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Introduction

Suppose that G(F) is a real or p-adic group. That is, G is a connected reductive algebraic
group over a local field F', which we take to be of characteristic 0. Harmonic analysis
on G(F) is built upon the set Iliemp(G(F)) of irreducible tempered representations of
G(F). These representations include the discrete series for G(F), and consist in general
of irreducible constituents of representations induced from discrete series. We shall be
interested in the subset of elliptic representations in Iltemp(G(F')). The elliptic tempered
representations also include the discrete series, and can be regarded as basic building
blocks in ITiemp(G(F)). The purpose of this paper is to study some properties of their
characters.

We should recall that in general a representation 7 €Iliemp(G(F')) is infinite dimen-
sional, and does not have a character in the classical sense. One of the cornerstones of
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the work of Harish-Chandra was his theory of characters of infinite dimensional repre-
sentations. In general, the character of 7 is first defined as a distribution

o f)=u( [ flomt@de), fecz@r),
G(F)
which can then be identified with a function on G(F'). In other words,

O(r, )= f(@)8(m,z)dz, feCZ(G(F)),
G(F)

where O(7, z) is a locally integrable function on G(F) that is smooth on the open dense

subset Greg(F') of regular elements. The elliptic representations Iiemp eii(G(F)) are the

ones for which ©(,z) does not vanish on the elliptic set in Greg(F). We would like to

study the functions

&(r,7)=|D()|"/*6(7,7), 7€ Miemp,en(G(F)), 7 € Greg(F),

where
D(y)=det(1 —Ad('y))g/97

is the Weyl discriminant.

In §2 we shall discuss the classification of elliptic tempered representations. This is
well known for real groups, and is based in general on standard results. The problem is es-
sentially that of decomposing an induced representation Zp(c), where P(F)=M(F)N(F)
is a parabolic subgroup and ¢ is an irreducible tempered representation of the Levi com-
ponent M(F). In fact it is enough to treat the case that o is square integrable, modulo
the split component Aps(F') of the center of M(F). Let W, be the set of elements in
the Weyl group of (G, Aps) which stabilize o. For every element weW,,, one can define
a (normalized) self-intertwining operator R(w,o) of Zp(c). The group W, itself has a
decomposition

W,=W.xR,,

where W, is generated by reflections, and consists of elements weW, such that the

operator R(w,o) is a multiple of the identity. It is the complementary subgroup R,

which determines the decomposition of Zp(¢). This is because the operators R(w, o),

w€ R, are known to be a C-basis of the space of self-intertwining operators of Ip(c).
Suppose for a moment that the map

w—-»R(w,a), wE€ Ry,
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is a homomorphism. The basis theorem then yields a bijection g—m,, from the set {o}
of irreducible representations of R, onto the set of irreducible constituents of Zp(o). To
describe which of the representations 7, are elliptic, we introduce a subset R, reg of R,.
The group R, acts on a real vector space

ay =Hom(X(M)p,R).

We define R;, g to be the subset of elements in R, which leave pointwise invariant only
the subspace ag of aps. In Proposition 2.1 we shall see that the elliptic constituents of
Zp(o) correspond to the irreducible characters

0(e,r) =tr(e(r)), r€R,,

of R, which do not vanish on R, eg. Proposition 2.1 actually applies to the general case,
in which the map r— R(r, o) is only a projective representation of R,. To deal with this
complication, we take a suitable central extension

1—->Z(,——>§0—4R,,-—>1

of the R-group. The correspondence p— 7, then carries over verbatim, except that g now
ranges over irreducible representations of ﬁ, with a fixed central character on Z,. The
classification of elliptic tempered representations follows. There is a bijection between
Miemp, et (G(F)) and the set of G(F')-orbits of triplets

7T=(M70"9)9

where p is an irreducible representation of I~?,¢,, with a certain central character x;* on
Z,, such that 6(p) does not vanish on R,,, reg-

With the preliminary discussion of §2 out of the way, we will turn to our study of
characters. One of the simplest questions to describe concerns orthogonality relations.
Suppose that 7, and 7, are two irreducible constituents of the induced representation
Ip(o). Given the characters ©(m,) and ©(7,), we can form the elliptic inner product

> IW(G(F)»T(F))I'I/ |D(7)|8(me,7)O(mg,7) d, (1)
{T} T(F)/Ac(F)

where T runs over G(F)-conjugacy classes of elliptic maximal tori, and dv is the nor-

malized Haar measure on T(F)/Ag(F). The problem is to express this inner product in

terms of the characters 6(gp) and 8(¢’). In Corollary 6.3 we shall show that it equals a

parallel inner product

IR,171 > [d(r)I8(e,m)8(', ) (1*)

TGRG, reg
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on the R-group, in which
d(r)=det(1-7)ay /ac-

The analogy of d(r) with the Weyl discriminant is rather remarkable. It is a further
example of a general correspondence between objects on G(F) and objects on the R-
group.

The identity of (1) with (1*) suggests a different point of view. Instead of irreducible
representations of R, we ought to be working with conjugacy classes. Let T(G) be the
set of G(F)-orbits of triplets

T=(M,o,r),

with M and o as above, and r an element in R,,. Set Ten(G) equal to the subset of orbits
for which r lies in Ra, reg- For any such 7, define

o(r, f) =tr(R(r,0)Ip(0, f)), fECX(G(F)),

where 1:1;( -,0) is the representation of ﬁa obtained from the projective representation
R(-,0). Then ©(7) is a virtual tempered character, in that it is a finite linear combina-
tion of irreducible tempered characters. The subset {©(7):7 €T (G)} presumably spans
the space of virtual characters which are supertempered in the sense Harish-Chandra [22].
In any case, each distribution ©(7) is represented by a locally integrable function 6(r, z)
on G(F). The identity of (1) and (1*) will be a consequence of Corollary 6.2, which
establishes orthogonality relations for the functions

o(r,7)=ID()V?6(1,7), TE€Ten(G), 7€ Greg(F).

(In the paper we shall actually define T'(G) to be a slightly smaller set, by discarding
certain triplets 7 for which ©() vanishes identically.)

The orthogonality relations (as well as most of the other results of the paper) will
ultimately be consequences of the local trace formula introduced in [11]. The local trace
formula can be regarded as an expansion of a certain distribution Igis.(f’, f) in terms
of weighted orbited integrals and weighted characters. Notice that there are two test
functions f’ and f, which we take to be in the Hecke algebra H(G(F')) on G(F). The
distribution Igis. is defined by an elementary, but not uninteresting, linear combination
of irreducible characters. The weighted orbital integrals and weighted characters are
transcendental objects, related to noninvariant harmonic analysis on G(F). We shall
discuss the local trace formula in §3 and §4. The virtual characters ©(7) are made to
order for this purpose. In Proposition 3.1 we shall convert the definition [11, §12] of
Ljisc(f’, f) into a simple expansion

Liso( ' ) = / i(r)e(", f)8(r, f) dr
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in terms of these virtual characters, where 7V =(M,cV,r) denotes the contragredient of
7=(M,0,r). In §4 we shall convert the (noninvariant) trace formula of [11] into a local
trace formula whose terms are all invariant distributions on H(G(F))xH(G(F)). As a
bi-product of this discussion, we will obtain a local proof in Corollary 5.3 of the theorem
of Kazhdan, which asserts that the invariant orbital integrals

Io(v, f) = |D(7)|/2 /G e, [T TGl FEH(GLPY),

on G(F) are supported on characters.
The invariant orbital integrals I (v, f) belong to a more general family of invariant
distributions
IM(% f)’ McG, e Greg(F)mM(F)a

attached to the (noninvariant) weighted orbital integrals

Tne(n, f)= D)2 /G o [ UG b

These invariant distributions are the primary terms of the invariant local trace formula.
(They play a similar role in the global trace formula [5].) One of the principal results
of this paper is a formula (Theorem 5.1) for Ips(7y, f) when f is a cuspidal function.
Suppose that v is a G-regular element in the elliptic set of the Levi subgroup M(F). The
formula is then an expansion

(1, £) = (1) Ant4) [ jar)ta(rY, 1)6(r, fdr 2)
Ten(G)

of Ins(9, f) in terms of the elliptic tempered (virtual) characters ®(7V), evaluated at the
(hyperbolic) element y. We shall establish Theorem 5.1 from the invariant local trace
formula, or rather the simple version (Corollary 4.3) that applies to the case that f is
cuspidal. If we take f to be a “pseudo-coeflicient” of a fixed element €T (G), we will
recognize Theorem 5.1 as an extension to elliptic representations of formulas [2], [3] for
characters of discrete series as weighted orbital integrals. The applications to the proof
of Kazhdan’s theorem (Corollary 5.3) and the orthogonality relations (§6) will both be
obtained from special cases of the formula (2).

The weighted orbital integral Jas (v, f) is a compactly supported function of the con-
jugacy classes v in M(F). However, the corresponding invariant distribution Ips (7, f)
does not have compact support. To take care of this problem, and the resulting difficul-
ties for the application to base change, we introduced a parallel family {¢Ips (v, f)} of
distributions in [4, §4]. The distribution °Ips(7, f) is invariant in f and compactly sup-
ported in «. It is obtained from the definition of Iy (v, f) by changing a certain contour
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of integration, in a fashion suggested by the Paley-Wiener theorem. Changes of contour
lead naturally to residues. In this case, one defines two further families

{DM(U’ X, f),CDM(U’, X, f) i0€ HtemP(M(F))?X € ClM,I'-'} (3)
of invariant distributions in terms of the residues in A€a}, ¢ of weighted characters
e Xy (ox, f)=e XX tr(Rur(0, P)Ip(0n, ).

We shall review all of these distributions, and various related objects, in §7. Since most
of the ideas have been treated elsewhere, the discussion will be quite brief.

A second principal result of this paper is a parallel formula (Theorem 8.1) for
¢Ip(7, f) when f is cuspidal. As in (2), suppose that v is a G-regular element in the
elliptic set of M(F'). The formula is then an expansion

Tu(r, )= ()t [ e e par @)
Ten(G)

of ¢Ip (7, f) in terms of truncated (virtual) characters “®(7"). The truncated character
¢®(7V,) is defined to be ®(7V,7) or 0, according to whether or not the image Hps(7)
of v in aps lies in the subspace ag. We shall establish Theorem 8.1 from Theorem 5.1
and properties of characters that apply separately to real and p-adic groups. For real
groups we use the usual differential equations as in [7, §6], while for p-adic groups we use
Casselman’s formula for characters in terms of Jacquet modules.

We shall give two applications of Theorem 8.1. The first (Corollary 8.2) is a precise
description of the support of a certain contour integral

/ e X tr(Ras(0x, P)Ip(0n, f)) dA,
w(X)+iay, p

regarded as a function of X €aps,r. Here p(X) is any point in the chamber (ag))* which
is far from the walls, and QDM is the unique parabolic subgroup such that X lies in
azs. This contour integral occurs in the definition of Ijs (7, f). The required support
property follows inductively from the definition of the functions “Ips(7V,~) on the right
hand side of (4). Corollary 8.2 is valid only under quite restrictive conditions on f, which
appear effectively to limit its use to the p-adic case. However, it may be relevant in this
setting for the study of p-adic orbital integrals of spherical functions.

The second application of Theorem 8.1 is in §9. We shall establish two formulas
relating characters to residues. The distributions (3) can easily be defined with o replaced
by an element 7ps €T(M). Restricted to cuspidal functions f, the resulting distributions
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can be written as linear combinations of our basic virtual elliptic characters at f, with

coefficients
{DM(TMa X, T)a CDM(TM, X’ T) ITE Tell(G)}'

It is these coefficients which contain the information about residues. Theorem 9.1 consists
of one formula for the character ®57(7V,~) in terms of the coefficients

CDL(TL')HL(’Y)’T), LDM, TLeTell(L)a
and an inverse formula for the truncated character °®,(7V,+) in terms of the coefficients
CDL(TL’HL(’Y),T)’ LOM, 1 eTell(L)-

It would be interesting to investigate the relationship of these formulas with Osborne’s
conjecture (proved by Hecht and Schmid) on characters of real groups, and Casselman’s
formula for characters of p-adic groups.

I would like to thank Laurent Clozel and Marie-France Vignéras for interesting
discussions on some of the topics in this paper.

1. Elliptic tempered representations

Let G be a connected, reductive algebraic group over a local field F of characteristic 0.
As in the paper [11], our concern will be the harmonic analysis of the locally compact
group G(F). We fix a maximal compact subgroup K of G(F'), which is hyperspecial if
F is a p-adic field. For convenience, we recall some notation from [11, §1] that we will
use in this paper.

As usual, one forms the real vector space

ac =Hom(X(G)r,R)

from the module X(G)F of F-rational characters on G. There is a canonical homomor-
phism
Hg:G(F)—ag

defined by
eHe@xX) = |x(z)|, z€G(F), x€X(G)r,

where | - | is the normalized valuation on F. Let Ag be the split component of the center
of G. Then
ag,r = Hg(G(F))
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and
ag,r = Hg(Ag(F))

are closed subgroups of ag, while
a¢ p =Hom(ag,r, 2miZ)

and

&‘C’;,F = Hom(ﬁc,p, 27rz'Z)

are closed subgroups of iag. If F is a p-adic field, these four groups are all lattices.
However, if F is Archimedean, dg,r=dg,r=0¢ and 4% p=ag p={0}.

It is convenient to fix a Haar measure on ag. This determines a dual Haar measure
on the real vector space iag. If F is a p-adic field, we normalize the measures so that
the quotients ag/dg,r and iag/ay p each have volume 1. In this case, the volume of the
quotient

iag F= iag/ag p
equals the index |ag,r/dg,F| of dg,F in ag r. In general, the kernel of Hg in Ag(F)
is compact, and therefore has a canonical normalized Haar measure. Since the group
ag,r=Hg(Ag(F)) is either discrete or equal to ag, it also has a fixed Haar measure.
These two Haar measures then determine a unique Haar measure on Ag(F).

Let My be a fixed F-rational Levi component of some minimal parabolic subgroup
of G defined over F. We assume that K and My(F) are in good relative position [11, §1].
Any parabolic subgroup P of G which is defined over F', and contains My, has a unique
Levi component Mp which contains My. Both Mp and the unipotent radical Np of P
are defined over F. We write £ for the finite set of subgroups of G of the form Mp, and
we refer to the elements in £ simply as Levi subgroups of G. Given any M € L, we write
F(M)=FCG(M) for the set of parabolic subgroups P of G over F such that Mp contains
M, and P(M)=PC(M) for the subset of groups P€F(M) with Mp=M. We also write
L(M)=LC(M) for the set of Levi subgroups which contain M.

Suppose that M €L is a Levi subgroup. Then Ky =M(F)NK is a maximal com-
pact subgroup of M(F), and the triplet (M, Kjr, Mp) satisfies the same hypotheses as
(G,K,M,). Any construction we make for G of course has an analogue for M. In
particular, we can form the objects aps, Har, Ay, and so on. If P belongs to P(M) it
is sometimes convenient to write ap=ay; and Ap=Ap. The symbol Hp, however, is
reserved for the usual map from

G(F)=P(F)K = Mp(F)Np(F)K
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to aps, defined for any element
z=mnk, mé€Mp(F),ne Np(F), keK,

in G(F) by
Hp(x) = HM(m)

As we observed in [11, §1], the embeddings
Ag(F)CAm(F)CM(F)CG(F)

give rise to mappings
ag,Fr — am,F C apM,F—>0aG,F-

These in turn provide an embedding ag < aps and a surjection ap;—»ag, from which we
obtain a canonical decomposition ays =af,,€9ag. We fix Haar measures on the groups a,z,
ia}y, iayy p and Ay (F) by following the prescriptions above for G. The Haar measures
on aps and ag then induce a Haar measure on af,,. We may assume that as M varies
over the finite set £, the measures are all compatible with the transformations induced
by elements in the Weyl group W€ of (G, A, ).

