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Ezrppsafardr fecture 5&; Pﬂuff Ef.njf
%ﬁ:nctmﬁ £ of a complex

Variable 2€ C is gaid 1o be
analytic at 2 ec if it expands
hear Z, n a converqent power

. One says +hut !'n
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it can be expanded ™ a Fourier

2Winx

Cerag f{'x):— -)—_‘BnET
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Se one may ask : what iz +he

Enﬂplen ﬂﬁtl&J of periedic f’un:fiﬁig
Since the complex qun-r has

two real dimensions, a nratural
ﬂHnIOJ would e entire functious
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have twe [R-independent

periods, Wy and s Hzrar) =ﬂl“§‘F

BﬂJ. news : “‘ —

Any such function « PRI g
must be a HEY . P
constant. A

Proof. Any such Function is det

€rmi
. i he
by s values in +he 4
Since t'g fﬂn*ihunu‘;‘

Se the result -‘Fn”u




-3_
Liowville’s +heerem: A bounded
evitire  function (s Comstanl.

Proof of Liouville's theocrem.
Let {(@ =5 a,2" be such a

n=go
function |, | fE@)I<A.

Take R=>0 , and consider +he
in‘l'Esr-.\ 2

‘f f(Re)e" e dy- ; ZaRe ﬁ“‘:’v,’:
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Pemark. The Liouville theorem eacily
implies the fundamental theorem of
niﬂfh“tJIF %J: a Pnf}rhnml‘qf
without reots +hén f=—,;!—- ir a hﬁu"d‘?‘
Fh‘*’il"!" fuﬁ{,tt‘nnj hem‘.'i‘ Pfs a cnmﬂ‘!nt._‘b

Thus we see +hat o develop an
interecting +heocy of complex
periedic functions, we must
relax one of the twe conditions.
1) Doulle peﬁad:;i{-y :
) entirety.

Iv fact, rtfnn:ha (1) leads +o the
remackakl: +h!‘ﬂl"y 0f theta ﬁncf‘r’nq
and relnring (2> — to the Just d
Aas remarkable and closely

re ated theery of elliptic functiony
These are the theories we will NOW Consid
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@) Theta functious. We relax

Condition 1L in +he fﬂllnw"nl? way :

Def. A theta function of degree n
with parameter bske s an ertire
'Eui"l(.{': oW -f(E‘} EH{L Hat

(Favwn=$>, $avaa e“”“f?’;)
Ltt us clﬂSStgy all such ﬁlﬂﬁlm
Fo- Itmphnﬁ‘.y assume that
=, &y =T, ImT =0, [TF'
(this can  always be
achieved by l‘l!'.sclhvg 2 awnd

Perrmu‘h'ﬁj "'-"u ,.3 Since f{a‘*) 3(‘(3_)

ELoelk fnr -‘]»p in the form af e Fﬂl.:hFr-
Series :

Then the eguation ﬂ@i-'r)-'éfhm!:‘@)
trawslqtes inte fhe recursive T'Efthnu
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These recursive €guatioks are
Gasy +to solve  Congider separately
Hheee cases.

(Case . n<o. Suppose Ap, kO

for Seme m, Then am*n=1§"?"“qm‘

G‘M#in“-g"qﬂ-ﬂt B—\qmqm-' i

-pP_m ne(p-
q"""l'PH:L q e 2 ".)-/.-Eqm‘

Since n<o and ([9(<i,
+Hhe Sequence -E?"Pq’")fir?; and

hece “qm+pn| ,Pi’;} very rapiclly
goes 7o oo, Thus the series X q ke
IS cliu:rﬂEn't- We conclude +het

any theta function of negative
dear-ee S 2ero.

Case2. n=0. I¥ bzq'ﬁ for Some K,
then f'Cﬁ‘z#i:‘E, Otherwice JC":E:’
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Se the most Fnﬂ're:'f'*'ﬂj cqSe S
Case 3. n>o, Let wus write x as

m+pn , O0Smsn-l. Like in Case |,
we have
Q. el R g nple-/s
So +he sollution is determived h . A,

But nrew q"F(F"'}fz Jr*;[:’.d‘fy
tends to O, and +the series
p ™ EZT""‘E converges for all 2
(check itb. Thugs we concelude

Hthat the space of theta function
F-_F :-.'IPJFFE N with Fnrnm!‘l‘E" [N
heg dimension n,

let’s [ock more :fnieﬁr et the

most jmporlant :Pfci'q_{ ca s
n=l I this case, +heé recursive

E?uuti.h 1S ﬂﬂ-ﬁ-l:b_l‘f:qg_ l
Clearly, b can £e changed by

shifte 2 —> 2+« @ ! suffices
2o look ot phe case b==|.
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Q.= and call +he Eirl'"!:ﬂﬂ#dh.‘f
function O(z,9).Thus, B(2,9) =
’9(?}:.2 (_Dn?ﬁ(#-ué EETLHE I
KEZ :
let wus E*H-(y 2€ros af the
theta function B(Z). T# is easy
to s€€ +hat @) =0 | so
bJ (modifiedd double periodic-
ty, O(+kd=0 Y, keZ.
Prop. The points j+kT are the

only 2€res of O, and ey 1€
simple, i-e. 5’(';'1».:1-) #+0.

