WCOS wT3 (g) sin% 2 (g)

1 T IO arw e arcs) | L. (0Y
2mi Mz+w+1) 2

—100

(4.9)

Here, the path of integration is chosen such that the poles of I'(1 +z) and T'(w + 2)
lie to the left of the path, and the poles of the function I'(—z) lie to the right of it.
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It follows that

sin (—) Kp(t,1 —w) — cos (%) Kp(t,w)
£k .\ %2 T'(w)cos(mw T cos™=% (2)sin®~% (¢
— 93 KgpTh—3 F(§ +zt>‘ F(CO)S (é) )/ I‘((;)F(w) (2)

1 / T+ 2)T(w+ 2)T(—2)
2mi Fz+w+ 1)

—100

[NIE

tan2? (g) d -sin”_%w) cosh(t(20 — )] df.

In the above, we apply the identity sin(f) = 2sin (g) cos (g); after exchanging
integrals and simplifying, we obtain

Nz Tw _|T(5 +it)|* cos(mw)
() 1 () = P ol
1 T( 420w+ 2)0(—2)
(4.10) 2mi IFz+w+ 1)

0 0
/ cosTwWT2Em2 <§) sin?z w2 <§> cosh[t(20 — )] df dz.
0

Note that sin (%) Kg(t,1 —w) —cos (%) Kg(t, w) satisfies a functional equa-
tion w — 1 — w. We may, therefore, assume, without loss of generality, that
S(w) > 0. Fix € > 0. We break the z—integral in (4.10) into three parts according
as

—0 <S(2) < —(34+0SW),  —(+0S(w) <) < (4 + ) S(w),

(1 +6)S(w) < 3(z) < o0.

Under the assumptions that 3(w) — oo and 0 < t < S(w)?F¢, it follows easily
from Stirling’s estimate for the Gamma function that

e LG +2)0(w+2)0(=2)
2R WD) | g, o o (em(Bre)emw)
_/ ‘ D(z+w+1) dz—(')(e (3+¢) ))

[

dz = o(e*(%ﬂ)%(w)),

i(%—&-e)%(w)
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and, therefore,

sin (%) Kp(t,1 —w) — cos (%) Kp(t,w)

" i 2 i(%-‘re)%(w)
B 7’F(§ Jth)‘ cosTw 1 I+ 2)D(w+ 2)I(—2)
N 2re L cos (B2)  2mi [(z+w+ 1)
4.11 2 2
(4.11) —i(34€)S(w)

/ cos w2572 (g) sin2#twtn—2 <g> cosh([t(20 — m)] dO d=
0

Lo ()

Next, we evaluate the f—integral on the right hand side of (4.11):

r 0 0
/ cosTWT2E2 (§> sin?ztwtr—2 <§> cosh[t(20 — )] df
O s
—t 0 0
_ 62 /Cosn7w72272 (§> Sin2z+w+ﬁ72 (§> 62t9 do
0

i =

(412) f n e / Cosn7w72z72 Q Sin2z+w+572 Q 672750 do
2 2 2

0

/2

_ e*ﬂt\/ COSn7w72z72(9) Sin22+w+m—2(0) e4t0 do
0
/2
+e™ [ cos®TWT2272(0) sin* TR T2(9) e =40 4,
0

where for the last equality we made the substitution
0 — 26.

Using the formula (see [GR94], page 511, 3.892-3),

w/2 )
/ 2% sin?t x cos® v dr =
0

_ 9—2u-2v-1 (e”(ﬁ_”—%) r(B—v—wl2v+1)
T(B—p+rv+1)
4oemitntp PB—v = p)P@u+1) o
FB—v+u+1)

F(=2u,8—p—v;1+0—p+v;—1)

(—20,8—p—vil+B+p—v;-1)),
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which is valid for R(u), R(v) > —3, one can write the first integral in (4.12) as

93—2r Z et (eﬂi(l—m+u;-¢2—2z—4it€) re- 5{12#62).1“(—1 + R; w — 22)
e (1 — 2ite — w — 22)
F(2—k—w—22,2— Kk —2ite; 1 —w — 2z — 2ite; —1)

=) I'2 -k —2ite)'(—1 + k + w + 22)

te (1 — 2ite + w + 22)

-F(2fn+w+2z,27nf22‘te;1+w+2272ite;71))>.

If we replace the f—integral on the right hand side of (4.11) by the above expression,
it follows that
sin (%) Kp(t,1 —w) — cos (%) Kp(t,w)
_ I0(% +it)]? cosmw ot .
- 226—271R+1 (o (ﬂ) : Z € F(2 —K— 2Zt6)

2 e==+1
i(%+e)%(w)
1 / I(3+ 2)T(w+ 2)[(—2)
27 F(Z +w + %)
—i(%+e)%(w)
(4.13) i A= rtwt2z—dite) F(—l + K —-w— 22)
. e 2

(1 — 2ite — w — 22)
F2—k—w—22,2—kKk—2ite; 1 —w — 2z — 2ite; —1)
+eﬂi(71+n;w+22) F(—l +Kr+w+ 22)
I'(1 — 2ite + w + 22)

. F(2/<;+w+22,2/{2it6;1+w+222it6;1))>dz
+ O (W) |
To complete the proof of Proposition 4.6., we require the following Lemma.

LEMMA 4.14. Fiz £ > 12. Let =1 < R(w) < 2, 0 < t < [S(w) [>T, R(z) = —¢€
with €, € small positive numbers, and |3(z)| < 2|S(w)|. Then, we have the following
estimates:

F(2—k—w—222—k—2ite;1 —w — 2z — 2ite; —1) < /min{1, 2¢, |S(w + 22)|},

F(2—r+4+w+22,2—k —2ite; 1 +w + 22 — 2ite; —1) < /min{1, 2t, |S(w + 22)|}.
PrOOF. We shall make use of the following well-known identity of Kummer:
F(a,b,c;—1) =2°"%"F(c—a,c—b,c; —1).
It follows that
F(2—k—w—222—k—2ite, 1 —w — 2z — 2ite; —1)

(4.15) =225 3P (g —1—2ite,k — 1 —w — 22,1 — w — 22 — 2ite; —1)
and

F(2— 22,2 — k — 2ite; 1 2z — 2ite; —1
(w1g) FEortw4222- k- 2tg 1+ w2z - Zite 1)

=223 F(k — 1 — 2ite, k — 1 +w + 22,1 + w + 2z — 2ite, —1).
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Now, we represent the hypergeometric function on the right hand side of (4.15) as

r(e) 1§7°°r<a+s>r<b+5>r<s>

4.17 F(a,b,c;—1) = ———F— - — d
(4.17) (a,b,¢;-1) T(a)L(b) 2rmi T(c+¢) &
d—100
with
a = k—1-—2ite
b = k—1—w-—2z
c = 1—w-—2z—2ite.

This integral representation is valid, if, for instance, —1 < § < 0. We may also shift

the line of integration to 0 < ¢ < 1 which crosses a simple pole with residue 1.

Clearly, the main contribution comes from small values of the imaginary part of .
If, for example, we use Stirling’s formula

(s) = VBr - [ - drisi(teslete s e-D) L (14 0 (1)),
where s =0 +it, 0 <o <1, |t| > 0, we have

D(a+ T+ HT (O (=)
T(a)T(b)T(c +£)

— W €| 204+ W €| €|~ —21])

‘<<e%(

(4.18)
th-rE—r W — §|7%+K+5 (= 2t|f%+n+6m
€340 |2t + W — g3+
where W = &(w + 2z) > 0. This bound is valid provided

min (\W — &[22t + W =&l €], €~ 2t|)

)

is sufficiently large. If this minimum is close to zero, we can eliminate this term
and obtain a similar expression. There are 4 cases to consider.

Case 1: [¢| < W, |¢] < 2t. In this case, the exponential term in (4.18)
becomes € = 1 and we obtain

‘F(a+f)F(b+€)F(C)F(—€)
F(@)'®)I(c+¢)
Case 2: [£] < W, [£] > 2t. In this case the exponential term in (4.18)

becomes

‘<< €73,

o (-Wer2w—g—lel-l¢l+2t)

which has exponential decay in (|¢] — ¢t).
Case 3: [¢]| > W, |¢] < 2t. Here, the exponential term in (4) takes the form

o5 (—lel+W2t+ W —g—je|-20+¢)

which has exponential decay in (|{| — W).
Case 4: [¢] > W, |£] > 2t. In this last case, we get

o5 (—lel =W e+ W +1g|-2l¢|-2¢)
if £ is negative. Note that this has exponential decay in |£|. If £ is positive,

we get
o5 (—lel+w 204w —g| 21| +2¢) |
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This last expression has exponential decay in (2| — W —2t) if 2t + W — £ > 0.
Otherwise it has exponential decay in |£].

It is clear that the major contribution to the integral (4.17) for the hypergeo-
metric function will come from case 1. This gives immediately the first estimate in
Lemma 4.14. The second estimate in Lemma 4.14 can be established by a similar
method. ]

We remark that for ¢t = 0, one can easily obtain the estimate in Proposition 4.6
by directly using the formula (see [GR94], page 819, 7.166),

D(*54)0(234)
7 ”)F(’”E“)F(“’T”“)’

/ P " (cos0)sin® 1(0)do = 27Hx
0

D (LEgE2)T (=5

which is valid for (« £ ) > 0, and then by applying Stirling’s formula. It follows
from this that
sm( )Kg(O w)fcos(7r )Kg(() w) < |S(w)|F2.

Finally, we return to the estimation of sin (%) K(0, 1—w)—cos (%2) Kz(0,w)
using (4.13) and Lemma 4.14. If we apply Stirling’s asymptotic expansion for the
Gamma function, as we did before, it follows (after noting that ¢, $(w) > 0) that

sm( ; )Kﬂ(o 1—w )fcos(g )Kﬁ(o w)’

i(%-{-e)%(w} 5
1S (w + 22)\”7

)%(w)%(l + S22 |S(w + 22 + 2¢t)|2

< t2 - v/min{1, 2t, [S(w + 22)|} dz

—i(3+e)S(w

This completes the proof of Proposition 4.6. O

5. The analytic continuation of I(v, w)

To obtain the analytic continuation of

I(v,w) = (P(x;v,w), F / F\szvw)f( )ﬁy”” dﬂ;j@/’

we will compute the inner product (P(x;v,w), F) using Selberg’s spectral theory.
First, let us fix ug, u1, us, ... an orthonormal basis of Maass cusp forms which are

simultaneous eigenfunctions of all the Hecke operators T,,, n = 1, 2,... and T_1,
where

(T_1u)(z) = u(=2).

We shall assume that ug is the constant function, and the eigenvalue of u;, for
j=1,2,..., will be denoted by A\; = 1 + ,u2 Smce the Poincaré series Pk(z v, 8)

(k € Z, k # 0) is square integrable, for IR(s)| + 3 > R(v) > |R(s)| + 3, we can
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spectrally decompose it as

Pi(z;v,8) = Z Py(*;v,5), uj) uj(2)
=1
(5.1) !
+ —/ (Pr(x;v,8), E(x, 3 +ip))E(z, L +ip) du.

Here we used the simple fact that (Py(*;v, s),ug) = 0.
We shall need to write (5.1) explicitly. In order to do so, let u be a Maass cusp
form in our basis with eigenvalue A = 1 + p2?. Writing

u(z) = p(1) > a7 Wy, (v2),

v#0
then by (2.3) and an unfolding process, we have

dx dy

(Py(i0,5),0) = //y Wi (k2) u(z)

oo 1 d d
= Z // v 1W1+s k‘Z)Wl_,’_lM( Z/Z) e
v#0 0 0 4
7 d
= e [ K (2rlkly) Ky (2rlbly) 2
0
VA o T(E25gi)p (st (=i ()

8 TP I')

Let G(s;v,w) denote the function defined by

\ T(E5)T (358 (St r (steget)
v+ %)

(5.2) G(s;v,w) = 777

Then, replacing v by v + 5 and s by “’T_l, we obtain

w w—1 p(l) ¢k ;
(5.3) <Pk<* CRESY T>7u> = T E G(L +ip;v,w).

Next, we compute the inner product between P (z vty Ti) and the Eisen-
stein series E(z, §). This is well-known to be the Mellin transform of the constant
term of Py (z v+ g T) More precisely, if we write

-1 > -1
Pe(zvtg, =5 ) = v T K (2nlkly)e(kn o+ 3 (vi0+ 5. =5 )elna).

where we denoted 2™ by e(x), then for R(s) > 1

(oo 3250 50 = Jaou s 8.5 v
0
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Now, by a standard computation, we have

00 w1
w w—1 S kr Y vt
ao(yvv-l-g,—Q ) = ; Z e(?> / (70%2—1—023/2)

(r,cz)zl -

27| kly —kx
.ngl (chz —|—02y2 € 22 —|—02y2 dx

Making the substitution z — % and y — %, we obtain
(& (&

w w—1 -2 yotvtoe
<P’“<* vty T ) > ZTC / / (2 + y+w;1
— 00

2|k —k
K, (2T |y e T ) dedy.
) -T2+y2 $2+y2

Here, 7.(k) is the Ramanujan sum given by

Recalling that

= _2s _ o1-2s(|k])
;Tc(k)c - C(QS) )

where for a positive integer n, os(n) = djn @° it follows after making the substi-
tution = — |k|z, y — |k|y that

(5.4) <Pk(*;v+%7w21>’E(.,s)>

_ |k|s—v—%—% . J1*25(|k"|) /
0

21y k x
'K'k“— D — — T T a a4 d d .
T (w2+y2>e( || x2+y2> S

The double integral on the right hand side can be computed in closed form
by making the substitution z — —1. For R(s) > 0 and for R(v — s)

> —1, we
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successively have:

s+v+’ll7 2
(5.5) // —— Kua1 % e _EL dx dy
(x2 4 y2)vt = z \x*+y |k| 22 +y?

/ / ys+v+ 7 +y2)78 - Kuw_1(21y)e ( > dz dy
J ; B
r k
= /sterr% Kw_,l(Qﬂ-y) . /(-7724'3]2)86( ) daxdy
J PG A
2—1}—%-&-171_ -

s—v—%
= HE KL () K d
0 /y N K () K, 1 (y) dy

_ GG,
4m=5T(s)
Combining (5.4) and (5.5), we obtain
60 (Pu(sivt 5.5 ) B8 ) = 4 Tl g )
Using (5.1), (5.3) and (5.6), one can decompose Py (-;v + %, ;1) as
(5.7)

= 8
1 o0 1 UQiN(|k|) . . -
i O — o, w) Bz § +in) dy.
+ 167T 7T_%+iu I‘(% _Zﬂ) C(l _QZNJ) ‘]f|v+5+“l‘ g(2 ;v ’LU) (Z i +Z:U’) m

Now from (2.2) and (5.7), we deduce that

w 1w w—1
r 5) P(z;v,w) = 7 2 F(T) E(z,v+1)

1 -
+3 > o) L, (0 + 3) G5 +ipgsv,w) us(2)

Uj —even

+

1 (it — i) o
dm ) ra T — i) (1 — 2ip)

— 00

b~ ipo,w) Bz, 3 + i) dp.

The series corresponding to the discrete spectrum converges absolutely for (v, w) €
C?, apart from the poles of G(1 + ip;;v,w). To handle the continuous part of the
spectrum, we write the above integral as

[ Cersrl-g)

dri ) 77171 — s)¢(2 — 29)
(3)

G(1—s;v,w)E(z,s) ds.
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As a function of v and w, this integral can be meromorphically continued by shifting
the line R(s) = % For instance, to obtain continuation to a region containing
v = 0, take v with R(v) = 1 +¢, € > 0 sufficiently small, and take R(w) large.
By shifting the line of integration R(s) = 3 to R(s) = 3 — 2¢, we are allowed to
take 2 — € < R(v) < 1 +e. We now assume R(v) = 1 — ¢, and shift back the line
of integration to R(s) = % It is not hard to see that in this process we encounter
simple poles at s =1 — v and s = v with residues

w 2v+w—1
17TMF(2)F( 2 )E(Z,lf’ll),

L(v+ %)
and
320y POT()0(5)  ((2v)
T F(lfv)l“( Jr%)z —2v)E<Z’U)
B PT“’ F(27j+w 1)11(&) B
=T ]_"(v_|_2)2 E(Z,l ’U),

respectively, where for the last identity we applied the functional equation of the

Eisenstein series E(z,v). In this way, we obtained the meromorphic continuation

of the above integral to a region containing v = 0. Continuing this procedure, one

can prove the meromorphic continuation of the Poincaré series P(z;v,w) to C2.
Using Parseval’s formula, we obtain

w—1

(5.9) w—%r(%)f(v,w) - WTWI‘(T> (E(-,v+ 1), F)

+ 5 > (1) Ly, (v + 1) G(3 + ipg; v, w) (uy, F)

'LL] —even

1
2

1 r Co4 1 +ip)C(v+ L —ip) o

+ -
ir ) R ( — i) (1 — 2ip)

3 _ilu’;vvw) <E(’ 5 +7’:U/)7F> dﬂ‘?

which gives the meromorphic continuation of I(v,w). We record this fact in the
following

PROPOSITION 5.10. The function I(v,w), originally defined for ®(v) and R(w)
sufficiently large, has a meromorphic continuation to C2.

We conclude this section by remarking that from (5.9), one can also obtain
information about the polar divisor of the function I(v,w). When v = 0, this issue
is further discussed in the next section.

6. Proof of Theorem 1.3

To prove the first part of Theorem 1.3, assume for the moment that f = g.
By Proposition 5.10, we know that the function I(v,w) admits a meromorphic
continuation to C2. Furthermore, if we specialize v = 0, the function I(0,w) has its
first pole at w = 1. Using the asymptotic formula (4), one can write

6.1)  1(0,w) = / L (3 +it)? Kt w) 2/| (1 +it)2 Kt w) dt,
0

—00
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for at least R(w) sufficiently large. Here the kernel K (¢, w) is given by (4.1). As
the first pole of I(0,w) occurs at w = 1, it follows from (4.3) and Landau’s Lemma
that

Z(w) = Le(r+it)2 ¢t dt
f\2
1

converges absolutely for f*(w) > 1. If f # g, the same is true for the integral defining
Z(w) by Cauchy’s inequality. The meromorphic continuation of Z(w) to the region
R(w) > —1 follows now from (4.3). This proves the first part of the theorem.

To obtain the polynomial growth in |I(w)]|, for R(w) > 0, we invoke the func-
tional equation (see [Go086))

(6.2) cos (7; )I@( )—sm( 5 )Iﬁ(l— w)

) - w)
2w — 1) 7~ T'(w) ((2w)

<E(a1 _w)7F>‘

It is well-known that (E(-,1 —w), F) is (essentially) the Rankin-Selberg convo-
lution of f and g. Precisely, we have:

(6.3) (E(,1=w),F) = (4m)* " T'(k —w) L(1 —w, f x g).

It can be observed that the expression on the right hand side of (6.2) has polynomial
growth in |$(w)|, away from the poles for —1 < R(w) < 2.
On the other hand, from the asymptotic formula (4), the integral

oo

Ly(w) = /Lf(% F )Ly (3 — it) K st w) dt
0

is absolutely convergent for ¥}

—~

w) > 1. We break Ig(w) into two integrals:

(6.4) Io(w) = [ L3 +i)Ly( — i0)Ka(t,w) de
S
= [+ [ = 1"w) + 1P (w),
! Z ; p

where T, < [S(w)|?>T¢ (for small fixed € > 0), and T, will be chosen optimally
later.

Now, take w such that —e < R(w) <
(6.2) as

09 ()0 = () 00 - ()0

—l—bll’l( 5 ) (2)( —w)

27 (w) {(1 — w)
2w — 1) 7w I'(w) ((2w)

—5, and write the functional equation

+

(E(,1—w), F).
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Next, by Proposition 4.2,

% _ /T°° Ly(h +it)Lg(3 —it) 7" (HO( ))

Ly(t4it)Ly(s —at)t™ dt + (9<|T1 w)[? )

= Z(w) -

& 3
:Z(w)+(’)(TjU+€ - |\;(1ui)6| )

It follows that

P (w) e ISP
(6.6) Z(w) = Blw) + 0 (Tw + W)

@ (4
We may estimate IBTI(U)) using (6.5). Consequently,

= m[(tan( 5 )I(l)( —w) — I};”(w)) T tan (%) IéQ)(l —w)

27 ((w) ¢(1 — w)
cos (Z2) (2w — 1) 7= T'(w) ¢ (2w)

<E(~,17U)),F> :

We estimate each term on the right hand side of (6.7) using Proposition 4.2 and
Proposition 4.6. First of all

an (72) 11
(6.8) tan (52) 5 (1
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Next, using Stirling’s formula to bound the Gamma function,
tan (”2“’) Iéz)(l —w)
B(w)

]° 1(;)w>t i (10 (B 4
( s (1 %))

I(l-—w)l(l—w+r-1I(3+w) . 1S (w) 3
T(w)D(w + £ — DT (3 — w) <1+ 2 >
RO
T3

Using the functional equation of the Riemann zeta-function (6.3), and Stirling’s
asymptotic formula, we have

2m (w) ¢(1 — w)
B(w) cos (%) (2w — 1) =¥ I'(w) ¢ (2w)

(6.9)

< I3(w) [+ +

(6.10) (B(1-w),F)| < [S(w)]"*.

Now, we can optimize T, by letting

e e _ ISP
T2 |S(w)[2 e = rime — Tw=[S()l.

Thus, we get
Z(w) = O (|3(w)[***).
One cannot immediately apply the Phragmén-Lindel6f principle as the above

function may have simple poles at w = % +ipj, 7 > 1. To surmount this difficulty,
let

o s - S (50 (552 1 (25570)]
and define J (w) = Jdm(w) + Jeont (w), where

(612)  Jaselw) = 5 3 750 L, (1) Gols + g, w) (g, F)

'l,L] —even

and

(613) jcont(’LU)

L[ i i
dm ) mmE i (L — i) (1 — 2ip)

— 00

In (6.13), the contour of integration must be slightly modified when R(w) = 1 to

avoid passage through the point s = w.
From the upper bounds of Hoffstein-Lockhart [HL94] and Sarnak [Sar94], we
have that

pi (1) (uj, F)| <e iV,
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for a suitable N. It follows immediately that the series defining Jqiscr(w) converges
absolutely everywhere in C, except for points where Go(} + ipj, w), j > 1, have
poles. The meromorphic continuation of Jeont(w) follows easily by shifting the line
of integration to the left. The key point for introducing the auxiliary function J (w)
is that

I1(0,w) — J(w) (R(w) > —e¢)

(may) have poles only at w =0, 3, 1, and moreover,

1
» 2
e () 90

has polynomial growth in |(w)|, away from the poles, for —e < R(w) < 2. To
obtain a good polynomial bound in |J(w)| for this function, it can be observed
using Stirling’s formula that the main contribution to Jgiser(w) comes from terms
corresponding to |p;] close to |(w)|. Applying Cauchy’s inequality, we have that

jdiscr(w) 1 . . Wi 2 i
1251 <2 (w)]

1
2
> Lij(%)|go(%+iuj,w)|2>
s | <2[S(w)]
Using Stirling’s asymptotic formula, we have the estimates
ﬁ < |g(w)|f%(w)*ﬁ+% o3 1S(w)]
w
Go(% +ipg, w)| < [S(w)|TF IR (R(w) <140,
Also, the Hoffstein-Lockhart estimate [HL94] gives
2 € T j
o (D] < [S(w)|em],
for p; < |S(w)]. It follows that

“;’“wiwe.( > eﬂluj.|<uj,F>2>

Uy
1251 <2[S(w)]

> Li(%)) :

U
3] <2|S(w)]

Nf=

Tl < 30w

A very sharp bound for the first sum on the right hand side was recently obtained
by Bernstein and Reznikov (see [BR99]). It gives an upper bound on the order
of |S(w)|*T¢. Finally, Kuznetsov’s bound (see [Mot97]) gives an estimate on the
order of |S(w)|!T¢ for the second sum. We obtain the final estimate

jdiscr(w)

(6.14) Sdiserd )

S(w)|— o2+ +4e
2A(w) L |S(w)] (R(w) <1+e¢).

It is not hard to see that the same estimate holds for ‘75‘2‘&(”‘;’) To see this, we

apply in (6.3) the convexity bound for the Rankin-Selberg L—function together
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with Stirling’s formula. It follows that
HE(, & +ip), F)| <. |psteezm,

Then,
Jeom () b e [ G T i)
T(w)’ <o [S(w)| 252+ / iy (Rw) <1+0).
—2|S(w)]
By the well-known bounds
T
lC(1+it)| " < 1, /|§(% +it)|?dt < TV,
0
we obtain
(6.15) LCOM(IU)‘ < |S(w)|_w+%+36 (R(w) < 1+e).
2A(w)
It can be easily seen that the function
Zw) — 5 (R(w) >~

(may) have poles only at w = 0, %, 1. We can now apply the Phragmén-Lindelof

principle, and Theorem 1.3 follows. O

Finally, we remark that the choice of the function Gy(s,w) defined by (6.11) is
not necessarily the optimal one. We were rather concerned with making the method
as transparent as possible, and in fact, the exponent 2 — 26 instead of 2 — 26 should
be obtainable.

While a previous version of this manuscript has circulated, A. Ivié¢ kindly
pointed out to us that from the results obtained by Motohashi [Mot94] one can easi-
ly obtain the exponent (mentioned above) 2 — 24, but only in the range 3 < § < 1.
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CM points and weight 3/2 modular forms

Jens Funke

ABSTRACT. We survey the results of [Fun02] and of our joint work with Bru-
inier [BF06] on using the theta correspondence for the dual pair SL(2) xO(1, 2)
to realize generating series of values of modular functions on a modular curve
as (non)-holomorphic modular forms of weight 3/2.

1. Introduction

The theta correspondence has been an important tool in the theory of auto-
morphic forms with manifold applications to arithmetic questions.

In this paper, we consider a specific theta lift for an isotropic quadratic space
V over Q of signature (1,2). The theta kernel we employ associated to the lift
has been constructed by Kudla-Millson (e.g., [KM86, KM90]) in much greater
generality for O(p,q) (U(p,q)) to realize generating series of cohomological inter-
section numbers of certain, ’special’ cycles in locally symmetric spaces of orthogonal
(unitary) type as holomorphic Siegel (Hermitian) modular forms. In our case for
0O(1,2), the underlying locally symmetric space M is a modular curve, and the spe-
cial cycles, parametrized by positive integers N, are the classical CM points Z(N);
i.e., quadratic irrationalities of discriminant —/N in the upper half plane.

We survey the results of [Fun02] and of our joint work with Bruinier [BF06]
on using this particular theta kernel to define lifts of various kinds of functions F'
on the underlying modular curve M. The theta lift is given by

(1.1) (7, F) = /M F(2)0(r, 2),

where 7 € H, the upper half plane, z € M, and 6(r,2) is the theta kernel in
question. Then I(7, F) is a (in general non-holomorphic) modular form of weight
3/2 for a congruence subgroup of SLy(Z). One key feature of the theta kernel is its
very rapid decay on M, which distinguishes it from other theta kernels which are
usually moderately increasing. Consequently, we can lift some rather nonstandard,
even exponentially increasing, functions F'.

2000 Mathematics Subject Classification. Primary 11F37, Secondary 11F11, 11F27.
Partially supported by NSF grant DMS-0305448.
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Note that Kudla and Millson, who focus entirely on the (co)homological aspects
of their general lift, study in this situation only the lift of the constant function 1
in the compact case of a Shimura curve, when V is anisotropic.

One feature of our work is that it provides a uniform approach to several topics
and (in part previously known) results, which so far all have been approached by
(entirely) different methods. We discuss the following cases in some detail:

(i) The lift of the constant function 1. Then I(7, 1) realizes the generating
series of the (geometric) degree of the 0-cycles Z(N) as the holomorphic
part of a non-holomorphic modular form. As a special case, we recover
Zagier’s well known Eisenstein series F (7, s) of weight 3/2 at s = 1/2 (in
our normalization) whose Fourier coefficients of positive index are given
by the Kronecker-Hurwitz class numbers H(N) [Zag75, HZ76].

(ii) The lift of a modular function f of weight 0 on M. In that case, we obtain
a generalization with a completely different proof of Zagier’s influential
result [Zag02] on the generating series of the traces of the singular moduli,
that is, the sum of values of the classical j-invariant over the CM points
of a given discriminant. Moreover, our method provides a generalization
to modular curves of arbitrary genus.

(iii) The lift of the logarithm of the Petersson metric log||A|| of the discrim-
inant function A. This was suggested to us by U. Kiihn. In that case,
the lift I(7, || log Al|) turns out to be the derivative of Zagier’s Eisenstein
series F'(7,s) at s = 1/2. Furthermore, one can interpret the Fourier co-
efficients as the arithmetic degree of the (Z extension of the) CM cycles.
This provides a different approach for the result of (Kudla, Rapoport and)
Yang [YanO04] in this case, part of Kudla’s general program on realizing
generating series in arithmetic geometry as modular forms, in particular
as derivatives of Eisenstein series. Their result in the modular curve case
grew out of their extensive and deep work on the analogous but more
involved case for Shimura curves [KRY04, KRY06].

(iv) The lift of a weight 0 Maass cusp form f on M. For this input, our lift
is equivalent to a theta lift introduced by Maass [Maa59], which was
studied and applied by Duke [Duk88] (to obtain equidistribution results
for the CM points and certain geodesics in M) and Katok and Sarnak
[KS93] (to obtain nonnegativity of the L-function of f at the center of
the criticial strip).

The paper is mostly expository; for convenience of the reader and for future
use, we briefly discuss the construction of the theta kernel and also give general
formulas for the Fourier coefficients.

However, we also discuss a few new aspects. Namely:

(v) For any meromorphic modular form f, we give an explicit formula for the
positive Fourier coefficients of the lift I(7,log||f]|) of the logarithm of the
Petersson metric of f in the case when the divisor of f is not (necessarily)
disjoint to one of the 0-cycles Z(N). In particular, for the j-invariant, we
realize the logarithm of the norm of the singular moduli as the Fourier
coefficients of a non-holomorphic modular form of weight 3/2. Recall that
the norms of the singular moduli were studied by Gross-Zagier [GZ85].
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In this context and also in view of (iii) it will be interesting to consider
the lift for the logarithm of the Petersson metric of a Borcherds product
[Bor98]. We will come back to this point in the near future.

(vi) Bringmann, Ono, and Rouse [BORO5] consider the intersection of a mod-

ular curve with a Hirzebruch-Zagier curve T in a Hilbert modular curve.
Based on our work, they realize the generating series of the traces of the
singular moduli on these intersections as a weakly holomorphic modular
form of weight 2. They proceed to find some beautiful formulas involving
Hilbert class polynomials.

In the last section of this paper, we show how one can obtain such
generating series in the context of the Kudla-Millson machinery and gen-
eralize this aspect of [BORO5] to the intersection of a modular curve
with certain special divisors inside locally symmetric spaces associated to
O(n,2).

Some comments on the usage of this particular kernel function for the lift are
in order. The lift I is designed to produce holomorphic generating series, while
often theta series and integrals associated to indefinite quadratic forms give rise
to non-holomorphic modular forms. Furthermore, the lift focuses a priori only on
the positive coefficients which correspond to the CM points, while the negative
coefficients (which correspond to certain geodesics in M) often vanish. For these
geodesics, in the Kudla-Millson theory [KM86, KM90], there is another lift for
signature (2,1) with weight 2 forms as input, which produces generating series of
periods over the geodesics, see also [FMO02]. This lift is closely related to Shintani’s
theta lift [Shi75].

Finally note that J. Bruinier [Bru06] wrote up a survey on some aspects of
our work as well. I also thank him and U. Kiihn for comments on the present
paper. We also thank the Centre de Recerca Matematica in Bellaterra/Spain for
its hospitality during fall 2005.

2. Basic notions

2.1. CM points. Let V be a rational vector space of dimension 3 with a non-
degenerate symmetric bilinear form (, ) of signature (1,2). We assume that V' is
given by
(2.1) V = {X € My(Q); tr(X) = 0}
with (X,Y) = tr(XY) and associated quadratic form ¢(X) = (X, X) = det(X).
We let G = Spin V' ~ SLy, which acts on V by g.X := gXg~!. We set G = G(R)
and let D = G/K be the associated symmetric space, where K = SO(2) is the
standard maximal compact subgroup of G. We have D ~ H = {z € C; 3(z) > 0}.
Let L C V(Q) be an integral lattice of full rank and let I' be a congruence subgroup
of G which takes L to itself. We write M = T'\ D for the attached locally symmetric
space, which is a modular curve. Throughout the paper let p be a prime or p = 1.
For simplicity, we assume that the lattice L is given by

(2.2) L= {[a,b, o = (22p _%f) Cab,ce Z}.

(For arbitrary even lattices, see [BF06]). Then we can take I' = I'f(p), the exten-
sion of the Hecke subgroup I'g(p) by the Fricke involution W,. Note that then M
has only one cusp.
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We identify D with the space of lines in V' (R) on which the form (, ) is positive:

(2.3) D~{zcCcV(R); dimz =1 and (, )|, > 0}.

We pick as base point of D the line zy spanned by (91 (1)) For z € H, we choose

g- € G/K such that g.i = z; the action is the usual linear fractional transformation
on H. Then z —— g,z gives rise to a G-equivariant isomorphism H ~ D. The
positive line associated to z = x + iy € H is generated by X (2) := g,. (_01 (1)) We
let (, ), be the minimal majorant of (, ) associated to z € D. One easily sees that
(X, X): = (X, X(2))* - (X, X).

The classical CM points are now given as follows. For X = [a,b,c] € V such
that q(X) = 4acp — b> = N > 0, we put
(2.4) Dx =span(X) € D.
It is easy to see that Dy is explicitly given by the point W in the upper half
plane. The stabilizer I'x of X in I is finite. We then denote by Z(X) the image
of Dx in M, counted with multiplicity ﬁ Here I'y denotes the image of I'x in

X

PGL3(Z). Furthermore, I acts on Ly = {X € L; ¢(X) = N} with finitely many
orbits. The CM points of discriminant — N are given by

(2.5) Z(IN)= Y Z(X).

Xel'\Ln

We can interpret this in terms of positive definite binary quadratic forms as well.

For N > 0 a positive integer, we let Oy, be the set of positive definite binary

quadratic forms of the form apX2+bXY +cY? of discriminant —N = b? —4acp with

a,b,c,€ Z. Then I' = T'{{(p) acts on Qu p in the usual way, and the obvious map

from Qnp to Ly is I'§(p)-equivariant, and Ly is in bijection with Qn , [[ —Qn,p.

(The vector X = [a,b,c] € L with a < 0 corresponds to a negative definite form).
For a I'-invariant function F on D ~ H, we define its trace by

(2.6) ()= Y Fe)= Y ——F(Dx)

2€Z(N) XeM\Ly x|

2.2. The Theta lift. Kudla and Millson [KIM86] have explicitly constructed
a Schwartz function gy = @ on V(R) valued in QU1(D), the differential (1,1)-
forms on D. It is given by

1
(2.7) o(X,z2) = ((X,X(z))2 _ 2_) e~ (X, X): w,
™
where w = % = %dZyAQdZ. We have p(g.X,g2) = (X, 2) for g € G. We define

1
28) P =TV, = (XX - o ) e,

T
with R(X,z) = (X, X). — (X, X). Note tha R(X,z) =0 if and only if 2 = Dx,
i.e., if X lies in the line generated by X (z).

For 7 =u+iv € H, we put g, = (§ ¥) (”10/2 U,({/Q), and we define

(2.9) P(X,7,2) = ¢° (VO X, 2)e>ma00T,
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Then, see [KM90, Fun02], the theta kernel
(2.10) 0(r,2) =Y @(X,,2)
XeL

defines a non-holomorphic modular form of weight 3/2 with values in Q1 (M), for
the congruence subgroup I'y(4p). By [Fun02, BF06]| we have

(2.11) 0(r,2) =0 %Y") as  y— oo,

uniformly in z, for some constant C' > 0.
In this paper, we discuss for certain I'-invariant functions F' with possible log-
arithmic singularities inside D, the theta integral

(2.12) I(1,F) := /M F(2)0(r,z).

Note that by (2.11), I(r, F') typically converges even for exponentially increasing
F. Tt is clear that I(7, F') defines a (in general non-holomorphic) modular form on
the upper half plane of weight 3/2. The Fourier expansion is given by

oo

(2.13) I(r,F) = Z an()g™
N=—oc0
with
(2.14) ayn(v) = F(2)e°(VvX, 2).
" ‘/M X;N 7

For the computation of the Fourier expansion of I(7, f), Kudla’s construction
of a Green function &Y associated to (¥ is crucial, see [Kud97]. We let

> dt
(2.15) 9(X,2) = —Fi(-27R(X, 2)) = / e*%R(X’z)t?
1
where Ei(w) denotes the exponential integral, see [Ste84]. For ¢(X) > 0, the
function £°(X, 2) has logarithmic growth at the point Dy, while it is smooth on D
if ¢(X) <0. - _
We let 0, d and d be the usual differentials on D and set d° = ;= (9 — 9).

THEOREM 2.1 (Kudla [Kud97], Proposition 11.1). Let X be a nonzero vector
inV. Set Dx =0 if ¢(X) <0. Then, outside Dx, we have

(2.16) dd°¢*(X, z) = (X, 2).

In particular, ©°(X,z) is exact for q(X) < 0. Furthermore, if ¢(X) > 0 or if
q(X) <0 and q¢(X) ¢ —(Q*)? (so that Tx is infinite cyclic), we have for a smooth
function F on T'x\D that

e[ PP =)+ [ @R,

Tx\D T'x\D
Here 0p,, denotes the delta distribution concentrated at Dx. By Propositions 2.2
and 4.1 of [BF086] and their proofs, (2.17) does not only hold for compactly support
functions F on Tx\D, but also for functions of “linear-exponential” growth on
I'x\D.



112 JENS FUNKE

In Proposition 4.11, we will give an extension of Theorem 2.1 to F having
logarithmic singularities inside D.
By the usual unfolding argument, see [BF06], section 4, we have

LEMMA 2.2. Let N >0 or N <0 such that N ¢ —(Q*)%. Then

an(v) = Z /FX\D F(2)¢" (WX, 2).

Xel'\Ln

If F' is smooth on X, then by Theorem 2.17 we obtain

an(v) =tp(N) + / (dd°F(2)) - €°(VvX, 2), (N >0)
[Tx|

XeF\L
)= Y[ @) €Wix.) (N <0, N¢-@))
Xer\Ly /Tx\P
For N = —m?, unfolding is (typically) not valid, since in that case I'x is trivial.

In the proof of Theorem 7.8 in [BF06] we outline

LEMMA 2.3. Let N = —m?2. Then

= 3 2m/Md F(2) Y 0 (VuX,yz)

Xe\Ly ~er
1 3 0
to Md OF(2) > (VuX,7z)
el
1

88F )Y WX, 72).

~yel

2

Note that with our choice of the particular lattice L in (2.2), we actually have
#I\L_,,2 = m, and as representatives we can take {(m _251) ik=0,...,m—1}
Finally, we have

(2.18) / F(z (VX 2).

XELQ

We split this integral into two pieces aj, for X = 0 and o (v) = ag(v) —ay for X # 0.
However, unless F' is at most mildly increasing, the two individual integrals will not
converge and have to be regularized in a certain manner following [Bor98, BF06].
For a{(v), we have only one I'-equivalence class of isotropic lines in L, since T’ has
only one cusp. We denote by £y = QX the isotropic line spanned by the primitive
vector in L, Xo = ($3). Note that the pointwise stabilizer of ¢y is I's, the usual
parabolic subgroup of I'. We obtain

LEMMA 2.4.

(2.19) ap = —— F(2)w,
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(2.20) all(v) = — /regd Fe) Y Y 0 (v, v2)

21 S YET\'n=—o0

1 reg

+—= d | 0F(2) Z Z/ £ (VunXo,vz)

211 M JET\['n=—o0
1 reg OO, 0
“ o ), QOF(2) Y Y (VonXo,v2).

YEl o \'n=—00

!
Here Z indicates that the sum only extends over n # 0.

3. The lift of modular functions

3.1. The lift of the constant function. The modular trace of the constant
function F' =1 is already very interesting. In that case, the modular trace of index
N is the (geometric) degree of the 0-cycle Z(N):

(3.1) ti(N) =deg Z(N) = Y —.

1
Xel'\Ln |FX|

For p = 1, this is twice the famous Kronecker-Hurwitz class number H(N) of
positive definite binary integral (not necessarily primitive) quadratic forms of dis-
criminant —N. From that perspective, we can consider deg Z(N) for a general
lattice L as a generalized class number. On the other hand, deg Z(N) is essentially
the number of length N vectors in the lattice L modulo I'. So we can think about
deg Z(N) also as the direct analogue of the classical representation numbers by
quadratic forms in the positive definite case.

THEOREM 3.1 ([Fun02)). Recall that we write T = u + iv € H. Then

oo

1 —n?
St n:Z B(4mon?)g™™ .

Here vol(X) = —5- [ w € Q is the (normalized) volume of the modular curve M.
Furthermore, B(s) = [~ e~*tt=3/2dt.

I(7,1) = vol(X) + i deg Z(N)g™ +
N=1

— 00

In particular, for p = 1, we recover Zagier’s well known Eisenstein series F(7)
of weight 3/2, see [Zag75, HZ76]. Namely, we have

THEOREM 3.2. Let p =1, so that deg Z(N) = 2H(N). Then

1 - 1T N 1 — 5\ _p2
2](7-,1)—.7:(7')— 12+Nz::1H(N)q +167r\/6n;mﬁ(47m v)q

REMARK 3.3. We can view Theorem 3.1 on one hand as the generalization of
Zagier’s Eisenstein series. On the other hand, we can consider Theorem 3.2 as a
special case of the Siegel-Weil formula, realizing the theta integral as an Eisenstein
series. Note however that here Theorem 3.2 arises by explicit computation and
comparison of the Fourier expansions on both sides. For a more intrinsic proof, see
Section 3.3 below.
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REMARK 3.4. Lemma 2.2 immediately takes care of a large class of coefficients.
However, the calculation of the Fourier coefficients of index —m? is quite delicate
and represents the main technical difficulty for Theorem 3.1, since the usual un-
folding argument is not allowed. We have two ways of computing the integral. In
[Fun02], we employ a method somewhat similar to Zagier’s method in [Zag81],
namely we appropriately regularize the integral in order to unfold. In [BF06],
we use Lemma 2.3, i.e., explicitly the fact that for negative index, the Schwartz
function g (z) (with (z,2) < 0) is exact and apply Stokes’ Theorem.

