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Introduction

This paper is the second of three articles designed to stabilize the trace formula. The
goal is to stabilize the global trace formula for a general connected group, subject to a
condition on the fundamental lemma that has been established in some special cases. In
the first article [I], we laid out the foundations of the process. We also stated a series of
local and global theorems, which together amount to a stabilization of each of the terms in
the trace formula. In this paper, we shall take a significant step towards the proof of the
theorems. We shall reduce the proof of Global Theorem 1 of [I, §7] to the special case of
unipotent elements. This reduction will play a key role in the proof of all of the theorems,
which will be carried out in the last of the three articles.

We refer the reader to the introduction of [I] for a general discussion of the problem of
stabilization. We begin the discussion here by recalling that the theorems stated in [I] apply
to the four kinds of terms that occur in the global trace formula. Let G be a connected
reductive group over a number field F. The trace formula for G is the identity obtained

from two different expansions of a certain linear form I(f). The geometric expansion

(1) I(f) =>_ WM IWg 7 - a™ () I (v, f)
M 1)

is a linear combination of distributions parametrized by conjugacy classes v in Levi sub-

groups M. The spectral expansion

2) 1) =3 (W we|! / oM () Ing (v, f)de

MeLl
is a linear combination of distributions parametrized by representations 7 of Levi subgroups
M. The local theorems stated in [I, §6] apply to the distributions Ins(7, f) and Ips(m, f).
The global theorems stated in [I, §7] apply to the coefficients a™ () and a™ (7).
The objects of study in this paper will be the geometric coefficients a™ (y). We are

interested in the general case, in which v is not required to be semisimple. We should note
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in this connection that unipotent classes over the global field F' lead directly to convergence
problems that have never been solved. One avoids them by working with the subgroup
Gy =G(Fy) =[] G(F)
veV
of G(A), where V is a finite set of valuations of F' outside of which G is unramified. In
particular, the test function f in (1) and (2) is defined on Gy, and the elements « in (1)
represent conjugacy classes in My . The geometric coefficients can be studied in terms of

the linear form

(3) Lo (f) =Y a®(Mfa(), feCx(Gy),

that represents the purely “orbital” part of the trace formula. The sum is taken over the

conjugacy classes in Gy, while fo () denotes Harish-Chandra’s invariant orbital integral

() /G Rt

The problem of stabilizing the geometric coefficients amounts to decomposing I, (f)
in terms of endoscopic groups. Let £ (G, V) denote the set of elliptic endoscopic data
for G that are unramified outside of V. We assume for the introduction that the derived
group of GG is simply connected. The problem is then to establish a decomposition

(4) Ia(f)= > uGGS(f),

G'in€ai(G,V)

for stable distributions S” = S€ on the endoscopic groups GY,. For any G’, f' denotes the

transfer

£ =Y A0, ) faly)

of f that is defined by the absolute transfer factor A(d’,v) of Langlands and Shelstad.
Langlands’s monograph [L.2] included a solution of this problem in the special case that f

is supported on the strongly regular set in Gy,. Kottwitz later established a simple formula
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for the coefficients ((G, G") [K2], and extended Langlands’s results to singular semisimple
elements 7 [K3]. The purpose of this paper is to solve the problem in the more general
case that f vanishes on an invariant neighbourhood of the center of GGy,. This represents
a stabilization of the coefficients a®(y) for elements v whose semisimple parts are not

central.

The existence of a decomposition (4) is a simple reformulation of Global Theorem 1’,
which was stated in [I, §7] as a series of identities for the coefficients a® (7). For most of
the paper, we shall work directly with the coefficients. We shall in fact work exclusively
with the more fundamental “elliptic” coefficients a$)(¥s), in terms of which the coefficients
a%(y) are defined [I, (2.8)]. The subscript S here denotes a large finite set of valuations
containing V', while Jg stands for a conjugacy class in GGg that intersects the product of
v with a compact subgroup of GY¥ = [[ G,. The class 75 is of course allowed to have
a unipotent part; our use of the terrl)leigl‘l/iptic” refers to the semisimple part of §g, or
rather, elements in G(F') that project onto the semisimple part of 4g. Global Theorem 1
applies to the coefficients a$§)(¥s), and is parallel to Global Theorem 1’. In [I, Proposition
10.3] it was shown that Global Theorem 1 implies Global Theorem 1’. It would therefore

be enough to prove Global Theorem 1 in order to stabilize the coefficients in (1), and to

establish a decomposition (4).

Global Theorem 1 was stated in terms of two other families of elliptic coefficients
agl’g(ﬁs) and b5, (ds). These are to be regarded as “endoscopic” and “stable” variants
of the original elliptic coefficients a§j(¥s). The assertions of Global Theorem 1 are that
agl’g("yg) equals a$,(¥s), and that b5 (ds) vanishes unless dg lies in the “stable” subset
Aan(G, S) of its domain A, (G, S). Our goal is to reduce these assertions to the case that
the elements vg and 5 are unipotent. We shall do so by establishing descent formulas for

the three families of coeflicients.

The elements s and ds that index the elliptic coefficients are actually more general

than just conjugacy classes. This is because the theory of endoscopy for real groups,
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implicit in the work of Shelstad, does not transfer unipotent classes to unipotent classes.
It applies rather to the larger space of invariant distributions that are supported on the
unipotent variety. Since the two supplementary families agl’g("yg) and bgl(Sg) are defined
by relations of endoscopic transfer, the elements g and b5 have to be taken to be invariant
distributions on G's. They belong to the bases I'(Gs) and Af(Gy) of distributions fixed
as in [I, §1 and §5]. The coefficients a$(¥s) and agl’g (¥s) are actually supported on a

respective pair of discrete subsets
Tan(G, S) C T4,(G, S)

of I'(Gg), which are defined by global conditions. The coefficient bS,(ds) is defined only
when G is quasisplit. It is supported on a discrete subset A% (G, S) of A®(Gg), which is
also defined by global conditions.

The elements vg and s do have Jordan decompositions, even though they are more
general than conjugacy classes. This is implicit in the conditions imposed on the choice of

bases I'(Gs) and Af(Gg) in [I]. Any element in T'(Gg) can be written as a formal product
Ys = csis,

where cg is a semisimple conjugacy class in Gg. The unipotent part éug € Tynip(Geg) is an
invariant distribution on the connected centralizer of (a representative of) cg in Gg that
is supported on the unipotent set. Similar decompositions are valid for the elements in
the endoscopic basis A®(Gg). For example, any element in the “stable” subset A(Gg) of

A¢(Gg) can be written as a formal product
0s = dsfs,

where dgs is a semisimple stable conjugacy class in a quasisplit inner form G of Gs. The
unipotent part 3g € Aunip(G,) is a stable distribution on the connected centralizer of (a

suitable representative of) dg in G% that is supported on the unipotent set.
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We shall review these notions in §1. We shall then describe a descent formula
agi(s) = D_i%(S, agf (@)

for the original elliptic coefficients in termsC of the Jordan decomposition cgdg of 4. The
sum is over semisimple conjugacy classes ¢ in G(F') that project onto c¢g, while for any
such ¢, & is the image of é&g in I'ypip(Ge,s). This formula follows immediately from the
definition [I, (2.6)] of the coefficients. Our aim is to establish similar descent formulas for
the coefficients agf‘g(ﬁs) and bG(0s). We shall state the formulas in Theorem 1.1. This
theorem applies under the condition we have imposed for the introduction that the derived
group be simply connected. However, we shall see in §2 that the condition can be relaxed.
Theorem 1.1 is the main result of the paper. It implies the reductions of Global Theorems
1 and 1’ and the special case of the stabilization of the distribution I, (f).

We shall prove Theorem 1.1 in the remaining sections 3 to 6. The basic argument will
be carried out in §6. The problem is to compare the expansion that goes into the definition
[I, (7.3)] of agl’g(”'yg) with the appropriate linear combination of expansions that define the
coefficients agf’g(o}) of descent. Near the end of §6, we shall find that the two expressions
match. We will then be able to establish the required formulas for agl’g(;yg) and (5,(0s)
by standard means.

Sections 3 and 4 contain some preparations for the discussion in §6. The essential
ingredient is the descent theorem [LS2] of Langlands and Shelstad for local transfer factors.
In §3, we shall investigate a descent mapping for endoscopic data that was a starting point
for the local results in [LS2]. Proposition 3.1 gives some properties of the mapping that
are particular to the global setting at hand. The main result of Langlands and Shelstad is
Theorem 1.6.A of [LS2]. It asserts that for any semisimple element cg of G g, the quotient of
an absolute transfer factor for Gg by the corresponding transfer factor for G, approaches
a limit at c¢g. In §4, we shall establish some simple properties of this limit (Lemma 4.1). We
shall also observe that the Langlands-Shelstad descent theorem applies to the generalized

transfer factors that relate elements 45 and 0% (Lemma 4.2).
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The global descent mapping of §3 is not surjective, in contrast to its local counterpart.
The points that lie in the complement of its image appear capable of causing trouble. The
purpose of §5 is to show that they do not. We shall establish a simple relationship among
the transfer factors of descent, which is nontrivial for points outside the image (Lemma
5.1). We shall use this result in §6 to show that the contributions from the extraneous
terms cancel. The remaining terms will be attached to points in the image of the mapping,
and will be seen to correspond with a parallel set of terms attached to points in the domain
of the mapping. This observation comes near the end of §6, but is really the logical heart
of the argument. It allows us to deduce that two complicated expressions are equal, and

leads readily to a conclusion of the proof.



g1. Statement of a theorem.

The basic objects of study in this paper will be the “elliptic” coefficients associated
with the geometric side of the global trace formula. We are referring to the coefficients
a& (4s) obtained from [I, (2.6)], together with their endoscopic and stable counterparts
agl’g(ﬁs) and b5 (0s) introduced in §7 of [I]. We shall recall a few of the definitions in a
moment. For the most part, however, we are going to take the various constructions from
[I] for granted. We shall follow the notational conventions of [I], often without comment.
For example, the notation g and 55, while more complicated than necessary, is meant to
draw attention to the global role of these objects.

Let F' be a fixed global field of characteristic 0. As in [I, §4], we take G to be a
global K-group over F'. Then G is a disjoint union [ [ G, of connected reductive algebraic
groups over I, together with some extra structur: that includes a compatible family
Yap: Gg — G4 of inner twists. The disconnected K-group G is a convenient device for
treating trace formulas for several connected groups at the same time. We shall often use
implicit extensions to G of notions that apply to connected groups, when the meaning is
clear. For example, in this paper Z will denote a central induced torus in G over F. In
other words, Z is an induced torus over F', together with a compatible family of central
embeddings Z C G, over F'. We fix Z, and also a character ( on Z(A)/Z(F).

Suppose that S is a finite set of valuations of F' that contains the set Viam (G, () of

ramified places for (G, (), and that §g belongs to the set

[(Gs,¢s) = [[T(Gs.as:Cs)

defined in [I, §1 and §4]. (The elements in I'(Gs.a4, (s) can be regarded as generalizations
of the conjugacy classes in the group Gg oy = Gs,a5(Fs). They are elements in some fixed
basis of the space of Gg o4-invariant, (g-equivariant distributions on Gg y.) We assume
that 4g is admissible in the sense of [I, §1]. Roughly speaking, this means that for most

nonarchimedean places v in S, the local component *, is bounded, in the sense that the
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projection of its support onto the quotient

Go = (G/Z)y = Go/Zs = Go(F,) | Z(F,)

intersects a compact subgroup. We can then form the coefficient a$(¥s) = a5 (¥s), where
« indexes the component of G that supports g [I, (2.6)]. Recall that a&,(s) depends on
a choice of open, hyperspecial maximal compact subgroup K° = [[ K, of G%(A®), and

veES
vanishes unless g belongs to the subset

Tean(G, S, ¢) = [[Ten(Gas S, €)

of F(GS, CS) [I, §2]
The endoscopic and stable analogues of agl(ﬁs) depend on a choice of quasisplit inner
twist

v=]]va: GG

of G. They are related by an expressiona
(L) afGs) = 30 D0 (G G (0 A3, 5s) +2(6) 3 bhids)Aa(ds, 3s).

G oL s
where g is an admissible element in the set T'4,(G, S,¢) D Ten(G, S, ¢), and G/, 65, and
bg are summed over sets £,(G, S), Aa(G, S, ¢') and A4,(G, S, Q) 1, (7.3)]. We recall
here that «(G,G") = t(Gy, G') is the constant from [L2] and [K2, §8], and that Ag(d%,%s)
is the extended transfer factor of [I, §5]. Moreover,

|1, if G is quasisplit,
e(G) = {O, otherwise,

and
0 _J&an(G,S) —{G*}, if G is quasisplit,
En(G, 5) = {5811(6', S), otherwise,

where G is said to be quasisplit if it has a connected component that is quasisplit. The
coefficients b5, (ds) exist only if £(G) = 1. They are defined inductively in this case by the

further requirements that

(12) agfg(;%’) = agl(ﬁS)? ’:YS € ]-—EH(G, Sa C)a
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and
(1.3) bSi1 (0%) = bSii(ds), ds € Aen(G, S, ).

(See [I, (7.4)].)

We recall that A, (G, S, () is a subset of the general endoscopic basis A®(Gg, (s). The
latter is a purely local object, whose definition requires the Langlands-Shelstad transfer
conjecture [I, §5]. The former is a global object, which is defined in terms of A®(Gg, (s)
and the subset T (G, S, ¢) of T'(Gs, (s) [1, §7]. It supports the coefficient b5}, and contains
the subset

Aai(G, 8,0) = Aqi(G, 8,0 N A (G, Cs)

of stable basis elements. Similarly, ', (G, S, ) is a subset of I'(Gg,(s). It is a global
object that supports the coefficient agl’g, and contains the set T'e(Gg,(s). It would be
quite possible to get by with just the local sets I'(G's, Cs), A (Gg,(s) and A(Gg,(s). We
use the global subsets, at the risk of overloading the notation, in order to emphasize the
global nature of the coefficients.

One of our long-term goals is to establish Global Theorem 1, stated in [I, §7]. This
theorem asserts that agl’g(ﬁs) equals a§(¥s) in general, and that bS, vanishes on the
complement of Aq (G, S,¢) in Ag,(G, S, (), if G is quasisplit. An obvious implication of
the theorem is that agl’g and bgl are supported on the respective sets e (G, S, () and
Acn(G, S, ). This perhaps makes the notation seem more natural. If the second assertion
of the theorem is valid, the definition (1.1) simplifies to
(1.17) afi(3s) = D D UG GG (35)Aa (35 7s),

G gy,
where G’ is summed over the full set £ (G, S), and 6’5 is summed over Aen(é’, S, E’) We
shall use this streamlined form of (1.1) in future induction arguments.

One reason for reviewing these definitions is to point out that the coefficients can

actually be defined for a connected component G, of G. Suppose that 4g belongs to
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the subset T'5,(G4, S, () of T4,(G, S,¢). There is nothing to say about the coefficient
agl(ﬁs), since it is defined a priori in terms of GG,. For the endoscopic coefficient, we set
agf“g (Fs) = agl’g(;yg). Then agf"g(*yg) depends only on the connected group G, and the
inner twist ¢,: G4 — G* (rather than the larger K-group G of which G, is a component).
This follows from the definition (1.2) if e(G) = 1, and from the fact that Ag(d%,%s)
depends only on G, [I, Corollary 4.4] in case £(G) = 0. As for the stable coefficients,
the relation (1.3) provides a definition of & (9%) for the connected quasisplit group G*
and the element 5; in Agp(G*,5,¢). It is only this case that we shall need. We shall
generally treat the coefficients as objects attached to the K-group G, but we shall rely on
the remarks above to state the descent formulas.

Our aim is to establish formulas of descent for the coefficients. The starting point
will be the descent formula [I, (2.4)] for the original coefficients a“(.S,) of [I, §2], which
we are going to transform into a corresponding formula for the coefficients a$, (). This
requires a preliminary word about the Jordan decomposition for elements in I'(Gg, (s).

For the moment, we can take S to be any finite set of valuations. Suppose that g
belongs to I'(G g, (s). The semisimple part of 4 is defined as a semisimple conjugacy class
cs € I'ys(Gg) in (one of the components of) the quotient

Gs=(G/2)s =Gs/Zs = [[(Ga.s/Zs).

«

If ¢s is contained in the component G s/Zs = G, 5, we write
663,—1— = H écv,—I—
vES
for the centralizer of cg in the component G, and we write G., for the connected com-
ponent of 1 in this group. Similarly, we write G., for the preimage of G.. in G,. We
shall frequently take the liberty of letting G, stand also for the group G.y s = Gcg(Fs)
of points with values in Fis. The unipotent part &g of 7g is defined to be an element in the

subset I'unip(Geg, Cg) of distributions in the basis I'(G,, (s) with semisimple part equal
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to 1. By assumption, the elements in the basis I'(Gg, (s) are constructed in a canonical

way from their semisimple and unipotent components. We write
Ys = csas,

and refer to this formal product as the Jordan decomposition of §s. (See [I, §1].) As in
the usual case of conjugacy classes, the distribution &g is determined by 4g only up to the
action of the finite group
Ges+(Fs)[Ges(Fs) = [ (Geut (Fo)/Ge, (F))
veS

on I'inip(Geg, Cs)-

Suppose now that S contains Viam(G, (), and that 4g is an admissible element in
Lo (G, S,¢). The general descent formula for a§) (%) is stated in terms of the Jordan

decomposition ¥g = cgag. It takes the form

(14) ell 'YS ZZZ S C ‘_ ell

where ¢ is summed over those elements in the set I'ys(G) of semisimple conjugacy classes in
G(F) whose image in I's(Gs) equals cg, and & is summed over the orbit of
Ge +(Fs)/G.(Fs) in Tynip(Ges,(s) determined by cg. The symbol G stands for the
quotient G/Z as above, while G, denotes the preimage of G, in G. The symbol i% (S, ¢) is

defined as in [I, (2.4)]. It equals 1 if ¢ is an F-elliptic element in G whose G** (A®)-conjugacy
class meets the maximal compact subgroup K’ = K57 (A%)/Z(A%), and equals 0 other-

wise. If ia(S, c) is nonzero, as we may assume, we choose an element g° € G(A®) that

. —S .
conjugates ¢ to K, and use it to form the subgroup

(1.5) K5 = (¢°) ' K%¢° N G.(A®)

C

of G.(A%). Since cg is admissible, Proposition 7.1 of [K3] applies to the components K.,

of K2, for places v ¢ S. It tells us that K c,v is a hyperspecial maximal compact subgroup
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of G.(F,) whose conjugacy class is independent of the choice of g°. The coefficient agf
in (1.4) is defined relative to K. The argument & in a§¢ (&) is to be understood as the
element in I'(G, s, (s) with Jordan decomposition 1 - a.

