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Recall the situation required for your paper:

Let k be an algebraically closed field, let G be an algebraic group over k,
let T be the etale topos of schemeé of finite type over k, and TG the classifying
topos of G viewed as mmxmkjiesk a group in T. Then H%(BG) denotes the cohomology of
the final object of TG with codefficients in Zx where I is a prime nember different

from the characteristic of k. More generally if X is an objecy of T that is

G’
an object of T endowed with an action of G, e.g. a scheme on which G acys, then
HE(X) is the =mwiwsax cohomology of X with coefficients in ZI'

the standard
Problem; do there exist/spectral sequences

E, = H (BG,H (X)) = Hy(X)
p= H (X/C, Cx mdu(Gx)) == H(E)

If so then the first one should result from

|

E



1. The spectrum of the cohomology ring of the classifying mxge space of

a compact Lie group. Let Z be a prime number and let Hw(X) be the cohomology

ring of a space X with coefficients sz . Consider the eiemgntary abelian
c
Z-subgroups of G and make them the objects of a category/where a morphism from

A to A' is by definition am a component of {x(fG l XAX-¥C5A'}- Then the

restriction homomorphism defines a map

H'(BG) =—> invlim H (BA)
C

The main theorem asserts that this map is an F-zxosse isomorphism, & i.e.

any elemént of the kernel and cokernel is killed by a sufficiently high power

of Frobenius: 2z zx o RFxmmwswr When J is odd th&s theorem xmsmris
some only

1 says EEmEthing non-trivial/about the subrings of even

degree elements. Some corollaries of the theorem are that the dimension of
H*(BG), I.e. the # order of the pole mkxx of the Poincare series at t=1, is
maximain

equal k& to the/rank of kkexwerxinmm an elementary abelian Z—subgroup and that
the minimal primes of Hev(BG) are in naturdd 1-1 corespondence with the con-
Jugacy classes of maximal elementazy abelian Z—subgroups of G

2. Cohomology of groups of rational points. Let G be a connected algebraic
group defined over k , a finite field with q elements. K¥¥ Assume that the
#xaxe cohomology of G with coefficients in 22 for the etale topologw, denoted

HK(G)) ¥=xxmx® has a simple system of transgressive generators for the spectral

sequence

B0 = ®(se) @ 1%(c) — Hpm(&)))

where BG denotes the classifying topos of G in the sense of Grothendiecks



The structure theorem of Borel for this spectral sequence shows that H (BG)
isomorphic to "
is/the symmetric algebra erxAxxpAER of the generating subspace P of H (G).

-1
Since G/G(k) is isomorphic to G wikhcamiiem acting on itself by x,y xy (Fx)

there is a spectral sequence
B5? = #(86) @ HYG) == " Unc(x))

Thepeem: Under the above hypotheses the subzpace P of H%(G) is transgressive
and an element x transgreeses to x - F% X, Where F% denotes the action of the
Frobenius on H*(BG). Consequently H%(BG(k}) is additively isomorphic to a
symmetric algebra on PF (coinvariants for the action of Frobenius) = tensore with
the exteript algebra on P (invariants under Frobenius). If 1 is odd, then this
is am a multiplicative isomorphism.

When G is & reductive, the hypothesis xggx H%(G) = may be verified by
checking it for the compact form of G. TEEREXTER Examples;

3+ Algebraic K-theory: Let R be a ring, which need not be commutative.

%k By an B-ventor bundle over a topological space X, I mean a Izz=

sheaf of R-modules locally isomorphit to X x P where P is a mpm projective
R-module of finite type. When X is connected and 1ldcally~connected and endowed
with a basepoint such a thing is the same as a representation of the fundamental

mmop group of X  as automorphisms of P.. kewmkexinrodc® Define the crude K-theory

mE associated to R , denoted k(X,R) to be the Grothendieck group of R-vector
universal

bundles over X. Problemz Prove the existence of a/map k(X,R) ==- K(X,R) , where

K(X,R) is a representable functor on the homotppy category. Xk=m If such a thing

exists, then we may defimm Ki(R) = K(8*,R) .



If H is an algebraic subgroups of G,-then I need-a Serre spectral.sequence

rS_

; ' (86,85 (G/H)) = H*S (BH)

E
together with the fact that if G is connected, then

1 (8, 5% (c/H)) = 5F(BG) = ES(C/H) .
(the two situations where I wish to apply this are H = G(k) xmdx in G
and G as a diagonal Subgroupx in GxG.) I need all of the convenience of
Leray

the/spectral sequence used by Borel, e.g. multiplicative structares, Kunneth

theorem, etc. Will return to this.