REMARK 3.5. In joint work with O. Imamoglu [FI], we are currently considering
the analogue of the present situation to general hyperbolic space (1,q). We study
a similar theta integral for constant and other input. In particular, we realize the
generating series of certain 0-cycles inside hyperbolic manifolds as Eisenstein series
of weight (¢ +1)/2.

3.2. The lift of modular functions and weak Maass forms. In [BF04],
we introduced the space of weak Maass forms. For weight 0, it consists of those
I-invariant and harmonic functions f on D ~ H which satisfy f(z) = O(e“Y) as
z — oo for some constant C. We denote this space by Hy(T'). A form f € Hy(T)
can be written as f = fT + f~, where the Fourier expansions of f* and f~ are of
the form

(3.2) fH(z) = Z bt (n)e(nz) and f7(z)=b"(0)v+ Z b~ (n)e(nz),
neL neZ—{0}

where b (n) = 0 for n < 0 and b~ (n) = 0 for n > 0. We let Hy (I') be the subspace
of those f that satisfy b~ (n) = 0 for n > 0. It consists for those f € Hy(T") such
that f~ is exponentially decreasing at the cusps. We define a C-antilinear map by
(¢0f)(2) =y 2Lof(2) = Rof(2). Here Ly and Ry are the weight 0 Maass lowering
and raising operators. Then the significance of H; (T') lies in the fact, see [BF04],
Section 3, that & maps Hy (T') onto S2(T), the space of weight 2 cusp forms for
I'. Furthermore, we let M}(T") be the space of modular functions for T' (or weakly
holomorphic modular forms for I' of weight 0). Note that ker( = M)(T). We
therefore have a short exact sequence

o

(3.3) 0 —— M}(I") — H (T') S5(T) 0.

THEOREM 3.6 ([BF06], Theorem 1.1). For f € H (T'), assume that the con-
stant coefficient b+ (0) vanishes. Then

I(r, ) =Yty (N + 3 (01(n) +por (26T (—n) = > 3 mb* (—mn)g™™
N>0 n>0 m>0n>0

is a weakly holomorphic modular form (i.e., meromorphic with the poles concen-
trated inside the cusps) of weight 3/2 for the group To(4p). If a(0) does not vanish,
then in addition non-holomorphic terms as in Theorem 3.1 occur, namely

1
8my/v
For p =1, we let J(z) := j(z) — 744 be the normalized Hauptmodul for SLy(Z).

Here j(z) is the famous j-invariant. The values of j at the CM points are of classical
interest and are known as singular moduli. For example, they are algebraic integers.

bt (0) Y Bldmun)g

n=—oo
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In fact, the values at the CM points of discriminant D generate the Hilbert class
field of the imaginary quadratic field Q(v/D). Hence its modular trace (which
can also be considered as a suitable Galois trace) is of particular interest. Zagier
[Zag02] realized the generating series of the traces of the singular moduli as a
weakly holomorpic modular form of weight 3/2. For p = 1, Theorem 3.6 recovers
this influential result of Zagier [Zag02].

THEOREM 3.7 (Zagier [Zag02]). We have that
o0
— 24 ) ts(N)gY
N=1

is a weakly holomorphic modular form of weight 3/2 for T'o(4).

REMARK 3.8. The proof of Theorem 3.6 follows Lemmas 2.2, 2.3, and 2.4.
The formulas given there simplify greatly since the input f is harmonic (or even
holomorphic) and 9 is rapidly decreasing (or even vanishes). Again, the coefficients
of index —m? are quite delicate. Furthermore, afj(v) vanishes unless bJ is nonzero,
while we use a method of Borcherds [Bor98] to explicitly compute the average
value af, of f. (Actually, for aj,, Remark 4.9 in [BF06] only covers the holomorphic
case, but the same argument as in the proof of Theorem 7.8 in [BF06] shows that
the calculation is also valid for Hy").

REMARK 3.9. Note that Zagier’s approach to the above result is quite different.
To obtain Theorem 3.7, he explicitly constructs a weakly holomorphic modular form
of weight 3/2, which turns to be the generating series of the traces of the singular
moduli. His proof heavily depends on the fact that the Riemann surface in question,
SLo(Z)\H, has genus 0. In fact, Zagier’s proof extends to other genus 0 Riemann
surfaces, see [Kim04, Kim].

Our approach addresses several questions and issues which arise from Zagier’s
work:

e We show that the condition 'genus 0’ is irrelevant in this context; the
result holds for (suitable) modular curves of any genus.

e A geometric interpretation of the constant coefficient is given as the reg-
ularized average value of f over M, see Lemma 2.4. It can be explicitly
computed, see Remark 3.8 above.

e A geometric interpretation of the coefficient(s) of negative index is given in
terms of the behavior of f at the cusp, see Definition 4.4 and Theorem 4.5
in [BF06].

e We settle the question when the generating series of modular traces for
a weakly holomorphic form f € M}(T) is part of a weakly holomorphic
form of weight 3/2 (as it is the case for J(z)) or when it is part of a
nonholomorphic form (as it is the case for the constant function 1 €
M{(T')). This behavior is governed by the (non)vanishing of the constant
coefficient of f.

REMARK 3.10. Theorem 3.6 has inspired several papers of K. Ono and his
collaborators, see [BO05, BO, BORO5]. In Section 5, we generalize some aspects
of [BORO5].
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REMARK 3.11. As this point we are not aware of any particular application of
the above formula in the case when f is a weak Maass form and not weakly holo-
morphic. However, it is important to see that the result does not (directly) depend
on the underlying complex structure of D. This suggests possible generalizations to
locally symmetric spaces for other orthogonal groups when they might or might not
be an underlying complex structure, most notably for hyperbolic space associated
to signature (1, q), see [FI]. The issue is to find appropriate analogues of the space
of weak Maass forms in these situations.

In any case, the space of weak Maass forms has already displayed its signifi-
cance, for example in the work of Bruinier [Bru02], Bruinier-Funke [BF04]|, and
Bringmann-Ono [BOO06].

3.3. The lift of the weight 0 Eisenstein Series. For z € H and s € C, we
let
1
Eolers) = 53¢ @541 Y (S
7€l o0\ SLa(2)

be the Eisenstein series of weight 0 for SLy(Z). Here ' is the standard stabilizer
of the cusp ico and (*(s) = 7~ /?T(£)((s) is the completed Riemann Zeta function.
Recall that with the above normalization, &(z,s) converges for R(s) > 1/2 and

has a meromorphic continuation to C with a simple pole at s = 1/2 with residue
1/2.

THEOREM 3.12 ([BF06], Theorem 7.1). Let p=1. Then
1
I(1,&0(z,8)) =C" (s + 5)]:(775).

Here we use the normalization of Zagier’s Eisenstein series as given in [Yan04],
in particular F(1) = F(1,3).

We prove this result by switching to a mixed model of the Weil representation
and using not more than the definition of the two Eisenstein series involved. In
particular, we do not have to compute the Fourier expansion of the Eisenstein series.
One can also consider Theorem 3.12 and its proof as a special case of the extension
of the Siegel-Weil formula by Kudla and Rallis [KR94] to the divergent range. Note
however, that our case is actually not covered in [KR94], since for simplicity they
only consider the integral weight case to avoid dealing with metaplectic coverings.

Taking residues at s = 1/2 on both sides of Theorem 3.12 one obtains again

THEOREM 3.13.
I(1,1) = %]—‘(7’, H,
as asserted by the Siegel-Weil formula.

From our point of view, one can consider Theorem 3.2/3.13 as some kind of geo-
metric Siegel-Weil formula (Kudla): The geometric degrees of the 0-cycles Z(N) in
(regular) (co)homology form the Fourier coefficients of the special value of an Eisen-
stein series. For the analogous (compact) case of a Shimura curve, sece [KRY04].
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3.4. Other inputs.

3.4.1. Maass cusp forms. We can also consider I(r, f) for f € LZ,,,(I'\D), the
space of cuspidal square integrable functions on T'\D = M. In that case, the lift
is closely related to another theta lift I first introduced by Maass [Maa59] and
later reconsidered by Duke [Duk88] and Katok and Sarnak [KS93]. The Maass
lift uses a similar theta kernel associated to a quadratic space of signature (2,1)
and maps rapidly decreasing functions on M to forms of weight 1/2. In fact, in
[Maa59, KS93] only Maass forms are considered, that is, eigenfunctions of the
hyperbolic Laplacian A.

To describe the relationship between I and I;, we need the operator & which
maps forms of weight k to forms of “dual” weight 2 — k. It is given by

(3.4) () (1) = " 2L f(7) = R_pF f(7),

where Ly and R_j, are the usual Maass lowering and raising operators. In [BF06],
we establish an explicit relationship between the two kernel functions and obtain

THEOREM 3.14 ([BF06)). For f € L2,,,(T\D), we have

cusp
gl/QIM(Tv f) = _ﬂ-I(Ta f)

If f is an eigenfunction of A with eigenvalue X\, then we also have

3 1(r, ) = I (7, f).

REMARK 3.15. The theorem shows that the two lifts are essentially equivalent
on Maass forms. However, the theta kernel for I, is moderately increasing. Hence
one cannot define the Maass lift on H{, at least not without regularization. On
the other hand, since I(7, f) is holomorphic for f € Hy, we have &2I(1, f) =0
(which would be the case A = 0).

REMARK 3.16. Duke [Duk88] uses the Maass lift to establish an equidistribu-
tion result for the CM points and also certain geodesics in M (which in our context
correspond to the negative coefficients). Katok and Sarnak [KS93] use the fact
that the periods over these geodesics correspond to the values of L-functions at
the center of the critical strip to extend the nonnegativity of those values to Maass
Hecke eigenforms. It seems that for these applications one could have also used our
lift 1.

3.4.2. Petersson metric of (weakly) holomorphic modular forms. Similarly, one
could study the lift for the Petersson metric of a (weakly) holomorphic modu-
lar form f of weight k for I'. For such an f, we define its Petersson metric by
I £(2)|| = |f(2)y*/?|. Then by Lemma 2.2 the holomorphic part of the positive
Fourier coefficients of I(, || f||) is given by the t) s (V). It would be very interestig
to find an application for this modular trace.

It should also be interesting to consider the lift of the Petersson metric for a
meromorphic modular form f or, in weight 0, of a meromorphic modular function
itself. Of course, in these cases, the integral is typcially divergent and needs to be
normalized. To find an appropriate normalization would be interesting in its own
right.
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3.4.3. Other Weights. Zagier [Zag02] also discusses a few special cases of traces
for a (weakly holomorphic) modular form f of negative weight —2k (for small k)
by considering the modular trace of R_o0 R_40---0 R_o,f, where R, denotes
the raising operator for weight ¢. For k even, Zagier obtains a correspondence in
which forms of weight —2k correspond to forms of positive weight 3/2+ k. Zagier’s
student Fricke [Fri] following our work [BF06] introduces theta kernels similar to
ours to realize Zagier’s correspondence via theta liftings. It would be interesting
to see whether his approach can be understood in terms of the extension of the
Kudla-Millson theory to cycles with coefficients by Funke and Millson [FM]. For
k odd, Zagier’s correspondence takes a different form, namely forms of weight —2k
correspond to forms of negative weight 1/2 — k. For this correspondence, one needs
to use a different approach, constructing other theta kernels.

4. The lift of log | f||

In this section, we study the lift for the logarithm of the Petersson metric of a
meromorphic modular form f of weight k for I'. We normalize the Petersson metric
such that it is given by

£ () = e 2| f(2) (dmy) /2],
with C' = %(’y + log4m). Here v is Euler’s constant.

The motivation to consider such input comes from the fact that the positive
Fourier coefficients of the lift will involve the trace tiog s (V). It is well known
that such a trace plays a significant role in arithmetic geometry as we will also see
below.

4.1. The lift of log||A||. We first consider the discriminant function

o0

A(Z) — e2m‘z H (1 _ e2m’nz)24.
n=1
Via the Kronecker limit formula
1
(4.1) —13 log |A(2)y°] = lim (Eo(z,5) — (*(25 — 1))
s—3

we can use Theorem 3.12 to compute the lift I(7,|A]). Namely, we take the
constant term of the Laurent expansion at s = 1/2 on both sides of Theorem 3.12
and obtain

THEOREM 4.1. We have
1 1
1 (nlog [AG)]) = F/(7, 5).
On the other hand, we can give an interpretation in arithmetic geometry in
the context of the program of Kudla, Rapoport and Yang, see e.g. [KRY06]. We
give a very brief sketch. For more details, see [Yan04, KRY04, BF06]. We

let M be the Deligne-Rapoport compactification of the moduli stack over Z of
1

elliptic curves, so M(C) is the orbifold SLy(Z)\H U co. We let CHp(M) be the

extended arithmetic Chow group of M with real coefficients and let (, ) be the

extended Gillet-Soulé intersection pairing, see [Sou92, Bos99, BKK, Kiih01].

The normalized metrized Hodge bundle & on M defines an element

(4.2) &1(B) = (00, — log |A(2)[?) € CHg(M).
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For N € Z and v > 0, Kudla, Rapoport and Yang construct elements ZA(N7 v) =

1
(Z(N),E(N,v)) € CHg(M). Here for N > 0 the complex points of Z(N) are the
CM points Z(N) and £(N,v) = 3y E°(VvX) is a Green’s function for Z(N).
In [BFO06] we indicate

THEOREM 4.2 ([BF06]).

T log(IAG)) =4 3 (E(N,0).B)".
NEeZ

We therefore recover

THEOREM 4.3 ((Kudla-Rapoport-Yang) [Yan04]). For the generating series of

the arithmetic degrees (Z(N,v),©), we have
~ oy 1.1
Z(Z(N,v),w)q = ZF (Tva)'
Nez

REMARK 4.4. One can view our treatment of the above result as some kind of
arithmetic Siegel-Weil formula in the given situation, realizing the “arithmetic theta
series” (Kudla) of the arithmetic degrees of the cycles Z(N) on the left hand side
of Theorem 4.3 as an honest theta integral (and as the derivative of an Eisenstein
series).

Our proof is different than the one given in [Yan04]. We use two different
ways of ‘interpreting’ the theta lift, the Kronecker limit formula, and unwind the
basic definitions and formulas of the Gillet-Soulé intersection pairing. The proof
given in [Yan04] is based on the explicit computation of both sides, which is not
needed with our method. The approach and techniques in [Yan04] are the same as
the ones Kudla, Rapoport, and Yang [KRY04] employ in the analogous situation
for 0-cycles in Shimura curves. In that case again, the generating series of the
arithmetic degrees of the analogous cycles is the derivative of a certain Eisenstein
series.

It needs to be stressed that the present case is considerably easier than the
Shimura curve case. For example, in our situation the finite primes play no role,
since the CM points do not intersect the cusp over Z. Moreover, our approach is
not applicable in the Shimura curve case, since there are no Eisenstein series (and
no Kronecker limit formula). See also Remark 4.10 below.

Finally note that by Lemma 2.2 we see that the main (holomorphic) part of the
positive Fourier coefficients of the lift is given by tiog | a(z)ye) (IV), Which is equal
to the Faltings height of the cycle Z(N). For details, we refer again the reader to
[YanO04].

4.2. The lift for general f. In this section, we consider I(r,log | f]]) for a
general meromorphic modular form f. Note that while log|| f]| is of course inte-
grable, we cannot evaluate log || f|| at the divisor of f. So if the divisor of f is not
disjoint from (one) of the O-cycles Z(N), we need to expect complications when
computing the Fourier expansion of I(7,log||f]]).

We let t be the order of f at the point Dx = zg, i.e., t is the smallest integer
such that

lim (z — 20) "t f(2) =t f®(2) ¢ {0, 00}.

zZ—20
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Note that the value f(t)(Zo) does depend on zy itself and not just on the I'-
equivalence class of zg. If f has order t at zy we put

1D (20)|| = e CETRD | FO () (4myo) 472

LEMMA 4.5. The value ||f® (20)|| depends only on the T-equivalence class of
2g, t.e.,

179 (vzo)ll = (179 (z0)
foryeT.

PRrROOF. It’s enough to do the case t > 0. For ¢t < 0, consider 1/f. We
successively apply the raising operator Ry, = 2@'% +¢y~! to f and obtain
1\
(4.3) (—5z> Riii20---0Rpf(2) = f(2) + lower derivatives of f.
But |Rpys o--- Rpe” CUHR/2) f(2)(47)y*+*/2| has weight 0 and its value at zo is
equal to || f)(20)]| since the lower derivatives of f vanish at z. O

THEOREM 4.6. Let f be a meromorphic modular form of weight k. Then for
N > 0, the N-th Fourier coefficient of I(7,log|| f]|) is given by

an(v) = > iy (log |l £ N (2)]] — U2 0g((4m)2Nv) + 3 T (4nNv) )
z€Z(N)

J(t) = /000 e [(w+1)7 — 1w 'dw.

We give the proof of Theorem 4.6 in the next section.

REMARK 4.7. We will leave the computation of the other Fourier coefficients
for another time. Note however, that the coefficient for N < 0 such that N ¢ —(Q)?
can be found in [KRY04], section 12.

REMARK 4.8. The constant coefficient ag, of the lift is given by

reg
(@9 [ ogllrn Y,
M Y
see Lemma 2.4. An explicit formula can be obtained by means of Rohrlich’s modular
Jensen’s formula [Roh84], which holds for f holomorphic on D and not vanishing at
the cusp. For an extension of this formula in the context of arithmetic intersection
numbers, see e.g. Kithn [Kiih01]. See also Remark 4.10 below.

EXAMPLE 4.9. In the case of the classical j-invariant the modular trace of the
logarithm of the j-invariant is the logarithm of the norm of the singular moduli,
i.e.,

(4.5) tiog s (V) = log| [T i(2)l-
z€EZ(N)

Recall that the norms of the singular moduli were studied by Gross-Zagier [GZ85].
On the other hand, we have j (p) =0 for p = Lz‘/g and 3p € Z(3N?). Hence for
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these indices the trace is not defined. Note that the third derivative j/(p) is the
first non-vanishing derivative of j at p. Thus

(4.6)

oo ‘ )
1(r,10g i) = Y thog(D)a” + > (1og i (p)ll - § log(4872N20)) ¢*" +...
D>0 N=1

Here t'1051;/(D) denotes the usual trace for D # 3N?, while for D = 3N? one
excludes the term corresponding to p.

Finally note that Gross-Zagier [GZ85] in their analytic approach to the singular
moduli (sections 5-7) also make essential use of the derivative of an Eisenstein series
(of weight 1 for the Hilbert modular group).

REMARK 4.10. It is a very interesting problem to consider the special case
when f is a Borcherds product, that is, when

(4.7) log||f(2)| = @(z,9),

where ®(z, g) is a theta lift of a (weakly) holomorphic modular form of weight 1/2
via a certain regularized theta integral, see [Bor98, Bru02]. The calculation of
the constant coefficient af, of the lift I(r, ®(z, g)) boils down (for general signature
(n,2)) to work of Kudla [Kud03] and Bruinier and Kithn [BKO03] on integrals
of Borcherds forms. (The present case of a modular curve is excluded to avoid
some technical difficulties). Roughly speaking, one obtains a linear combination of
Fourier coefficients of the derivative of a certain Eisenstein series.

From that perspective, it is reasonable to expect that for the Petersson metric
of Borcherds products, the full lift (7, ®(z, g)) will involve the derivative of certain
Eisenstein series, in particular in view of Kudla’s approach in [Kud03] via the
Siegel-Weil formula. Note that the discriminant function A can be realized as a
Borcherds product. Therefore, one can reasonably expect a new proof for Theo-
rem 4.1. Furthermore, this method a priori is also available for the Shimura curve
case (as opposed to the Kronecker limit formula), and one can hope to have a new
approach to some aspects (say, at least for the Archimedean prime) of the work of
Kudla, Rapoport, and Yang [KRY04, KRY06] on arithmetic generating series in
the Shimura curve case.

We will come back to these issues in the near future.

4.3. Proof of Theorem 4.6. For the proof of the theorem, we will show how
Theorem 2.1 extends to functions which have a logarithmic singularity at the CM
point Dx. This will then give the formula for the positive coefficients.

PROPOSITION 4.11. Let ¢(X) = N > 0 and let f be a meromorphic modular
form of weight k with order t at Dx = zy. Then

/ logl\f(Z)Ilsoo(X,Z):IIf(”(zO)IIfglog((47r)2N)+ / dd®log||f(2)I| - €°(X, 2)
D

dxdy
Ji
16m / e ’

t
= I/ (o)l = 5 log((4m)* N
Note that by [KRYO04], section 12 we have
d d
/ (X, 2) Y = J(4rN).
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PROOF OF PROPOSITION 4.11. The proof consists of a careful analysis and
extension of the proof of Theorem 2.1 given in [Kud97]. We will need
LEMMA 4.12. Let
(X, 2) = %X, 2) +log |z — z0|°.
Then £°(X, z) extends to a smooth function on D and

(X, 20) = =7 — log(4mN/y).
In particular, writing z — zy = re'?, we have
9
—&(X,2z)=0(1
—£(X,2) = O(1)

in a neighborhood of zg.

PROOF OF LEMMA 4.12. This is basically Lemma 11.2 in [Kud97]. We have

2 2
4.8 R(X =2N 21 .
(4.8) (X, 2) [2yo(y0+rcose)} {2y0(y0+r0089) + }

Since

t
1
T
¢

FEi(z) = v+ log(—=z) + /OZ

we have

(49) (X, 2) = —y —log ({Qyo(yjf:cosa)] [Qyo(yo f reosd) | 2])

—27R(X,z) t 1
= / /)
0 t

The claims follow. O

For the proof of the proposition, we first note that (2.17) in Theorem 2.1 still
holds for F' = log || f|| when the divisor of f is disjoint to Dx. We now consider
Jp dd®log || f(2)|| - €°(X, z). Since log||(z — 20) 7" f(2)] is smooth at z = zy, we see

@) [ aroglfE]-€X.2) = [ datog|(z = 20" )] (X )
= —log||f"(20)|| — tC + tlog(4myo)
+ [ 1oglliz = 20 FEI - (X ).
So for the proposition it suffices to proof
(4.11) /Dlog |z — 20|t ©2(X, 2) = % (v +log(4nN/y3) .

For this, we let U, be an e-neighborhood of zy. We see
(4.12)

/ dd®log |z — zo|" - €9(X, 2) :/ log |z — zo|' - dd°€°(X, 2)
D-U. D-U.

+ / (€%d°log |z — 20| — log |2 — 2|'d¢?) .
o{D-U.}
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Of course dd°log |z — 29" = 0 (outside 2p), so the integral on the left hand side
vanishes. For the first term on the right hand side, we note dd°¢® = °, and using
the rapid decay of £°(X), we obtain

(4.13) / log |2 — 20|'¢° (X, 2) = lim (£%d°log |z — 20| — log |2 — z['d¢?) .
D =0 Jou.

For the right hand side of 4.13, we write z—zy = re'?. Using d® = = 2d6— 1 Zdr,

we see d°log |z — 2| = ﬁd&. Via Lemma 4.12, we now obtain
/ (£%d°log |z — z0|" — log |2 — zo|"d“¢?)
aU.
27 9 0 t 1
= —1 —df —tl ——df + O(e)db
[ |-1085 480~ trog (- v + 0(c)an

27
= /0 [goﬁdﬁ —tlogeO(e)do
- %EO(X, 20) = —% (v +log(4NT/y3)) as € — 0.

The proposition follows. U

5. Higher dimensional analogues

We change the setting from the previous sections and let V' now be a rational
quadratic space of signature (n,2). We let G = SO¢(V(R)) be the connected
component of the identity of O(V(R)). We let D be the associated symmetric
space, which we realize as the space of negative two-planes in V' (R):

(5.1) D ={zCcV(R); dimz=2and(, )|, <0}.

We let L be an even lattice in V' and I' a congruence subgroup inside G stabilizing
L. We assume for simplicity that I" is neat and that I" acts on the discriminant
group L# /L trivially. We set M = I'\D. It is well known that D has a complex
structure and M is a (in general) quasi-projective variety.

A vector x € V such that (z,x) > 0 defines a divisor D, by

(5.2) D,={z€D;z Lz}

The stabilizer ', acts on D,,, and we define the special divisor Z(x) = T',\D, — M.
For N € Z, we set Ly = {z € L; q(z) := (z,2) = N} and for N > 0, we define
the composite cycle Z(N) by

(5.3) Z(N)= Y Z().

z€l\Ln

For n = 1, these are the CM points inside a modular (or Shimura) curve discussed
before, while for n = 2, these are (for Q-rank 1) the famous Hirzebruch-Zagier
divisors inside a Hilbert modular surface, see [HZ76] or [vdG88]. On the other
hand, we let U C V be a rational positive definite subspace of dimension n — 1. We
then set

(5.4) Dy={z€D;z LU}
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This is an embedded upper half plane H inside D. We let I'yy be the stabilizer of
U inside I' and set Z(U) = I'y\ Dy which defines a modular or Shimura curve. We
denote by ¢y the embedding of Z(U) into M (which we frequently omit). Therefore

DU,ac if x §§ U

5.5 DyND, =
(5:5) v {DU ifzel.

Here Dy . is the point (negative two plane in V(R)) in D, which is orthogonal to
both U and xz. We denote its image in M by Z(U,x). Consequently Z(U) and
Z(x) intersect transversally in Z(U,x) if and only if v ¢ U for all ¥ € T while
Z(U) = Z(z) if and only if yx € U for one v € T. This defines a (set theoretic)
intersection

(5.6) (ZU)NZ(N))

in (the interior of) M consisting of 0- and 1-dimensional components. For n = 2,
the Hilbert modular surface case, this follows Hirzebruch and Zagier ([HZ76]). For
[ a function on the curve Z(U), we let (Z(U) N Z(N)),, [f] be the evaluation of f
on (Z(U)NZ(N)),,;- Here on the 1-dimensional components we mean by this the
(regularized) average value of f over the curve, see (2.19). Now write

(5.7) L= (Lu+X) L (Lyx + p)
=1

with \; € L’g and u; € Lz&l such that \; = 3 = 0.

LEMMA 5.1. Let r(N1,Ly + X)) = #{x € Ly + \; : q(x) = N1} be the
representation number of the positive definite (coset of the) lattice Ly, and let
Z(N2, Lys 4 pi) = 3 aerp\(Ly 1 +ui) Z(2) be the CM cycle inside the curve Z(U).

q(z)=Na
Let f be a function on the curve Z(U). Then

ZO)YNZIN) (1= D D r(Ni, Ly + M) Z(Na, Lys + pi)[f]

1 reg
- 5L [ fe,
T Z()

PROOF. A vector x € Ly N Ly gives rise to a 1-dimensional intersection, and
conversely a 1-dimensional intersection arises from a vector x € Ly which can be
taken after translating by a suitable v € I" to be in Ly. Thus the 1-dimensional
component is equal to Z(U) occurring with multiplicity r(N, Ly). Note that only
the component \; = p; = 0 occurs. This gives the second term. For the 0-
dimensional components, we first take an x = x1 + 29 € Ly with 1 € Ly + \;
and x9 € Ly1 + p; such that ¢(z1) = Ny and g(x3) = No. This gives rise to the
transversal intersection point Z(U, z) if 2 cannot be I'-translated into U. Note that
this point lies in the CM cycle Z(Na, Ly + ;) inside Z(U). In fact, in this way,
we see by changing zo by yo € L1 + u; of the same length N5 that the whole cycle
Z(Na, L. + p;) lies in the transversal part of Z(U) N Z(N). (Here we need that
'y acts trivially on the cosets). Moreover, its multiplicity is the representation
number (N1, Ly + A;). (Here we need that I'y acts trivially on U since I is neat).
This gives the first term. ]
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We now let ¢y € [S(V(R)) ® Q51(D)]¢ be the Kudla-Millson Schwartz form
for V. Then the associated theta function 6(r, ¢y) for the lattice L is a modular
form of weight (n 4 2)/2 with values in the differential forms of Hodge type (1,1)
of M. Moreover, for N > 0, the N-th Fourier coefficient is a Poincaré dual form
for the special divisor Z(N). It is therefore natural to consider the integral

(5.8) Iy (7, 2(U), ) = / PRCLICER?

and to expect that this involves the evaluation of f at (Z(N) N Z(U))a. (Note
however that the intersection of the two relative cycles Z(U) and Z(N) is not
cohomological).

PROPOSITION 5.2. We have

Iy (r, Z(U), f Zﬁ (7, Ly + M) Iyo (7, Lyps + i, f).

i=1

Here 9(7, Ly + Ni) = Y ocnuin, e? ()T s the standard theta function of the
positive definite lattice Ly, and Iyyo (7, Ly + i, f) is the lift of f considered in the
main body of the paper for the space U of signature (1,2) (and the coset p; of the
lattice Ly ).

PROOF. Under the pullback i}; : Q11(D) — Q(Dy), we have, see [KM86],
iy = <p$ ® @y, where gog is the usual (positive definite) Gaussian on U. Then

(5.9)
T Z, L Z(PV X T, Z Z Z @;(va) Z SOUJ-(vaaz)v
z€eL =1 xELy+X\; yEL ;1 +p
which implies the assertion. O

Making the Fourier expansion Iy (7, Z(U), f) explicit, and using Lemma 5.1
and Theorem 3.6 (in its form for cosets of a general lattice, [BF06]), we obtain

THEOREM 5.3. Let f € M)(Z(U)) be a modular function on Z(U) such that the
constant Fourier coefficient of f at all the cusps of Z(U) vanishes. Then 0, (7, L)
is a weakly holomorphic modular form of weight (n+2)/2 whose Fourier expansion
involves the generating series

D (ZW)nzZ(N)y 1) e

N>0
of the evaluation of f along (Z(U)NZ(N)),,

REMARK 5.4. This generalizes a result of Bringmann, Ono, and Rouse (Theo-
rem 1.1 of [BORO5]), where they consider some special cases of Theorem 5.3 for
n = 2 in the case of Hilbert modular surfaces, where the cycles Z(N) and Z(U)
are the famous Hirzebruch-Zagier curves [HZ76]. Note that [BORO05] uses our
Theorem 3.6 as a starting point.
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The path to recent progress on small gaps between primes

D. A. Goldston, J. Pintz, and C. Y. Yildirim

ABSTRACT. We present the development of ideas which led to our recent find-
ings about the existence of small gaps between primes.

1. Introduction

In the articles Primes in Tuples I & II ((GPYa], [GPYDb]) we have presented
the proofs of some assertions about the existence of small gaps between prime
numbers which go beyond the hitherto established results. Our method depends
on tuple approximations. However, the approximations and the way of applying
the approximations has changed over time, and some comments in this paper may
provide insight as to the development of our work.

First, here is a short narration of our results. Let

logn if n is prime,

(1) O(n) =

0 otherwise,
and
(2) O(N;qa):i= > 6O(n).
n<N

n=a ( mod q)

In this paper N will always be a large integer, p will denote a prime number, and
pn, will denote the n-th prime. The prime number theorem says that
: <

Tr—00

L

logz
and this can also be expressed as

(4) Z O(n) ~zx as T — 00.

n<x
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It follows trivially from the prime number theorem that

(5) liminf 2L~ Pn g

e logpn
By combining former methods with a construction of certain (rather sparsely dis-
tributed) intervals which contain more primes than the expected number by a factor
of €7, Maier [Mai88] had reached the best known result in this direction that

(6) liminf 227 L~ P < 24846...
n—oo  logpn
It is natural to expect that modulo g the primes would be almost equally
distributed among the reduced residue classes. The deepest knowledge on primes
which plays a role in our method concerns a measure of the distribution of primes in
reduced residue classes referred to as the level of distribution of primes in arithmetic
progressions. We say that the primes have level of distribution « if

N N
(7) max <
q%;) (a,0)=1 ¢(q)| — (log N)A

holds for any A > 0 and any arbitrarily small fixed € > 0 with
(8) Q= N“"¢.
1

The Bombieri-Vinogradov theorem provides the level 5, while the Elliott-Halberstam
conjecture asserts that the primes have level of distribution 1.

The Bombieri-Vinogradov theorem allows taking Q = N2 (log N)=B) in (7),
by virtue of which we have proved unconditionally in [GPYa] that for any fixed
r>1,

O(N:q,a) —

(9) hgi(gf% < (V-1

in particular,
(10) liminf 22— P
n—oo  logpy
In fact, assuming that the level of distribution of primes is «, we obtain more
generally than (9) that, for r > 2,
(11) liminf 227~ P < (m2a)2,
n—oo 0g Pn

Furthermore, assuming that o > %, there exists an explicitly calculable constant

C(«) such that for £ > C(«) any sequence of k-tuples
(12) {(n+hi,n+hay....n+ hp)}2,,

with the set of distinct integers H = {hq, ha,...,ht} admissible in the sense that
k

H(n + h;) has no fixed prime factor for every n, contains at least two primes
i=1
infinitely often. For instance if a > 0.971, then this holds for k > 6, giving
(13) lim inf(pn+1 — pn) < 16,
n—oo

in view of the shortest admissible 6-tuple (n,n +4,n + 6,n + 10,n + 12,n + 16).
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By incorporating Maier’s method into ours in [GPY06] we improved (9) to

(14) liminf 22— P o= (7~ 1)2,
n—co  logpn
along with an extension for primes in arithmetic progressions where the modulus
can tend slowly to infinity as a function of p,.
In [GPYD] the result (10) was considerably improved to

(15) lim inf — Ll = Pn < 00

n=% (logpn)? (loglog py)?
In fact, the methods of [GPYb] lead to a much more general result: When A4 C N
is a sequence satisfying A(N) := [{n;n < N,n € A}| > C(log N)'/2(loglog N)? for
all sufficiently large N, infinitely many of the differences of two elements of .4 can
be expressed as the difference of two primes.

2. Former approximations by truncated divisor sums

The von Mangoldt function

(16)

logp if n=p™, mecZt,
A(n) := .
0 otherwise,

can be expressed as

(17) A = 3 u(d) 1og(§) for n > 1.
d|n

Since the proper prime powers contribute negligibly, the prime number theorem (4)
can be rewritten as

(18) P(x) = Z A(n) ~x as & — oo.

n<z

It is natural to expect that the truncated sum

(19) Agr(n) = Z p(d) log(g) for n > 1.
d|n
d<R

mimics the behaviour of A(n) on some averages.

The beginning of our line of research is Goldston’s [G92] alternative rendering
of the proof of Bombieri and Davenport’s theorem on small gaps between primes.
Goldston replaced the application of the circle method in the original proof by the
use of the truncated divisor sum (19). The use of functions like Ar(n) goes back to
Selberg’s work [Sel42] on the zeros of the Riemann zeta-function {(s). The most
beneficial feature of the truncated divisor sums is that they can be used in place of
A(n) on some occasions when it is not known how to work with A(n) itself. The
principal such situation arises in counting the primes in tuples. Let

(20) H ={h1,ha,...,hi} with 1 < hy,..., ht <h distinct integers

(the restriction of h; to positive integers is inessential; the whole set H can be
shifted by a fixed integer with no effect on our procedure), and for a prime p denote
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by v,(H) the number of distinct residue classes modulo p occupied by the elements
of H. The singular series associated with the k-tuple H is defined as

L _l—k _Vp(H)
(21) &H) =[] p) (1 . ).

Since v,(H) = k for p > h, the product is convergent. The admissibility of H is
equivalent to &(H) # 0, and to v,(H) # p for all primes. Hardy and Littlewood
[HL23] conjectured that

(22) Z Aln;H) Z A(n+hy)---Aln+hy) = N(G(H)+0(1)), as N — oo.
n<N n<N

The prime number theorem is the k£ = 1 case, and for k > 2 the conjecture remains
unproved. (This conjecture is trivially true if H is inadmissible).

A simplified version of Goldston’s argument in [G92] was given in [GY03] as
follows. To obtain information on small gaps between primes, let

(23) (n,h) = w(nth) =)= > Alm), ¢r(nh):= Y  Agr(m),
n<m<n+h n<m<n-+h
and consider the inequality
(24) > (@(n,h) = Pr(n, h))?
N<n<2N

The strength of this inequality depends on how well Ag(n) approximates A(n). On
multiplying out the terms and using from [G92] the formulas

(25)

> Ar(n)Ar(n+k) ~ S({0,k})N, > An)Ag(n+k) ~&S{0,k}N (k #0)
n<N n<N

(26)

Z Agr(n)?> ~ NlogR, Z A(n)Ag(n) ~ Nlog R,

n<N n<N

valid for |k| < R < N%(logN)_A, gives, taking h = Alog N with A <« 1,
(27)

> (W(n+h)—(n)* = (hNlog R+ Nh?)(1-o(1)) >

N<n<2N

A
(5 + A% —¢)N(log N)?
(in obtaining this one needs the two-tuple case of Gallagher’s singular series average
given in (46) below, which can be traced back to Hardy and Littlewood’s and
Bombieri and Davenport’s work). If the interval (n,n + h] never contains more
than one prime, then the left-hand side of (27) is at most

(28) log N > (¢(n+h) —(n)) ~ AN(log N)?,
N<n<2N
which contradicts (27) if A > 1, and thus one obtains
— 1
(29) lim inf 2ot — P o 2
n—oo  logpn, 2

Later on Goldston et al. in [FG96], [FG99], [G95], [GY98], [GYO01], [GYa]
applied this lower-bound method to various problems concerning the distribution
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of primes and in [GGOS00] to the pair correlation of zeros of the Riemann zeta-
function. In most of these works the more delicate divisor sum

(30) “ Z dpu(

r<R d\ r,n)

was employed especially because it led to better conditional results which depend
on the Generalized Riemann Hypothesis.

The left-hand side of (27) is the second moment for primes in short intervals.
Gallagher [Gal76] showed that the Hardy-Littlewood conjecture (22) implies that
the moments for primes in intervals of length h ~ Alog N are the moments of a
Poisson distribution with mean A. In particular, it is expected that

(31) > (@(n+h) = ¥(n))® ~ (A + A*)N(log N)?

n<N

which in view of (28) implies (10) but is probably very hard to prove. It is known
from the work of Goldston and Montgomery [GM87] that assuming the Riemann
Hypothesis, an extension of (31) for 1 < h < N'7¢ is equivalent to a form of the
pair correlation conjecture for the zeros of the Riemann zeta-function. We thus see
that the factor % in (27) is what is lost from the truncation level R, and an obvious
strategy is to try to improve on the range of R where (25)-(26) are valid. In fact,
the asymptotics in (26) are known to hold for R < N (the first relation in (26) is
a special case of a result of Graham [GraT78]). It is easy to see that the second
relation in (25) will hold with R = N®~¢, where « is the level of distribution of
primes in arithmetic progressions. For the first relation in (25) however, one can
prove the the formula is valid for R = N/2%7 for a small > 0, but unless one also
assumes a somewhat unnatural level of distribution conjecture for Ag, one can go
no further. Thus increasing the range of R in (25) is not currently possible.

However, there is another possible approach motivated by Gallagher’s work
[Gal76]. In 1999 the first and third authors discovered how to calculate some of
the higher moments of the short divisor sums (19) and (30). At first this was
achieved through straightforward summation and only the triple correlations of
Ag(n) were worked out in [GY03]. In applying these formulas, the idea of finding
approximate moments with some expressions corresponding to (24) was eventually
replaced with

(32) > (%(n,h) = plog N)(¢r(n, h) — C)

N<n<2N

which if positive for some p > 1 implies that for some n we have ¥(n,h) > 2log N.
Here C' is available to optimize the argument. Thus the problem was switched from
trying to find a good fit for ¥ (n, h) with a short divisor sum approximation to the
easier problem of trying to maximize a given quadratic form, or more generally
a mollification problem. With just third correlations this resulted in (29), thus
giving no improvement over Bombieri and Davenport’s result. Nevertheless the
new method was not totally fruitless since it gave

f Pn+r — Pn ﬁ

33 li <r—
) WX Tlogp, =TT 2
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whereas the argument leading to (29) gives r— % Independently of us, Sivak [Siv05]
incorporated Maier’s method into [GY03] and improved upon (33) by the factor
e~ 7 (cf. (6) and (14) ).

Following [GY 03], with considerable help from other mathematicians, in [GYc]
the k-level correlations of Ag(n) were calculated. This leap was achieved through
replacing straightforward summation with complex integration upon the use of
Perron type formulae. Thus it became feasible to approximate A(n,H) which was
defined in (22) by

(34) AR(n,H) = AR(n—i—hl)AR(n—l—hg)AR(n—l—hk)

Writing

(35)  Ar(m;H):= (log R)*"Ar(n; 1), ¢ (n,h) = Y Agr(n;H),
1<hi,...,hx<h

where the distinct components of the k-dimensional vector H are the elements of
the set H, wg)(n, h) provided the approximation to t)(n, k)7, and the expression

k

(36) " @(n.h) — plog N)(_ a0 (n, h)(log R)*)?

N<n<2N §=0

could be evaluated. Here the a; are constants available to optimize the argument.
The optimization turned out to be a rather complicated problem which will not be
discussed here, but the solution was recently completed in [GYb] with the result
that for any fixed A > (v/r — /%)% and N sufficiently large,

(37) > 1>, Y 1

n<N p<N
Prtr—Pn<Alogpn p: prime
In particular, unconditionally, for any fixed n > 0 and for all sufficiently large
N > Ny(n), a positive proportion of gaps p,+1 — p, with p, < N are smaller than
(1 +n)log N. This is numerically a little short of Maier’s result (6), but (6) was
shown to hold for a sparse sequence of gaps. The work [GYDb] also turned out to
be instrumental in Green and Tao’s [GT] proof that the primes contain arbitrarily
long arithmetic progressions.