Let M(F)en denote the set of elements « in M(F') whose centralizer M, (F) in M(F)
is compact modulo A (F). We write Ley(M(F)) for the set of M(F)-conjugacy classes
in M(F)en. As in [11], we shall only be concerned with the intersection of T'e (M (F))
with Meg(F'), the set of M-regular elements in M(F'). The Haar measure on Ap(F)
determines a canonical measure on ep(M(F)), which is supported on the intersection
of Ten(M(F)) with Meg(F'), such that

dy=) |W(M(F),T(F))|™" dt,
‘/1;eu(M(F))¢(’Y) g {ET:}’ (M(F), T(F))l /T (F)qb(t)t

for any continuous function ¢ of compact support on Tey(M(F))NM;eg(F). Here {T}
is a set of representatives of M(F)-conjugacy classes of maximal tori in M over F' with
T(F)/Am(F) compact, W(M(F),T(F)) is the Weyl group of (M (F),T(F)), and dt is the
Haar measure on T'(F') determined by the Haar measure on Aps(F) and the normalized
Haar measure on the compact group T(F)/Apm(F). We can then use the measures on
Fen(M(F)), MeL, to write the Weyl integration formula as in [11, (2.2)]. The result is

L r@a= S wgnwg [ pe( [ e o) da ) a,
a(F) = Ten(M(F)) Au(F\G(F)

where f is any function in C®°(G(F)), and
D(vy)=det(1-Ad(7))g/q,

6—935203 Acta Mathematica 171. Imprimé le 28 octobre 1993
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is the Weyl discriminant.

There is a simple notational convention, suggested by the work of Harish-Chandra,
that we shall use regularly throughout the paper. Suppose that © is an invariant distri-
bution on G(F') which coincides with a function. In other words,

o(f)= / o(c)f(z)dz, feC(G(F)),
G(F)

where ©(z) is a locally integrable function on G(F'). Suppose also that the restriction
on O(z) to the regular set Greg(F') is smooth. Then we shall write

¢(7)=|D(7)|1/29(7)7 ’7€Greg(F)v (1'1)

for the “normalized” function on the regular set. In addition, if M belongs to L, we let
@) denote the function on M(F)NGieg(F) defined by

{ ®(y), ify€M(F)enNGreg(F),

Sp(y)=
™ 0, otherwise.

(1.2)

The functions ® and ®s are of course invariant under conjugation by G(F') and M(F)
respectively. In this situation the Weyl integration formula takes the form

o=y wiwg [ SN Ndn,  (13)

MeLl rell(M(F))nGreg(F)

in which the distribution

I(v, f)=1c(v, f), 'YEGreg(F)’ feCZ(G(F)),

is the normalized orbital integral

D [ fle™e) de.
G+ (F)\G(F)

The main example is a virtual character, by which we mean a finite linear combination
of characters of irreducible representations of G(F'). Many of our results will be stated
in terms of normalized (virtual) characters (1.1) and (1.2).

In connection with distributions, it will actually be convenient for us to work with
the Hecke algebra H(G(F)) rather than the full space C°(G(F')). Recall that H(G(F))
is the space of functions in C°(G(F)) which are left and right K-finite. We shall refer
to a continuous linear functional on H(G(F')), somewhat incorrectly, as a distribution on
H(G(F)). This of course is a more general object than a distribution on G(F).
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Finally, we recall a few standard notions from representation theory that we will
need. Let Iliemp(G(F)) be the set of (equivalence classes of) irreducible tempered rep-
resentations of G(F). For any 7€Iliemp(G(F)), we write a} , for the stabilizer of 7 in
iag, relative to the locally free action

ma(z) =m(x)erHe@) | Neiak, z e G(F),

of iag on Iliemp(G(F')). Then

0g,r C0Gx CaG,F»
and we have

a¢  =Hom(ag,x, 2miZ),

for a subgroup ag » in ag such that

ag,r Cag,x Cag,r.

Suppose that M €L and that 7 belongs to Iliemp(M(F)). Given PEP(M) and
A€ia},, we can form the parabolically induced representation
Ip(my,z), z€G(F),

of G(F). It acts on a Hilbert space Hp(w), of vector valued functions on K, which is
independent of A\. The most important case is when =0 belongs to the subset II;(M(F))
of representations in Iltemp(M(F)) which are square integrable modulo A (F). We
shall write IL,(G(F)) for the set of irreducible constituents of the induced representation
Zp(7)- This is a finite subset of I;emp(G(F)) which is independent of P.

It is a fundamental consequence of the work of Harish-Chandra that as M and o
range over £ and II;(M(F)) respectively, the sets II,(G(F)) exhaust Iliemp(G(F)). The
problem of classifying Iliemp(G(F')) is then reduced to classifying the representations in
the finite sets I, (G(F)), and to determining the intersection of any two such sets. This
second question is answered by the proposition below, another consequence of work of
Harish-Chandra.

We shall write w for any representative in K of an element w in the Weyl group
WE. If M and o are as above, wM=@Mw@ ! is another Levi subgroup, and

'm'@), m' e(wM)(F),

(wo)(m') = o(w™
is a representation in II;((wM)(F)). We obtain an action
(M,0) = (wM,wo), weWg,
of W§ on the set of pairs

(M,0), MEeL,oely(M(F)).
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PROPOSITION 1.1. Let (M,0) and (M',d’) be any two pairs. If (M',d') equals
(wM,wo) for an element we W, the subsets I1,(G(F)) and I,/ (G(F)) of Miemp(G(F))
are identical. Conversely, if the sets I1,(G(F)) and Il,.(G(F)) have a representation in
common, there is an element weWE such that (M',0')=(wM,w0o).

The first assertion follows easily from the formula for the characters of the induced
representations Zp(o) and Zp/(o’). The second assertion is a deeper result, which is a
consequence of Harish-Chandra’s asymptotic estimates for matrix coefficients [19], [21],
[36]. This was first observed by Langlands [32, §3], who used the property in his classi-
fication of admissible representations in terms of tempered representations. O

The proposition tells us that Iliemp(G(F)) is the disjoint union, over all W -orbits
of pairs (M, ), of the sets II,(G(F')). The remaining classification problem, apart from
that of the square integrable representations o in II;(M(F)), is then to determine the
structure of the finite sets II,(G(F')). Its solution is provided by the theory of the R-
group.

A representation of G(F) is said to be elliptic if its character does not vanish on
the regular elliptic set. We shall denote the character of a general representation m€
iemp(G(F)) by ©(m). That is,

tr(n(f)) = O, f) = /G O @ s FEHGE)

Then 7 is elliptic if and only if the normalized character ®¢(7) does not vanish. We
write Iliemp, en(G(F)) for the set of elliptic representations in Itemp(G(F)). It is the
disjoint union, over all W-orbits of pairs (M, c), of the sets

Ha,ell(G(F))=HU(G(F))nHtemp,ell(G(F))-

In the next section we shall describe the sets I1,(G(F)) and the subsets I, en(G(F)) in
terms of the corresponding R-groups. The rest of the paper will be devoted to a study
of the functions

QM(W), MeLl, e Htemp,eu(G(F)),

and their relationships with other objects that arise naturally in the harmonic analysis
on G(F).

2. The R-group

We shall review the theory of the R-group, which provides a classification of the repre-
sentations in the sets IL,(G(F)) and I1, n(G(F)). These results are well known, at least
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in the Archimedean case [29]. There are some complications for p-adic groups, but the
general ideas are similar. In particular, the classification follows from Harish-Chandra’s
commuting algebra theorem and Silberger’s dimension theorem.

The decomposition of induced representations is of course determined by intertwin-
ing operators. For each M €L and 7€Iliemp(M (F)), one can construct normalized inter-
twining operators

Rq|p(m) =rq|p(r) " Jqp(T): Hp(m) = Ho(r), P,QeP(M),
between the induced representations Zp(7) and Zg(w). The scalar normalizing factors
g p(T) are not unique, although there has been progress [35] towards constructing the
canonical normalizations conjectured by Langlands [31, Appendix II|. The normaliz-
ing factors are, however, canonically determined from the case that 7=0 belongs to
II;(M(F)). We fix them so that the conditions of [6, Theorem 2.1] all hold.
Let o be a representation in IIo(M(F)). We shall consider the stabilizer

We={weW(ay):wo =0}

of o in the Weyl group of aps. For every w in W, we must define a normalized inter-
twining operator
R(w,0)=RP|P(wa0)) PEP(M)’

from Zp(o) to itself. Observe that o can be extended to a representation of the group
M (F) generated by M(F) and w. If oy, is such an extension, we define an intertwining
operator

A(ow): Hg-1pz(0) = Hp (o)
between Zz-1pg(0) and Ip(o) by setting

(A(Uw)¢')($) = o-w(ﬁi)qS'(ﬁ}_lx), ¢'€ Hg-1pz(0)

The composition

R(w,0)=A(0w)Rg-1pg|p(0)
is then the desired intertwining operator for Zp(o).

In general, we shall denote the contragredient of any representation n by nV. In
the case that m=0 belongs to II;(M(F)) as above, the scalar normalizing factors can
be chosen so that 7g|p(c") equals 7p|g(c). We shall also occasionally write AV for the
transpose of an operator A if there is no danger of confusion. One finds that

R(w,0)Y =rg-1pgp(0) ' Jz-1pzp(0)  Alow)”
=rpig-1p5(0") " Ipjg-1pz(0V)A(oy)
=Rpg-1pg(c")A(oy) "

=R(w,0")7,
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for any weW,. We file the resulting formula
R(w,0")=(R(w,0)™")" (2.1)

for future reference.
Fix a representation ¢ in II;(M(F)). We write W2 for the subgroup of elements w
in W, such that the operator R(w, o) is a scalar. Then W2 is a normal subgroup of W,.
The quotient
Ra = Wo/ Wg

is the R-group of ¢. It is known that W2 is the Weyl group of a root system, composed of
scalar multiples of those reduced roots a of (G, Apr) for which the reflection w, belongs
to WO. (See [28, §13], [37]. The proof makes essential use of the separate characterization
of {a} as the roots whose corresponding Plancherel density vanishes.) These roots divide
the vector space as into chambers. Fixing such a chamber a;}, we identify R, with the
subgroup of elements in W, which preserve a}. We can then write W, as a semi-direct
product
W,=W2xR,.

According to Harish-Chandra’s commuting algebra theorem ([20, Theorem 38.1],
[36, Theorem 5.5.3.2]), the operators

{R(r,0):T € Ry}

span the algebra of intertwining operators of Zp(s). The dimension theorem ([27,
Theorem 2], [28, Theorem 13.4], [37]) asserts further that these operators are linearly in-
dependent. Before we can exploit these facts, however, we must deal with the possibility
that the map r— R(r,0) is not a homomorphism. In general, we have only a formula

R(rire,0)=n4(r1,72)R(r1,0)R(r2,0), 71,72 € Ro,

where

No(r1,72) = A(0r,r,)A(0r, )_IA(UH )—1 =0ryry (F172)0r, (7:2)_10'1‘1 (f1 )_1

is a 2-cocycle for R, with values in C*. The image 7, of n, in H?*(R,,C*) is the
obstruction to being able to extend the representation o to the group generated by M(F')
and {7:r€R,}. For real groups the cocycle always splits (26, Theorem 7.1]. However, for
p-adic groups the question is presently unresolved [25]. The expected parameterization
of representations in L-packets in fact suggests that the cocycle might sometimes be

nontrivial.
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We shall deal with the problem by fixing a finite central extension
1—>Z6—»}§a—->Ra—>1

over which 7, splits. (See [16, Theorem 53.7]. For example, one could take Z, to be the
cyclic group generated by %, in H?(R,,C*).) We then choose a function &,: R, —C*
which splits 7,. This means that

No(r1,m2) =€o(r1r2)s(r2) 6, (r1) ™, r1,r2€R,,

where 7, is obviously identified with its pullback to ﬁ, X I:f,,. It follows easily that

€a(zr) :Xa(z)ga(r), 2€Z5,TE ﬁm

for a linear character x, on the central subgroup Z,. We can use ¢, to twist the inter-
twining operators. The result is a homomorphism

R(r,0)=£,(r)"'R(r,0), r€R,, (2.2)
of Rc, into the group of unitary intertwining operators for Zp (o), with the property that
R(zr,0)=X0(2)"'R(r,0), z€Z,,r€R,.

In fact, the map R—R can be defined for any projective representation R of R, with
multiplier 7,. It determines a bijection from the set of such objects onto the set of
ordinary representations of ﬁ,, whose central character on Z, equals x .

Observe that

R(r,z)=R(r, 0)Ip(0,z), r€R,, z€ G(F),

is a representation of E,xG(F) on Hp(o). It has a decomposition into irreducible
representations, which we write in the form

R= @ mo (0" ®T).

o,

Here g ranges over the set H(ﬁ,, Xo) of irreducible representations of R, with Z,-central
character x,, 7 ranges over II,(G(F)), and each m, . is a nonnegative integer. The
commuting algebra theorem implies that each integer m, » equals 0 or 1, and in addition,
that for any g there is at most one 7 with m, =1, and that for any = there is at most
one ¢ with m, »=1. The dimension theorem provides a bound in the other direction. It
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tells us that the map r— R(r,c) of R, into Endg(r)(Hp(0)) must be equivalent to the
representation obtained by inducing x;! from Z, to ﬁ,. We conclude that for every

0€Il(R;, X5 ), there is a unique 7, €I1,(G(F)) such that m, »,=1. In other words, there
is a bijection p—, of H(ﬁa, Xo) onto II,(G(F)) such that

R= @ (Qv®7"g)-

0€I(Rq ,X0)

Expressed in terms of characters, the bijection is a formula

tr(R(r,0)Ip(o, f))= Y tr(0¥(r))tr(my(f)), (2.3)

0€M(Ro xo)

for any r€R, and f€H(G(F)). We have thus obtained a classification of the represen-
tations in II,(G(F)). We have still to determine which of these are elliptic.

If IT is a set of equivalence classes of irreducible representations of some group, let us
write C(II) for the complex vector space of virtual characters generated by II. In partic-

ular, we can form the finite dimensional vector spaces C(II(R,, X)) and C(IL,(G(F))).
From the bijection p—m, we obtain an isomorphism §—© from C(H(ﬁa,xa)) onto
C(II,(G(F))). To describe © in terms of §, we have only to invert the formula (2.3).

The result is
O(f)=|R,|™" Y_ 8(r)tr(R(r,0)Ip(0,f)), fEH(G(F)). (24)
rEﬁa

The correspondence § —© behaves well under induction. To describe this, we must first
introduce a family of subgroups of fl,.

Consider a Levi subgroup LeL(M) with the property that the closure af of the
chamber a} contains an open subset of ar. Set

RE=wL(ap)NR,,

where WX (ays) denotes the Weyl group of ays relative to L instead of G. We claim that
RL can be identified with the R-group of o relative to L. To see this, take any element
w in the stabilizer

WE=w,nWt(ay)

of 0 in WE(ay), and consider the decomposition

w = wor, woeWB, r€R,.
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The conditions on r and w imply that the element wy l—rw~! maps af OE into aF.