Pr-nnf. Consider +he infinite

Pr"nd uct o

@)= TT( e 2™ ®) (1-4"€ 27)
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This preduct converges Yo an
entire function, which has

Simple z2eros at poinfs 2
Such +hat reil‘li&_?j ne R
i-e. exactly +he an‘!‘i (}+ KT.

Thus, the function 3&3_?‘:’7:‘1

1 m :
N'nu.l) ‘Frnm the definition df
it g easy ‘o see +hat
e(2+) = @(®), Further K we have

p+T)= 'ﬁ_(i—ctq,e !)0 e 2nid)

n=p
- __e-zmi TT(I‘ ‘zm it)o__?nﬂ
n=0

- e-—-lﬂ'f& 'P(!I!}

Thus, 9/?" is Jau%m

oand hence, 6 Liouville theorem,
it renstan
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Thus we hﬂ.we Pr-ur.f +he p"ﬂP‘Ii'?'fﬁq
and alie olatained +he

Following
Corcllary. L

3 __npemia )/ nH
G(z)ﬁC;r;_a(f g € )ﬁ 7,:-?:.?

where C:C{q} iS @ nronzelo
constant.

we alce have et i e
c#rﬁ“ﬂ.f‘*f 2. The JE”EPHI nongern E

Heta functiow Qf dfjf‘ff Vi
is 0f the focm

2Wir 2|
&-): K&(E -Elﬁ"' 5(?‘_&”:‘;& z;
fnr Somge E'-}"-‘E"é{, r e Z
Procf. Let 2,,..,2, 6e the 2eces
4 of £ in the Pnrallelajrﬂnn:'fﬂ+5‘ﬂ*,
p=a,bety  with wmultiplicities,

Then ____J(E)
ﬁmﬁE&-t,‘n---aﬂ-aP}, is @ nowkere
Vanishivg thela function of degre€ n-p.
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Thus n-pz 0. Also, n-p cawnct

#& >0 , since then _L_ il be
3(@)

a theta function of mﬁq'ﬁvf
deﬁree. Se p=n,qnd' 3> 'S
a +heta function of de?ree O,
i-e. g(@)=>Ke *Tira = g

@ Ei‘h‘p‘h‘f functions .

Ancther way tv oftain an wte-
festing +heory  of doubly periedic
funl.'l*tﬂﬂ-f s To relax Hee E'hfff"f_{:
condition,

Def et { be o function defined
Near 2,€4C (Gut not necessa rily
at 2,). we saj +hat o is
Mo_:éff at 2o if itis
the ratio two analytic
functions near B (53715,8 yenends

Tt is easy To show Fhat f 7
i meéromorpPhic nfar Rg
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f and owly if t expands
near 2, iw a "Laurent series”

&ﬁ] 'f ané'3¢3h (the Airf!r‘!ncr

negativ e paweuf of Z-%2o
I - -*'ﬂ' on® Sqyl
are ﬂ.“ﬂW‘EA), £ has fpnﬂf"-f'nrd

Def. An elliptic functiow “w'
pericds Wy ,wi i a doubly
Fen‘ndfc (wiHh Pfl"-'#ds Ww,, w,\
meromorphic fun;‘tiaﬂ on C .

Theorem. A genecal non-constant
E“irﬁf fun:tiau hasg +He -,F:nrﬂ
()= K e(z2-a)- 6(@-axL

f(2-b) - O(8-by)
where T a; =2 &;,

Prngﬁ- Let f £e an Efﬁpfr'c
funf_tllﬁﬂ ) 'ﬂﬂd Mt a‘l‘j“*‘_} qe"
fu...‘, P; & ts zeros and poles
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with nul‘tip‘l‘ic‘m-h‘es in the P«ﬂtle..

loaram T[1'. Thén the fungtion
I

g@®= f(a)TTﬁ(E-b‘.)JLe@_?)