The efforts made in 2003 using divisor sums which are more complicated than
Agr(n) and Agr(n) gave rise to more difficult calculations and didn’t meet with
success. During this work Granville and Soundararajan provided us with the idea
that the method should be applied directly to individual tuples rather than sums
over tuples which constitute approximations of moments. They replaced the earlier
expressions with

(38) Y. (D Aln+hy) —rlog3N)(Agr(n; H))?,

N<n<2N h;eH

where Ag(n;H) is a short divisor sum which should be large when M is a prime
tuple. This is the type of expression which is used in the proof of the result described
in connection with (12)—(13) above. However, for obtaining the results (9)—(11).
we need arguments based on using (32) and (36).
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3. Detecting prime tuples

We call the tuple (12) a prime tuple when all of its components are prime
numbers. Obviously this is equivalent to requiring that

(39) Pre(n) := (n+ ho)(n + ho) -~ (n+ hy)

is a product of k primes. As the generalized von Mangoldt function

(40) A(n) ==Y~ u(d)(log 5)"
d|n

vanishes when n has more than & distinct prime factors, we may use

(41) % > u(d)(logg)k

" d| Py (n)
d<R

for approximating prime tuples. (Here 1/k! is just a normalization factor. That
(41) will be also counting some tuples by including proper prime power factors
doesn’t pose a threat since in our applications their contribution is negligible). But
this idea by itself brings restricted progress: now the right-hand side of (6) can be
replaced with 1 — @

The efficiency of the argument is greatly increased if instead of trying to in-
clude tuples composed only of primes, one looks for tuples with primes in many
components. So in [GPYa] we employ

, 1 3 Bkye
d| P (n)
d<R

where |H| = k and 0 < ¢ < k, and consider those Py (n) which have at most k + ¢
distinct prime factors. In our applications the optimal order of magnitude of the
integer ¢ turns out to be about vk. To implement this new approximation in the
skeleton of the argument, the quantities

(43) > Ar(n;Hy, b)Ar(n; Ha, £s),
n<N
and
(44) Z Agr(n;Hy, £1)Ag(n; Ha, £2)0(n + ho),
n<N

are calculated as R, N — oco. The latter has three cases according as hg € H1 UHo,
or hg € Hy \ Ha, or hg € Hy NHs. Here M = |Hy| + |Ha| + €1 + £o is taken as a
fixed integer which may be arbitrarily large. The calculation of (43) is valid with
R as large as N2—¢ and h < RC for any constant C' > 0. The calculation of (44)
can be carried out for R as large as N35~¢and h < R. Tt should be noted that in
[GYD] in the same context the usage of (34), which has k truncations, restricted
the range of the divisors greatly, for then R < N 75 ~¢ was needed. Moreover the
calculations were more complicated compared to the present situation of dealing
with only one truncation.
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Requiring the positivity of the quantity

(45)

2N

ST 0n+hg)—rlog3N)( > Ar(n;H,0)?, (b= \og3N),
n=N+1 1<ho<h HC{1,2,...,h}

H|=k

which can be calculated easily from asymptotic formulas for (43) and (44), and
Gallagher’s [Gal76] result that with the notation of (20) for fixed k

(46) Y SH)~h* as h— oo,
H

yields the results (9)—(11). For the proof of the result mentioned in connection with
(12), the positivity of (38) with » = 1 and Agr(n;H,¢) for an H satisfying (20) in
place of Ar(n;H) is used. For (13), the positivity of an optimal linear combination
of the quantities for (12) is pursued.

The proof of (15) in [GPYb] also depends on the positivity of (45) for r =1
and h = Ck’TgN modified with the extra restriction

(47) (Pu(n), J[ »=1
p<+log N

on the tuples to be summed over, but involves some essential differences from the
procedure described above. Now the size of k is taken as large as 0(107% (where
¢ is a sufficiently small explicitly calculable absolute constant). This necessitates a
much more refined treatment of the error terms arising in the argument, and in due
course the restriction (47) is brought in to avoid the complications arising from the
possibly irregular behaviour of v,(H) for small p. In the new argument a modified
version of the Bombieri-Vinogradov theorem is needed. Roughly speaking, in the
version developed for this purpose, compared to (7) the range of the moduli ¢ is
curtailed a little bit in return for a little stronger upper-bound. Moreover, instead
of Gallagher’s result (46) which was for fixed k (though the result may hold for
k growing as some function of h, we do not know exactly how large this function
can be in addition to dealing with the problem of non-uniformity in k), the weaker
property that Y, &(H)/h* is non-decreasing (apart from a factor of 1+0(1)) as a
function of k is proved and employed. The whole argument is designed to give the
more general result which was mentioned after (15).

4. Small gaps between almost primes

In the context of our work, by almost prime we mean an Es-number, i.e. a
natural number which is a product of two distinct primes. We have been able to
apply our methods to finding small gaps between almost primes in collaboration
with S. W. Graham. For this purpose a Bombieri-Vinogradov type theorem for
A x A is needed, and the work of Motohashi [Mot76] on obtaining such a result for
the Dirichlet convolution of two sequences is readily applicable (see also [Bom87]).
In [GGPYa)] alternative proofs of some results of [GPYa] such as (10) and (13)
are given couched in the formalism of the Selberg sieve. Denoting by ¢, the n-th
Es-number, in [GGPYa] and [GGPYDb] it is shown that there is a constant C
such that for any positive integer 7,

(48) liminf(¢ntr — qn) < Cre’;

n—oo
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in particular
(49) hnnl}gf(Qn+l - Qn) < 6.

Furthermore in [GGPYc] proofs of a strong form of the Erdés—Mirsky conjecture
and related assertions have been obtained.

5. Further remarks on the origin of our method

In 1950 Selberg was working on applications of his sieve method to the twin
prime and Goldbach problems and invented a weighted sieve method that gave
results which were later superseded by other methods and thereafter largely ne-
glected. Much later in 1991 Selberg published the details of this work in Volume IT
of his Collected Works [Sel91], describing it as “by now of historical interest only”.
In 1997 Heath-Brown [HB97] generalized Selberg’s argument from the twin prime
problem to the problem of almost prime tuples. Heath-Brown let

k
(50) II= H(ain +b;)
i=1

with certain natural conditions on the integers a; and b;. Then the argument of
Selberg (for the case k = 2) and Heath-Brown for the general case is to choose
p > 0 and the numbers A4 of the Selberg sieve so that, with 7 the divisor function,

k
(51) Q=) {1-p> 7lam+b)}>_ra)*>0.
n<x i=1 d|TI1

From this it follows that there is at least one value of n for which

k

1

(52) > rlain+b) < -

i=1 P
Selberg found in the case k = 2 that p = ﬁ is acceptable, which shows that one of
n and n + 2 has at most two, while the other has at most three prime factors for
infinitely many n. Remarkably, this is exactly the same type of tuple argument of
Granville and Soundararajan which we have used, and the similarity doesn’t end

here. Multiplying out, we have Q = @1 — pQ2 where

k
53)  Qi=>_ 0 M)?*>0,  Q=>_> rlan+b)}>_ A)*>0.

n<z d|II i=1 n<lz d|TT
The goal is now to pick Ag optimally. As usual, the A4 are first made 0 for d > R.
At this point it appears difficult to find the exact solution to this problem. Further
discussion of this may be found in [Sel91] and [HB97]. Heath-Brown, desiring to
keep Q2 small, made the choice

o log(R/d) k+1
(54) N = pld) (T
and with this choice we see
(55) 0, = (k+1))2

(log B)?F 72 (Agr(n;H,1))%

n<z
Hence Heath-Brown used the approximation for a k-tuple with at most k& + 1
distinct prime factors. This observation was the starting point for our work with
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the approximation Agr(n;H,¢). The evaluation of Q2 with its 7 weights is much
harder to evaluate than )7 and requires Kloosterman sum estimates. The weight
A in @9 in place of T requires essentially the same analysis as (1 if we use the
Bombieri-Vinogradov theorem. Apparently these arguments were never viewed as
directly applicable to primes themselves, and this connection was missed until now.
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Negative values of truncations to L(1, )
Andrew Granville and K. Soundararajan

ABSTRACT. For fixed large = we give upper and lower bounds for the minimum
of 3, <. x(n)/n as we minimize over all real-valued Dirichlet characters x.
This follows as a consequence of bounds for 3", ., f(n)/n but now minimizing
over all completely multiplicative, real-valued functions f for which —1 <
f(n) <1 for all integers n > 1. Expanding our set to all multiplicative, real-
valued multiplicative functions of absolute value < 1, the minimum equals
—0.4553 - - -4 0(1), and in this case we can classify the set of optimal functions.

1. Introduction

Dirichlet’s celebrated class number formula established that L(1, x) is positive for
primitive, quadratic Dirichlet characters x. One might attempt to prove this posi-
tivity by trying to establish that the partial sums ), . x(n)/n are all non-negative.
However, such truncated sums can get negative, a feature which we will explore in
this note.

By quadratic reciprocity we may find an arithmetic progression (mod 4[] p<z D)

such that any prime ¢ lying in this progression satisfies (%) = —1 for each p < z.
Such primes ¢ exist by Dirichlet’s theorem on primes in arithmetic progressions,
and for such ¢ we have ), __ (%) /n=73",<,A(n)/n where A\(n) = (—1)%™) is the
Liouville function. Turdn [6] suggested that >~ __A(n)/n may be always positive,
noting that this would imply the truth of the Riemann Hypothesis (and previously
Pélya had conjectured that the related >, . A(n) is non-positive for all > 2,
which also implies the Riemann Hypothesis)T In [Has58] Haselgrove showed that
both the Turdn and Pdélya conjectures are false (in fact x = 72,185, 376,951, 205 is
the smallest integer x for which ) . A(n)/n < 0, as was recently determined in
[BFM]). We therefore know that truncations to L(1, x) may get negative.

Let F denote the set of all completely multiplicative functions f(-) with —1 <
f(n) <1 for all positive integers n, let F; be those for which each f(n) = +1, and
Fo be those for which each f(n) = 0 or £1. Given any x and any f € Fp we may find
a primitive quadratic character x with x(n) = f(n) for all n < x (again, by using
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quadratic reciprocity and Dirichlet’s theorem on primes in arithmetic progressions)
so that, for any x > 1,

min Z@: 60(1')::}1611]%2@.

X a quadratic
character n<z n<wz

Moreover, since F; C Fy C F we have that

We expect that §(x) ~ d1(x) and even, perhaps, that 6(x) = §;(z) for sufficiently
large x.

Trivially §(x) > = > . 1/n=—(logz+v+O0(1/x)). Less trivially 6(z) > —1,
as may be shown by considering the non-negative multiplicative function g(n) =
>_djn f(d) and noting that

0= Sam =S s3] < (1P )
n<x d<x d<z

We will show that d(z) < d;1(z) < 0 for all large values of z, and that §(z) — 0 as
T — 00.

THEOREM 1. For all large x and oll f € F we have

DA

n<e (loglogz)s

Further, there exists a constant ¢ > 0 such that for all large x there exists a function

f(= fz) € F1 such that
f(n) ¢
Z n = Cloga

n<zx
In other words, for all large x,
1 c
————— < (z) < dp(x) < di(x) < — .
ooy S 000) < 00) £ 1(0) < e

Note that Theorem 1 implies that there exists some absolute constant ¢y > 0
such that >~ _ f(n)/n > —co for all z and all f € F, and that equality occurs only
for bounded z. It would be interesting to determine ¢y and all z and f attaining
this value, which is a feasible goal developing the methods of this article.

It would be interesting to determine more precisely the asymptotic nature of
0(x),d0(x) and d1(x), and to understand the nature of the optimal functions.

Instead of completely multiplicative functions we may consider the larger class
F* of multiplicative functions, and analogously define

() = in 32 I
f*
fe n<x

THEOREM 2. We have
5 (z) = (1 — 2log(1+ ve) +4 t—dt) log2 + o(1) = —0.4553... + o(1).
1
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If f* € F* and x is large then

f*(n 1
DRI -

oyt (log log x)
unless
1+ fr(2k .
Z %() < (logx)™20.
k=1
Finally

(x) +o(1)

;f(@z

if and only if

(Zl+f( ))logx+ Z Zl_ Z %;(p):o(l).

k=1 3<p<gl/(1+Ve) k=1 1/(1+f)<p<x

2. Constructing negative values
Recall Haselgrove’s result [Has58]: there exists an integer N such that
A
T Am) _ s
n
n<N

with § > 0, where A € F; with A\(p) = —1 for all primes p. Let 2 > N2 be large and
consider the function f = f, € F; defined by f(p) =1ifz/(N+1) < p < x/N and
f(p) = —1 for all other p. If n < x then we see that f(n) = A(n) unless n = p¢ for
a (unique) prime p € (x/(N + 1),2/N] in which case f(n) = A(£) = A(n) + 2X(0).

Thus
f A
X% % e X GE
(2.1) n<z n<z gc/(N+1)<p<3c/N {<z/p
1
= Z ) > p

n<az z/(N+1)<p<z/N
A standard argument, as in the proof of the prime number theorem, shows that
A 1 24100 ) )
) Aln) _ 2_/ C@sH2)2° ) exp(—cr/oga),
n s

T J2—ico <(5+1)

n<x
for some ¢ > 0. Further, the prime number theorem readily gives that

1 log(z/N) 1
2.yl (log(:z:/(N—i- 1))> = Nlogz’

z/(N+1)<p<z/N

Inserting these estimates in (2.1) we obtain that 6(z) < —c¢/logx for large x (here
¢ =< §/N), as claimed in Theorem 1.

REMARK 2.1. In [BFM] it is shown that one can take § = 2.0757641---- 107"
for N = 72204113780255 and therefore we may take ¢ ~ 2.87 - 10723,
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3. The lower bound for §(z)

ProprosITION 3.1. Let f be a completely multiplicative function with —1 <
f(n) <1 foralln, and set g(n) = Zd‘n f(d) so that g is a non-negative multiplica-
tive function. Then

SIS gm0t Ym0 ).

n<x n<x n<z (IOgJJ)

=

PROOF. Define F(t) = 1 > n<t f(n). We will make use of the fact that F'(t)

1
varies slowly with ¢. From [GS03, Corollary 3],we find that if 1 < w < 2/10 then

log 2w\ 1- 2 log x loglog x
3.1 |1F(@)] = |F(/w)] ! '
(3.1) |F ()] = [F(z/w)]| < ( log z ) g (log2w> i (logz)2-v3

We may easily deduce that

log 2w\ 1-% log log log log 2w\ #
3.2 ’F _F ) 1 .
(3.2) () (z/w)| < ( log ) o8 (10g2w)+(10gx)27\/§ < ( log )

Indeed, if F(z) and F(z/w) are of the same sign then (3.2) follows at once from
(3.1). If F(x) and F(x/w) are of opposite signs then we may find 1 < v < w with
| > n<aso f(R)] < 1 and then using (3.1) first with F'(z) and F(z/v), and second
with F(z/v) and F(z/w) we obtain (3.2).

We now turn to the proof of the Proposition. We start with

(33) o =Y r@[2] =« 1Y S {Z)
n<x d<z d<z d<z
Now

Sra{=> X r@(5-i)

d<z ifzx/(j+1)<d<z/j

_ Z/:/j =z > f(d)dt+0(loz$).

, 2
j<logz /G+n) 2/ (j+1)<d<t

From (3.2) we see that if j <logx, and z/(j + 1) <t < z/j then
x 1 zlog(j +1
Yo fad)= (t — ‘—1)_ > fn) +O(.L;))-
2/(j+1)<d<t (G+1)/ e = j(logx)a

Using this above we conclude that
(3.4)

Zf(d){g} _ (Zf(n)> 5 (1og (jjl) ~ jil) +O<x(loglogg;)2>.

1
i<lon (logx)4

Since 33, (og(14+1/7)~1/(+1) = log(J+1)~ S, sy 1/j+1 = 1-7+0(1/.]),
when we insert (3.4) into (3.3) we obtain the Proposition. O
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Set u =3 _.(1— f(p))/p. By Theorem 2 of A. Hildebrand [Hil87] (with f
there being our function g, K = 2, Ko = 1.1, and z = 2) we obtain that

éZ g(n>>>gc(1 - %)(1 + @ +%2)+...)a_(exp (2 M))

n<z p<zx p

+ O(exp(—(log 2)7)),

where [ is some positive constant and o_(§) = £p(€) with p being the Dickman
function'. Since max(0,1— g(p)) < (1 — f(p))/2 we deduce that

(3.5) é Z g(n) > (e “log x)(€“/2p(€u/2)) + O(exp(—(log T/)ﬁ))
3.5 n<z

> e " (log ) + O(exp(—(log )?)),

since p(&) = £~¢+0(8),
On the other hand, a special case of the main result in [HT91] implies that

(3.6) i‘ > f(n)‘ < e

n<z
where x = 0.32867.... Combining Proposition 3.1 with (3.5) and (3.6) we imme-

diately get that 6(z) > —c/(loglog x) for any ¢ < 2x. This completes the proof of
Theorem 1.

REMARK 3.2. The bound (3.5) is attained only in certain very special cases,

that is, when there are very few primes p > 2° * for which f(p) = 1+ o(1). In this
case one can get a far stronger bound than (3.6). Since the first part of Theorem 1
depends on an interaction between these two bounds, this suggests that one might
be able to improve Theorem 1 significantly by determining how (3.5) and (3.6)
depend upon one another.

4. Proof of Theorem 2

Given f* € F* we associate a completely multiplicative function f € F by setting
fp) = f*(p). We write f*(n) = >, h(d)f(n/d) where h is the multiplicative
function given by h(p*) = f*(p*) — f(p)f*(p*~!) for k > 1. Now,

*(n h(d m
D YT

(4 1) n<z d<z m<z/d
’ h(d) f(m) |7 (d)]
= Z d Z - +O<logx Z T)
d<(logz)% m<z/d d>(log z)6
Since h(p) = 0 and |h(p*)| < 2 for k > 2 we see that
h h
(4.2) > | LOI Ezd” < (logz)™* > | ;?' < (logz)~2.
d>(log )% d>1

IThe Dickman function is defined as p(u) = 1 for u < 1, and p(u) = (1/u) Loy p(t)dt for
u > 1.
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Further, for d < (logz)%, we have (writing F(t) = %ant f(n) as in section 3)

> @=F<w>—F<w/d>+/;@dt:?ZW*O( o)

z/d<n<z <z (logx)s

using (3.2). Using the above in (4.1) we deduce that

fr(n) f(n) h(d) h(d)logd
> ar=(20) 2 T_%Zf(”) > = +O((1og1x)%)'

n<z n<xz d<(logz)S n<x d<(log x)®

Arguing as in (4.2) we may extend the sums over d above to all d, incurring a
negligible error. Thus we conclude that

Zf*é” Hzf +Hi - Zf +O(

n<z n<zx n<z

=

(log x)
with

Oo(— and HZ?“’M.
Z ! ; d

Note that Hy = [],(1+ h(p)/p+h(p®)/p* +...) > 0, and that Ho, |H,| < 1.
We now use Proposition 3.1, keeping the notation there. We deduce that

(4.3) Zf*T(n):HoiZg(nH( H0+H1> Zf ( 10;3;);)'

n<z n<x

If Hy > (logz)~ 20 then we may argue as in section 3, using (3.5) and (3.6). In that

case, we see that > _  f*(n)/n > —1/(loglog 2)3. Henceforth we suppose that

Hy < (logz)~20. Since

h(2) | h(2?)

* *x (02
=1 1 I, e

9 +...=x1+ 5 + 2

+...,

we deduce that (note h(2) = 0)

24 h( 2k 1 * 2k 1
(4.4) Z +— = Z + f < (log )~ .

k=2

This proves the middle assertion of Theorem 2.
Writing d = 2*¢ with £ odd,

M-y By N

£ odd
r )) 3~ M2+ oog ) )

= ~log2 ( 2k ¢
=1 £ odd

k
_ hip) | hp?) loglogx
—310g2p1;[3(1—|— » + e +...)+O<(10ggj)%),

)

x>
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where we have used (4.4) and that 35 | kh(2F)/2F = —3 4+ O(loglog z/(log ) ).
Using these observations in (4.3) we obtain that

(4.5)
Zf*én Z () +310g2 [T (1+ @+%+...)%Zﬂn)+o(1)
n<x n<x p>3 n<x
>310g2H<1+h()+h ) S fn)
p>3 n<xz

Let r(-) be the completely multiplicative function with r(p) = 1 for p < logz,
and r(p) = f(p) otherwise. Then Proposition 4.4 of [GS01] shows that

igf(n) :p<1;[gz(1_%)0_%)_%%“"”0(@)-

Since f(2) = —1 4 O(Hy) we deduce from (4.5) and the above that

(4.6)Zf*7§” > log 2H( )( M0 f*(p2)+...>é2r(n)+0(1).

2
p p n<z

One of the main results of [GS01] (see Corollary 1 there) shows that

Ve o
%dm o(1) = —0.656999 . . .+o(1),

(4.7) i > )= 1_2log(1+\/é)+4/

n<z
and that equality here holds if and only if
1—r(p) 1+r(p)
(4.8) > —=+ > = o(1).

p<ai/orve P 21/ 14V <p<a

Since the product in (4.6) lies between 0 and 1 we conclude that

] Ve
(4.9) Z# > (1—210g(1+\/é)+4/ tlidt) log 2+ o(1),

n<x

and for equality to be possible here we must have (4.8), and in addition that the
product in (4.6) is 1 4+ o(1). These conditions may be written as

1—f 1—f*
y ooy leseh oy =L o),

3<p<m1/(1+f) k=1 1/(1+\/€)§p§m

If the above condition holds then, by (3.5), >_,, ., g(n) > xlogx and so for equality
to hold in (4.5) we must have Hy = o(1/logz). Thus equality in (4.9) is only
possible if

o~ L+/(2Y) 1-f 1=/
D D S N U]
k=1 3<p<al/(+vek=1 11/(1+\F><p<m

Conversely, if the above is true then equality holds in (4.5), (4.6), and (4.7) giving
equality in (4.9). This proves Theorem 2.
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Long arithmetic progressions of primes
Ben Green

ABSTRACT. This is an article for a general mathematical audience on the au-
thor’s work, joint with Terence Tao, establishing that there are arbitrarily long
arithmetic progressions of primes.

1. Introduction and history

This is a description of recent work of the author and Terence Tao [GTc]
on primes in arithmetic progression. It is based on seminars given for a general
mathematical audience in a variety of institutions in the UK, France, the Czech
Republic, Canada and the US.

Perhaps curiously, the order of presentation is much closer to the order in which
we discovered the various ingredients of the argument than it is to the layout in
[GTc]. We hope that both expert and lay readers might benefit from contrasting
this account with [GTc| as well as the expository accounts by Kra [Kra06] and
Tao [Tao06a, Tao06b].

As we remarked, this article is based on lectures given to a general audience. It
was often necessary, when giving these lectures, to say things which were not strictly
speaking true for the sake of clarity of exposition. We have retained this style here.
However, it being undesirable to commit false statements to print, we have added
numerous footnotes alerting readers to points where we have oversimplified, and
directing them to places in the literature where fully rigorous arguments can be
found.

Our result is:

THEOREM 1.1 (G.—Tao). The primes contain arbitrarily long arithmetic pro-
gressions.

Let us start by explaining that the truth of this statement is not in the least
surprising. For a start, it is rather easy to write down a progression of five primes
(for example 5,11,17,23,29), and in 2004 Frind, Jobling and Underwood produced
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the example
56211383760397 + 44546738095860k; k£ =0,1,...,22.

of 23 primes in arithmetic progression. A very crude heuristic model for the primes
may be developed based on the prime number theorem, which states that m(N),
the number of primes less than or equal to N, is asymptotic to N/log N. We may
alternatively express this as

]P’(ac is prime | 1 < z < N) ~ 1/log N.
Consider now the collection of all arithmetic progressions
z,e+d,...,x+ (k—1)d

with #,d € {1,...,N}. Select = and d at random from amongst the N2 possible
choices, and write E; for the event that = + jd is prime, for j =0,1,...,k—1. The
prime number theorem tells us that

P(E;) ~ 1/log N.
If the events F; were independent we should therefore have
k—1
P(z,z+d,...,x+ (k- 1)d are all prime) = P( /\ E;) =~ 1/(log N)*.
j=0
We might then conclude that

N2
#{x,de{l,...,N}:x,x+d,...,x+ (k — 1)d are all prime } ~ W.
For fixed k, and in fact for k nearly as large as 2log N/ loglog N, this is an increasing
function of N. This suggests that there are infinitely many k-term arithmetic

progressions of primes for any fixed k, and thus arbitrarily long such progressions.

Of course, the assumption that the events F; are independent was totally un-
justified. If Fy, £y and Es all hold then one may infer that x is odd and d is even,
which increases the chance that E3 also holds by a factor of two. There are, how-
ever, more sophisticated heuristic arguments available, which take account of the
fact that the primes > ¢ fall only in those residue classes a(mod ¢) with a coprime
to q. There are very general conjectures of Hardy-Littlewood which derive from
such heuristics, and a special case of these conjectures applies to our problem. It
turns out that the extremely naive heuristic we gave above only misses the mark
by a constant factor:

CONJECTURE 1.2 (Hardy-Littlewood conjecture on k-term APs). For each k
we have

. kN2
1,...,N}: —1 11 =—A|1 1
#{zr,de{l,...,N} :z,x+d,...,z+(k—1)d are all prime } (logN)k( +0o(1)),

where
Ve = H Oéék)
p

is a certain product of “local densities” which is rapidly convergent and positive.
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We have
) %(L o ifp<k
T (- () s

In particular we compute®

1
s =2 (1 - ——) ~ 1.32032
b pl;[g( (p—1)2)

and

9 3p—1

=5 [0~ (pp_—l)?») ~ 2.85825.
p=5

What we actually prove is a somewhat more precise version of Theorem 1.1, which

gives a lower bound falling short of the Hardy-Littlewood conjecture by just a

constant factor.

THEOREM 1.3 (G.-Tao). For each k > 3 there is a constant v;, > 0 such that
N2

#{r,de{l,...,N}:z,x+d,...,z+ (k—1)d are all prime } > Tog NJF

for all N > Ny(k).

The value of ;, we obtain is very small indeed, especially for large k.

Let us conclude this introduction with a little history of the problem. Prior to
our work, the conjecture of Hardy-Littlewood was known only in the case k = 3, a
result due to Van der Corput [vdC39] (see also [Cho44]) in 1939. For k > 4, even
the existence of infinitely many k-term progressions of primes was not previously
known. A result of Heath-Brown from 1981 [HB&81] comes close to handling the
case k = 4; he shows that there are infinitely many 4-tuples ¢1 < g2 < q3 < g4
in arithmetic progression, where three of the g; are prime and the fourth is either
prime or a product of two primes. This has been described as “infinitely many
3%—term arithmetic progressions of primes”.

2. The relative Szemerédi strategy

A number of people have noted that [GTc] manages to avoid using any deep
facts about the primes. Indeed the only serious number-theoretical input is a zero-
free region for  of “classical type”, and this was known to Hadamard and de
la Vallée Poussin over 100 years ago. Even this is slightly more than absolutely
necessary; one can get by with the information that ¢ has an isolated pole at 1
[Taoa].

Our main advance, then, lies not in our understanding of the primes but rather
in what we can say about arithmetic progressions. Let us begin this section by
telling a little of the story of the study of arithmetic progressions from the combi-
natorial point of view of Erdés and Turdn [ET36].

1For a tabulation of values of vk, 3 < k < 20, see [GHT9]. As k — oo, logyi ~ kloglogk.
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DEFINITION 2.1. Fix an integer k > 3. We define r;(NN) to be the largest
cardinality of a subset A C {1,..., N} which does not contain k distinct elements
in arithmetic progression.

Erdés and Turdn asked simply: what is 7, (N)? To this day our knowledge on
this question is very unsatisfactory, and in particular we do not know the answer
to

QUESTION 2.2. Is it true that r5x(N) < w(N) for N > Ny(k)?

If this is so then the primes contain k-term arithmetic progressions on density
grounds alone, irrespective of any additional structure that they might have. I do
not know of anyone who seriously doubts the truth of this conjecture, and indeed
all known lower bounds for 7 (N) are much smaller than 7(/N). The most famous
such bound is Behrend’s assertion [Beh46] that

r3(N) > Neevie ™
slightly superior lower bounds are known for r,(N), k > 4 (cf. [EL, Ran61]).

The question of Erdés and Turan became, and remains, rather notorious for
its difficulty. It soon became clear that even seemingly modest bounds should
be regarded as great achievements in combinatorics. The first really substantial
advance was made by Klaus Roth, who proved

THEOREM 2.3 (Roth, [Rot53]). We have r3(N) < N(loglog N)~!.

The key feature of this bound is that loglog N tends to infinity with IV, albeit
slowly?. This means that if one fixes some small positive real number, such as
0.0001, and then takes a set A C {1,..., N} containing at least 0.0001N integers,
then provided N is sufficiently large this set A will contain three distinct elements
in arithmetic progression.

The generalisation of this statement to general k£ remained unproven until Sze-
merédi clarified the issue in 1969 for k£ = 4 and then in 1975 for general k. His
result is one of the most celebrated in combinatorics.

THEOREM 2.4 (Szemerédi [Sze69, Sze75]). We have ri(N) = o(N) for any
fizxed k > 3.

Szemerédi’s theorem is one of many in this branch of combinatorics for which
the bounds, if they are ever worked out, are almost unimaginably weak. Although
it is in principle possible to obtain an explicit function wy(N), tending to zero as
N — o0, for which

Tk(N) S wk(N)]\ﬂ
to my knowledge no-one has done so. Such a function would certainly be worse
than 1/log, N (the number of times one must apply the log function to N in order
to get a number less than 2), and may even be slowly-growing compared to the
inverse of the Ackermann function.

The next major advance in the subject was another proof of Szemerédi’s the-
orem by Furstenberg [Fur77]. Furstenberg used methods of ergodic theory, and

2¢f. the well-known quotation “logloglog N has been proved to tend to infinity with N, but
has never been observed to do so”.
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his argument is relatively short and conceptual. The methods of Furstenberg have
proved very amenable to generalisation. For example in [BL96] Bergelson and
Leibman proved a version of Szemerédi’s theorem in which arithmetic progressions
are replaced by more general configurations (z + pi(d),...,x + px(d)), where the
p; are polynomials with p;(Z) C Z and p;(0) = 0. A variety of multidimensional
versions of the theorem are also known. A significant drawback® of Furstenberg’s
approach is that it uses the axiom of choice, and so does not give any explicit
function wy(N).

Rather recently, Gowers [Gow98, Gow01] made a major breakthrough in
giving the first “sensible” bounds for ri(N).

THEOREM 2.5 (Gowers). Let k > 3 be an integer. Then there is a constant
cr > 0 such that
re(N) < N(loglog N)~°.

This is still a long way short of the conjecture that r,(N) < w(N) for N
sufficiently large. However, in addition to coming much closer to this bound than
any previous arguments, Gowers succeeded in introducing methods of harmonic
analysis to the problem for the first time since Roth. Since harmonic analysis (in
the form of the circle method of Hardy and Littlewood) has been the most effective
tool in tackling additive problems involving the primes, it seems fair to say that it
was the work of Gowers which first gave us hope of tackling long progressions of
primes. The ideas of Gowers will feature fairly substantially in this exposition, but
in our paper [GTc] much of what is done is more in the ergodic-theoretic spirit of
Furstenberg and of more recent authors in that area such as Host—-Kra [HK05] and
Ziegler [Zie].

To conclude this discussion of Szemerédi’s theorem we mention a variant of it
which is far more useful in practice. This applies to functions® f : Z/NZ — [0,1]
rather than just to (characteristic functions of) sets. It also guarantees many arith-
metic progressions of length k. This version does, however, follow from the earlier
formulation by some fairly straightforward averaging arguments due to Varnavides
[Var59].

PROPOSITION 2.6 (Szemerédi’s theorem, IT). Let k > 3 be an integer, and let
6 € (0,1] be a real number. Then there is a constant c(k,d) > 0 such that for any
function f : Z/NZ — [0,1] with Bf = § we have the bound®

Eoaez/nef (@) f(z +d) ... f(x+ (k—1)d) = c(k, ).
We do not, in [GTc|, prove any new bounds for r;(N). Our strategy is to
prove a relative Szemerédi theorem. To describe this we consider, for brevity of
exposition, only the case k = 4. Consider the following table.

3A discrete analogue of Furstenberg’s argument has now been found by Tao [Taob]. It does
give an explicit function wy(N), but once again it tends to zero incredibly slowly.

4When discussing additive problems it is often convenient to work in the context of a finite
abelian group G. For problems involving {1,..., N} there are various technical tricks which allow
one to work in Z/N'Z, for some N’ = N. In this expository article we will not bother to distinguish
between {1,..., N} and Z/NZ. For examples of the technical trickery required here, see [GTec,
Definition 9.3], or the proof of Theorem 2.6 in [GowO01].

5We use this very convenient conditional expectation notation repeatedly. E,c4 f(x) is de-
fined to equal |A|71 > . 4 f(z).
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Szemerédi Relative Szemerédi
{1,...,N} ?
AC{1,...,N} Pn
|A] > 0.0001N = primes < N
Szemerédi’s theorem: Green—Tao theorem:
A contains many 4-term APs. Py contains many 4-term APs.

On the left-hand side of this table is Szemerédi’s theorem for progressions of length
4, stated as the result that a set A C {1,..., N} of density 0.0001 contains many
4-term APs if N is large enough. On the right is the result we wish to prove.
Ounly one thing is missing: we must find an object to play the réle of {1,...,N}.
We might try to place the primes inside some larger set P} in such a way that
|Pn| = 0.0001|P} |, and hope to prove an analogue of Szemerédi’s theorem for Py .

A natural candidate for P}, might be the set of almost primes; perhaps, for
example, we could take P} to be the set of integers in {1,..., N} with at most
100 prime factors. This would be consistent with the intuition, coming from sieve
theory, that almost primes are much easier to deal with than primes. It is relatively
easy to show, for example, that there are long arithmetic progressions of almost
primes [Gro80].

This idea does not quite work, but a variant of it does. Instead of a set Pj we
instead consider what we call a measure® v : {1,..., N} — [0,00). Define the von
Mangoldt function A by

[ logp if n=pris prime
An) = { 0 otherwise.
The function A is a weighted version of the primes; note that the prime number
theorem is equivalent to the fact that Ei<,<nA(n) = 1+ 0(1). Our measure v will
satisfy the following two properties.

(i) (v majorises the primes) We have A(n) < 10000v(n) for all 1 <n < N.
(ii) (primes sit inside v with positive density) We have Eijc,<nyv(n) = 1+
o(1).

These two properties are very easy to satisfy, for example by taking v = A, or
by taking v to be a suitably normalised version of the almost primes. Remember,
however, that we intend to prove a Szemerédi theorem relative to v. In order to do
that it is reasonable to suppose that v will need to meet more stringent conditions.
The conditions we use in [GTc] are called the linear forms condition and the
correlation condition. We will not state them here in full generality, referring the
reader to [GTc, §3] for full details. We remark, however, that verifying these
conditions is of the same order of difficulty as obtaining asymptotics for, say,

Z v(n)v(n+2).

n<N

6Actually, v is just a function but we use the term “measure” to distinguish it from other
functions appearing in our work.
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For this reason there is no chance that we could simply take v = A, since if we
could do so we would have solved the twin prime conjecture.

We call a measure v which satisfies the linear forms and correlation conditions
pseudorandom.

To succeed with the relative Szemerédi strategy, then, our aim is to find a
pseudorandom measure v for which conditions (i) and (ii) and the are satisfied.
Such a function” comes to us, like the almost primes, from the idea of using a sieve
to bound the primes. The particular sieve we had recourse to was the A2-sieve of
Selberg. Selberg’s great idea was as follows.

Fix a parameter R, and let A = (\g)%_, be any sequence of real numbers with
A1 = 1. Then the function

ox(n) = (Z Aa)?
ik

majorises the primes greater than R. Indeed if n > R is prime then the truncated
divisor sum over d|n, d < R contains just one term corresponding to d = 1.

Although this works for any sequence A, some choices are much better than
others. If one wishes to minimise
> )

n<N

then, provided that R is a bit smaller than v/ N, one is faced with a minimisation
problem involving a certain quadratic form in the Ags. The optimal weights )\EEL,
Selberg’s weights, have a slightly complicated form, but roughly we have

log(R/d)
ASEL ~ )\GY = d) =222/

d d 1(d) logR

where p(d) is the Mobius function. These weights were considered by Goldston and
Yildirim [GY] in some of their work on small gaps between primes (and earlier, in
other contexts, by others including Heath-Brown). It seems rather natural, then,
to define a function v by

log N n<R
— 1 GY 2
v(n):= og B ( % Ad ) n > R.
d<R

The weight 1/log R is chosen for normalisation purposes; if R < N/27¢ for some
€ > 0 then we have Ej¢,<nv(n) =1+ o(1).

One may more-or-less read out of the work of Goldston and Yildirim a proof
of properties (i) and (ii) above, as well as pseudorandomness, for this function v.

7Actually, this is a lie. There is no pseudorandom measure which majorises the primes
themselves. One must first use a device known as the W-trick to remove biases in the primes
coming from their irregular distribution in residue classes to small moduli. This is discussed in
83.
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One requires that R < N€¢ where ¢ is sufficiently small. These verifications use
the classical zero-free region for the (-function and classical techniques of contour
integration.

Goldston and Yildirim’s work was part of their long-term programme to prove
that
(1) liminf, . 20" Pr _

logn

where p,, is the nth prime. We have recently learnt that this programme has been
successful. Indeed together with J. Pintz they have used weights coming from a
higher-dimensional sieve in order to establish (1). It is certain that without the
earlier preprints of Goldston and Yildirim our work would have developed much
more slowly, at the very least.

Let us conclude this section by remarking that v will not play a great role in
the subsequent exposition. It plays a substantial réle in [GTc|, but in a relatively
non-technical exposition like this it is often best to merely remark that the measure
v and the fact that it is pseudorandom is used all the time in proofs of the various
statements that we will describe.

3. Progressions of length three and linear bias

Let G be a finite abelian group with cardinality N. If f1,..., fx : G — C are
any functions we write

Tk(fla cey fk) = ELdGGfl (.%‘)fg(l‘ + d) - f}g(.ﬁ =+ (k‘ — 1)d)

for the normalised count of k-term APs involving the f;. When all the f; are equal
to some function f, we write

Tk(f) = Tk(f, . ,f)

When f is equal to 14, the characteristic function of a set A C G, we write
Tk(A) = Tk(]-A) = Tk(lA, ey lA).

This is simply the number of k-term arithmetic progressions in the set A, divided
by NZ2.

Let us begin with a discussion of 3-term arithmetic progressions and the trilin-
ear form T3. If A C G is a set, then clearly T5(A) may vary between 0 (when A = ()
and 1 (when A = G). If, however, one places some restriction on the cardinality of
A then the following question seems natural:

QUESTION 3.1. Let a € (0,1), and suppose that A C G is a set with cardinality
aN. What is T3(A)?

To think about this question, we consider some examples.

Ezample 1 (Random set). Select a set A C G by picking each element = € G to
lie in A independently at random with probability . Then with high probability
|A| ~ aN. Also, if d # 0, the arithmetic progression (z,z + d,z + 2d) lies in G
with probability a®. Thus we expect that T3(A) ~ o, and indeed it can be shown
using simple large deviation estimates that this is so with high probability.
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Write E3(a) := o for the ezpected normalised count of three-term progressions
in the random set of Example 1. One might refine Question 3.1 by asking:

QUESTION 3.2. Let o € (0,1), and suppose that A C G is a set with cardinality
aN. Is T5(A) = Es(a)?

It turns out that the answer to this question is “no”, as the next example
illustrates.

Ezample 2 (Highly structured set, I). Let G = Z/NZ, and consider the set
A = {1,...,|aN]}, an interval. It is not hard to check that if & < 1/2 then

T5(A) ~ +a2, which is much bigger than Ej(«) for small a.

These first two examples do not rule out a positive answer to the following
question.

QUESTION 3.3. Let a € (0,1), and suppose that A C G is a set with cardinality
aN. Is Tg(A) = E3(04)‘7

If this question did have an affirmative answer, the quest for progressions of
length three in sets would be a fairly simple one (the primes would trivially contain
many three-term progressions on density grounds alone, for example). Unfortu-
nately, there are counterexamples.

Ezample 8 (Highly structured set, II). Let G = Z/NZ. Then there are sets
A C G with |[A] = |aN] , yet with T3(A) < o999 We omit the details of
the construction, remarking only that such sets can be constructed® as unions of
intervals of length >, N in Z/NZ.

Our discussion so far seems to be rather negative, in that our only conclusion
is that none of Questions 3.1, 3.2 and 3.3 have particularly satisfactory answers.
Note, however, that the three examples we have mentioned are all consistent with
the following dichotomy.

DicnoTomy 3.4 (Randomness vs Structure for 3-term APs). Suppose that
A C G has size aN. Then either
e T3(A) = E3(«) or
e A has structure.

It turns out that one may clarify, in quite a precise sense, what is meant
by structure in this context. The following proposition may be proved by fairly
straightforward harmonic analysis. We use the Fourier transform on G, which is
defined as follows. If f : G — C is a function and v € G a character (ie., a
homomorphism from G to C*), then

() = Egea f(2)y(2).

PROPOSITION 3.5 (Too many/few 3APs implies linear bias). Let a,n € (0,1).
Then there is c(a,n) > 0 with the following property. Suppose that A C G is a set
with |A| = aN, and that

|T5(A) — Ez(a)| = n.

8Basically one considers a set S C Z2 formed as the product of a Behrend set in {1,...,M}
and the interval {1, ..., L}, for suitable M and L, and then one projects this set linearly to Z/NZ.
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Then there is some character v € G with the property that
[(1a = )" (v)] = cla,n).

Note that when G = Z/NZ every character v has the form v(x) = e(ra/N).
It is the occurrence of the linear function  — rz/N here which gives us the name
linear bias.

It is an instructive exercise to compare this proposition with Examples 1 and
2 above. In Example 2, consider the character y(z) = e(x/N). If « is reasonably
small then all the vectors e(x/N), x € A, have large positive real part and so when
the sum

(1a = @)"(9) = Ezezynzlalz)e(z/N)

is formed there is very little cancellation, with the result that the sum is large.

In Example 1, by contrast, there is (with high probability) considerable can-
cellation in the sum for (14 — a)"(y) for every character +.

4. Linear bias and the primes

What use is Dichotomy 3.4 for thinking about the primes? One might hope to
use Proposition 3.5 in order to count 3-term APs in some set A C G by showing
that A does not have linear bias. One would then know that T53(A) ~ Es5(«a), where
|A| = aN.

Let us imagine how this might work in the context of the primes. We have the
following proposition®, which is an analogue of Proposition 3.5. In this proposi-
tion'®, v : Z/NZ — [0, 00) is the Goldston-Yildirim measure constructed in §2.