Since E is a fundamental domain for Wf,’, we see that wy ! Jeaves the open subset a, ﬂ;;r
of a, pointwise fixed. Therefore the whole space ay, is left pointwise fixed by wy ', and
hence also by wp and 7. In other words, wo belongs to the group (W) =W2nWL(ay),
and r belongs to RE. It follows that WLX=(WZL)°xRL, so RL can indeed be identified
with the R-group relative to L. It is the complement of (WL)? in WL determined by
the chamber (a} +0y) for the action of (WL)? on aps. Having defined RZ, we take RE

to be the inverse image of RL in R,. Then
1—>Za—>ﬁ£‘—->R£—->1

is a central extension of RZ which splits the restriction of the cocycle 7, to R%. We shall
consider representations of R, induced from subgroups R'(I;

Given L as above, let g7 be a representation in H(ﬁg,xa). We can induce this
representation from ﬁ{; to R,, thereby obtaining a character 8 in C(II(R,, X)) On the
other hand, g, determines a representation 7y, =m,, in II,(L(F)), which for any QeP(L)
we can induce from Q(F') to G(F). This gives a character © in C(II,(G(F))) which is
independent of ). We claim that # and © correspond under the bijection described
above, and in particular, are related by (2.4). To see this, we first apply (2.4) to the
characters of 71, and gy. Taking PEP(M) to be any group contained in @, we obtain

O(f) =tr(Zg(mz, f))
=|RZI™" Y wr(er(n) tx(R(r,0)Tp(o, f)),  f €H(G(F)),
reﬁf;
from the transitivity properties of induction. Since

r—tr(R(r,0)Ip(o, f), r€Rs,

is a class function on R,, the last expression becomes the right hand side of (2.4) when
we apply the standard formula for the induced character 6.

Let us write Cind(l'l(ﬁa, Xo)) for the submodule of C(H(EU, Xo)) generated by all
characters 6 of R, induced from representations gy, GH(Ef;, Xo), where L€ L(M) ranges
over proper Levi subgroups of G with our condition that E contains an open subset of
ar. Let us also write Cinda(Il,(G(F'))) for the submodule of C(II,(G(F))) generated by
all characters

e(f) = tr(IQ(ﬂL, f)), Q (S P(L), L € HU(L(F)),

where L€ L(M) ranges over all proper Levi subgroups of G. For any such ©, we can
replace 71, by a representation wry, in II,((wL)(F)) for an element weWY?. This means



90 J. ARTHUR

that we can replace the space a;, by war. We can therefore assume that L satisfies our
condition that aj contains an open subset of ay. It follows that the bijection §—©
maps a set of generators of Cina(II(R,, X)) to a set of generators of Cing(Il,(G(F))).
Therefore, the image of Cind(H(ﬁa, X)) is Cind(II;(G(F))).

An element in Cipq(Il,(G(F))), regarded as a locally integrable class function on
Greg(F), vanishes on the elliptic set Ten(G(F)). Therefore there is a map from the
quotient

C(Il;(G(F)))/Cina(lls (G(F)))

into a space of functions on Teyj(G(F))NGreg(F'). The map is actually injective, a fact
that is implied by the stronger result [24, Theorem A]. It follows that the elliptic repre-
sentations II, .i(G(F')) are precisely the representations in IT,(G(F)) whose characters
do not lie in Cina(Il,(G(F))).

It is easy to describe the irreducible representations in H(ﬁa, Xo) Which correspond
to elliptic representations in II,(G(F)). Let ﬁa, reg be the inverse image in R, of the set

Ro‘,regz{reRa:aglzaG}a (25)

where
ayy ={H €ap:wH=H}

denotes the space of fixed vectors of an element weW (aps). If r is an arbitrary element
in R,, the space a}; is of the form a for some Levi subgroup L€ L(M). Moreover, it is
a straightforward consequence of the invariance of a} under r that Ef,: contains an open
subset of ay, as above. It follows that l~2¢, is the disjoint union of EU, reg With the set
R, = \J RL.
L#G

Now Cind(H(ﬁa,xa)) is the space of x,-equivariant class functions on R, which are
supported on R{, This follows from the usual formula for an induced character, and
a simple induction argument based on the stratification of ﬁf, by the subgroups {Ef;}
There is consequently an isomorphism from the quotient

C(II(Ry, Xo))/Cina(I(Rs, Xo))

onto the space of x,-equivariant class functions on Ra, reg- Since Cind(l'l(ﬁa, Xo)) corre-
sponds with C;,q(IL,(G(F))), we conclude that the elliptic representations in II,(G(F))
are given by the irreducible characters in H(R,, Xo) which do not vanish on fl‘,, reg- O

In summary we have
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PROPOSITION 2.1. (a) There is a unique bijection p—m, from II(R,, xo) onto
I, (G(F)) which satisfies the character identity (2.3).

(b) A sum of characters in H(E,, Xo) 18 induced from a proper subgroup Rf; of Ry if
and only if the corresponding sum of characters in I1,(G(F)) is induced from a parabolic
subgroup with Levi component L(F').

(c) A representation 7, in Il,(G(F')) is elliptic if and only if the character of o does
not vanish on ﬁ,,reg. O

Remarks. (1) For elements wo in W2, one can use the scalar valued operators
R(wog, o) to normalize the extensions o,,. Each extension can then be chosen so that
the corresponding operator R(wo, o) is the identity. One obtains a representation

R(wor,0) = R(r,0), wo€W?, reR,,

of the group
W,=WxR,

on Hp(c). In particular, the operators R(r,o) do not have to depend on the embedding
of R, into W,.

(2) In the paper [13, 85], Clozel conjectured various relationships between repre-
sentations in II,(G(F)) and induced representations from the sets II,(L(F)). More
recently, D. Goldberg and R. Herb have discovered some unexpected phenomena for
p-adic groups. (See R. Herb, “Elliptic representations for Sp(2n) and SO(n)”, preprint.)
In general, Proposition 2.1 will be a good vehicle for studying the questions raised
by Clozel. One has only to look for parallel relationships between representations in
TI(R,, X,) and induced representations from the sets II(RZ, x,).

3. The distribution I4ie

We have described the classification of irreducible tempered characters in terms of ir-
reducible representations of R—groups. For some purposes it is better to work instead
with the objects determined by conjugacy classes in R-groups. These objects are virtual
tempered characters, and provide a second basis for the complex vector space spanned
by the irreducible tempered characters. They are particularly suited to the study of the
discrete part of the local trace formula. The local trace formula, we will recall, is an ex-
pansion of a certain distribution Igisc(f’, f) on H(G(F)) x H(G(F)) in terms of weighted
orbital integrals and weighted characters [11, §12]. We shall first discuss the basic virtual
tempered characters. We will then be able to give a simple description of Igisc(f’, f)-
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In §2 we attached certain objects to representations ¢ in II;(M(F')) which were not
uniquely determined. These were the scalar normalizing factors {rq|p(c)}, the extensions
{ow} of o to the groups {M;(F)}, the chamber a}, the extension R,—R,, and the
function {t,:ﬁa—»C" which splits the cocycle 7,. The degree to which other objects,
such as the bijection g—,, depend on these choices is minimal. In fact many of the
objects we will look at are completely independent of the choices. In any case, we assume
from now on that these choices have all been made, for every M and o, subject only to
any obvious compatibility conditions. For example, we will want a symmetry condition
with respect to the action of W§. We require that conjugation of R, by an element w in
WE extends to an isomorphism r—wr from I-Z,, onto Iiwa. Another condition involves
the contragredient. We can clearly take R,v =R, and x,v = x; ', and by (2.1), we can
also assume that the representation of R, x G(F) attached to ¢V is the contragredient of
the representation attached to 0. This means that the correspondence (2.3) for oV takes
the form

tr(R(r,oV)Ip(e”, )= Y, tr(e(r))tr(my(f))-
0€ll(Ro,xo)

In what follows, we shall generally not distinguish in our notation between objects
defined on R, and the corresponding Z,-invariant objects on R,. For example, X —»rX
could stand for the action of ﬁ, on ays with isotropy subgroup Z,, as well as the under-
lying R,-action from which it is obtained.

We shall consider triplets

r=(M,o,r), MeL,oeclly(M(F)),reR,.
For any such 7, we define a distribution
o(r, f)=tr(R(r,0)Ip(0, f)), fEH(G(F)). (3.1)

This is the virtual character whose decomposition is given by (2.3). Set Z,=Z, and
Xr=Xo- Then if z belongs to Z,,

2r=(M,a,zr)
is another triplet, which satisfies
(27, f) = x+(2)7'O(7, ).
There is also an action

- wr =(wM,wo,wr), weWg,
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of W on the set of all triplets, with the property that
O(wr, f)=06(r, f).

These two conditions force some of the distributions ©(7) to vanish. We shall say that 7=
(M, 0,r) is essential if the subgroup of elements in Z, which stabilize the E,-conjugacy
class of 7 is contained in the kernel of x,. (This is always the case if the cocycle 7,
splits.) The inessential distributions ©(7) are then zero and can be discarded. We shall
write T(G) for the remaining set of essential triplets, and we define T(G) to be the set
of W¢-orbits in T(G) Our basic objects are then the distributions

{8(7):7eT(G)}.

Taken up to the equivalence relation defined by the action of the groups Z., these distri-
butions form a basis of the vector space of all virtual tempered characters. This follows
from Proposition 1.1 and the formula (2.3) for the irreducible constituents of Zp(c). We
are particularly concerned with the subset

Ten(G) = {7 = (M,0,r) €T(G):7 € Ry, reg}

of orbits in T(G) which are elliptic. These triplets correspond to distributions which do
not vanish on G(F)ey. They are the elliptic tempered (virtual) characters of the title.
Observe that T(G) has a natural structure of an analytic manifold. For if 7= (M,o,r)
is any triplet, the isotropy subspace a}, of ay equals a;, for some LeL(M). There is a
locally free action
Ton=(M,oxr), AE€ial,

of ia} on the subset of elements 7€T(G) of this form. In this way, T(G) becomes an
analytic manifold which is homeomorphic to either a disjoint union of Euclidean spaces
(Archimedean case), or a disjoint union of compact tori (p-adic case). The set T(G) then
acquires the quotient topology from the action of W§.

One place where the set T'(G) is simpler to use than Iliemp(G(F)) is in the formu-
lation of the trace Paley-Wiener theorem. Let Z(G(F')) be the space of functions

¢:T(G)—C

which satisfy the following four conditions.
(i) ¢ is supported on finitely many components of T(G)
(i) ¢(27)=x-(2)"1¢(7), T€T(G), 2€Z,.
(iii) ¢ is symmetric under W§.
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(iv) The function obtained by restricting ¢ to any connected component of ’f(G)
belongs to the Paley—Wiener space; that is, the function is a finite Fourier series in the
p-adic case, or the Fourier transform of a smooth function of compact support if F is
Archimedean.

There is a natural topology which makes Z(G(F')) into a complete topological vector
space. By means of the inversion formula (2.4), we can in fact identify Z(G(F)) with
the topological vector space of functions on Iliemp(G(F')) introduced in [6, §11], and
also denoted by Z(G(F)). The trace Paley-Wiener theorem [12] [14] is equivalent to the
assertion that the map which sends f€H(G(F')) to the function

fa(r)=6(r,f), TeT(G), feH(G(F)),

is a continuous surjective map from H(G(F)) onto Z(G(F)). Observe that if 7 is an
element in Tey(G), there is a function f in H(G(F)) with fe(r)=1, and such that
fc vanishes away from the (Z, xiag)-orbit of 7 in T(G). We shall call such an f a
pseudocoefficient for 7.

For the local trace formula it is useful to take a set which lies between T, (G) and
T(G). If r belongs to an R-group R,, we write W,(r)eg for the intersection of the
W0-coset

W, (r)=W2r

in W, with the set
Wo,reg ={w €W, :ayy =ag}

of regular elements. This also serves to define W, (r) and W,(r);eg for elements reﬁ,,
as we have agreed earlier. We define Tyisc(G) to be the set of orbits (M,o,r) in T(G)
such that W (7)eg is not empty. It is clear that

Ten(G) C Taisc(G) CT(G).
To each element 7=(M, 0,7) in T4isc(G) we attach a number

i(T):iG(T)z |Wg|_l Z eg(w)]det(l—w)uﬁrl. (3.2)
WEW, (T)reg

As in [11, p. 139)], e,(w) stands for the sign of the projection of w onto the Weyl group
W2, taken relative to the decomposition W, =W x R,. The numbers i(7) encode combi-
natorial data from Weyl groups that is relevant to the comparison of global trace formulas
[9]. We shall see in a moment that the numbers also arise in the local trace formula.
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We can now describe the distribution Iyisc. Fix functions f/, feH(G(F)). According
to the definition [11, (12.4)], I4isc(f', f) equals the expression

Z lWéMI |WOG|_1| det(l_w)aﬁI_led(w)laé,a/aé,Flml / jG(UMwa f’xf) d’\’
(M,0,w) iag p

where
a4 , =Hom(ag,s, 2miZ) = ay; , Niag,

and
Ja(or,w, f'x f)=tr(R(w, 0¥ )Ip(c¥,, f)) tr(R(w,02)Ip(o, f)).

The sums are over M €L, o€ll;(M(F))/iag (the set of iag-orbits in II(M(F))), and
WEW,, reg. We would like to write this expression in a simpler form.

The essential step is to change the sum over wEW, (¢ into a double sum over
r€R, and weW,(r)eg. We shall in fact sum over r€R,, at the same time dividing the
summand by the quotient |Z,|=|R,||R,|~1. By (2.1) we can write

R(w,0,)=(R(w,ay)™1)V.

(This formula was used in [11, p. 136] without comment to write I4isc in the form above.)
Combining this with the definitions of W2 and ﬁ(r, o), we see that if w lies in W, (7)reg,
the operators R(w,cY,) and R(w,0) differ from R(r,c",) and R(r,5) respectively by
scalar multiples which are inverses of each other. It follows that

Je(or,w, f'x f)=tr(R(r,0¥\)Ip(o¥, f')) tr(R(r,0)Ip(0x, f))
= 9(7.!,\’ f,)e(T)n f)a

where 7 is the triplet (M, o,r) and
v =(M,o",r). (3.3)

In particular, this term depends only on r. The sum over W,(r)eg then leads directly to
the number i(7) defined in (3.2). We find that Iisc(f', f) equals the sum over all triplets

r=(M,o,r), MEeL,oell(M(F))/iak, r€ R,

of the expression

i)Wl (W | (W5 | 7112617 0g 0 /08, p| ™ f Oy, f)0(ma, f)dr.  (3.4)

i *
lﬂG,F
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The summand (3.4) depends only on the W-orbit of 7. Moreover, the summand
vanishes unless the triplet 7 is essential, and the set W, (r);eg is nonempty. The collection
of all such WE-orbits is just Igisc(G), or rather, the set Ilysc(G)/iag of orbits of iaf
in I4isc(G). We can therefore take the sum over Ilgisc(G)/iag, provided that we replace
|[WE|~! in the summand by the inverse of the order of the W{-stabilizer of 7. The
stabilizer of M in W§ is the subgroup W -W (aas). The stabilizer of o in this subgroup
is WM -W,. Finally, the stabilizer of r in this second subgroup is WM -WO-R,. ., where
R, is the stabilizer of 7 in R,. Therefore, the stabilizer of 7=(M,0,r) in W§ is
WM.-W2.R, .. The order of this last group equals

(W | IW2||Ror| 126172,

where R,,, is the centralizer of r in R,. It follows that Igisc(f', f) equals

Y iR Mo o /05, p / O(r¥5, f)8(x, f) ),
“‘E;,F
where the sum is over elements 7=(M, o,7) in Hgisc(G)/iag.
Let us define a measure d7 on Ty;s.(G) by setting

/ 0(r)dr = Z |Ro,r| 720G o /0% 5|7 / 6(7») dA (3.5)
Tdisc(G)

r€llgiac(G)/iag G, F
for any function 8€ C.(Ilisc(G)). We can then express the formula for Igisc as follows.
PROPOSITION 3.1. Suppose that f' and f are functions in H(G(F)). Then

Luse(f', f) = / i(r)e(r, £18(r, f)dr. (3.6)

Tdisc(G)

a

Remark. We mentioned that the numbers i(7) have occurred elsewhere [9]. They
satisfy a combinatorial identity [9, Theorem 8.1] which is related to endoscopy. In that
context they can be expected to play a significant role in the derivation of multiplicity
formulas for automorphic representations. The occurence of the numbers in formula (3.6)
here seems to be a separate issue. It is not clear what implication it might have for local
harmonic analysis.

