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~FaalrProoof of Mather's.theorem-and-the Splitiing thcorem.

Acyclicity of the map f : J ——e—e /7

Given a topological category C such that the source mag ArC —— ObC is etale,

we can form the standard resolution of the final object of C# (#=a roof, C# is the
category of sheaves over ObC with right ArC-action, right C-abjects):
pT,
Ar, C ArC  ——ee— — ORC
2 /'Ll
inclusion i I(C)
EXEX¥X Alternative description: Consider the/functor/from the mmk subcategory/of C

with same objects and only identity morphisms; then the above simplicial object is the
standard resolution associated to the pair of adjoint functors (i',i*):

. .y \Isk
Ar C = (1!1*) tObC).

Cladm this resolution can be. used to pomI\11+n cohomol ogy..of .. £XL,

‘inmmhe“sensemxhaxgaégb;&khmWiaN
. Pz
Claim for any injective ,/ —sheaf L +that

for. any.. ,/_-—sheaf L

. . +1

= H*(n —— Hom (e (4 i*)n+1Z§L))
/T Mgy
ab
To establish the first isomorphism we must know that
+/7. -\ % _
ExtJ((l!abl )72, e¥L) = 0o
But i'ab is exact, hence i* carries injectives to injectives, so
Qs 4. — q . 5%
ExtJ(llA, B) = EXtXKXX ObJ (A ; i*B)
and in the case wheme B = f*L, we have that i¥*f*L is just the pullback of

L over Ob /& to L over EE Ob J; as this pullback is evédently injective, done.
+1

A < \D %
* —
Now f!ab(l!abl ) L. Z/ AerXOb’_Ar/ ;, of the sgr:rthat Thexwmtaik

*
the complex n —— f'ab(i'abi )n+1Z I=xyusx has for its stalky the chains on the

nerve of the category of pairs (x,u) where x is an object of J and wiy—=£(x),

Now Mather's axiom implies that this category is equivalent to the fibre c
nerve of the

Y, 80 we are reduced to proving the/fibre category Imxmmyeti®x has trivial homology.

ategory over




nerve of the
Acyclicity of the/fibre category.

kErxx@xRexLikredxPhexfikre The homology of the nerve is the same as the

the

homology of the category,defined as derived functors of/ind.lim. BEXEREEX

functor on the category mfxzmwsx HOm(0°, 4b) :

Lpllm.%nd. Fo= Hp(n—mmm F@ZArn+

C ‘)

1
Suffices by universal coefficients formulas to show this is zero when F is

the constant functor with value a field k.

Because UX is fibred over [;J we have a spectral sequence
2

By = HP(L, n - Hq(Jm,I%)) =K

- q(JX;F)

ot
Take F = k.

xfixed

J is the category with objects (x,ao,..,an)/ X where a morphism from

xn

this to another with primes is a diffeomorphism of /X,an/ — /x,a '/ which isthe
near a,. isthe n

identity near =x aﬂd/a translation carryihg aj to aj'. It is clear that an

is isomorphic to the product

*
11 X I1 X ... I1 JnX

where 11* is the full subcategory of I1 consisting of the non-dehenerate intervals.

The map sends (O,h),(o,a1),..,(0,an) into
(—1,b—1,b—1+a1,...) assumging x = -1.
K&% Thus H.(Jnx) = H.(I1*) B ™. Identify the E' term with the bar resolution

of k over R tensored over R with H.(I1*). Then getting

2 R
B - 7 H(I,*),k) .
orp((1))q

Next recall that
R =k @ H(B¢) m (I,) =¢1,e)

where e is in the center, and is an idempotent. Thus H.(I1*) = Re 1is a projective

R-module, and we see the Tor is zero except for k in depree 00.




Outline of the proof of the cohomological Mather theorem.
topological _
Simplicial/categories ,Z and ¥, and the maps
Ly J
@F—Z F—/
Acyclicity of the first map for constant coefficientem: Need etz
E, = B(n — Hq(@:,Fn)) —— B",7)
. a . T T .
and corresponding one for to reduce to showing that &n — 1s acyclic for

constant coefficients. Using equivalent subcategorges one sees that(:' g is equivalent
topological groupoid
to fn X‘I{ where t& is the =maimgmxy with objects (X,O).

to reduce to showing k acyclic, and another argument mkm to show this follows from the

Need somekind of argunent

contractibility of the ArnQ.