By the Kunneth formula, H*(G) is a finite dimensional connected Hopf
simple
akgelxx commutative algebra. We shall suppose that it admits-a/system

of transgressive generators in the spectral sequence

E, = H(BG) ® H (G) == H (pt)

which implies by Borel [ref] that H¥(BG) is a polynomial ring with
indecomposable space isomorphis to the subspace of generators for H*(G).
If ¥ is odd, then what we have supposed is xksk equivalent to H%(G)

or

being an exterior algebra with generators of even degree, /that H%(BG)

is a polynomial ring with even dimenstdnal generatoss, or that G has no

Z—torsion.

Thewrem 1: Suppose that H%(G)

ADmits a simple system of transgressive

generators,
B#(BG) = S(M) where M is the subspace of transgressive elements Wy of H*(G).
Let MF and MF be the sub--and quotient space of invariant and smx coinvariant

etements of M under F. Then there is an isomorphism-

H(BG(k)) = M = S[M ]
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On the cohomology of groups of rational points: An outline
1) Abstract topos theorem-about the cohomology of the group GF where
F is an endomorphism of G.
2) Then this must be applied in the special case wkem of an algebraic
. group with F satisfying the conditions of Steinberg.
3) Explicit examples. This will involve you in computing the cohomology
for the clasgicél’groups.eronditionsware satisfied when the fZag manifold

is generated by the cohomology in dimension 1. ;

- I want to review all of the proofs, decide where the difficulties are, and

break these down into small parts. Szmexiypi

Typlcal problem. Let G 'be an algebraic group over an algebraically closed

fleld k. XKXK&XKK&A&EK&E&X&&KX&EK Then i) H*(G) ééhomoibgy mod Z

is flnlte dlmen31onal over Z/ZZ 11) H*(GXX) = H*(G)ﬁH*(X) for any varlety
X, (map G—»pt is cohomologlcally proper) o 7

Corollary of this is that H*(G)u“is‘awﬁbpf algebra and hence satisfies the
epgitizms Borel-Hopf theorem. Maybe the way to do things is to use the comp
comparison theorems, using the Chevalley theorem that there is a nice family
Jjoining with characteristic zero and then the Artin comparison theorem.

In order to dame decide what you need, you should decide in advance
exactly what examples to be treated. classical groups. GLn and unitary
groups; here you astart with the general linear group andEXERXER an outer
automorphism and then twist with Frobenius. Orthogonal groups, and symplectic
groups. In these examples the problem is with mxdExstardirgxtke finding the
cohomology of  BG - and deciding when it is a polynomial ring with generateos

stable under F.

The Bockstein spectral sequence? Is this worth including?

Program



Paper breaks up into two parts: First an abstract topos-type theorem.
Secondly the application of this abstract result in the specific case of

an algebraic group ofer and algebraically closed field. The second part
should not be written unﬁil the gxamp}es torbe Qrgsen?§d are dgcided upon. .
Egamples should be the orthogenal and symplectie groups, the unitary groups,
and possibly one of the exceptional forms-the Suzuki of Rhee groups. Perhaps
kan ébeiinaVQariety form fuﬁ; and inranj case tﬁe fixéoiﬁts of an enodo of th

torus should be computed.

The hypothesis that V should be stable under F- it is really only necessa

ry I think to kﬁow that there are enough invariants in SV.
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Let o be an endomorphism of a connected algebraic group G such that (1- a) G

= G, where 1-a is the map x:ké}x(ax)-l. Then the subgroup G& @ fizpoints under

a 1is finite and the map

BT wy

a

}CG “—'7 XoOaX
XExsyxyeekive is biijective on k-valued points, hence it is a radidial surjective

consequently it induces
morphism (ref?), and zewsEmwEmEExkKwersExis an isomorphism

(3.2) 1 (G) & H (¢/c%).
Therefore the spectral sequence of the"fibration' (G/Ga, BGQ,BG) takes the form

Pq _ P o wQ —__ ubta ay _ -Pig
B, —HGQH(G) == H; (G/G)—HGU.

%
We propose now to compute this spectral sequence when H (G) satisfyies the condition

of Borel (2. ). .
demste
et ¥ E= the homogeneo

%3 we deduce

Proposition 3.4t Fmcmemesiak Assume that H*(G) satisfies the condition of




v

83. The main theorem.

Let o be an endomorphism of a connected algebraic group G such that the
map 1 - o from G to itself given by ¢ g(og)-l is surjective. Then the

subgroup & % of fixpoints for o is finite [ ], and the map

(3.1) Gfa” G ) morphismz of schemes and so
o il is a radicial surjective/mmm
which sends gG~ to g(og) is bijective on k-valued points, hence it/induces an

isomorphism ([ ], Th )

(3.2) £ H(6/k°) .