In this paper we shall use the special case of Proposition 3.1 in which one of the
functions is cuspidal. A function f in H(G(F)) is said to be cuspidal if for every proper
Levi subgroup L of G, the function

fu(rp)=tr(rr(fQ)) =tr(Ze(nr, f)), 71 € Memp(L(F)),
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vanishes identically. (Here, fg is the usual function
m — bg(m)/? / [ f(k~'mnk)dndk, me L(F),
K JNq(F)

on L(F), defined for any group Q€ P(L).) Notice that the map f— f factors through
the space Z(G(F')), so the same condition defines cuspidal functions in Z(G(F)). Suppose
that feH(G(F)) is cuspidal. Take a triplet 7=(M, 0,7) in I4s.(G), and let LeL(M)
be the Levi subgroup such that a}, equals a;. Applying the formula (2.3) to L, and
keeping in mind the transitivity properties of induction, we see that the distribution

o(r, f)=tr(B(r,0)Zp(o, f))

is a linear combination of values fr(7r), with m ranging over the representations in
II,(L(F)). Since f is cuspidal, the distribution vanishes unless L=G. In other words,
the distribution vanishes unless r belongs to ﬁa, reg, Which is to say that 7 belongs to
Ten(G). Thus, the integrand in the formula (3.6) for Iysc(f’, f) is supported on the
subset Ten(G) of Tgisc(G)-

For a given o €Il;(M(F)), the set Ry, reg could of course be empty. We claim that
if it is not empty, then the subgroup W2 of W, is trivial. To see this, recall that W2
is the Weyl group of a system of roots on the real vector space aps. The decomposition
W,=W2xR, is determined by the chamber at for Wg in aps, and R, acts on aps as a
group of automorphisms of W2 which preserve the chamber. In particular, the elements
in R, preserve the positive roots in the root system. They leave invariant the vector
in a} obtained in the usual way as half the sum of the positive co-roots. If W2#{1},
this vector is not zero. In particular, any element in R, has an invariant vector in the
complement of ag in apr, and R, reg is therefore empty. This establishes the claim.

We have just seen that if 7=(M, o, 7) belongs to Tei(G), then W2={1}. The coset
W, (r) then equals r itself. Since e,(r)=1, the formula (3.2) for the number i(7) reduces
simply to the inverse of the absolute value of the number

d(r)=d(r) =det(1-7)q,, /aq- (3.7)

We have established

COROLLARY 3.2. Suppose that f' and f are functions in H(G(F)) and that f is
cuspidal. Then

Line(f', ) = /T o OO, )8(r far. 0

7-935203 Acta Mathematica 171. Imprimé le 28 octobre 1993
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4. The invariant local trace formula

The formula (3.6) can serve as a definition of Iyisc(f’, f). The local trace formula provides
a second formula for this distribution in terms of weighted orbital integrals and weighted
characters. The terms in this second expression are distributions which are not invariant
under conjugation. We are going to need a formula whose constituents are all invariant.
We shall therefore describe how to convert the original (noninvariant) local trace formula
into an invariant formula. The process is similar to that of the global trace formula
[5, 883-4]. In particular, we will obtain in the end a local proof of the theorem of
Kazhdan [24] that (invariant) orbital intergrals are supported on characters. The results
of this section have been sketched elsewhere [8, §8], [10, §3], so we can afford to be rather
brief.

We should first review the noninvariant trace formula in the context of the expression
(3.6) for Igisc(f’, f). As in [11], it is best to present the formula as an identity of two
distributions, evaluated at a function

f'xf, £, feH(G(F)),

on G(F)xG(F). One distribution is given as an expansion in terms of weighted orbital
integrals (the geometric side), while the other distribution is a parallel expansion in terms
of weighted characters (the spectral side). In this setting, Igisc(f’, f) is just the leading
term in the spectral expansion.

The geometric side is the expansion

3 WM WEL (—1)imAn/Ae) / T /% ) d, (4.1)
Mel Ten(M)

whose constituents are defined as in [11, §12]. In particular, I'e;(M) stands for the
set Ten(M(F)) of F-elliptic conjugacy classes in M(F), but embedded diagonally in
M(F)x M(F). The measure dv is the image of the measure on I'ey(M(F)) defined in
§1. The integrand Jps(7, f' X f) is the weighted orbital integral

|D(7)]/ / f(z7 yz) (25 yze)om (21, 2) doy das,
AMm(FI\G(F) JApm(FI\G(F)

where vpr(z1,z2) is the number

. -1
l{lin)o Z vQ(A, z1,22)0(A) ™,
QeP(M)

obtained from the (G, M)-family

vo(A, 21, z2) = e AHE)-Ha@)) - A cay, Q€ P(M),
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is the usual way [2, Lemma 6.2].
The spectral side will be an expansion

3 WM WE| T (—1)dimAs/Aa) / M) I (r £ x fdr,  (42)
MeL Taisc(M)

where Jy (7, f' X f) is a weighted virtual character attached to 7. It is a linear combina-
tion of the weighted characters

JM(”Y®“2’f’xf)a 1, T2 themp(M(F))a

defined by [11, (12.8)], with coeflicients determined by the analogue for M of (2.3). More
precisely, if
r=(My,0,7), M) CM,cclly(M(F)), reRM,

we take the formula

Iu(nf'xf)= Y (@) tr(e" () Im(ry @, f'xf)  (43)

o', 0€M(RM x,)

as a definition of Jps(7, f' X f). We recall for convenience that
Iy (my ®ma, ' x f) =tr(Tm(m) @72, P)Ip(ny @72, f' X £)),
where Jp (7Y ® 2, P) is the operator

lm S Jo(A,m! @, P)(A)!
QEP(M)

obtained from the (G, M)-family
Jo(A, ) @72, P) = (Jgp(my)®Jq|p(m2)) " (Jgp(m) ) ®Jqp(T2,4)),
A€ia},, QeP(M). The operators
Joip(m):Hp(m) = Ho(m), € Miemp(M(F)),

are the unnormalized intertwining operators from Zp(m) to Zg(w). They can have poles
in 7€lemp(M(F)), so the functions Jgo(A, 7y ®ma, P) are defined only for my @, in
general position. However, the operator Jps(my @2, P) is regular at my ®m, if m; and
my belong to II,(M(F')) as above [11, Lemma 12.1]. The formula (4.3) used to define
Ju (T, f' x f) therefore makes sense.

Stating our version of the noninvariant local trace formula formally, we have



100 J. ARTHUR

PROPOSITION 4.1. For any functions f' and f in H(G(F)), the geometric expansion
(4.1) equals the spectral ezpansion (4.2).

Proof. The proposition is a restatement of the main result (Theorem 12.2) of [11].
The geometric sides (4.1) and [11, (12.9)] are the same. We need only reconcile our
expansion (4.2) with

-1 im
W WS | (-1) (AM/AG)/ s (M) ®m2)Ing (1) @, £ X f)d(my @73),
Mel Hdisc(M)

(4.4)

the original spectral side [11, (12.10)]. The numbers a$, (7Y ®m2) are defined as coeffi-
cients of an expansion [11, (12.6)] of L4isc(f’, f). Comparing this with the expansion (3.6),

and taking into account the measures [11, (12.5)] and (3.5) on Il4s.(G) and Tyisc(G),
G

one finds that a§ (7Y ®m2) vanishes unless

T @M =m,8n,, 0,0€(Ry,Xs),
for some o €Il(M;(F')), with M; €L, and that

0Gsc(m ®Tg) =Y |Rop|1i(My, 0,7) tr(g (1)) tr(e" (),

the sum being over conjugacy classes in R,. The coefficients o (mY @) are of course
given by the specialization of this formula from G to M. Combining this with the
definition (4.3), and taking into account the measures on Igisc(M) and Tgisc(M), we see
that the expressions (4.2) and (4.4) are equal. The proposition follows from [11, Theorem
12.2]. O

The primary ingredients of the invariant local trace formula are to be invariant
distributions

In(y, f' < £) =I5 (v, f'x f)

of two variable functions attached to the weighted orbital integrals Jas(7y, f'x f). They
are defined inductively by a formula

In(v, £ % F)=Tm(v, £ x )= Y Tig(vdn(f % £)) (4.5)

LeL(M)
L#G

[4, (2.1)], [8, (8.1)], and they are related by a splitting formula

(v f'x )= Y du(L, DIy (v, fo) i (1, fo), (4.6)
L', LeL(M)
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Q'eP(L'), QeP(L), to the analogous distributions in one variable [4, Proposition 9.1].
These formulas contain some undefined terms from earlier papers. In particular,
#L(f' x f) could be defined as the function on Hemp(L(F)) X Miemp(L(F)) whose value
at my @, equals

tr(RL(my ®ma, P)Ip(ny ®ma, f'x f)), PeP(L),
where R (m) ®ma, P) is the operator

Jim Y Ro(A, Y ®m, P)og(A)~
QEP(L)

obtained from the (G, L)-family
RQ(A, 1 ®72, P) = (Rg p())® Rg p(m2)) " (Rg p(my _5)®Rq|p(T2,4)),

A€ia}, QEP(L). There is a technical problem that ¢r(f’ X f) does not quite belong
to the space Z(L(F')x L(F)) discussed in §3. This can be resolved by working with the
spaces Hao(L(F)x L(F)) and Z,.(L(F)x L(F)) introduced in [6, §11]. In the present
situation it is simpler to observe that Jas (7, f’' X f) depends only on the restriction of
f'x f to the subgroup

(G(F)xG(F))! ={(z',2) € G(F)xG(F): Hg(z') = Hg(x)}.

Consequently, Jy(,-) can be regarded as a distribution on the associated Hecke alge-
bra H((G(F)xG(F))!). The corresponding space Z((G(F)x G(F))') consists of Paley—
Wiener functions on the set of iag-orbits in either T(G)xT(G) or Iiemp(G(F))x
Mtemp(G(F)). From [6, Theorem 12.1], one can interpret ¢; as a continuous map
from H((G(F)xG(F))!) to Z((L(F)x L(F))!). The inductive definition (4.5) then gives
In(v,-) as (the pullback to G(F) x G(F) of) a distribution on H((G(F)xG(F))!).

In general, an invariant distribution I on H(G(F)) is said to be supported on char-
acters if I(f)=0 for every function f€H(G(F)) such that fg=0. If this is so, there is a
unique distribution I on the topological vector space Z(G(F')) such that

I(fe)=1(f), feM(G(F)).

Similar definitions apply to invariant distributions on the spaces H((G(F)xG(F))!),
Hac(G(F)XG(F)) or Hae(G(F)). In particular, the Fourier transform /% (v) in (4.5)
is defined provided that I} (7) is supported on characters. This has been proved by
global means [5, Theorem 5.1], but we prefer to establish the property here by local
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means. We shall therefore make only the induction assumption that for any LeL(M)
with L2G, and any point Y€ M;eg(F), the distribution I L (v) on H(L(F)) is supported
on characters. It follows from the splitting formula (4.6) that the corresponding distribu-
tions on H(L(F)x L(F)) are also supported on characters. Therefore, the formula (4.5)
makes sense.

The secondary ingredients of the invariant local trace formula are simpler. They will
be the invariant distributions attached to the weighted characters Jas (7, f' x f). Suppose
that 7 ®, is a representation in Iiemp(M (F)) X temp(M(F)), and that PEP(M) is
fixed. The (G, M)-families {Jg(A, 7y ®2, P)} and {Rq(A, my ®2, P)} described above
are related by the formula

jQ(A,ﬂ'Y@ﬂ},P)=TQ(A,TFJY®7T2,P)RQ(A,WY@WQ,P), (47)
QEeP(M), A€ia},, where

rQ(A, 7y ®my, P) = (rg p(n) Jrqip(m2)) "  (rg p(my _p)rqip(T2,4))

is a (G, M)-family constructed from the scalar normalizing factors. As with the (G, M)-
family Jo(A, ) @y, P), the function rg(A, 7y @y, P) is well defined only for Y @
in general position. However, if 7=(Mj, o,7) belongs to Tyisc(M), the function

TM(ﬂ}/@ﬂz,P):}iglo Z 7‘Q(A,7TY®7T2,P)9Q(A)—1
QeP(M)

is regular at 7 ® m; whenever m; and m; belong to II,(M(F)). This follows from the
analogous property for Jp(my ®ma, P). It can also be deduced directly from the fact
that the normalizing factors rq|p(7), m€Il,(M(F)), depend only on o. We shall write

rm(7, P)=ry(m) ®m2, P),  m,me €I, (M(F)), (4.8)
since the special value on the right is independent of 7y ® 2. The invariant distributions
TM(Ta f'Xf)=TM(T, P)e(Tv7 f;-")e(’ra fP)? fl)fEH(G(F))1 (49)

on H(G(F)xG(F)) will occur on the spectral side of the invariant trace formula.

THEOREM 4.2. For any functions f' and f in H(G(F)), the expression

3 WM WS (~1)dm(As/Ae) / L (7, ' % f) dvy (4.10)
MeL Ten(M)
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equals

S WM W] (—1)dimAn/Ae) / M ()rag (7, £ f) dr.
MeLl Taisc(M)

Proof. Observe that (4.11) is equal to the expression

3 WM WS (~ydmAs/Ae) N My (r, £ X f),
MeLl Terisc(M)/ia;W

where

Fa (7, £ % £) = | B |l o /g / ra(ra, £ % ) dA,

iu}‘u’ F
for r=(M;,0,r). Similarly, the noninvariant spectral expansion (4.2) equals

3 WM W (~ydmAn/a) NN M) (T, f % f),
MeL TETgisc(M)/ia},

where
Tt (1, 8% )= Rl Mo fa ™ [ Tl /1)

;q*
ZGM,F

The first step is to check that the invariant distributions

P (r, % f) =75 (r, f' % f)

are related to weighted characters by a formula

jM(va,xf)‘—‘ Z ﬁM(T’(ﬁL(f,xf))

LeL(M)
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(4.11)

(4.11%)

(4.9%)

(4.2%)

(4.3%)

(4.12)

which is parallel to (4.5). The distributions 7%,(7) can be regarded as functionals on
(L(F)x L(F))* which are supported on characters, so the summands on the right hand

side of (4.12) are well defined.

To establish (4.12) we apply the decomposition property [2, Lemma 6.5] to the

product (4.7) of (G, M)-families. The result is

jM(W]\./®7l’2,P)= Z TIL\Il(ﬂ'Y®7r21P)RL(7TY®7T2aP)a
LeL(M)

in the notation of [2, §6]. This in turn leads to a formula

Tu(my ®ma, f'x f) =Y rig(r, P)tr(Ry(ny ®n2, P)Ip(my ®ms, f'x f)),

LEL(M)
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in which 7=(M,,0,7) belongs to Tyisc.(M) and 1,7 lie in II,(M(F)). The definitions
(4.3) and (4.3*) express Ju (7, f' % f) as an integral (over A) of a linear combination of
functions on the left hand side of the last formula. The same operations, applied to a
summand on the right hand side, given the corresponding summand 7%, (7, ¢1(f' x f)) for
the right hand side of (4.12). This follows from the definitions (4.9) and (4.9*) of 74, (1),
together with the definitions and an obvious descent property (2, (7.8)] of the map ¢.
In this way we derive the required formula (4.12).