We leave the reader to derive (1.4) from [I, (2.4) and (2.6)]. The main point is to note
that the quotient

G (F)[CelF)| |Gt (F) /Go(F)| !

equals the order of the stabilizer
Z(F¢c)={z€ Z(F): zc=¢}

in Z(F) of any conjugacy class ¢ € I'ss(G) in the preimage of c.

We shall be mainly concerned with the special case of (1.4) in which the derived (multi-
ple) group Gaer = [[Ga.der 1s simply connected, in the sense that it equals
Gse = [[Gase, and Z eoéluals {1}. The first condition implies that G.+ = G., for any
ce€ g (Oé) The second condition is that G = G. The descent formula in this case reduces

to

(1.6) afi(¥s) =D _i%(S, c)afi (&),

where ¢ is summed over the elements in I'ss(G) whose image in I'ss(Gs) equals cg, and &
is the image of &g in I'ynip(Ge ). This special case in fact follows immediately from the
corresponding special cases of [I, (2.4) and (2.6)].

One could also define a Jordan decomposition for elements in A®(Gyg,(s), by using
constructions from the paper [A5]. For example, the semisimple part of any element
bs € A%(Gyg, (s) would be a semisimple stable conjugacy class dg € Ag (62) in the group
@g = G /Zg, together with some extra structure. (The inner twist ¢: G — G* of course
allows us to identity Z with a central subgroup of G*.) In the present paper, we shall be
concerned with the case in which G is quasisplit, and dg belongs to the subset A(Gg, (s)

of A®(Gs,(s). Assume that this is so. The extra structure for dg is then trivial. We
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choose a representative of the class dg (which we continue to denote by dg) such that the
connected centralizer Gy is quasisplit [K1, Lemma 3.3]. The unipotent part of dg can
then be defined as an element Bg in the subset Aunip(st,CS) of elements in A(GZS, Cs)
with semisimple part equal to 1. This gives a Jordan decomposition of any element dg in

A(Gg,(s), which we again denote by a formal product
ds = dsfs.
In this case, 3g is determined only up to the action of the finite group

(Gas 1 /Ga)(Fs) = [[ (G, 4 /Ga)(Fy)

veS
on Aunip(G§S7CS)-

The descent formula for bgl(és) will be stated in terms of an element d in the set
Ag(G") of semisimple stable conjugacy classes in G (F), whose image in Ay (Gg) equals
dg. If d exists, it is uniquely determined by dg. Assuming that it does exist, we define
ig*(S, d) to be 1 if d is F-elliptic and bounded at each place v € S, and to be 0 otherwise.

We then define a coefficient
(1.7) 59(S.d) =i (S, d)r(G)r(Gy) Y,

where G, stands for a quasisplit connected centralizer of an appropriate representative of
the class d, and 7(-) denotes the absolute Tamagawa number. The absolute Tamagawa
number equals the relative Tamagawa number 71 (+) of [K2, §5], by virtue of the proof [K4|
of Weil’s conjecture and the proof [C] of the Hasse principle.

We are now ready to state the main result of the paper. It concerns the special case
to which (1.5) applies. It also relies on an induction hypothesis, which we shall describe

after stating the theorem.

Theorem 1.1. Assume that Ggaer is simply connected and that Z = 1.
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(a) Suppose that g is an admissible element in T5,(G, S) with Jordan decomposition

’75 = Csds. Then

(1.8) ell ZZ (S,¢) gfg( ),

with ¢ and & being as in (1.5). That is, ¢ is summed over the elements in I'ss(G) that map
to cg, and & is the image of &g in Tunip(Ge,s).
(b) Suppose that G is quasisplit, and that s is an admissible element in Aa(G,5)

with Jordan decomposition 55 = dsﬁs. Then

(1.9) ell 55 ZJ ell ﬂ)

where d is summed over the set of elements in Ag(G*) whose image is Ags(G) equals dg
(a set of order 0 to 1), and 3 is the image of B in Aunip(Gy 5). Moreover, bS, vanishes
on the complement of Awi(G,S) in the set of admissible elements in Ag,(G,S) whose

semisimple part is not central in G§.

Theorem 1.1 reduces the study of the global coefficients to the study of their values
at unipotent elements. It is an important step towards the proof of the general theorems
stated in [I, §6-7]. In particular, it will provide the main reduction in the proof of Global
Theorem 1 [I, §7]. As we have noted, the latter asserts that agl’g(ﬁs) equals a§(¥s)
in general, and that b5 is supported on the subset Au(G,S,¢) of AS(G,S,¢). We
shall assume inductively that these two assertions hold for various supplementary groups
attached to GG. More precisely, we assume that Global Theorem 1 holds if G is replaced by
any group H over F' such that either dim(Hge,) < dim(Gyer), or €(G) = 0 and H = G*.
In particular, we assume that the streamlined form of the definition (1.1*) is valid for any
such H.

We shall carry the induction hypothesis throughout the rest of the paper. In the next
section, we shall establish some consequences of Theorem 1.1, including its application to

the proof of Global Theorem 1 for G. In the remaining sections 3 to 6, we shall prove
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Theorem 1.1. We shall appeal to the induction hypothesis several times, but we shall
always apply it to groups H obtained from G by operations that are consistent with our
condition [I, Assumption 5.2] on the fundamental lemma. (See [I, Lemma 5.3].) The
resolution of the induction argument will have to wait until the next paper, in which we
shall complete the proof of the theorems stated in [I, §6-7] for K-groups G that satisfy
Assumption 5.2 of [I].

Before we proceed with the main part of the paper, we need to say something about
the values taken by the global coefficients at unipotent elements. Consider a connected
group H over F', with central character data (Z, (). In practice, we would take H to be
one of the groups G. or G}, obtained from G as above. We write Dyynip(Hs, (s), as in [I,
§1], for the space of distributions on Hg spanned by the basis I'ynip(Hs, (s). For example,
in the special case that Z is trivial, the corresponding space I'ynip(Hg) consists of the
invariant distributions on Hg that are supported on the unipotent variety. It is generally
larger than the space spanned by the unipotent orbital integrals on Hg. Our use of the
larger space is necessitated by questions of endoscopic transfer. Now the commutator

quotient

HY = Hs/Haers = || (H(F,)/Haex(F))
veV

acts by conjugation on the space Dunip(Hder,s). We define a linear map from Dypip (Hder,s)
t0 Dunip(Hs, (s) by sending any D € Dypip(Hder,s) to the linear form
f— Y (aD)(faer), f € H(Gs,Cs),
acHgb
where fqer denotes the restriction of f to Hger,s. The map is not generally injective.
It is also not generally surjective, since there can be distributions in Dyynip(Hg, (s) with
derivatives in the direction of the center of Hg_ . We shall write Dypnip, der(Hs, (s) for the
image of Dynip(Hder,s) it Dunip(Hs, (s)-
There are two points to this definition. The first is that there is a canonical isomor-

phism between Dypip der(Hs, (s) and the corresponding space Dypnip,der(Hg) with trivial
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central character data. It is defined by sending an element D € Dyyip der(Hg) to the linear

form

f— D(fe), f e H(Hs,(s),

where f. is any function in C2°(Hg) that equals f on an invariant neighbourhood of 1.

We assume implicitly that the basis I'ynip(Hg, (s) has been chosen so that the subset

I‘unip,der(}I‘S'a CS) = Funip(H57 CS) N Dunip,der(HS7 CS)

is a basis of Dynipder(Hs,(s), and is in bijection with the corresponding basis
Lunip,der (Hs) of Dypip der(Hs) under the isomorphism. Similar remarks apply to the sub-
space SDunip,der(Hs, (s) of stable distributions in Dypip der(Hs, s). It is clear that the
isomorphism maps SDynip der (Hs) onto SDunip.der (Hs, (s). We assume implicitly that the

set

Aunip,der(I—IS: CS) = Aurlip(I{S, CS) N SDunip,der(HS7 CS)

is a basis of SDunipder(Hs,(s), and is in bijection with the corresponding basis
Aunip,der(Hs) of SDynip.der(Hg) under the isomorphism.

The second point is that the unipotent global coefficients afl] and agl’g are supported
on the subset I'ynip,der (Hs, (s) of Dunip(Hs, (s). Similarly, if H is quasisplit, the unipotent
coefficient bH, is supported on the subset Aupnip der(Hs, Cs) of Aunip(Hs,(s). To see this,
one first recalls from [I, §2] that all _ is actually supported on the subset of elements in
Lunip,enn(Hs, ¢s) that come from the unipotent orbital integrals. One can then establish the
assertions for agl’g and b from the definitions (1.1) and (1.2), and the adjoint relations
1, (5.4), (5.5)]. We shall be most concerned with the case of the stable coefficients 7.
There are actually two such coefficients, one defined on Aypip der(Hs,(s), and the other
on Aypip.der(Hg). We have just noted that there is a canonical bijection between the
two domains. At the end of §2, we shall verify that the corresponding values of the two

coefficients are equal.
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§2. Extensions and ramifications

For the rest of the paper, we fix a large finite set of valuations S O Viam(G, () of
F. We shall begin the proof of Theorem 1.1 in the next section, at which point we will
adopt the proposed restrictions on GG and Z. In the meantime, we take GG, Z, and ( to be
arbitrary. The main purpose of this section is to extend Theorem 1.1 to the general case.
The arguments, which are largely formal, are based on some of the simpler constructions
of [I].

We shall first show that Theorem 1.1 implies a major reduction in the proof of Global
Theorem 1 of [I, §7].

Proposition 2.1. Assume that Theorem 1.1 has been proved for some z-extension G of G.
(a) Suppose that s is an admissible element in T5,(G, S, () whose semisimple part is

not central in Gg. Then
G,E /- G /-
aqi (¥s) = aegi(¥s)-

(b) Suppose that G is quasisplit, and that s is an admissible element in A&,(G, S, Q)
whose semisimple part is not central in Gg. Then b5 (05) vanishes unless dg lies in the
subset Ai(G, S, ¢) of Ag (G, S, ().

Proof. Let G be the given z-extension. Then G is a central extension of G by an
induced torus C over F such that éder is simply connected. We write 7 for the preimage
of Z in G, and ( for the pullback of ¢ to Z(A)/Z(F). We have of course to choose S so
that G and E are unramified for each v outside of S.

Recall [K1, Lemma 1.1 (3)] that
Gs = G(Fs) = G(Fs)/C(Fs) = Gs/Cs.

We can therefore identity functions (or distributions) on Gg with functions (or distri-
butions) on és that are invariant under translations by 5’5. In particular, there is a

canonical isomorphism fg — fs from the space Haam (G, S, ¢) of functions with admissible
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support in the Cgl—equivariant Hecke algebra on Gg [I, §1] onto the corresponding space
Hadm(G, S, €) of functions on Gg. We can assume that the bases I'(Gg, Cs), A8(Gg,Cs),
etc., for G are the images of the corresponding bases I'(Gs,Cs), A%(I's,(s), etc., for G,
under the canonical maps vyg — Aﬁ/s, b — gs, etc., of distributions. We shall show that
the proposition holds for (G, ¢) if it holds for (G, ¢).

We first check that the original coefficients satisfy

G /- G/~
(2.1) acli(Vs) = acn(¥s),
for any admissible element 4 in I'(Gg, (s). This identity is plausible enough. However,
it has to be verified indirectly, since the construction of the coefficients goes back to the
indirect definitions in [A3]. We shall apply an induction argument to the expansion

J(fs)=>_ WMWY ali(3s)Tu (s fs)
MeL Ys€l(M,S,¢)

that was derived for any fg € Hadam(G, S, ) in the course of proving Proposition 2.2 of
[I]. (The expansion is the special case of [I, (2.10)] in which V' = S.) The linear form
J(fs) = J%(fs) was constructed from the distribution [I, (2.1)] on G(A). It follows easily
from the construction [A1, §8], [A2, §2] of this original distribution in terms of a truncated

kernel, together with the simple definitions at the beginning of §2 of [I], that
T%(fs) = T (fs)-

Consider the terms in the expansions of these two linear forms. The terms that depend on

fg are weighted orbital integrals. They are constructed in such a way that

J5t(¥s, fs) = Jg(%,}s), vs € I'(Ms, Cs).

As for the coefficients, we assume inductively that (2.1) holds if G is replaced by any Levi

subgroup M # G. This implies that the terms with M # G in the expansions for J%( f3>
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and J 5(}5) match. The terms with M = G then also match. By varying fg, we conclude
that the identity (2.1) is valid.

If G’ belongs to E1(G, S), there is a canonical central extension G/ of G’ by C that is
determined by G. Since éder is simply connected, there is also an L-embedding G — La
[L1], which we can assume is unramified outside of S. (See the remark following Lemma 7.1
of [I].) Recall that G’ represents an endoscopic datum (G’,G’, ', £’) for G. The composition
of L-embeddings

¢ 5 tG — G
maps G into the image of “G’ in LG, thereby providing an L-embedding &: ¢/ — LG’
The pair (G’ & ) serves as the auxiliary datum for G’. On the other hand, G’ can be
identified with an endoscopic datum for é, and it is easy to see that the correspondence

G — G is a bijection from &g (G, S) to Seu(é, S). Moreover, there is an identity
f,/S':(fS)/7 fS eHadm(G757C)a

between the two transfer maps. (See [LS1, §4.2].) For the convenience of the reader, we

check that G/ and G’ also satisfy the identity
(2.2) WG, G) = UG, G.
Recall [K2, Theorem 8.3.1 and (5.1.1)] that
UG, G") = |Outa(G)| | Z(G) /2G| kert (F, (@) ||ker® (F, 2(G))| ",
where ker!(F,-) denotes the subset of locally trivial elements in H'(F,-). (We are using
the identity
1267 /2(6)"| = o (2(C)) Imo(2(&))|
which follows from the fact that G’ is elliptic.) The centers Z(G), Z(G), Z(G'), and Z(E)
are related by the two short exact sequences

1 — 2Z(G) — Z(G) — C — 1

[ [ ||

1 — Z2(@) — Z2(@) — C — 1.
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Corollary 2.3 of [K2] then provides two long exact sequences, which include the two exact

sequences

It follows that the map

o~ —

2@ 2@ = mo(Z(E)7) Jmo( Z(G)") — w0(Z(C)) o (Z(C)T) = Z(G)"/2(G)"

is an isomorphism. Moreover, the H! terms of the long exact sequences of [K2, Corollary
2.3, applied both locally and globally as in the proof of [K2, Lemma 4.3.2 (a)], tell us that

the maps

ker! (F, Z(@)) —ker! (F, Z(G))

and

ker! (F, Z(CA?’)) —ker (F, Z(E))

are isomorphisms. Finally, it is easy to check that the group
Outg(G') = Autg(G) /G

maps isomorphically onto the corresponding group Out 5(5’ ) for G and (. The formula
(2.2) follows.
We can now extend the identity (2.1) to the associated endoscopic and stable coeffi-

cients. It is perhaps simplest to make use of the linear form

La(fs) = ai(¥s) fs.a(¥s), fs € Haam(G, 5, ),
s
together with associated linear forms I, ( fs) and SS( fs) defined in [I, §7]. It follows from
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the definition [I, (7.5)] and the remarks above that
I5i(fs) — e(@)SG(fs)

— Z L(G,G/)ggll(f@

G'e€%,(G,S)
= Z L<é7 é/)SgI (f{S')
G'eg%(G,S)

—I5,(f5) — £(G)SS\(fs).

The original identity (2.1) implies that Iei(fs) = Ien(fg). This in turn implies that
I5i(fs) = Ln(fs) = Len(fs) = La(fs),

in the case that (G) = 1. We conclude that I§,(fs) = I,(fs) in general, and that
SS (fs) = Sgl(fs) in case €(G) = 1. The general induction hypothesis we took on at the
end of §1 allows us to apply the expansions for the distributions I, (‘fll and Sgl in [I, Lemma

7.2]. It follows easily from these expansions that

(2:3) agi” (is) = agi” (3),
and in the case ¢(G) = 1, that
(2.4) beii (0s) = b1 (0s),

for admissible elements g € T'4,(G, 9, ¢) and s € A4,(G, S, ¢). In particular, if the two

assertions of the proposition are valid for the elements :?s and gs, they are also valid for
s and 5. The proposition thus holds for (G, ) if it is valid for (é, E ).

We have reduced the proposition to the case that G = G. Tt remains to show that if
it holds for a given G, with (Z, () trivial, then it holds for arbitrary (Z, ). This will again
be a straightforward consequence of formal constructions from [I].