PROPOSITION 4.1. Let o, n € (0,2]. Then there is c(a,n) > 0 with the following
propety. Let f : Z/NZ — R be a function with Ef = a and such that 0 < f(z) <
10000v(x) for all x € Z/NZ, and suppose that

T5(f) — Es(a)| = 1.
Then
(2) [Evez/nz(f(2) — a)e(rz/N)| = c(a,n)
for some r € Z/NZ.

This proposition may be applied with f = A and o = 1+ o(1). If we could
rule out (2), then we would know that T5(A) &~ E3(1) = 1, and would thus have an
asymptotic for 3-term progressions of primes.

9There are two ways of proving this proposition. One uses classical harmonic analysis. For
pointers to such a proof, which would involve establishing an LP-restriction theorem for v for
some p € (2,3), we refer the reader to [GTO06]. This proof uses more facts about v than mere
pseudorandomness. Alternatively, the result may be deduced from Proposition 3.5 by a transfer-
ence principle using the machinery of [GTc, §6-8]. For details of this approach, which is far more
amenable to generalisation, see [GTb]. Note that Proposition 4.1 does not feature in [GTc] and
is stated here for pedagogical reasons only.

10Recall that we are being very hazy in distinguishing between {1,..., N} and Z/NZ.
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Sadly, (2) does hold. Indeed if N is even and r = N/2 then, observing that
most primes are odd, it is easy to confirm that

Eyez/nz(A(x) — 1)e(ra/N) = —1 + o(1).

That is, the primes do have linear bias.

Fortunately, it is possible to modify the primes so that they have no linear bias
using a device that we refer to as the W-trick. We have remarked that most primes
are odd, and that as a result A — 1 has considerable linear bias. However, if one
takes the odd primes

3,5,7,11,13,17,19,...
and then rescales by the map x +— (z — 1)/2, one obtains the set
1,2,3,5,6,8,9,...

which does not have substantial (mod 2) bias (this is a consequence of the fact
that there are roughly the same number of primes congruent to 1 and 3(mod4)).
Furthermore, if one can find an arithmetic progression of length & in this set of
rescaled primes, one can certainly find such a progression in the primes themselves.
Unfortunately this set of rescaled primes still has linear bias, because it contains
only one element = 1(mod 3). However, a similar rescaling trick may be applied to
remove this bias too, and so on.

Here, then, is the W-trick. Take a slowly growing function w(N) — oo, and
set W:=1] p. Define the rescaled von Mangoldt function A by

")
i

p<w(N)

A(n) := A(Wn +1).

The normalisation has been chosen so that EA = 1 + o(1). A does not have sub-
stantial bias in any residue class to modulus ¢ < w(N), and so there is at least
hope of applying a suitable analogue of Proposition 4.1 to it.

Now it is a straightforward matter to define a new pseudorandom measure v
which majorises A. Specifically, we have

(i) (7 majorises the modified primes) We have A(n) < 100007(n) for all
1<n<N.

(ii) (modified primes sit inside ¥ with positive density) We have E1<,<n?(n) =
1+ o(1).

The following modified version of Proposition 4.1 may be proved:

PROPOSITION 4.2. Let o, n € (0,2]. Then there is c(a,n) > 0 with the following
property. Let f : Z/NZ — R be a function with Ef = a and such that 0 < f(z) <
100007 () for all x € Z/NZ, and suppose that

IT5(f) — Es(a)| = n.
Then
(3) Erez/nz(f(z) — a)e(rz/N)| = c(a,n)
for some r € Z/NZ. ]
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This may be applied with f = Aand o =1+ o(1). Now, however, condition
(3) does not so obviously hold. In fact, one has the estimate

(4) sup |Epez/nz(A(z) — De(rz/N)| = o(1).
reZ/NZ

To prove this requires more than simply the good distribution of A in residue
classes to small moduli. It is, however, a fairly standard consequence of the Hardy-
Littlewood circle method as applied to primes by Vinogradov. In fact, the whole
theme of linear bias in the context of additive questions involving primes may be
traced back to Hardy and Littlewood.

Proposition 4.2 and (4) imply that T5(A) ~ E3(1) = 1. Thus there are infinitely
many three-term progressions in the modified (W-tricked) primes, and hence also
in the primes themselves!!.

5. Progressions of length four and quadratic bias

We return now to the discussion of §3. There we were interested in counting
3-term arithmetic progressions in a set A C G with cardinality aN. In this section
our interest will be in 4-term progressions.

Suppose then that A C G is a set, and recall that
Ty(A) :=Esgecla(z)la(z + d)la(z + 2d)1a(z + 3d)

is the normalised count of four-term arithmetic progressions in A. One may, of
course, ask the analogue of Question 3.1:

QUESTION 5.1. Let a € (0, 1), and suppose that A C G is a set with cardinality
aN. What is Ty(A)?

Examples 1,2 and 3 make perfect sense here, and we see once again that there
is no immediately satisfactory answer to Question 5.1. With high probability the
random set of Example 1 has about E,(a) := o* four-term APs, but there are
structured sets with substantially more or less than this number of APs. As in §3,
these examples are consistent with a dichotomy of the following type:

DicHoTomy 5.2 (Randomness vs Structure for 4-term APs). Suppose that
A C G has size aN. Then either
° T4(A) ~ E4(Oé) or
e A has structure.

Taking into account the three examples we have so far, it is quite possible that
this dichotomy takes ezxactly the form of that for 3-term APs. That is to say “A
has structure” could just mean that A has linear bias:

QUESTION 5.3. Let «,n € (0,1). Suppose that A C G is a set with |A] = aN,
and that
ITa(A) — Ea(a)| = 1.

U1 fact, this analysis does not have to be pushed much further to get a proof of Conjecture
1.2 for k = 3, that is to say an asymptotic for 3-term progressions of primes. One simply counts
progressions x, + d, x + 2d by splitting into residue classes z = b(mod W), d = b’(mod W) and
using a simple variant of Proposition 4.2.
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Must there exist some ¢ = ¢(,n) > 0 and some character v € G with the property
that
[(1a = )" (v)] = cla, n)?

That the answer to this question is no, together with the nature of the coun-
terexample, is one of the key themes of our whole work. This phenomenon was
discovered, in the context of ergodic theory, by Furstenberg and Weiss [FW96]
and then again, in the discrete setting, by Gowers [Gow01].

Ezample 4 (Quadratically structured set). Define A C Z/NZ to be the set of
all z such that 22 € [-aN/2,aN/2]. Tt is not hard to check using estimates for
Gauss sums that |A| ~ aN, and also that

sup |Epez/nz(la(z) — a)e(rz/N)| = o(1),
re€Z/NZ
that is to say A does not have linear bias. (In fact, the largest Fourier coefficient
of 14 — a is just N~1/2+¢)) Note, however, the relation

22 = 3(x 4+ d)* + 3(x + 2d)* + (z + 3d)*> = 0,

valid for arbitrary x,d € Z/NZ. This means that if z,x + d,z + 2d € A then
automatically we have

(z +3d)* € [-TaN/2,7aN/2].

It seems, then, that if we know that z,z+ d and x + 2d lie in A there is a very high
chance that x + 3d also lies in A. This observation may be made rigorous, and it
does indeed transpire that Ty(A) > ca®.

How can one rescue the randomness-structure dichotomy in the light of this
example? Rather remarkably, “quadratic” examples like Example 4 are the only
obstructions to having Ty(A) &~ E4(«). There is an analogue of Proposition 3.5 in
which characters 7 are replaced by “quadratic” objects'?.

PROPOSITION 5.4 (Too many/few 4APs implies quadratic bias). Let a,n €
(0,1). Then there is c(a,m) > 0 with the following property. Suppose that A C G
is a set with |A] = aN, and that

Ta(A) = Ea(a)| = 1.

Then there is some quadratic object ¢ € Q(k), where k = ko(a,n), with the property
that
[Esea(la(z) — a)q(z)| = c(a,n).

We have not, of course, said what we mean by the set of quadratic objects Q(k).
To give the exact definition, even for G = Z/NZ, would take us some time, and
we refer to [GTa] for a full discussion. In the light of Example 4, the reader will
not be surprised to hear that quadratic exponentials such as q¢(z) = e(2?/N) are
members of Q. However, Q(x) also contains rather more obscure objects13 such as

q(z) = e(zv/2{zV3})

12The proof of this proposition is long and difficult and may be found in [GTa]. It is heavily
based on the arguments of Gowers [Gow98, Gow01]. This proposition has no place in [GTc]|,
and it is once again included for pedagogical reasons only. It played an important role in the
development of our ideas.

13We are thinking of these as defined on {1,..., N} rather than Z/NZ.
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and
g(x) = e(zV2{v3} + av5{zVT} + 2 V1),

where {2} denotes fractional part. The parameter k governs the complexity of the
expressions which are allowed: smaller values of k correspond to more complicated
expressions. The need to involve these “generalised” quadratics in addition to
“genuine” quadratics such as e(x?/N) was first appreciated by Furstenberg and
Weiss in the ergodic theory context, and the matter also arose in the work of
Gowers.

6. Quadratic bias and the primes

It is possible to prove!* a version of Proposition 5.4 which might be applied to
primes. The analogue of Proposition 4.1 is true but not useful, for the same reason
as before: the primes exhibit significant bias in residue classes to small moduli. As
before, this bias may be removed using the W-trick.

PROPOSITION 6.1. Let a,n € (0,2]. Then there are c(a,n) and ko(co,n) > 0
with the following propety. Let f : Z/NZ — R be a function with Ef = « and such
that 0 < f(x) < 100000 (x) for all x € Z/NZ, and suppose that

|T4(f) — Es(a)| = 1.

Then we have

(5) |Egez/nz(f(2) — a)q(z)] = c(a,n)
for some quadratic object q € Q(k) with k > ko(a, 7).

One is interested, of course, in applying this with f = A. If we could verify
that (5) does not hold, that is to say the primes do not have quadratic bias, then

it would follow that T4(A) ~ E4(1) = 1. This means that the modified (W-tricked)
primes have many 4-term progressions, and hence so do the primes themselves!®.

One wishes to show, then, that for fixed x one has

(6) sup [Ezez/nz(A(z) — 1)g(z)] = o(1).
q€Q(k)

Such a result is certainly not a consequence of the classical Hardy-Littlewood circle
method'. Generalised quadratic phases such as g(x) = e(zv/2{z/3}) are partic-
ularly troublesome. Although we do now have a proof of (6), it is very long and
complicated. See [GTd] for details.

In the next section we explain how our original paper [GTc] managed to avoid
the need to prove (6).

14 As with Proposition 4.1, this proposition does not appear in [GTc|, though it motivated
our work and a variant of it is used in our later work [GTb]. Once again there are two proofs.
One is based on a combination of harmonic analysis and the work of Gowers, is difficult, and
requires more facts about v than mere pseudorandomness. This was our original argument. It
is also possible to proceed by a transference principle, deducing the result from Proposition 5.4
using the machinery of [GTec, §6-8]. See [GTb] for more details.

15in fact, just as for progressions of length 3, this allows one to obtain a proof of Conjecture
1.2 for k = 4, that is to say an asymptotic for prime progressions of length 4. See [GTDb].

16Though reasonably straightforward extensions of the circle method do permit one to handle

genuine quadratic phases such as g(z) = e(22/2).
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7. Quotienting out the bias - the energy increment argument

Our paper [GTc] failed to rule out the possibility that A — 1 correlates with
some quadratic function ¢ € Q(k). For that reason we did not obtain a proof
of Conjecture 1.2, getting instead the weaker statement of Theorem 1.3. In this
section!” we outline the energy increment argument of [GTc], which allowed us to
deal with the possibility that A — 1 does correlate with a quadratic.

We begin by writing

Proposition 6.1 tells us that Ty(A) ~ 1, unless fy correlates with some quadratic
qo € Q. Suppose, then, that

|Ezez/nzfo(z)go(®)] = n.

Then we revise the decomposition (7) to
(8) A= Fi + fi,

where F} is a function defined using go. In fact, F; is basically the average of A
over approximate level sets of go. That is, one picks an appropriate scale'® e = 1/.J,
and then defines
Fl = E(A‘BQ),
where By is the o-algebra generated by the sets z : qo(z) € [j/J, (j +1)/J).
A variant of Proposition 6.1 implies a new dichotomy: either Ty(A) ~ Ty(F}),
or else f1 correlates with some quadratic g; € Q. Suppose then that

|Eecz/nzfi(z)q(z)] = 0.

We then further revise the decomposition (8) to
K =F+ f27

where now
Fg = E(A‘Bo N Bl),
the o-algebra being defined by the joint level sets of go and ¢;.

We repeat this process. It turns out that the algorithm stops in a finite number
s of steps, bounded in terms of 7. The reason for this is that each new assumption

|Erez/nzfi()g;(z)| = n

17 The exposition in this section is rather looser than in other sections. To make the argument
rigorous, one must introduce various technical devices, such as the exceptional sets which feature
in [GTe, §7,8]. We are also being rather vague about the meaning of terms such as “correlate”,
and the parameter k involved in the definition of quadratic object. Note also that the argument
of [GTc| uses soft quadratic objects rather than the genuine ones which we are discussing here
for expositional purposes. See §8 for a brief discussion of these.

18As we remarked, the actual situation is more complicated. There is an averaging over
possible decompositions of [0, 1] into intervals of length €, to ensure that the level sets look pleasant.
There is also a need to consider exceptional sets, which unfortunately makes the argument look
rather messy.



164 BEN GREEN

implies an increased lower bound for the energy of A relative to the o-algebra
Bo A --- ABj_1, that is to say the quantity
Ej = |E(A|Bo A -+ ABj_1)|2.

The fact that A is dominated by 7 does, however, provide a universal bound for
the energy, by dint of the evident inequality

E; < 10000(|E(7|Bo A -+ A Bj_1)||2.

The pseudorandomness of 7 allows one!? to bound the right-hand side here by O(1).

At termination, then, we have a decomposition

A=F,+f,
where
(9) sup |Egez/nzfs(x)g(x)| < n,
qeQ
and F is defined by
(10) Fy:=EA[ByABi A+ ABy_y).

A variant of Proposition 6.1 implies, together with (9), that

(11) Tu(A) ~ Ty(Fy).
What can be said about Ty(Fs)? Let us note two things about the function Fj.
First of all the definition (10) implies that

(12) EF, = EA = 1+ o(1).

Secondly, Fj is not too large pointwise; this is again an artifact of A being dominated
by v. We have, of course,

|1 Es|loo = ||E(K|BO ABy A ABs—1)|loo < 10000||E@|Bo ABy A+ ABs—1)]loo-

The pseudorandomness of 7 can again be used?’ to show that the right-hand side
here is 10000 + o(1); that is,

(13) | Fslloe < 10000 + o(1).

The two properties (12) and (13) together mean that Fy behaves rather like the
characteristic function of a subset of Z/NZ with density at least 1/10000. This
suggests the use of Szemerédi’s theorem to bound T4 (Fy) below. The formulation
of that theorem given in Proposition 2.6 applies to exactly this situation, and it
tells us that

T4(Fs) >c

for some absolute constant ¢ > 0. Together with (11) this implies a similar lower

bound for T4(A), which means that there are infinitely many 4-term arithmetic
progressions of primes.

19This deduction uses the machinery of the Gowers U3-norm, which we do not discuss in this
survey. See [GTec, §6] for a full discussion. Of specific relevance is the fact that ||7]|;s = o(1),
which is a consequence of the pseudorandomness of U.

2OAgain, the machinery of the Gowers U3-norm is used.
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Let us conclude this section with an overview of what it is we have proved. The
only facts about A that we used were that it is dominated pointwise by 100007,
and that EA is not too small. The argument sketched above applies equally well
in the general context of functions with these properties, and in the context of an
arbitrary pseudorandom measure (not just the Goldston-Yildirim measure).

PROPOSITION 7.1 (Relative Szemerédi Theorem). Let 6 € (0,1] be a real num-
ber and let v be a psuedorandom measure. Then there is a constant ¢'(4,6) > 0
with the following property. Suppose that f : Z/NZ — R is a function such that
0 < f(x) < v(z) pointwise, and for which Ef > §. Then we have the estimate

Ty(f) = ' (4,0).

In [GTc] we prove the same®! theorem for progressions of any length k > 3.

Proposition 7.1 captures the spirit of our argument quite well. We first deal
with arithmetic progressions in a rather general context. Only upon completion of
that study do we concern ourselves with the primes, and this is simply a matter
of constructing an appropriate pseudorandom measure. Note also that Szemerédi’s
theorem is used as a “black box”. We do not need to understand the proof of it,
or to have good bounds for it.

Observe that one consequence of Proposition 7.1 is a Szemerédi theorem relative
to the primes: any subset of the primes with positive relative density contains
progressions of arbitrary length. Applying this to the set of primes congruent to
1(mod 4), we see that there are arbitrarily long progressions of numbers which are
sums of two squares.

8. Soft obstructions

Readers familiar with [GTc] may have been confused by our exposition thus
far, since “quadratic objects” play essentially no réle in that paper. The purpose
of this brief section is to explain why this is so, and to provide a bridge between
this survey and our paper. Further details and discussion may be found in [GTc,

§6].

Let us start by recalling §3, where a set of “obstructions” to a set A C G
having roughly Fs(a) three-term APs was obtained. This was just the collection

of characters v € GG, and we used the term linear bias to describe correlation with
one of these characters.

Let f: G — C be a function with || f]|cc < 1. Now we observe the formula

Eopec (@ +a)f@+0)f(@+a+b) =3 [F0)PF) @),

ve@

which may be verified by straightforward harmonic analysis on G. Coupled with

the fact that R
S <,
76@

21Note7 however, that the definition of pseudorandom measure is strongly dependent on k.
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a consequence of Parseval’s identity, this means that the?? “dual function”

Dof :=FEopecf(x+a)f(z+b)f(x+a+D)

can be approximated by the weighted sum of a few characters. Every character is

actually equal to a dual function; indeed we clearly have Ds(v) = 7.

We think of the dual functions Dy (f) as soft linear obstructions. They may
be used in the iterative argument of §7 in place of the genuinely linear functions,
after one has established certain algebraic closure properties of these functions (see
[GTc, Proposition 6.2])

The great advantage of these soft obstructions is that it is reasonably obvious
how they should be generalised to give objects appropriate for the study of longer
arithmetic progressions. We write D3(f) for

Eopef(@+a)f(z+0)f(z+o)f(ztatd)f(z+ato)fz+bte)f(z+atbto)

This is a kind of sum of f over parallelepipeds (minus one vertex), whereas Da(f)
was a sum over parallelograms (minus one vertex). This we think of as a soft
quadratic obstruction. Gone are the complications of having to deal with explicit
generalised quadratic functions which, rest assured, only become worse when one
deals with progressions of length 5 and longer.

The idea of using these soft obstructions came from the ergodic-theory work of
Host and Kra [HKO05], where very similar objects are involved.

We conclude by emphasising that soft obstructions lead to relatively soft results,
such as Theorem 1.3. To get a proof of Conjecture 1.2 it will be necessary to return
to generalised quadratic functions and their higher-order analogues.
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ABSTRACT. We discuss the nonvanishing of central values L(%, f ® x), where
f is a fixed automorphic form on GL(2) and x varies through class group
characters of an imaginary quadratic field K = Q(v/—D), as D varies; we
prove results of the nature that at least D1/5000 such twists are nonvanishing.
We also discuss the related question of the rank of a fixed elliptic curve E/Q
over the Hilbert class field of Q(v/—D), as D varies. The tools used are results
about the distribution of Heegner points, as well as subconvexity bounds for
L-functions.

1. Introduction

The problem of studying the non-vanishing of central values of automorphic L-
functions arise naturally in several contexts ranging from analytic number theory,
quantum chaos and arithmetic geometry and can be approached by a great variety
of methods (ie. via analytic, geometric spectral and ergodic techniques or even a
blend of them).

Amongst the many interesting families that may occur, arguably one of the
most attractive is the family of (the central values of) twists by class group char-
acters: Let f be a modular form on PGL(2) over Q and K a quadratic field
of discriminant D. If y is a ring class character associated to K, we may form
the L-function L(s, f ® x): the Rankin-Selberg convolution of f with the #-series
9(2) = X{op2acox X(a)e(N(a)z). Here g, is a holomorphic Hecke-eigenform of
weight 1 on T'o(D) with Nebentypus xx and a cusp form iff x is not a quadratic
character®.
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We will always assume that the conductor of f is coprime to the discriminant of
K. In that case the sign of the functional equation equals + (%), where one takes
the + sign in the case when f is Maass, and the — sign if f is weight 2 holomorphic
(these are the only cases that we shall consider).

Many lovely results have been proved in this context: we refer the reader to
§1.3 for a review of some of these results. A common theme is the use, implicit or
explicit, of the equidistribution properties of special points. The purpose of this
paper is to give an informal exposition (see §1.1) as well as some new applications
of this idea. Since our goal is merely to illustrate what can be obtained along these
lines we have not tried to reach the most general results that can be obtained and,
in particular, we limit ourselves to the non-vanishing problem for the family of
unramified ring class characters of an imaginary quadratic field K = Q(v/—D) of
large discriminant D.

We prove

THEOREM 1. Let f(z) be a weight 0, even, Maass (Hecke-eigen) cuspform on
the modular surface Xo(1); then, for any 0 < 6 < 1/2700, one has the lower bound

[{x € Clx, L(f ®x,1/2) # 0}| >s; D°

THEOREM 2. Let q be a prime and f(z) be a holomorphic Hecke-eigen cuspform
of weight 2 on To(q) such that g remains inert in K; then, for any 0 < d < 1/2700,
one has the lower bound

[{x € Clie, L(f ®x,1/2) # 0}| 5 D°
for any § < 1/2700.

The restriction to either trivial or prime level in the theorems above is merely
for simplification (to avoid the occurrence of oldforms in our analysis) and extending
these results to more general levels is just a technical matter. Another arguably
more interesting generalization consists in considering levels ¢ and quadratic fields
K such that the sign of the functional equation is —1: then one expects that the
number of y such that the first derivative L'(f ® x,1/2) # 0 is > D° for some
positive absolute §. This can be proven along the above lines at least when f is
holomorphic of weight 2 by using the Gross/Zagier formulas; the proof however
is significantly more difficult and will be dealt with elsewhere; interestingly the
proof combines the two types of equidistribution results encountered in the proof
of Theorems 1 and 2 above. In the present paper, we give, for the sake of diversity,
an entirely different, purely geometric, argument of such a generalization when f
corresponds to an elliptic curve. For technical reasons we need to assume a certain
hypothesis “S3¢” that guarantees there are enough small split primes in K. This
is a fairly common feature of such problems (cf. [DFI95], [EY03]) and we regard
it as almost orthogonal to the main issues we are considering. Given 6§ > 0 and
a €]0,1] we consider

HYPOTHESIS Spzg. The number of primitive® integral ideals n in O with
Norm(n) < DY is > DP?.

Actually, in a sense it is remarkable that Theorems 1 and 2 above do not require
such a hypothesis. It should be noted that S ¢ is always true under the generalized

2That is, not divisible by any nontrivial ideal of the form (m), with m € Z.
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Lindel6f hypothesis and can be established unconditionally with any « €]0,1/3[ for
those Ds whose largest prime factor is a sufficiently small power of D by the work
of Graham/Ringrose [GR90]( see [DFI95] for more details).

THEOREM 3. Assume Sgg. Let E be an elliptic curve over Q of squarefree
conductor N, and suppose D is odd, coprime to N, and so that all primes dividing
N split in the quadratic extension Q(/—D). Then the Mordell-Weil rank of E over
the Hilbert class field of Q(v/—D) is > D°~¢, where § = min(36,1/2 — 46).

Neither the statement nor the proof of Theorem 3 make any use of automorphic
forms; but (in view of the Gross/Zagier formula) the proof actually demonstrates
that the number of nonvanishing central derivatives L' (fr ®x,1/2) is > D%, where
fE is the newform associated to E. Moreover, we use the ideas of the proof to give
another proof (conditional on Sg ) of Thm. 1.

We conclude the introduction by describing the main geometric issues that
intervene in the proof of these Theorems. Let us consider just Theorem 1 for
clarity. In that case, one has a collection of Heegner points in SLy(Z)\H with
discriminant —D, parameterized by Clg. The collection of values L(%, fex)

reflects — for a fixed Maass form f, varying x through C/1;< — the distribution of
Heegner points. More precisely, it reflects the way in which the distribution of
these Heegner points interacts with the subgroup structure of Clg. For example, if
there existed a subgroup H C Clg such that points in the same H-coset also tend
to cluster together on SLy(Z)\H, this would cause the L-values to be distributed
unusually. Thus, in a sense, whatever results we are able to prove about these values
are (geometrically speaking) assertions that the group structure on Clg does not
interact at all with the “proximity structure” that arises from its embedding into

SL(Z)\H.

REMARK 1.1. Denote by Clg = Pic(Ok) the class group of Ok and by C/l?{ its

dual group. We write h = |Clg| = |(/317<| for the class number of Ok. By Siegel’s
theorem one has

(1) hg >, D1/2—5

(where the constant implied is not effective) so the lower bounds of Theorems 1
and 2 are far from giving a constant proportion of nonvanishing values. (In the
case where f is Eisenstein, Blomer has obtained much better results: see Sec. 1.3).
Moreover, both proofs make use of (1) so the constants implied are ineffective.

1.1. Nonvanishing of a single twist. Let us introduce some of the main
ideas of the present paper in the most direct way, by sketching two very short proofs
that at least one twist is nonvanishing in the context of Theorem 1. We denote by
H the upper-half plane. To the quadratic field K = Q(v/—D) — where we always
assume that —D is a fundamental discriminant — and each ideal class x of the
maximal order Ok of Q(v/—D) there is associated a Heegner point [z] € SLy(Z)\H.
3

One can describe the collection Hex := {[z] : © € Clg} using the moduli
description of SLo(Z)\H: if one identifies z € SLy(Z)\H with the isomorphism

3Namely, [z] is represented by the point 7b+27a V=D where au? + buv + cv? is a quadratic form
of discriminant —D corresponding to the ideal class z, i.e. there exists a fractional ideal J in the
class x and a Z-basis «, 8 for J so that Norm(ua + v3) = Norm(J)(au? + buv + cv?).
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class of elliptic curves over C, via z € H — C/(Z + 2Z), then Heg is identified
with the set of elliptic curves with CM by Ok

If f is a Maass form and x a character of Clg, one has associated a twisted
L-function L(s, f X x), and it is known, from the work of Waldspurger and Zhang
[Zha01, Zha04] that

@) Lo/ =—=| Y x@f(a)f.

zeClg

In other words: the values L(%, f ® x) are the squares of the “Fourier coeffi-
cients” of the function  — f([z]) on the finite abelian group Clgx. The Fourier
transform being an isomorphism, in order to show that there exists at least one
X € 61; such that L(1/2,f ® x) is nonvanishing, it will suffice to show that
f([z]) # O for at least one z € Clg. There are two natural ways to approach
this (for D large enough):

(1) Probabilistically: show this is true for a random x. It is known, by a the-
orem of Duke, that the points {[z] : € Clg} become equidistributed (as
D — o0) w.r.t. the Riemannian measure on Y’; thus f([z]) is nonvanishing
for a random x € Clg.

(2) Deterministically: show this is true for a special 2. The class group Clg
has a distinguished element, namely the identity e € Clg; and the cor-
responding point [e] looks very special: it lives very high in the cusp.
Therefore f([e]) # 0 for obvious reasons (look at the Fourier expansion!)

Thus we have given two (fundamentally different) proofs of the fact that there
exists x such that L(%, f®x) # 0! Soft as they appear, these simple ideas are
rather powerful. The main body of the paper is devoted to quantifying these ideas
further, i.e. pushing them to give that many twists are nonvanishing.

REMARK 1.2. The first idea is the standard one in analytic number theory: to
prove that a family of quantities is nonvanishing, compute their average. It is an
emerging philosophy that many averages in analytic number theory are connected
to equidistribution questions and thus often to ergodic theory.

Of course we note that, in the above approach, one does not really need to
know that {[z] : # € Clg} become equidistributed as D — oo; it suffices to know
that this set is becoming dense, or even just that it is not contained in the nodal
set of f. This remark is more useful in the holomorphic setting, where it means
that one can use Zariski dense as a substitute for dense. See [Cor02].

In considering the second idea, it is worth keeping in mind that f([e]) is ez-
tremely small — of size exp(—v/D)! We can therefore paraphrase the proof as fol-
lows: the L-function L(%7 f ® x) admits a certain canonical square root, which is
not positive; then the sum of all these square roots is very small but known to be
nonzero!

This seems of a different flavour from any analytic proof of nonvanishing known
to us. Of course the central idea here — that there is always a Heegner point (in fact
many) that is very high in the cusp — has been utilized in various ways before. The
first example is Deuring’s result [Deu33| that the failure of the Riemann hypothesis
(for ¢) would yield an effective solution to Gauss’ class number one problem; another
particularly relevant application of this idea is Y. André’s lovely proof [And98] of
the André—QOort conjecture for products of modular surfaces.
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1.2. Quantification: nonvanishing of many twists. As we have remarked,
the main purpose of this paper is to give quantitative versions of the proofs given
in §1.1. A natural benchmark in this question is to prove that a positive proportion
of the L-values are nonzero. At present this seems out of reach in our instance,
at least for general D. We can compute the first but not the second moment of
{L(%7 f®x):xe€ 617(} and the problem appears resistant to the standard analytic
technique of “mollification.” Nevertheless we will be able to prove that > D¢
twists are nonvanishing for some positive «.

We now indicate how both of the ideas indicated in the previous section can
be quantified to give a lower bound on the number of x for which L(%, f®x) #£0.
In order to clarify the ideas involved, let us consider the worst case, that is, if
L(%, f ® x) was only nonvanishing for a single character xo. Then, in view of the
Fourier-analytic description given above, the function « — f([x]) is a linear multiple
of xo0, i.e. f([z]) = aoxo(z), some ag € C. There is no shortage of ways to see that
this is impossible; let us give two of them that fit naturally into the “probabilistic”
and the “deterministic” framework and will be most appropriate for generalization.

(1) Probabilistic: Let us show that in fact f([x]) cannot behave like agxo(z)
for “most” z. Suppose to the contrary. First note that the constant ag
cannot be too small: otherwise f(z) would take small values everywhere
(since the [z] : @ € Clg are equidistributed). We now observe that the
twisted average 3 f([z])xo(z) must be “large”: but, as discussed above,
this will force L(%7 f®xo0) to be large. As it turns out, a subconvex bound
on this L-function is precisely what is needed to rule out such an event. *

(2) Deterministic: Again we will use the properties of certain distinguished
points. However, the identity e € Cli will no longer suffice by itself. Let
n be an integral ideal in O of small norm (much smaller than D'/2).
Then the point [n] is still high in the cusp: indeed, if we choose a rep-
resentative z for [n] that belongs to the standard fundamental domain,

pt/2
Norm(n) "

some mild assumption such as Norm(n) being odd, the sizes of |f([e])]
and |f([n])| must be wildly different. This contradicts the assumption
that f([z]) = apx(x).

As it turns out, both of the approaches above can be pushed to give that a
large number of twists L(%, f ® x) are nonvanishing. However, as is already clear
from the discussion above, the “deterministic” approach will require some auxiliary
ideals of Ok of small norm.

we have (z) =< The Fourier expansion now shows that, under

4Here is another way of looking at this. Fix some element y € Clg. If it were true
that the function =z +— f([z]) behaved like z +— xo(z), it would in particular be true that
f([zy]) = F(|z])xo(y) for all z. This could not happen, for instance, if we knew that the col-
lection {[z], [zy]}zecc1, C Y2 was equidistributed (or even dense). Actually, this is evidently not
true for all y (for example y = e or more generally y with a representative of small norm) but one
can prove enough in this direction to give a proof of many nonvanishing twists if one has enough
small split primes. Since the deterministic method gives this anyway, we do not pursue this.
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Connection to existing work. Asremarked in the introduction, a con-

siderable amount of work has been done on nonvanishing for families L(f ® x,1/2)
(or the corresponding family of derivatives). We note in particular:

(1)

Duke/Friedlander /Iwaniec and subsequently Blomer considered the case
where f(z) = E(z,1/2) is the standard non-holomorphic Eisenstein series
of level 1 and weight 0 and = = C/I; is the group of unramified ring class
characters (ie. the characters of the ideal class group) of an imaginary
quadratic field K with large discriminant (the central value then equals
L(gy,1/2)* = L(K, x,1/2)?). In particular, Blomer [Blo04], building on
the earlier results of [DFI95], used the mollification method to obtain the
lower bound

(3)  {x e Cle, LK, x,1/2) £ 0} > [[(1 - ]19)61} for |disc(K)| — +oo.

p|D

This result is evidently much stronger than Theorem 1.
Let us recall that the mollification method requires the asymptotic
evaluation of the first and second (twisted) moments

Y x(@)L(9x,1/2), D x(@)L(gy. 1/2)?

Xed; XE@

(where a denotes an ideal of O of relatively small norm) which is the
main content of [DFI95]. The evaluation of the second moment is by
far the hardest; for it, Duke/Friedlander/Iwaniec started with an integral
representation of the L(g,, 1/ 2)? as a double integral involving two copies
of the theta series g, (z) which they averaged over yx; then after several
tranformations, they reduced the estimation to an equidistribution prop-
erty of the Heegner points (associated with Og) on the modular curve
Xo(Ng/g(a))(C) which was proven by Duke [Duk88].

On the other hand, Vatsal and Cornut, motivated by conjectures of Mazur,
considered a nearly orthogonal situation: namely, fixing f a holomorphic
cuspidal newform of weight 2 of level ¢, and K an imaginary quadratic
field with (¢,disc(K)) = 1 and fixing an auxiliary unramified prime p,
they considered the non-vanishing problem for the central values

{L(f®x,1/2), x € Zx(p")}

(or for the first derivative) for Zx(p™), the ring class characters of K
of exact conductor p” (the primitive class group characters of the order
Of pn of discriminant —Dp?™) and for n — +oo [Vat02, Vat03, Cor02].
Amongst other things, they proved that if p t 2¢disc(K) and if n is large
enough — where “large enough” depends on f, K,p — then L(f ® x,1/2)
or LI'(f ® x,1/2) (depending on the sign of the functional equation) is
non-zero for all x € Zx (p™).

The methods of [Cor02, Vat02, Vat03] look more geometric and
arithmetic by comparison with that of [Blo04, DFI95]. Indeed they
combine the expression of the central values as (the squares of) suitable
periods on Shimura curves, with some equidistribution properties of CM
points which are obtained through ergodic arguments (i.e. a special case of
Ratner’s theory on the classification of measures invariant under unipotent
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orbits), reduction and/or congruence arguments to pass from the ”defi-
nite case” to the ”indefinite case” (i.e. from the non-vanishing of central
values to the non-vanishing of the first derivative at 1/2) together with
the invariance property of non-vanishing of central values under Galois
conjugation.

Subfamilies of characters; real qudratic fields. There is another

variant of the nonvanishing question about which we have said little: given a sub-
family . C Clg, can one prove that there is a nonvanishing L( %, f ® x) for some

x € &7

Natural examples of such .% arise from cosets of subgroups of C/l?( We

indicate below some instances in which this type of question arises naturally.

(1)

If f is holomorphic, the values L(%7 f®x) have arithmetic interpretations;
in particular, if o € Gal(Q/Q), then L(%, f?®x?) is vanishing if and only
if L(3, f ® x) is vanishing. In particular, if one can show that one value
L(%, f®x) is nonvanishing, when y varies through the Gal(Q/Q( f))-orbit
of some fixed character yg, then they are all nonvanishing.

This type of approach was first used by Rohrlich, [Roh84]; this is also
essentially the situation confronted by Vatsal. In Vatsal’s case, the Galois
orbits of x in question are precisely cosets of subgroups, thus reducing us
to the problem mentioned above.

Real quadratic fields: One can ask questions similar to those considered
here but replacing K by a real quadratic field. It will take some prepara-
tion to explain how this relates to cosets of subgroups as above.

Fi/rs\tly, the question of whether there exists a class group character
x € Clk such that L(1,f ® x) # 0 is evidently not as well-behaved,
because the size of the class group of K may fluctuate wildly. A suitable
analogue to the imaginary case can be obtained by replacing Clg by the
extended class group, Clg := A} /R*UK*, where R* is embedded in
(K ® R)*, and U is the maximal compact subgroup of the finite ideles
of K. This group fits into an exact sequence R*/Oj — 61} — Clg. Its
connected component is therefore a torus, and its component group agrees
with Clg up to a possible Z/2-extension.

Given x € 6[;(, there is a unique s, € R such that x restricted to
the R% is of the form z x%x. The “natural analogue” of our result
for imaginary quadratic fields, then, is of the following shape: For a fixed
automorphic form f and sufficiently large D, there exist x with |s,| < C
— a constant depending only on f — and L(%, fex) #0.

One may still ask, however, the question of whether L(%, fex)#0
for x € 61;{ if K is a real quadratic field which happens to have large class

group — for instance, K = Q(v/n? 4+ 1). We now see that this is a question
of the flavour of that discussed above: we can prove nonvanishing in the

large family L(%, f®x), where x € (EE{, and wish to pass to nonvanishing

for the subgroup Clg. -

The split quadratic extension: to make the distinction between Cli and
Clg even more clear, one can degenerate the previous example to the split
extension K = Q & Q.
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In that case the analogue of the #-series y is given simply by an Eisen-
stein series of trivial central character; the analogue of the L-functions
L(3, f ® x) are therefore |L(3, f ® ¥)|?, where 1 is just a usual Dirichlet
character over Q.

Here one can see the difficulty in a concrete fashion: even the asymp-
totic as N — oo for the Square moment

(4) Z\L feP)P

where the sum is taken over Dirichlet characters ¢ of conductor N, is not
known in general; however, if one adds a small auxiliary t-averaging and
considers instead

(5) z |G ringe P
|1

then the problem becomes almost trivial.®
The difference between (4) and (5) is precisely the difference between

the family x € Clg and x € Clg.

2. Proof of Theorem 1

Let f be a primitive even Maass Hecke-eigenform (of weight 0) on SL2(Z)\H
(normalized so that its first Fourier coefficient equals 1); the proof of theorem 1
starts with the expression (2) of the central value L(f ® x,1/2) as the square of a
twisted period of f over Hyx. From that expresssion it follows that

2hK
S renyn =25 5 15
JGCIK

Now, by a theorem of Duke [Duk88] the set Hex = {[z] : © € Clg} becomes
equidistributed on X((1)(C) with respect to the hyperbolic measure of mass one
dp(z) :== (3/m)dzdy/y?, so that since the function z — |f(z)|? is a smooth, square-
integrable function, one has

1
e o D=0+ Of(l))/ [f(2)Pdu(z) = (f, /(1 + 05 (1))

K ,ecix Xo(1)(C)

as D — 400 (notice that the proof of the equidistribution of Heegner points uses
Siegel’s theorem, in particular the term oy (1) is not effective). Hence, we have

2
S L(fex1/2) = 2%<f, £ +0p(1)) 5. D2

by (1). In particular this proves that for D large enough, there exists x € 61; such
that L(f ® x,1/2) # 0. In order to conclude the proof of Theorem 1, it is sufficient

to prove that for any x € Clg
L(f @ x,1/2) <4 DV/?°,

for some absolute 4 > 0. Such a bound is known as a subconver bound, as the
corresponding bound with § = 0 is known and called the convexity bound (see
[IS00]). When y is a quadratic character, such a bound is an indirect consequence

5We thank K. Soundararajan for an enlightening discussion of this problem.
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of [Duk88]| and is essentially proven in [DFI93] (see also [Har03, Mic04]). When
X is not quadratic, this bound is proven in [HMO6].

REMARK 2.1. The theme of this section was to reduce a question about the
average L(%, f ®x) to equidistribution of Heegner points (and therefore to subcon-
vexity of L(3, f ® xk), where xx is the Dirichlet character associated to K). This
reduction can be made precise, and this introduces in a natural way triple product
L-functions:

© = X L/2fO0~ 7 3 If(e)P

xeClg z€Clx

:/SL (Z)\H|f(z)|2dz+z<f2,g> > gz

z€Clg

Here ~ means an equality up to a constant of size D¢, and, in the second term,
the sum over g is over a basis for L2(SL2(Z)\H). Here L3 denotes the orthogonal
complement of the constants. This g-sum should strictly include an integral over
the Eisenstein spectrum; we suppress it for clarity. By Cauchy-Schwarz we have a
majorization of the second term (continuing to suppress the Eisenstein spectrum):

(7) S D> (=) > g(l=])

g zeClg z€eClg

2

2
<3S |29l
g

where the g-sum is taken over L3(SL2(Z)\H), again with suppression of the contin-
uous spectrum. Finally, the summand corresponding to ¢ in the right-hand side can
be computed by period formulae: it is roughly of the shape (by Watson’s identity,
Waldspurger/Zhang formula (2), and factorization of the resulting L-functions)

L(1/2,sym*f @ g)L(1/2,9)*L(1/2,9 ® xk)
(9, 9)*(f, )

By use of this formula, one can, for instance, make explicit the dependence of
Theorem (1) on the level g of f: one may show that there is a nonvanishing twist as
soon as ¢ < D4, for some explicit A. Upon GLH, g < D'/? suffices. There seems
to be considerable potential for exploiting (7) further; we hope to return to this in
a future paper. We note that similar identities have been exploited in the work of
Reznikov [Rez05].

One can also prove the following twisted variant of (6): let oy € Clg be the
class of an integral ideal [ of Ok coprime with D. Then one can give an asymptotic
for 3° x(o0)L(f ® x,1/2), when the norm of [ is a sufficiently small power of D.
This again uses equidistribution of Heegner points of discriminant D, but at level
Norm(I).

3. Proof of Theorem 2

The proof of Theorem (2) is in spirit identical to the proof of Theorem (1) that
was presented in the previous section. The only difference is that the L-function is
the square of a period on a quaternion algebra instead of SLy(Z)\H. We will try
to set up our notation to emphasize this similarity.
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For the proof of Theorem (2) we need to recall some more notations; we refer to
[Gro87] for more background. Let ¢ be a prime and B, be the definite quaternion
algebra ramified at ¢ and co. Let O, be a choice of a maximal order. Let §
be the set of classes for By, i.e. the set of classes of left ideals for O,. To each
s € S is associated an ideal I and another maximal order, namely, the right order
Ry :={\€ By :INCI}. Wesetws, =#R}/2. We endow S with the measure v
in which each {s} has mass 1/ws. This is not a probability measure.