Acyclicity of the second map for all /“-sheaves: Denote second map by f.
To prove @ R+ﬁ*.f* = 0 enough to do so after pulling back over Ar /—, i.e. after

forgetting the /“-action. =% ldertify the Pullback: G-sheaves/Ar /~ —— /”-sheaves/Ar/”

with G'-sheaves —~--~ sheaves over R. G'-sheaves same as C-sheaves for a suitable

category @bject in the topos of sheaves over R, hence by your notes it suffices to show
i.e. have trivial homology.
that the fibre® categories are acyclic/ One identifies tke any fibre category with the

simplicial category B(M',M) where M = W1 and M' is M mninus the degenerate object.

Then one uses the #EErmt descent spectral sequence in homology plus computation of the

Tor term to prove the acyclicity of the fibres.

|




New notation: I will be the simplicial category withobjects (ao,a1,..,an)

monotone sequences in NEHNE with a, = 0. Thus I is the EXAXEILYIRE nerve of the

monoid category A% with objects the intervals /0,n/ for each n H.

J be be the simplicial topological mamx groupoid with objects (x,ao,..,an).
/— will be as before.
Use letters w,v for monotone maps.,

f:I— /" functor sending (x,ao,..,an) to x, f

TECRAEE I

itz restriction to I .

the subcategory of d with same objects hyxewdxwitk whose morphisms

are the morphisms in I which become identity morphisms in /~, Fkem ' : d' — R_

the imdwxe® morphism induced by f (R_ viewed as a category with only the identity

morphisms).

g : I —— I functor sending (x,a@,..,an) to (O,a1—a0,..,ahfao), BB X LXK EX X Bn

g :d —=I1 itseffect in degree n.
n=n =n

This seems to include all of the data in the proof. Next we need to understand the

¥xrwf details. First identify the sheaves, which are esgentially contravariant functors on

on RB_

the categoiies. Thus a J-sheaf consists of a family of sheaves F a / for each

o}
monotone seguence in N with action data gxpressible as follows. Denote by an a
0°"“n
the stalk of the sheaf Fa a at x; then given a monotone map u : (O,..,m) —
0" “n
: . —_—— 1 ] 1
(O,..,n) and a diffeo. germ h : XXX%XXX%X (X’au(o)""auﬁmd) (x 2 peesdy ),

ome has a map




I recall we have defined the topological groupoid Gn as follows. Itsmobjects are

0

sequences (z,ao,..,an) where =z is #K a real number less than B and R a, a
germs of o

are in N. MNorphisms are/diffeomorphisms mifl h:/z,an/ — /z’,an'/ m&xxgim@xxxgxxxmxxxgt

#xd which for each J» O J n, coincide in a neighborhood of aj with the {ranslation

the objects a
carrying aj to aj'. We tapologize tkis by taking/basic neighborhoods of
Z'
(z,a see58 ) to k& consistz of the points (EB,a ses3d ) with 2z' running over a
o} n in R .- o] an

a
neighborhbhod of z/ “We topologize the morphisms by taking/basic neighborhoods of

h: (z,ao,..,aﬁ) — (z',.. ) to consist of the germs © restricted to /m X,an/
WHEXE where O is g diffeomorphism representéng h and x runs over a xgigkfax

neighborhood of =z.

Given h :etc., let 0 ; LXYEK

be a diffeemorphism of an open interval containging /z,an/ with an open interval

set of
containgng the target /z',an'/ representing the germ h. Then the/germs

with = running over a nbd of g in the domaing of
GX:/x,a / —_— /Oéx),an/ reprsented by 9/ form a basic neighborhood for h 1in Ar Gn.
n

e

Claim Kxxxﬁﬁxxixxxnxmxxiexxpaxxkzxxmnxmﬁxxm&xxargxxxmzpsxmf Gn is a topological

groupoid and that the source and target maps are etale.

Next we have the functor from G to X W sending (z,ao,..,an) to (@,a1—ao, )e

I want to show this map If induces isomorphisms on cohomology with ERREXENLXRREL R i imnyER
its
locally constant coefficients. Wn is equivalent to xk® full subbategory consisting

of the objects (O,a1, an) with =zxxx§ . Gn is equivalent to the full subcategory

consisting of objects (z,ao,..,an) with abzo, and this subcategory is thepm preduct of

the categor§>with objects (z,O)n and Wn. Wn is in txmm turn equivalent to its full
2

subcategory consisting of the/objects (o
n-fold

is the/ﬁixgminxxmmimn direct product of the category pt // G,

,a1,..,an) with a 1, and this subcategory

§1denoting the
category defined by ¥ the group G of diffeomorphsisms of /0,1/ with support in the

interior. Thus we have equivalences

G_ Vx (ptff e)
W (ot L o)™

hence to prove the claim it suffices to show that ¥ has no cohomology with constant

coefficients.