As in [I, §2], we have a natural projection fl — fg from Haam(G,S) onto

Hadm (G, S, ). The linear form Io on Haam (G, S, ) is related to the corresponding linear
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form on Haam (G, S) (in which (Z, () is taken to be trivial) by the formula
(2.5) La(fs) :/ Ien(fé,z)C(Z)dZ» fs € Haam(G, S, ),
Zs,0\ 7L

where fé is any function in Haqm (G, S) such that fg equals fg, and féz is the translate
of fé by z. In particular, the integrand is invariant under translation of z by elements in

the image of the discrete group
Zso=Z(F)N ZsZ(0")

in ZL. We shall show that the linear forms I§;, and SS, satisfy similar formulas.

We have first to note that the projection fé — fg commutes with endoscopic transfer.
Suppose that G’ € £(G) is an endoscopic datum. If fé belongs to H(G, .S), the transfer
(f1) lies in ST(G',S,7), where 7 is the automorphic character on C’ attached to G/ [I,
§4]. A variant of the projection above then maps (fé)’ to a function in SI(@’, S, E’), for
the automorphic character ¢’ = 7’ on the image Z’ of Z in G'. We claim that the image
of (f&) in ST(G', S, (') coincides with the transfer (fg)’ of fg To check this, it suffices to
compare the values of the two functions in SZ(G, S, E’) at any point o in Ag-reg ~fg, ag)
It follows from the original definition of transfer [I, (4.9)], together with the formula [LS1,
Lemma 4.4A] that provides the extension of the automorphic character 7’ from C’ to Z' )

that
(f5.2) = (f$)21(2), z € Zg.
We need only integrate the product of each of these functions with {(z). The claim follows.

Let fs be any function in Haqm(G, S, ¢), and let fé be some function in H,qm (G, S)

such that fg equals fé If 2 belongs to Z%, the expression

Ieéil(fé,z) - 6(G)Sgl<fé,z)

equals

S UG, GG (L)),

G'e€Y,(G,S)
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since (féz)’ equals (f&).77(z). We assume inductively that for each G’ € £9,(G, S), the
integrand in

[ (CEAREE
is invariant under translation of z by Zg,, and that the integral itself equals the value
taken by the linear form §§1/ on SZ(G', S, (') at the image of (f4)". We have just observed
that the image of (fé)’ in ST(G', S, E’) is equal to the function (fg)’ = fg Our induction
hypothesis therefore asserts that the last integral equals §§1/( fg) It follows that the

integral

[, Uil = OSSN

_ /\ (Y (G685 () ()

G'e€ (G,S)

is well defined, and equal to
Yo UG G)S(fY),
G'e€Y(G,S)

an expression that in turn equals

Igl(fS) - E(G)Sgl(fS>-

We combine this formula with the original formula (2.5) for Iei(fs). We deduce in the

usual way that

(2.6) 15,(s) = / 1E,(f5)C()d,

Zsyo\Zé

and in the case that ¢(G) = 1, that

2.) SGUs = [ GG

Zs,u\Zé

We shall now prove the assertions of the proposition by establishing the corresponding

assertions for the linear forms I ( fg), Iegu( f3> and Sgl( fg) Let fg be a function in
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Haam (G, S, ¢) such that fgg("yg) vanishes for any 45 in I'(Gg, (s) whose semisimple part
is not central. If G is quasisplit, we assume also that fg* = 0. We can choose the
associated function fé so that the functions féz on the right hand sides of the identities
(2.5), (2.6) and (2.7) have similar properties. We are assuming that the proposition holds
for G, with (Z, () trivial. This implies that for each z € Z§, Iglg(fé’z) = Igl(féz) and
5SS (fs) = 0. We conclude from the expansions in [I, Lemma 7.2] that the two assertions of
the proposition are valid for admissible elements ¥s € 'S, (G, S, ¢) and s € A4(G, S, Q)
whose semisimple parts are not central. In other words, the proposition holds for arbitrary

G and C. O

The proof of the proposition can be used to extend the descent formulas of Theorem

1.1 to the general case.

Corollary 2.2. Assume that Theorem 1.1 has been proved for some z-extension G of G.
(a) Let 4s be an admissible element in T5,(G,S,¢) with Jordan decomposition

’75 = Csds. Then

(2.8) a’ell ZZZ (S,¢) }_1 gf’g

for ¢ and & summed as in (1.4).
(b) Suppose that G is quasisplit, and that s is an admissible element in Aan(G, S, Q)

with Jordan decomposition 55 = dsﬁ.s- Then
(2.9) bGh(0s) = Z Zy D)|(Go 1 /G ()] b5 (),

where d is summed over the elements in Ay(G') whose image in Ag(Gg) equals ds (a
set of order 0 or 1), and 3 is summed over the orbit of (62,+/5;)(F) in Aunip(Ga,s,Cs)
determined by Bg.

Proof. The proofs of (a) and (b) are similar. The formulas follow from the special

cases given by Theorem 1.1, together with the identities established in the proof of the
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proposition. We shall prove only (b), since we will have no need of (a), and since (2.8)
will in any case be a consequence of Global Theorem 1 (together with (1.4)). We assume
therefore that G is quasisplit.

Let G be the given z-extension of G. The first step is to check that (2.9) holds for G
and ¢, if it is valid for G and (. By (2.4), the left hand side of the identity (2.9) equals
the left hand side of the corresponding identity for (é, E) To compare the expansions
of the two right hand sides, we note that E = @. In particular, the outer sums in the
two expansions can be taken over the same set. If d belongs to this set, é; is a central
extension of G} by 7 , so that 5* = 52 and EZ L= 52’ ., by definition. Moreover, there is
a canonical bijection ﬂ — B between the sets that index the two inner sums, which satisfies

b5 (3) = b5 (),

by (2.4). It follows that there is a term by term identification of (2.9) with the right hand
side of the corresponding identity for (G, ¢). This proves that (2.9) holds for G and ¢ if it
is valid for G and E .

We have reduced the proof of (b) to the case that G = G. The second step is to show
that if Gge, is simply connected, and if (2.9) holds for (Z, () trivial, then (2.9) also holds
for arbitrary (Z, (). This will follow from a comparison of expansions of the two sides of
(2.7).

Let fs be a fixed function in Hadm (G, S, ) such that the associated function ng is
supported on the subset A(Gyg,(s) of A®(Gs,(s). The expansion of [I, Lemma 7.2] for
the left hand side of (2.7) becomes
(2.10) > b5i6s) S (9s)-

§s€Aen(G,5,0)

Similarly, we obtain an expansion

/Z\m Do Ba08)S5 T (205)(2)dz

S Séeﬁeu(G,S)
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for the right hand side of (2.7). The coefficients b5, (d%) in this second expansion pertain to
the case that (Z, () is trivial. We are assuming that they satisfy the formula (2.9), which
in this case reduces to (1.9). The second expansion becomes

(2.11) /Z » ZZJG* (S, d" 5 (1) FLC (db 51 () d,

s d?b

where d! is summed over the classes in Ay (G*) that are bounded at each v ¢ S, d} is the
image of d' in Ag(G%), and (! is summed over Aunip( :;175). The functions fg and fé
are related by

f(zx)¢(2)dz = fs(x), r € Gg.

7
Our task is to compare the coefficients of fg and fé’G* in the two expansions.

There is a surjective map d* — d, from the classes in A (G*) that are bounded away
from S, onto those classes in Ay(G ) that are bounded away from S. The group Z s,0 acts
transitively on the fibres of this map, and the stabilizer of d' in Zg , is isomorphic to the

group (@27 n /G)(F) under the map
_ =1 g1 gl —1 raviiras
g—z=g dg(d), 9 € (Ga1/Ga)(F).
We claim that
9 (s.dY) = §9(5,d).

We can assume that d' is F-elliptic in G*, since j&~ (S, d') would otherwise vanish. This
implies that X*(G*)" = X*(G%:)". Now the identity [K2, (5.2.3)] for Tamagawa numbers
is actually valid for any central extension of a group by Z. Applying it to the pairs (G*, 5*)

and (G’Zl,é;;), we see that
T(G)7(G) ™ = 7(@)7(Gy) !

The claim follows from the definition (1.7). As for the elements 3' in (2.11), we recall from

Gy -
the remarks at the end of §1 that belld (1) is supported on the subset Aypip der( o g) of

27



Aunip(Gh1 g). We can therefore apply the canonical bijection Bl — ﬁ from Aunip,der(G1 5)
to the corresponding subset Aunip,der(G;‘}’ g, Cg) of Aunip(G:}, g, Cs). We assume inductively

that if d' is not central in G, then
G;l 1 . G:; .
(212) bell (ﬂ ) - bell (ﬂ)

In fact, by (2.4) it is enough to assume that the analogue of (2.12) holds for some z-
extension of the group G, = G7;. This takes care of the second coeflicient in (2.11), and
leaves us in a position to change the sum over (d', 3') to a sum over (d, 3).

Suppose for a moment that fg vanishes on an invariant neighbourhood of the center
of G's. The function fé’G*(zd}gﬁ.l) in (2.11) then vanishes if d' is central in G. It follows

from the discussion above that we can write (2.11) in the form
ok % % —1,G%, oy sk .
(2.13) D2 0% (8 d|(Gay /CIF)| ™ baf (B) S (dsB).
d B

We have established that the expressions (2.10) and (2.13) are equal. Since we can vary
fg, subject of course to the given constraints, we deduce that the coefficients of fg and
fg " in the two expansions are equal. Comparing these coefficients, we conclude that the
descent formula (2.9) is valid for any ds whose semisimple part is not central.

We now remove the condition that fs vanish on an invariant neighbourhood of the
center. We still have expansions for the two sides of (2.7). Given what we have just proved,
we see that the terms with noncentral semisimple parts cancel from the two expansions.
Comparing the coefficients in the remaining terms, we conclude that (2.9) holds if the

semisimple part of dg is central, and hence in general. We also deduce that
(2.14) b (81) = b (0),

for any 6 in the subset Aunip,der(GS, Cs) of Aunip(Gs, (s) on which bgl* is supported. This

completes the induction argument, and our reduction to the case of trivial (Z, (). O
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As we recalled during the proof of the last corollary, there is a canonical bijection
between the sets Aynip.der (G%) and Aypip, der (G, (s). In the special case that ¢ is the trivial
automorphic character on Z, we can identify Aupnip der(G%, (s) with the set Aynip,der (5;)

attached to the group G =G /Z. We therefore actually have a pair of bijections

~

Aumip,der(Gig,CS) ; Aur1ip,der(C7Y>',§’> — Aumip,der(éig>-

In particular, we can identify the two sets Aynip,der(G,Cs) and Aunip der (62)

Corollary 2.3. Assume that G is quasisplit, and that Theorem 1.1 has been established

for some z-extension of G. Then
bgl* (ﬁ) = bgl* (ﬁl) = bgl (ﬁ)v ﬁ € Aunip,der(c"wS: CS)?

where B is the preimage ofB in Aynip,der(G§)-

Proof. The formula (2.4) reduces the problem immediately to the case that G}, is
simply connected. We can therefore apply (2.14). This gives the first half of the required
identity. The second half follows from (2.4) and the special case of (2.14) in which ( is

trivial. O

There are similar identities for the values of the coefficients agl and agf‘g at unipotent
elements. They can be established from (2.5) and (2.6), in the same way that (2.14) was

defined from (2.7) in the proof of Corollary 2.2.
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§3.  The mapping X(G) — Y(G)

We have reduced the general problem of global descent to the special case treated in
Theorem 1.1. The proof of Theorem 1.1 will take up the rest of the paper. We assume
from now on that Gge, is simply connected, and that (Z, () is trivial.

In this section, we shall investigate a descent mapping for endoscopic data. The
mapping is a global analogue of the local mapping in [LS2, §1.4], which was a starting
point for the Langlands-Shelstad descent theorem for transfer factors. As in the local case,
the mapping depends only on the quasisplit inner form G* of GG attached to the underlying
inner twist ¢¥: G — G*.

The domain of the mapping will be the set X(G) of equivalent classes of pairs (G',d’),
where G’ is an elliptic endoscopic datum for G over F, and d’ is a semisimple, elliptic
element in G'(F'). Two such pairs (G',d’) and (@/, El) are defined to be equivalent if there
is an isomorphism G — G’ of endoscopic data for G [LS1, (1.2)] that carries d to an
element in G'(F') that is stably conjugate to d’. (The notation G’ here is unrelated to the
earlier notation G = G/Z. Since Z is trivial in this section, there should be no danger
of confusion.) The codomain of the mapping will be the set J(G) of equivalence classes
of pairs (d,G/), where d is a semisimple elliptic element in G*(F'), and G/, is an elliptic
endoscopic datum over F' for the centralizer G%. Two such pairs (d, G) and (d, G/E) will
be called equivalent if there is an inner automorphism of G* that maps d to d, and maps
GZ to an endoscopic datum for G that is isomorphic [LS1, (1.2)] to Gf;. Observe that if a

is such an inner automorphism, a7(a)™!

is an inner automorphism of G7; for each 7 in the
Galois group I' = Gal(F/F), since G}, = Gy - Therefore a: G% — G is an inner twist,
which serves to identify the isomorphism classes of endoscopic data for G% and G7.
Before we describe the mapping, we shall define some simple invariants attached to
points in X(G) and Y(G). Consider an element y € Y(G). If (d,G%) and (d, GZ) both

represent y, and C:’jl and CA% are dual groups for G and G%, there is a canonical I'-

isomorphism from Z (@Z‘l) onto Z (@3) We may as well introduce an abstract group ZJ,
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equipped with a I'-action, together with a canonical isomorphism Zy — Z (@Z) for each
(d, G)) in the class y. Recall [LS1, (1.2)] that the global endoscopic datum G/, for G}, comes
with a locally trivial 1-cocycle a/, from I' to Z(@Z) The preimage of a; in Zy maps to a
canonical element a,, in the group ker! (F, ZJ) of locally trivial classes in H!(F, Ey) Now
there is a canonical l-embedding of Z(G) into 2@/ The image of the map X' (G) — V(G) will
turn out to be the set of y such that a, belongs to the image of ker' (F, Z(@)) in ker' (F, Zy)
Let K, be the subgroup of elements in (ZJ/Z(@))F whose image in H' (T, Z(@)) is locally
trivial. Once we have defined the map, we will construct a transitive action of K, on the

fibre of any y in the range. We note in passing that the order
0y = ‘Outgz (G&)‘

of the group of outer automorphisms of the endoscopic datum G/, depends only on the

class y. We also note that if (G’,d’) represents a point x in X'(G), the number

= [(Giy+/Ga)(F)]

of rational components in Gfi,’ - depends only on z, as does the order
= ‘Outg(G/, d/) ‘

of the stabilizer in Outg(G’) of the stable conjugacy class of d’ in G'.

To define the mapping from X(G) to Y(G), we have to attach some noncanonical
auxiliary data to a given point z in X'(G). First, we fix a representative (G’,d’) of the
class « with the property that the connected centralizer G/, is quasisplit. This is possible
[K1, Theorem 3.3], since we can always replace d’ by a stable conjugate in G'(F'). We also
assume that the full endoscopic datum (G',G’, s, £’) represented by G’ is such that G’ is
an L-subgroup of *G, and ¢’ is the identity embedding of G’ into *G. Next, we choose an
admissible embedding p’: 7" — T [LS1, (1.3)], of a maximal torus 7" in G’ over F that

contains d’ into a maximal torus 7' in G* over F', with the property that if d is the image
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of d" in G*(F'), the centralizer G, is also quasisplit. Again this is possible, since we can
always replace T' by a stable conjugate in G*. Note that T can then be identified with a
maximal torus in G7. Finally, we choose an admissible L-embedding n4: *T — LG?. By
this, we mean an L-homomorphism from the L-group *T = T % W of T into the L-group
of G}, such that the restriction of 74 to T belongs to the canonical é;—conjugacy class of
embeddings of T into é; [LS1, (2.6)]. The existence of 1y follows from [L1, Lemma 4].
Having fixed auxiliary data (G’,d’), p’ and 14, we construct a pair (d, G%;) by following
[LS2, (1.4)]. The element d is just the image of d’, as above. The symbol G/, represents an
elliptic endoscopic datum (GY;, G/}, 5%}, ;) for G}, whose components we have to describe. We
define the first component to be a fixed quasisplit group G, equipped with an isomorphism
Gl — G!, over F. Having fixed G/, we write T for the preimage of 7" in G/;. The third

component is a semisimple element in @; It is defined by
sa = na(s7) = 1a(p'(s)),

where s, € T is the image of the point s’ € Z(@’) under the map p': T/ — T that is
dual to p’. (See [LS1, (3.1)]. We have identified Z(G’) with the canonical subgroup of 1"
determined by any admissible embedding of T’ into G’ .) For the second component, we
set

g(/i = Aii : nd(LT)7

where @fi is the connected centralizer of s/, in @Z The last component &/, of the endo-
scopic datum we define simply to be the identity embedding of G/ into “G?%. To see that
(G, G, sh,€)) is an endoscopic datum for G, we observe that the map 74 o pA’ provides
a I-isomorphism from the dual fé = T" of the maximal torus T} of G/, to the maximal
torus nq(T) of @;, which maps the coroots of (G/;, T;) onto the roots of (@ZZ, nd(f)). This

isomorphism identifies éfl with a dual group of G/;,. By assumption [LS, (1.2)],

Int(s') 0 &' = @ ¢,
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where a’ is a locally trivial 1-cocycle from T to Z (é) It follows that
Int(sy) 0 &g = ag ® &g,

where a, is the locally trivial 1-cocyle from I' to Z (@2) that is the composition of o
with the canonical embedding of Z(G) in Z(@Z) Therefore (G}, Gl, s/, &) is indeed an
endoscopic datum for G7.

Observe that the group Z(@&)F/Z(@;@)F is a quotient of Z(@&,)F/Z(@)F. Since G’ is
elliptic for G, and d’ is an elliptic element in G'(F'), this group is finite. Therefore G/, is
an elliptic endoscopic datum for G;. In particular, (d,G/;) represents a point y € Y(G).
We shall write pl;: T — T for the composition of the underlying isomorphism 77, — T”
with p’. The construction is such that p/, is an admissible embedding of 77 into GJ.