The space of functions on S becomes a Hilbert space via the norm (f, f)? =
[|f|?dv. Let SP(q) be the orthogonal complement of the constant function. It is
endowed with an action of the Hecke algebra T(9) generated by the Hecke operators
T, pfqandas a T(@-module S¥(q) is isomorphic with S3(g), the space of weight
2 holomorphic cusp newforms of level q. In particular to each Hecke newform
f € S5(q) there is a corresponding element f € S¥(¢) such that

We normalize f so that <f, f) =1.

Let K be an imaginary quadratic field such that ¢ is inert in K. Once one fixes
a special point associated to K, one obtains for each ¢ € Gk a “special point”
xy € S, cf. discussion in [Gro87] of “x,” after [Gro87, (3.6)].

One has the Gross formula [Gro87, Prop 11.2]: for each x € 61?{,

LS Fanio|

o€Clg

(8) L(f®x,1/2) =

Here w is the number of units in the ring of 1ntegers of K. T herefore7

Y Lfex1/2)= Z (o)

xeCln o€Clk

Now we use the fact that the Clg-orbit {z,, o € Clg} becomes equidistributed,
as D — oo, with respect to the (probability) measure ﬁ : this is a consequence

of the main theorem of [Iwa87] (see also [Mic04] for a further strengthening) and
deduce that

©) i 3 |Fe)

In particular, it follows from (1) that, for all € > 0

S L(f@x,1/2) > DY27E

X

= (1+ 04 >>ﬁ / Py

Again the proof of theorem 2 follows from the subconvex bound
L(f®x,1/2) <; DY/?79
for any 0 < ¢ < 1/1100, which is proven in [Mic04].

4. Quantification using the cusp; a conditional proof of Theorem 1 and
Theorem 3 using the cusp.

Here we elaborate on the second method of proof discussed in Section 1.1.
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4.1. Proof of Theorem 1 using the cusp. We note that Sg ¢ implies that
there are > DP%—¢ distinct primitive ideals with odd norms with norm < DY.
Indeed Sg,¢ provides many such ideals without the restriction of odd norm; just
take the “odd part” of each such ideal. The number of primitive ideals with norm
< X and the same odd part is easily verified to be O(log X), whence the claim.

PROPOSITION 4.1. Assume hypothesis Sz g, and let f be an even Hecke-Maass
cusp form on SLo(Z)\H. Then > D°~< twists L(1, f ® x) are nonvanishing, where
0 = min(p6,1/2 — 40).

PRrROOF. Notations being as above, fix any a < §, and suppose that precisely
k — 1 of the twisted sums

(10) > f=)x(@)

z€Clg

are nonvanishing, where k < D®. In particular, k < D??. We will show that this
leads to a contradiction for large enough D.

Let 1/4 + v2 be the eigenvalue of f. Then f has a Fourier expansion of the
form

(11) flz+1iy) Z an(ny)t? Ky, (2nny) cos(2mnz),

n>=1

where the Fourier coefficients |a,,| are polynomially bounded. We normalize so that
a1 = 1; moreover, in view of the asymptotic K, (y) ~ (;—y)l/Qe_y(l +0,(y™ 1Y),
we obtain an asymptotic expansion for f near the cusp. Indeed, if zg = ¢ + iyo
belongs to the standard fundamental domain for SLo(Z), the standard asymptotics
show that — with an appropriate normalization —

(12) f(2) = const. cos(2mz) exp(—2my) (1 + O(y~1)) + O(e~*™)

Let p;,q; be primitive integral ideals of O for 1 < j < k, all with odd norm,
so that p; are mutually distinct and the q; are mutually distinct; and, moreover
that

(13) Norm(p;) < Norm(py) < --- < Norm(py) < D’
(14) DY > Norm(q;) > Norm(qg) > --- > Norm(qy).

The assumption on the size of k and the hypothesis Sz ¢ guarantees that we may
choose such ideals, at least for sufficiently large D.

If n is any primitive ideal with norm < /D, it corresponds to a reduced bi-
nary quadratic form ax? + bxy + cy? with a = Norm(n) and b? — 4ac = —D; the
corresponding Heegner point [n] has as representative 2Nﬁrﬁ We note that if
a = Norm(n) is odd, then

cos(2m - (le;(n)))‘ > Norm(n) L.

Then the functions x +— f([zp;]) — considered as belonging to the vector space
of maps Clg — C — are necessarily linearly dependent for 1 < j < k, because of the
assumption on the sums (10). Evaluating these functions at the [q;] shows that the
matrix f([p;q;])1<i,j<r must be singular. We will evaluate the determinant of this
matrix and show it is nonzero, obtaining a contradiction. The point here is that,
because all the entries of this matrix differ enormously from each other in absolute

(15)
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value, there is one term that dominates when one expands the determinant via
permutations.

Thus, if n is a primitive integral ideal of odd norm < ¢ov/D, for some suitable,
sufficiently large, absolute constant g, (12) and (15) show that one has the bound
— for some absolute ¢y, co —

Clefﬂ'\/ﬁ/Norm(n) > |f([n])| > C2D7167W\/5/Norm(n).
[

Expanding the determinant of f([p;q;])1<i <k We get

k
(16) det = Y [T /(lpiao))sien(o)

oSy i=1

Now, in view of the asymptotic noted above, we have

: 1
};[1 f([pido()]) = czexp <_7T\/5¥ Norm(piqg(i))>

where the constant cy satisfies c3 € [(c2/D)*,c}]. Set ap =Y, Norm(P')l\%Ol"m(q )"

Then a, is maximized — in view of (13) and (14) — for the identity permutation
o = Id, and, moreover, it is simple to see that a;q —a, > ﬁ for any o other than
the identity permutation. It follows that the determinant of (16) is bounded below,
in absolute value, by

exp(arq) ((Cz/D)’“ - C]fk!exp(—ﬂDl/Q—M))

Since k < D* and o < 1/2 — 40, this expression is nonzero if D is sufficiently large,
and we obtain a contradiction. O

4.2. Variant: the derivative of L-functions and the rank of elliptic
curves over Hilbert class fields of Q(v/—D). We now prove Thm. 3. For a
short discussion of the idea of the proof, see the paragraph after (18).

Take @5 : Xo(N) — E a modular parameterization, defined over Q, with NV
squarefree. If f is the weight 2 newform corresponding to F, the map

(17) Op:zr /f(w)dw7

where 7 is any path that begins at co and ends at z, is well-defined up to a lattice
L C C and descends to a well-defined map Xo(N) — C/L = E(C); this sends the
cusp at oo to the origin of the elliptic curve E and arises from a map defined over
Q.

The space Xo(N) parameterizes (a compactification) of the space of cyclic N-
isogenies F — E’ between two elliptic curves. We refer to [GZ86, II. §1] for further
background on Heegner points; for now we just quote the facts we need. If m is
any ideal of Ok and n any integral ideal with Norm(n) = N, then C/m — C/mn~!
defines a Heegner point on X((/N) which depends on m only through its ideal class,
equivalently, depends only on the point [m] € SLy(Z)\H. Thus Heegner points are
parameterized by such pairs ([m],n) and their total number is |Clg| - ¥(N), where
v(N) is the number of divisors of N.

Fix any ng with Norm(ng) = N and let P be the Heegner point corresponding
to ([e],ng). Then P is defined over H, the Hilbert class field of Q(v/—D), and we
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can apply any element 2 € Clg (which is identified with the Galois group of H/K)
to P to get P*, which is the Heegner point corresponding to ([z], ng).

Suppose m is an ideal of O of norm m, prime to N. We will later need an ex-
plicit representative in H for P™" = ([mn,],ng). (Note that the correspondence be-
tween z € I'o(N)\H and elliptic curve isogenies sends z to C/(1, z) — C/(1/N, z).)
This representative (cf. [GZ86, eq. (1.4-1.5)]) can be taken to be

,_—b+V=D

(18) g

where @ = Norm(mng), and mny = (a, Y=L m = (aN 1, Hv=D),

Let us explain the general idea of the proof. Suppose, first, that E(H) had rank
zero. We denote by #FE(H )tors the order of the torsion subgroup of E(H). This
would mean, in particular, that ®(P) was a torsion point on E(H); in particular
#E(H)tors-P(P) = 0. In view of (17), and the fact that P is very close to the cusp
of Xo(N) the point ®(P) € C/L is represented by a nonzero element zp € C very
close to 0. It is then easy to see that #FE(H)iors - zp ¢ L, a contradiction. Now
one can extend this idea to the case when E(H) has higher rank. Suppose it had
rank one, for instance. Then Clg must act on E(H) ® Q through a character of
order 2. In particular, if p is any integral ideal of K, then ®(P®) equals +®(P)
in E(H) ® Q. Suppose, say, that ®(P?) = ®(P) in E(H) ® Q. One again verifies
that, if the norm of p is sufficiently small, then ®(P?) — ®(P) € C/L is represented
by a nonzero z € C which is sufficiently close to zero that #FE(H )iors-2 ¢ L.

The Q-vector space V := E(H) ® Q defines a Q-representation of Gal(H/K) =
Clg, and we will eventually want to find certain elements in the group algebra of
Gal(H/K) which annihilate this representation, and on the other hand do not have
coeflicients that are too large. This will be achieved in the following two lemmas.

LEMMA 4.1. Let A be a finite abelian group and W a k-dimensional Q-repre-
sentation of A. Then there exists a basis for W with respect to which the elements
of A act by integral matrices, all of whose entries are < C* in absolute value. Here
C is an absolute constant.

PrOOF. We may assume that W is irreducible over Q. The group algebra Q- A
decomposes as a certain direct sum @;K; of number fields K;; these K; exhaust
the Q-irreducible representations of A.

Each of these number fields has the property that it is generated, as a Q-vector
space, by the roots of unity contained in it (namely, take the images of elements of
A under the natural projection Q.A — K;). The roots of unity in each K; form a
group, necessarily cyclic; so all the K are of the form Q[(] for some root of unity
¢; and each a € A acts by multiplication by some power of (.

Thus let ¢ be a kth root of unity, so [Q(¢) : Q] = ¢(k) and Q(¢) is isomorphic
to Q[z]/pk(x), where py is the kth cyclotomic polynomial. Then multiplication by
x on Q[z]/pr(z) is represented, w.r.t. the natural basis {1,z,...,2¢*) =1} by a
matrix all of whose coefficients are integers of size < A, where A is the absolute
value of the largest coefficient of pg. Since any coefficient of A is a symmetric
function in {¢*}(; x)=1, one easily sees that A < 2.

For any k x k matrix M, let || M || denote the largest absolute value of any entry
of M. Then one easily checks that ||M.N|| < k|| M||||N|| and, by induction, ||M"|| <
k"= M||". Thus any power of ¢ acts on Q(¢), w.r.t. the basis {1,¢,...,¢¥*)~11,



182 PHILIPPE MICHEL AND AKSHAY VENKATESH

. . . . 2 2
by an integral matrix all of whose entries have size < kF .28 < CF for some
absolute C. O

LEMMA 4.2. Let assumptions and notations be as in the previous lemma; let
S C A have size |S| = 2k. Then there exist integers ng € Z, not all zero, such that
the element > ngs € Z[A] annihilates the A-module W. Moreover, we may choose
ns so that |ng| < 052, for some absolute constant Cs.

Proor. This follows from Siegel’s lemma. Indeed, consider all choices of ng
when |ns| < N for all s € S; there are at least N2* such choices. Let {w;}1<i<k
be the basis for W provided by the previous lemma. For each ig, the element
(3" nss)-w;, can be expanded in terms of the basis w; with integral coefficients of size
< (2k)Ck2N. So the number of possibilities for the collection {(3° nss) w;higj<k
is < Cé“a N* for some suitable absolute constant Cy. It follows that if N > C’é“z
two of these must coincide. ]

We are now ready to prove Theorem 3.

ProOOF. (of Thm. 3). Fix o < § = min(00, 1/2—460) and suppose that the rank
of E(H) ® Q is k, where k < D% We will show that this leads to a contradiction
for D sufficiently large.

Choose {p1,...,P2k,q1,---,02x} satisfying the same conditions (13) and (14)
as in the proof of Prop. 4.1. We additionally assume that all p;, q; have norms
coprime to IV; it is easy to see that this is still possible for sufficiently large D.
Recall we have fixed an integral ideal ny of norm N. Lem. 4.2 shows that there are
integers n; (1 < 4 < 2k) such that the element

2k
(19) Y= Zni -ping € Z[Clk]

i=1

annihilates E(H) ® Q and moreover |n;| < C%". In particular

(20) T -®p(P¥)=0 (1<j5<k)
But ®g(PPi9i") is the image under the map ® (see (17)) of a point zp; ; € H
whose y-coordinate is given by (cf. (18)) yp,,; = W%. In particular this

satisfies yp; j > D'/2720,
The weight 2 form f has a g-expansion in the neighbourhood of oo of the form

f(Z) _ e27riz + Z an62ﬂ'inz
n>=2

where the a, are integers satisfying |a,| < n'/?*¢. In particular, there exists a
contour C from oo to zp; ; so that

1
/Cf(T)dT =5 eXp(_WiNorm(piano)
Thus the image of the Heegner point PPi%i"e on E(C) = C/L is represented by
zi; € C satisfying |z;;| = ﬁexp(fﬂW’%jng)) (14 O(exp(—wD/2=29))). The
relation (20) shows that

) (1 + O(exp(—ﬂDl/Z_%)))

#E(H)tors . anz” e L.
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Note that #E(H )tors is bounded by a polynomial in D, by reducing modulo primes
of H that lie above inert primes in K. Since |n;| < C§¥* and k < D, this forces
> m;z;; = 0 for sufficiently large D. This implies that the matrix (z;;)1<i j<2k 1S
singular, and one obtains a contradiction by computing determinants, as in Sec.

4.1.
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Singular moduli generating functions for modular curves and
surfaces

Ken Ono

ABSTRACT. Zagier [Zag02] proved that the generating functions for the traces
of singular moduli are often weight 3/2 modular forms. Here we investigate
the modularity of generating functions of Maass singular moduli, as well as
traces of singular moduli on Hilbert modular surfaces.

1. Introduction and Statement of Results
Let j(z) be the usual modular function for SLy(Z)
§(2) = ¢~ 4 744 + 196884q + 21493760¢> + - - - ,

where ¢ = e*™*. The values of modular functions such as j(z) at imaginary qua-
dratic arguments in b, the upper half of the complex plane, are known as singular
moduli. Singular moduli are algebraic integers which play many roles in number
theory. For example, they generate class fields of imaginary quadratic fields, and
they parameterize isomorphism classes of elliptic curves with complex multiplica-
tion.

This expository article describes the author’s recent joint works with Bring-
mann, Bruinier, Jenkins, and Rouse [BO, BOR05, BJOO06] on generating func-
tions for traces of singular moduli. To motivate these results, we begin by comparing
the classical evaluations

j(F552) -
3

with the Fourier coefficients of the modular form

(1.1)
9(2) =~

2miz

= —248, =492,

(i) — 744 1++=
](Z% j (%7) — 744 = —4119,

1(2)? - Ea(42)
n(22)n(42)°
where Ey(z) = 1424077 03(n)q™ is the usual weight 4 Eisenstein series, and
n(z) = ¢/** 122, (1 — ¢") is Dedekind’s eta-function. The appearance of singular

= —q ' 42— 248¢° + 492¢* — 4119¢7 + 7256¢° — - - - ,
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moduli as the initial coefficients of the modular form g(z) is not a coincidence. In
a recent groundbreaking paper [Zag02], Zagier established that g(z) is indeed the
generating function for the “traces” of the j(z) singular moduli. In this important
paper, Zagier employs such results to give a new proof of Borcherds’ famous theorem
on the infinite product expansions of integer weight modular forms on SLy(Z) with
Heegner divisor (for example, see [Bor95a, Bor95b]).

Here we survey three recent papers inspired by Zagier’s work. First we revisit
his work from the context of Maass-Poincaré series. This uniform approach gives
many of his results as special cases of a single theorem, and, as an added bonus, gives
exact formulas for traces of singular moduli. Our first general result (see Theorem
1.1) establishes that the coefficients of certain half-integral weight Maass forms
have the property that their coefficients are traces of singular moduli. These works
are described in [BO, BJOO06]. Secondly, we obtain generalizations [BORO5] for
Hilbert modular surfaces (see Theorem 1.2).

Before we state these results, we first recall some of Zagier’s results. For integers
A, let M;\Jrl be the space of weight A + % weakly holomorphic modular forms on

2
[o(4) satisfying the “Kohnen plus-space” condition. Recall that a meromorphic
modular form is weakly holomorphic if its poles (if there are any) are supported at
the cusps, and it satisfies Kohnen’s plus-space condition if its g-expansion has the
form

(1.2) > a(n)q".
(—1)*n=0,1 (mod 4)

Throughout, let d = 0,3 (mod 4) be a positive integer, let H(d) be the Hurwitz-
Kronecker class number for the discriminant —d, and let Q4 be the set of positive
definite integral binary quadratic forms (including imprimitive forms)

Q(z,y) = [a,b, ] = ax® + bxy + cy?

with discriminant Do = —d = b? — 4ac. For each Q, let T be the unique root
in h of Q(x,1) = 0. The singular modulus f(7g), for any modular invariant f(z),
depends only on the equivalence class of @ under the action of I' := PSLy(Z). If
wg € {1,2,3} is given by

2 if @ ~r [a,0,a],
wg =143 if @ ~r [a,a,ad],
1

otherwise,
then, for a modular invariant f(z), define the trace Tr(f;d) by
f(7q)
1.3 Tr(f;d) := —=.
(1.9 ()= > I
QeQy/T
Theorems 1 and 5 of [Zag02] imply the following.

THEOREM. (Zagier)
If f(2) € Z[j(2)] has a Fourier expansion with constant term 0, then there is a
finite principal part Ay(z) = —qay(n)q" for which

Ap(z) + > Tr(f;d)q" € M.
0<d=0,3 (mod 4)
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REMARK. The earlier claim about the modular form g(z) is the f(z) = Ji(z) =
j(z) — 744 case of this theorem.

REMARK. Using Poincaré series constructed [BJOO6] by Bruinier, Jenkins and
the author, Duke [Duk06] and Jenkins [Jen] have provided new proofs of this the-
orem by combining earlier results of Niebur [Nie73] with facts about Kloosterman-
Salié sums.

Zagier gave several generalizations of this result. Here we highlight two of
these; the first concerns “twisted traces”. For fundamental discriminants D1, let
xp, denote the associated genus character for positive definite binary quadratic
forms whose discriminants are multiples of D;. If A is an integer and D5 is a non-
zero integer for which (—1)*Dy = 0,1 (mod 4) and (—1)*D; D, < 0, then define
the twisted trace of a modular invariant f(z), say Trp, (f; D2), by

(1.4) Trp, (fiDa) = 3. xn, (@) f(rq)
Q€Q|D1D2|/F wa

If f € Z[j(2)] has a Fourier expansion with constant term 0, then Zagier proved
that these traces are coefficients of weight 3/2 forms (see Theorem 6 of [Zag02]).
The second generalization involves Tr(f;d) for special non-holomorphic modular
functions f(z). In these cases, the corresponding generating functions have weight
A+ 3, where A € {—6,—4,—3,—2,—1} (see Theorems 10 and 11 of [Zag02]).

REMARK. Kim [KimO04, Kim] has established the modularity for traces of
singular moduli on certain genus zero congruence subgroups. Using theta lifts,
Bruinier and Funke [BF06] (see Theorem 3.1) have recently proven a more general
theorem which holds for modular functions on modular curves of arbitrary genus.
Their result plays an important role in the proof of Theorem 1.2, our result for
Hilbert modular surfaces.

Generalizing the arguments of Duke and Jenkins alluded to above, we show
that the coefficients of certain half-integral weight Maass-Poincaré series are traces
of singular moduli. This result includes the results of Zagier described above, and,
as an added bonus, gives exact formulas for these traces. To construct these series,
let £ := X+ %, where X is an arbitrary integer, and let M, ,(z) be the usual
M-Whittaker function. For s € C and y € R — {0}, we define

_k
Ms(y) = ‘y| 2 M% sgn(y), s—% (|y|)
Suppose that m > 1 is an integer with (—1)**!m = 0,1 (mod 4). Define ¢_,, ()
by
O_m,s(2) = Ms(—4drmy)e(—mx),

where z = z + iy, and e(w) := e*™*. Furthermore, let

e (1) s nez)

denote the translations within SLg(Z). Using this notation, define the Poincaré
series

(15) f)\(*mas;z) = Z (@—m,s |k A)(Z)
A€T o \I'o(4)
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for Re(s) > 1. Here |, denotes the usual half-integral weight k& “slash operator”
(see Shimura’s seminal paper [Shi73]). If pr, is Kohnen’s projection operator (see
page 250 of [Koh85]) to the weight A + 3 plus-space for I'g(4), then for A & {0,1}
define Fy(—m; z) by

SF\(—m, £i2) | pry, it > 2,
_ 3 k. .
2(1_k)r(1_k)‘7:>\ (—m, 1—- 5,2) | pry if A< —1.

(16)  Fa(-msz):= {

REMARK. For A = 0 or 1 we also have series F)\(—m;z). Their construction
requires more care. For A = 1 this is carried out in [BJOO6], and for A = 0 see
[BO].

By Theorem 3.5 of [BJOO6], if A > —6 with A # —5, then F\(—m;z) € M>!\+1‘
2

For such A\, we denote the corresponding Fourier expansions by
(1.7) Fx(—m;2) =q¢ ™+ > ba(=min)g" € M, ;.
n>0

(=1)*n=0,1 (mod 4)

For other A\, namely A = —5 or A < —7, it turns out that the F(—m;z) are weak
Maass forms of weight A + % (see Section 2.1). We denote their expansions by

(1.8) Fx(—=m;z) = By(—m;2) + ¢ + > bx(—m;n)q",
n>0
(=1)*n=0,1 (mod 4)

where By(—m;z) is the “non-holomorphic” part of Fy(—m; z).
EXAMPLE. If A =1 and —m = —1, then we have the modular form in (1.1)
—Fi(=1;2) = g(2) = —q¢" ' + 2 — 248¢3 + 492¢* — 411997 + 7256¢% — - - - .

Generalizing Zagier’s results, we show that the coefficients by(—m;n) of the
F\(—m; z) are traces of singular moduli for functions defined by Niebur [Nie73].
If I;(z) denotes the usual I-Bessel function, and if A > 1, then let

(1.9) Salz) = Z Im(Az)%IA7%(QWIm(Az))e(fRe(Az)).
A€o \SLs(Z)

REMARK. For A = 1, Niebur’s [Nie73] shows that §1(z) = 3(ji(z)—744), where

this function is the analytic continuation, as s — 1 from the right, of

124 Z Im(Az)%Ik% (2rIm(Az))e(—Re(Az)).
A€l \SL2(Z)

Arguing as in [BJO06, Duk06, Jen], Bringmann and the author have proved
[BO] the following;:

THEOREM 1.1. (Bringmann and Ono; Theorem 1.2 of [BO])
If \,m > 1 are integers for which (—1)**'m is a fundamental discriminant (which
includes 1), then for each positive integer n with (—1)*n = 0,1 (mod 4) we have

2(—1)[+D/2p 3 -3

bx(—m;n) = < “TrZq)atip, (Fa;n).
m?2
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REMARK. A version of Theorem 1.1 holds for integers A < 0. This follows from
a beautiful duality (see Theorem 1.1 of [BO]) which generalizes an observation of
Zagier. Suppose that A > 1, and that m is a positive integer for which (—1)**tm =
0,1 (mod 4). For every positive integer n with (—1)*n = 0,1 (mod 4), this duality
asserts that

ba(—=m;n) = —bi_x(=n;m).

REMARK. For A = 1, Theorem 1.1 relates by (—m;n) to traces and twisted
traces of F1(z) = 2(ji(z) — 744). These are Theorems 1 and 6 of Zagier’s paper
[Zag02].

Theorem 1.1 is obtained by reformulating, as traces of singular moduli, exact
expressions for the coeflicients by(—m;n). We shall sketch the proof of this in
Section 2. These exact formulas often lead to nice number theoretic consequences.
Here we mention one such application which is related to the classical observation
that

(1.10) e™ 163 — 262537412640768743.9999999999992 . . .

is nearly an integer.

To make this precise, we recall some classical facts. A primitive positive definite
binary quadratic form @ is reduced if |B] < A < C, and B > 0 if either |B| = A
or A=C. If —d < —4 is a fundamental discriminant, then there are H(d) reduced
forms with discriminant —d. The set of such reduced forms, say Q'f, is a complete
set of representatives for Q4/I'. Moreover, each such reduced form has 1 < A <

d/3 (see page 29 of [Cox89]), and has the property that 7¢ lies in the usual

fundamental domain for the action of SLy(Z)

(1.11) F= {—% <R(z) < % and |z| > 1} U {—% <R(z) <0 and |z| = 1}.

Since Jy(z) 1= j(z) — 744 = ¢~ +196884q + - - -, it follows that if G**4(d) is defined
by

(112) Gred(d) _ Z eTI'Bi/A . 67\'\/3/14’
Q=(A,B,C)eQrd

then Tr(d) — G*™4(d) is “small”, where Tr(d) := Tr(Ji;d). In other words, ¢t
provides a good approximation for Ji(z) for most points z. This is illustrated by
(1.10) where H(163) = 1.

It is natural to investigate the “average value”

Tr(d) — G™(d)
H(d) ’
which for d = 163 is —0.0000000000008 . ... Armed with the exact formulas for
Tr(d), it turns out that a uniform picture emerges for a slightly perturbed average,

one including some non-reduced quadratic forms. For each positive integer A, let
Q‘X:ﬂd denote the set

(1.13) Q?Lll)dd ={Q = (4,B,C) : non-reduced with Dg = —d and |B| < A}.
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Define G°'4(d) by

(114) Gold(d) _ Z e‘n’Bi/A . eTF\/E/A.
Vd/2<A<,\/d/3
QeQYY

The non-reduced forms @ contributing to G°'4(d) are those primitive discriminant
—d forms for which 7g is in the bounded region obtained by connecting the two
endpoints of the lower boundary of F with a horizontal line. The following data is
quite suggestive:

—24.672... ifd=1931,

= —24.483... if d= 2028,
—23.458... ifd=2111.

Tr(d) _ Gred(d) _ GOld(d)
H(d)

Recently, Duke has proved [Duk06] a result which implies the following theorem.

THEOREM. (Duke [Duk06])
As —d ranges over negative fundamental discriminants, we have
Tr(d) — G™4(d) — G°'4(d)

g H(d) =2

In Section 2 we shall give an explanation of the constant —24 in this theorem. We
shall see that it makes a surprising appearance in the exact formulas for Tr(d).
We shall also describe some generalizations of Theorem 1.1 for Hilbert modular
surfaces. Using the groundbreaking work of Hirzebruch and Zagier [HZ76] on the
intersection theory of Hilbert modular surfaces as a prototype, we consider analogs
of Theorem 1.1 for Hilbert modular surfaces defined over Q(,/p), where p = 1

14+/p
2

quadratic field K := Q(,/p). The group SLy(Of) acts on b x b by

a B o (21,2) 1= on+f ozt
v 4 R PV LN T

Here v/ denotes the conjugate of v in Q(,/p). The quotient X, := (hxh)/SL2(Ok) is
a non-compact surface with finitely many singularities which can be compactified
by adding finitely many points (i.e. cusps). Hirzebruch showed [Hir73] how to
resolve the singularities introduced by adding cusps using cyclic configurations of
rational curves. The resulting modular surface Y, is a nearly smooth compact
algebraic surface with quotient singularities supported at those points in h x h with
a non-trivial isotropy subgroup within PSLy(Ok).
Hirzebruch and Zagier introduced [HZ76] a sequence of algebraic curves

(mod 4) is prime. As usual, let Ok :=Z [ } be the ring of integers of the real

pr), Zép), . C Xp’

and studied the generating functions for their intersection numbers. They proved
the striking fact that these generating functions are weight 2 modular forms, an
observation which allowed them to identify spaces of modular forms with certain
homology groups for Y,. To define these curves, for a positive integer N, consider
the points (z1, 22) € h x b satisfying an equation of the form

(1.15) Azizo\/p+A21 = Noa + By/p =0,
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where A,B € Z, A € Ok, and AN + ABp = N. Each such equation defines a
curve in h x b isomorphic to b, and their union is invariant under SL2(Ok). The

Hirzebruch-Zagier divisor Z](\’,)) is defined to be the image of this union in X,.

REMARK. If (%) = —1, then one easily sees from (1.15) that ZJ(\’,)) is empty.

We let Z () denote the closure of Z (») inY,. If Z,(ff ), Z,(lp ) denotes the intersec-
N N P

tion number of Z,(ff) and Z,Sp ) in Y),, then Hirzebruch and Zagier proved in [HZ76],
for every positive integer m, that

oo —_—
(1.16) L) (2) = a(0) + (2%, Z23)q"
n=1

is a holomorphic weight 2 modular form on T'y(p) with Nebentypus (1—)) Here ot (0)

is a simple constant arising from a volume computation. More precisely, @55)(2)
is in the plus space M, (I‘o (p), (5)), the space of holomorphic weight 2 modular

forms F(z) = > .° ,a(n)q™ on I'y(p) with Nebentypus (;), with the additional
property that

(1.17) aln) =0 if <ﬁ> =1

p

Our generalization of Theorem 1.1 to these surfaces is also a generalization of
this result of Hirzebruch and Zagier, one which involves forms in My (Fo (p), (5)),
the space of weakly holomorphic modular forms of weight 2 on T'g(p) with Neben-
typus (;), and M3 (I‘o (p), (5)), the subspace of those forms in My (I‘O (p), (;))
that satisfy (1.17).

To explain this, we first note that the “geometric part” of the proof of the
modularity of (1.16) gives a concrete description of the intersection points fo; ) ﬂZy(Lp )
in terms of CM points which are the “roots” of I'g(m) equivalence classes of binary
quadratic forms with negative discriminants of the form —(4mn — z2)/p. In this
context, it is natural to consider the traces of singular moduli over the points
constituting 7z 7).

To state our result, suppose that £ = 1 or that ¢ is an odd prime with (ﬁ) £
—1, and let T§(¢) be the projective image of the extension of I'g(¢) by the Fricke
involution W, = (9 7') in PSLy(R). Suppose that f(z) = >, . a(n)¢" €
Mo(T§(€)), the space of weakly holomorphic modular functions with respect to

I'5(¢), and suppose that a(0) = 0. We define the “trace” of f(z) over Zép) nzy
by

1.18 7Pz~ [(7) ,

(1.18) (Z, )§ ; A0
TEZ) Ny

where T'§(£), is the stabilizer of 7 in T'§(£). We consider their generating functions

(1.19) OP)(2) = AP (2) + BE)(2) + (2, 205",

n=1
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where
AP)(2)

= —€(t) > ma(—mn) > gy > g

m,n>1 €L €L
z2=m?p (mod 2¢) z=m (mod 2)

B{)(2) = 2¢(0) Y (o1(n) + boa(n/0))a(-n) Y ¢,

n>1 TEZ

and where €(¢) = 1/2 for £ = 1, and is 1 otherwise. As usual, o1(x) denotes the
sum of the positive divisors of x if x is an integer, and is zero if = is not an integer.

Bringmann, Rouse and the author have shown [BORO05] that these generating
functions are also modular forms of weight 2. In particular, we obtain a linear map:

B Mo(Ti(0) — Mz (Talo). (£))
(where the map is defined for the subspace of those functions with constant term
0).

THEOREM 1.2. (Bringmann, Ono and Rouse; Theorem 1.1 of [BORO05]))
Suppose that p = 1 (mod 4) is prime, and that ¢ = 1 or is an odd prime with

(ﬁ) # =1L If f(2) = X ,s_sca(n)g” € Mo(I'5(¢)) , with a(0) = 0, then the
generating function <I>(p)( ) is in My (FO(pEQ), (;))

In Section 3 we combine the geometry of these surfaces with recent work of
Bruinier and Funke [BF06] to sketch the proof of Theorem 1.2. In this section

we characterize these modular forms @g’}(z) when f(z) = Ji(z) := j(2) — 744. In
terms of the classical Weber functions

n(z /2) _ /5. N(22)

we have the following exact descrlption.

THEOREM 1.3. (Bringmann, Ono and Rouse; Theorem 1.2 of [BORO05])
If p=1 (mod 4) is prime, then

) (z) = 122 (2p2) E4(p2)f2(22)*f2(2p2)°
1,J1 477(pz)6

Although Theorem 1.3 gives a precise description of the forms <I>§’j }l(z), it is

interesting to note that they are intimately related to Hilbert class polynomials,
the polynomials given by

(1.21) Hp(x) = [] (- i(r) € Zlal,

T7€Cp

- (F1(42)*2(2)* — f1(4p2)*f2(p2)?) .

where Cp denotes the equivalence classes of CM points with discriminant —D. Each
Hp(z) is an irreducible polynomial in Z[x] which generates a class field extension
of Q(v—D). Define Ny(z) as the “multiplicative norm” of ®;_, (2)

(1.22) Ny(z) = 11 o), |M.
MET(p)\SL:(2)
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If N, (2) is the normalization of N,(z) with leading coefficient 1, then we have

A(z)Hzs(j(2)) ifp=75,
No(e) =  POACP LG ED HanG(2) iEp =15
A(2)*Ha(j(2)) Hsor(j (2)) ifp =17,
A(2)°Hz(j(2))* Has23(i (2)) if p =29,
where A(z) = n(z)?* is the usual Delta-function. These examples illustrate a

general phenomenon in which N;(z) is essentially a product of certain Hilbert class
polynomials.
To state the general result, define integers a(p), b(p), and ¢(p) by

(1.23) o =3 ((2)+1).
(1.24) =5 ((2) +1).
(1.25) = (- (2)).

and let D, be the negative discriminants —D # —3,—4 of the form AP with

16f2
xr, f>1

THEOREM 1.4. (Bringmann, Ono and Rouse; Theorem 1.3 of [BORO05]))
Assume the notation above. If p=1 (mod 4) is prime, then

N3 (2) = (Ba(2) Hs (§(2))) ") Ha(j(2))" - A(2)"P) - Hy 2 (§(2))- [ HpG
—-DeD,

The remainder of this survey is organized as follows. In Section 2 we compute
the coeflicients of the Maass-Poincaré series Fy(—m; z), and we sketch the proof of
Theorem 1.1 by employing facts about Kloosterman-Salié sums. Moreover, we give
a brief discussion of Duke’s theorem on the “average values”

Tr(d) — G™4(d) — G°'4(d)
H(d) ‘

In Section 3 we sketch the proof of Theorems 1.2, 1.3 and 1.4.

Acknowledgements
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2. Maass-Poincaré series and the proof of Theorem 1.1

In this section we sketch the proof of Theorem 1.1. We first recall the construc-
tion of the forms F)\(—m;z), and we then give exact formulas for the coefficients
bx(—m;n). The proof then follows from classical observations about Kloosterman-
Salié sums and their reformulation as Poincaré series.
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2.1. Maass-Poincaré series. Here we give more details on the Poincaré se-
ries F)\(—m;z) (see [Bru02, BO, BJO06, Hir73] for more on such series). Sup-
pose that A is an integer, and that k := \ + % For each A = <: ?) € Io(4),
let
itz = (3t oe + o)

be the factor of automorphy for half-integral weight modular forms. If f : h — C
is a function, then for A € T'yp(4) we let

(2.1) (f Ik A) (2) = §(A, 2)" P f(A2).

As usual, let z = x + iy, and for s € C and y € R — {0}, we let
_E

(22) Ms(y) = ‘y| 2M§ Sgn(y),sféﬂy')’

where M, ,(z) is the standard M-Whittaker function which is a solution to the

differential equation
0%u 1 v =P
—+(—+—+ ik )u().
z

0722 4 22
If m is a positive integer, and ¢_,, s(2) is given by
O_m,s(2) = Ms(—4drmy)e(—mx),
then recall from the introduction that
(2.3) Fal=m,s2) = Y (poms [k A)(2).
A€T 5o \Io(4)
It is easy to verify that ¢_,, s(2) is an eigenfunction, with eigenvalue
(2.4) s(1—s) + (k* — 2k)/4,
of the weight k£ hyperbolic Laplacian

02 0? 0 0
Ay =—1 | —+=— iky | — +i— ).
b Y <8x2+3y2>+2 y(@x—i_zay)
Since ¢_p s(z) = O (yRc(s)*g) as y — 0, it follows that Fy(—m,s;z) converges
absolutely for Re(s) > 1, is a I'g(4)-invariant eigenfunction of the Laplacian, and is
real analytic.

Special values, in s, of these series provide examples of half-integral weight
weak Maass forms. A weak Maass form of weight k for the group I'g(4) is a smooth
function f : h — C satisfying the following;:

(1) For all A € T'x(4) we have

(f | A)(2) = f(2).
(2) We have A, f =0.
(3) The function f(z) has at most linear exponential growth at all the cusps.
In particular, the discussion above implies that the special s-values at k/2
and 1 — k/2 of Fx(—m,s;z) are weak Maass forms of weight k = A + J when
the series is absolutely convergent. If A ¢ {0,1} and m > 1 is an integer for
which (—=1)**'m = 0,1 (mod 4), then this implies that the Kohnen projections
Fy(—m; z), from the introduction, are weak Maass forms of weight k = A + % on
I'y(4) in Kohnen’s plus space.
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If A =1 and m is a positive integer for which m = 0,1 (mod 4), then define
Fi(=m;z) by

3 3
(2.5) Fi(—m;z) := 5]—'1 (—m, Z,z) | pry + 2460, G(2).

The function G(z) is given by the Fourier expansion

G(z) = T;)H (n)g" + 16; N n;m B4mny)g ™,

where H(0) = —1/12 and

B(s) := / t3estdt,
1
Proposition 3.6 of [BJOO0G6] establishes that each Fy(—m;z) is in M}.
2

REMARK. The function G(z) plays an important role in the work of Hirzebruch
and Zagier [HZ76] which is intimately related to Theorems 1.2, 1.3 and 1.4.

REMARK. An analogous argument is used to define the series Fy(—m; z) € M} .
2

2.2. Exact formulas for the coefficients b)(—m;n). Here we give exact
formulas for the by(—m;n), the coefficients of the holomorphic parts of the Maass-
Poincaré series F)\(—m;z). These coefficients are given as explicit infinite sums
in half-integral weight Kloosterman sums weighted by Bessel functions. To define
these Kloosterman sums, for odd § let

1 ifo=1 4
(2.6) €5 =1 . 1 o (mod 4),
i if6=3 (mod 4).

If X\ is an integer, then we define the A+ % weight Kloosterman sum K (m,n, ¢)
by

c muv + nv
(2.7) Ky(m,n,c) = Z <;) M le (#) .
v (mod c)*

In the sum, v runs through the primitive residue classes modulo ¢, and v denotes
the multiplicative inverse of v modulo ¢. In addition, for convenience we define
5D,m € {Oa 1} by

(2.8) S = {1 if m is a square,

0 otherwise.

Finally, for integers ¢ define doqq(c) by

Soaa(c) = 1 if ¢ is odd,
oddA\®) 0 otherwise.

THEOREM 2.1. Suppose that A is an integer, and suppose that m is a positive
integer for which (—1)™'m = 0,1 (mod 4). Furthermore, suppose that n is a
non-negative integer for which (—1)*n = 0,1 (mod 4).



196 KEN ONO

(1) If A > 2, then bx(—m;0) = 0, and for positive n we have
ba(=m;n) = (=)D B/ (n/m) 33 (1 - (~1))

<Y (1+5odd(c/4))M'I)\1(4ﬂ—m>.

& 2 &
c>0
¢=0 (mod 4)

(2) If X < —1, then
ba(=m; 0) = (~)IOHDAIR I An 271 — (—1)%)

1 Kx(—m,0,c¢)
X Tt o (14 dodalc/4)——=5—5—>
TGN %
cB  (mod 4)

and for positive n we have

ba(—m;n) = (_1)[(/\+1)/2]7T\/§(n/m) —%(1 —(—1)M)
< Y +5°dd(c/4))M _ I;x(”@) |

c>0
¢=0 (mod 4)

(3) If =1, then bi(—m;0) = =20, and for positive n we have
by (—m;n) = 2460 H(n) — mV/2(n/m) % (1 + i)

$ Y (1t Gualepay )

c>0
¢=0 (mod 4)

(4) If X =0, then bo(—m;0) =0, and for positive n we have

1

bo(—m;n) = 2480, H(m) + 7v2(m/n)* (1 — )

2
2

(=)

c

Nl=

C

Ko(—m,n,c 4my/mn
<X (o) R (AT,
c>0 ¢ ¢

¢=0 (mod 4)

REMARK. For positive integers m and n, the formulas for by (—m;n) are nearly
uniform in A. In fact, this uniformity may be used to derive a nice duality (see
Theorem 1.1 of [BOJ) for these coefficients. More precisely, suppose that A > 1,
and that m is a positive integer for which (—=1)**1m = 0,1 (mod 4). For every
positive integer n with (—1)*n = 0,1 (mod 4), this duality asserts that

bx(—m;n) = —bi_x(—n;m).

The proof of Theorem 2.1 requires some further preliminaries. For s € C and

y € R — {0}, we let

_k
(29) Ws(y) = |y| zwg sgn(y),57%(|y|)>

where W, ,, denotes the usual W-Whittaker function. For y > 0, we have the
relations

(2.10) My (—y) =e?,

(2.11) Wi_s(y) =We(y) =e2,
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and
(2.12) Wi_i(—y) = Wi (—y) =T (1 - k,y),
where -

I(a,z) := / e_tta%

is the incomplete Gamma function. For z € C, the functions M, ,(z) and M, _,(z)
are related by the identity

I'(—2p) I'(2p)
Wonz) = =3 Mou(2) + 77— M, u(2).
! P(—p—v) "7 TG +p—v) 7"
From these facts, we easily find, for y > 0, that
(2.13) My _s(=y) = (k= 1)e3T(1 = k,y) + (1= k)[(1 — k)e?.

