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June 14,1971. Summary of work on K~-theory.

LZX IR TAREXTRRL K-
with operation

such as projective modules and makes the Operation imvertible to get the K-

theory is a kind of localization; one starts withz category

theory.

From the homotopy poiht of view one is going from M +to ﬁlBM, and there are the

follewing things to be understood: M, i.e. what is a category with opemation, BlM, ie.

what is its classifying space, and finally what is the loop space.

Nature of M: examples: topological mr categories, categories with internal

operation, 2-categories. The one idea I have is that the way to express the fact

seudo-
one has a category with internal operation is to say one can form a/simplicial

pEeERBxcategory, i.e. a cofibred category over Z§ with fibre C". One then gets

a category which is the classifying space for C. (The idea comes from Segal, who shows

that instead of trying to describe whaxxmms Abo-associativities, Just say that there is

a special simplicial space.)

Nature of BlM. As a homotopy type it is the realization of the simplicial

g gadget associated to M. I wanted to have a more concrete understanding of
the

BM through #m torsors for M. Torsors for a &% grouvoid in a fopos. ¥ If C is
(torsor for a category)

a category one has an understanding of what one means by a C-torsor,

namely, a

sheaf P over X endowed with right C~action, such that the stalks are all prc-objects.

One can ask when every KEXXmERXBYEX in the homotopy category from BC' to BC is

represented by a C-torsor over XBC! i.e. a map C'
simplicial complexes

for/s;xxxx one needs to be able to iximmgmiate subdivide. Do not therefore have a good

—— Pro(C), but this seems to be false;

understanding of the homotopy classification &f C-torsors. Pozxi One wants a generalization

for 2-categories ~ t it would seem that mim a2 torsor would be a kind of stack; this is

what happens . in the Mather situation. Do not hwwesewgend-understand Mrgeef torsors with

reppect to a 2-category.

Loop space. Here my undersiﬁﬁaing is nil. The best approximation so far is to
find a special simplicial gadget mekakw whose realization has the correct homotopy type.;
}éﬁen one has the loop space. E&LT— Qj&jzﬁ {?KU&LQ oy %ﬁh&@@l GT? f/A;ﬁ




O BM: In the case of a category with operation, say modules, I have essentially

two different possible concrete HpprEmy approaches. First is the one dating from
April 30 - May 5,1971. One considers the category of modules and complemented injedtionms,

and over this one constructs the cofibred category associated to the functor Aut. Then one

shows this has the right homotopy type, using an acyclicity argument of £zx flasqueness,

At the moment it remains to find zm® a good torsor interpretation of this construction.

Secondly, there is the B(MxM,M) approach. If this works amixif (it has not been carefully

checked) and if we get some kind of understanding of torsors for a bicategory (which, after

all, is what we areglooking at when we talk about the category of modules acting diagonally

by direct sum on the category of pairs of modules), then we will have EXXIRXEXPE an inter-

pretation if K-classes as torsars. Another thing to keep in mind when working with the

B(MxM,M) approach is the possibilyty of using abstract homotopy theory.
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Acyclicity of the map f : J —— /"

Bt suffiees to show that if L is an injective /“-sheaf, then qu*(f*L) =0

for ¢ %0 and =L for g =0. We consider the standard resolution of the finsl

object of J™:

(*) Ar,J === Ar,J —== O J.
P Since for
f//(It is the nerve of IM(Ar J,J).) DIKEBXRES any sheaf X over Ob J we have an

equivalence

o~

I xg gAr T T (o IV e (7)

*k we obtain on taking X = Aer T ENERX S X A E e L X R R Ohxd X riax ke endowed with

the last vertex operator kp: Aer ——— 0b J, an isom.

q ~e - * q
\ HY(J 55 (£*L)) = HY(ar J ; *(£*L)).,
N /Ar I ArpHJ P D

4 L injective in /7 implies L injective in (BEGEH

%)
(0b /7), hence f£*L is injective

, o~
in (BbJ) , hence as k.p is etale, one knows that kb*f*L is injective in (ArPJ) .
This memasxik means thatdithe above cohomology groups vanish for q@ O, hence that the

resolution (*) can be used to calculate the cohomology of f¥L:

Bi(77;7*1) = BYq — Hom (Arn+1J; £*1))

i

Hq(n - Hom/—@%(Ath XOb/~Ar/-;LZ}.

il

Hqﬁﬂo%/— )ab(ZZTAr*J XOb /—Ar /ﬁi7; L).