Suppose that x belongs to the group K,, where y is the image of (d, G;) in Y(G) as
above. We shall define a second pair (G*,d") in terms of the data (G’,d’), p’ and n4. To
do so, we have also to fix an admissible L-embedding n: “T — LG such that s’ = n(sh).
The existence of 7 follows from the definition of s/, and [L1, Lemma 4]. The symbol G*
represents an endoscopic datum (G*,G", s £") for G, which we shall describe. Let k1 be

the element in T given by
R = ﬂ;l(“d%

where k4 is a fixed preimage of k in Z (@:‘l) (Since the restriction of 74 to T is canonically

defined up to éz—conjugacy, kr is actually independent of 74.) We define

K

s = s'n(kr) = n(spkr),
and
gn — é/{n<LT),

where G is the connected centralizer of s* in G. We take &™ to be the identity embedding

of G into LG, and we take G* to be any quasisplit group over F for which G* is a dual
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group. This gives an endoscopic datum for G. We still have to construct a semisimple,
elliptic element d® € G*(F). Since n(T) is contained in G, one sees easily from [LS1,
Lemma 1.3.A] that the maximal torus 7' C G* transfers to G*. In other words, there is a
maximal torus 7% C G" over F, and an admissible embedding p" of T" into G* that takes
T% to T. We define d” to be the preimage of d in T"(F). We can assume that p” has
been chosen so that the centralizer G, is quasisplit. We can also arrange that the point
s in T associated to p" and s" equals s/-kr, or equivalently, that n has the property that
n(shp) = s".

The pair (G*,d") is already equipped with the requisite auxiliary data p® and 7,.
What is its image in Y(G)? Since d = p"(d"), the construction above assigns a pair

(d,G%) to (G*,d"), where

K

sq = Na(sT) = na(sTrT) = Sgka-
Therefore, the connected centralizers ég and @& of s and s/, in @:} coincide. It follows
that G = G/ and & = &/, so that G% represents the endoscopic datum (G4, Gl, s\kd, &)
It follows that G and G, are isomorphic as endoscopic data for G};. We have shown that
(G',d") and (G",d") map to the same point y in Y(G).
Proposition 3.1. (i) The correspondence
(G,v dl) - (d7 Gii)
provides a well defined mapping from X (G) onto the set of y in Y(G) such that a, lies in
the image of ker' (F, Z(@)) in ker' (F, Ey)
(ii) The correspondence
(ledl) - (Gﬁ7dﬁ>v S le,
provides a well defined transitive action v — x* of K on the fibre of y in X(G).
(11i) If y € Y(G) is the image of x € X(G), let Ky o be the stabilizer of x in K,. Then

1Kyl = Oyoa;lca;l-

34



Proof. We shall prove each of the assertions in turn. For the assertion (i), the main
point is to show that the map is well defined. This is perhaps already clear to the reader,
but for the benefit of the author, at least, we shall check the conditions in detail. We have
then to show that the equivalence class y of (d, G}) in Y(G) is independent of the auxiliary
data (G',d’), p’ and ng attached to z.

Suppose that (@,,El), ik T — T, and 73: YT — LGE is a second family of auxiliary
data for z, with d = 7 (E/). The construction then yields a second pair (d, @lg). We have
to show that (d, @/g) is equivalent to (d,GY). By assumption, there is an isomorphism of
endoscopic data from G to G’ that maps d to a stable conjugate of d’. We are free to
replace El, T and P’ by stably conjugate data for @/, without affecting the image (El, @lg).
We can in fact do so in such a way that the isomorphism from G to G actually maps
d to d'. (This last point requires a standard application of Steinberg’s theorem, which
shows that the maximal torus T' in @IE transfers to the quasisplit group G’,.) We may
therefore assume that (@l, 3/) = (G',d'). Next, observe that d and d are G*(F)-conjugate,
since they both belong to the image of the G*(F)-conjugacy class of d’ under the map
Agr )G+ defined in [LS1, p. 225]. It follows from the fact that G, is simply connected
that d is stably conjugate to d. Replacing d, T, and p’ by stably conjugate data for G*,
we see (again using Steinberg’s theorem) that we may also assume that d = d. It remains
to check that the endoscopic data G, and @; for G7, determined by the different auxiliary
data, are isomorphic.

It is consequence of the definitions in [LS1, (1.3)] that the admissible embedding

p': T — T is a composition of three isomorphisms

T T

where « is any fixed element in Int (G’ (F)) that maps T to T , and (3 is some element in
Int(G*(F)) (depending on the choice of ) that maps T to T. Since T and T’ are both

contained in G/, , we can arrange that o belongs to Int(G?,). Then [ maps d to itself. This
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means that 3 lies in Int(G}), since G, is simply connected. Write a, ;’ and B for the

der
corresponding dual isomorphisms. Then ﬁdﬁ is an embedding of T into @; that belongs to
the same C:’Z‘l—conjugacy class of embeddings as the restriction of ny to T. In other words,
there is an element g4 € @2, unique up to right translations by nd(f), such that ﬁdg equals
the restriction of Int(gq)ng to T. We claim that Int(gg) define an isomorphism between
the endoscopic data G/, and 5:1.

Observe that

~

5y = Na(s) = MaP)(s') = MaBP'a)(s") = (MaBp')(s"),
since ' lies in Z(G"). It follows that

5= (1aP)(s7) = ([aPng ) () = Int(ga)(sh)-

The second point to check is that Int(gy) intertwines the L-actions of Wg on é& and G,
This entails showing that g '7,(75)ga belongs to G'na(7r), for any element 7 € Wy with
images 7r and T in LT and ¥T. To this end, we fix a general point t € f, and set

tq = n4(t). Then
Im<g;1m<ff>gd)<td> = Tnt(g; ' Ta(r7)) (It (ga)na) (1))
(Int Int(ndww))(m(&t))) = Tnt(ga) " (7a(r(5(#))))
= (B 7(3) (=) = (naB~ 7 (B)ng ") (na(r(1)))

= (ndﬁ—lf(@n;) (Int (na(7r)) (ta))-

Since both p’ and p' = Bp’«a are defined over F, the dual maps /7’ and BE’ a commute with

the relevant actions of I'. Therefore

The isomorphism a7 (@)~! of 7" is dual to an element in the Weyl group of (G, T"). The
isomorphism
Bt (B)ng t = nap'ar (@7 () gt
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of the torus nd(f) = (nap) (f ') is the corresponding dual element in the Weyl group of

AZZ, = @& Combining this with the first identity, we see that

Int(gg ' Ta(rr)ga) (ta) = Int (g(1)na(rr)) (ta),

A~

for some element g(7) in @fi Since tq represents a general point in n(7"), we conclude
that g, '7,(77)ga lies in @gnd(TT), as required. We have shown that Int(g4) defines an
isomorphism between G/, and @;. The pairs (d, G})) and (d,@;) thus represent the same
element in Y(G), and the map X(G) — Y(G) is well defined.

It is clear from the original definition that the map sends X' (G) into the set of y
in Y(G) such that a, belongs to the image of ker' (F,Z (CAJ)) in ker!(F, ZJ) Conversely,
suppose that y is an element in this set. Choose a representative (d, G/;) of y such that
G} is quasisplit, and such that if G/, represents the endoscopic datum (G, G, s}, &}), then
G), is an L-subgroup of *G’}, and &, is the identity embedding of G into “G4. We also
assume that

Int(sg) 0 &g =a' 0 &y,
where a’ is a locally trivial 1-cocycle of I' that takes values in the subgroup Z(G) of Z(Gy).
We shall construct a pair (G’,d’) that maps to (d, G}). Let p/;: Tj — T be an admissible
embedding of a maximal torus T of G/, over F' to a maximal torus T in G};. Then T is
also a maximal torus in G, for which we fix an admissible L-embedding n: *T — £G. To
obtain the pair (G’,d’), we need only reverse the construction in the original definition.

Set

s =n(sqr) = 1(Pa(sa)),
and if G’ is the connected centralizer of s’ in @, let £ be the identity embedding of
G = G'n(~T) into “G. Then
Int(s) ol =d ®¢.
Let G’ be any fixed quasisplit group over F for which G’ is a dual group. Since n(*T)

is contained in G’, the maximal torus 7' C G* transfers to G’. We can find a maximal
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torus 7" of G’ over F, an element d’ € T'(F) such that G, is quasisplit, and an admissible
embedding p’: T' — T that takes d’ to d. Then (G’,G’,s’,¢’) is an elliptic endoscopic
datum for G, and the corresponding pair (G’,d’) represents a point z € X'(G) that maps
to y. We have characterized the image of the map, and completed the proof of (i).

We turn next to (ii). We have to show that the correspondence (G’,d') — (G*,d")
gives a well defined action of Ky on the fibre of y. Recalling the definition of the correspon-
dence, we observe immediately that the image z* of (G",d") in X(G) is independent of
the actual choice of the quasisplit group G* and the admissible embedding p®. It remains
to check that it is also independent of the auxiliary data (G, d’), p’ and n attached to the
fixed point x in the fibre of y. Let (é/ﬂ/), 7 T - T, and 7: YT — ©G be a second
set of such data for . Arguing as at the beginning of the proof of (i), we see that it is
enough to treat the case in which the pair (@I, 3/) equals (G',d’), and the point d = 7’ (El)
equals d = p/(d’). Following the proof of (i) further, we deal with this special case by
writing p' = Bp’«, for automorphisms a € Int(G/,) and § € Int(G%). There is then an
element g € G , unique up to right translation by n(f ), such that ﬁB equals the restriction

/

of Int(g)n to T. The embeddings n and 7 are assumed to be such that n(s7) and n(s7)

both equal the point s’. Therefore
s =T(sk) = Mp)(s") = @BP'A)(s') = MBp)(s)
= (@B)(s7) = @On~")(s") = Int(g)(s"),
so that Int(g) centralizes s’. The two sets of auxiliary data assign two elements s and $"
in G’ to any « in K. They are related by
5" = s'T(kg) = s'(B) (k) = &' (Int(9)n) (k1)

= Int(g)(s'n(kr)) = Int(g)(s"),

since kg = B\ (k7). The second point is to compare the L-actions of Wg on the two groups
G* and G*. Arguing again as in the proof of (i), we deduce that for any 7 € Wg, g~ '7(75)g

lies in @“n(TT). Therefore, Int(g) represents an isomorphism between the two endoscopic
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data G* and G~ for G. It follow easily from the definitions that this isomorphism takes
d® to a stable conjugate of d" in G . The pairs (G*,d") and (G",d") therefore represent
the same element z" in X(G).

We have constructed a well defined action of IC,, on the fibre of y in X(G). It remains
to show that the action is transitive. We equip our fixed point = in the fibre with a
complete set of auxiliary data (G’,d’), p’, n and ny. Let T be any other point in the fibre,
equipped with a corresponding set of auxiliary data (@’,E’), 7 T - T, 7 'T — L@,
and 73 LT & L@E. We must show that 7 = x*, for some « in KC,.

By assumption, the pairs (d,G’) and (d, 6/3) attached to the two sets of data are
equivalent. In particular, d is stably conjugate to d. Replacing d, T, and p’ by stably
conjugate data for G*, we may assume that d = d. There is also an isomorphism between
the endoscopic data @:1 and G/, for G}. Redefining 7', if necessary, we can assume that the
admissible embeddings 7/, and p/, are compatible with respect to this isomorphism, and in

particular, that T = T. The isomorphism includes an element g4 in @2 such that

—1— /
9q S49d = Sgqkd,

~

for some element kg in Z(G}), and such that
o7 Ct(“T)ga = Clmna(T).
Replacing 7m,; by its Int(ggl) conjugate, we can assume that g4 = 1, and that 7; = n4.
We are also free to take 77 = . The points 3/, and s/, are obtained from the semisimple
elements 3 and s attached to G and G’. Tt follows without difficulty that x4 maps to an
element x in K. From this, we deduce that
' =7(s7) = 7(75" (52) = n(ng " (sara))
= n(sprr) = s'n(kr) = "
We are assuming that the groups G and G’ attached to G and G’ are L-subgroups of G,

and that E/ and & are the trivial embeddings. Consequently,
G =Gt T) = Gon(*T) = G~.
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We have established that (@I, 3/) equals (G",d"), for an element x € K,. Therefore 7 = z",
and so the actions of IC,, on the fibre is transitive. This completes the proof of (ii).

The final assertion (iii) is an identity among four constants attached to a point
r € X(G), and its image y € Y(G). Fix auxiliary data (G, d'), p': T' — T, n: YT — LG,
and ng: YT — LG, for z, as above, and form the corresponding representative (d, G}) of
y. We may as well assume that the maximal torus 7” in the quasisplit group G/, = G/
is maximally split. Let W be the Weyl group of (G*,T). The embedding 7 allows us to
identity W with the Weyl group of (@, n(f)), and the action of T on either T or T provides
an action of I' on W. We shall express each of the four constants in terms of various groups
of I'-invariant cosets in W.

Let Wy, W’ and W, be the Weyl groups of (G%,T), (G',T"), and (G}, T)), respectively.
The embeddings 14, n;’ and ngp); allow us to identify these three groups with the respective
Weyl groups of (@Z‘l,nd(f)), (@’, n(f)) and (@fi, nd(f)). It follows that each of the three
groups is identified, in one way or another, with a subgroup of W. We have also to

introduce two other subgroups
W = {fweWw: wswte s’Z(@)}

and

~

W = {weW: ws'w™ €s'(m;")(Z(Ga))}
of W. We shall be interested in the chain
W, C (W nWy) C (W nWy) C (W NnW,)

of I'-stable subgroups of W;. We note that the largest of these subgroups can also be
written as
ﬁ’ NWy={weWy: wsju™' € s&Z(@d)}.
The constant ¢, is the number of F-rational points in the quotient Gil,7 /Gl Any
coset in this quotient has a representative that normalizes T'. We identify this representa-

tive with an element in the intersection W’ N Wy that is uniquely determined modulo the
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Weyl group W) of G, = G,. Conversely, any coset in W/ N W,/W/ determines a coset
in Gy  /Gy. We thus obtain an isomorphism from W' N Wy /Wj to Gy, | /G, which is

clearly compatible with the two actions of I'. Therefore
o = |(W nWa/W)|.

The constant o, equals the number of outer automorphisms of the endoscopic datum
G/, of G%. Any such automorphism can be represented by a coset g4 in @:‘l / @fi such that
gdsfiggl belongs to S&Z(é;), and such that gd(]&gcjl = G/,. By choosing a representative
of gq in @2 that normalizes nd(f), we obtain an element w in the Weyl group W, that
is uniquely determined modulo W}. The first condition of g4 asserts that the image of w
in W4/W/ is contained in ﬁ’ N Wa/W/. The second condition asserts that it belongs to
the subset (ﬁ’ N Wa/W,)T of I-invariant elements. On the other hand, any element in
this subset can be identified with a class g4 that satisfies the two conditions. We obtain a

homomorphism

(W' N Wa/WH" — Outes (Gh),

which from the discussion above is surjective. Since any outer automorphism is completely
determined by its action on a maximal torus, the homomorphism is also injective. It follows

that

0, = |(W nWa/w)"l.

The constant o, equals the order of the group Outg«(G’, d’) of outer automorphisms
of the endoscopic datum G’ of G that map the stable conjugacy class of d’' to itself.
Consider an element in this group. We can represent such an element by an F-rational
automorphism ¢: G’ — G’ that maps d’ to a stable conjugate. Having chosen ¢, we select
an element « in Int (G’ (F)) such that a¢ maps d’ to itself, and such that for any 7 € T,
a7 () ! belongs to Int (G, (F)). The torus (a@)(1”) centralizes d’, and hence is contained

in G/,. Replacing a by the left translate by an element in Int(G, (F)) if necessary, we
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can in fact assume that (a¢)(T’) = T”. The composition w = p’a¢(p’)~! then stabilizes
the pair (7,d), and therefore belongs to Wy. According to our conventions, W also acts
on n(f ). Since it represents an automorphism of the endoscopic datum G’, the element
w maps s’ to a point in S/Z(é). Therefore, w belongs to the subgroup W' 0 W, of W,.
Moreover, if 7 belongs to the Galois group I', we see that
wr(w) ™ = fad(p) (! )r(6) " 1(0) ()
= plar(a) " ()7,

since p and ¢ are F-rational maps. Therefore wr(w)~! belongs to W), the subgroup of
elements in Wy induced by G/,. In other words, the projection of w onto W' N Wy W}
belongs to the subgroup (W’ N Wa/W))E of T-invariant cosets. We have shown how to
associate a coset in (W’ NWa/WHT to any element in Outg+(G’,d’). On the other hand,
any coset in (W' N W/ W) clearly determines a unique element in Outg-(G’,d’). We

obtain a homomorphism
(W' N Wy /WHT — Oute- (G, d'),

which from the discussion above is surjective. The kernel of this homomorphism is the
subgroup of cosets induced from the Weyl group W' of G’, which is just (W' N Wa /W)L,
We conclude that

0, = |(W N Wa/WHL||(W nWa/WiL| ™.