SKETCH OF THE PROOF OF THEOREM 2.1. For simplicity, suppose that A ¢
{0,1}, and suppose that m is a positive integer for which (—1)*!m = 0,1 (mod 4).
Computing the Fourier expansion requires the integral

<L Yy mx
/_of M (‘47””(:242) ‘ <c2|z|2 ) ”x) o

which may be found on p. 357 of [Hir73]. This calculation implies that Fy (—m, s; z)
has a Fourier expansion of the form

Fx(—=m,s;z) = Mg(—4dmmy)e(—ma +Z c(n,y, s)e(nz).
neZ

If Jg(x) is the usual Bessel function of the first kind, then the coefficients ¢(n, y, s)
are given as follows. If n < 0, then

C(n,y,S)
kr 2 3-1 Ki(— Amy/
5) ‘7 271 Z MJQS_I (ﬂ'|mn|> Ws(4dmny).
c>0 ¢ ¢
¢=0 (mod 4)
If n > 0, then
c(n,y,s)
27-(1'_]“1_‘(25) A_1 K/\( m,n,c) (47TV )
= —“"(n/m)2 14 I S— 47Tn
F(s+§)(/ ) 2 o )
c=0 (mod 4)
Lastly, if n = 0, then
(0.9.5) o HTEmE TRy d s ) y BaEmo
C 7y7S :: s
I(s+50I(s—%) >0 ¢

The Fourier expansion defines an analytic continuation of Fy(—m,s;z) to
Re(s) > 3/4. For A > 2, the presence of the I'-factor above implies that the Fourier
coefficients c(n,y, s) vanish for negative n. Therefore, Fy(—m, %,z) is a weakly
holomorphic modular form on I'g(4). Applying Kohnen’s projection operator (see
page 250 of [Koh85]) to these series gives Theorem 2.1 (1).
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As we have seen, if A < —1, then Fy(—m,1 — g,z) is a weak Maass form
of weight k¥ = A + § on I'g(4). Using (2.12) and (2.13), we find that its Fourier

expansion has the form

k
Fa (—m, 1- §,z>

(2.14)
(k= 1) (D1 — k, dmmy) — T = B) g™ + 3 e(n,y)e(nz),
nez
where the coefficients ¢(n,y), for n < 0, are given by
n|z-i Kx(—m,n,c) 4
2w F(1—k ’— T(1—Fk 4 : AT g .
SSCEUIF LI AN )
¢=0 (mod 4)

For n > 0, (2.11) allows us to conclude that the ¢(n,y) are given by

- A1 Kx(—m,n,c) 47
21i (2 — k) (n/m)2 1 2 — ~Ié>\(?\/mn , n>0,
¢=0 (mod 4)
32 3 .~k 1A Ky\(=m,0,¢c) _
417272 (3 m?2 Z C%——A n=20.
c>0
c=0 (mod 4)
One easily checks that the claimed formulas for by(—m;n) are obtained from these
formulas by applying Kohnen’s projection operator pry. O

REMARK. In addition to those A > 0, if A € {—6,—4,—3,—2,—1}, then the
functions F(—m;z) are in M /'\ 1 and their g-expansions are of the form
2
(2.15) Fx(—m;z)=q¢ ™+ Z ba(—m;n)q".
n>0
(=1)*n=0,1 (mod 4)
This claim is equivalent to the vanishing of the non-holomorphic terms appearing
in the proof of Theorem 2.1 for these A. This vanishing is proved in Section 2 of
[BOJ.

2.3. Sketch of the proof of Theorem 1.1. Here we sketch the proof of
Theorem 1.1. Armed with Theorem 2.1, this proof reduces to classical facts re-
lating half-integral weight Kloosterman sums to Salié sums. To define these sums,
suppose that 0 # D; = 0,1 (mod 4). If X is an integer, Do # 0 is an integer for
which (=1)*Dy = 0,1 (mod 4), and N is a positive multiple of 4, then define the
generalized Salié sum Sy (D1, D2, N) by
(2.16)

N 1’2 — (71))\D1D2 2x
S)\(DlvDQaN) = Z XDy (451'7 N )6<N> )

z (mod N)
z2=(—1)"D1 Dy (mod N)

where xp, (a, b, ¢), for a binary quadratic form Q = [a, b, ], is given by
(2.17)

0 if (a,b,¢c,D1) > 1,
XD, (a,b,¢) := { ( )

(&) if (a,b,¢, D7) = 1 and @ represents r with (r, D;) = 1.

T
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REMARK. If D = 1, then xp, is trivial. Therefore, if (—1)*D3 = 0,1 (mod 4),

then
Sx(1, Dy, N) = > e (%) .

z (mod N)
z2=(—1)*D2 (mod N)
Half-integral weight Kloosterman sums are essentially equal to such Salié sums,
a fact which plays a fundamental role throughout the theory of half-integral weight
modular forms. The following proposition is due to Kohnen (see Proposition 5 of
[Koh85]).

PROPOSITION 2.2. Suppose that N is a positive multiple of 4. If X is an integer,
and Dy and Dy are non-zero integers for which Dy, (—1)*Dy = 0,1 (mod 4), then

N72(1 — (=1))(1 + Goaa(N/4)) - Kx((~1)*Dy, D2, N) = Sx(Dy, D, N).

As a consequence, we may rewrite the formulas in Theorem 2.1 using Salié
sums. The following proposition, well known to experts, then describes these Salié
sums as Poincaré-type series over CM points.

PROPOSITION 2.3. Suppose that X is an integer, and that Dy is a fundamental
discriminant. If Dy is a non-zero integer for which (—1)*Dy = 0,1 (mod 4) and
(=1)* DDy < 0, then for every positive integer a we have

SA(D1, D9, 4a) =2 Z X0 (Q) Z e(—Re(Arg)) .

w
QEQpypy /T 9 ACrL\SLy(2)
Im(Arq)=Y1D1DzI

PROOF. For every integral binary quadratic form
Q(z,y) = az® + bry + cy?
of discriminant (—1)*D; D, let 7 € h be as before. Clearly ¢ is equal to

—b+i/[Di D
(2.18) r = 2 iVID1Da| 2

2a ’
and the coefficient b of @ solves the congruence
(2.19) v’ = (-1)*D1Dy (mod 4a).

Conversely, every solution of (2.19) corresponds to a quadratic form with an associ-
ated CM point thereby providing a one-to-one correspondence between the solutions
of

b’ — dac = (—=1)*D1 D, (a,b,c € Z,a,c > 0)
and the points of the orbits

J{4rg: AeSLy(z)/T,,},
Q

where I';, denotes the isotropy subgroup of 7g in SLy(Z), and where @ varies
over the representatives of Qp, p,|/I". The group I', preserves the imaginary part
of such a CM point 7, and preserves (2.19). However, it does not preserve the
middle coefficient b of the corresponding quadratic forms modulo 4a. It identifies the
congruence classes b, b+ 2a (mod 4a) appearing in the definition of Sy (D1, D2, 4a).
Since x p, (Q) is fixed under the action of I, the corresponding summands for such
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pairs of congruence classes are equal. Proposition 2.3 follows since #I';, = 2wq,
and since both I';, and I'c contain the negative identity matrix. (]

SKETCH OF THE PROOF OF THEOREM 1.1. Here we prove the cases where A >
2. The argument when A = 1 is identical. For A > 2, Theorem 2.1 (1) implies that

ba(=min) = (=)D /(0 /m)3 75 (1 - (~1)M)
X Z (1+50dd(6/4))M .I}\_l<4ﬂ—m> .

c 2 C
c>0
¢=0 (mod 4)

A
2

Using Proposition 2.2, where D; = (—1)**'m and Dy = n, for integers N = c
which are positive multiples of 4, we have

¢ 2(1 = (=1)) (1 + Goqa(c/4)) - Ka(=m,n,c) = Sx((=1) m, n, ).

These identities, combined with the change of variable ¢ = 4a, give

(—1)[(>‘+1)/2]7T n/m)3—4 = S,\((—l))‘+1m,n,4a)
N D P

4
Using Proposition 2.3, this becomes

(/2]
b/\(_m;n) — W(n/m)

V2
> X

a=1 A€l \SL2(Z) va

Im(ATq)="Y5"

bx(—m;n) = I,

N|=

=)

a=1

Y Z X(=1)r+1m (@)

wQ
QEQnm/T
I _1(2rIm(A7q))

-e(—Re(ATg)).

The definition of Fx(z) in (1.9), combined with the obvious change of variable
relating 1/v/a to Tm(A7q)?, gives

2(—1)[3+D/2Ap 33

ba(=min) = . Y X(=1r1m(@)

m2 QEQum /T “Q
> Im(Arg)? - I,_y (2nIm(Arq))e(—Re(Arg))
A€T ,\SL2(Z)
o(_1)+1)/2],5 -3
= ( ) X 'Tr(_l)p,lm(s,\;n).
m?2

O

2.4. The “24 Theorem”. Here we explain the source of —24 in the limit

220 i T~ D) — Ga)

_fm H(d) =2

Combining Theorems 1.1 and 2.1 with Proposition 2.2, we find that
Tr(d) = —24H(d)+ Y S(d,c)sinh(4mVd/c),

c>0
c=0 (mod 4)
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where S(d, ¢) is the Salié sum

S(d,c) = Z e(2z/c).
z2=—d (mod c)
The constant —24 arises from (2.5). It is not difficult to show that the “24 Theorem”
is equivalent to the assertion that

4
3" 5(d,¢)sinh <”\/E> =0 (H(d)).
c
c>4/d/3
c=0 (4)
This follows from the fact the sum over ¢ < /d/3 is essentially G*4(d) + G°'4(d).
The sinh factor contributes the size of ¢~! in the Fourier expansion of a singular
modulus, and the summands in the Kloosterman sum provides the corresponding
“angles”. The contribution G°'9(d) arises from the fact that the Kloosterman sum
cannot distinguish between reduced and non-reduced forms. In view of Siegel’s
theorem that H (d) >, dz ¢, (2.20) follows from a bound for such sums of the form

< d%’v, for some v > 0. Such bounds are implicit in Duke’s proof of this result
[DukO06].

3. Traces on Hilbert modular surfaces

In this section we sketch the proofs of Theorems 1.2, 1.3 and 1.4. In the first
subsection we recall the arithmetic of the intersection points on the relevant Hilbert
modular surfaces, and in the second subsection we recall recent work of Bruinier
and Funke concerning traces of singular moduli on more generic modular curves.
In the last subsection we sketch the proofs of the theorems.

3.1. Intersection points on Hilbert modular surfaces. Here we provide
(for £ = 1 or an odd prime with (ﬁ) # —1) an interpretation of Z” N Z¥) as a
union of I'§(¢) equivalence classes of CM points. As before, for —D = 0,1 (mod 4)
with D > 0, we let Qp be the set of all (not necessarily primitive) binary quadratic
forms

Q(z,y) = [a,b, (z,y) == az® + bxy + cy?
with discriminant b — 4ac = —D. To each such form @Q, we let the CM point 7
be as before. For £ =1 or an odd prime and D > 0, —D = 0,1 (mod 4) we define
Q[g to be the subset of Qp with the additional condition that ¢|a. It is easy to
show that Q[g is invariant under I'§(¢).

If £ =1 or £ is an odd prime with (f;) # —1, then there is a prime ideal p C Ok
with norm ¢. Define

SL2(Ok,p) := {@ g) €SLy(K) :a,0 € Og,y€p,L € pl}.

In this case there is a matrix A € GL;(K) such that A71SLy (O, p)A = SLo(Ok).
Define

¢ (h x h)/SLa(Oxk,p) — (h x h)/SL2(Ok)
by
d((21,22)) == (Az1, A'22).
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Let I" be the stabilizer of {(z,2) : z € b} C hx b in SLa(Ok,p). ThenI' = T'y(¥)
if £ #pand T =T§(¢) if £ = p. The image of {(z,2) : z € h} under ¢ is Zlfp).
Hence, we have a natural map ¢ : h/T — Z,fp). By the work of Hirzebruch and
Zagier [HZ76], if £ = 1 or an odd prime with (ﬁ) # —1, and n > 1, then we may
define

4 *
By zfnzP= | {re:@e Q) /TiO}

TEL
2 <dln
z2=4¢n (mod p)

Here the repetition of x and —x indicates that Z}P ) N Zy(lp ) is a multiset where a CM
point 7o occurs twice if Q) € QE§2n7I2)/p for  # 0. In addition, if £ > 1 and ¢|n,
then we include
4 *
U {TQ : Q € QEél]n/Z—xz)/p /FO(é) } ’
TEZ
z2<4n/t
z2=4n/f (mod p)
where each point with non-zero x is taken with multiplicity 2¢, and a point where
x = 0 is taken with multiplicity /.
To justify our definition we argue as follows. Hirzebruch and Zagier ([HZ76],
p. 66) show that if ¢ € h, n > 1 and ¥ (¢) € Zép) N Z% | then
X — N
alt? + —t+b=0
VP
for (a,b,\) € ZHZDp~* with AN +abp = n. This follows as a result of considering
the inverse image ¢_1(Z1§p)) C (h x b)/SL2(Ok, p).
Write I\ = ¢+ d1+‘/ﬁ, for ¢,d € Z. We have that the discriminant of the

2
equation above is d2 — 4abl. However, this implies that

(2c+d)? —4nl

; =

Thus, the discriminant is of the form (2% — 4nf)/p. From Hirzebruch and Zagier’s

Theorem 3 ([HZ76], p. 77), computing the number of transverse intersections of

Zép) and Z, we see that each z € § with discriminant of the form (22 — 4nf)/p
occurs with the appropriate multiplicity.

d? — 4abe.

3.2. Traces of singular moduli on modular curves aprés Bruinier and
Funke. Throughout, we let £ be 1 or an odd prime. Recently, Bruinier and Funke
[BF06] have generalized Zagier’s results on the modularity of generating functions
for traces of singular moduli, and they have obtained results for groups which do
not necessarily possess a Hauptmodul. A particularly elegant example of their work
applies to modular functions on I'j(¢). Suppose that f(z) = > o a(n)g" €
Mo(T§(€)) has constant term a(0) = 0. The discriminant —D trace is given by

* 1
(3.2) t;(D) = Y 0, f(rQ).
QeQp. /Ty T 0@
Here T'§(¢)q is the stabilizer of @ in I'§(¢). Following Kohnen [Koh82], we let, for

e € {1}, Mgf% (T'o(4¢)) be the space of those weight k + 1 weakly holomorphic
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modular forms f(z) = > o a(n)q" on I'g(4¢) whose Fourier coefficients satisfy

14

THEOREM 3.1. (Bruinier and Funke; Theorem 1.1 of [BF06])
If £ =1 oris an odd prime and f(z) = > s a(n)q" € Mo(T'5(¢)), with a(0) = 0,
then

(3.3) a(n) =0 whenever (—1)*n=2,3 (mod 4) or <(1)kn) =—

2

Go(f,z) :=— Z ma(—mn)qg~™

m,n>1
+Z o1(n) + Loy (n/l)) —|—th
n>1 D>0

is an element of M5 ™ (To(4¢)) .

3.3. Traces on Hilbert modular surfaces. We are now in a position to
sketch the proofs of Theorems 1.2, 1.3, and 1.4.

SKETCH OF THE PROOF OF THEOREM 1.2. It is well known that the Jacobi
theta function

(3.4) 0(2) =Y ¢" =1+2¢+2¢" +2¢° + -
T€EZ
is a weight 1/2 holomorphic modular form on I'g(4). Suppose that
fz)= ) aln)g" € Mo(T5(0))
n>>>—oo

satisfies the hypotheses of Theorem 1.2. By (3.1) and Theorem 3.1, an easy calcu-
lation reveals that

(3.5) 7)) = (D) (Ge(£,p2)0(2)) | U) | U(0) + £V (1),

where for d > 1 the operators U(d) and V(d) are defined on formal power series by
(3.6) (> atma*) 1U) = aldn)q”,

and

(3.7) (D ama®) 1 V(@) = am)™.

The proof now follows from generalizations of classical facts about the U and V
operators to spaces of weakly holomorphic modular forms. O

SKETCH OF THE PROOF OF THEOREM 1.3. We work directly with (1.1). We
recall the following classical theta function identities:

17(22:)5 2 4

(38) &) = e ~ 2
_ n(’z)Q _ x z2 _ 4 9
(3.9) Oo(2) = (2)—2(—1)q =1-2¢+2¢* —2¢°+---,
ez T€EZ

and

162 2
(3.10) Oaa(2) ’77(7(82) s L I S U

x>0
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By (1.1), (3.5), and (3.9), we have that
o) (2) = — (91(p2)0(2)) | U(4)

__ (©op2)Eadpz)
- (M o) 10w

For integers v, we have the identities F4(p(z + v)) = E4(pz) and
n(p(z +v))° = i"n(p2)°,

which when inserted into the definition of U(4) gives

3
o) (2) = ~a pzﬁzz—ve p(z +v)/4)O((z + v)/4).
v=0

By (3.9) and (3.10), one finds that
3

E (pz) 1}2 2 x N VI2 21/711
@5{’}1(,2) — _4774(292)6 : Z g /AL (1) (Z ety ) )

z,Y€ZL v=0

Since we have that

ii’”’ﬁ*y?”*” _Jo ifx=y (mod2),
= 4 ifxZy (mod2),

it follows that

o) (z) = — Falp2) D LC AR TN S R CERER

1 ,J1 5
77(172’) z, Yyl wyel
2E,(p2)
The claimed formula now follows easily from (1.20), (3.8), and (3.10). 0

SKETCH OF THE PROOF OF THEOREM 1.4. If p =1 (mod 4) is prime, then a
lengthy, but straightforward calculation, reveals that

(3.11) Ny (2) = Eo(2)"® - A(2) P - Fy(j(2),
where Fj,(z) € Z[z] is a monic polynomial with

(5p—5)/12 ifp=1 (mod 12),

deg(Fp(z)) = {(5;0 -1)/12 ifp=5 (mod 12).

Hence it suffices to compute the factorization of F),(x) over Z[z].

Loosely speaking, Fj,(z) captures the divisor of the modular form N;(z) in b.
To compute the points in the divisor, we shall make use of Theorem 1.3. Since 7(2)
is non-vanishing on b, the factors of F,(z) only arise from the zeros of the “norm”
of E4(pz) and of

f1(42)*2(2)* = f1(4p2) 2 (p2)*.
To determine these zeros and their corresponding multiplicities, we require

classical facts about class numbers and the Eichler-Selberg trace formula. To begin,
first observe that Fy(w) = 0, where w := *™/3 = _1+T‘/__3 Hence it follows that
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E4(pz) is zero for z, := w/p. Since z, has discriminant —3p?, the irreducibility of
Hj.,2(x) implies that Hs.p2 () | Fp(x) in Z[z]. Therefore, we may conclude that

Fp(x) = I—I?rp2 (x) : Ip(w)a
where I,(x) € Z[z] has

deg(Iy(x)) =

(p—1)/12 ifp=1 (mod 12),
(p—>5)/12 ifp=5 (mod 12).

To complete the proof, it suffices to determine the polynomial I,,(x). To this
end, observe that I,,(z) is the polynomial which encodes the divisor of the norm of

f1(42)*2(2)* = 1 (4p2) 2 (p2)*.
To study this divisor, one notes that if (2%) € SLy(Z) with b = ¢ = 0 (mod 4)

and g(z) := §1(42)*f2(2)?, then g (Zi§> = g(z). The proof is complete once we
establish that
I(x) = Hy(a)*® - Ha(a)*" [] Ho ()"
—DeD,
To prove this assertion, we note that the modular transformation above implies

that z € b is a root of g(z) — g(pz) if ‘Cljj_'s = pz for (2¢5) € SLy(Z) withb=c=0

(mod 4). This leads to the quadratic equation

d — b
peo pd—a b
4 4 4

Using some class number relations, and the fact that Hilbert class polynomials are
irreducible, we simply need to show that for a negative discriminant of the form

=0.

D= T4 with x, f € Z that there are two integral binary quadratic forms

1672

_ b o pdi—ar b oy

Q1 = 4fx +—4f xy 4fy

L P2 o phr—az - b o

Q2 = T VARV
which are inequivalent under I'o(p) with discriminants —D such that (‘;i Zi),
(‘;j Zz) € SLy(Z) with by = by = ¢; = ¢ = 0 (mod 4). This is an easy exer-
cise. O
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Rational points of bounded height on threefolds

Per Salberger

ABSTRACT. Let n. ¢(B) be the number of non-trivial positive integer solutions
o, %1,%2,Y0,Y1,Y2 < B to the simultaneous equations

zh + 2] + 25 =5+l + s, o) +af +af =yl + ol +4f.
We show that n1,4(B) = O:(B%/32%¢) ny 5(B) = O (B5/20t¢) and that
Ne 5 (B) = Oe‘f}E(B5/2+E) if ef > 6 and f > 4. These estimates are deduced

from general upper bounds for the number of rational points of bounded height
on projective threefolds over Q.

Introduction

This paper deals with the number N (X, B) of rational points of height at most
B on projective threefolds X C P" over Q. To define the height H(z) of a rational
point « on P™, we choose a primitive integral (n + 1)-tuple (zo, ..., z,,) representing
x and let H(z) = max(|zg]|, ..., |Zn|). Our main result is the following.

THEOREM 0.1. Let X C P" be a geometrically integral projective threefold over
Q of degree d and let X' be the complement of the union of all planes on X. Then

O, 6(Bls\/§/16+5/4-4-s) if d=3,

o) (B1205/448+s) if d=4

N(X',B)={ "¢ ’
( ’ ) On,E(B51/20+6) if d=25,
Od,nye(B5/2+€) if d>6.

If n=d =4 and X is not a cone of a Steiner surface, then
N(X',B) = O, .(B¥/3%*%),

This bound is better than the bound Oy, .(B'Y/4+e 4 B5/2+5/3d+e) iy [Salc],
§8. An important special case is the following.

THEOREM 0.2. Let (ag,...,as5) and (bg,...,bs) be two sextuples of rational
numbers all different from zero and e < f be positive integers. Let X C P° be the
threefold defined by the two equations apxi+. . .+aszf =0 and boxg +...+ b5sc£ =0.
Then there are only finitely many planes on X if f > 3. Moreover, if X' C X 1is
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the complement of these planes in X, then

O.(BWV3/16+5/442) jf ¢ =1 and f =3,

O.(B%/32+2) if e=1landf=4

N(X',B) = € )

(X', B) O.(B51/20+#) if e=1andf=>5,
Oe,1.c(B%/?%9) if ef >6.

As a corollary we obtain from Lemma 1 in [BHB] the following result on pairs
of simultaneous equal sums of three powers.

COROLLARY 0.3. Let n. ¢(B), e < f be the number of solutions in positive
integers x;, y; < B to the two polynomial equations

rg+ay+as = Yoty s
zh o vah = gty +yl
where (20,21, 22) # (¥, Y5, Yx) for all six permutations of (i, j, k) of (0,1,2). Then,

n174(B) —_ 05(385/32+a>
71175(3) — 08(351/20+s)
Ne,t(B) = O,y (B%?%) if ef >6 and f > 4.

Previously, it has been shown by Greaves [Gre97] that n; ;(B) = O.(B7/6+)
and by Skinner-Wooley[SW97] that n; ;(B) = O.(B¥3T1/(/=1+¢) Moreover,
work of Wooley [Wo0096] shows that ng 3(B) = O.(B7/3+%) and Tsui and Wooley
[TW99] have shown that ns4(B) = O.(B*%/13¢). TFinally, one may find the
estimate

ne,f(B) _ Oc,f,s(Bll/4+€ + BS/Z+5/Sef+5)

in the paper of Browning and Heath-Brown [BHB]. Our estimate for n. ¢(B) is
superior to the previous estimates when f > 4.

The main idea of the proof of Theorem 0.1 is to use hyperplane sections to
reduce to counting problems for surfaces. For the geometrically integral hyperplane
sections we use thereby the new sharp estimates for surfaces in [Sala].

I would like to thank T. Browning for his comments on an earlier version of
this paper.

1. The hyperplane sections given by Siegel’s lemma

Let G,.(P") be the Grassmannian of r-planes on P”. It is embedded into
p(rii)-1 by the Pliicker embedding. In particular, if » = n — 1, then we may
identify G, (P™) with the dual projective space P™V. The height H(A) of a rational
r-plane A C P" is by definition the height of its Pliicker coordinates. In particular,
if r = n—1 then the height of a hyperplane A C P™ defined by cozo+...+crz, =0,
is the height of the rational point (co, ..., c,) in PV,

In order to prove Theorem 0.1 for hypersurfaces in P4, we shall need the follow-
ing two lemmas from the geometry of numbers. See [Sch91], Chap I, for example.

LEMMA 1.1. Let x be a rational point of height < B on P*. Then x lies on a
hyperplane I1 of height H(IT) < (5B)'/4.

LEMMA 1.2. There is an absolute constant r such that H(IT) < xH(A)'/? for
any rational hyperplane I of minimal height containing a given line A C P*.
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We now introduce the following notation for a geometrically integral hypersur-
face X C P*.

NoTAaTION 1.3. (i) X' is the complement of the union of all planes on X.
(ii) S(X, B) is the set of all rational points of height at most B on X.
(iii) P(X, B) is the set of all rational planes © C X which are spanned by
their rational points of height < B and which are contained in a rational
hyperplane TI C P* of height H(TT) < (5B)/4.

(iv) S(X, B) is the set of all rational points of height at most B on X, which
do not lie on a plane © C X in P(X, B).

(v) N(X,B) = #S(X,B) and N(X, B) = #5(X, B).

2. The hyperplane sections which are not geometrically integral

We shall in this section estimate the contribution to N(X, B) from the hyper-
plane sections II N X, which are not geometrically integral.

LEMMA 2.1. Let X C P* be a geometrically integral projective threefold of
degree d > 2 over some field. Let P*V be the dual projective space parameterising
hyperplanes I1 C P* and let ¢ < d be a positive integer. Then the following holds.

a) There is a closed subscheme W4 C P* which parameterises the hyper-
planes II such that IIN X contains a surface of degree c. The sum of the
degrees of the irreducible components of W 4 is bounded in terms of d.

b) dim Wc,d < 2.

c) If there is a plane on W, q C PV, then X is a cone over a curve.

PROOF. a) See [Sal05], Lemma 3.3.

(b) There exists by the theorem of Bertini a hyperplane IIy C P4V and a plane
© C Il such that Iy N X and ©N X are geometrically integral. Let Iy be the dual
projective 3-space of Iy which parameterises all planes in Iy and f : W, 4 — II§ be
the linear morphism which sends the Grassmann point of II C P* to the Grassmann
points of IIN1Iy C IIy. Then f must be finite since otherwise one of the fibres of
f would contain a line passing through the Grassmann point of IIy C P4. Also, f
is not surjective since © cannot be of the form II N 1IIy for any hyperplane II C P*
parameterised by a point in W, 4. Hence dim W, g = dim f(W, 4) < dimI[j—1 = 2.

(c) Let I' € P4 be a plane, A C P* the dual line, 7 : Z — P* the blow-up
at A and X = 7 1(X). Let p : P\A — P2 be a linear projection from A and
g : Z — P2 the morphism induced by p. If q()?) # P2, then X is a cone over a
curve with A as vertex. If q()?) = P2, then we apply the theorem of Bertini to the
restriction of g to X. This implies that ¢~ 1(L) N X is geometrically integral for a
generic line L C P2. Let I C P* be the hyperplane given by the closure of p~1(L).
Then ITN X is geometrically integral since ¢—!(L) N X is mapped birationally onto
II N X under 7. But as II D A, this hyperplane is parameterised by a point on
I\W, 4. In particular, I" is not contained in W, 4. This completes the proof. O

The following result is a minor extension of Theorem 2.1 in [Sal05].

THEOREM 2.2. Let W C P™ be a closed subscheme defined over Q where all
irreducible components are of dimension at most two. Let D be the sum of the
degrees of all irreducible components of W. Then,

N(W,B) = Opn(B°).
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If W does not contain any plane spanned by its rational points of height at most B,
then
N(W,B) = Op n:(B*).

PROOF. One reduces immediately to the case where W is integral and then
to the case where W is geometrically integral by the arguments in the proof of
Theorem 2.1 in [Sal05]. It is also shown there that Theorem 2.2 holds if W is
geometrically integral and not a plane. It remains to prove Theorem 2.2 for a
rational plane W. Then the rational points of height < B on W span an r-plane A,
r < 2 where N(W, B) = N(A, B) = O,(BY™A) if N(W, B) > 1, ((HB02], Lemma
1(iii)). This completes the proof. O

LEMMA 2.3. Let X C P* be a geometrically integral projective threefold over Q
of degree d > 2. Then there are Og(B'Y/4+) points = € S(X,B) for which there
is a rational hyperplane TL C P* of height at most (5B)Y* containing x such that
IIN X is not geometrically integral. If X is not a cone over a curve then there are
Ou.c(B*2%) such points x € S(X, B) .

PRrROOF. It suffices to establish this bound under the extra hypothesis that
IT € W, 4(Q) for some fixed integer ¢ < d. By Lemma 2.1 and Theorem 2.2 we have
N (W4, (5B)Y*) = O4.(B**) in general and N (W, 4, (5B)Y*) = Oy .(B'/?+¢)
if X is not a cone over a curve. We may also apply Theorem 2.2 to the closure
W in II N X of the complement of all rational planes in II N X spanned by its
rational points of height < B. We then get that there are Oq.(B?"¢) points in
S(X, B)NTI(Q) for any hyperplane IT C P*. The desired result follows by summing
over all IT € W, 4(Q) in the statement of the lemma and over all c. O

3. The points outside the lines
We shall in this section count the points outside the lines on hypersurfaces X
in P*.
DEFINITION 3.1. A surface X C P3 is said to be a Steiner surface if there is a

morphism 7 : P? — P2 of projective degree 2 which maps P? birationally onto X.

It follows immediately from the definition that a Steiner surface is of degree 4.
The following result is proved but not stated in [Sala].

THEOREM 3.2. Let X C P3 be a geometrically integral projective surface over
Q of degree d > 3. Suppose that X is not a Steiner surface. Then there exists a set
of Od,E(B?’/Q‘/a*‘E) rational lines on X such that there are

Od7E(BS/\/E+€ _|_BB/2\/3+2/3+5 + Bl+s)

rational points of height < B not lying on these lines. If X C P? is a Steiner
surface, then there are

Oy 6(343/28+a)
rational points of height < B not lying on the lines.

PROOF. There exists by Theorem 0.5 in [Sala] a set I" of Od,s(B3/2‘/3+5) geo-

metrically integral curves of degree Oq.-(1) on X such that all but Oy .(B%/ ‘/E“)
rational points of height < B on X lie on the union of these curves. Hence, by
[HBO02], th.5, there are Od)E(B3/2‘/a+2/3+5) rational points of height < B on the
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union of all curves in T" of degree > 3. It thus only remains to estimate the total
contribution from the conics. But it is proved in [Sala], 5.4, that this contribution
is Og o (BYF3/2Vd=3Vd/16+e L B1+e) if X does not contain a two-dimensional family
of conics and Og ¢ (B*3/28+¢) if X contains such a family. To complete the proof, we
use the fact that a geometrically integral surface X C P3 of degree d > 3 contains
a two-dimensional family of conics if and only if it is a Steiner surface (cf. [SR49],
pp. 157-8 or [Sha99], p.74). O

THEOREM 3.3. Let X C IP* be a geometrically integral projective threefold over
Q of degree d > 3, which is not a cone of a Steiner surface. Then there exists a set
of Ogo(B¥/32Vd+5/442)  rational  lines on X such that there are
O (B5/16Vd+5/44e 4 B5/24€) rtional points in S(X, B) not lying on any of these
lines. If X is a cone of a Steiner surface, then there exists a set ode75(B45/64+5/4+5)
rational lines on X such that there are Ogc (B1205/448+¢) rational points on X not
lying on any of these lines.

ProOF. We follow the proof of Lemma 5.1 in [Sal05] to which we refer for more
details. To each hyperplane IT C P* we introduce new coordinates (y1, y2,y3,y4) for
IT with the following properties for the rational points P;, 1 < j < 4 on II defined

(3.4)
(i) H(P1) < H(P,) < H(Ps) < H(Py)
(i) HM) < H(P)H(P,)H(P;)H(Py) < H(II)
(iii) Any rational point P on II is represented by a primitive integral quadruple
(y1, Y2, Y3, Ya) such that |y;| < H(P)/H(P;) for 1 <i<A4.
The heights in (3.4) are defined with respect to the original coordinates for P*.
Now let g(d) = max (3/Vd,3/2vVd + 2/3,1) if X is not a cone of a Steiner
surface. In this case no hyperplane section of X is a Steiner surface by [Rog94],
Lemma 12. If X is a cone of a Steiner surface, let g(d) = 43/28. Then, by Theorem
3.2 and (3.4)(iii) the following assertion holds for any hyperplane IT C P* such that
IIN X is geometrically integral.

(3.5) There exists a set of <4, (B/H(Pl))?’/2\/EJr€ lines on II N X such that
there are < 4. (B/H(P;))9¥*¢ rational points of height < B on II N X outside
these lines.

Now let 1 < C; < Oy < O3 < Oy and C,C>C3Cy < B4 and let us consider
the hyperplanes spanned by quadruples (Py, Py, P3, Py) of rational points as above
and such that C; < H(P;) < 2C; ,1 < j < 4. It follows from the proof of
Lemma 5.1 in [Sal05], that there are < C%(C2C3C,)* such hyperplanes. Also,
for any such hyperplane II where II N X is geometrically integral, there exists by
Theorem 3.2 a set of <4, (B/Cy)3/2Va+< Jines on II N X such that there are
<4, (B/Cy)9DFe rational points of height < B on IIN X outside these lines. This
implies just as in (op. cit.) that we have a set of <4, B3/2‘/3+50f73/2\/3(026’304)4
rational lines on the union V' of these hyperplane sections such that there <.
Bg(d)‘*‘ECf*g(d)(CgCgCLL)‘l rational points of height < B on V outside all these
lines. Now as 3/2\/3 < 4 and g(d) < 4 we get from the assumptions on C;, 1<
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j < 4 that OF % 2VCL000)" < (C10C5C)P 38V and O3 9D (C,05C4)* <
(C1CyC30,)>~9()/4, Hence if we sum over all dyadic intervals [C;,2C5],1<j<4
for 2-powers C; as above and argue as in (op. cit.), we will get a set of <4,
B5B/2Vd)/16+5/4+¢ rational lines on X such that there are Oy (B39(4)/16+5/4+<)
rational points of height < B on the union of all geometrically integral hyperplane
sections ITN X with H(IT) < (5B)'/* which do not lie on these lines.

We now combine this with (1.1) and (2.3). Then we conclude that there are
Lge BY9D/1645/4+e | B5/2+e points in S(X, B) outside these lines if X is not a
cone of a Steiner surface and <, B9(d)/16+5/4+e | pll/d+e guch points if X is a
cone of a Steiner surface. To finish the proof, note that max (15¢(d)/16+5/4,5/2) =
max (45/16v/d +5/4,5/2) in the first case and that max (15g(d)/16 +5/4,11/4) =
1205/448 in the second case. O

4. The points on the lines

We shall in this section estimate the contribution to N (X', B) from the lines
in Theorem 3.3.

LEMMA 4.1. X C P* be a geometrically integral projective threefold over Q of
degree d > 2. Let M be a set of Od75(35/2+6) rational lines A on X each contained

in some hyperplane IL C P* of height < (5B)'/* and N(UpenA, B) be the number
of points in S(X, B) N (Urenmr A (Q)). Then the following holds.
(a) N(UAeMA7B) _ Od,E(B11/4+6 + B5/2+3/2d+€).
(b) ]\NI(UAEMA, B) = 04, (B5/2+3/24+2) if X is not a cone over a curve.
(¢) N(UpemA,B) = Og.(B5/2+e 4 BY/443/2d%) if there are only finitely
many planes on X.

PROOF. We shall for each A € M choose a hyperplane II(A) C P* of minimal
height containing A . Then, H(II(A)) < xH(A)'/? for some absolute constant &
by (1.2). The contribution to N(UpreaA, B) from all A € M where II(A) N X
is not geometrically integral is O (B*/47¢) in general and O4.(B%/?%¢) if X is
not a cone over a curve (see (2.3)). The contribution from the lines A € M with
N(A,B) < 1is Ogq.(B%?*¢). We may and shall therefore in the sequel assume
that II(A) N X is geometrically integral and N(A,B) > 2 for all A € M. From
N(A, B) > 2 we deduce that H(A) < 2B?, N(A, B) < B%/H(A) and

(4.2) N(UaemA,B) < Y N(A,B) < B> Y H(A)™!
AeM AeM
It is therefore sufficient to prove that:
(4.3) > H(A)™ = Og(BY/2H3/244¢)
AeM
in general and that
(44) Z H(A)71 _ Od,s(Bl/2+6 + Bl/4+3/2d+e)
AEM

if there are only finitely many planes on X.
A proof of (4.3) may be found in the proofs of Lemma 3.2.2 and Lemma 3.2.3
in [BS04]. It is therefore enough to show (4.4).
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Let M; C M be the subset of rational lines A such that II(A) N X contains
only finitely many lines. Then it is known and easy to show using Hilbert schemes
that there is a uniform upper bound depending only on d for the number of lines
on such II(A) N X. There can therefore only be Og(B%/*) lines A € M, as there
are only O(B®/4) possibilities for TI(A). The contribution to >nenr, H(A)™! from
lines of height > B3/4 is thus Oy4(B/?).

Now let [R,2R] be a dyadic interval with 1 < R < B3*. Then H(TI(A)) <
H(A)'Y3 <« RY3 for A with H(A) € [R,2R)] so that there are only O(R°/3) possi-
bilities for TI(A) and O4(R®/?) such lines A. The contribution to Y ¢y, H(A)™!
from the lines of height H(A) € [R,2R] is thus Ogq(R?/?). Hence if we sum over all
O(log B) dyadic intervals [R, 2R] with R < B3/* we get that lines of height < B3/*

contribute with Og4(B'/?(log B)) to Y. H(A)™! so that
AeM;

(4.5) > H(A)™' = 04(B'*(log B)).
AeM,

We now consider the subset My C M of rational lines A where II(A) N X contains
infinitely many lines. This is equivalent to (II(A) N X)(Q) being a union of its lines
(see [Salb], 7.4).

There exists therefore by [Salb], 7.8 a hypersurface W C P4V of degree Oy(1)
such that any hyperplane II C P* where II N X contains infinitely many lines is
parameterised by a point on W. There are thus O4(B) such hyperplanes of height
< (5B)Y4. If R > 1, then H(II(A)) < H(A)'Y/3 < R*3 for lines A of height
< 2R. There are therefore O4(R*/3) possibilities for TI(A) among all lines of height
< 2R. There are also by the proof of lemma 3.2.2 in [BS04] Oy . (R?/%+¢) rational
lines of height < 2R on each geometrically integral hyperplane section. There are
thus <. min(BR? 4t RY/3+2/d+e) rational lines of height < 2R in M,. Hence
if R > 1, the contribution from all rational lines of height H(A) € [R,2R] to
>aen, HA) ™! will be <qc min(BR™1T2/dte RI/3+2/dte) < Bl/AT3/2dRe If we
cover [1,2B2?] by O(log B) dyadic intervals with 1 < R < B? | we obtain

(46) Z H(A)_l _ Od(Bl/4+3/2d+s) )
A€M,

If we combine (4.5) and (4.6), then we get (4.4). This completes the proof. O

5. Proof of the theorems

We shall in this section prove Theorems 0.1 and 0.2.

THEOREM 5.1. Let X C P* be a geometrically integral projective hypersurface
over Q of degree d > 3. Then,

Z\~7(X, B) = Ode(B11/4+€ + B3/2d+5/2+5) )
If X is not a cone over a curve, then,

]\7()(7 B) _ Od’E(B45/16\/a+5/4+e + BB/2d+5/2+s) .
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If there are only finitely many planes on X C P*, then

O.(B*/16Vd+5/442) it d =3 or 4 and X is not a cone of a
Steiner surface

J\7(X, B) = 06(31205/448+e) ifd =4
05(351/20+5) ifd=5
Og.(B%/%+e) if d > 6.

PROOF. Let h(d) = max(45/16v/d + 5/4,5/2) if X is not a cone of a Steiner
surface and h(d) = 1205/448 if X is a cone of a Steiner surface. Then it is shown in
Theorem 3.3 that there is a set M of Og,c (B45/32‘/a+5/4+8) rational lines on X such
that all but O« (B"@+¢) points in S(X, B) lie on the union of these lines. To count
the points in S(X, B) N (UpeamA (Q)), we note that #M = Og..(B>2+) and apply
Lemma 4.1. We then get that N (X, B) = Oy . (BMd+e  pll/4te | B3/2d+5/2+e) iy
general. Further, if X is not a cone over a curve, then N(X, B) = Oy (BMD+e 4
B3/24+5/24¢) while N(X, B) = Oy (B"d+e 4 B3/2d+9/4+¢ | B5/2+¢) in the more
special case when there are only finitely many planes on X C P*. It is now easy to
complete the proof by comparing all the exponents that occur. (Il

COROLLARY 5.2. Let X C P* be a geometrically integral projective hypersur-
face over Q of degree d > 3. Then, N(X, B) = Oq.(B3*).

ProoF. This follows from the first assertion in Theorem 5.1 and [BS04],
Lemma 3.1.1. (The result was first proved for d > 4 in [BS04] and then for
d=3in [BHBO5).) O

THEOREM 5.3. Let X C P™ be a geometrically integral projective threefold over
Q of degree d. Let X' be the complement of the union of all planes on X. Then,

O o(BIOVS/10¥0/4%e) ifd =3,

o) (B1205/448+s) ifd=4

N(X',B)={ “me ’
( ’ ) On,s(B51/20+€) Zfd _ 57
Od.n.c(BY/?%¢) ifd>6 .

If n=d=4 and X is not a cone of a Steiner surface, then
N(X',B) = O, -(B%/3t%) .