Therefore the spectral sequence of the "fibration" (G/GO,BGONEKE,BG) takes the form
(3.3) E, = H%(BG) RH (G) = B (BG°).

We propose now to compute this spectral sequence under suitable hypotheses.

W(P:ﬁ‘s_ﬂjﬁ sfigs—thae conditicn Af Dr\rn'] ;M
% o largest 5
et us denote by H (G)~ the/sub Hopf zlgebra of H (G) which ZsxoommiEidor

i . +* " .
the ideal I in H (BG) is regular (i.eb génerated by a regular sequence). Then in

g,

< o
In this case E .=
@

generators, so lif%ing these generators to H%(BGO) b == :gtﬁ;:fiﬂ QIBLLIA

W L‘W\Zv‘ C:W‘f% ),;LC?/ o

EMREXgERX one gets an algebra isomorphism E =t HA(BGO).
all/ ©

o-stable
In/the examples known to me, @@ it is possible to choose

a/subspace Q gt

& such that S5(Q) = H(BG). En this case @ I is the ideal generated



Borel. Then in the éﬁectral sequence 3.2, the elements of P are transgressive,
and if c¢ represents tée) XkE® in the universal spectral sequence, then e transgresse
XE to ¢ = a*a in 3.2.

Proof: SRumsidmwxxke View G% as a subgroup of G and G as the diagonal subgrour
of GxG and consider the morphism of spectral sequences associated to the fidbration
(¢/c9, BGauBG)-f> U},ji;th(GxG)) which is fiirnished by the map (id,a):G  GxG.

The mexmm induced map on cohomolgoy of the fibres is the isomorphism 3.23 as P is
transgressive in the spectral sequence 3.

We consider the homomorphism (id,a) from G to GxG. It carries the subgroup

¢% into ﬁhe diagonal subgroup and induces the map 3.1 on the coset spaces. Hence it

gives rikse to a map of spectral sequences

L

According to 2. the subspace P of H*(G) is transgressive in the fir st spectral

sequence Zxwxkkwxmag and an elemént x of P transgresses to @1 -i@ ¢ in H#*(BGxBG)

if x transgresses to ¢ in the universal spectralseqanece 2. . Consequenyly P is

also transgressive in the second EpEXX spectral sequence and mmxmiz x transgresses to
(id,a)w(prl‘c - prewc) = ¢ - awﬂ, Xmxkk® proving the Xmmmsx proposition.
The analysis of the spectral sequence (3.?) is now standard. Indeed choose a

064 €qe-€ e e X
% X

it for P Buch that 3098 form a basis for P@, and choose a &x system of
2

. 4
basis %K

polynomial generators for H#(BG) such that in Q(REY} QH*(BG) which is naturally iso-

morphic to P by means of the transgression, X, corresponds to

transgressive
Thus we may assume that the fibre admits-a simple system of/generators,ei the basem

is a polynomial ring with generatoes X and that xks

€, Pransgresses to O for i less than or = m and to x. for i greater than m. Gmmxwsx
ke 4

XpexxmErxa Then computation of the spectral sequence is then clear. Er is the tensor

product of Eg” s which admits a simple system of generators consisting of the e for

3K

i m and the e of degree r with i m, and E °

7 which is the quotient of the

ply ring with genertors Xy



ypoddem foaiiek

Correct statement of the main theorem: Suppose that H#(G) satisfies Borelk
condition and let P be the space of primitive elements. Let I be the ideal of
H#(BG) generated by all elements of the form x - owx, and suppose that I is regular

si.e. generated by a regular sequence. Imkxx® Let CqyseesCy be a system of polynom-

ial generators for H#(BG), so chosen such that c; = o%ci for i =1,..,m is

Proposition 3.4: Suppose that H#(G) satisfies Byme Borel's condition. Then

in the spectral sequence 3.3 the subspace P is transgressive, and if e P

transgresses to ¢ B#(BG) in the universal spectral sequence, then e transgresses
to c-o¥*c in 3.3.
sm G
Consider the homomorphim= (id, o) from ® to GxG. It carries the subgroup

6° into the diagonal subgroup and induces the map 3.1 on the ona®sm coset spaces.