Theorem 4.2 is a rather formal consequence of Proposition 4.1 and the identities
(4.5) and (4.12). For convenience, we repeat the argument from [8, Proposition 8.1].
Write JE(f'x f) and I€(f'x f) for the respective geometric expansions (4.1) and (4.10).
Substituting the identity (4.5) into (4.10), we find that I¢(f’ x f) equals

JO(f'x )= Y IWE W™ (~1)8im(An/4e) fL (g (£ x £)).
L#G

Our induction assumption insures that for L#G, the distribution I” is supported on
characters. Proposition 4.1 tells us that JE(f' x f) is also equal to the original spectral
expansion (4.2). Write rC(f’x f) for either invariant spectral expansion (4.11) or (4.11*).
Substituting the identity

Pm(r, S % f)=Jdu(r, f'x )= Y Fia(r,60(f xf))
LeL(M)

obtained from (4.12) into (4.11*), we find that 7¢(f’ x f) equals

JE(f % f)= N WEIWE| ™ (~)3mAe/AFL (¢ (£ x ).

L#G
We are trying to show that the distributions I¢ and r¢ are equal. We are certainly
free to assume inductively that this is so if G is replaced by any proper Levi subgroup.
In particular IZ(¢L(f'x f)) equals #L(¢.(f'x f)) for any LeL with L#G. The two
expressions we have obtained for I(f’x f) and r¢(f’ x f) are therefore equal. In other
words, (4.10) equals (4.11), as required. a

Our use of the local trace formula in this paper will be confined to a simpler version,
in which one or both of the functions is cuspidal.

COROLLARY 4.3. Suppose that f' and f are functions in H(G(F)), and that f is
cuspidal. Then the invariant local trace formula reduces to the identity of an expression

3 W [WE| T (~1)dim(Am/Ao) / Io(y, f)In (7, f) dv (4.13)
MecL Cen(M(F))
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with

[ lmrie. e (419)
Ten(G)
If both f' and f are cuspidal, the formula simplifies further to
/ Ig(v, f)Ic(v, f) d7=/ ld(r)|7*e(rY, f")e(r, f) dr. (4.15)
Ten(G(F)) Ten(G)

Proof. We start with the formula of Theorem 4.2, taking f to be the given cuspidal
function. Consider first the geometric expansion (4.10). We shall apply the splitting
formula (4.6) to the integrand Ins(7, f'x f) in (4.10). If L is any group in £(M) with
L#G, the distribution I (y) on H(L(F)) is assumed to be supported on characters. We
obtain

It (v, fQ) = I3 (v, (fQ)L) = I (7, fr) =0, QEeP(L),
from the cuspidality of f. In other words, all the terms in (4.6) with L#G vanish.
Moreover, the coefficient d$(L’,G) in (4.6) vanishes unless L'=M, in which case it
equals 1. (See [4, §7].) The splitting formula reduces simply to

In(v, f'xf)=I (v, fp)IM (v, f), P €P(M).

Since

Li(n fp)=16(7,f), 7€ M(F)NGreg(F), (4.16)
by a standard change of variables formula, the geometric expansion (4.10) is equal to
(4.13).

The terms in the spectral expansion (4.11) are easily dealt with. The distributions
©(7) are supported on characters, as we see directly from (2.3). If 7 belongs to Tyisc(M),
for some M #G, we obtain

rm (7, f'x f)=rm(r, P)O(7", fp)O(T, fP)

=7'M(T’ P)é(Tvvfllu)é(T’fM)zo’

from the definition (4.9) and the cuspidality of f. Consequently, the summands with
M#G in (4.11) all vanish. This leaves only the leading term, which by construction is
just Iaisc(f', ). (See Proposition 3.1.) It follows from Corollary 3.2 that the spectral
expansion (4.11) equals (4.14). This establishes the first assertion of the corollary.

Suppose that f’ is also cuspidal. Then if M#G, Ig(7, f') vanishes for any element
r€ M(F)NGreg(F), as we observe from (4.16). The summands with M#G in (4.13)
therefore vanish, and (4.13) reduces to the left hand side of (4.15). This establishes the
formula (4.15), the second assertion of the corollary. O

To complete the original induction argument, we have to show that the distributions
In(7y) on H(G(F)) are supported on characters. This will be an immediate consequence
(Corollary 5.3) of the next theorem.
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5. Characters and weighted orbital integrals

The elliptic tempered (virtual) characters ©(7) are locally integrable functions on G(F).
We shall establish a formula which relates their values with the invariant distributions
In(7) on H(G(F)). The formula is a general analogue of earlier results [1], [3] relating
the characters of discrete series to weighted orbital integrals of their matrix coefficients.
It will be a consequence of the invariant local trace formula, or rather the simple version
of Corollary 4.3.

The contragredient

=(M170v7‘)_'7-v =(M1aUV1T)

defines an involution on the set T, (G) of basic elliptic virtual characters. If v lies in
M(F)NGhreg(F'), for some Levi subgroup M €L, we have

QM(TVa'Y

1/2 i ell,
)= {ID(’Y)I 6(r",7), ifyEM(F)en 5.1)

0, otherwise,

in the notation of §1. Thus ®(7") expresses the values of the normalized character of
7V on (noncompact) tori in G which are elliptic in M.

THEOREM 5.1. Suppose that f is a cuspidal function in H(G(F)). Then

In(v, f) = (—1)8im(Am/4c) /T © ld(r)| " @ (7Y, 7)O(T, f) dr, (5.2)

for any group M €L and any G-regular point v in M(F).

Proof. Suppose that v does not lie in M(F)e;. We are still carrying the earlier
induction hypothesis that the distributions I 1{‘4(7), LgG, are supported on characters.
It then follows from a descent formula [4, Corollary 8.3] and the cuspidality of f that
In (7, f) vanishes. The right hand side of (5.2) vanishes by definition, so the formula
holds in this case. It is therefore enough to establish (5.2) when + lies in M(F')ey.

To deal with elliptic points in M(F') we apply the simple version of the local trace
formula. Consider the two expressions (4.13) and (4.14) in Corollary 4.3, with f the
given cuspidal function, and f’ a variable function in H(G(F')). The expressions depend
on f’ through different distributions I (7, f') and ©(7V, f’). However, ©(7", f’) is given
by a locally integrable function, and has an expansion

=3 (Wt we™ / Sar(rV sy, ) dy
MeL Cen(M(F))
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as in (1.3). Substituting this into (4.14), we collect the coefficients of Ig (v, f’) in the
resulting identity of (4.13) with (4.14). We see that if

63101, £) = Daa (7, f) — (—1)m(As/40) / d(r)|" e (7, 1), f) dr,

Ten(G)

then the expression

S (WM | [WE| T (—1)dimCan/4) f S Dlc(r f)dy  (5.3)
MeLl Ten(M(F))

vanishes.

We must show that (7, f) equals 0 for all M and y. We have so far only established
that the expression (5.3) vanishes if f’ is any function in H(G(F)). To handle the
approximation argument we first enlarge the family of test functions.

LEMMA 5.2. The expression (5.3) vanishes if f' is any function in C°(G(F)).

Proof. If F is p-adic, the spaces C°(G(F)) and H(G(F)) are the same, and there
is nothing to prove. For Archimedean F', however, H(G(F')) is only dense in C°(G(F)).
We must show that as a function of f’, the absolute value of (5.3) extends to a continuous
semi-norm on C°(G(F')). This will be a consequence of the estimates in [11, §4] (as was
the convergence of the various geometric expansions discussed in §4).

Observe that the difference

6;\4’(71f)=6M(77f)_IM(7)f)1 ’YGM(F)ell,

is essentially a finite linear combination of values of (normalized) irreducible characters.
It follows from the local integrability of characters that the contribution of §},(7, f) to
the absolute value of (5.3) extends to a continuous semi-norm on C°(G(F)).

To deal with the contribution of Ip(y, f), we first consider the weighted orbital
integral

Tut(1,h) = | D(y)[? / h(e e )om (<) de,
Am(F)\G(F)

for he H(G(F)) and YEM(F)enNGreg(F). It is not hard to show that there are positive
constants ¢ and d such that

s (7, B)| < en(1+|log [D(7)] |)?

for all ye M(F)en. This estimate is a consequence of the proof of [11, Lemma 4.3],
which we leave to the reader. (The result from [11] actually dealt with more complicated
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weighted orbital integrals J7 (v, h’ x k) on H(G(F))x H(G(F)). However, the technique
applies equally well here.) Recall [4, §2] that the invariant distributions on H(G(F')) are
defined by a formula

In(y, k)= Im(v, )= Y Iig(v,6u(f))

Lel(M)

L#G
which is similar to (4.5), and in which ¢, is the continuous map between the spaces
Hac(G(F)) and Z,.(L(F)) introduced in [6, §§11-12]. We obtain an estimate

[ (v, B)| < cw(Hu (7)) (1+] log DI )Y, € M(F)an,

where ¢, () now is a locally bounded function on aps. This follows by induction from
the definition of Z,.(L(F')), and the estimate above for |Jas(7y, h)|. We shall apply this
inequality with h=f. We shall also apply the fundamental bound ({17, Theorem 2],
[18, Theorem 14]) of Harish-Chandra on orbital integrals that was used in [11, §4]. This
result implies an estimate

[Ia(v, f)I<o(f), 7 €Greg(F), f € H(G(F)),

where o( -) is a continuous semi-norm on C°(G(F)). Since

v— (14|log |D(y)| |)*

is a locally integrable function on any maximal torus in G(F), and |Ig (7, f')| is compactly
supported, the contribution of Ins (7, f) to the absolute value of (5.3) also extends to a
continuous semi-norm on CX°(G(F)).

We have shown that the absolute value of (5.3) extends to a continuous semi-norm
on C®(G(F)). Since (5.3) vanishes for any function f’ in the dense subspace H(G(F'))
of C°(G(F)), it vanishes for any f' in C°(G(F)). O

We can now finish the proof of the theorem. Fix a group M'€L and a G-regular
element 4/ € M'(F)e;. The centralizer T'=G., of 4’ in G is of course a maximal torus.
We take f'€C°(G(F)) to be supported on the open set of elements in G(F') which are
conjugate to points in T"(F)NGreg(F'). The function

7_’IG(% f’)a 'YIET,(F)nGreg(F);

is of course symmetric under the Weyl group W(G(F),T'(F)) of T'(F). However, we
are free to vary f’ so that this function approaches the sum of Dirac measures on T"(F)
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at the W(G(F),T'(F))-translates of 4'. On the other hand, éx (7, f) is smooth in 7.
Moreover, as a function on the set

{(M,y): M € L,y€Ten(M(F))NGreg(F)},

6 (7, f) is symmetric under the natural action of W§. The set of W -orbits of such pairs
is bijective with the set of G-regular conjugacy classes in G(F'). Therefore, the symmetry
condition on Ig(y, f') in (5.3) is matched by a symmetry condition on ép (7, f). As
I(v, f') approaches the sum of Dirac measures, the expression (5.3) approaches

(=18 AW (G(F), T' (F))|6m (', -

Since (5.3) vanishes for all such f/, we can assert that dp (7', f) also vanishes. In other

words,
Ly (7, f) = (- 1) 3w /4e) / |d(r)| ™ @20 (¥, )67, £) dr.
Ten(G)
This becomes the required formula (5.2) if we relabel M’ and 7' by M and 7. a

The theorem allows us to complete the induction argument begun in §4.

COROLLARY 5.3. The distributions
In(v,f), MEeL,v€M(F)NGreg(F), f € H(G(F)),

on H(G(F)) are supported on characters.

Proof. Fix a function feH(G(F')) such that fo=0. We must show that Ip(y, f)
vanishes for any M and 7. The condition on f implies that the function is cuspidal. It
also implies that the right hand side of (5.2) vanishes. The identity (5.2) then tells us
that Ins(7, f)=0. O

It might be helpful to restate a version of the theorem in a more concrete form. For
simplicity, assume that G is semisimple, and that

T=(My,0,r), Mi€eL, o€lly(Mi(F)), r€Rg, reg,

is an element in T, (G) with Z,={1}. This last condition is essentially that the cocyle
ne of §2 splits, so we may also assume that R(r, o) equals ﬁ(r, o).
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COROLLARY 5.4. Suppose that f is a function in H(G(F)) such that for any triplet
(Mi,0',7"), Mj€eL, o €lly(M|(F)),r €R,,
the expression
tr(R(o’,7")Ip:(0', f)), P eP(M’),

vanishes unless (M7, a’,r") belongs to the W -orbit of (My,0,7), in which case it equals 1.
Then Inm(7, f) equals

(~1)#mA Ry [ 7Y det(1-r)| 1 D tr(e(r)ID()I2O(my, ),
e€II(R,)

for any G-regular point v in M(F)ey.

Proof. Though it may already be clear, let us just convince ourselves that f is
cuspidal. Clearly f is a pseudo-coefficient for 7, in that

o f) 1, ifr'=r,
™, f)=
0, otherwise,

for any 7' €T(G). Suppose that LeL is a proper Levi subgroup of G. As a function on
T(L), f1 satisfies
fulr)=©(f,f), meT(L),

where 7¢ is the W€-orbit of 7. This follows directly from Proposition 2.1. Since the
image of T(L) in T(G) is disjoint from Te;(G), a set which contains 7, the function fi
vanishes. Therefore f is cuspidal.

We apply the theorem, taking into account the definition (3.5) of the measure on
Ten(G) and the definition (3.7) of d(7). We obtain

In(y, f) = (=1)3mA0)| R =Y det(1—7)| " @pr (1Y, 7).

But the formula (2.3), applied to ¢" instead of o, gives a decomposition

¢€I(R,)

for the virtual character ©(7"). Therefore

Bp(rY,7) =ID)IV2O(r",7) =Y tr(e(r))| D()[V/2O(ry , ¥).
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The corollary follows. |

Remarks. (1) Consider the special case that ©(r, f) is supported on the subset
{T = (G1 a, 1) 0€ H?(G(F))}

of Ten(G). The right hand side of (5.2) is then a linear combination of characters of
discrete series. Under the additional assumption that F' is Archimedean, Theorem 5.1
reduces to an earlier formula [7, Theorem 6.4]. This special case is also closely related
to the main results in [1] and [3].
(2) It is sometimes convenient to express the right hand side of (5.2) in terms of the
function
fe(r,X)= fa(m)e 2 dr= O(rx, fle XX dx, (5.4)
'“E.', P iuz;’ F
for elements 7=(Mj,0,7) in Ten(G) and X in ag p. The assertion (5.2) of Theorem 5.1
is then equivalent to an identity

In(y, f)=(-1)8mAn/As) N N (r)| T (7Y, 7) fa(r, He(7),  (5.2°)
T€Ten(G) /ink

where
d'(7)=|Rs,r|l0& 5 /0 p| d(T). (5.5)

This follows immediately from the definition (3.5) of the measure on Ty (G).

6. Orthogonality relations

There is a simple consequence of the last theorem that deserves a separate discussion. It
concerns orthogonality relations for our basic elliptic (virtual) characters. We shall show
that the class functions

{‘I’G(T) ITE Teu(G)}

on G(F)en, taken up to the equivalence relation defined by the action of the groups
Z, xiag, form an orthogonal set; we shall also find an explicit formula for their norms.
The result can be regarded as a generalization of Harish-Chandra’s orthogonality relations
for characters of discrete series.

The orthogonality relations are best motivated from the framework of §2. Re-
call that for any o€Il,(M(F)), there is a unique bijection g—, of II(R,,X,) onto
I1,(G(F)) which satisfies (2.3). Equivalently, there is a unique bijection §—© from the
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Xo-equivariant class functions on R, onto a space of invariant distributions on G(F)
which satisfies (2.4). The identity (2.4) can be written

O(f)= Y, |Ros|70(r)tx(R(0,7)Ip(0,f)), fEH(G(F)),

TEP(}‘E,)

where I'(R,) denotes the set of conjugacy classes in R,. That is,

8(f)= Y |Ros|7'0(r)O(r, f),

rel(R,)

for 7.=(M,o,r). This ought to be viewed as a map from finite linear combinations of
Dirac distributions on the space T(G) to virtual characters on G(F). It is the concrete
expression of the isomorphism, determined by the trace Paley-Wiener theorem, from the
topological dual space of Z(G(F')) onto the space of invariant distributions on H(G(F))
which are supported on characters. In other words, the map 6—© of §2 extends to
elements 6 in the full dual space Z'(G(F)) of Z(G(F')). We shall be interested in the case
that @ is a cuspidal test function. Then © will be a locally integrable function on G(F).
We would like to describe the inner product over G(F)ey of two such functions in terms
of the initial two functions on T (G).