PROOF. If n = 4 and there are only finitely many planes on X C P*, then this
follows from Theorem 5.1 since N(X’, B) < N(X, B). If there are infinitely many
planes on X, then X’ is empty [Salb], 7.4 and N(X’, B) = 0. To prove Theorem
5.3 for n > 4, we reduce to the case n = 4 by means of a birational projection
argument (see [Salc], 8.3). O

PROPOSITION 5.4. Let k be an algebraically closed field of characteristic 0 and
(ag,...,as), (bo,...,bs) be two sextuples in k* =k \ {0} and X C P® be the closed
subscheme defined by the two equations apx§+. .. +aszg = 0 and bom{;—t—. . .—I—b53:gc =
0 where e < f. Then the following holds

(a) There are only finitely many singular points on X,
(b) Xis a normal integral scheme of degree ef,

(¢) There are only finitely many planes on X if f > 3,
(d) X is not a cone over a Steiner surface.
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ProoFr. (a) Let (zo, ..., z5) be a singular point on X with at least two non-zero
coordinates z;, x;. Then it follows from the Jacobian criterion that aibjxfflx;.c_l =

ffl

;7" and hence that aibjx;c*e = ajbixffe. Hence there are only f — e

ajbixjflx
possible values for x;/z; for any two non-zero coordinates x;, z; of a singular point.
This implies that there only finitely many singular points on X.

(b) The forms apx§ + ... + asz§ and bosc(]; + ...+ b5ac£ are irreducible for
(ag,-..,as), (bo,--.,bs) as above and define integral hypersurfaces Y, C P5 and
Y, C P5 of different degrees. Therefore, X C P® is a complete intersection of
codimension two of degree ef. In particular, Y; is a Cohen-Macaulay scheme and
X C Y, a closed subscheme which is regularly immersed. Hence, as the singular
locus of X is of codimension > 2, we obtain from [AK70], VII 2.14, that X is
normal. As X is of finite type over k, it is thus integral if and only if it is connected.
To show that X is connected, use Exercise I11.8.4 in [Har77].

(c) It is known that there are only finitely many planes on non-singular hyper-
surfaces of degree >3 in P (see [Sta06] where it is attributed to Debarre). There
are thus only finitely many planes on Y and hence also on X.

(d) Tt is well known that a Steiner surface has three double lines. The singular
locus of a cone of Steiner surface is thus two-dimensional. Hence X cannot be such
a cone by (a). O

Parts (a) and (c) of the previous proposition were used already in [Kon02] and
[BHB].

THEOREM 5.5. Let (ag,...,as) and (by,...,bs) be two sextuples of rational
numbers different from zero and e < f be positive integers with f > 3. Let X C P®
be the threefold defined by the two equations apxf + ...+ aszg = 0 and box{; +
ot b55££ =0 . Then there are only finitely many planes on X. If X' C X is the
complement of these planes in X, then

N(X',B) = O (B%/16Vel+5/4+e) ifef =3 or 4,

N(X', B) = O-(B>/20F%) ifef =5,
N(X',B) = O, ;. (B%?%%) ifef >6.
PrROOF. This follows from Theorems 5.3 and 5.4. O
References

[AK70] A. AurMAN & S. KLEIMAN — Introduction to Grothendieck duality theory, Lecture Notes
in Mathematics, Vol. 146, Springer-Verlag, Berlin, 1970.

[BHB] T.D. BROWNING & D. R. HEATH-BROWN — “Simultaneous equal sums of three powers”,
Proc. of the session on Diophantine geometry (Pisa, 1st April-30th July , 2005), to
appear.

[BHBO5] , “Counting rational points on hypersurfaces”, J. Reine Angew. Math. 584
(2005), p. 83-115.

[BSO4] N. BROBERG & P. SALBERGER — “Counting rational points on threefolds”, in Arithmetic
of higher-dimensional algebraic varieties (Palo Alto, CA, 2002), Progr. Math., vol. 226,
Birkhauser Boston, Boston, MA, 2004, p. 105-120.

[Gre97] G. GREAVES — “Some Diophantine equations with almost all solutions trivial”, Mathe-
matika 44 (1997), no. 1, p. 14-36.

[Har77] R. HARTSHORNE — Algebraic geometry, Springer-Verlag, New York, 1977, Graduate Texts
in Mathematics, No. 52.

[HB02] D. R. HEATH-BROWN — “The density of rational points on curves and surfaces”, Ann.
of Math. (2) 155 (2002), no. 2, p. 553-595.




216 PER SALBERGER

[Kon02] A. KONTOGEORGIS — “Automorphisms of Fermat-like varieties”, Manuscripta Math. 107
(2002), no. 2, p. 187-205.

[Rog94] E. ROGORA — “Varieties with many lines”, Manuscripta Math. 82 (1994), no. 2, p. 207—
226.

[Sala] P. SALBERGER — “Counting rational points on projective varieties”, preprint.

[Salb] —, “On the density of rational and integral points on algebraic varieties”, to appear
in J. Reine und Angew. Math., (see www.arxiv.org 2005).

[Salc] , “Rational points of bounded height on projective surfaces”, submitted.

[Sal05] P. SALBERGER — “Counting rational points on hypersurfaces of low dimension”, Ann.
Sci. Ecole Norm. Sup. (4) 38 (2005), no. 1, p. 93-115.

[Sch91] W. M. ScumIDT — Diophantine approzimations and Diophantine equations, Lecture
Notes in Mathematics, vol. 1467, Springer-Verlag, Berlin, 1991.

[Sha99] I. R. SHAFAREVICH (ed.) — Algebraic geometry. V, Encyclopaedia of Mathematical Sci-
ences, vol. 47, Springer-Verlag, Berlin, 1999, Fano varieties, A translation of Algebraic
geometry. 5 (Russian), Ross. Akad. Nauk, Vseross. Inst. Nauchn. i Tekhn. Inform.,
Moscow, Translation edited by A. N. Parshin and I. R. Shafarevich.

[SR49] J. G. SEMPLE & L. ROTH — Introduction to Algebraic Geometry, Oxford, at the Claren-
don Press, 1949.

[Sta06] J. M. STARR — “Appendix to the paper: The density of rational points on non-singular
hypersurfaces, II by T.D. Browning and R. Heath-Brown”, Proc. London Math. Soc.
93 (2006), p. 273-303.

[SW97] C. M. SKINNER & T. D. WOOLEY — “On the paucity of non-diagonal solutions in certain
diagonal Diophantine systems”, Quart. J. Math. Ozford Ser. (2) 48 (1997), no. 190,
p. 255-277.

[TW99] W.Y. Tsul & T. D. WOOLEY — “The paucity problem for simultaneous quadratic and
biquadratic equations”, Math. Proc. Cambridge Philos. Soc. 126 (1999), no. 2, p. 209-
221.

[Wo096] T. D. WOOLEY — “An affine slicing approach to certain paucity problems”, in Analytic
number theory, Vol. 2 (Allerton Park, IL, 1995), Progr. Math., vol. 139, Birkh&user
Boston, Boston, MA, 1996, p. 803-815.

DEPARTMENT OF MATHEMATICS, CHALMERS UNIVERSITY OF TECHNOLOGY, SE-41296 GOTEBORG,
SWEDEN
E-mail address: salberg@math.chalmers.se



Clay Mathematics Proceedings
Volume 7, 2007

Reciprocal Geodesics
Peter Sarnak

ABSTRACT. The closed geodesics on the modular surface which are equiva-
lent to themselves when their orientation is reversed have recently arisen in
a number of different contexts.We examine their relation to Gauss’ ambigu-
ous binary quadratic forms and to elements of order four in his composition
groups. We give a parametrization of these geodesics and use this to count them
asymptotically and to investigate their distribution.

This note is concerned with parametrizing, counting and equidistribution of
conjugacy classes of infinite maximal dihedral subgroups of I' = PSL(2,Z) and
their connection to Gauss’ ambiguous quadratic forms. These subgroups feature in
the recent work of Connolly and Davis on invariants for the connect sum problem
for manifolds [CD]. They also come up in [PR0O4] (also see the references therein)
in connection with the stability of kicked dynamics of torus automorphisms as well
as in the theory of quasimorphisms of I'. In [GS80] they arise when classifying
codimension one foliations of torus bundles over the circle. Apparently they are of
quite wide interest. As pointed out to me by Peter Doyle, these conjugacy classes
and the corresponding reciprocal geodesics, are already discussed in a couple of
places in the volumes of Fricke and Klein ([FK], Vol. I, page 269, Vol II, page
165). The discussion below essentially reproduces a (long) letter that I wrote to
Jim Davis (June, 2005).

Denote by {y}r the conjugacy class in I" of an element v € I'. The elliptic
and parabolic classes (i.e., those with ¢(vy) < 2 where t(y) = |trace 7|) are well-
known through examining the standard fundamental domain for I' as it acts on
H. We restrict our attention to hyperbolic «’s and we call such a « primitive (or
prime) if it is not a proper power of another element of I'. Denote by P the set of
such elements and by II the corresponding set of conjugacy classes. The primitive
elements generate the maximal hyperbolic cyclic subgroups of I'. We call a p € P
reciprocal if p~! = S~1pS for some S € I'. In this case, S = 1 (proofs of this and
further claims are given below) and S is unique up to multiplication on the left by
v € (p). Let R denote the set of such reciprocal elements. For r € R the group
D, = (r,S), depends only on r and it is a maximal infinite dihedral subgroup of
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I'. Moreover, all of the latter arise in this way. Thus, the determination of the
conjugacy classes of these dihedral subgroups is the same as determining p, the
subset of II consisting of conjugacy classes of reciprocal elements. Geometrically,
each p € P gives rise to an oriented primitive closed geodesic on I'\H, whose length

2
is log N(p) where N(p) = [(t(p) + Vt(p)? — 4) /2] . Conjugate elements give

rise to the same oriented closed geodesic. A closed geodesic is equivalent to itself
with its orientation reversed iff it corresponds to an {r} € p.

The question as to whether a given v is conjugate to v~ !

in T is reflected in

1 1

is not conjugate to ¢! in SL(2,F,), on the other hand, if p = 1 (mod 4) then
every ¢ € SL(2,F,) is conjugate to ¢c~*. This difficulty of being conjugate in G(F)
but not in G(F) does not arise if G = GL,, (F a field) and it is the source of a
basic general difficulty associated with conjugacy classes in G and the (adelic) trace
formula and its stabilization [Lan79]. For the case at hand when working over Z,
there is the added issue associated with the lack of a local to global principle and
in particular the class group enters. In fact, certain elements of order dividing four
in Gauss’ composition group play a critical role in the analysis of the reciprocal
classes.

In order to study p it is convenient to introduce some other set theoretic
involutions of II. Let ¢r be the involution of ' given by ¢r(y) = v~ 1. Let

bw(y) = wlyw where w = ( (1) Pl ) € PGL(2,7Z) (modulo inner automor-

part in the corresponding local question. If p = 3 (mod 4), then ¢ = { Lo ]

phism ¢,, generates the outer automorphisms of I' coming from PGL(2,Z)). ¢r
and ¢, commute and set g4 = @ro P, = P, 0Pr. These three involutions generate
the Klein group G of order 4. The action of G on I' preserves P and II. For H
a subgroup of G, let Iy = {{p} € I1: ¢({p}) = {p} for ¢ € H}. Thus I,y =1I
and Iy = p. We call the elements in IT;4,) ambiguous classes (we will see that
they are related to Gauss’ ambiguous classes of quadratic forms) and of IT;4, y, inert
classes. Note that the involution v — ~* is, up to conjugacy in I', the same as ¢g,
since the contragredient satisfies fg~! = { _01 (1) ] g { _01 (1) ] Thus p € P is
reciprocal iff p is conjugate to p’.
To give an explicit parametrization of p let

(1) C = {(a,b) € Z*: (a,b) = 1,a >0, d = 4a® + b* is not a square} .

To each (a,b) € C let (tg,up) be the least solution with ¢ty > 0 and ug > 0 of
the Pell equation

(2) t?2 — du® = 4.

Define ¢ : C' —p by

to — buo
—  QlUg

to + bug
aug -
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It is clear that v((a, b)) is reciprocal since an A € T' is symmetric iff Sy ' ASy = A~

where Sy = [ 0 1

10 } . Our central assertion concerning parametrizing p is;

*

PROPOSITION 1. ¢ : C' —p is two-to-one and onto.

There is a further stratification to the correspondence (3). Let

(4) D={m|m>0,m=0,1 (mod 4),m not a square} .
Then
c={J Ca
deD
where
(5) Cq = {(a,b) € C|4a® + b* = d} .

Elementary considerations concerning proper representations of integers as a sum
of two squares shows that Cy is empty unless d has only prime divisors p with p =1
(mod 4) or the prime 2 which can occur to exponent o = 0,2 or 3. Denote this
subset of D by Dg. Moreover for d € Dg,

(6) Cal = 2v(d)

where for any d € D,v(d) is the number of genera of binary quadratic forms of
discriminant d ((6) is not a coincidence as will be explained below). Explicitly v(d)
is given as follows: If d = 2¢D with D odd and if A is the number of distinct prime
divisors of D then

2271 if a=0

2271 if =2 and D=1 (mod4)
(6") v(d) =4 2* if «a=2 and D=3 (mod4)

22 if a=3 or 4

22 if a>5.
Corresponding to (5) we have

(7) p = |_| Pa>

deDr

with pg = ¥(Cy). In particular, ¢ : Cqy — p, is two-to-one and onto and hence

(8) |p4] = v(d) for d € Dg.
Local considerations show that for d € D the Pell equation
(9) t? —du® = —4,

can only have a solution if d € Dr. When d € Dp it may or may not have a solution.
Let Dy be those d’s for which (9) has a solution and D the set of d € Dy for
which (9) has no integer solution. Then

(i) For d € D} none of the {r} € p,, are ambiguous.
(ii) For d € Dy, every {r} € p, is ambiguous.

*Part of this Proposition is noted in ([FK], Vol. I, pages 267-269).
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In this last case (ii) we can choose an explicit section of the two-to-one map
(3). For d € Dy let C; = {(a,b): b< 0}, then ¢y : C; — p, is a bijection.

Using these parameterizations as well as some standard techniques from the
spectral theory of I'\H one can count the number of primitive reciprocal classes.
We order the primes {p} € II by their trace ¢(p) (this is equivalent to ordering the
corresponding prime geodesics by their lengths). For H a subgroup of G and = > 2
let

(10) g (x) = > 1.
{p} elly
t(p) <z

THEOREM 2. As x — oo we have the following asymptotics:
2

x
11 1T ~
(11) (@) 2logz’
97
(12) g (x) ~ @f(logx)za
3
(13) Wepmy (@) ~ g,
x
14 11 ~
(14) 00 (@) ~ g
and
21 4
(15) I (z) ~ 3 * logz.
™

(All of these are established with an exponent saving for the remainder).

In particular, roughly the square root of all the primitive classes are reciprocal
while the fourth root of them are simultaneously reciprocal ambiguous and inert.

We turn to the proofs of the above statements as well as a further discussion
connecting p with elements of order dividing four in Gauss’ composition groups.

We begin with the implication S~'pS = p~! = S2? = 1. This is true already

in PSL(2,R). Indeed, in this group p is conjugate to + ( 8\ ())\71 with A > 1.
-1 _ . o a b - . . o 0 ﬁ
Hence Sp —pSw1thS—[c d}éa—d—O,l.e.,S—i[_ﬁ_l 0]

and so S? = 1. If S and S; satisfy ~'pz = p~! then SS;! € T, the centralizer
of pin I'. But I'), = (p) and hence S = S; with 8 € (p). Now every element
S € I' whose order is two (i.e., an elliptic element of order 2) is conjugate in I' to

0 1
So =+ [ 10
SalfySo = ~v~1. The last is equivalent to v being symmetric. Thus each r € R is
conjugate to a v € R with v = ~*. (15)

We can be more precise:

}. Hence any r € R is conjugate to an element v € I" for which

LEMMA 3. Fvery r € R is conjugate to exactly four ~’s which are symmetric.

"For a general d € DI"; it appears to be difficult to determine explicitly a one-to-one section

of .



RECIPROCAL GEODESICS 221

To see this associate to each S satisfying

(16) S~lrS =t

the two solutions g and % (here 75 = Svg) of

(17) 7Sy = Sp.

Then

(18) st rys = ((75) "t rvs) " and both of these are symmetric.

Thus each S satisfying (17) affords a conjugation of r to a pair of inverse symmetric
matrices. Conversely every such conjugation of r to a symmetric matrix is induced
as above from a vg. Indeed if 3773 is symmetric then 50—1 B trpSy=p"1r1p
and so 4S5t 371 = S for an S satisfying (17). Thus to establish (16) it remains to
count the number of distinct images 'ygl rvs and its inverse that we get as we vary
over all S satisfying (17). Suppose then that

(19) Vs TYS = Ve TSt
Then

(20) Ve y5t =b €T, = (r).
Also from (18)

(21) V5 Svs = 15 Sy
or

(22) Vs 15t Svsve = S
Using (21) in (23) yields

(23) b1 Sh = 5.

But bS satisfies (17), hence bSbS = 1. Putting this relation in (24) yields
(24) S = b3S,

These steps after (22) may all be reversed and we find that (20) holds iff S = 425’ for
some b € I';.. Since the solutions of (17) are parametrized by bS with b € I',.(and
S a fixed solution) it follows that as S runs over solutions of (17), v5'rvs and
(v5) (%) run over exactly four elements. This completes the proof of (16). This
argument should be compared with the one in ([Cas82], p. 342) for counting the
number of ambiguous classes of forms. Peter Doyle notes that the four primitive
symmetric elements which are related by conjugacy can be described as follows: If
A is positive, one can write A as 'y with v € T" (the map v — ~'v is onto such);
then A,A~!, B, B~!, with B = v/, are the four such elements.

To continue we make use of the explicit correspondence between I and classes
of binary quadratic forms (see [Sar] and also ([Hej83], pp. 514-518). ¥ An integral
binary quadratic form f = [a,b, c] (i.e. az? + bry + xy?) is primitive if (a,b,c) = 1.
Let F denote the set of such forms whose discriminant d = b* — 4ac is in D. Thus
(25) F=|| F.

deD

with Fy consisting of the forms of discriminant d. The symmetric square represen-
tation of PG Ly gives an action () on F for each v € T'. Tt is given by o(v)f = f’

#This seems to have been first observed in ([FK], Vol., page 268)
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where f'(z,y) = f((x,y)7). Following Gauss we decompose F' into equivalence
classes under this action o(T"). The class of f is denoted by f or ® and the set of
classes by F. Equivalent forms have a common discriminant and so

(26) F=1] 7.
deD

Each Fy is finite and its cardinality is denoted by h(d) - the class number. Define
a map n from P to F by

(27) p= e n] e = s aba-a-d.

where § = ged(a,d — a,c¢) > 1 and n satisfies the following

i) n is a bijection from II to F'.
(ypy™') = (dety) o(y) n(p) for v € PGL(2,Z).
n(p~') = —n(p)
(
(

w”lpw) = n(p)”

v) n(wp~lw n(p)’
where
(28) [a,b,c]* = [—a,b, —(]
and
(29) [a,b,c]" = [a,—b,c].

The proof is a straight-forward verification except for n being onto, which relies on
the theory of Pell’s equation (2). If f = [a, b, c] € F and has discriminant d and if

(tg,uq) is the fundamental positive solution to (2) (we also let €4 := %) and
if

td72udb Qg
(30) p=

—cuy tq —gudb

then p € P and n(p) = f. That p is primitive follows from the well-known fact (see
[Cas82], p. 291) that the group of automorphs of f, Autp(f) satisfies
(31)

t—bu
S au

Autr(f) == {yeT:o(y)f = f} = St —du =4 /:I:l

_ t+bu
cu 5

More generally
Z(f) = {y € PGL(2,Z)|o(7)f = (det7)[}

t—bu
3 au

(32) - 2 —du? = 44 /jzl.
t+bu
2

—CUu

Z(f) is cyclic with a generator ny corresponding to the fundamental solution 1y =
(tl + \/Eul)/Z, t1 >0,u; >0 of

(33) 12— du? = +4.
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If (9) has a solution, i.e. d € Dy then 74 corresponds to a solution of (9) and
€q = n3. If (9) doesn’t have a solution then 7y = e4. Note that Z(f) has elements

with dety = —1iff dy € Dj,. (35)
From (ii) of the properties of the correspondence n we see that Z(f) is the
centralizer of p in PGL(2,Z), where n(p) = f. (36)

Also from (ii) it follows that n preserves classes and gives a bijection be-
tween II and F. Moreover, from (iii), (iv) and (v) we see that the action of
G = {1,¢w,04,0r)} corresponds to that of G = {1,%,7,—} on F,G preserves
the decomposition (27) and we therefore examine the fixed points of g € G on Fy.

Gauss [Gau] determined the number of fixed points of 7 in F4. He discovered
that Fy4 forms an abelian group under his law of composition. In terms of the
group law, ® = ®~! for ® € F;. Hence the number of fixed points of / (which
he calls ambiguous forms) in F, is the number of elements of order (dividing) 2.
Furthermore F,/F3 is isomorphic to the group of genera (the genera are classes
of forms with equivalence being local integral equivalence at all places). Thus the
number of fixed points of / in Fy is equal to the number of genera, which in turn
he showed is equal to the number v(d) defined earlier. For an excellent modern
treatment of all of this see [Cas82].

Consider next the involution % on Fy. If b € Z and b = d (mod 2) then

the forms [—1,b, #} are all equivalent and this defines a class J € Fy. Using

composition one sees immediately that J? = 1, that is J is ambiguous. Also,
applying composition one finds that
(37) Jla,b,c] = [~a,b,—c] = [a,b,q] .

That is, the action of * on F; is given by translation in the composition group;
® — ®J. Thus * has a fixed point in Fy iff J = 1, in which case all of F; is fixed
by *. To analyze when J = 1 we first determine when J and 1 are in the same
genus (i.e. the principal genus). Since [1, b, bl—*d] and [1, —b, baT*d} are in the same
genus (they are even equivalent) it follows that J and 1 are in the same genus iff
f=11b, biT_d] and — f are in the same genus. An examination of the local genera
(see [Cas82], p. 33) shows that there is an f of discriminant d which is in the same
genus as —f iff d € Dg. Thus J is in the principal genus iff d € Dg. (38)

To complete the analysis of when J = 1, note that this happens iff [1, b, biT’d] ~

(1,6 4522]. That is, [1,b, £59] ~ (detw) o(w)[1,b, £54]. Alternatively, J = 1
iff f = (dety)o(y)f with f = [1,b, baT_d] and dety = —1. According to (35) this
is equivalent to d € Dy. Thus * fixes Fy iff J = 1 iff d € Dy and otherwise * has
no fixed points in Fy. (39)

We turn to the case of interest, that is, the fixed points of — on Fy. Since —
is the (mapping) composite of x and / we see from the discussion above that the
action ® — —® on Fy; when expressed in terms of (Gauss) composition on Fy is
given by

(40) o — JO .
Thus the reciprocal forms in F; are those ®’s satisfying
(41) P? = J.

Since J2 = 1, these ®’s have order dividing 4. Clearly, the number of solutions
to (41) is either 0 or #{B|B? = 1}, that is, it is either 0 or the number of
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ambiguous classes, which we know is v(d). According to (38) if d ¢ Dpr then
J is not in the principal genus and since ®2 is in the principal genus for every
® € Fy, it follows that if d ¢ Dg then (41) has no solutions. On the other hand,
if d € Dr then we remarked earlier that d = 4a? + b? with (a,b) = 1. In fact
there are 2v(d) such representations with a > 0. Each of these yields a form
f = la,b,—a] in F4 and each of these is reciprocal by S;. Hence for each such
f,® = f satisfies (41), which of course can also be checked by a direct calculation
with composition. Thus for d € Dg, (41) has exactly v(d) solutions. In fact,
the 2v(d) forms f = [a, b, —a] above project onto the v(d) solutions in a two-to-one
manner. To see this, recall (15"), which via the correspondence n, asserts that every
reciprocal g is equivalent to an f = [a, b, ¢] with a = ¢. Moreover, since [a, b, —a] is
equivalent to [—a, —b,a] it follows that every reciprocal class has a representative
form f = [a, b, —a] with (a,b) € C4. That is (a,b) — [a, b, —a] from Cy to F4 maps
onto the v(d) reciprocal forms. That this map is two-to-one follows immediately
from (16) and the correspondence n. This completes our proof of (3) and (8). In
fact (15’) and (16) give a direct counting argument proof of (3) and (8) which
does not appeal to the composition group or Gauss’ determination of the number
of ambiguous classes. The statements (i) and (ii) follow from (41) and (39). If
d € Dy, then J =1 and from (41) the reciprocal and ambiguous classes coincide. If
de DE then J # 1 and according to (14) the reciprocal classes constitute a fixed
(non-identity) coset of the group A of ambiguous classes in Fy.

To summarize we have the following: The primitive hyperbolic conjugacy
classes are in 1-1 correspondence with classes of forms of discriminants d € D.
To each such d, there are h(d) = |F4| such classes all of which have a common trace
tq and norm €. The number of ambiguous classes for any d € D is v(d). Unless
d € Dp there are no reciprocal classes in Fy4 while if d € Dg then there are v(d)
such classes and they are parametrized by Cy in a two-to-one manner. If d ¢ D,
there are no inert classes. If d € Dy, every class is inert and every ambiguous class
is reciprocal and vice-versa. For d € Dy, C; parametrizes the G fixed classes.

Here are some examples:

(i) If d € Dr and Fy has no elements of order four, then d € Dy, (this fact
seems to be first noted in [Rel]). For if d € D}, then J # 1 and hence
any one of our v(d) reciprocal classes is of order four. In particular, if
d=p=1 (mod 4), then h(d) is odd (from the definition of ambiguous
forms it is clear that h(d) = v(d) (mod 2)) and hence d € Dy. That is,
t2 — pu? = —4 has a solution (this is a well-known result of Legendre).

(i) d = 85 = 17 x 5. ngs = 2585 gy = B349VE5 g5 ¢ Do and v(85) =
h(85) = 2. The distinct classes are [1,9,—1] and [3,7,—3]. Both are

ambiguous reciprocal and inert. The corresponding classes in p are

1 9 10 27
and

9 82 ), 21 73 |,
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(iii) d =221 = 13 x 17. mag1 = €01 = 25Y22L 50 that 221 € Df. v(221) =

2 while h(221) = 4. The distinct classes are [1,13,—-13], [-1,13,13],
[5,11,-5] = [7,5,=7], [-5,11,5] = [-7,5,7]. The first two classes 1 and

J are the ambiguous ones while the last two are the reciprocal ones. There
are no inert classes. The composition group is cyclic of order four with
generator either of the reciprocal classes. The two genera consist of the
ambiguous classes in one genus and the reciprocal classes in the other.

The corresponding classes in p22; are

2 5 13 5
and
5 13 r 5 2 r
The two-to-one correspondence from Cagq to pa221 has (5,11) and (7,5)
going to the first class and (5,11) and (7, —5) going to the second class.
(1V)§ d = 1885 = 5 x 13 x 29. 771885 = €1885 — (1042 + 24\/ 1885/2) so that

1885 € D. v(1885) = 4 and h(1885) = 8. The 8 distinct classes are

1=T1,43,-9], [-1,43,9] = J, [7,31,—33], [-7,31,33],

[21,11, —21] = [~19,21,19], [—21,11,21] = [19, 21, —19],

[3,43,—3] = [17,27,—-17], [-3,43,3] = [-17,27,17].
The first four are ambiguous and the last four reciprocal. The com-
position group Figss = Z/27 x Z/4 and the group of genera is equal to

Fisss/{1, J}. The corresponding classes in piggs are

389 504 653 504
504 653 | J . 504 389 | ).
5 12 1037 72

72 1037 | ), 2 5 ).

The two-to-one correspondence from Ciggs to p1sss5 has the pairs (21,11)
and (19, —21), (21, —11) and (19,21), (3,43) and (17,27), (3, —43) and

(17, —27) going to each of the reciprocal classes.

8The classes of forms of this discriminant as well as all others for d < 2000 were computed
using Gauss reduced forms, in Kwon [Kwo].
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(v) Markov discovered an infinite set of elements of II all of which project

entirely into the set G3/o, where for a > 1G, = {z € G;y < a} and G
is the standard fundamental domain for I'. These primitive geodesics are

parametrized by positive integral solutions m = (mg, m1, ma) of
(41/) m% + m% + m% = 3m0m1m2.

All such solutions can be gotten from the solution (1,1,1) by repeated
application of the transformation (mq, m1,ms) — (3mims — mo, My, ma)
and permutations of the coordinates. The set of solutions to (41') is very
sparse [Zag82]. For a solution m of (41’) with mg > my > mg let ug be
the (unique) integer in (0, mg/2] which is congruent to emims (mod my)
where € = £1 and mym; = 1 (mod mg). Let vg be defined by u2 + 1 =
movo, it is an integer since (Mm1m2)? = —1 mod myg, from (41'). Set f,,
to be [mg, 3mg — 2ug, vo — 3ug)] if mg is odd and %[mo, 3mo — 2uq, vo — 3ug]
if mg is even. Then f,, € F and let ®,, = f,, € F. Its discriminant d,y,
is 9m3 — 4 if mg is odd and (9m3 — 4)/4 if my is even. The fundamental
unit is given by €4, = (3m + /d,,)/2 and the corresponding class in 1T is
{pm }r with

Uo mo

(41") Pm =
3’LLO — Vo 3m0 — Up

The basic fact about these geodesics is that they are the only complete
geodesics which project entirely into G /o and what is of interest to us here,

these {pm, }r are all reciprocal (see [CF89] p. 20 for proofs).

m = (1,1,1) gives @1 1.1y = [1,1,~1], du11) =5, €5 = (3+V/5)/2
while 5 = (1 +/5)/2. Hence ds € Dy and ®(; ) is ambiguous and

reciprocal. The same is true for m = (2,1,1) and ®(5; 1) = [1,2, —1].

m = (5,2,1) gives ®(521) = [5,11,—5] and d(51) = 221. This is
the case considered in (iv) above. @51y is one of the two reciprocal
classes of discriminant 221. It is not ambiguous.

For m # (1,1,1) or (2,1,1), na,, = €q,, and since ®,, is reciprocal we

m

have that d,,, € DE and since ®,,, is not ambiguous, it has order 4 in Fy

m*
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We turn to counting the primes {p} € I, for the subgroups H of G. The cases
H = {e} and (¢,,) are similar in that they are connected with the prime geodesic
theorems for I' = PSL(2,Z) and PGL(2,7Z) [Hej83].

Since t(p) ~ (N(p))"/? as t(p) — oo,

(42) Oy () = > 1~ Y 1.

t(p) <= N(p) <2
{r}en {p} ent

According to our parametrization we have

(43) 1= > hd).

man as
The prime geodesic theorem for a general lattice in PSL(2,R) is proved using
the trace formula, however for I' = PSL(2,Z) the derivation of sharpest known
remainder makes use of the Petersson-Kuznetzov formula and is established in
[LS95]. It reads

(44) > 1= Li(z) + 0=""7).
N(p) <=z
{pr} en
Hence
2
T
45 I ~ h(d) ~ —— .
(45) @)~ 3 hd) ~ o e o — o0
eg<z

We examine H = (¢,,) next. As x — o0,

(46) Mig,y(z) = >, 1~ > L

t(p) <= N(p) < «?2
{p} e,y r} €l )

Again according to our parametrization,

(47) Yo=Y ().

T
Note that if p € P and ¢, ({p}) = {p} then w=ipw = §~1pd for some 6§ € T.
Hence wd~! is in the centralizer of p in PGL(2,Z) and det(wé~1') = —1. From
(36) it follows that there is a unique primitive h € PGL(2,Z), deth = —1, such
that h? = p. Moreover, every primitive b with det h = —1 arises this way and if p;
is conjugate to ps in I' then hy is I' conjugate to ho. That is,

(48) o= ) 1,

N(p) < 2 N(h) <=z
(P} €llig,,) (e

where the last sum is over all primitive hyperbolic elements in PGL(2,7Z) with
deth = —1, {h}r denotes I' conjugacy and N(h) = /N(h?). The right hand
side of (48) can be studied via the trace formula for the even and odd part of the
spectrum of MH ( [Ven82], pp. 138-143). Specifically, it follows from ([Efr93],
p. 210) and an analysis of the zeros and poles of the corresponding Selberg zeta
functions Z (s) and Z_(s) that
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B 1= N(h)~*
(49) B(s) := {h,}p,dl}ch,:—l (m)

R’ primitive

has a simple zero at s = 1 and is homomorphic and otherwise non-vanishing in
R(s) > 1/2.
Using this and standard techniques it follows that

1 =z
(50) E 1N§10gx as T — 00.
N(h) <=z
det h= —1
{7}r
Thus

(51) i,y (z) ~ > h(d)

deDy
cq<=

~ 210ng as r — 0.

The asymptotics for 14, II(4,) and Ilg all reduce to counting integer points
lying on a quadric and inside a large region. These problems can be handled for
quite general homogeneous varieties ([DRS93|, [EM93]), though two of the three
cases at hand are singular so we deal with the counting directly.

(52) (@) = > 1= Y vd.

{7} €H<¢, y tg<=z
e <a d€DPR

According to (16) every v € R is conjugate to exactly 4 primitive symmetric
v €T. So

> 1
t(y) <=

veP
y=n~t

o1,

N(v) < o2
~eP
y=~t

W=

g (2) =

=

Now if v € P and v = 7, then for k > 1, ~* = (v¥)! and conversely if 3 € T’
with 3 = 3¢, 8 hyperbolic and 8 = v¥ with v, € P and k > 1, then v, = ~%. Thus
we have the disjoint union
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k=1
a b
= {7 = €l :t(y) >2,7=1"
c d
a b
(54) = cad—b0> =1,2 < a+d,a,bdecZ
b d
Hence as y — oo we have,
a b
UY(y) = #4717 = el :2<t(y) <y
b d
a b
~FLY = €l :1 < N(y) <v*
b d
= Y #{ver iy =4 NO) <)
k=1
(55) = #{yeP:y=9".N>" <y} + O0@(y) logy)).
Now'y—wytymapsFontothesetof[Z Z},adb21anda+d22,ina
two-to-one manner. Hence
1
(56) Y(y) = 3 !{’yGF: trace (') §y}| —1.

This last is just the hyperbolic lattice point counting problem (for T and zg = 7)
see ([Iwa95], p. 192) from which we conclude that as y — oo,

3

(57) v(y) = Sy + 0w,
Combining this with (55) and (53) we get that as © — oo
3
(58) Mgy (@) ~ Z v(d) ~ g
deDp

The case H = (¢ 4) is similar but singular. Firstly one shows as in (16) (this is
done in ([Cas82], p. 341) where he determines the number of ambiguous forms and
classes) that every p € P which is ambiguous is conjugate to precisely 4 primitive
p’s which are either of the form

(59) wlpw = p
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or
(60) wflpwl =p !t with w; = [ i _01 } ,
called of the first and second kind respectively.
Correspondingly we have
(61) 3 vld) ~ Ty (a) = 1) (@) + T (@)
deD
cg<a

An analysis as above leads to

1
(62 T (x) ~ Z#{a?—bc: 151 <a< f}

Z a—l
a<

l\DI»—l

[VE]

where 7(m) = # of divisors of m.
The asymptotics on the r.h.s. of (62) may be derived elementarily as in Ingham
[Ing27] (for a power saving in the remainder see [DFI94]) and one finds that

(1) 3 2

(63) H<¢A>(x) ~ Wm‘(log:f:) as x — 00.
HE?A>(LE) is a bit messier and reduces to counting

1
(64) Z#{(m,mc):m2—4:n(n—4c)72<m§x}.

This is handled in the same way though it is a bit tedious, yielding
(2) 85 2
(65) H<¢A>(x) ~ @x(log:ﬂ) .
Putting these together gives
97

66 d) ~ I ~ — z(logz)? .
(66) 3 )~ Ty () ~ gy alloga)® as o — o0

cq<w

Finally we consider H = . According to the parametrization we have

(67) Ho(z) = Y 1= Y wv(d)~ > vd).

{p} elig = -
G deDy deDy
P)= tg<w eg<w

As in the analysis of II(4,) and Il;4,) we conclude that
(68)
a b

Mg(z) ~ i#{v: {b c} € PGL(2,Z); dety = -1, 2<a+c < \/E}

Or, what is equivalent, after a change of variables:

1
(69) o) ~ 7 32 rslm® +4)
m<x
where 7¢(t) is the number of representations of ¢ by f(z1,z2) = z3 + 4z3. This

asymptotics can be handled as before and gives

(70) > v(d) ~ Hg(z) ~ %\/Elog:r.

dEDR

egs

This completes the proof of Theorem 2.
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Returning to our enumeration of geodesics, note that one could order the ele-
ments of II according to the discriminant d in their parametrization and ask about
the corresponding asymptotics. This is certainly a natural question and one that
was raised in Gauss (see [Gau], §304).

For H a subgroup of GG define the counting functions ¥ g corresponding to Il
by

(71) Yu(r) = > #{® € Fy: h(®) =, he H}.

deD
d<z

Thus according to our analysis

(72) biey(@) = > h(d)

(73) Vg (@) = D v(d)

d €D
d<ax

(74) Yigmy (@) = Y v(d)

deDp
i<z

(75) by (@) = > h(d)

deDy
d<ax

(76) dole) = > w(d).

deDy,d<a

The asymptotics here for the ambiguous classes was determined by Gauss
([Gau], §301), though note that he only deals with forms [a, 2b, ¢] and so his count
is smaller than (73). One finds that

3
(77) Yipay (@) ~ wwlogz, as r — 00.
As far as (74) goes, it is immediate from (1) that
3
(78) Yipgy (T) ~ L s T oo

The asymptotics for (72) and (75) are notoriously difficult problems. They are
connected with the phenomenon that the normal order of h(d) in this ordering ap-
pears to be not much larger than v(d). There are Diophantine heuristic arguments
that explain why this is so [Hoo84], [Sar85]; however as far as I am aware, all that
is known are the immediate bounds

3 1’3/2
(79) (14 0(1)) 33 rlogr < Y (r) <
The lower bound coming from (77) and the upper bound from the asymptotics in
[Sied4],

logz

T
E h(d) logeqg = ——— 232 + O(zlogz).
= 18¢(3)

d<ax
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In [Ho] a more precise conjecture is made:

(80) Viey (2) ~ caz(logz)?.

Kwon [Kwo] has recently investigated this numerically. To do so she makes
an ansatz for the lower order terms in (80) in the form: .y (z) = z[c(logz)* +
c1(logz) + co] + O(x®) with o < 1. The computations were carried out for = < 107
and she finds that for 2 > 10* the ansatz is accurate with ¢y ~ 0.06,¢; ~ —0.89
and cy ~ 4.96. It would be interesting to extend these computations and also to
extend Hooley’s heuristics to see if they lead to the ansatz.

The difficulty with (76) lies in the delicate issue of the relative density of Dj
in Dg. See the discussions in [Lag80] and [Mor90] concerning the solvability of
(9). In [R36], the two-component of F is studied and used to get lower bounds of
the form: Fix ¢ a large integer, then

loglogx)
(81) > land > 13 g
deD} deDy
dgz dSz

On the other hand each of these is bounded above by Z 1, which by Lan-

deDp
d<w

dau’s thesis or the half-dimensional sieve is asymptotic to c3 x / Viogz. (81) leads to
a corresponding lower bound for g (z). The result [R36] leading to (81) suggests
strongly that the proportion of d € Dg which lie in Dy, isin (4,1) (In [Ste93] a con-
jecture for the exact proportion is put forth together with some sound reasoning).
It seems therefore quite likely that

Ya()
¢K¢R>(x)

It follows from (78) and (79) that it is still the case that zero percent of the
classes in II are reciprocal when ordered by discriminant, though this probability
goes to zero much slower than when ordering by trace. On the other hand, according
to (82) a positive proportion, even perhaps more than 1/2, of the reciprocal classes
are ambiguous in this ordering, unlike when ordering by trace.

We end with some comments about the question of the equidistribution of
closed geodesics as well as some comments about higher dimensions. To each prim-
itive closed p € II we associate the measure p, on X = I'\H (or better still, the
corresponding measure on the unit tangent bundle I'\'SL(2, R)) which is arc length
supported on the closed geodesic. For a positive finite measure p let i denote the
corresponding normalized probability measure. For many p’s (almost all of them
in the sense of density, when ordered by length) fi, becomes equidistributed with
respect to dA = % dz# as £(p) — oo. However, there are at the same time many

. 1
— ¢4 as r— 00, with = < ¢ < 1.

(82)

closed geodesics which don’t equidistribute w.r.t. dA as their length goes to infin-
ity. The Markov geodesics (41”) are supported in G3 /2 and so cannot equidistribute
with respect to dA. Another example of singularly distributed closed geodesics is
that of the principal class 14 (€ II), for d € D of the form m? — 4, m € Z. In this
case €g = (m ++/d)/2 and it is easily seen that fi;, — 0 as d — oo (that is, all the
mass of the measure corresponding to the principal class escapes in the cusp of X).
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On renormalizing one finds that for K and L compact geodesic balls in X,
L my(D) | Length(gn L)
d=oo g, (K) Length(g N K)’

where g is the infinite geodesics from i to ico.
Equidistribution is often restored when one averages over naturally defined sets
of geodesics. If S is a finite set of (primitive) closed geodesics, set

1
s = v Z Hp
Z(S)pes

where £(S) = Y 4(p).
peS
We say that an infinite set S of closed geodesics is equidistributed with respect

to u when ordered by length (and similarly for ordering by discriminant) if g, — p
asx — oo where S, = {p € S : £(p) < z}. A fundamental theorem of Duke [Duk88]
asserts that the measures iz, for d € D become equidistributed with respect to dA
as d — oo. From this, it follows that the measures

DYoo= Y R

t(p) =t tg=t
p€EIl deD

become equidistributed with respect to dA as t — oo. In particular the set IT
of all primitive closed geodesics as well as the set of all inert closed geodesics
become equidistributed as the length goes to infinity. However, the set of ambiguous
geodesics as well as the G-fixed closed geodesics don’t become equidistributed in
T\ PSL(2,R) as their length go to infinity. The extra logs in the asymptotics (63)
and (70) are responsible for this singular behaviour. Specifically, in both cases a
fixed positive proportion of their mass escapes in the cusp. One can see this in the
ambiguous case by considering the closed geodesics corresponding to [a, 0, —c| with
dac =t> —4 and t < T. Fix yo > 1 then such a closed geodesic with \/c/_a > Yo
spends at least log (y/c/a/yo) if its length in G, = {z € G;3(2) > yo}. An
elementary count of the number of such geodesics with ¢ < T', yields a mass of at
least coT(logT)? as T — oo, with ¢g > 0 and independent of yy. This is a positive

proportion of the total mass Z £({~}), and, since it is independent of yq, the

t{yH =T
TET(HA)

claim follows. The argument for the case of G-fixed geodesics is similar.