We do this by showimg each of the sSpaces Arn\_f are contractible and using
the spectral sequence (o{ Cech type)

2 - 2P0 (e ViF) — 1Py p)

Given a sequenee (h1 s ,.,h )

sQurce h. = target of ™R, we deflne a reaT o
greater than or equal to™d h -
mgber r(}llbzp..,h To be the least xA.such that h /z)/— z  forNe ll -3 a.nd

3 X. Thus r(p_) 1st%.u upper bound for the supybrt of of

Cledfm that r(n)

Z greater b

is~equtinuous in h. Ffdeed 1%,

represented

suppose r(h)

IRXXEERXLRAR is-Ereater Tvh) provided mmmexmfxile

all y. 2% less than r(h) <

i

r(h). A&L\’Then have \

max :
yl

Llet h= (h1 ,..,hn) be an element of Arnz consisting of germs h:L /xi 1,O/ @
/x,0/. Let r(h) be the least x;max%xi such that h,(z) =z for all z9x and all
i; #E) r(b) is the upper bound of the support of the family K. Claim r(h) is
a continuous function of h. Indeed, let Oi be?diffeemorphism from an open interval
containgng /Xi-1 ,O/ to an open interval containing /X. ,O/ which represents the germ

hi' Then any zmgmeErzexxitxEX(K element of Ar V near to h is of the form h'

(n, ,..,h ) where h ! /y ,O/ /y ,O/ is the germ represented by @ and y
1 -1 p

is near x.. IerrfinphrectE—Shmr—ed esilaaika ="-—'-'-'-——_-"_n-m_v.~_~g= B Sk T
i .
WeTE-for cach . 1s }
el It £ ‘l. = n VPR - e - ‘.E“r-..‘. "'-"\——-———4--—.._‘.:‘:___._ BRI L0 the p’p?’m o
e g e S — nw:ﬁwm { ’f< r(h),
i 1 . A

then r(h') = r(h) provided max {yd( r(h). On the other hand, 1f maxg jj_

then .
max {yi-& i I'(.}E') S max {yiar(_b_)] ’
so in eitf case we have that r(h') tends to r(h) am h' tends to h.

_ ?




/a(8),0/
b

Given h in ArnV, set#l  let & be the source of hn’ ice. B . If
ﬁxxxxxd:@_:}xxﬂxmtxxhy 0 x d(h), xex define the restriction of h to the interval
/x,O/, denoted h Ei/x,O/, to be the sequence of germs hi': /xi,O/ - /x._1,0/

(where x0=x, Xi_,]: hi(xi)) induced b¥p hi on the smaller intervals. Set

) = G0 +ﬁ(‘§§;}3§}({§?§%ﬁhw vrE
'? 1-2¢

| (idI(t),..,idI(T)) Tt
where TBERY I(t) = /(1-t)r(n)+ (2t-1)d(n),0/.

Claim F : ArnV b (R I— ArnV is continuous. Clear. \\\,
This gi{rés a homotopy of the composite
d . dn
Ar V R = Ar ¥
n n

with the identity map of ArnV showing that ArnV is contractible,




Mather's theorem: Logical structure.

If n W, let gn be the topological groupoid with objects Rmrmizs

sequences (x,ao,..,an) where x is a real no. less than O and a _ .. a

are in M. Make these into the spacé

Gbgn = disjoint union B .
a a
o - n

A morphism in G from (x,a yeesa ) to (x',a 'yeesa_') consists of a
Bu =n o n o) n

germ/of diffeomopphism from /x,qh/ to /x',an'/ such that

—_ - ¥ 3
ull(z) = 2 a; +a, for z near ay 0O i n.

One topologizes the morphisms X®X®m so as to be an etale ZPEE space over the objects.

This is a simplicial topological groupoid:  Given a monotome map

ﬁ: ®..,m -— 0,..,n one defines a functor ¢* : n —_ gm by

¢¥(X,ao,..,a§) = (xz, "34(0 (0),..,4( n))

and in the obvious way for the morphisms.

auvgmentation
Evident ampmmiiiiis

/7t sending (x,ao,..,an) to x. Ié this one uzzs

tgat takes the objects of /= to be R .)