By a cuspidal test function 6 in Z'(G(F)) we mean a function on T(G) whose trans-
pose

r—0(tY), TeT(G),

belongs to Z(G(F')), and is supported on Ten(G). Guided by the definition (3.5) of the
measure on T (G), and the description above of (2.4), we define a distribution

o(f)= / 6()8(r, f)dr, feH(G(F)), (6.1)
Ten(G)

on H(G(F)). Then © can be identified with a locally integrable class function ©(7) on
G(F). According to our usual convention, we can form the class function

®(7) = |D()|"/*6(v) (6.2)
on Greg(F) and its restriction
Bo()= [ onga(rdr
Tell(G)
to Len(G(F)). Following parallel notation, let us also introduce the function

¢() = |d(r)[*/%6(). (6.3)
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THEOREM 6.1. Suppose that 0 and 6’ are two cuspidal test functions in T'(G(F)).
Then the associated pairs ®,®' and ¢, ¢’ of functions, defined by (6.2) and (6.3) respec-
tively, satisfy the inner product formula

(7B () dy = / o(r)F ) dr. (6.4)

Teu(G(F)) Ten(G)

Proof. Notice that 7— |d(7)|8(7V) is also a function in Z(G(F')) which is supported
on T (G). The trace Paley-Wiener theorem therefore provides us with a cuspidal func-
tion feH(G(F)) such that

fe(r)=0O(r, f)=d(r)|8(r"), T€T(G).

We shall apply the formula (5.2) of Theorem 5.1, with M=G. If «y is any G-regular point
in G(F'), we obtain

Io(v, f)= /T o O 0t 70w, ) dr
- / ()0, f)Ba(r, ) dr
Ten(G)
- / 6(r)®c(r,7) dr
Ten(G)

=dq(7).

Given ¢, we define a second cuspidal function f’€H(G(F)) in the same way. It has the
property

'G(7) = IG('Y9 f,) =IG(’Y».—f—;)'

The simple version (4.15) of the local trace formula then tells us that the inner product
/ 2c(1)®c(1) dy= / Ie(v, NI, f') dy
Ten(G(F)) e (G(F))

equals
[ umrew, e
Ten(G

In general, one can write
(Y, f)=tr(R(r,0")Ip(c", f)) = tr(RY(r,0)I} (0o, f)),

8—-935203 Acta Mathematica 171. Imprimé le 28 octobre 1993
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if 7=(M,0,r). The term on the right stands for the character of the contragredient of
the representation of R, X G(F) attached to o. Since this representation is unitary, we
obtain

o(r, f') = tx(R(r,0)Ip(0, f) = O(7, ).

Substituting this into the expression above, we see that the inner product on the left
hand side of (6.4) equals

| et et .
Ten(G)
Since d(7)=d(r"), this can be written as

[ e [ g
Ten(G) Tenn(G)

the right hand side of the required formula (6.4). O

We shall give two corollaries. The first will be the orthogonality relations for the
basic elliptic (virtual) characters {©(7)}. In the second corollary, we shall derive a dual
inner product formula for the irreducible elliptic characters {O(m,)}.

Any element 7=(M, 0,7) in T(G) has a central character {; on Ag(F'). That is,

@(Ta 7a)=CT(a)e(Ta '7)a 7€Greg(F), aEAG(F),

where (, is the restriction of the central character of o to Ag(F). Suppose that 7’ is
another element in 7(G) with the same central character. The function

Q(T»’Y)(I)(T’,'Y)a Y€ Greg(F),

is then invariant under Ag(F'), and can be integrated over the elliptic conjugacy classes
in G(F)/Ag(F). This integral can be expressed as an elliptic inner product

S W(G(F), T(F))| / B(r, )8 7) d, (6.5)
1} T(F)/Ac(F)

where {T'} is summed over the G(F)-conjugacy classes of elliptic maximal tori in G.

COROLLARY 6.2. Suppose that T and 7' are two elements in Ton(G) with the same
central character. Then the inner product (6.5) vanishes unless 7' belongs to the
(Z, xiag)-orbit of 7 in Ten(G). However, if '=7=(M,0,r), the inner product equals

|Ro.# |d(7)],
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where 7 is the image of r in R,.

Proof. We shall apply Theorem 6.1, with 6 supported on the (Z, xiag)-orbit of 7
and @' supported on the (Z, xia})-orbit of 7. If 7 and 7’ lie in different orbits, the
right hand side of (6.4) vanishes. We leave the reader to check that for suitable 6 and ¢’,
the left hand side of (6.4) becomes the inner product (6.5). This implies the vanishing
of the inner product.

To deal with the second assertion of the corollary, in which 7/=7=(M, o,7), we take
0’ =6. We first substitute the formula (3.5) for the measure on T,;(G) into the right hand
side of (6.4). We obtain

/ I8(r)|? dr = |d(r)| / 16(r)? dr
Ten(G) Ten(G)
— A (B Mo /0 pl T S / 18(zm)[? dA,

;™

2€2./20 V%G, F

where Z? is the stabilizer of 7 in Z,. The integrand is independent of z, and since Z? is
the stabilizer in Z, of the R,-conjugacy class of r, we have

\Ror| 7212/ 22| = |Ro 5| 7.

The right hand side of (6.4) becomes

()| | Rorl 0%, /0% 5] / 16(r)[2 dA

s a*
zaG,F

) [Resl ™ [ 10N

iq*
g aG_a

—|d(F)| | R | [ /0% | / 1B(X)[? dx,
ag,o

where
B(X) =64 ¢ /0% | / B(r)P P d\, X cag,

iag/ag ,

is the Fourier transform of  relative to the normalized Haar measure on iag/ag .
On the other hand, observe that

&(mr,y) = 8(r, )} He) A ¢ iag/ag, -
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In particular, ®(7,~) vanishes unless Hg(7) belongs to ag,,. Consequently

B(y) = /T RCLCE,

=| ﬁa,,|-1|ag,a Jag ™t Z 0(272)®(272,7) dA

2€2,/29 719G, F
= Resl 6% o /a1 0(r ) [ ()N
ag g
=|Ro,z| 713 r /08,5 |12(7,7)8(Ha (7).
The left hand side of (6.4) therefore equals
Roel i /ab, P [ (@ POHG)P b
Cen(G(F))

Since |®(7,7)|? is invariant under translation of y by elements in Ag(F), we can write
the integral in this last expression as

Y IW(G(F), T(F))| ™ / |®(7, 7)[*n(Hg (7)) dv, (6.6)
T T(F)/Ac(F)
where
10= [ BHa)+Y)PY, X e€ac,.
aG,F
Identifying the expressions we have obtained for the two sides of (6.4), we see that
the integral (6.6) equals a product

(IRa,f‘zlﬁé,p/aé,ql'2)(Id(F)IIRa,fl‘lIﬁcv;,p/aé,gl / |é<x>|2dX),
aG,o
which in turn simplifies to
|Ro el |d(F)] |a,0 /G, p |~ / 16(X)? dX.

ag,o

The group ag r of course has finite index in ag,. We can therefore choose 6 so that
n(X)=1 for any point X in ag . The expression (6.6) then reduces to the required inner
product (6.5). Moreover,

/ BORAX = Y n(X)=lac./ic,rl
8G,o X€ag,s/8G,F

The inner product (6.5) therefore equals |R, | |d(7)|. This was the second assertion of
the corollary. O
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COROLLARY 6.3. Fiz o€lly(M(F)), and suppose that
{7"9’ Mo+ 0y Q’ € H(ﬁm Xa)}

are two elliptic representations in Il,(G(F)). Then the elliptic inner product

S W(G(F), T(F)| ™ /

|D(7)|O(m,,7)O(my, ) dy (6.7)
(T} T(F)/Ag(F)

equals

IRol™* D ld(r)| tx(o(r))tr(&'(r)).-

TERy, reg

Proof. The character ©(m,) is the image of the function
6(e,r)=tr(o(r)), r€R,,
under the correspondence of §2. It follows from (2.4) that

O(mg,7) =|Ro|™* Y tx(e(r))O(7s,7)
rE€R,
=|R,|"" ) tr(e(r))O(17,7)

T€ER,

= Z [Ra,r(_ltr(g(r))e(’rr”)')’

v€r(R,)

for any G-regular element + in G(F)e;;. Here 7.=(M, 0, r) as before, and the summands
are well defined class functions on R,. If r belongs to the complement of ﬁ,, reg il R,,
the virtual character ©(;) is a linear combination of induced characters, and vanishes
on the regular elliptic set. We may therefore take the last sum over the set I'( Ry, reg) of
R,-conjugacy classes in Ry, reg. The formula becomes

ID)'28(mp,7) = Y. |Rol " tx(e(r))®(rr, ),
7€M (Ry, reg)

upon multiplication of each side by | D(v)|!/2.

We now substitute this formula for |D(y)|*/20(m,,7), and we substitute its com-
panion for |D(7)|'/20(ry,7), into the inner product (6.7). The result is a double sum
over 7,7' €I'(R,, reg) of the expression obtained by multiplying

|Ror| ™ | Ro,r| 7 tr(o(r))tr(e/(r"))



118 J. ARTHUR

with the inner product

S WG, TEN [ 8(r,,)8(r ) d.

oot T(F)/Ac(F)
By Corollary 6.2, the last inner product vanishes unless r=r', in which case it equals
|Ro,r| |d(r)|. Consequently the original inner product (6.7) equals

Y Ro|7Hd(r) tx(e(r))x(e(r)).

TEF(Ra, reg)

This in turn equals the required expression

IRo|™t Y ld(r)] tr(e(r))tx(e/(r)). O

TER,, reg

Remarks. (1) Suppose that 7, €Il,(G(F)) and 7y €11,/ (G(F)), where o €II;(M(F'))
and o’ €II(M'(F)) have the same central character on Ag(F). If (M’,0’) is not W§-
conjugate to (M,o), it follows easily from Corollary 6.2 that the inner product (6.7)
vanishes. This special case was conjectured by Harish-Chandra [13] and was proved by
Kazhdan [24, Corollary to Proposition 5.4].

(2) We are seeing a miniature dictionary between objects attached to G(F') and
objects attached to the groups R,. This includes the correspondence mo o of irreducible
representations, the analogy between the elliptic sets G(F')ey; and ﬁa, reg, the parallel roles
of the central subgroups Ag(F) and Z, in the formulation of the last corollaries, and
perhaps most striking, the analogy between the Weyl discriminant

D(v) =det(1 _Ad(7))g/91
on G(F)/Ag(F) and the function
d(r) =det(1-7)ap /ac

on R,=Ra /Z,. Corollary 6.3 is one of the clearest statements of this parallelism. It
introduces an elliptic pairing

(e, )en=IRo|™" Y ld(r)|tr(e(r))tr(e(r))
TER, reg
between irreducible (projective) representations of the R-group. It would be interesting
to investigate this pairing in the various examples [25] of nonabelian R-groups. Perhaps
some version of the pairing might also play a role in the general character theory of Weyl
groups.
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7. The distributions “Ins(v), Dam(7Tam,x) and *Dag(7a,x)

The objects {Ip(7)} are only one of several families of invariant distributions that arise
from questions on harmonic analysis on G(F'). Some of these distributions are attached
to conjugacy classes, others are associated to intertwining operators and their residues.
All of them are related. The various distributions were defined and discussed in some
detail in the papers [4, §§3—6] and [7]. We shall review some of them in this section,
taking the opportunity to streamline a couple of the definitions.

For reasons discussed in [6, §11], it is convenient to identify objects in Z(G(F')) with
functions of two variables. Thus, if ¢ belongs to the space Z(G(F')), as it is defined in
§3, we set

$(r,X)=[ = d(ra)em X,
iag g
for any 7€T(G) and X €ag,r. This is compatible with the notation (5.4). In the earlier
paper [6], Z(G(F')) was defined as a space of functions on Iliemp(G(F')) X ag,r. The two
interpretations are related by the formula

$(r,X)= Y tr(e"(n)(ne, X), T=(M,0,r), (7.1)

0€M(Ro,xo)

obtained from (2.3). The functions ¢(7, X) in Z(G(F)) are compactly supported and
smooth in X. In [6, §11] and [4, §4] we defined extensions

I(G(F)) C Tac(G(F)) C Tc(G(F))

by successively weakening the conditions of compact support and smoothness. We shall
use these spaces here, and we shall regard their elements simultaneously as functions on
Miemp(G(F)) X ag,r and on T(G) xag,r, the two being related by (7.1). In the earlier
papers, we also defined extensions

H(G(F)) C Hae(G(F)) C Hao G(F))

of the Hecke algebra, and we noted that f— fg had a natural extension to a continuous,
surjective map from any one of these latter spaces onto the corresponding space above.

Fix a group MeL. If f belongs to H(G(F)), ¢m(f) is defined as the function on
Htemp(M(F)) Xap,F given by

om(f,m X)= tr(Rat (ma, P)Ip(ma, £))e X dx.

o™
a3y F
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More generally, one can form the function

Omu(fom X)= / ~ tr(Ru(ma, P)Ip(my, f))e XXV dA (7.2)
ptiay p
for any point u€aj}, for which the integrand is regular. Then ¢y, extends to a contin-
uous map from Hae(G(F)) to Zoc(M(F)) which sends Hao(G(F)) into Zc(M(F)). (See
(6, §11], [4, §4].) Bear in mind that the image of H(G(F)) under ¢y, or in particu-
lar under the map ¢y, is not generally contained in Z(M(F)). If f lies in H(G(F)),
ém(f,m,X) need not be compactly supported in X. However, one can define another
map which preserves the property of compact support at the expense of smoothness.
For each group Q€F (M), let pg€ay, be a fixed point in the chamber (ag)* as-
sociated to @ which is very far from any of the walls. Then if X lies in as, we can
set

where Q€F(M) is the unique group such that X lies in ag. For any f€H.(G(F)), we
define a function @ (f) on Iliemp(M(F)) X ap,F by setting

C¢M(f’7r3X):¢M,/J,(X)(f77r7X)' (73)

This definition is slightly different from the one on p. 341 of [4]. However, it is a simple
matter to show that °gpr maps Hac(G(F)) continuously to Z,(M (F)) as in [4, §4].
Moreover, the compact support property [4, Lemma 4.2] remains valid, a fact we will
leave the reader to verify.

The distributions Ips(-y) are defined inductively as linear functionals on either of the
spaces Hac(G(F)) or Hae(G(F)), by the formula

Iu(v H)= Y. Ty éu(f). (7.4)
LeL(M)

To know that the definition works, one has to realize that the weighted orbital integral
Ju (7, f) makes sense for f in Hao(G(F)) on Hae(G(F)) as well as for functions in the
original space H(G(F')). We remark that the reformulation (5.2*) of Theorem 5.1 remains

valid if f is any function in Hac(G(F)).
One difficulty with the distribution Ips(7) is that it does not preserve the property
of compact support. If f lies in H(G(F)), and 7 is confined to a maximal torus in M(F),
y—Ip(7, f) generally has unbounded support. This is due to the presence of the map
¢r in the definition (7.4). The problem can be rectified by replacing ¢ by “¢p. We

obtain invariant distributions

In(7)=°I§(7), 7€ M(F)NGreg(F),
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defined inductively by
Jun )= Y “Iuln o) (7.5)
LeL(M)

for any function f in Hac(G(F)). If f lies in H(G(F)) and <y remains in a maximal torus,
y—°In(7, f) does have bounded support [4, Lemma 4.4].

