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Nonlinear-Evolution Equations of Physical Significance®*

Mark J. Ablowitz, David J. Kaup, Alan C, Newell, and Harvey Segur
Clavkson College of Technology, Potsdam, New Yovk 13676
(Received 11 April 1973)

We present the inverse scattering method which provides a means of solution of the

initial-value problem for a broad class of nonlinear evolution equations,

Special cases

include the sine-Gordon equation, the sinh-Gordon equation, the Benney-Newell equa-
tion, the Korteweg—de Vries equation, the modified Korteweg~de Vries equation, and

generalizations,

One of the most exciting recent advances in ap-
plied mathematics and theoretical physics has
been a method of solution for the initial value
problem for certain nonlinear partial differential
equations which arise naturally in many scientif-
ic areas.’* There are four key steps in the

~method of solution, (1) First, set up an appro-

priate, linear scattering (eigenvalue) problem in
the “space” variable where the solution of the
nonlinear evolution equation plays the role of the
botential, (2) Choose the “time” dependence of
the eigenfunctions in such a way that the eigen-

.. Yalues remain time invariant as the potential
-evolves according to the evolution equation. Al-

. though it is yet to be proved, the ability to achieve

this step appears to depend on the existence of

an infinite number of independent conservation
laws for the evolution equation. (3) Solve the di-
rect scattering problem at the initial “time’ and
determine the “time” dependence of the scatter-
ing data, (4) Do the inverse scattering problem
at later “times”; namely, knowing the (discrete)
eigenvalues corresponding to the bound states
and knowing the time dependence of the other
scattering data, reconstruct the potential. The
final step can be written in terms of a linear
Integral equation (or a coupled set of linear in-
tegral equations) from which one can compute
the solution to the evolution equation for all time,
We have found that many nonlinear evolution
equations can be solved by the following scatter-

o “Ing problem:

du,/ox+itv, = q(x, to,,
(1)

3,/8x - itv, =7 (x, )v,.

Choose the time dependence of the eigenfunctions

t and v, to be

80 /at= Alx, 1, E)vy+ B(x, 1, vy,
' (2)

The eigenvalues { are time invariant when
8A/dx=qC ~¥B, | , el
dB/dx+2itB=2q/3t - 2Aq, ; (3)
8C/ox - 2i5C=0r/ot + 247,

Equations (3) are obtained by cross differentia-~

tion of the systems (1) and (2). Finite‘expansions‘ -
of 4, B, and C in terms of the parameter 2ital-"
low us to determine the class of evolution equa- ~o

tions which can be solved by the inverse scatter-

ing method. It can be verified that the following. .

evolution equations belong to this class,

Class I.—Take A= -4i® - 2igri +v8q/ox - qB?/ ' (i

8x and find

3q/ot-6rqoq/ox+98%q/ox°=0, e
8¥ /8t — 6rqor /ox+08% /axd=0, @)
When 7 = -1, (4) reduces to the Korteweg-de
Vries (KdV) equation, and the system of equa-
tions (1) reduces to the Schrédinger equation’

3%,/0x>+ [+ q(x, t)]v,= 0. ()

When » =+ ¢, (4) reduces to the modified KdV
equation®

0q/01F6q% q/ox+0%/5x3=0, (6) :

When » =+¢, g real, the eigenvalue problem
posed by (1) is self-adjoint, and hence all eigen-
values are real, In this case no solitons arise,
and the final state can be shown to deéay alge-
braically in time,® When »= - q a class of paired
permanent waves (with complex eigenvalges)
arise in addition to the individual solitons.
Class II.—Take A=a/¢, and find
da/ox=zid(qr)/ot, 3%q/oxdt= - 4diaq, 8
(M

% /oxdt= - diar,

When a = {icosu, =~ g=33u/dx, the sine-Gor- ‘
don equation ‘

8% /o x0¢=sinu ' ®

9 JurLy 1973 .
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is obtained. Equations (6) and (8) are solved by
the same scattering problem.3 In addition to the
traveling kink and antikink solutions, the only
other localized stable solutions are soliton states