We evaluate the last constant |IC, | by almost identical means. Suppose that x belongs
to the stabilizer ICy ;. The pairs (G",d") and (G’,d') are then equivalent. We can find
an F-rational isomorphism v: G" — G’, which represents an isomorphism of endoscopic
data, such that 1 (d") is stably conjugate to d’. We choose an element [ in Int (G’ (F))
such that v maps d” to d’, and such that 37(3) ! belongs to Int (Gzl, (F)), for each 7 € T.
The torus (5v)(T") centralizes d’, and is therefore contained in G/,. Translating 8 by an

element in Int (G, (F)) if necessary, we can assume that (3)(T") =T’. The composition
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w = p'BY(p*)~! then stabilizes the pair (T, d), and therefore belongs to Wy. The action

of w on n(T) maps s’ to an element in s"Z(G) = s'n(kr)Z(G). Therefore, w belongs to

the subgroup w'n W4 of W4. We also obtain
wr(w) ™t = p'Br(8) " ()7, TeT,

as above, so that wr(w)~! lies in W). Therefore, the projection of w onto ﬁ’ N Wy /W,
lies in (%’ NWa/W/)T'. We have shown how to associate a coset in (%’ NWa/WHT to the
element x in Ky ;. On the other hand, suppose that w is any coset (ﬁ’ NWa/W,)E. Then
ws'w™! belongs to s'n(kr)Z(G), for a unique element £ in ICy. Moreover, w determines
an isomorphism from G* to G’ that takes d" to a stable conjugate of d’. It follows that x

belongs to the subgroup Ky . of K. The correspondence w — x gives us a homomorphism
(W A Wa/Wi)' — Ky

which from the discussion above is surjective. The kernel of this homomorphism is the
subgroup of cosets w such that ws'w=! belongs to s'Z(G). The kernel is therefore equal

to (W' N Wa/W/)E. We conclude that

1y o] = (W W/ Wi) (| (W nwa/wi)' |~

We have now only to compare the four formulas we have obtained for the four con-

stants. We see immediately that
-1 -1

Iy x| = 0y0, "C; .

This gives the final assertion (iii) of Proposition 3.1. O
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4. Descent and global transfer factors

The mapping X' (G) — Y(G) is useful for describing the behaviour of transfer factors
under descent. In this section we shall discuss some implications of the main theorem
of [LS2] for the global transfer factors in (1.1). Since we will be applying the results to
the proof of Theorem 1.1, we need only consider elements in Y(G) that map to a fixed
semisimple stable conjugacy class in G(F'). In fact for the next two sections, we can fix a
point y € Y(G), together with a representative (d, G;) such that G} is quasisplit. For the
time being, we assume that y lies in the image of the map X(G) — Y(G). In particular,
we can fix a point z in X(G) that maps to y, together with a representative (G’,d’) such
that G, is quasisplit.

We are assuming that Gge, is simply connected, and that Z = {1}. To study the
transfer factors for G/, we recall from §2 that we can set G’ = G/, with 5’ then being a
fixed L-isomorphism of G’ with the L-group “G’. The derived group of G7 need not be
simply connected. To study the transfer factors for G/;, we have to fix a suitable central
extension G, — G/, over F, together with an L-embedding £: G/, — LG’ We may as
well assume that é& is obtained from a fixed z-extension é:‘l of G, as in [LS1, (4.4)].

Let S be a finite set of valuations outside of which G and G’ are unramified, and such
that d is S-admissible [I, §1] and bounded away from S. It follows from [K3, Lemma 7.1]
that the centralizers G, and G/, are also unramified outside of S. Since the endoscopic
group G/, for G is isomorphic to G, it too is unramified outside of S. We can assume

that the same is true of the extension éfi and the L-embedding g’i [1, Lemma 7.1].

Assume that

CS:HC’U

vES

is a semisimple element in G(Fys) such that each of the local components d, of d is an

image of c,, relative to the fixed inner twist ¢: G — G*. In particular, we can choose
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elements g* € G*.(F,) such that Int(¢g*)v¥(c,) = d,,. For each v, the isomorphism

Ve, =Int(g;): G, — G:}U

is then an inner twist, whose inner class is independent of g;. It allows us to identify G;lv
with a local endoscopic datum for G.,. We assume that (d, G}) is such that G7; is relevant
to G¢,. The main result of [LS2] relates the local relative transfer factors attached to the
pairs (G, G,) and (G.,, Gy ).

Before we recall the descent formula from [LS2]|, we shall thicken cg to an adelic
element cy € G(A). We have fixed an open maximal compact subgroup K° = [] K,
of G¥(A®) such that each K, C G, is hyperspecial. For every v € S, we can chvogoie a
semisimple element ¢, € K, for which d, is an image. This follows from [T, (3.2)], the
S-admissibility of d, and the fact that any two hyperspecial maximal compact subgroups
of G,(F,) are conjugate under G, »q4(Fy). By the last statement of Proposition 7.1 of [K3],
the conjugacy class of ¢, in G, (F,) is unique. We set

cp=cs- H Cy-
vgS
We have introduced ca in order to make use of a general construction in [K3, §6] (which
extends the special case of [L2, Chapter 7]). Applied to ca, the construction yields a
character obs(ca ) on the group K(G}, G*) = K, of element in (Z(@Z)/Z(@))F whose image
in H*(T, Z(@)) is locally trivial. According to [K3, Theorem 6.6], obs(cy) is trivial if and
only if ¢y is G(A)-conjugate to the diagonal image of an element in G(F'), or equivalently,
if and only if cg has a representative in G(F) whose conjugacy class in G°(A®) meets K.

We now describe the descent formula from [LS2]. For each v € S, choose maximal tori
T! and T; in Gfi; that are images of F,-rational maximal tori T, and T., in G.,. We can
identify T, and T; with maximal tori in G, , and we write T! and %ﬁ) for their preimages
in éilv' As usual, we write T¢, T, Té, etc., for the relevant products over v € S. Choose

strongly G-regular elements o € TS and g € Tig that are images of points ps € T, and
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pg € T.q, together with preimages ¢ € Tg and oy € T's. We can then form the relative

(local) transfer factors

A(J:S’,PS;E%?pS) = H A(U:npv;gsnﬁv)
veES

for (Gg, G'), and corresponding objects

Acs(g:g,ps;%ig,ﬁg> = H ACU (g;;?piﬂginﬁv)
veS

for (Geg,Gr,). The results of [LS2] apply to the quotient

9(33705§%§vﬁs> = A(a,g,ps;ais’?pS)Acs(&gvpS;giS’vﬁS)_l

Let d’ be a fixed preimage of d’ in é’(F) that is bounded at each place v € S. One of the
casier results of [L.S2] is that ©(5%, ps; T, Pg) extends to a smooth function of (5/, ps) and
(@', Pg) in a neighbourhood of (ds, cs). The main result of [LS2] asserts that the limit of
O(5%, ps; T, Ps), as (0%, ps) and (T, Pg) both approach (C?S,Cs), is independent of the
various tori.

We can also form the absolute (global) transfer factor

A(J,,S7 PS) = A(O{S’? PS;Ei%ﬁS)A(Eg’,ﬁs)

for (Gg,GY), defined as in [I, §4]. Here 7 is assumed to come from a rational element
o € T/(F ), in which T C @' is a maximal torus over F, while pg comes from an element
p € G(A) of which @ is an adelic image. The factor on the right is the canonical preassigned

value

A(Efs*aﬁs> U p 1HAK vvpv 17
vgS

described in [I, §4]. Since each G/, is relevant to G.,, we can arrange that T is contained in

G/, and that each point p) lies in G,,, as before. (See the discussion preceding [I, Lemma
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4.3].) Now the group G.,, unlike Gg, does not generally have an F-rational structure. In

this case, we just set

ACs (5f5'7 ps) = ACs (5f5'7 pS;giS‘vﬁS)Acs (%{S, PS),

where A (0, pg) is some arbitrary preassigned value taken at the fixed base point

(@', Ps). We then form an absolute quotient
@<5f5'7 /)S) = A<O-f5'7 pS)ACS (5,/5'7 /)S)_1~

The earlier relative quotient has the transitivity property

@(5{9, pS;%ZSUﬁS) = 6(5?5'7 /?S;?sjs)@(?sjs;%lsﬁs)'
The point (7s,ps) has now been fixed, but we are free to let (%fg,ﬁs) approach (C?S, cs)-
We see that O(d’, ps) extends to a smooth function of (7%, ps) in a neighbourhood of
(c?s, ¢s) in (fé, Ts), whose value

(4.1) O(z,cp) = lim O(d%, ps)

(0.p5)—(dg,cs)

at (~’S,cs) is independent of T¢ and Ts. (The language is slightly careless, since the
domain of O(c%, ps) is a proper subset of Té x T.s. To be more precise, we have first to
take o to be in a neighbourhood of gls in f’g, and then let pg range over a corresponding
neighbourhood of ¢g in T¢ in such a way that {og} is a smoothly varying family of images
of {ps}. The assertion is that the resulting function of o is smooth.)

Consider the special case that ¢, is the diagonal image of an element ¢ in G(F'). In

this case, we choose an inner twist
'ch = Int(g*>¢ : GC_)G:;? g* € G:C(F)7

that maps ¢ to d, and we set ., = 9., for each v € S. If v &€ S, G, is unramified,

and K., = K, NG, (F,) is a hyperspecial maximal compact subgroup of G., (F,) [K3,
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Proposition 7.1]. We can therefore take the canonical preassigned value
AC(ngWﬁS) = ACS (g/sﬁs) = d65(6/7ﬁ)_1 H AKcU (ginpv)_l
veES

in the absolute transfer factor
Ac(Ts, ps) = Aes (T, ps)-
With this preassigned value, we set

O(z,c) = O(z,cp).

Lemma 4.1. (i) The action of IC, on the fibre of y satisfies
O(x", cy) = (obs(ca), k) 1O(x, cy), K€ Ky.

(1i) Suppose that obs(cpa) = 1. Then O(z,c) = 1, for any element ¢ € G(F') that is
G(A)-congugate to cy.

Proof. We can certainly arrange that the representative (G’,d’) of x maps directly
to the representative (d’, G)) of y, as in the preamble to Proposition 3.1. In particular, we
fix an admissible embedding p’: 7' — T, of a maximal torus 7" C G’ over F to a maximal
torus T C G* over F, as well as dual admissible L-embeddings n/: *T — EG% and
n: IT — LG, which satisfy the conditions of §3. We can then represent the action K, on
the fibre of y by the correspondence (G',d') — (G*,d").

We can assume that the rational tori 77 and T transfer locally to each of the groups
G,. For each v, T' is then a local image at v of a fixed maximal torus 7., C G, , which is
defined over F,. The limit (4.1) is independent of the original maximal tori. In particular,
we can evaluate it by taking 0% and pg to be in the tori 7§ = T"(Fs) and T, = [[T¢, (Fy)

we have just fixed. The point is that it is easier to study the quotient

(G, ps) = A0, ps)Aes (55, ps) "
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when o lies in a torus that is defined over F.
The notation suggests that the limit (4.1) is independent of S. To verify this, we
observe that if S is augmented by an unramified place v, the quotient O(c§, pg) is changed

by a factor

Ok, (G5, pv) = Ak, (04, pv)Ax,, (Gh, pu) "

Since

~ lim~ GKv (5’:}710’0) = 17
(U’uapv)q(dvvcv)

by [H, Lemma 8.1], the limit (4.1) is indeed independent of S. We are therefore free to
enlarge the finite set S in our computation of the limit.
With the preliminary remarks out of the way, let us consider the numerator A(c%, ps)

of the quotient O(cyg, ps). We shall examine the factors in the product

A(O’fg,ps) = A(O‘fg,ps;ﬁfg,ﬁs> ' d(5/7ﬁ>_1 ' H AK‘U (Eiﬂﬁq)_l'
vgS

The factors in the infinite product on the right are almost all equal to 1 [LS1, Corollary
6.4.B]. Enlarging S, if necessary, we can assume that the infinite product itself is equal to

1. The relative factor on the left is a product
A(O{SU PS; 6,,5’7 ﬁS) = H AL(O{SU PS; 6,,5’7 pS)
L

of four terms, in which ¢ ranges over indices I, II, 1 and 2, as in [LS1, (3.7)]. If ¢ equals

one of the three indices I, IT or 2, the corresponding term is by definition a quotient

AL(Ufg,PSQEig,ﬁs) = AL(O{S’:pS)AL(Ei%ﬁS>_1

of absolute factors, whose denominator A, (7', pg) depends only on the rational element

o € T/(F ). Enlarging S if necessary, we deduce from Lemma 6.4.A of [LS1] that

A (05, ps;05,Ps) = Ao, ps), v =LIIL2.
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The fourth term A (0%, ps; 7%, pg) is a product over v € S of the local relative factors
defined in [LS1, (3.4)]. However, the term itself is really a global object. It is subject to
the argument on pp. 267-268 of [LS1]. The argument was presented for the case that o
comes from an element in 7”(F'), but it holds more generally, so long as the torus 7" is

defined over F. We obtain

A1(0-,,5’7 ps; EIS?ﬁS) = d(U,,S’7 pS)_ld(E,SHﬁS)?

where d(o, ps) is defined as a global Tate-Nakayama pairing on the torus Ty by an obvious
extension of the construction on p. 267 of [LS1]. The factor d(d’, pg) is defined the same
way. However, the arguments g and pg in this case come from the adelic points &’ and p.
If S is sufficiently large, d(c’, pg) equals d(@’, p), and therefore cancels the middle factor

from the original product. We conclude that

(4.2) Ao, ps) = Ai(os, ps)An(cs, ps)Aa(o, ps)d(as, ps) .

A similar discussion applies to the denominator A, (0%, ps) of (%, ps), even though
G, does not have to come from a group that is defined over F'. This is because the points
5% and 7 lie in maximal tori in G/, that are each defined over F. We deduce that
Acg (0%, ps) has a product decomposition that is completely parallel to (4.2), except for a
multiplicative constant C's that depends on the preassigned value A, (7, pg). It follows
that

O(c%, ps) = CsO1(Gy, ps)On (T, ps)O2(d%, ps)d(cs, ps) 'des (G5, ps),

where

@L(g,,SHPS) = AL(Ufg,PS)Acs,L(gfg,PS>_1, L= LIL 2.

If cs has a rational representative ¢, and ¢., = 1. as above, the constant C's equals 1.

We shall show that for + = I, II or 2, we can assume that the formula

(4.3) im_ ©,(F%,ps) = 1

(ol.ps)—(dls.cs)
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holds. The three functions to be considered in (4.3) are each independent of the point pg.
They do depend on choices of a-data {a, s} and x-data {x. s}, but we can assume that
these objects have been chosen relative to the global field F', as in [LS1, (2.6.5)]. The first
function depends only on the admissible embedding p’: T/ — T of rational tori, rather

than the point 0. The relevant part of the proof of [LS1, Theorem 6.4.A] tells us that

AI<UA/S'7IOS) = ACSJ(ngWpS) =1,

so long as S is sufficiently large. Therefore (4.3) holds if « = I. For the second function,

we observe as on p. 504 of [LS2] that

-1
© U: S X S( )
1105, P H e a9

where 0§ = p'(0%) is the image of o in T, and « runs over the I'-orbits of roots of
(G*,T) that are not roots of G and are not coroots of G’ (relative to the embedding
n: *T — "G). For each a, x, is a character on A}, /F7%, for a finite Galois extension
F,, D F such that the quotient (a(d) — 1)a;1 belongs to F¥. Enlarging S if necessary, we

obtain

Qq,S Qe

lim_ Xa(a(as) — 1) _ Xa(a(ds) — 1) _ Xa(a(d) — 1) _q
S a ’
Therefore (4.3) also holds if ¢« = II. The third function equals

O2 (057/)5) <ax,as><ad’x,5§)_1,

where a,, € H 1(Wp,f ) is the element constructed from the y-data and the embedding
LG’ =G — L@, as in [LS1, (3.5)], and ag,, is the corresponding element for G%. (We
have written o§ for the image of g% in the z-extension é; of G% used to construct G.)
Since (a, -) stands for a character on T'(A)/T(F'), we obtain

thN <a><v‘7§> = <ax7dS> = (ax,d) =1,

/ /
cfs—>ds
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so long as S is sufficiently large. A similar formula holds for the limit of (ag4,,0%). We
conclude therefore that (4.3) is valid for ¢ = 2.
We have shown that if S is sufficiently large, (4.3) is valid for each of the three indices

v =1,11,2. Tt follows that the limit (4.1) equals

(4.4) O(x,cp) =Cs lim _ d(og, ps) 'des (0%, ps)-

(0%.p5)—(dg,cs)

We shall use this formula to establish the two assertions of the lemma.

For the first assertion, we fix an element x € IC,. Then 2" is the point in the fibre of
y that is represented by the pair (G",d") constructed in §3. Recall that G* comes with
a maximal torus T that contains d”, together with an admissible embedding p” of T
into G} that takes (T, d") to (T, d). Suppose that oy € T¢ is a given point, with image
o% in Tg, as above. We then take 0§ to be the preimage of % in T§. Since d., (0§, ps)
depends on  only through the endoscopic datum G for G, and since (d, G;) and (d, G)

represent the same point y in Y (G), we see that

dcs(gg'?pS) - dCs(gg'?pS)'

To compare the factors d(c§,ps) and d(o%, pg), we recall that the factor d(og, ps) is
defined by a global Tate-Nakayama pairing on Ty.. It equals (ur,s}), where as in [LS1,
(6.3)], pr = pr(ok, ps) is a class in H' (T, Tuc(A)/Tuc(F)) attached to 0§ = p'(0%) and
ps, and §7p is the image of s/ in the group wo(ifd) = ﬂo((f/Z(@))F). We have written
A here for the ring of adeles of F'. Since 0% also equals p*(c%), d(o&, ps) equals (ur,s5).

But according to the definitions in §3, 3% equals $7.x. It follows from (4.4) that

(4.5) O(x", cp)O(z,cp) ! = lim (pr(ok, ps), k)t

(0%:p5)—(df c5)
The precise definition of pr (o, ps) is a minor extension of that on p. 267 of [LS1].