Recall also that the relations among the various objects are expressed in terms of
invariant maps {0y =60$} and {°6p =°6$;} from Hac(G(F)) to Zoc(M(F)). The maps
are defined inductively by formulas

bu(f)= Y Oi(6L(f) (7.6)
LeL(M)
and
om(f)= Y, O(oL(f)). (7.7)
LeL(M)

The other relations are given by

Im(v, f)= Y, I 0c(f)), (7.8)
LeL(M)

Im(v, f)=Y_ °Ii(v.0(f)), (7.9)
LeL(M)

and
> 0= Y (o) =
LeL(M) LeL(M)

all being valid for any f in Hac(G(F)). (See [4, §4].) The notion of having support
on characters is relevant to invariant maps as well as distributions. Theorem 6.1 of [4]

{ fo, HM=G, (7.10)

0, otherwise,

establishes this property for ¢Ips(7y), Opr and °@ps, thereby justifying the notation in the
formulas above. The result relies on the fact that the original distributions Ips(vy) are
supported on characters, which we of course have established in present local context in
Corollary 5.3.

There are other invariant distributions, which are supported on characters, that
come from residues. We refer the reader to [7, §1] for the definition of the residue

n,lz}ﬁsAowA) - Rgs ¥(Ao)

of a meromorphic function ¢ on a}; o with respect to a residue datum Q for (G, M).
The operation is essentially just a sequence of iterated residues of 1 at Ag. Applied to
the weighted characters, it yields an invariant distribution

f- Qf‘t_e.sAoaA(RM(WA, P)Ip(ma, f))

8+—935203 Acta Mathematica 171. Imprimé le 28 octobre 1993
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on H(G(F)) for any representation m€Iliemp(M(F)) and any analytic function ap on
ajysc [6, Lemma 8.1]. One can then establish that this distribution is supported on
characters [7, Theorem 5.2].

Residues arise from changes of contour. Fix m€Iliemp(M(F)), and take ap =e~4(X)
for a point X in aps,r. Consider two other objects, a point p€a}, in general position,
and a family

N={vp:LeL(M)},

where for each L, vy, is a point in a} in general position. Then for each L there is a finite
set Ry (u, N1) of residue data for (L, M), which depends only on the family

NL={VL1:L1 E[:(M),Ll CL},

with the property that

/._ $(A)dA = Z/ - ( ) Rr?sw(Ag+)\))d)\,
ptiay, p Lec(m) Yvitiap g

Sy QERL(4,NL)
for any group L'€ L(M), and for
$(A)=e MO tx(Riy(ma, P)Ip(ma, f)),  fEH(G(F)).

This is a simple consequence of the usual residue theorem [6, Proposition 10.1]. The
residue data are determined in a straightforward geometric fashion from pu, A and the
singular hyperplanes of the function . We set Dﬁ’x(w, X, f) equal to

J

a‘G,F Q,A—‘An +A

QERg(u,N)

( > Res (e AX) tr(Rps(ma, P)Ip(ma, f)))) dA.

Then Df,,',j:‘/('/r, X) is an invariant distribution on H(G(F')) which is supported on char-
acters.
There are two cases of particular interest. Fix a small point e €aj}, in general position.

We also have the point u(X)€aj}, for any element X €aps,r. Set
N(X,e)={ve =u(Xr)+er:Le L(M)},

where X, and e, denote the respective projections of X and € onto a; r and a}. With
this notation, we define

N (0,e
DM(Wath)=D1?l(7r,Xaf)=ngyu((g()3.€(7r1X1f) (711)
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and
Du(m, X, f)=°D§(m, X, f) = Dy %) (m, X, f). (7.12)

We obtain two more families {Dps(m, X)} and {¢Dp (7, X)} of invariant distributions
which are supported on characters. The first is defined by the residue scheme of the real
Paley—Wiener theorem and the spectral decomposition of Eisenstein series. The second is
defined by the “inverse” residue scheme. There is no need to include ¢ in the notation; as
a matter of fact, the next lemma implies that the values of the distributions at cuspidal
functions are independent of €. Observe that the value of Dp(m, X) or *Dps(m, X) at
any function f in H(G(F')) depends only on the restriction of f to

G(F)*¢ ={z e G(F): Hg(z) = X}

It depends in fact only on the derivatives of the function

A—Tp(ns, f¥0) = / F(@)Ip(ra, f)de, Acalsc,
G(F)Xc

up to a certain order, at a finite set of points. In particular, Dps(7, X) and ¢Dps (7, X)
can be regarded as distributions on ﬁac(G’(F )). Incidentally, Dps(m, X) is almost the
same as the distribution defined (and denoted by D$,(w, X)) in [7, §6]. The minor
discrepancy, as with the map °¢,s above, is due to our use here of the point u(X).
There are of course similar distributions indexed by elements in T(M) instead of
Hiemp(M(F')). The connection is given by the analogue of (7.1). That is,

DM(TM,X,f)= Z tr(gv(r))DM(wg,X,f)
eell(fi.’,”,xa)

and

‘Du(rm, X, f)= D,  tr(e"(r)*Du(mo, X, f),
Qen(ﬁg'!’Xa)

for any element 7p=(My,0,7) in T(M).

LEMMA 7.1. Suppose that f is a cuspidal function in ﬁac(G(F)). Then Oy (f) and
O (f) are cuspidal functions in To.(M(F)). Furthermore,

DM(TM,X,f)=0M(f,TM,X) (713)

and
cDM(TM’X’f)=c0M(fsTMaX) (714)

9-935203 Acta Mathematica 171. Imprimé le 28 octobre 1993
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for any T €T (M) and X €ap .

Proof. The part of the lemma that pertains to 6p(f) was established in [7, §6].
Since the definitions are slightly different here, we must persuade ourselves that the
results continue to hold. The essential step is to verify the analogue of the formula (4.9)
in [4, Lemma 4.7]. In the present context, the assertion is that

0M(h, ﬂ-aX):IM,u(X)+E(7r) Xv h)7 (715)
for any h€Hae(G(F)), 7€Ml emp(M(F)) and X €aps, p. Here
Ingu(m, X, B) = Ing (m, X, R)e X0, peayy,

is the invariant distribution which is supported on characters [4, Theorem 6.1], and which
is defined inductively in [4, §3] by a formula

Smulh,m, X)= > I (m, X, 61(h)).
LeL(M)

Taking p=u(X)+e¢, we can write the left hand side of this formula as

¢M7#(X)+E(h7 mX)= ¢M,#(X)(h’ 7, X)=¢m(h,m X)= Z ék[(d’L(f)’ T, X),
LeL(M)
by deforming the contour of integration in (7.2), and then turning to the definitions (7.3)
and (7.6). Assuming (7.15) inductively, we have

é}I\JJ(¢L(h)a , X) = jfl,p(x)-{-s(ﬂa X, ¢L(h))

for any L#G. The required formula (7.15) is then the identity of terms with L=G.

Apply (7.15) with h equal to the cuspidal function f. If 7 €Iltemp(M(F')) is properly
induced, the descent formula [4, Corollary 8.5] tells us that Ips . x)+e(7, X, f) vanishes.
Therefore 0y (f, 7, X) also vanishes. It follows that 6 (f) is a cuspidal function. Com-
bining this with (7.10), we see inductively that the function °fxs(f) is also cuspidal.

It remains to establish (7.13) and (7.14). At first glance, this might seem to be a
direct consequence of the two pairs (7.6), (7.7) and (7.11), (7.12) of parallel definitions.
However, we must be careful. For example, if p is a nontempered representation

Ir(on), ReFE(Mo), 0 € Miemp(Mr(F)), A€ak )

of L(F), the function ¢r(f, 0, X), defined by analytic continuation from its values for
purely imaginary A, is not generally equal to to the integral

/ tr(Ri(on, QTa(ox, f))e X dr, QeP(L).

ia*
IOL’F
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The identity (7.13) is actually false if f is not required to be cuspidal.

It will be enough to prove the identities with 7js replaced by any representation
T E€temp(M(F')). There is also no harm in assuming that M#G. We shall use the
general reduction formula of [7], which for any u and N, relates Ip (7, X, f) with the

residues Df(,,’ﬁf" (w, X). Applied to the cuspidal function f, the formula is
Dl X, f)= % Dyl (m, X, I, (f), (7.16)
LeL(M)

in the notation of [7, Corollary 6.1]. Ir,,, (f) really stands for the function
(A> 0, X) - IL,VL (Q) XL’ f)e_A(X)

of three variables, A€a}, ¢, ¢ a standard representation of L(F) as above, and X €ap,r.
(See [7, (2.5) and the discussion preceding Corollary 6.1].) If g is properly induced, the
descent formula [4, Corollary 8.5] implies that Ir,,, (0, XL, f) vanishes, as explained at
the beginning of [7, §6]. Since = is tempered, Df,,’ﬁf"‘ (m) is supported at those g with
unitary central character (as in the proof of [7, Corollary 6.2]), so it suffices to consider
only the case that g is tempered. To obtain (7.13), we take N=N(0,¢) and p=p(X)+e.

Following the proof of [7, Corollary 6.2], we see that

IL,VL (Q, XLa f) = IL,e(Qa XLa f) = 0, e€ Htemp(L(F))1 L # G,

by [4, Lemma 4.5]. In particular, the summands with L#G on the right hand side of
the identity (7.16) vanish. The summand with L=G equals Dy (7, X, f), while by (7.15)
the left hand side of (7.16) equals 6(f, 7, X). The identity reduces simply to (7.13). To
establish (7.14) we take N'=N(X,¢) and p=e. Then it is the left hand side of (7.16)
which vanishes, while (7.15) tells us that

IL,VL (97 XL, f) = IL,u(XL)+eL(Qa XL, f) = oL(f’ 0, XL)a

for tempered g. If we assume inductively that (7.14) holds when G is replaced by a proper
parabolic subgroup L, the corresponding summand on the right hand side of (7.16)
equals Céf,,(@;,(f), 7,X). The summand with L=G equals °Dps(m, X, f). Therefore
(7.16) reduces to
Du(m, X, )+ 63 (6L(f),m, X) =0.
L#G
We combine this with the equation
C0M(7Ta X, f)+ Z cé]I\Jl(oL(f)"’raX) =0
L#G

obtained from (7.10). The obvious conclusion is the required formula (7.14). This com-
pletes the proof of the lemma. O
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8. Truncated characters

The invariant distribution °Ips (7, f) is a companion to Ips(7, f). It is given by an induc-
tive definition (7.5) which is obviously parallel to that (7.4) of Ip (7, f). As we recalled
in §7, the property that distinguishes °Ip (7, f) from Ips(7, f) is its compact support
in 7. Now for cuspidal f, we have an expansion (5.2) for Ip (7, f) in terms of elliptic
tempered characters of G(F). Is there a similar expansion for Ip (7, f)? In particular,
can one be more precise about the support of “Ips (7, f) if f is cuspidal? The answer to
these questions is yes. We shall derive an expansion for “Ip (7, f) in terms of “compact
traces” of elliptic tempered characters which is parallel to the expansion for Ip (7, f).
Set
M(F)® ={ye M(F):Hy(y)€ag}, MEeL.

Then if © is a finite linear combination of irreducible characters on G(F), and 7 is a
G-regular point in M(F), we define the truncated character

Pm(y)= .
0, otherwise.
In particular, we have
D(y)|Y26(r,y), if vy€ M(F)aNM(F)C,
Bpg(r¥ ) = [D()[*6(77,7) (FlenNM(F) ®.1)
0, otherwise,

for any 7€T.;(G). Truncated characters play an important role in p-adic harmonic
analysis, as for example in Clozel’s proof of the Howe conjecture. The Archimedean case
is simpler. Then °®;s(7V,7) can be ignored if M#G, since it vanishes for v in an open
dense subset of M(F), while °®,s(7", ) equals ®p(7",7) if M=G.

THEOREM 8.1. Suppose that f is a cuspidal function in H(G(F)). Then

T, )= (~Dimnr40) [ )o@y (O, fdr,  (82)
Ten(G)

for any group M €L and any G-regular point v in M(F).

Proof. We noted at the end of §5 that the assertion (5.2) of Theorem 5.1 had an
equivalent formulation (5.2*). The same remark applies here. The formula (8.1) has an
equivalent version

In(y, f)=(-1)8mAn/ac) V" | (1) (Y, 1) fa(T, Ha(7),  (8.27)
TETeu(G)/iu'G



ON ELLIPTIC TEMPERED CHARACTERS 127

in which f is permitted to lie in the larger space Hac(G(F)). We shall prove it in this
form.

As in the proof of Theorem 5.1, we can easily dispense with the case that  does
not belong to M(F)ey. The right hand side of (8.2*) vanishes by definition in this case.
To show that the left hand side °Ips (7, f) also vanishes, we write

CIM('Yaf): Z IA}l\ll('y’coL(f)),

LeL(M)
as in (7.8). By Lemma 7.1 the function 0, (f)€Z,.(L(F)) is cuspidal. We can therefore
apply the descent formula [4, Corollary 8.5] to conclude that
I (v, 6r(f) =0.

Thus “Ip(7, f) vanishes, and the formula (8.2*) holds for vy outside of M(F)ey.
To deal with the elliptic points in M (F'), we shall compare the two expressions (5.2*)
and (7.9) for Ins(7y, f). The first one expresses In (7, f) as a function

Fi(y)=(-1)%mAu/Ac) N @ (r)| (Y, 7) fa(T, Ha(v)),
T€Ten(G)/iag

while the second allows us to write Ips(7, f) in the form

‘In(r, )+ Y “Ii(n02(f)):

LeL(M)
L#G

In other words,

Im(v, H)=F(n)- Y, “Ii(v.0.(f)).

LeL(M)
L#£G

Assume inductively that (8.2*) holds whenever G is replaced by a Levi subgroup LgG.
By Lemma 7.1 the function 0.(f)€Z.c(L(F)) is cuspidal. We can therefore use the
induction assumption to write

“Ii(v,00() = (-1)mtAu/an) N d (r)| 7t @R (7, )OL(f, 7, HE (7)),
TL€Ten(L)/iay,

for any LgG; we are using the notation
cd)k!(TX"Y) = c(I>M('7'2,/> )
here to emphasize the role of L. Lemma 7.1 also asserts that

0.(f, 7L, H (7)) = Dr(mL, HL(7), f).
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It thus follows that “Ips(7y, f) equals the difference between Fj(7) and the function

B(y)= Y (-pm@sx/an N g (r) |7 @k (1), v) D, He (7), f).

Li:e(cl;u) 7L E€Ten(L)/1a},

Given the G-regular point y€ M (F)ey, we form the vector Hps(7y) in aps. This vector
belongs to a chamber aJQ’, for a uniquely determined parabolic subgroup Q€ F(M). We
shall consider separately the cases that Q=G and Q#G.

If Q=G, 7 lies in M(F)¢. Then

QM(’rv, ’7) = CQM(Tvv 7)7 TE TEU(G)?

from which it follows that Fj(7y) equals the right hand side of the formula (8.2*). The
vectors Hp () which occur in the expression above for Fy(7y) are each equal to H)ps (),
a point in ag. The change of contour involved in the definition of the distributions
Dp(7z, HL(v), f) is therefore trivial, and Dy (7, HL(7), f) vanishes for any LGG. Con-
sequently F5(vy) vanishes. We have obtained an identity

Im(v, f)=F(7)-Fa(v) = F1(v),

which is just the required formula (8.2*) in the case under consideration.

Suppose finally that Q#G. Then v does not lie in M(F)®, so the functions
€®pr(7Y,7) on the right hand side of (8.2*) are all equal to 0. To complete the proof of
the theorem, we must show that “Ips(7y, f) vanishes. Suppose that a is a point in the
semigroup

I(Q) ={a€ Ag(F): Ho(a) € ayNafy}.