(breathers) which oscillate in time and which
correspond to paired complex eigenvalues. The
eigenvalues corresponding to the modes of a
given breather in its own rest frame all lie on
the circle £&*= L. In its rest frame, a particu-

lar breather solution is

ulx, 8)=4tan {[(1 - w?)/w]cosw(T = T,)
0

xgech[l - w2 (x - X)IL @)

where w=—2Reg and x=3(X+T), (= Tx-17).
These solutions have been obtained by Lamb’ and
Seeger, Donth, and Kochendorfer® from the Bick-

lund transformation and have been observed nu-

merically,®*°

If ¢=%i coshu, r=q= o1 /0y, the sinh-Gordon

equation

8%u/dxat = sinhu (10)
is obtained. Since the eigenvalue equation is
self-adjoint, no solitons arise and the final state

will decay in time,
Class III.—Take A = - 2ig? — irq and find

iag/at+02q/ox* —2q° =0,
(11)

ior /ot — 0%y /ax"+2qr*=0.

In the special case v = — q* (+¢*), this corre-
sponds to the equation describing the evolution
of the envelope of an almost monochromatic
wave!'? when the Benjamin-Feir instability
is operative (inoperative). The case r = — ¢* has
been solved by Zakharov and Shabat.” When »

= g*, the eigenvalue problem (1) is again self-
adjoint and thus no solitons arise. The solution
decays algebraically in time and has a self-simi-
lar structure.’

These equations (4), (7), and (11) are special
cases of the general class of evolution equations
which can be derived and solved by our proce-
dure. The generalized Korteweg—de Vries equa-
tion'® can also be obtained by this procedure
when =1,

The direct and inverse scattering analysis will
be published elsewhere. Here we merely quote
the result.

Given ¢(x, 0), r(x, 0) sufficiently smooth and de-
caying sufficiently fast as lx [~ «, the solutions

13,14

126

q(x, 1), r(x, t) for all time are given by

q(x, 1)= - 2K, (x, X), ;

rix, 1) = - 2K,(x, x), (12
where
K(x,y) —B]F_(XwL ) —f_mlf(x, s)F(s+y)ds =0,
0] - - (1) |
K(x, y) +|:1:l Flx+7y) +Jx K(x, s)F(s+y)ds=0, i
and |
1 *D(E, T) irx <~ .
F(x) e —%’z)le‘g'dg - z%} ckexp(zckx), |
e (14) .
- 1 (b(E, 1) -iex proga - ,
F(x) = —%’E)le Exgg + sz}Ckexp(—- i), ,

= K, (,\', y) f
bl |

i

I A
K(x,y) ”\:]\'2(_\’, ;\‘)} ’

The ¢, (Z,) are the eigenvalues of (1) which lie

in the upper (lower) half plane; the a, b, Cy, @, 5,0,
are the scattering data and have the time depen- |
dences :

a(t)=ay(t), a)=a,(o),

b(E, 1) = b() expl - 24,(6)t],
)

B(t, 1)=by(&) exp[24,()1], (15)
Ck:Ck() exp[- ZAo(gk)t], 5
(24,1, and Ag(€) = Lim AG: 50 ii

C,= Co €XP
The eigenvalues and the various constants are
determined by solving the eigenvalue problem ) !
at the initial time. Following Zakharov and Sha-
bat,? an infinite set of conservation laws canbe '
found for the above systems and correspond in J
the case of Eq. (6) (also for KdV) to the polynom-
ial conserved densities of integer rank.®

We note also that a large class of linear prob-
lems can be solved by this method. For such
cases take =0, and the procedure reduces to

the Fourier-transform approach. The conserva-

tion laws for these cases are trivial. o

The solution of the system of linear integral i
equations can readily be found in closed form
when the reflection coefficients by(£) and D, (£)

i
&

are identically zero. This requires a very spec- ;

ial class of initial conditions. For arbitrary ini- [

tial conditions, (13) can be solved asymptotically b

(large t) following Ref. 6. The general asymptol- i
ic solution is essentially a sequence of kinks nr

¢

S
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Newell, and Segur, [1]. AKNS consider the first order matrix operatoy

t=(7 3 1)
The wbm_u\wmm of AKNS suggests to seek B of the form
B = RL, (5.2)
where
R=({ ) 53)
Setting B as given by (5.2) into (2.4) gives
L,= R —LRL-.
Multiplying by L on the right we get
L,L = RL—LR. (5.4)

We proceed now to solve this equation for R of form (5.3) when L
is of form (5.1).