To describe it, we write Ag for the subring of adeles in A that are supported at the places

of F over S. Let hg be a point in G¥.(Ag) such that

hst(ps)hg' = 0.
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Then pr(ck, ps) is defined to be the image in H* (T, Tyc(A) /Ty (F)) of the 1-chain
vs(T) = hgu(r)7(hs) ™", Tel,

from T to Tyc(Ag), for any points in u(7) in GZ,(F) such that ¢7(1)) ! equals Int (u(7)).
This definition is quite similar to the construction of the element obs(ca) in [K3, §6]. In

the case of obs(cy ), the role of the torus

Tse =G NT = G, NT
is played by the preimage

se,d = Gee NG = G, NGy

of G% in G%,, while the role of (0%, ps) is played by (d, ca). The construction in [K3] then

sc)

exhibits obs(cs) as a class in H' (T, G, 4(A) /Z:Qd(F)), where Z* , denotes the center

sc,d sc,d

of G} 4. It is the pairing of this cohomology set with wo((Z(@:‘l)/Z(@))F), provided by
[K3, Theorem 2.2], that defines obs(ca) as a character on K. Now the 1-chain vg(7)
above is a cocycle modulo translation by the center of G%.. It projects to a class in
H! (F,TSC(K)/ZS*C’GZ(F)), which can be mapped in turn to a class in
H! (F,G;‘C7d(K)/Z:C7d(F)). The pairing of the latter class with x is equal to the pair-
ing that occurs on the right hand side of (4.5), which is between the original class pr and
the image of k in 7 (ﬁfd) (This follows from the functoriality assertion in [K3, Theorem
2.2], and the remark at the top of p. 370 of [K3].) A review of the definition in [K3, §6] of
obs(cp) then leads directly to the conclusion that

_lim_ (ur(0, ps), ) = (obs(ea), k)T

(05:p5)—=(dy,cs)
so long as S is sufficiently large. The assertion (i) of the lemma follows from (4.5).

For the assertion (ii), we assume that obs(cs) = 1. Then there is an element ¢ € G(F)

that is G(F')-conjugate to cy. We fix an inner twist ¢. = Int(g*)y from G, to G}, as in
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the preamble to the lemma. The constant Cg is then equal to 1. It follows from (4.4) that
O(c,x) = lim (d(ofg,pg)_ldc(gfg, pg))
= lim ((pr, 57) ~H (pe, 75 S4,7)) -
The class ur = pr(o§, ps) was defined in terms of the elements hg and u(7) above. The
class pter = pte,r (0%, ps) is defined in exactly the same way, except that the role of G and
1 has to be played by G. and .. In particular, p.r takes values in the preimage of T’
in G

7.sc» Tather than its preimage T in GZ.. Now, according to the definitions in §3, 57, 1

and s/ represent the same point in 7. Moreover, Eii,T equals the image of 5/ under the

map from T/Z(G) to f/Z(é;) Therefore

<“C,T7 g:1,T> = <ﬁc,T: §/T> )

where i, p is the image of per in H* (T, Tyc(A)/Ts(F)) under the map from Gise to
G%,. Set hg . = hs(g*)~!, where hg is the element used above to construct pr. It is an

immediate consequence of the definitions that

hs.ce(ps)hg, = 05,

and that

Yet (o)~ = Int (g u(r)T(g") "), rel.

It follows that i, = pr, from which we conclude that ©(c,z) = 1. This completes the

proof of the remaining assertion of the lemma. O

The descent theorem of Langlands and Shelstad will be a major part of our proof
of Theorem 1.1. We shall actually use a minor variant of the theorem, which applies to
the extended transfer factors Ag(d%,4s) in the definition (1.1). Assume (d, G%), (G',d’)
and cg are as at the beginning of the section. We fix an element 75 in ', (G, S), with
Jordan decomposition s = cgdg, as in assertion (a) of Theorem 1.1. We also fix an

clement &% in Agi(G’, S), with Jordan decomposition 8% = dis 3%, where di is the image
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of d in G'(Fs). Since G’ = G, we can form the extended transfer factor Ag(d%, 4s). The

element ﬂ’s belongs a priori to the basis Aunip(Gfi,s ). Suppose that it actually lies in the

subset Aunip,der(Giz/s ) of this basis. As we noted before stating Corollary 2.3, there is a

canonical bijection from Apip der(GYy ) onto the corresponding subset Apip der(é&' )
K S ) S

of Aunip(éél’s ,1s). Identifying ﬂ’s with its image in AuniP’der(é&{S ,Mg), we can also form

the extended transfer factor Ag .4 (ﬁfg, ag) for Geg.

Lemma 4.2. Assume that ﬁfg lies in the subset AuniP,der(G&g) of Aunip(G&é). Then
(4.6) Ac (8%, s) = O(x, ca) A cs (8%, ds)

Proof. We can write

O(z,cp) = H O(z, cy),

veS

where

O(z,c,) = lim O(a,, py)

() ,pv)—(dl)c0)

is a limit of the v-component
@(5;}, pv) = A(O-;n pv)Acv (5:;7 pv)_l

of ©(0%, ps). This is of course because the descent theorem of [LS2] applies to each v. The
theorem asserts that the quotient ©(ad,, p,) extends to a smooth function of (a.,p,) in a
neighbourhood of (d’,, ¢,,), and that the limit ©(z, ¢,) is independent of the choice of the
tori T/ and T, that are the domains of &, and p,.

The local components 7, = c,¢&, and gg, = 62)6; are of course not assumed to be
semisimple. However, we can approximate them by the strongly G-regular elements p,
and o/ . If v is a p-adic place, the function ©(a., p,) is actually constant for (., p,) in a
neighbourhood of (67;, ¢y). It is then not hard to establish from Harish-Chandra’s theory

of descent for smooth functions [LS2, (1.5)] that

(4.7) A8, 4) = O(z, o) Ag.c, (8, ).
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If v is archimedean, ©(",, p,,) need not be constant near (d’,, ¢,,). However, the dependence
on (., py) is quite mild. Of the four terms in [LS1, (3.2)-(3.5)] that make up the product
A(ol, py), it is only the factors Ayi(ol, p,) and As(ol, p,) that are not locally constant.

An examination of the definitions in [LS1, (3.3), (3.5)] reveals that the product

AII(U;7 pv)AZ (0-:;7 pv)

!
der,v*

depends only on the image of 0}, in G/, /G Since the corresponding terms in A, (7, py)

have a similar property, the quotient ©(d,, p,) then depends only on the image of &/ in
Nz% e / der- We are assuming that 3! lies in the image of Aunip(é&% der) 10 Aunip ( Ni% 7).
This condition can therefore be used in conjunction with Harish-Chandra descent to show
that (4.7) holds in the archimedean case as well. (See the forthcoming paper [A5].)

Taking the product of the terms in (4.7) over v € S, we obtain
AG(&S‘? ’75) = @(l’, CA)AG,CS (67/55{5, CSdS)'

To remove the arguments c?’s and cg from the factor on the right, we appeal to Lemma

3.5.A of [LS2]. This result implies that
Ages (ds B, csiis) = s (ds) Ages (B dis),

where 17y = [] 7, is a character on the center of é;s that restricts to the earlier character
veS

on Cy. We recall here that G is the fixed z-extension of G} used to construct the extension

G/, of G, We also recall that for any v, 77, is the restriction to the center of é:;v of the

character

/\v(3/> :Acv,2(5;7p2)>7 5:) elen

where T is a maximal torus in ézlu over F,, and A., 2 is the component in [LS1, (3.5)] of
the transfer factor for (Gy ,Ge,). The point of [LS2, Lemma 3.5.A] was to show that 7,

is independent of the choice of T”. It remains for us to check that %(E[’S) equals 1.
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The factor A., 2 is defined in terms of the local embedding E;lv: L éfiv — L é;v, and
the admissible embeddings ©T J— Léﬁiv and LT J— Lé:‘lv determined by local y-data
[LS1, (2.5)]. Since 77, is independent of T”, we can take 77 to be the localization of a
maximal torus 7” in éfi over F'. We can also arrange that the admissible embeddings are
localizations of global embeddings 7" — LG/, and YT — LGy, as in [LS1, (2.6.5)]. Since
g&u is the localization of the global embedding 5;, Ay is the local component of a character

A on T'(F)\T'(A). It follows that

Ts(ds) = As(ds) = M@ (T nd)) = [T ad)

vgS V€S

We have assumed that é:‘l, éfi and E;l are unramified at any v not in S. For any such v,
we now take 7T, " to be an unramified torus, equipped with unramified local y-data. The
corresponding character A, on i’, is then unramified. We also assumed earlier in this
section that d’ was bounded at any v € S. In other words, CZ} lies in a compact subgroup

of the unramified torus iﬁ It follows that
To(dy) = Ao(dy) =1, v S,

Therefore ﬁfg(g’s) = 1, as required. O
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5. Transfer factors for G.

In this section, we shall establish another property of global transfer factors. This
result pertains strictly to the transfer factors for groups G. obtained from G by global
descent. Our concern will be the global endoscopic data G, for G, that do not come from
endoscopic data for G. We shall establish a key formula for any such G, which will be
used in §6 in the form of a vanishing property.

We fix y € Y(G) and (d, GY)) as in §4, but we relax the condition that y lie in the image
of the map X(G) — Y(G). We continue to assume that d transfers locally to G. Rather
than deal with a finite set S of valuations, however, we simply fix a semisimple element cy
in G(A) of which d is an adelic image. We assume that obs(cy) = 1. Then we can find a
rational element ¢ € G(F) that is G(A)-conjugate to cs. Given ¢, we define an inner twist
Ye: Ge — G, as in the last section. We assume that G, belongs to E(G.). Then G
represents an elliptic endoscopic datum for G} that is locally relevant to each of the groups
G.,. We shall consider the canonically normalized adelic transfer factors A.(d’, p.), for
strongly G-regular elements o’ € ég(A) and p. € G.(A) such that the projection o’ of ¢’
onto G/;(A) is an adelic image of p..

The conjugacy class of ¢ in G(F') is not uniquely determined by cs. Are the transfer
factors A.(+,-) independent of ¢? The question will be of considerable interest to us when
we turn to the proof of Theorem 1.1 in the next section. For we shall encounter some
extraneous terms that will be impossible to suppress unless the transfer factors do actually
vary with ¢. But the isomorphism class of the group G.(A) is independent of ¢. What
mechanism could cause the corresponding transfer factors to vary?

To examine the question, we first recall how to classify the set of rational conjugacy
classes ¢ € I'ss(G) that map to the G(A)-conjugacy class of ca. Fix one such class ¢1, and

set G1 = G.,. If ¢ is another such class, we can find an element g € G(F) such that

c1 = Int(g)c.
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Since Gqer is simply connected, the cocycle

T — gT(g)_lv T € Fa

takes values in G;. Since ¢ and ¢; both lie in the G(A)-conjugacy class of ¢y, the image
A of this cocycle in H'(F,G1) lies in the subset ker' (F, G1) of locally trivial classes. The
map ¢ — A. is then a bijection from the set of rational conjugacy classes ¢ € I'ys(G) in the

G(A)-conjugacy class of ¢y, onto the set
(5.1) ker(kerl(F, G1)—ker'(F, G)).

On the other hand, there is a canonical bijection A — (A,-) from the set (5.1) onto the

dual of the finite abelian group
(5.2) coker (kerl(F, Z(@)) —ker' (F, Z(CAv'l))

This follows from the commutative diagram
ker! (F, Gy) — ker! (F, Q)
ker! (F, lZ(@l)) " —  ker' (F,lZ(@)) 5
as in [K3, p. 394], where the vertical arrows are the bijections defined in [K2, §4].

For any ¢, there is an isomorphism p; — p. from G1(A) onto G.(A), which is uniquely
determined up to conjugacy in G1(A). Moreover, the inner twist 1. allows us to identity
the dual group @C with @d. In particular, we can identity the groups ker! (F, A (@1))
and ker' (F, Z (@d)) Recall that the endoscopic datum G, for G}; determines a class a/;
in ker' (F , Z (@d)) We shall sometimes identity this class with its image in the quotient
(5.2). According to Proposition 3.1, the point y represented by (d, G/)) lies in the image of

the mapping X' (G) — Y(G) if and only if the image of a/, in (5.2) is trivial.
Lemma 5.1. The absolute adelic transfer factors for (G.,G) and (G1,GY) are related by

(5-3) Ac(gé:pc) = <)‘C7aii>A61 (3,71)1)'
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Proof. We have assumed that the endoscopic datum G, is locally relevant to G..
It is therefore locally relevant to G (since G. and G; are isomorphic over any of the
completions F),). As we noted in [I, §4], this implies that there is a maximal torus 7" in G/,
over F' that transfers locally to G1. We fix such a T”, as well as an admissible embedding
of T into a maximal torus T" in GJ; over F. We also fix an adelic torus 77 o(A) in G1(A)
which transfers to T7/(A). By this we mean the centralizer of some strongly regular element
in G1(A) that has an adelic image in 7"(A). Then T3 4(A) is a restricted direct product of
groups 11 ,(F,), where T} ,, is a maximal torus in G; over F), that transfers to 7" over F,.

We can regard T as a group scheme over the ring A, which is embedded as a
subgroup scheme in the product G; 4 = G1 xr A. As in the last section, we shall work
with the ring of adeles A of the algebraic closure F of F. The Galois group I' = Gal(F/F)
acts on A, as well as on the group 11, A(K) of points in 77 4 with values in A. We note that

Ty 4(A) is a restricted direct product of groups
Tl,U(K’U) - HTI,’L)(FM)?

where w runs over the valuations of F that lie above the valuation v of F. The action of

I on Ty o(A) is then given by the corresponding product of actions of I' on each of the
groups T1 ,(A). (The arguments that follow will actually depend only on the ring Ag of
adeles of some large finite Galois extension F of F. The reader is free to replace A by A g,
and I" by the quotient I'p = Gal(E/F).)

The lemma pertains to a fixed rational conjugacy class ¢ € I's(G) that is conju-
gate to ¢; over G(A). The corresponding class A. is the image in (5.1) of the cocycle
g7(g)™1, where g is a fixed element in G(F) such that ¢; = Int(g)c. From a general result
S, Corollary 5.4] for adjoint groups, it is known that ker'(F, G1 aa) is trivial. The image
of A\, in kerl(F , G1,aa) therefore splits. Replacing g by a left translate by some element

in G1(F), if necessary, we can then assume that the cocycle takes values in the center

of G1(F). The group G;(F) is of course contained in G(A), and the center of G{(F) is
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contained in the subgroup 77 4 (A) of G1(A). The cocycle therefore takes values in Ty 4 (A),

and maps to a class in H! (F, 11, A(K)). We claim that this class lies in the subset
(5.4) ker (H' (T, Ty 4(A)) — H'(T,G1(A)))
of H'(I', Ty a(A)). To see this, we write

HY T, T 4 (A @Hl T, Ty, (A @H Ty, T1.0)

and

LT, Gi(A @leel @H (Ty, G1),

by Shapiro’s lemma. (The summands on the right of course depend on a choice of embed-
ding of F into F,, for each v.) Since the original class ). is locally trivial, the class in

H'(T,T1,4(A)) projects to the subset
ker(H'(F,, Th,,) — H'(F,,Gh))

of HY(F, Ty ), for each v. The claim follows.
Let T} asc be the preimage of 17 4 in the scheme Gj 4 Xp A. The set (5.4) is then

the image of a surjective map, whose domain is the set
ker (H' (T, Ty sc(A)) —H' (T, G1 5c(R)).

This follows from the fact that Gjs.(A) maps surjectively to G1(A)/T1 4(A). (See the
remark near the bottom of p. 381 of [K3].) We can therefore find an element kg in
G1 sc(A) such that the cocycle

ks 7 (Kse), T eT,

takes values in 71 4 «(A), and maps to the same class in (5.4) as the cocycle gr(g)~*. Let

k be the image of kg in G7(A). Then there is an element ¢ in Ty 4(A) such that

ki (k) = gr(g)~ltr(t) ™" = (tg)r(tg) ",
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for any 7. It follows that the point
r=g k!

in G(A) is -invariant. In other words, z belongs to G(A). Since the point gz = t~1k~!
belongs to G (A), Int(z) maps ¢; to c. The map Int(z) is a representative of the canonical
class of isomorphisms from G1(A) to G.(A).

We have to compare transfer factors. Recall that ¢’ is a G-regular point in ég(A)
whose projection o’ onto G/;(A) is an adelic image of a point p; in G1(A). Then o’ is also
the image of the point p. = Int(x)p;. To compare the canonical transfer factors A.(d”, p.)
and A, (d',p1), we need to introduce base points. Let @ be a fixed G-regular element
in T'(F), with preimage 7’ in éﬁi(F ), and with image " in T'(F') under the admissible
embedding 77 — T. We have assumed that &’ is an adelic image of some point in 77 4 (A).
Rather than fix such a point, however, we shall introduce another adelic torus in G1(A).
The group

T = Int(ks)T1a = Int(k)T1 4

is a subscheme of G7 4. Since k=17 (k) belongs to Ty 4 (A), for every 7 € T, T 4 is actually
defined over A. We fix a point p; in T 4 such that @’ is an adelic image of p;. Then &’
is also an adelic image of the point 7, = Int(z)p, in G.(A). The pairs (¢’,7,) and (7, 7.)
will serve as base points for the two transfer factors.

The relative transfer factors are symmetric under the isomorphism Int(z) from G4 (A)

to G.(A). It follows from the definitions in [I, §4] that
Ao, pe) = Aol pe; @', 0,)d(@ )™
= A, (3, p150,91)d(@ ,p,) "
= A, (G, p1)d(@, 1)@, 7.) "
Furthermore,
d(@',p)d(@p.) " = (ur (@, p1)pr (@ p) ™ S r)-
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Asin 84, s/, € é; is the semisimple element attached to the endoscopic datum G, and EZLT
is the image of sj; p in the group mo (ﬁfd) = wo((f/Z(é;))F). The underlying K-group G
plays only a peripheral role in this section, so we shall write T, for the preimage of T' in
GZ,SC

classes pir(c*,py) and pur(@*,p,) in H (T, Tsc(A) ) Tsc (F)).