As L is an injective / -sheaf,

mEm we will have

Bse1) =B 1) q-o0
-
/0 a0
provided that the simplicial object of /™~
@
AI'_%T Xo.b /— Ar /—~
is acyclic. However the stalk of this simplicial object over the point y of Ob /7

is just the nerve of the category of arrows y —— f(x) with x on object of J.

ix This category is equivalent to the xmhxxXngyxgxmfxxixxxnnxixxing fibre category of J

over ¥, whose objects are the x with f(i@ = y and morphisms induce the identity of x.




10

tod4l category is apt to be a mess.

- cofibred category homology e BRI - : ‘ - =

So I want to prove that the homology af a category and of its nerve are the same.

Fix y R : .
We consider the category of pairs consisting=ef an object (x,a serd ) of J and -

an arrow u : y — X. ' Morphisms must preserve the U maps so thls category is discrete.
full -

‘Con31der the/suhategory with® x = y and U the identity germ of y.

<

Want to show

that this subcategory is equlvalent So given m u : y -—— X and (x a SETLW )

.

'xmmxkxxxx it is only necessary to know that U EEE can be extended to an 1somorpp1sm a

of _(y,ao,..,an) with (x,ao,..;a%).
* nerve of the dJ i
The next point is the acycllc1ty of the/flbre category/ ¥ Irdentification of

the fibre category: Start w1th I1 cansisting of (O,a).

and acts on xhﬂxmhxxxmgmxy the category of (g,a) (use x instead of y).  One then
simplicial

can form the/category KX%XXX associated to the blcategory (J ,I ). The nerve of this

It is a monoid category

S0 instead perhaps what one wants to do is to

first identify the homology of the nerve of a category with the derived functors of

the dx inductive llmlt and then go through xmmxxmmnxxxxax the nonsense of the fikxm

- T

We have the following situatigdn. We are given a simplicial category, we form the

total category and we want to know about the homology of the %m% nerve of the total cat.

Pirst thing to do is to identify the homology of the categoryand of its nerve. (reference

to G-Z.) Let C be a category and consider covariant functors to sets. Have @#® left-derived
functors of the inductiveMlimit. ‘@mxxthmxhxxxxxxxEmiﬂiﬁnmxmfxthxfﬁnaixmh@xxx

| Kx§@x:xxxﬁxﬁxtxxﬁxxxxxxxﬁhxﬁx
‘ One

observes that any coveriant functor of the form xR

Hom( , )
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KEXRB¥XX Question: Can you say anything about the Lie algebra of vector fields on Rl

with compact support? Form something like a simplicial Lie algebra. Now a Lie algebra

Maybe shoul® be thought of as a kind of forgal groupoid, or rather as having a formal Broupoid

for its classifying space. Better: Lie algebra = formal group. The analogy to follow is to

recast everyhing for formal groupoids, and then try to carry out the Mather theorem. Thus

f/«-w —————

pe
s

The analogy: Think of a_Heafliger e{rgcture as having a formal completion along the distingushie

section. NO.
The analogy. Let G be an algebraic group, "'énd G* its completion at the identity. G is
an quc sheaf and possiblyg also is G*; in fact \G* is aXIimitxwf an inductive limit of

representable sheaves, although not sheaves of groups,‘ There is a canonical map G*-—G.

Now take the group01d /j 1t should have a formal compleﬁlon, and a map /P4 /-. TEBRE
tkﬁxﬂxxxxaxhxg The problem\ls to define the cohomology of thls formal completion and to

understand 1ts torsors, etec. The hope somehow is that there mlght be an analogue of Mather's

5 S
5 .,

theorem 1nv010V1ng the vector fields 6n_ R with compact support.

'\

IzxzExex it should be possible to kill the fdndamental group of the L1e algebra,

The idea I have is that Xkmxs

then I can form

some king of gwoup whlch should have. a class1fy1ng space wixk which Should be the complétion

e

\
of /_ In any case we‘can speak of the homology of the Dlg algebr# of vector fields wiht

compact support, and once we have a formal classifying space wé*caﬁ ask whether or not thexe

m

it has the same homology.as thls Lie algebra. Preliminary questldns- does the homology of the

%

Does the group ofzdlffeomorphisms of the line

4

Lie algebra have a Pontryagin product structure?

ebra.??7? EhxxxxhxmxmxgmmxxaixxEhEmExxsxxiE
Cohegei////of the structumal sheaf 0 of
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e,
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