A straightforward calculation gives

RL — Alam +br. ag -+ @wvv S

—cO ++dr cq -+ do
. Ima;*.,mn —&b + gd
N%IAE;T? &:Tm,&v

So

NHIN\NNHA a, — gc + br

260 - by -+ ag — Q&V (3.5)
200 — ¢y - dr —ra ’ ’

—d, +cqg—rb

Differentiating (5.1) we get

L=, O

A straightforward calculation gives

L= (2, 9

—10 T,
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g.wcmwmgnmbm (5.5) and (5.6) into (5.4) we get 4 sets of relations from
the 4 components:

() g7 =a.—gc+br,

(i) g = 25, b, +aq —g¢d =0,
(i) 7 = 2c, —Cp+ dr —ra = 0,
@) rg=—dytog—rb .. o

,m&um&ﬁz&:m the first relation in (5.7ii) into (5.7i) and the first relation
in (5.7ii1) into (5.7iv) we get

: br +gc = a, (5.8)
and
g + b = —d, . (5.8,)
Subtracting these two we get
ay +d, =0,
which we satisfy by setting d = —a. Substituting this into the second
relation in (5.7ii) and the second relation in (5.7iii) gives
by = (d — a)g = —2ayg, (5:9,)
S e (d = o) = = 2ar (5.9,)

Multiply (5.9,) by ¢, (5.9,) by b, and (5.8,) by 24, and add; we get
: by, + be, + 2aa, = 0;

.boa this we conclude that

— ¢h - @* = const.

, - ‘ﬁwo .Swm that constant

t0 be 1550 e
e a = (1 — bey/> (5.10)
__”%&mmodm (5.9) and (5.10) constitute a system of differential equations
. lorpand

¢; if initial values are specified, b and ¢ are uniquely determined
terms of ¢ and 7. The first relations in (5.7ii) and (5.7iii):

(5.11)

RS
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is a system of evolution equations for g and 7; the right side is a nonl , . . . . ,
function of ¢ and 7 ? Ocal . m C.S. .Q».chmw., Kortew mm-a.o <n.6m equation and generalizations. IV. The Korteweg- E
. q . ) k ) : e de Vries.equation as a Hamiltonian system, J. Math. Phys. 12 (1971), 1548 g
Equation (5.11) is particularly simple when ¢ = r; in this case vy, , 7. M. HENON, Integrals of the Toda lattice, Phys. Rev. B o.:w.\..b 1921, ot
choose b = c; the resulting system occurs in the theory of self-induceq 8 G. L. Lams, Rev. Mod. Phys. 43 (1971), 99. B

transparency, see [8]. Relation (5.10) suggests the parametrization 9. P. D. Lax, Integrals of nonlinear equations of evolution

and solitary waves, Comm. j

“w Pure Appl. Math. 21 (1968), 467-490. W
Ho.HU.U.ﬁ»xuwmﬂomﬁomowcmoso:rmN&v‘ m&:umo:_QoSS‘?i ,&%Nli&\fmwc cdv

b=sinu a = cosu. (5.123 SR
’ L) 11, J. MosERr, On invariant curves of area-preserving mappi
Substituti his i 5.9) pi : . Akad. Wiss. Géttingen Math.-Phys. KI. IT No. 1 %@@N% pings of an annulus, Nachr.
ubstituting this mto A . v gives 2 M. Topa, Vibrations of a nonlinear chain, J. Phys Mow Japan 22 (1967), 431
— I8 é‘m Topa, Studies on a nonlinear lattice, Ark. Fys. Sem. 1. T SN,NM\S«: Zﬂw 2 A._ 974
COS Ul, = ——2 COS Uq -14..V. E. ZARHAROV AND A. B. Suasar, Soviet Phys. JETP 34 (1972) %. ’ )-
from which we deduce ”. S {

Substituting this into (5.11) and using (5.12) we get
Uy -+ dsinu =0, I3 . . |

the so-called sine-Gordon equation. For application of these ideas to
solutions of the sine-Gordon equation we refer the reader to [1].
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