Functor to the simplicial category A = (A) Here A is the category

one a morphlsm from m to n =a diffeo of O,m

itk objectzxx@ymx for each n N and BA R R B RN PN S X N B N E N X A KB R EX AL XYL EY
with O,n

/havmng the standard identity behavior at the endpoints. The functor from gn to A

) n
sends (x,ao,..,an) to the object (a1—qo,..,anfan_1) of 4

diffeos. in the evident way- u:(x, agreerd ) — (x

Ixzuspre translating

,ao',..,an') goes to the

diffeo from (a1—ao,..,an-ao) to (a1'—ao‘,..,an'—ao') given by

z — u(z+e )M - a !
0 )

Claim: En equivalent to the disjoint union of the full subcategories

ng of (x,ao,..,an) with a, n and ao = 0. i.e. components.

for all =x. Therefore I

or a diffeom. RS




hyexrerxtefined. Assume

Lemma (?); Let P be a G-torsor over X such that the map P —— O0bG is acyclic

*
(qu*.f =0 q 0 and = id for q= O), in particular if this map is ® fibrewize

homotopy equi¥alent to the identity map of ObG. Then
(g ,F) = H*(B,ng.F)

(Eve rything here involves sheaf cohomology so there should be no problem. )

Lemma (?): There exists a g:—torsor P over a CW complex B satisfying the

conditions of the above lemma. Moreover G can be FRRERRXIRXAXEREELRXIzdxExm

constructed functorially foem G. (DENOTE by B*G)

RRRERRREREEXAK
numerable

Lemmg, (?): (Dold's lemma) Let P — X be a map. Assume that there is a/covering

of X such that the map when restricted to each finite inteesetion of membbrs

of the covering is a homotopy equivalence. Then the map is a homotopy equivalence.

(This Bhould have as consequence thmxxesw that if P %% 0BG
homotopy

then B/

is a fibre equivalence,
classifyes bundles over numerable coverings, hence over all paracompact spaces.)

fkerxx Consequences of the first two lemmas:

i) There is a mmiwgrzat CW complex BG which is universal among all paracompact

spaces.

ii) The cohomology of théx BG is the same as the G-cohomology with coefficients in

any G-sheaf.

iii) One has a homotopy equivalence of BBG and B/“ iB the Mather situation,
because we can take our basic diagram ef topological groupoids and make it into a
diagram of CW complexes, and then the isos. on cohomolggy which have been established

by sheaf theory will give by the Whiteheaf theorem actuali homotopy equivalences,

The only thing that might not be true is the zecond lemma; one must use

spREIEY something special about the groupoid G, such as the fact that Ob G is a

nice space.




on R_ (Wéakwomonotone

A  G-sheaf consists of ayfamily of sheaves T / fo;_each/sequence

0]

of elements of N, thgether with,for each monotome map u O,..,m Q.50 o1

Zxmey and germ h (x,au(o),..,au(m)) — (x',a "

o ,o.,&m')

(u,h), : F — F, .
Xa,et8p Ela 'eeay C ONFUSED

L §
{

Given a monotone map wu: Oyeeym = 0,..,n there is a functor from Gn to G

m

sending (x,ao,..,an) to (X’au(o)""au(m))' And this leads as we know to a map

(u,1d?) : FXKKKKXX ) —
XXEXXXE% xn X,au o),..,au(m) X,ao,..,an

. . . ) '. ] ] ] : -~ ) X .
combined with a morphism -h : KN x ay'eea = Xau(o)"au(m) one obtains a

map

(w,n)” - T
Bty % %[fa 'eea ' T Txa ..a
o **“m 0""“n

(Thus it seems we want to zmEwRi®E contravariant functors on categories) On one hand

so that the category of G-sheaves appears as & functors on a mmxaxzmtz suitable topologica

category, on the other hand to include things like the / - sheaves of functions and forms

which are natwmally contravariant functors with refgpe respect to diffeomorphisms.)

Thus G is the topologiwal category with objects Xa ..a, and ERXPRIEMEXERREIEL

2

in which zmxzkjisEx a morphism from = xao,..an to xvaor..am' éénsi;ts of a monotone
map u :(O,..,m) - (O,..n) and a germ of diffeomorphismz h : /x,au(m)/ - /x',am'/
near g '

such that for j =0,..,m h coincides/with tﬁéazranslation carrying au(j) to aj'.

RREINEXXLBE G-sheaves are like contravariant functors on this category.
Need the Deligne descent spectral sequence

Pd _ P, __ wd _____ uptq
E2 = H(n H(Gn,Fn)) === H* %(G,F)

Actually we use the map of this spectral sequence to the one for the category W,

kzzzmmExtke Dbecause the contractibility argument will show that Gn - Wn induces

an isomorphism on cohomology with constant coefficients.

I also want the Deligne spectral sequence in homology for the fibre of G over x

¥ = Blg— &
P

- (wn)) === H.(W)

q



Problem: Suppose M = disjoint union of the nerves of GLn n N; M is a simplicial

monoid and we can consider the simplicial category (M,M) of u actlng an itself to

the right. I have a. des1re “to thlnk of this s1mp11c1al category as belng the same

as the category w1th obJects frmmxmm B E&free module and where & morphlsm is a

£

dlrect 1n3ectlon is E —— KT together with a choice of compbement i.e. the category

‘ of izwg pairs (Q,e), 0:E+Q=RB' is eqmivalent to a category with only 1dent1ty morphlsms. .