Then ~a is still a G-regular point in M(F )y, and the vector
Hy(va)=Hu(v)+Hq(a)
stays within the chamber aj,. We shall study the identity
‘In(va, f)=Fi(ya)— F2(ya) (8.3)

as a function of a.

The left hand side of (8.3) is a compactly supported function of a. Since we are taking
f in H(G(F)), this follows from [4, Lemma 4.4]. Our remaining task is to establish that
the right hand side of (8.3) behaves in the opposite way. We shall show that the function
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on the right is I'(Q)-finite. This means that its I'(Q)-translates span a finite dimensional
space of functions of a, or equivalently, that the right hand side of (8.3) is a finite sum

S pe(Ho(a))Gi(a), (8.4)
k

where {(x} are quasi-characters on Ag(F) and {px} are polynomial functions on ag.
To this end, we observe that the first function Fj(ya) on the right hand side of (8.3)
is a finite linear combination of virtual characters

®p(7Y,va), T€Tu(G)/iag.

Each such virtual character can in turn be written as a finite linear combination of
irreducible tempered characters

®(m,va) = |D(va)[/*6(m, ya).

If F is Archimedean, 4T'(Q) is contained in a connected component of T'(F)NGreg(F),
where T is a maximal torus in G. In this case one concludes from Harish-Chandra’s
theory of characters on real groups, and the differential equations they satisfy, that each
® s (m,va) is a I'(Q)-finite function of a. If F is p-adic, we can use Casselman’s theorem
[15, Theorem 5.2]. This result provides a formula

Sy (m,va) =P p(mg,va)

for ®ps(7) in terms of the normalized Jacquet module

mQ = (66)_.1/27”\,6 = (6Q)1/27"NQ

attached to the group Q€P(Mq) opposite to Q. Since g has finitely many composition
factors, each ®p(m,va) is a I'(Q)-finite function in the p-adic case as well. It follows
that Fj(ya) is a I'(Q)-finite function of a. To deal with the second function F;(vya),
observe that if L is not contained in Mg, the vector Hys(ya) does not lie in ar, and the
truncated characters “®%/(7,~) vanish. It follows that

F(ya)= ) (-1)5mAu/40) Y " d (rp)| 7 % (7, va) Di (71, Hi(va), f),

LeL(M) TL
LCMg
where 77, can in fact be summed over a finite subset of Tey(L)/ia}. If 71, equals (M, 0,7),
the function
a—°®% (1Y ,va), acl(Q),
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is just a multiple of the central character of . Moreover, Dy (rz, Hr(va), f) is a finite
linear combination of residues, taken with respect to the complex variable A€aj , of

functions
tr(RL(m, P)Ip(ma, f))e M HLO+HLE@) - 7 e 1, (L(F)).

As a function of a, any such residue is obviously the product of an unramified quasi-
character with a polynomial in Hy (a). It follows that F>(ya) is also a I'(Q)-finite function
of a.

We have just established that

Fi(va)-Fy(va), a€T(Q),

the right hand side of (8.3), is ['(Q)-finite. It is therefore of the general form (8.4). We
have also observed that the same function, as the left hand side of (8.3), is compactly
supported in a€T'(Q). The two properties are mutually exclusive. They force each side
of (8.3) to vanish. In particular, “Ip(va, f) equals 0 for each a€I'(Q). Taking a=1, we
obtain the required property that ¢Ips(7, f) vanishes. This establishes the formula (8.2*)
in the final case that @#G. The proof of the theorem is complete. O

Observe that the theorem gives a precise description of the support of “Ip (7, f).
This has an application to the maps “@s(f), which may play a role in the study of p-adic
orbital integrals. We know that for any feH(G(F)), the functions X —°oar(f, s, X)
are compactly supported. We shall show that with a (noninvariant) condition on f,
stronger than cuspidality, the support has a description like that of the theorem.

A function feH(G(F)) is cuspidal if and only if the invariant orbital integrals

JG('Y,f) =IG(7’f)a 'YEGIGS(F)’

vanish for v in the complement of the elliptic set G(F')enn. We shall use the uninspired
phrase cuspidal with respect to weighted orbital integrals for the stronger condition that
all of the weighted orbital integrals

JM(7af)a Meﬁ, 7€M(F)0Greg(F)s

vanish except in the case that M equals G and ~ lies in G(F)ey. (The term very cuspidal
has been taken [30], and denotes a slightly different property.) Observe, for example, that
any function which is supported on G(F)ey is cuspidal with respect to weighted orbital
integrals. Since we also require that the function lie in H(G(F)), this example pertains
essentially to the p-adic case. It can be used to study the invariant orbital integrals of
spherical functions.
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COROLLARY 8.2. Suppose that f e H(G(F)) is cuspidal with respect to orbital inte-
grals, and that M€ L. Then the function *pp(f) is cuspidal, and its values

om(f,™m, X), ™ET(M), X €apm,F,

vanish for elements X in the complement of agNap, F.

Proof. We shall combine the theorem with the inductive definition

Ia( )= Y. “Ig(v,°¢u(f)), 7€ M(F)NGreg(F),
LeL(M)

of ¢Ips (7). f M=G, °dp(f) equals fg, and the assertions are obvious. We can therefore
assume that M#G. Then the left hand side of the formula vanishes by assumption.
Moreover, °IM(v) equals IM (), and is simply the invariant orbital integral on M(F).
‘We obtain

Biv o=~ 3 “Ta(r.°6c(f), (8:5)
Lec(M)
L#EM
for any G-regular element + in M(F).

Assume inductively that the assertions of the corollary are true if M is replaced by
any group LeL(M) with L#M. Then the functions °41(f) on the right hand side of
(8.5) are cuspidal. Applying the version (8.2*) of the theorem, with G replaced by L, we
write the right hand side of (8.5) as

Do (-ndm@Asn/Antt N g ()| T g (r) 1) b (f e, He(y)- (8.6)
L#M TLETe"(L)/iaz

Suppose that y does not lie in M(F)e;. Then the functions °®%,(7)/,~) vanish by def-
inition, and the right hand side of (8.5) equals 0. We have taken v in M(F)NGeg(F),
but this set is dense in M;eg(F'). It follows that

I (v, °¢m(£)) =0

for any 7 in the complement of M(F)ey in M;eg(F'). Consequently, °das(f) is a cuspidal
function in Z,.(M(F)), as required.

To deal with the second assertion of the corollary, we shall again use the fact that
IM(y,°¢a(f)) equals (8.6). Fix a point X in the complement of ag in an,r. We claim
that iﬁ(7,°¢M(f))=0 for any point v in M(F)NGieg(F) with Hp(y)=X. Suppose
this is not so. Then one of the summands in (8.6) is nonzero. From the nonvanishing of
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CQIL\,,(TZ,fy) we infer that X lies in agNaps,r. In particular, X is also equal to Hy (7).
From the nonvanishing of the second function

C¢L(f’ TL’HL(’Y)) =C¢L(fa TL’X)

and our induction hypothesis, we conclude that X actually lies in agNaps,p. This con-
tradicts the assumption on X. The claim is therefore valid. It remains for us simply to
evaluate a distribution ©(7a), Tar €T(M), on the cuspidal function g (f). It follows
easily from the formula (1.3) that

“n (7,20, X) = [ @aa(rae, (0 £)
where dv is the appropriate measure on the set
{yeTean(M(F)): Hu(y)=X}

We have just seen that the integrand vanishes on the G-regular classes, a set whose
complement has measure 0. It follows that “¢ar(f, 7ar, X)=0 for any 7as €T(M). This
establishes the second assertion of the corollary. C

9. Characters and residues

We shall finish the paper with a simple application of Theorems 5.1 and 8.1. We shall es-
tablish a relation between elliptic tempered characters and residues of intertwining oper-
ators. The characters will take their usual form as the normalized functions {® (7", 7)}
and their truncated analogues {®p/(7",v)}. The residues will come in through the two
families {Das(7ar, X)} and {*Dp(7am, X)} of distributions discussed in §7. We shall in
fact prove two identities, in which the two functions associated to characters are related
separately to the two families of distributions.
The invariant distributions

{Dm (a4, X),*Dpa(taa, X) : Ty € Ten(M), X € ang,p}

are supported on characters. Their values at cuspidal functions f € H(G(F)) can therefore
be written as linear combinations of distributions f¢ (7, X¢). We obtain expressions

Du(ru, X, f)= Y. Dulru, X,7)fc(r, Xc) (9.1)

T€Ten(G) /iy
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and

cDM(TM,X,f): Z CDM(TMaX)T)fG(TaXG)7 (9‘2)
TGT._."(G)/ia"G

with uniquely determined coefficients {Dp(7ar, X, 7)} and {Dps(7ym, X, 7)} such that
D (ru, X, 2m3) = X7 (2) D (g, X, 7)™ 2 (Xe)

and
cDM(TM, X, z’rA) = X-r(z)cDM(TM, X, T)e—A(XG),

for any z€Z, and A€iag,.

These coeflicients are curious objects. If we work backwards through their definitions
in terms of residues, keeping in mind that the residues define invariant distributions,
we see that they are related to subquotients of induced representations. For example,
if Tmy=0 and T=m are square integrable representations (in IIo(M(F)) and II,(G(F))
respectively), and X is constrained to lie in any of the convex cones in the relevant
decomposition of apr, Das(7ar, X, 7) and Dyps(7ar, X, 7) are finite linear combinations of
functions

PA(X)eX),  Acay;c, pa(X) €ClX], (9:3)

taken over points A at which the induced representation Zp(oy ) is reducible. More pre-
cisely, Zp(oa ) should have irreducible constituents whose expansions in terms of standard
representations contain 7. The residue operations will assign polynomials to these con-
stituents, the sum of which equals pa (X).

As before we shall write

&gy (7,7) = @u(ry, )
and
‘@ (7)) =@um(ry,7), TLET(L), ¥ € M(F)NGreg(F),
for the normalized characters on a Levi subgroup Le L(M).

THEOREM 9.1. Suppose that 7 belongs to Ten(G), that M is a group in L, and that
7v is a G-regular point in M(F). Then

Sum(rY,y) =)D du(rr,7)° (7Y, 7) D, Hi(v),7) (94)
L 7L
and
C@M(TV’ 7) = Z Z dL(TIn T)Qﬁll(T}//’ V)CDL(TL’ HL(7)’ T)’ (9'5)

L TL
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where L and 71, are summed over L(M) and Tey(L)/ia}, respectively, and

dy(r1,7) = (<144 )| (7))

Proof. Suppose that f is a cuspidal function in H(G(F)). To derive the first formula,
we start with an expression

Y. ld' ()l eu (7 M s (re, Ho()), (9.6)
176 €Ten(G)/ing
obtained from the version (5.2*) of Theorem 5.1. We shall repeat some of the formal
manipulations of the proof of Theorem 8.1. According to (5.2*), the expression (9.6)
equals the product of (—1)3™m(4x/46) with Ips(v, f). This can in turn be written

Y (—1)timAniAe) efl (v,6.(f)),
LeL(M)

by (7.9). But 0.(f) is cuspidal by Lemma 7.1. We can therefore apply the version
(8.2*) of Theorem 8.1, with G replaced by L, to the summand f L (v,0L(f)). The whole
expression becomes

Yo (myydimariaer N ()|t @y (), 1)6L(f, 7o, He (7))
LeL(M) T €Ten(L)/ia},

The last step is to make the substitution

0.(f, 70, H (7)) = Di(re, H(v), f)

= Y, Du(r,Hi(v),76)fe(re, Ha(7)),
76 €Ten(G)/iag
which comes from Lemma 7.1 and the definition (9.1). With this substitution, the ex-
pression becomes a linear combination of functionals fg(7g, Hg(7)). The coefficient of
fe(r,Hg(7)) is in fact the product of |d*(r)|~* with the right hand side of (9.4). The
same coefficient in the original expression is simply the product of |d'(7)|™! with the left
hand side of (9.4). If we take f to be a pseudocoefficient of 7, the identity (9.4) follows.
To derive (9.5), we perform similar manipulations on the dual expression

Yoo | )T @m (7, M) felre, Ha (). (9.7)
r¢€Ten(G)/iag

Applying the formulas (8.2*) and (7.8) in turn, we reduce the expression to

Z (—1)tim(AM/ A T (v,%01(£))-
LEL(M)
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The formula (5.2*) for % (7) then expands the expression to

o (-pdimiac/ae) N d (r)| T @R (Y, 7)°OL(f, Ty Hi ()
LEC(M) TLETen(L)/idz

Finally, with the substitution

0u(f,r, Ho()= Y °Di(re, Hi(7),76)fe (e, Ha()),
TG E€Ten(G)/tag

obtained from Lemma 7.1 and the definition (9.2), we arrive at a linear combination
of functionals fg(7g, Hg(7)). Comparing coefficients of fg(r, Hg(7)) in the initial and
final expressions, as before, we obtain the required identity (9.5). O

Remarks. (1) The sum over L in (9.4) is a bit misleading. If f is Archimedean,
the terms with L#M vanish almost everywhere, and can be ignored. These terms also
vanish for p-adic F' if Hps(7) does not lie on any of the singular hyperplanes in aps. The
identity (9.5), on the other hand, is a kind of inversion formula, and here the sum over
L is an essential ingredient.

(2) The formula (9.4) gives an interpretation for the restriction to M(F)e; of a
(virtual) character ©(7Y) on G(F). There is another well known such interpretation. In
the p-adic case it is Casselman’s theorem [15] for characters in terms of Jacquet modules.
For real groups it is Osborne’s conjecture, proved by Hecht and Schmid [23], for characters
in terms of np-homology modules. The residues Dps(7ar, X, 7), which account for the
character exponents here, are not so explicit. Still, it would be interesting to try to relate
them directly to Jacquet modules or np-homology modules.

We conclude with a few informal comments on a possible application of the results
in §87-9. Fix a cuspidal function f€H(G(F')). Suppose also that = is a representation
in Tltemp(M(F')), and that a()) belongs to the Paley~Wiener space on ia}, p. For some
purposes it would be useful to understand the integral

/ a(A) tr(Rag (m, P)Tp(ma, £)) dA 9.8)
ia}‘w_ F
as a linear functional in a()\). This integral appears, for example, in Waldspurger’s
formula (38, §II, Théoreme] for orbital integrals of spherical functions on GL(n). Similar
integrals have been studied by Laumon [33] and [34] in work on the cohomology with
compact support of Shimura varieties.

One can apply Fourier inversion to a()). The problem becomes that of understanding

/ e“A(X) tr(RM(ﬂ’A,P)IP(WA, f)) dA=¢M(‘f’7r’X)

*
1aM‘F
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as a function of X €ap p. In view of (7.1), this is in turn equivalent to studying the
function

X—’¢M(faTM,X)7

for a fixed element 73, €T(M). Suppose that f is actually cuspidal with respect to
weighted orbital integrals. Then one can exploit the expansion

ou(fora, X)= Y B5(°n(f),7m, X)

LelL(M)

given by (7.7). Indeed, “@¢L(f) is a cuspidal function by Corollary 8.2, and one can apply
Lemma 7.1. This yields an identity

0% (°o1(f), v, X) = Dky(ar, X, 01 (£)),

which in fact vanishes unless 77 lies in T (M). It follows from the definition (9.2) that

ou(for, X)= Y Y. Di(rw, X,7)°u(fome, Xp). (99)

Lel(M) tp€Ten(L)/ia}

The problem then reduces to studying ¢ (f, 7z, X1) and °D%(7a, X, 71) separately as
functions of X.

The qualitative behaviour of the right hand side of (9.9) is pretty clear. By Corollary
8.2, °¢r(f, 7L, X 1) is supported on the set of X €ay, r which lie in aﬁ,, ®ag. On the other
hand, if X remains in the appropriate chamber, cD,LM(TM, X, 7L) is a linear combination
of functions (9.3). One could hope to obtain more information about these functions
from the inversion formula (9.5).
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