(=)
IS entire and nonvanishing
and t's a theta function nF
deqree k-6. So g=¢€ and
g(2y= Kel"" 2. The fachhr
e ® can be Lilled by
shifting a, . Thus,
o fter ?.pﬂiblf rep cerment of @, |
we (hm:eK ‘f;— -
T (=1 O@—-19%;).
The identity za; =24 Casils
fﬂ"ﬂu-is {rﬂm Fhe concliftosn
\]c(i.“-l'f) = f(ﬂ') N

So there is no elliptic funelion with
only om€ 28r0 and dne psle,
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Em Weierstrass Sunction
ff&) is +he elliptic Funclion
whose ﬂnlj .Sthufn_rH-H W He
F“r‘ltﬂlﬁj"ﬂ-h N’ s a deuble
P“"E at O, and such +hat

F(’i‘;—-é—,_ -0, 2-20,

Cltnrf;r,sucﬁ & fuhfi-‘nn 5 unique,
Indeed, i £ ,£, are twe guch
Lunctions thew {;-ﬂ ic an
entice doubly pericdic Functiou
(E-E’. a constant) which wm‘shq
at O. €o £—FL-¢'

To show +hat P E:isfs‘ Pick any
aen’, axo , and set

Yy O(2+a36GE-a) 976)°
o

e(@?* B(a)O
This function is eWiphi . a) q.)
Nedr ool [T E A
ex ;
grom. il'i"' Cola) + ...
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T}JUI ﬂie J(:ihrffﬁﬂ
Y@ =£@)- <.
snﬁsﬁ'es the l'!?uirld condifons
(and 6y the above arguments, does
not cepend own a)

Thus ,we have shown +he existence

and uniguéness of - ane alse
proved the identi o

P -play = 82+2)6(@-a) 87

Zspecially useful special cases
of +this -z'rrhulq. are obfained when

aﬁfiilr %'*‘Er,a”‘f < The values of @

at these points are (qffed

€,,€, €3 - FESPEL"&;UEI‘?* v
o (> L - 8%z +2)06-4)€ O
' ¢ 57 663D

Thus P(2-€ has a double zer0
at a .
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Weieestrass diffecontia / Coua Tiom.
Theorém One has

I-{fE)?' =4 (ao(i-')' €) (a‘m‘ﬂYﬁJ-g
Pt‘nﬂ_-; Since 340(3) -&; fﬂ: a MHE
2eco at a;, i=1,2,3, The funclion
ho?ij ﬁﬂ.f Irh*fi'f 2eros al
a,,a;, 23, Tt alse bas « Z‘ﬁ}ofﬂ'
pele at D: P;(E)':_fi*- c,2+
netion,_

Thus He Ffu t{.S (F‘-Pi}%")/a'ﬁ)-rw_j
1S an ‘tﬂ"PH" upetion without epc
or poles( both pumerahr gng dac
minator have a pole of odegree &

at O gnd .-fnu‘:a[e 2€mg gt a, .a, qg
Thus (2 =Const. Bt gb)=¢9 " '
So ﬂfi}-‘h €

(nrn"q,ry e, + e +€3=D

E’ﬂf This is o€tai Eg fnmpdnhg
He coefficients of @ in ﬂ.t unrﬂt
Cxponsion of both sides of "¢
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EHI'EI‘L curvesg ﬂ:nd_ Eﬂ"{pfl‘c fnﬁzr‘g

Hj.inj the |ast rarthr)'J the “ff-'t‘f‘.r?rn;l
E?uq;&rah may be weitten ag

3
P& =P — g, P - g,
where 32='4 (€¢.+€65+ €, ea}
S3=4 9 €,6.€3, '
Thus the formulas K= ﬁ(E\,‘:F aﬁ(ﬁ’:

can be used 4o quﬂmetrfie
Hee il.ljebmi: P "4

243 _g.x-

b 32%—9a .
One way show that any cucve
of the Fform B?‘ = Yx -::x—l:.}

(fqr which +the Pni}’nnmiqf okn the m}ﬂ‘
hand side has distnet roets) is
obtained in +his way, after 4
Pessi ble reg :’qh'uj' X - .A:'!‘,j-h\?y_
Such curves are called Eﬂiptft.

They cannet be paramdrized as x=x(&
U=y , where x4 are ralional fumetions
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Now we'll Erpfnin how +he teru
"EHfFHc function" ﬂPf'ef"'l"d "
[onsider an ellipse %4 'ET'-- | A%}
This ellipse is parameirized
H= A*\:m; ﬂigi:tﬂlt‘ and +h¢
length of its arc s +thue 3;“‘5“ 53
L= SWiZeytdt = (2 3 mhorie Wt

Setting sint = U™, we get

L= I+Av? B dwv _‘,\.:__."'"1._{
"""U"l . .

e integral E= [ [1a5T ;

T2 integra /- T2 v is called

an elliptic integral It is not Compity,

in elementary functions, but we will

Show it can ke Comup utef HS;PJ

elliphic functiong

~ Indeed, consider +he elliptic siue
snp Xf _2

=~ His
HP&J-E’S i . msy F
to shew that ($or ﬂPP*‘an u’!m‘-)




=
+he functien satis Ft'i!'l‘ the
d'ff!rewﬂnl equation

( = (1-sn2) (1+Xsn'g).