Slmllarly the Slmpllclal cateffory (g, M) I would like to think of as belng the same

as the category w1th objects E and w1th/morph1sm from E to E!
isomorphism class of

triples (Q, 1,u2) where u1:E+Q = E' and u 'E+Q = E' are two iscmorphisms.

cons1st1ng of an

Again the category of such trlples is equlvalent to the fﬂii subcategory consisting of

those triplies w1th Q a complement Tor the image of u1, and only identity morphlsms.

~This category looks suSp1c1ously llke the coflbred category constructed over the

category of pairs (m,Q)/Idlrect 1n3ectlon, Q complement from the functor E — Aut( )

In fact they are the same.

Therefore 1t would be nice to show that the s1mpllclal

a8 g

catgeory (h 1) and the catevory of (1 Q) have the same homotooy type

First a functor is needed. So I recall that in s1mpllc1al de@ree n, we are

considering the category of sequences (V ,..,V ) of prOJfg modﬁles, 1 e. Mp+1

e

Suupose that I have an nesmmplex in the category of (1 Q), i.e.

.

ﬁ vector space 0.6 55 wrltten as a dlrect sum QO+Q +... +Q

I have a

i’

Go back to the orlglnal category mfxpxxxxxxﬁ D w1th.ob3ects E and morphlsms

\palrs consisting of a dlrect 1n3ectlon it E —— E'

.

and a ch01ce Q of comolement for

e
the image. Then ex1sts an equlvalent full subcategory consrstlng of the free modules

E=R". Soa morphism from R" to R® consists of mm a direct injection i:R" —- R

and a choice for the complemént, i.e. a proaection operator backwards. Now take a

simplex in the nerve of this category; ixs it consists of a diagram
. aO o a1 R ‘én ‘
R R R

w1th direct. 1n3ectlon ‘and progectlon operators. Now it iS’clear how to obtain an

element of" the (M h) 31mp11c1al category, namely, take the kernels of the varlousk

nrogectlon Operators.

The point somehow is this: Take the category consisting of the n-simplices in




are many things to be understood. XX & = sigma. $E = sphere bundle of E.

o
2 P

=

e moment I don't understand why KﬁXK%%%%% B&G: should have anything to do

ke loop ppaces of the spheres. There is a basic KADL- action, and one can look

e orbit of a critical point.

Back to Mather's theorem: I have defined now a simplicial topological groupoid

G. with augmentation to / and a map @, A. where A. is the nerve of the

monoid categroy mEE® equivalent to &he union of a point to the category BG.

Now there are three things to prove.

1) G. — /7 1is acyclic, i.e. imdumesxEmxisammx F = Rf, £%(F) for all / -sheaves
(locally?) =
2) Gn -~ An is acyclic for/constant coefficientzs.
The EX above two give me an isomorphism of H*(/",A) = H*(BBG,A) for all abelian
geoups A, Now to finish Mather's theorem I need
3) B*(/7,a) = B¥(B/7,4) for all abelian groups A.

In fact what I want to prove is that for the Milnor classifying spaces the

singular cohomology equals the sheaf cohomology. RXERX Precisely, the Milnor
and

construction gives us a space BG for any topologgcal category G, wkizk I hope it
- “weak
shexddxxwixke is not difficult to show this space has the correct/homotOpy type,

torsors
i.e. it classifyes homotopy classes of (—xtrumimxes over paracompact spaces. Now

I want to know that singular and sheaf cohomology for BG are the same, because

if 1 then replace BG by the realization of its singular complex, then I have not

changed the—xk~sin€Elé{_ggﬁg@ﬁicgyywhgpce the sheaf cohomology remains the same/

The logical point is that because the space BG 1is so nasty, it is ;;;‘;‘;;;;;I\\

I
clear that it doesn't have cohomology classes which die when pulled Yack to any

i
i

|

finite complex, or that there are no characteristic classes for G-torsors over J
I
/
finite complexes that do not come from classes mfxtkmxfmxrm computed on the category /
of /T-sheaves. So a more pre cgse version of what you want is: ////
— /— - U
We have defined a map H*(/™,F) —— H*(X,PX’ F) for any / sheaf F{ Show

that this map is an isomorphblism when X is a CW complex which is a B/ . It suffices

to show therefore that there is a CW complex B endwwed with a G-mXxmCtur