(rather than in G, as before). We have reduced the problem to a comparison of two

The class pur(d*,p;) is defined exactly as in [LS1, (6.3)]. Let hy be an element in
G} 4o (A) such that

7" = v (p)hy
where 1)1 = )., is the inner twist from G; to G}. Then ur(c*,p,) is the class in

H'(T', Ty (A)/Tyc(F)) that is represented by the cocyle obtained composing the function
1)1(7') = hl’LLl(T)T(hl)_l, Tel,

with the projection of Ty.(A) onto Ty.(A)/Tye(F). Here ui(7) = u,, (7) is any element
in G .(F) such that ¢7(¢1) " equals Int (u1(7)). What is the corresponding function
ve(T) associated to p.?

To deal with this question, we let the map 1. = ¥1Int(g) serve as our inner twist from

G. to G7;. Then

der(te) = daInt(g)T (¢1Int(g))

= ¢1Int(g7(g) ") T(¥1) ! = Y7 (n) 7,
since g7(g)~! lies in the center of G;(F). We can therefore take u.(7) = u;(7). We also
note that
Ye(pe) = 1 (Int(g)Int(2)p;) = ¢ (Int(gz)p;)
=1 (Int(¢t 'k~ ")py) = (vilnt(k™1)) (Int(kt 'k~ 1)p,)
= (it (K71)) (1) = It (1 se (k') 1 (p1),

since the point 7~ = kt~ 1k~ lies in T1a(A), and since

Yilnt (k™) = Int (Y1 se (k")) 1.
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We are writing ¢1 st G1,5c — G} as usual, for the isomorphism of simply connected

d,sc’

groups attached to 1. It follows that

—1

o= hl@bl,sc(ksc) ¢c(ﬁc> ' (h1¢1,sc(ksc>)

Therefore 1
Ve (7-) — hl wl,sc<ksc)ul (U)T (hl wl,sc<ksc))

= h1¢1,sc(ksc>ul (U>T (@Dl,sc(ks_cl )) 7-(hfl ) -1 .
Observe that

ur(1)T (Y1se(bs’)) = wa (o) (T150) (T(k'))
= u (o) (It (ua () " 1 ,50) (7 (kse) ™)
= 1 s (T(kse) ") ur (0).
We may therefore write
ve(r) = we(T)vr(7),
where

we(T) = (Int(h1)1 sc) (kseT (kse) ™).

The cocycle kgeT(ks) ! takes values in T p «.(A). Moreover, the restriction of Int(hy)1; s
to le A,sc (A) is a I'-isomorphism from Tl’ Asc (A) to Ty.(A). The function w.(7) is therefore
a 1-cocycle of T' with values in Tyc(A). It projects to a class v, in H' (T, Tsc(A) /Tsc(F)).

We have shown that

MT(E*vﬁl)#T(E*7ﬁc>_l = Vc_l'

It therefore follows that

Ac(5/7 pc) = ACl (5/7 p1)<VC7 g:i,T>_1'

To complete the proof of the lemma, we need only establish the identity

(55) <V67§&,T> = <)‘Cva2l>_1'
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We claim that the image of v, under the canonical map from H'(T, Tic(A)/Tsc(F))
to H'(T',T(A)/T(F)) is zero. The image of w.(7) under the map from Ty.(A) to T(A) is

(5.6) (Int(h)tp1) (kT(k)~1).

But

kr (k)" = Int(k) (k™ 7 (k)
and by construction, the cocycle k~'7(k) has the same image in H*(I', Ty 4(A)) as the
cocycle gr(g)~!. Since Int(k) is a I-isomorphism from Tj 4(A) to T a(A), and since
g7(g) ™! takes values in the center of G (F), the cocycles k7(k)~! and (g7‘(g)_1)_1 have

the same image in H'(T',T1,4(A)). Therefore the cocycle (5.6) has the same image in
H'(T,T(A)) as the cocycle

—1

(Int(ha i) (97(0) ™)~ = (o7(9) ™)

We have used the fact here that 1, (gT(g)_l)_l takes values in the center of G3(F). The
center of G%(F) is of course contained in T(F'). It follows that the image of the cocycle
(5.6) in H* (T, T(A)/T(F)) is trivial. In other words, the image of v is trivial, as claimed.

Recall that the dual group of Ty is equal to the quotient
Tua=T/2(G}) =T/Z(Gh)

of the dual group of T. In particular, the pairing (v.,3) ) in (5.5) is given by the Tate-
Nakayama isomorphism from H' (T, Tuc(A)/Tyc(F)) to the dual of the finite abelian group

0 (f I)). This isomorphism maps the subgroup
ker (H' (T, Ty (A)/Tso(F))—H" (T, T(A)/T(F)))

onto the dual of the quotient group

A

coker (1o (T —mo (Tay))-
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This quotient group is in turn isomorphic to the image of Wo(fgd) in H! (F, Z (@1)), under
the map that comes from the long exact sequence [K2, Corollary 2.3] of cohomology of
diagonalizable groups over C. Now the image of 5, ;. in H' T,z (@)) is by definition equal
to a;. It follows that the left hand side of (5.5) depends only on a/;.

We can view the situation in terms of the commutative diagram

gy (r,7@A) - HY(T,T(A)/T(F))
and the corresponding dual diagram

.

WO(T;‘d,A) — 7TO(TaLFd)
ﬁ*
s

[
b

oTH) &= mo(T),
both of which are suggested by the discussion on p. 638 of [K2]. We are writing T here

for the projective limit

im([IT17)

veES w

of complex tori, in which E ranges over finite Galois extensions of F', S ranges over finite
sets of valuations of F', and w is taken over the valuations of E above v. As an element
in H*(T, Z(@)), a!; is not arbitrary. Since it lies in the image of mg (f,fd), it can identified
with an element in coker(d*). Moreover, it is locally trivial. It follows from the long exact

sequence attached to
1 — Z(él,A) — Ty — fad,A — 1

by [K2, Corollary 2.3] that the image of a/, under a* lies in the image of §*. We may

therefore identify a/, with an element in the group

(5.7) ker (coker(6*) — coker(3")).
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Then

(5.8) (ve, Su.r) = A (aq),

where )\ is the image of v, in the corresponding dual group
coker (ker(8) — ker(d)).

The element v, is actually the image in H* (T, Ty (A)/Tu(F)) of a class in H* (T, Ty (A)),

so AY in fact belongs to the subgroup
(5.9) coker (ker(8) — ker(d) Nim(c)).

The pairing A/ (a/;) therefore depends only on the image of a/; in the corresponding quotient
of (5.7).

We have identified (5.7) with a subgroup of ker! (F A (@1)) We have also mapped
ker' (F,G) to the subgroup (5.9) of the dual group of (5.7). This map is defined by
representing the class A, € ker' (F, G1) by a 1-cocycle with values in Z(G1). It follows easily
that the map is independent of the inner form G; of Gj. In fact the entire construction
can be applied directly to an arbitrary connected reductive group H over F', which we
take to be quasisplit. Given H, we take T to be any maximal torus in H over F', with
preimage Ty, in Hy.. We can then identify the associated group (5.7) with a subgroup of
ker! (F, Z(ﬁ)) We also obtain a canonical map A — AV from kerl(F, H) to the subgroup

(5.9) of the dual group of (5.7). The problem is to show that
(5.10) A(a) = (\a)™,

for any A in ker! (F, H), and any element a in (5.7).
We need to look more closely at the pairing between ker' (F, H) and ker' (F,Z (H )
on the right hand side of (5.10). We follow the indirect definition of the pairing in [K2,

§4], which has two steps. The first step is to construct the pairing in the case that Hge,
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is simply connected. The second is to reduce the definition for general H to this special
case. (See [K2, (4.4)].)

Working in the reverse order, we assume that H is arbitrary. Let H — H be a z-
extension of H by 7. Then ﬁder is simply connected, and we can take Hy. = Ffder = ITISC.
The bijection from ker' (F, H) to the dual group ker! (F 7 (I;T )) " is defined as a composition

of bijections

ker! (F, H) <=~ ker'(F, H) = ker (F,Z(I:T))* = ker! (F,Z(ﬁ))*,
in which the middle bijection is assumed to have already been defined, and the outer two
bijections are given by [K2, Lemma 4.3.2]. We take T = Toe and Taq = fad. From the
exact sequence
1—T —T— 27— 1,
and the fact that Z is an induced complex torus, we see that the maps mo(TT) — 7o (TT)
and 7T0(f£) — 7o(TY) are both surjective. The groups (5.7) attached to H and H, as

A~

subquotients of my(TL), are then both the same. From the exact sequence
1—>Z—>T—>T—>1,

and the fact that Z is an induced torus over F , we see that the vertical arrows in the

diagram

HY(I,T(F)) — HYI,T(A)) — HY(I,TA)/T(F))
| ! !
H'(D,T(F)) — H'(,T(A)) — HYD,T(A)/T(F))
are injections. In particular, the groups (5.9) attached to H and H are equal to the
same subquotient of H' (T, Tyc(A)/Tsc(F)). Since the bijection X — A from ker!(F, H) to
ker' (F, H) is compatible with the two maps into (5.9), we see that A = AV, and hence

that AV (a) = AV(a). We have shown that (5.10) holds for H if it is valid for H.
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The last step is to establish (5.10) in the case that Hgey is simply connected. Un-
der this assumption on H, the group Hger = Hye is a subgroup of H, and the quotient
D = H/H, is a torus that is defined over F. The bijection from ker' (F, H) to the dual

group ker! (F, A (ITI ))* is then defined as a composition of bijections

ker' (F, H) —> ker'(F, D) - ker'(F, D)* < ker (F, Z(ITI))*,

in which the map in the middle is defined by Tate-Nakayama duality for the torus D,

~

and the outer two bijections are given by [K2, Lemma 4.3.1]. Now Z(H) is equal to the
subgroup Dof H , and the bijection on the right is the identity map. The bijection on the

left requires more discussion.

The short exact sequence of tori

1—T, — T —D—1

provides columns for a commutative diagram

1 1 1
| | L

1 — To(F) — Ty(A) — Teo(A)/Ts(F) — 1
| | !

1 — TF) — TA) — TA)/TF — 1
| | l

1 — DF) — DB) — DMA)/DF) — 1
| l l
1 1 1

whose rows and columns are exact. The corresponding exact sequences of cohomology
yield a diagram that contains the original commutative square. More precisely, we obtain

a diagram
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! ! ! !
- D(?F - D@F —~  (D@A)/DF)"  — H'(T,D(F))

}
— HY [, Ty(F)) — HY [, Tw(d) = Hl(F,TSC(T)/TSC(F)) —

! a

(=%}

- HY(I,T(F)) — HY,TA)) - HY,TA)/TF)) -
| | |
— Hl(F,lD(F)) — Hl(F,lD(K)) — Hl(F,D(lK)/D(F)) —

whose rows and columns are exact, and whose constituent squares are either commutative
or anticommutative [CE, Proposition II1.4.1]. The bijection from ker!(F, H) to ker' (F, D)
under study takes values in the group H! (F, D(F)) in the lower left hand corner of the
diagram. Its value at a given A € ker! (F, H) is just the image in H? (F, D(F)) of the class in
H'(T', T(F)) obtained by representing A by a 1-cocycle from I to Z(H). The corresponding
clement A¥ belongs to the subquotient (5.9) of H' (T, Tyc(A)/Tsc(F)). Since it lies in the
kernel of §, AV pulls back to an element in (D(A)/ D(F))F, which we can then map to
the group H'! (F, D(F)) in the upper right hand corner of the diagram. We can therefore
identify the map A — AV with a correspondence that goes from the group H'! (F, D(F))
in the lower left hand corner of the diagram to the same group in the upper right hand
corner. Our task is to show that the correspondence maps A to A~'. It will be a simple

exercise in diagram closing.

Suppose that A belongs to ker! (F ; D(F)). As we have noted, A is the image of a class
in H'(I',T(F)), which we can represent by a 1-cocycle p(7) from I' to T(F). We can of

course also regard p(7) as a 1-cocycle from I' to the larger group T'(A). Since A is locally
trivial, the projection of u(7) onto the quotient D(A) of T'((A) splits. We can therefore find
an element ¢t € T(A) such that the 1-cocycle yu(7) (tT(t_l))_l takes values in the kernel

T..(A) of the projection T(A) — D(A). Let Z, d and d be the images of t in T(A)/T(F),
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D(A) and D(A)/D(F) respectively, provided by the commutative diagram

T(A) — T(K)iT(F)
D(A) — D(A)/D(F).

«—

The projection of u(7) onto D(A) equals dr(d)~!. It follows that d is T-invariant. The
original class A is just the image in H'(T', D(F)) of the element d € (D(A)/ D(F))F. On
the other hand, A" is constructed from a(M\s), where Ay is the class in H 1 (F, TSC(K)) of
the cocycle p(7) (t7(t71)) - By definition, A" is the image in H' (T, D(F)) of any element
in (D(K)/D(F))F in the preimage of a(As). We know that a(Ag) lies in the kernel of 4,
so it does have a preimage in (D(K)/D(F))F. Therefore the projection of p(7) (ta(t‘l))_l
onto T'(A)/T(F) equals the cocycle

@) =t @ L

Since the projection of  onto D(A)/D(F) equals d, the element d e (D(A)/ D(F))F lies
in the preimage of a(\s). It follows that AV = A~

We have established that
A(a)=A"1a)=(\a) T,

in the case that Hge is simply connected, and hence in general. The formula (5.10)

therefore holds for any H. Setting H = G};, A = A\; and a = a/;, we see from (5.8) that
(e, Sa.r) = A (ag) = (Ae,ag) ™

This is the required formula (5.5). The proof of Lemma 5.1 is complete. U

We remark in passing that the last part of the proof of the lemma can be applied to
any commutative diagram of I'-modules whose rows and columns are short exact sequences.
The corresponding cohomology groups then yield a planar diagram of long exact sequences.

Given any group
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in the latter diagram, we can set
Zij = ker(d;;) Nker(d;;),
Bi; = im( 2/—1,3' 2—1,;‘—1) = im(d;,j—l 2/—1,]'—1)7
and
H;; = Z;;/Bij.
For example, the group (5.9) is just the subquotient H;; attached to the group
H'(T, Tc(A)/Tuc(F)) in our earlier diagram. In general, one sees that there is a canonical

isomorphism

Aij o Hij—H;—1 541,

for each (7, j). One also observes from the periodicity of the diagram that H;; = H;_3 j43,
so that (A;;)® can be regarded as an isomorphism of H;; with itself. Finally, as in the proof

3 is in fact the automorphism

of the last part of the lemma, one can show that that (A;;)
A — A1 (written in multiplicative notation) of H;;. I would imagine that such things are

known, but I do not have a reference.
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6. Proof of the theorem

We are now ready to prove Theorem 1.1. We are going to have to convert an expression
obtained from the coefficient agl’g(ﬁs) into a corresponding expression of descent. The
lemmas of §4 and §5 will each be applied at some point to a transfer factor in the expression.
We shall use the descent mapping of §3 to keep track of the combinatorics of the process.

We are assuming that Gge, is simply connected, and that Z is trivial. In particular, the
centralizer in GG of any semisimple element is connected. Moreover, we can take G =G ,
for any G’ € £(G). Suppose that s is an admissible element in T'4, (G, S) with Jordan
decomposition 4g = cgdg, as in statement (a) of Theorem 1.1. According to the definition

(1.1), the difference

(6.1) agit(4s) — (@) Y. bGi(0s)Ac(ds,vs)
Ss€AE (G,S)

ell

equals

Yo uGG) Y 650 A (s, vs)-

G'e€ (G,S) §LEAM(G,S)
We have to analyse this last expression.

The groups G’ in £%,(G, S) need not have the property that G/, is simply connected.
However, we can assume inductively that any such G’ has a z-extension for which Theorem
1.1 holds. Therefore Corollary 2.2 holds for G’ itself. Suppose that 6fg is an element in
A (G', S), with Jordan decomposition 5 = fgﬂg, such that Ag(éfg, 4s) is nonzero. Then
0% is admissible for G’, and the coefficient bg{ (8%) is defined. Applying the expansion (2.9)
of Corollary 2.2 to G’, we obtain

b6 (56) = S22 58, )| (Gl /Gl (F) 053 (),
Y
where d’ is summed over the elements in Ag(G’) whose image in Ag(G's) equals dy, and
' is summed over the ( @+ /Gy )(F)-orbit of B in Aunip(GZl,S). According to our usual

convention, d’ represents both a stable semisimple conjugacy class, and a representative
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of the class with G/, quasisplit. We substitute this formula into the expression above for
(6.1). Since d and 3% are themselves to be summed, we can subsume these elements in a

general sum over d’ and 3. We then write
Aa(0s,9s) = Aa(dsBs, csdrs)

in the resulting expression, where d’y and ﬂ’s are the images of d’ and ' in Ags(GY) and

Aunip(Gly g) respectively. We also write
UG, GN(S, d)
= 7(G)7(G") "M Oute(G)| 1S, d')r(G)r(Gly) ™!
=i9(S, d)7(G)7(G}) " Outa(G)| 72,

by (1.7) and [K2, Theorem 8.3.1]. The Tamagawa number
7(G) = 7(Ga) = 7(G7), a € mo(G),

here is well defined [K4]. Taking the definition of i (s, d’) in §1 into account, we see that
(6.1) equals

(6:2) Y>> [0utc(G)| ' r(G)r(Ga) I 1 /Gl ) ()0 (8) A (ds B esivs),

G d

where G’ is summed over £Y,(G, S), d’ is summed over classes in Ag(G’) that are elliptic
and bounded at each v € S, and B’ is summed over all classes in Aypip( ﬁi,’ g)-

In order to exploit the mapping of §3, it would be useful to frame our discussion in
terms of a suitable rational stable class d € Ay (G*). We would ask that d be elliptic,
that it be bounded at each v ¢ S, and that it be a local image of each component ¢, of
¢s. Such a class of course might not exist. Suppose that it does not. If (G’,d’) indexes a
nonzero summand in (6.2), d!, will be an image of ¢,, for each v € S, since the local transfer

factor Ag(d., 3., cyc,) is nonzero. For any such d’, we could take a maximal elliptic torus

in G’ over F that contains d’, together with an admissible embedding of this torus into
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G*. The corresponding image d of d’ would then represent a stable class of the required
kind. Since we are assuming that d does not exist, there can be no pairs (G',d'). In
other words, (6.2) vanishes, and so therefore does (6.1). The nonexistence of d also implies
that cg does not have a rational representative ¢ which is elliptic, and is bounded at each
v ¢ S. In particular, the right hand side of the formula (1.8) also vanishes. Therefore,
(1.8) is trivially valid. This also implies that the sum in (6.1) vanishes. It follows from
the inversion formulas [I, (5.5)] for the transfer factors that b5,(ds) equals zero for any
53 such that Ag((;s,"yg) # 0. The nonexistence of d also implies that the corresponding
right hand side of the formula (1.9) of part (b) of Theorem 1.1 vanishes. Therefore (1.9)
is trivially valid for 5. We have shown that the assertions of Theorem 1.1 are trivial if d
does not exist.