(‘Fhr: ETH.,'{‘!QH f.llnws frem Hhe
weierstrasg Erutﬁﬂh for P)

Thus, 5u\-$+|+u+-h3 i He elliptic
integral U= snz, we get

E=5(I+A sn2) da -
= S(H'-ﬁafﬂ E;d'!:f(“ﬂl?(!"?))di

This m'tearﬂ 1S easy +o express
viaa 0 and & (_hm..u ‘))
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The Jacobi tciple product idextity .

Pruai-_ Consider the funczra#
£() =6(2+%)= Z (Vg T e "

we know that ii
52 =C@ TT (1-¢" D) (4%

Se all we need +o show iS
that C) = 'fT (r-?'“)

ﬁprﬁﬂ thit hn-hr:i' +hat ;
Satisfies -Hne hia:l‘ equation:
1 ‘3-1‘- :

TheceSore, — oy 7? 3-.‘?{ ..fti!_
S 2=0

4%%‘)12 " S I




(as §p)=0), —2I- _1\2
et D@=CHTT (1-4" T) ~4o9)

The last eguation 3?%‘5 ‘
243D = P &TL-7E™D:

o ha|
.( - qh-il-e—l'ﬁ't‘i!-)‘
After a diret computactionw this
gives (check i)

!

Pl > 3%
L
Eﬂpﬂﬂd““j eoch of these :ﬂ'ﬂiﬂ;“
we ae't - <
2.0 =~ . q
q-—? =-2 %?A%

Inteqrating +his diffecential
equation, we o €ta i

bD=2S T foosls_

ns2 "Nz
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s/a

= e ll o

S22 |45/,

- g3/2
Thus, D@ = -IT(—I--?—-),

sl )49

and hence

- s
Cipe ;I(TF?F‘ (—q%7¢)°

S/2
N T (1-9") =
$2 ,_qs-—i‘. _h-'ﬂl'
Corallaryl(Euler’s pentagonal thees
orellacyt (Bu £ E{ﬂ:_, .

Peoaf. Tn +he Jacdki identify, put
we=g /e u

Corollary €. (€auss EG(EH'H#E g{nfﬂ
T (-g)3= = (N7m+)g 2

- ‘
F ;:of I)iFfereE:#e Jacobi ii@“h‘}?gi‘;
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Jaco€: four square theorem.
The nuwmber of ﬂPfESEH’l’tt;ﬂur Q.F
oL 'Pﬂﬁ-“l-*';ﬂ ihﬂaﬂ'r Eaal as aq JSuma

of -fnur Squares 15 QNthE‘rE
N ois the -Sum -~ OoF posihive Hivise
of Mh whith are mnot divisible i
‘OJ q.

Prpgi (5{-@1‘{:\«) PH'H'I'HJ E:-g_f

in +he formula for PE -€3
ﬂ.ﬂd HEIHJ the Jacobi i—ﬁpk PI"EA:,I‘
ldEn'*“?Jﬂht finds that

e-e D2
E; = Y@G)" , where Wq)-'-g.;:é.

Thus Q:ﬁ; =2 bmq“’f where

_ w20
bm S Hee OlESIreJ Hu!hl:v&t‘ ﬂ{-
represenfations Of m asra
Sum of four Squares,
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On the other hand, ©; Can be
computed as the oO-th Laurewt
coefficient of the function
_e(z+a)0(2-a) 9'0)°

a2>* ef)eCa;)

This allows Yo tﬁmpuﬂ e -5
in a different wey uan.eﬂg_,
using +he Heat -E?muf;‘ah os ctlour
one Cam get (using Jacoll a,_Jg[...j

E(f,-'f 3_ d &- oy .n_(i!_.. gh/l)l
—or ST
G_?En)l

E?M:‘HJ the FFW ]’IMJ Sfﬂ(E's
of these *vo E7r.¢4.t fous,

one oftains Jacobi’c théore,,

' Caruﬂa?‘ (}.ngmnjf). Any number
NEH 1S & Sum ﬂf fpur- .F?Hﬂ-re-f,
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In a similar manner owe
proves He following:
Thwm. The number of represewty -
+iowns 0§ a Pﬂi; +t"-"'!!' ;h'f?aép b
OL o Sum of twe SQueres
S N—=N;, where N, is the ﬁurq
wwloer of diviserg of m ;

of the form k4 ,and N,
+he number of divisors of m

of the form Yp+3

Corn”ﬂ,lj (Fermat) any prime
P=4k+l has a unigue representati,
oA P='ﬁ1+"1; m,n € M/