We expect that the reciprocal geodesics are equidistributed with respect to dg
in I'\PSL(2,R), when ordered by length. One can show that there is ¢; > 0 such
that for any compact set @ C I' PSL(2,R)

(83) liminf 7z, () > c¢1Vol(Q).

r—>00

This establishes a substantial part of the expected equidistribution. To prove (83)
consider the contribution from the reciprocal geodesics corresponding to [a, b, —a]
with 4a? + b2 = t2—4,t < T. Each such geodesic has length 2log((t++v/12 —4)/2).
The equidistribution in question may be rephrased in terms of the I' action on the
space of geodesics as follows. Let V be the one-sheeted hyperboloid {(«, 3,7) :
(% —4ary = 1}. Then p(PSL(2,R)) acts on the right on V by the symmetric square
representation and it preserves a Haar measure dv on V. For £ € V let I'¢ be the
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stabilizer in I" of €. If the orbit {{p(7y) : v € T¢\I'} is discrete in V' then Z O¢p(y)

YET AT
defines a locally finite p(T')-invariant measure on V. The equidistribution question
is that of showing that v becomes equidistributed with respect to dv, locally in
V', where

(84) vpi= Y > D Getan) o)

4<t<T 4a?2 +b2=t2-4 'yel"g(a’b)\l"

and £(a,b) = (waj =, ﬁ)

Let 2 be a nice compact subset of V' (say a ball) and fix v € T', then using the
spectral method [DRS93] for counting integral points in regions on the two-sheeted
hyperboloid 4a? + b? — t? = —4 one can show that

(85) > S Setany o) () = c(y, DT + 0(T || v ||4)
4<t<T 4a2 +b2=1t2 -4
7 €il¢(a,b)
where 6 > 0 and A < oo are fixed, ¢(v,Q) > 0 and || v ||= /tr(7’7). The ¢'s satisfy
(86) Z c(7,Q) > Vol(Q) logé as & — 0.
vl <¢

Hence, summing (85) over v with || v ||< T for ey > 0 small enough but fixed, we
get that

(87) vr(Q2) > Vol(Q) T'log T .

On the other hand for any compact B C V, vp(B) = O(TlogT) and hence (83)
follows.

In this connection we mention the recent work [ELMV] in which they revisit
Linnik’s methods and give a proof along those lines of Duke’s theorem mentioned
on the previous page. They show further that for a subset of F; of size d© with
€o > 0 and fixed, any probability measure which is a weak-star limit of the measures
associated with such closed geodesics has positive entropy.

The distribution of these sets of geodesics is somewhat different when we order
them by discriminant. Indeed, at least conjecturally they should be equidistributed
with respect to dA. We assume the following normal order conjecture for h(d)
which is predicted by various heuristics [Sar85], [Hoo84]; For a: > 0 there is € > 0
such that

(88) #{d €D:d< zand h(d) > d*} = O (2'7°) .

According to the recent results of [Pop] and [HM], if h(d) < d* with ag = 1/5297
then every closed geodesic of discriminant d becomes equidistributed with respect
to dA as d — co. From this and Conjecture (88) it follows that each of our sets of
closed geodesics, including the set of principal ones, becomes equidistributed with
respect to dA, when ordered by discriminant.

An interesting question is whether the set of Markov geodesics is equidistributed
with respect to some measure v when ordered by length (or equivalently by dis-
criminant). The support of such a v would be one-dimensional (Hausdorff). One
can also ask about arithmetic equidistribution (e.g. congruences) for Markov forms
and triples.
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The dihedral subgroups of PSL(2,Z) are the maximal elementary noncyclic
subgroups of this group (an elementary subgroup is one whose limit set in R U {oo}
consists of at most 2 points). In this form one can examine the problem more gen-
erally. Consider for example the case of the Bianchi groups I'y = PSL(2,0,4) where
Oy is the ring of integers in Q(\/E), d < 0. In this case, besides the issue of the con-
jugacy classes of maximal elementary subgroups, one can investigate the conjugacy
classes of the maximal Fuchsian subgroups (that is, subgroups whose limit sets are
circles or lines in C U {oo} = boundary of hyperbolic 3-space H?). Such classes cor-
respond precisely to the primitive totally geodesic hyperbolic surfaces of finite area
immersed in ['y\H3. As in the case of PSL(2,Z), these are parametrized by orbits
of integral orthogonal groups acting on corresponding quadrics (see Maclachlan and
Reid [MR91]). In this case one is dealing with an indefinite integral quadratic form
f in four variables and their arithmetic is much more regular than that of ternary
forms. The parametrization is given by orbits of the orthogonal group O¢(Z) act-
ing on V; = {z : f(z) = t} where the sign of ¢ is such that the stabilizer of an
z(€ Vi(R)) in Of(R) is not compact. As is shown in [MR91] using Siegel’s mass
formula (or using suitable local to global principles for spin groups in four variables
(see [JM96]) the number of such orbits is bounded independently of ¢ (for d = —1,
there are 1,2 or 3 orbits depending on congruences satisfied by t). The mass formula
also gives a simple formula in terms of ¢ for the areas of the corresponding hyper-
bolic surface. Using this, it is straight-forward to give an asymptotic count for the
number of such totally geodesic surfaces of area at most x, as x — oo (i.e., a “prime
geodesic surface theorem”). It takes the form of this number being asymptotic to
c.x with ¢ positive constant depending on I'y. Among these, those surfaces which
are noncompact are fewer in number, being asymptotic to c¢1z/+/log .

Another regularizing feature which comes with more variables is that each
such immersed geodesic surface becomes equidistributed in the hyperbolic manifold
X4 =T 4\H? with respect to dVol, as its area goes to infinity. There are two ways
to see this. The first is to use Maass’ theta correspondence together with bounds
towards the Ramanujan Conjectures for Maass forms on the upper half plane,
coupled with the fact that there is basically only one orbit of Of(Z) on V;(Z) for
each t (see the paper of Cohen [Coh05] for an analysis of a similar problem). The
second method is to use Ratner’s Theorem about equidistribution of unipotent
orbits and that these geodesic hyperbolic surfaces are orbits of an SOgr(2, 1) action
in T4\SL(2,C) (see the analysis in Eskin-Oh [EO]).
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The fourth moment of Dirichlet L-functions
K. Soundararajan

ABSTRACT. Extending a result of Heath-Brown, we prove an asymptotic for-
mula for the fourth moment of L(%,X) where x ranges over the primitive
Dirichlet characters (mod g).

1. Introduction

In [HB81], D.R. Heath-Brown showed that

) * _-1\3
) Y ool = SR TS o)t + 0 Wa(ion ),
x (mod q) q

Here Y. denotes summation over primitive characters x (mod q), ¢*(q) denotes
the number of primitive characters (mod ¢), and w(g) denotes the number of dis-
tinct prime factors of q. Note that ¢*(g) is a multiplicative function given by
¢©*(p) = p — 2 for primes p, and ¢*(p*) = p*(1 — 1/p)? for k > 2 (see Lemma
1 below). Also note that when ¢ = 2 (mod 4) there are no primitive characters
(mod ¢), and so below we will assume that ¢ Z 2 (mod 4). For ¢ Z 2 (mod 4) it is
useful to keep in mind that the main term in (1.1) is < q(¢(q)/q)(log q)*.
Heath-Brown’s result represents a g-analog of Ingham’s fourth moment for {(s):

T 1 4 T 4

When w(g) < (1/log2 — €)loglogg (which holds for almost all ¢) the error term
in (1.1) is dominated by the main term and (1.1) gives the g-analog of Ingham’s
result. However if ¢ is even a little more than ‘ordinarily composite’, with w(q) >
(loglog q)/log 2, then the error term in (1.1) dominates the main term. In this note
we remedy this, and obtain an asymptotic formula valid for all large g.

THEOREM. For all large ¢ we have

y X 133 w .
3 |L(%,X)|4=(p27§3) I1 ((11 ﬁ;_% (logQ)4<1+O<£1/ﬁ))-ﬁ-O(q(logq)ﬁ).

X (mod q) rlg
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Since w(q) < log ¢/ loglog g, and ¢/¢(q) < loglog q, we see that

w(q)/logq)v/q/¢(q) < 1/4/loglogg.

Thus our Theorem gives a genuine asymptotic formula for all large q.
For any character x (mod ¢) (not necessarily primitive) let a = 0 or 1 be given
by x(—1) = (—1)%. For « > 0 we define

. 1
1 ctico P2ty s g
12 A L
21 Joioo F(ETM) s
for any positive c. By moving the line of integration to ¢ = f% + € we may see that
(1.3a) W(z)=1+0(z ‘_e)
and from the definition (1.2) we also get that
(1.3b) W(z) = O (x™°).
We define
X wab
(1.4) Z ( )
a,b=1 q

If y is primitive then |L(3, x)[? = 2A(X) (see Lemma 2 below). Let Z = ¢/2%(®
and decompose A(x) as B(x) + C(x) where
W_ab)

z; X\/Z a(q
Z

and
y (wab)
,— u - .

b>1 q

b>Z

Our main theorem will follow from the following two Propositions.

PROPOSITION 1. We have

. ) * 1—1/p)3
5 = S T U ey (1 0(22)).

1
X (mod gq) plg 08 q

PrRopPOSITION 2. We have
q 5
> o< q(%) (w(q)log ) + q(log q)?.
X (mod q)

PROOF OF THE THEOREM. Since |L(3,X)|* = 24(x) = 2(B(x) + C(x)) for
primitive characters y we have

S Gl =4 Y (IBOR+2B0)C00) + IC0OR).

X (mod q) X (mod gq)

The first and third terms on the right hand side are handled directly by Propositions
1 and 2. By Cauchy’s inequality

ST oBcwl< (Y 1BOP)

X (mod q) X (mod q) X (mod q)

i

~~
Q
=
S—
S

—

Nl
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and thus Propositions 1 and 2 furnish an estimate for the second term also. Com-
bining these results gives the Theorem. (]

In [HB79], Heath-Brown refined Ingham’s fourth moment for ¢((s), and ob-
tained an asymptotic formula with a remainder term O(T'5%€). It remains a chal-
lenging open problem to obtain an asymptotic formula for 377 (0a ) [L(5:X)|*
where the error term is O(¢'~%) for some positive &.

This note arose from a conversation with Roger Heath-Brown at the Gauss-
Dirichlet conference where he reminded me of this problem. It is a pleasure to
thank him for this and other stimulating discussions.

2. Lemmas
LEMMA 1. If (r,q) = 1 then
Soxtr) =Y elk)ua/k).
X (mod q) kl(q,r—1)
ProOF. If we write h,(k) = Z;(mod 1) X(r) then for (r,q) =1 we have

ifg|r—1
Yhi= Y )xm_{g@ !

kla x (mod g otherwise.
The Lemma now follows by Mobius inversion. 0

Note that taking r = 1 gives the formula for ©*(g) given in the introduction. If
we restrict attention to characters of a given sign a then we have, for (mn,q) = 1,
(2.1)
. - (=1*
> xmxn) =5 > ek)ule/k)+ 5 > e(k)ula/k).

x (mod q) k[(g,lm—n]) kl(g,m+n)
x(=1) = (-1°

LEMMA 2. If x is a primitive character (mod q) with x(—1) = (=1)% then
IL(5, )1 = 24(x),
where A(x) is defined in (1.4).
PRrOOF. We recall the functional equation (see Chapter 9 of [Dav00])

q\*/2 s+ 3+a T(x -
A +5,x) = (;) F(%)L(% +5,x) = ia(\/%/\(% —$X),

which yields
(2.2) A(G + 500G +5,%) = A5 — 5, 0A( = 5,%)-
For ¢ > % we consider

1 [H A +5,0)A(G +5,X) ds

o foli F(#)Q s

We move the line of integration to Re(s) = —¢, and use the functional equation
(2.2). This readily gives that I = |L(3,x)|? — I, so that |L(3, x)|*> = 2I. On the
other hand, expanding L(% +s, X)L(% +s,%) into its Dirichlet series and integrating
termwise, we get that I = A(x). This proves the Lemma. (]
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We shall require the following bounds for divisor sums. If £ and ¢ are positive
integers with /k < 21 then

(2.3) > dn)d(tk £n) < z(logz)® Y d!,
( n S) x d‘[
n,k) =1

provided that = < ¢k if the negative sign holds. This is given in (17) of Heath-Brown
[HB81]. Secondly, we record a result of P. Shiu [Shi80] which gives that

(2.4) Z d(n) < @lgg)xlog x,

n<z
n =7 (mod k)

where (r,k) = 1 and x > k'*° for some fixed § > 0.

LEMMA 3. Let k be a positive integer, and let Z1 and Zs be real numbers > 2.
If Z\Zy > k16 then

W Z
Z 1K 1k 2 (IOg(Z1Z2)>3
Z1 <ab< 272,
Zy < cd < 2272
(abed, k) =1
ac = £bd (mod k)
ac # bd

If 7175 < k1o the quantity estimated above is < (Z1Z3)*+¢/k.

PROOF. By symmetry we may just focus on the terms with ac > bd. Write
n = bd and ac = kf £+ bd. Note that k¢ < 2ac and so 1 < ¢ < 8Z1Z5/k. Moreover
since ac > k£/2 we have that bd < 47Z,7Z5/(ac) < 8Z1Z5/(kf). Thus the sum we
desire to estimate is
(2.5) < Y > d(n)d(kl £n).
1<0<8Z1Z>/k n < 8Z1Z3/ (k)

n<klEtn
(n,k)=1

Since d(n)d(kf £ n) < (Z1Z2)° the second assertion of the Lemma follows.
Now suppose that Z1Z5 > kio. We distinguish the cases kf < (ZlZg)% and

k¢ > (Z1Z5)® . In the first case we estimate the sum over n using (2.3). Thus such
terms contribute to (2.5)

YAV YAV
< Z - 2(10g2122)22d71 < 1k 2 (log Z1Z2)°.

0<(2122) 30 /k dje

Now consider the second case. Here we sum over ¢ first. Writing m = k€ +n(= ac)
we see that such terms contribute

< > d(n) > d(m),

11
n<8Z:1Z>/k (2122)20 /2 < m < 4Z1Z5/n

m = £n (mod k)

and by (2.4) (which applies as (Z1Z;)2 > k300) this is

77 77
< > dn)= R log 212y < 2 (log 21 2)°.
nglezz/k

The proof is complete. 0
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The next two Lemmas are standard; we have provided brief proofs for com-
pleteness.

LEMMA 4. Let q be a positive integer and x > 2 be a real number. Then

> % = #(longr’waZ logp) +O(2W(q)10gx>.
plg

n<ax p_l
(nyq)=1

Further 3, logp/(p —1) < 1+ logw(q).
PRrROOF. We have

X

4 : o (e g +9+0(3))
(nilqjil la TZI\Snz ddglqz
S R}
dlq

Since —}_ 4, (u(d)/d)logd = ¢(q)/q3_,,(logp)/(p — 1) the first statement of the

Lemma follows. Since _ , logp/(p — 1) is largest when the primes dividing ¢ are
the first w(q) primes, the second assertion of the Lemma holds.

O
LEMMA 5. We have
ow(n) 2
> < (M) (log g)*.
n q
n<gq
(n,q) =1

For x > \/q we have

5 2w<n>(1ogx)2:(log:c)‘lH(l—l/p)(H <1+10gw(Q)

+ ¢ ))
12¢(2 1+1 1

e ¢2) S /p 0gq

n,q) =

PrOOF. Consider for Re(s) > 1

=20 (s i
F = .
() > C(2s) 115 Fp
n=1 plq
(n,q) =1
Since " - .
2w n 2(/.] n
Z n S@ Z WZGF(I‘Fl/lqu),
n<gq

n=1
(n,q) =1 (n,q) =1

the first statement of the Lemma follows. To prove the second statement we note

that, for ¢ > 0,
2@ (1) x\2 9 [otice x®
Z (log —) —
n

= F(1+ s)—ds.
> n 270 Joioo ( ) 53
(nya)=1
We move the line of integration to ¢ = —% + € and obtain that the above is

x® i,
2Reg F(1+s)— +0(x"27¢").
sS= S

A simple residue calculation then gives the Lemma.
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3. Proof of Proposition 1
Applying (2.1) we easily obtain that

S IBNP =M +E,

X (mod q)
where
(3.1)
) 1 wab med wab med
I Z mbcd(WO( g )7l q )+ q Jna( g )
ab 7{2%[3 zZ
ac = bd
(abed, q) =1
and
E =Y ¢(k)p*(a/k)E(k),
klg
with
1
E(k)< > =
(abed, q) =1 abed
k| (ac £ bd)
ac # bd
ab,cd < Z

To estimate E(k) we divide the terms ab, cd < Z into dyadic blocks. Consider
the block Z7 < ab < 277, and Z5 < cd < 2Z5. By Lemma 3 the contribution of
this block to E(k) is, if Z1Z > k10,

< | EVAVA

NIV

and is < (leg)%+€/l{3 if 7,7, < k0. Summing over all such dyadic blocks we
obtain that E(k) < (Z/k)(logq)® + k=207, and so

(10g lez)

N2V
Pk le(logq)?’,

E < 72°@(logq)® < q(logq)®.

We now turn to the main term (3.1). If ac = bd then we may write a = gr,
b= gs, c = hs, d = hr, where r and s are coprime. We put n = rs, and note that
given n there are 2¢(" ways of writing it as rs with r and s coprime. Note also
that ab = g?rs = ¢g°n, and cd = h®rs = h?n. Thus the main term (3.1) may be
written as

v-ER T Y ()

a=0,1 n<z 9 < V7 4
(n,q) =1 (9,9) =1

By (1.3a) we have that Wy(rg?n/Z) =1+ O(\/gn%/q%), and using this above we
see that

ow(n)

M=e¢"(q) > n( > §+0(2_“’(‘”/4))2~
n<Z 9<Z/n

(n,q) =1 (9,9) =1

We split the terms n < Z into the cases n < Zy and Zy < n < Z, where we set
Zy = Z/9°@) = ¢/18(@), In the first case, Lemma 4 gives that the sum over g is
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(p(q)/q)log\/Z/n+ O(1 +logw(q)). Thus the contribution of such terms to M is

w(n) 2
o) Y2 (Lp() §+0(1+10gw(q)))

n < Zp " 2
(n,q) =1
Y 3 B () o).
n < Zg
(n,q) =1

Using Lemma 5 we conclude that the terms n < Zy contribute to M an amount

¢*(¢) y7 1 —1/p)® w(q)
(3:2) 82 g a+1/p) (log )" (1+O(1 gq))

In the second case when Zy < n < Z, we extend the sum over g to all g < 3w(a)
that are coprime to ¢, and so by Lemma 4 the sum over g is < w(q)¢(q)/q. Thus
these terms contribute to M an amount

2 w(n) 2
< ¢"(q) (W(Q)@) Z e < w*(q)(#) (w(q))3logq.

Since qw(q)/¢(q) < log g, combining this with (3.2) we conclude that

M:<p"(cz)1—[(1—1/p)3(1 2! (1+o( ()))
pl

sw2 L) log g

Together with our bound for E, this proves Proposition 1.

4. Proof of Proposition 2

The orthogonality relation for characters gives that

Y olePsel X =3 w(ER)w("E)]

x (mod q) (abed, q) =1 a=0,1
ac = £bd (mod q)
ab,cd > Z

1 ab\ —2 cd\ —2
< ¢(q) Z (1 + —) (1 + —) ;
(abod gy = 1 vabed q q
ac = +bd (mod q)

ab,cd > Z

using (1.3a,b). We write the last expression above as Ry + Ra, where R; contains
the terms with ac = bd, and Ry contains the rest.

We first get an estimate for Ro. We break up the terms into dyadic blocks; a
typical one counts Z; < ab < 27y and Zy < ed < 2Z5 (both Z; and Z5 being larger
than Z). The contribution of such a dyadic block is, using Lemma 3 (note that
Z1Zy > Z% > qio)

90() Zl ZQ _2Z1Z2 3
1+ — 1+ —= log Z17Z5)°.
< —Z122<+q) <+q) . (log Z1 Z5)

Summing this estimate over all the dyadic blocks we obtain that

Ry < q(logq)®.
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We now turn to the terms ac = bd counted in R;. As in our treatment of M,
we write a = gr, b = gs, ¢ = hs, d = hr, with (r, s) = 1, and group terms according
to n = rs. We see easily that

(4.1) Ry <olq) > 2 ( > 1<1 T M)_2>2'
(n,q)=1 " 9> Z/n

(g,9) =1

First consider the terms n > ¢ in (4.1). Here the sum over g gives an amount
< ¢*/n? and so the contribution of these terms to (4.1) is

<<sz>(q)z2

n>q

w(n) q4
-1 < ¢lg)loga.

For the terms n < ¢ the sum over g in (4.1) is easily seen to be

1
<1+ > L C)] (q).
VZ/n<g<ya/n g q
(g,9)=1

The last estimate follows from Lemma 4 when n < Z/9*(9) while if n > Z/9+(9)
we extend the sum over g to all g < 6<(@) with (g,q) = 1 and then use Lemma 4.
Thus the contribution of terms n < ¢ to (4.1) is, using Lemma 5,

w(n)
< w(q)(l + @w(@)? Z:q 27" < qlog? d@)scu(q)?
(n,q) =1

Combining these bounds with our estimate for Ry we obtain Proposition 2.
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The Gauss Class-Number Problems

H. M. Stark

1. Gauss

In Articles 303 and 304 of his 1801 Disquisitiones Arithmeticae [Gau86], Gauss
put forward several conjectures that continue to occupy us to this day. Gauss stated
his conjectures in the language of binary quadratic forms (of even discriminant
only, a complication that was later dispensed with). Since Dedekind’s time, these
conjectures have been phrased in the language of quadratic fields. This is how we
will state the conjectures here, but we make some comments regarding the original
versions also. Throughout this paper, k = Q(\/ﬁ) will be a quadratic field of
discriminant d and h(k) or sometimes h(d) will be the class-number of k.

In Article 303, Gauss conjectures that as k runs through the complex quadratic
fields (i.e., d < 0), h(k) — oo. He also surmises that for low class-numbers, his
tables contain the complete list of fields with those class-numbers including all the
one class per genus fields. This innocent addendum caused much heartache when
in 1934 Heilbronn [Hei34] finally proved that k(d) — oo as d — —oo ineffectively.
Thus it remained at that time impossible to even give an algorithm that would
provably terminate at a predetermined time with a complete list of the complex
quadratic fields of class-number one (or any other fixed class-number). By the
“class-number n problem for complex quadratic fields”, we mean the problem of
presenting a complete list of all complex quadratic fields with class-number n. We
will discuss complex quadratic fields and generalizations in Sections 3 — 5.

For real quadratic fields (i. e., d > 0), Gauss surmises in Article 304 that there
are infinitely many one class per genus real quadratic fields. By carrying over this
surmise to prime discriminants, we get the common interpretation that Gauss con-
jectures there are infinitely many real quadratic fields with class-number one. We
call this the “class-number one problem for real quadratic fields”. This is com-
pletely unproved and, to this day, it is not even known if there are infinitely many
number fields (degree arbitrary) with class-number one (or even just bounded).

We will discuss two approaches each to the one class per genus problem for
complex quadratic fields and the class-number one problem for real quadratic fields.
Admittedly, I don’t have much hope currently for the first approaches to each
problem but I think the questions raised are interesting. On the other hand, I
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think the second approaches to each problem will ultimately work. We discuss all
these in Sections 4 — 6 below.

It is particularly appropriate that this paper appear in these proceedings. From
Gauss and Dirichlet at the start to Landau, Siegel and Deuring, people connected
with Gottingen have made major contributions to the questions discussed here.

2. Dirichlet

Dirichlet introduced L-functions in order to study the distribution of primes
in progressions. A key fact in this study is that for every character x (mod f),
L(1,x) # 0. Dirichlet knew that

00
H L(s,x) = Z ann”’,
X n=1

where the product is over all characters x (mod f) and the a,, are non-negative
integers with a; = 1. Thus for real s > 1 where everything converges, we must
have

(2.1) II Zesx=1.

x( mod f)

We now know that L(s,x) has a first order pole at s = 1 when x is the trivial
character and is analytic at s = 1 for other characters. It follows from (2.1) that at
most one of the L(1, x) can be zero and that such a x must be real since otherwise
x and x would both contribute zeros to the product and the product would be zero
at s = 1. Echos of this difficulty that there could be an exceptional real y still
persist today in the study of zeros near s = 1.

Of necessity, Dirichlet developed his class-number formula in order to finish
his theorem on primes in progressions. Although Kronecker symbols were still in
the future, Dirichlet discovered that every primitive real character corresponds to a
quadratic field (and conversely; the beginnings of class field theory!). We write x4 to
be the primitive real character which corresponds to Q(\/E) The part of the class-
number formula which concerns us here gives a non-zero algebraic interpretation of
L(1, x4). Dirichlet showed that

2wh(d

mh{d) when d < 0
wq+/|d]

L(17Xd):
2h(d)log(ea) W o

Vd
Here when d < 0, w_3 =6, w_4 = 4, wqg = 2 for d < —4, and when d > 0, 4 is the
fundamental unit of Q(v/d).

Landau [Lan18b] states that Remak made the remark that even without the
class-number formula, from (2.1) we are able to see that with varying moduli there
can be at most one primitive real character y with L(1,x) = 0 and thus the primes
in progressions theorem would hold outside of multiples of this one extraordinary
modulus. To see this, we apply (2.1) with f the product of the conductors of the
two characters y of interest.

In truth, (2.1) also holds when the product over x is restricted to x running over
all characters ( mod f) which are identically 1 on a given subgroup of (Z/fZ)*. This
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is equivalent to y running over a subgroup of the group of all characters (mod f).
This product too is the zeta function of an abelian extension of @, but the proof
that (2.1) holds does not require such knowledge. In 1918, Landau already makes
use of the product in (2.1) over just four characters: the trivial character, the two
interesting real characters, and their product. The product of the four L-functions
is just the zeta function of the biquadratic field containing the two interesting
quadratic fields.

Landau also proves that if for some constant ¢ > 0, L(s, xq4) # 0 for real s in

the range 1 — m < s <1, then

1
L(1, xq) > og([d)) as |d| — oo .
In particular, the Gauss conjectures for complex quadratic fields become conse-
quences of the Generalized Riemann Hypothesis.
When one looks at the two 1918 Landau papers [Lan18b], [Lan18a], one is
struck by how amazingly close Landau is to Siegel’s 1935 theorem [Sie35]. All the
ingredients are in the Landau papers!

3. Complex Quadratic Fields

The original Gauss class-number one conjecture is restricted to even discrimi-
nants and is much easier. For even discriminants, 2 ramifies and yet for d > —8,
absolute value estimates show there is no integer in & with norm 2. Thus the
only even class-number one discriminants are —4 and —8. Gauss also allowed non-
fundamental discriminants. These correspond to ring classes and it now becomes
a homework exercise to show that the non-fundamental class-number one discrim-
inants (even or odd) are —12, —16, —27, —28.

In 1934 Heilbronn [Hei34] proved the Gauss Conjecture that k(d) — oo as
d — —o0. Then also in 1934, Heilbronn and Linfoot [HL34] proved that besides the
nine known complex quadratic fields of class-number one, there is at most one more.
Heilbronn’s proof followed a remarkable 1933 theorem of Deuring [Deu33] who
proved that if there were infinitely many class-number one complex quadratic fields,
then the Riemann hypothesis for {(s) would follow! Many authors promptly carried
this over to other class-numbers. But Heilbronn realized that Deuring’s method
would allow one to prove the generalized Riemann hypothesis for any L(s, x) as well
and this, together with Landau’s earlier result above, implies Gauss’s conjecture
for complex quadratic fields.

These theorems are purely analytic in the sense that there is no use made of
any algebraic interpretations of any special values of any relevant functions. These
theorems are also noteworthy in that they are ineffective. Three decades later,
the class-number one problem was solved by Baker [Bak66] and Stark [Sta67]
completely. There was also the earlier discounted method of Heegner [Heeb52]
from 1952 which at the very least could be turned into a completely valid proof of
the same result. It is frequently stated that my proof and Heegner’s proof are the
same. The two papers end up with the same Diophantine equations, but I invite
anybody to read both papers and then say they give the same proof!

As an aside, I believe that I was the modern rediscoverer of Heegner’s paper,
having come across it in 1963 while working on my PhD thesis. Fortunately for me,
if not for mathematics, it was reaffirmed at a 1963 conference in Boulder, which
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I did not attend, that Heegner was incorrect and as a result I graduated in 1964
with degree in hand. Back then, it was commonly stated that the problem with
Heegner’s proof was that it relied on the unproved conjecture of Weber that for

= —3 (mod 8) and 3 1 d, the classical modular function f(z) evaluated at z = v/d
is an algebraic integer lying in the ring class field of £ (mod 2). The assertion that
Heegner relied upon this conjecture in his class-number one proof turned out to be
absolutely false (although he did make use of Weber’s conjecture in other unrelated
portions of his paper) and I believe the first outline since Heegner’s paper of what
is actually involved in Heegner’s class-number one proof occurs in my 1967 paper
[Sta67]. In addition to Heegner [Hee52] and Stark [Sta67]. I refer the reader
to Birch [Bir69], Deuring [Deu68], and Stark [Sta69a], [Sta69b]. In particular,
Birch also proves Weber’s conjecture. I don’t think this is the place to go further
into this episode.

The Gauss class-number problem for complex quadratic fields has been gen-
eralized to CM-fields (totally complex quadratic extensions of totally real fields).
Since the mid 1970’s we now expect that there are only finitely many CM fields with
a given class-number. This has been proved effectively for normal CM fields and
conditionally under each of various additional conjectures including the Generalized
Riemann Hypothesis (GRH) for number field zeta functions, Artin’s conjecture on
L-functions being entire, and more recently under the Modified Generalized Rie-
mann Hypothesis (MGRH) which allows real exceptions to GRH. In particular,
this latter result allows Siegel zeroes to exist and would still result in effectively
sending the class-number h(K) of a CM field K to co as K varies! It also turns
out that at least some of the implied complex exceptions to GRH that hamper an
attempted proof without MGRH are very near to s = 1. All this was prepared for
a history lecture at IAS in the Fall of 1999; this part of the lecture was delivered
in the Spring of 2000. It is still unpublished, but will appear someday [Sta].

4. Zeros of Epstein zeta functions

From the point of view of this exposition, none of the proofs of Heegner, Baker
or Stark qualify as a purely analytic proof. Harder to classify is the Goldfeld
[Gol76], Gross-Zagier [GZ86] combinded effective proof of the Gauss conjecture
that h(d) — oo as d — —oo. Goldfeld showed that the existence of an explicit
L-function of an elliptic curve with a triple zero at s = 1 would imply Gauss’s
conjecture and Gross-Zagier prove the existence of such an L-function by giving a
meaning to the first derivative at s = 1 of the L-function of a CM curve. For the
sake of argument, I will say that this result also is not purely analytic although
there remains the chance that it could be made so.

I believe that it is highly desirable that a purely analytic proof of the class-
number one result be found. This is because such a proof would have a chance
of extending to other fixed class-numbers and, if we were really lucky, might even
begin to effectively approach the strength of Siegel’s theorem. In particular, we
might at long last pick up the one class per genus complex quadratic fields.

There are two potential purely analytic approaches to the class-number one
problem. Both originated from the study of Epstein zeta functions. Let

Q(z,y) = az” + bxy + cy®
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be a positive definite binary quadratic form with discriminant d = b — 4ac < 0.
We define the Epstein zeta functions

((s,Q) = (1/2) Z Q(m,n)"".
m,n#0,0
This series converges absolutely for ¢ > 1 and has an analytic continuation to the
entire complex s-plane with a first order pole at s = 1 whose residue depends only
on d and not on a, b, c. I will begin with a well known “folk theorem”.

THEOREM 4.1. (Folk Theorem.) Let ¢ > 1/4 be a real number and set
Q(z,y) = 2* +ay +cy?
with discriminant d = 1—4c < 0. Then for ¢ > 41, ((s,Q) has a zero s with o > 1.
REMARK 4.2. This implies that for d < —163, h(d) > 1!

FoLk PROOF. Davenport and Heilbronn [DH36]| prove the cases where ¢ is
transcendental and where ¢ is rational, the exception being any integral d with
h(d) = 1. But we now know that there are no class-number one fields past —163
(hence the 41), and so this covers the case of rational c. Finally, Cassels [Cas61]
proved the case where c is an irrational algebraic number. O

There are three problems here. First, the only “proof” of this theorem uses the
class-number one determination as part of the proof, thereby rendering it useless as
an analytic proof of the class-number one theorem. A second difficulty is that Dav-
enport and Heilbronn only prove the transcendental case for Hurwitz zeta functions,
but their proof carries over, with slight complications. They also deal with integral
quadratic forms, which would not be a problem except that they restrict themselves
to fundamental discriminants. In principle, their method should go through, with
more serious complications this time, for non-fundamental discriminants so long
as class-number one non-fundamental discriminants are avoided (the last such is
—28). The third difficulty is that this folk theorem has not actually been proved
because Cassels did not prove the algebraic case! Cassels did prove the algebraic
case of a similar theorem for Hurwitz zeta functions, but no one has managed to
carry over his proof to Epstein zeta functions. So the challenge is clear: prove the
folk theorem, but better still, FIND A PURELY ANALYTIC PROOF OF THE
FOLK THEOREM. As a warmup problem, but one which I still have no idea how
to prove, let alone purely analytically, one could deal with

Qz,y) =2* +cy* with ¢>7.

Once such a theorem is proved, the next step would be to generalize it to the sum
of h Epstein zeta functions of the same discriminant, but with real coefficients. At
the moment, I don’t even have any approach to the case of the one Epstein zeta
function of the folk theorem. In particular, an attempt to track a particular zero
of {(s,Q) as c grows seems likely to end on the line o = 1/2 and stay there.

5. Zero Spacing of Zeta Functions of Complex Quadratic Fields

The other purely analytic approach seems to me to be more hopeful. In his
1933 and 1935 papers, Deuring [Deu33], [Deu35|, found a very useful expansion
of an Epstein zeta function with

Q(z,y) = az? +b:cy+cy27 d=0b%>—4ac <0
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in the case that |d|/a? is large. We can easily see where the two main terms come
from. We have

oo

(5.1) (s, Q)

(am?)™% + Z Z(am2 + bmn + cn?)7F .

m=1 n=1 m

We approximate the inner sum on the right by the integral,

oo 1-2s o0
Vid
/ (at? + bnt + cn?)*dt = a™* (%n) / (u? +1)"%du .

The integral on the right evaluates to

oo

2 y-sg, _ VTL(s —1/2)
/(u + 1) %du = T(s) .

—00

This gives the approximation,

C(5,Q) =a°¢(2s) +a* ! <@> WC(% — 1)+ R(s)

where R(s) is the error made in approximating the sum by the integral. Equiva-
lently, with

§(s) =7 20(5)¢(s) and R(s) = <@> D(s)R(s) .

2
we have
(5.2)
(@) (s)C(.@) = (@) e<zs>a—s+<@> €25 ' + Ry
s 1—s
_ (@) ms)au(@') €2~ 200" + R(s).

The main terms interchange on the right when s is replaced by 1—s. We are entitled
to suspect that we have stumbled upon the functional equation for ((s,Q); this is
indeed the truth and can be derived from this expansion if one uses the Poisson
summation formula on the sum on m in (5.1). The Poisson summation formula
leads to the same main terms and an expansion of R(s) in K-Bessel functions in
a form where K,_;/, appears and is invariant under s — 1 — s. Deuring used the
Euler MacLaurin summation formula to estimate R(s). On o = 1/2, the two main
terms have the same absolute value and as ¢ increases, the arguments of the two
main terms spin in opposite directions in a manner which is practically linear over
short ranges in ¢. Deuring realized in [Deu35] that this leads to the zeros of {(s, Q)
lying practically in arithmetic progressions in ¢.
From Stirling’s formula, when

1+'t
s=—-41
2 )
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we have

<5.ig K@)Sf@s)} o K Q)sms)azs)]
V1d]

=tlog <?> + tlog(t) —t + arg[((1 + 2it)] + O(%)

If t goes from ty to tg + €, where ¢ is suitably small, then to a first approximation,
the right side grows by
Van!
elog <Lt> +0(e).
2

In particular, the right side grows by m when ¢ is approximately
7r

(54) log (11

For our particular ), we find that the two main terms have the same absolute
values on o = 1/2 and the sum of the two main terms has zeros almost precisely in
arithmetic progressions over short ranges of . As a result, with a = 1, if one can
estimate R(1/2 + it) as small enough, we find that ((s, Q) also has zeros almost
precisely in arithmetic progressions over short ranges of ¢t. The methods of Deuring
allowed such estimates out to ¢ about /|d|, but more recent work takes ¢ out to
high powers of |d| and even further. The number in (5.4) is the average spacing of
the zeros of (i (s). One consequence is that if we can get ¢ out to even small powers
of |d|, we cannot have a class-number one field if {(1/2 + it) has zeros significantly
closer than the average spacing at this height. And if we can get ¢ out to high
powers of |d|, then we can’t have a class-number one field if ((1/2 + it) has zeros
closer than 1/2 the average spacing.
For fields of higher class numbers,

G(s) =D ((s,Q)
Q

where the sum is over the reduced quadratic forms of discriminant d. We write
each Q(z,y) as

Q(z,y) = ax® + bry +cy®* with d=0*—4ac<0anda >0

if b < a < (|d|/4)"/?, then Q is reduced; if a > (|d|/3)'/?, then Q is not reduced. In
the intermediate range (|d|/4)'/? < a < (|d|/3)'/?, Q@ may or may not be reduced,
but @ is within one or two reduction steps of being reduced and the corresponding
reduced form has an a of about the same size. Our expansion of (;(s) then takes
the shape,

(5.5)

(ﬁ—?) D(s)Ca(s) = (@) )Y a4 (%) §2-25) ) 0
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The sum Y a~* is somewhat troublesome for class-numbers up towards |d|*/2~¢ |
Q

but for a one class per genus field, we can take

(5.6) [[a+r

pl|d|

as a very good approximation to > a~*. When the arguments all line up correctly,
Q
the product (5.6) can cause difficulties in deducing a zero spacing result, but this

only happens rarely. On average, we still end up with the approximate arithmetic
progressions and again, the higher we can do this the more we can hope that close
zeros of ((s) will provide the desired contradiction.

With the expansion (5.2) and Rouché’s theorem, Deuring [Deu35] proved that
when |d|/a? is large, except for two real zeros, one near s = 1 and its reflection
near s = 0, all zeros of a single (s, Q) up to height roughly (|d|/a?)'/? are simple
and on the line 0 = 1/2. I rediscovered this result complete with the application of
Rouché’s theorem, when working on my PhD thesis in 1963. I spent a fruitless year
then trying to prove that (s) has occasional close zeros, with no luck whatsoever
before using the expansion (5.2) and numerical values of zeros of {(s) to push the
hypothetical tenth class number one discriminant out to 10107, Proving that ((s)
has close zeros has been one of my favorite problems for 43 years and it would
appear that everyone since has been fixated on this as well. However, it is not
necessary to get close zeros. For instance, suppose that one could simply show
that between T and 27T there are pairs of zeros of ((s) whose distance is within
1% of the average spacing for ((s). This would provide an analytic solution of the
class-number one problem and likely lead to a solution of the one class per genus
question also. One simply chooses a height ¢ as a suitable power of d so that the
average spacing of zeros of ((s) is not an integral multiple of the average spacing
of zeros of ((s,Q). Other variations are possible as well. This certainly has to be
explored.

6. Real Quadratic Fields

Here again, because he allows non-fundamental discriminants, the original
Gauss version of his class-number one conjecture was proved long ago by using a
carefully constructed family of orders in a fixed real quadratic field of class-number
one [Dic66]!

I have already in the commentaries to Heilbronn’s collected works sketched a
beginning potential approach to getting small class-numbers of real quadratic fields
by finding Euclidean rings of S-integers in quadratic fields. This was motivated by a
suggestion of Heilbronn [Hei51] that a certain explicit family of quartic fields may
contain infinitely many Euclidean fields. In truth I am dubious about the Euclidean
S-integer approach getting more than infinitely many S-integer Euclidean rings with
small |S| (and at the moment, I don’t see how to even approach that much either).

But there is another approach to class-number one real quadratic fields which I
believe will eventually succeed. The Cohen-Lenstra heuristics [CL84] predict that
the probability a, of a real quadratic field having class number divisible by an odd
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prime p is
ap:IfH(lfp*j) .
j=2
They then predict that for real quadratic fields k the probability of the odd part of
the class group being the identity is

(6.1) [T - ap) = .7544598...
p=>3

In particular for prime discriminants where there is no two part of the class group,
this should be the probability that the h(k) =1 for prime discriminant fields.

Since the product in (6.1) is convergent, the sum of the a,, is convergent as well.
This means that to estimate the number of fields with discriminant up to x such
that the odd part of the class group is one, we can do inclusion-exclusion up to
some point and then just exclude fields with p|h(k) for primes past that point. The
inclusion-exclusion part would complicate life since we would require lower bounds
on densities of fields being put back in. However, the a, are so small that

> a, = .265802... < 1.

p=>3

This suggests that it might be possible to take the total number of quadratic fields of
prime discriminant up to x, say, and subtract the number of fields with class-number
divisible by 3 up to x and then subtract the number of fields with class-number
divisible by 5 up to z, ..., and still have a positive result at the end. What makes
this interesting is that all we would need to make this work is an upper bound
on the number of quadratic fields with class-number divisible by p. Since upper
bound density estimates are often easier to come by than lower bounds, there is a
chance this approach could succeed. If successful, we would not come up with the
Cohen-Lenstra predicted density, but we would get a positive lower estimate of the
density which at best would be .734197... Of course, one would need some sort of
error term in an upper estimate of number of real quadratic fields of discriminant
less than  whose class-numbers are divisible by p. And if we wanted, say, narrow
class-number one rather than class-number a power of 2, we would have to restrict
our quadratic field discriminants to being prime.

In turn, from class-field theory, we would like an estimate of the number of
fields of degree p and certain types of Galois groups. Again, since a good upper
bound is all that is needed, we could likely relax the conditions that the degree p
fields have to satisfy for larger p. The closer we get to counting just the number of
fields of degree p with prime power (for example, a prime to the (p — 1)/2 power)
discriminants, without worrying about what the Galois group is, the more possible
it is that such an estimate could ultimately be derived.
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