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Talk about Morita equivalence for idempotent rings, including Morita invariance of
HH, HC for h-unital rings,

§1. The category M(A).

If R is a unital ring, let mod(R) be the category of (left) unitary R-modules, i.e.
such that 1m = m.

We want to extend R+ mod(R) to nonunital rings A.

Note the category of A-modules = mod(fi), where A = Z® A with elements n1 +a
is the ring obtained by adjoining an identity.

This is too big e.g. if A happens to have an identity element e then any A-module
splits

M=eM®((l—e)M

~

mod(A) = mod(A) x mod(Z)

Def: Call an A-module M nil when A"M = 0 for some n, and firm when
AQAM — M, a®m + am is an isomorphism.

Thm: (a) The obvious functor

firm(A) = mod(A)/|Jmod(A/A™)

is fully faithful.
(b) If A= A? then this functor is an equivalence of categories. The inverse functor

mod(A) — firm(A) sends M to A®4A® M (which = A® 4M when M = AM).

§ 2. Theory of Morita equivalence,

From now on assume rings are idempotent, and put M(A4) = firm(A).

Def: By Morita equivalence between A, B we mean an equivalence M(A) ~ M(B).

Example: Let A®4A be the idempotent ring with product (a1®as)(azQay) =
a1aza3®ay. The surjection A®4A — A, a;®ay — aja; has kernel K such that
KA=AK =0,s0 KM = KAM = 0 for any firm module M. This gives a Morita
equivalence M(A) ~ M(AQ 4A).

Def: Say A is a firm ring when A®4A 5 A, i.e. Aisin M(A) and M(AP).

A® A is a firm ring, so for studying Morita equivalence we can restrict attention
to firm rings. A® 4A — A is analogous to the universal central extension of a perfect
group.

Define Morita contezt to be a ring

(1)

equipped with a 2 x 2 matrix decomposition. 8 products

aiaz,qp€ A aq,qbe Q
pa,bp € P biby,pq € B




;

16 associativity conditions which amount to having rings A, B, bimodules BP4a,4QB,
andymaps Q®pP — A, P®,4Q — B, satisfying (pq)p’ = p(qp’) and (gp)q’ = q(pq').

Say the Morita context C' is strictly firm when the 8 products give isomorphisms
ARLA S A, QB®BP S A, etc.

Prop: If QP = A, PQ = B then we have a Morita equivalence M(A) ~ M(B)
given by M — PQ,4M, N — Q®gN. ~Any Morita equivalence between A and

B arises in this way by a unique (up to canonical isomorphism) strictly firm Morita
context.

Observe that because P®4Q = B and (p1q1)(p2qz) = p1(q1p2)qe a strictly firm
Morita contex is determines{ by the modules P, over A and the pairing gp.

Thm. Let A be a fixed firm ring. Then we have an equivalence between:
* Firm rings B equipped with an equivalence M(A) 5 M(B).
o Triples (P,@,(—,—)) with P in firm(A%), Q in firm(A), and (— =) : Q®zP —

A a surjective A-bimodule map.

One has B = P® 4Q with product (p1®¢1)(p2®¢2) = p1{aq1,p2) @2
Example: When A is unital, can take any surjective pairing (—,—), where P,Q
are unitary right and left modules over A.
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