We can therefore assume that there is an elliptic class d € Ay (G*) that is bounded at
each v € S, and that is a local image of ¢, for each v € S. Since G}, is simply connected,
stable conjugacy in G*(F) is just conjugacy over G*(F). It follows that the class d is
unique. We may as well also assume that d does not lie in the center of G*, since the
assertions of Theorem 1.1 would otherwise be trivial.

Now any class d’ € Ag(G’) that indexes a nonzero summand in (6.2) is an image of
d over F. Conversely, every d’ € Ag(G’) that is an image of d over F' will appear in the
sum (6.2), since any such class will automatically be elliptic, and will be bounded at each
v ¢ S. We can therefore take the middle sum in (6.2) over all classes in Ag(G’) that are
images of d. We are going to apply the discussion of §3 to the resulting double sum over
(G',d") in (6.2). Before doing so, however, let us first modify (6.2). We shall add to (6.2)
an expression

(6.3) e@) Y H(E)T(GH TG (B)Ac(dsbs, esds),

BEAunip(G;yS)

which vanishes if £(G) = 0, but which represents a supplementary summand in (6.2) with

G' = G* and d’' = d, in case ¢(G) = 1. The effect of adding (6.3) to (6.2) is simply to
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change the sum over G’ in £%(G, S) into a sum over the full set E(G, S).

We can now express the augmented form of (6.2) in terms of the mapping
X(G) — Y(G) of §3. Let us write V4(G, S) for the subset of elements in Y(G) that
lie in the image of the map X' (G) — Y(G), and that can be represented by a pair (d, G/))
in which G/, is unramified outside of S. Suppose that (G’,d’) is a pair that indexes a
double summand in the augmented form of (6.2). Then (G’,d’) maps to an element z in
X (G) whose image in Y(G) lies in Y4(G, S). Conversely, suppose that x is an element in
X (G) whose image y in Y(QG) lies in the subset V4(G, S). Then x comes from a pair (G, d’)
that indexes a double summand. The group Outg(G’) acts transitively on the set of such
(G',d"), and the stabilizer in Outg(G’) of (G',d’) is equal to Outg(G’,d’), by definition.
We can therefore replace the double sum over (G’, d’) by a single sum over x, provided that
we replace the coefficient |Outg(G’)|~1 by |Oute(G’,d')|~t. In the resulting expression,

we are free to write

Oute (G, d)| (G 4 /Ga) (F)|7F = 0z er = Ky ulloy| ™,

T xr

according to Proposition 3.1 (iii). The augmented form of (6.2) can therefore be written

as

(6.4) Y Ky

where y is summed over V;(G, S), = is summed over the fibre of y in X(G), (G', d’) denotes

0| (@) (Gl) (X bt (8)Ac(ds s, escrs)),
6’/

a representative of z as in §3, and 3’ is summed over the classes in Aunip (G s)-

We have thus far shown that the sum of (6.1) and (6.3) equals (6.4). The next step
is to apply the Langlands-Shelstad descent theorem, or rather its variant Lemma 4.2,
to the transfer factor Ag(d'(, cség) in (6.4). We can assume that ( is such that the
coefficient bg;d' (ﬁ’ ) is nonzero. This implies that ﬁg belongs to the subset AuniP,der(G&,s )
of Aunip(Gfig ), according to the discussion at the end of §1. It follows from Lemma 4.2
that

Ag(d' B, csis) = O(x, cp)Ag,es (85, dus),
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where ¢y € G(A) is the adelic element attached to cs and K* in §4. We shall substitute
this into (6.4).

Most of the terms in (6.4) are independent of the point z in the fibre of y. We recall
from §3 that G/, comes with a canonical isomorphism with G’;. The quasisplit group G, is
of course part of the endoscopic datum taken from the pair (d, G/;) that represents y. We
can remove the dependence of G/, on x simply by summing B’ over the set Aypip( Zl’ )

instead of Aunip(Gy ). The expression (6.4) then takes the form

> lo,lr(@r(@) 7 (X 1Ky elO(, cn) (Z bei (88,2 (8. és)).

Recall from Proposition 3.1 (ii) that the group I, acts transitively on the fibre of y. We
can therefore replace the sum over z with a sum over x € K,, provided that we divide by
the order |, »| of the stabilizer of any z in IC,. Combining this with Lemma 4.1 (i), we

see that

> 1K yelOw, ca) = D O, en) = Oy, ea) (D lobs(ea), ) ™),

K

where z,, is any fixed point in the fibre of y. We conclude that (6.4) equals

(65) 3 leul (GG '6(ry ca) (Y fobs(es) ) )(Zben Az (B ).

K

where y, k and ' are summed over Y,;(G, S), K, and Aunip(Gy 5) respectively. We have
established that the sum of (6.1) and (6.3) equals the expression (6.5).
Suppose first that obs(cy) # 1. Then the G(A)-conjugacy class of ¢, does not have
a rational representative. This of course implies that the right hand sides of both (1.4)
and (1.8) vanish. It also implies that the sum over x in (6.5) vanishes, so that (6.5) is
itself equal to zero. In other words, the sum (6.1) and (6.3) equals zero. If (G) = 0,
G

aeu’g(ﬁs) equals zero, since it is the only term in the sum of (6.1) and (6.3). Therefore the

formula (1.8) of Theorem 1.1 is trivially valid. If ¢(G) = 1, agl’g(”}/s) equals a§(¥s) by
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definition, which in turn equals zero by virtue of (1.4). Therefore (1.8) is trivially valid in
this case as well. Thus, part (a) of Theorem 1.1 is trivial when obs(cy) # 1. Moreover,
the coefficients of £(G) in (6.1) and (6.3) are equal if €(G) = 1, since the sum of the two
expressions vanishes. We shall apply this later to the proof of part (b) of the theorem.

Assume now that obs(cy) = 1. Then (6.5) reduces to

Dol (@G Oy ) (D05 (3 A6 e (B 65) ).

Y
with y and 3’ summed as in (6.5). Since obs(cy) = 1, there is a rational conjugacy class
¢ € I's(G) in the G(A)-conjugacy class of cy. The associated inner twist ¢.: G. — G}
allows us to identify the element G/, € Eni(G};) with an endoscopic datum for G., and to
define the canonical global transfer factor Ag (3, &) for (G, G}). The constant O(z,, cs)
depends on a normalization for the transfer factor AG,CS(B’& ¢s). However, Lemma 4.1

(ii) tells us that
@(xgw CA)AG,CS (ﬂfg, Oés) — AG,C(B/7 05)7

where ¢ is the image of é&g in I'ynip(Ge,s). In particular, the transfer factor AG7C(B’, Q) is
independent of the choice of ¢. (This property is also an easy consequence of Lemma 5.1.)

The expression (6.5) therefore reduces to
> loy| M (@)T(GY) 1|fcw(2beu F)Ace(#, ),
y

where ¢ is any rational representative of the G(A)-conjugacy class cs. Now for any such

¢, we have the coefficient ((G,, GY) that occurs in the definition of aG“’S(a). We shall

substitute the formula
UG, Gy) = T(Go)T(Gy) M Oute, (Gy)| 1 = 7(Ge)7(Gly) oy | ™

for this coefficient [K2, Theorem 8.3.1] into the expression above. Let £5 (G, S) be the

set of isomorphism classes of endoscopic data G/, in .1 (G, S) such that (d, GY)) represents
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a point y in Y4(G, S). In particular, £5(Gq, S) is bijective with V;(G, S). We can then

write our expression for (6.5) in the form
(6.6) T(G)T(Ge) M IK( GC,G|Z (Ge, Gy) Zbeu NAg.e(B, ),

where G, and ' are summed over £5,(G%,S) and Aunip(GY ) respectively, and where
K(G.,G) = K, stands for the subgroup of elements in (Z(@c)/Z(@))F whose image in
H'(F, Z(@)) is locally trivial.

We claim that the product
T(G)r(G)HK(Ge, G)|

in (6.6) is equal to the number of rational classes ¢ € Ag(G) in the G(A)-conjugacy class
of cy. To see this, we need only follow the argument in [K3, §9]. In particular, we combine

the exact sequence
1—70(Z(G)Y) —m0(Z(Go)F ) —K(G., G)—ker (F, Z(G)) —ker' (F, Z(G..))
with the formula
~ A | —1
7(G) = |70 (Z(G)") ||ker! (F, (Z2(G)))|
for the Tamagawa number [K2, (5.1.1)]. As on p. 395 of [K3|, we deduce that the given
product equals the order of the finite abelian group

coker (kerl (F, Z(@)) —ker! (F, Z(@C)) ).

Recalling the discussion at the beginning of §5, we note that this group is bijective with
the set
ker(kerl(F, Ge) — ker' (F, G)),

which can in turn be used to parametrize the set of classes ¢ € I'ss(G) attached to cy. The

claim follows. The terms t(G, G;) and Ag..(3', @) in (6.6) are independent of the choice
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of c¢. It follows that (6.6) equals

(67) ZZ Gc,Gd Zbell AGc ’ )7

where ¢ is summed over the classes in ['ys(G) that map to the G(A)-conjugacy class of cy,
G’ and ' are summed over £5 (G, S) and Aunip(Gy ) respectively, and ¢ is the image
of ag in I'yip(Ge,s)-

We have established that the sum of (6.1) and (6.3) equals the expression (6.7). Ob-
serve that the summand indexed by ¢ in (6.7) comes close to matching the definition of
agf’g(d) in §1. The main discrepancy is that the inner sum in (6.7) is over the subset
ES (G, S) of Ean(Gr, S), while the definition of agl (&) requires a sum over the full set
Een(G}, S). Can the two be reconciled? The supplementary contribution to (6.7) that
would come from an element G, in the complement of £5,(Gy4, S), namely

PIU(ENIED DI (AL RG]
¢ B'€Aunip (G 5)

can be written as the sum over 3’ of the product of

WG Gobsi (8)

with

(6.8) > Age(d )

We shall use Lemma 5.1 to deal with this last sum.
Let ¢; € T's(G) be a fixed rational class that maps to the adelic class of ¢y. Lemma
5.1 asserts that for any ¢, the canonical adelic transfer factor A, = Ag, for (G., G))

satisfies
Ac(@,pe) = (Aey ag)Ac, (T, p1).
We are of course following the notation of §5. In particular, p; is a strongly regular point

in G.,(A), and p. is the image of p; under the canonical inner class of automorphisms
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from G, (A) to G.(A). Since ¢ is G(F,)-conjugate to the component ¢, € K, of ca, for

each v € S, we can define the maximal compact subgroup K7 = [[ K., of G.(A®) as in
veES

(1.5). It is the image of the corresponding group K cSl for G, (A®) under an automorphism

from the canonical inner class. It follows that

AKC,'L} (5:)7 ,OC,’U) = AKcl,'u (5’:)7 pl:”)’ v ¢ S

Since

AC<5:97/)C,S) = AC(5/7:06) H AKC,U<5;;NOU)_17
veES

the assertion of Lemma 5.1 becomes

AC<5ZS’7 pC,S) = <)‘C7 aii>AC1 (&f% :01,5)'

Now the transfer factors in (6.8) are taken at elements that are unipotent (in the general
set of §1 and [, §1]). However, unipotent elements can be approximated by strongly regular
conjugacy classes. Moreover, the unipotent element & in (6.8) attached to ¢ is the image
of the corresponding element &7 for ¢; under the canonical class of isomorphisms from
G.,(A) to G.(A). It follows from the construction [I, §5] of the extended transfer factors

that

AG,C(Bly (l/) - <)\07 aij>AG,cl (6/7 Cl/l)

We are assuming that G/, belongs to the complement of £5(Gq,S). In other words,
the pair (d,G’)) represents a point y € Y(G) that does not lie in the image of the map
X(G) — Y(G). It follows from Proposition 3.1 (i) that the element a/, € ker' (F, Z(@l))
maps to a nontrivial element in the group (5.2). Since the map ¢ — A. is a bijection from
the set of ¢ to the dual of the group (5.2), we see that

> Acel#,@) = (30l ) A, (3 da) = 0.

Lemma 5.1 has thus served us in the form of a vanishing property for the sum (6.8).
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Since (6.8) equals zero, the supplementary contributions to (6.7) vanish. The value of
(6.7) therefore remains unchanged if G/, is summed over the entire set (G, S). To be
able to match this expanded sum with the definition of agf’g(d), we require only a couple
of elementary observations.

Recall that éZZ is a central extension of G;. The summand of A in (6.7) is supported on
Aunipider(GZL g), a subset of Aunip(GZL g) we have agreed to identify with the corresponding
subset Aunip,der ( ~Zl’ S %, 5) of Aunip( ~fi7 S5 %, 5). Indeed, it is only with this understanding

that the transfer factor in (6.7) is defined. Corollary 2.3 (b) asserts that bg;d (") equals

ell (ﬁ’) Moreover, the function

bt (34,5)A6,e(8l 5, &), 5.5 € Aen(Gly S, 71y),
is supported on the subset Aunip(}s,%’s) N Aen(é&, S, ) of Aeu(é&, S,n,). We can
therefore write (6.7) in the form

3 (4G G Yo b Ghs) BB, ),

where two summations in the brackets are taken over G/, € Eu(GE,S) and
5&7 g € Aeu(Nzl, S,1;). Observe that the entire expression inside the brackets equals the
right hand side of the streamlined form (1.1*) of the definition of aeu €(&). This form of
the definition is applicable here because our induction hypothesis, coupled with the fact
that d is not central, implies that Global Theorem 1(b) is valid for G7. It follows that

(6.7) equals the sum
Gerf (4
Z el

Now any c that occurs in this sum is F-elliptic in G, and is G¥(A%)-conjugate to an element
in K°. In particular, the coefficient i(S,c) that occurs in the putative formula (1.8) is

equal to 1. We can therefore write (6.7) as

(6.9) Zz (S.c)agi®(a),
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where ¢ is now summed as in (1.8). This is just the right hand side of the required formula
(1.8) of Theorem 1.1. We have shown that it is equal to the sum of (6.1) and (6.3).

We shall now complete the proof of the theorem. Suppose that e(G) = 0. Then the
sum of (6.1) and (6.3) reduces to the left hand side agl’g(”'yg) of (1.8). Since this also
equals the right hand (6.9) of (1.8), the formula (1.8) follows. Suppose that e(G) = 1.
Then agl’g(”}/s) equals a§,(§s), by the definition (1.2). If ¢ occurs in the sum (6.9), the
dimension of G¢ ger is smaller than that of Gger, since ¢ does not lie in the center of G. It
follows from our induction hypothesis that the term agf’g(o'z) on the right hand side (6.9)
of (1.8) equals the corresponding term a$p (¢) on the right hand side of (1.4). The formula
(1.8) in this case then follows from (1.4). We have established part (a) of Theorem 1.1, in
the case obs(ca) = 1 we have been considering, and hence in general.

To establish part (b), we assume that £(G) = 1. It is clear how to combine the identity
(1.8) we have just proved with the fact that the sum of (6.1) and (6.3) equals (6.9). We
find that the coefficients of (G) in (6.1) and (6.3) are equal when obs(ca) = 1, and hence
in general. Taking into account the properties of d, we see that we can replace the factor
7(G*)7(G%)~! in (6.3) by the left hand side j¢ (S,d) of (1.7). We conclude that the
expression

Z 051 (05)Ac (05, ¥s)
ss€AE (G,S)

equals

> 59, d)bsi (B)Ac(dB,As)-

ﬂeAunip(GsyS)

We have only to invert these expressions. Let us index the two variables of summation by
5175 and Bl, instead of 53 and ﬁ The symbol 55 is then free to denote a fixed element
in Afn(G, S) with semisimple part equal to the image ds of d. We multiply each of
the two expressions by the adjoint transfer factor Ag(¥g, 55), and then sum over 4g in

I'%,(G, S,¢). The adjoint relation [I, (5.5)] provides the desired inversion. We conclude
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that G (ds) vanishes unless dg has a Jordan decomposition of the form

SS = dSBS? BS € Aunip(G;S)y

in which case
bG1(8s) = € (S, d)bsit (B),

where 3 is the image of (g in Aunip(Gj ). This is assertion (b) of the theorem. We have

completed the proof of Theorem 1.1. O
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