Hence it gives rise to a map of spectral sequences

]

E, = H¢(BG) 0 H#(G) B(BG°)

Il

E2 B+ (BGxG)) O H#(G) H¢(BG)

fLccording to 2.7 then subspace P is transgressive in the second specttal sequence
the

and am element ® of P transgressés to priwc - pr, “e. THXXBXBFINEIK Hence in the first

2
spectral sequence ® e transgresses to c - offc.

According to this proposition the ideal I of elements of B%(BG) which are in
of 3.3
the image of the transgression appki®® restricted to P is the ideal generated by

X=0%X.

So the problem is that you must prove: that the generators of the E2 term of the
Eilenberg-Moore spectral sequence survive. For this you want to use your map

a o
x mu in H(BG)" goes to Boker(H(BG) H(BG®).



for
l.Bquivariant cohomology msswmg the etale topology

Imiodk In [ ] Grothendieck has defined quite generally the classifying topos

of a group scheme G. This replaces the classifying space BG of the topologists.
In this section we review Grothendieck's construction in the special case (geometric
rather than arithmetic) of an algebraic group (for the most part reductive) mx defined
over an algebraicall& rxxxe® closed field k. More generally we shall consider the
ExEeRxwRyx equivariant cohomology of an xx¥gz algebraic group acting on a == variety X,
and we shall derive the familiar spectral sequencel(s‘» used in its computation.

:L, So we let k be an algebraically mkssmst closed field and let GC be the category
of schemes of finite type over k. Let T be the category of sheaves (of sets) on C
for the etale topology, that is, contravariant functors/in C withm valmsas in the

category of sets such that

(1) F(8 st) =F(s) x F(s?) F(g) = e
etale and
(ii) If ZRBXEEAKX S'—D S is/surjective, then

F(8) =——F(S") ===F(5") ST = S'XSS'

is exacte

Associating to =msskss 3 scheme
in C the contravariant functor Hom(?,X) gives a Feslemclmisibos® functor from C
to—T pemitting us to view G —asa full subcategory of T,

If F is a sheaf of abelian groups on G ; ie.es an abelain group object of T,
then cohomology groups of an object ¥ are defined, and denoted Hq(X,F). Recall that
these are defined by taking injective rsolution of F, but in view of a theorem of
Verdier [ ], they also have a Cech-like definition ( which appeals to me because of
earlier experience with semi-simplicial things.) Recall the definition of hypercwvering

xXx It is a semi-simplicial object of schemes etale over X

Ul UO X

such that xx

ke 1F we take the set of points with values

in k, then we get a resolution (contactible Kan complex ).



Given such a hypercovering U. we et C:#(U.,F) be the cosimplicial abelian group
with c3(U.,F) = /‘(Uq,F) and H3(U.,F) the cohomology of this cosimplical abelian
group.k Verdéér shows that the hypercoverings of X form up to simplicial homotppy a

filtered category and that the etale cohoﬁolgoy can be computed quite simply as

HY(X,F) = dir.lim. HY(U.,F)

The point of this excursion is that in the case we are interssted in F will
be the constant sheaf %1 » whence C#(U.,F) whix will be the cochain complex on
the simplicial set wO(U.). Hence cohomology mod ¥ will have cup product, Steenrod

operations, all the mmwexkxmsmxak usual structure of algebraic topology.

2. Let G be an merfimmxakgemmt algebraic gooup, i.e. a nonsingular group

object in.  C. Then G fives rise to a mkExf

KXEXBHIREXX group object, which we shall .
agafn denoted by G.  Introduce the category TCT of objects F  .endowed with a lefi
action GxF--F, the so-called classifying topos of G. If ¥ is a sceme on which
G acts, more generally an object of TG’ then its cogomology shall be denoted
Hg(x, F)

where F is an abelian group object of TG' (Computation of this a la Verdger?)

We can now take up the derivation of the spectral seguences that we shall need.

fsi--Y map of

Let #x be a/schemeson which G acts. Then the map fi: X === Y gives rise to

a map of topi f, : TG/X —— TG/Y s Where

/(U £,(F)) = /(£ U, F)
(More precisely f, is the adjoint of the map KK .f*(U) = XXYU.) This map gives
rise to a Leray spectral sequence

eb? = HE(Y, R F) = HE(X,F)
(Use the Grothendieck notatiQ? perhaps. HH(X,G; F)?) Here qu%(F) is the presheaf
associated to the sheaf U —w- Hq(f%U,G;F), ar U runs over TG/Y. So it seems
desirable to know that TG[Y is the topos associated to the site consisting of free

Xrimgexmwex G-schemes over Yo with the etale topoclogy.



To find a site for TG: Situation is G is a topological group and we want
to understand the gross topos T and the corresponding m classifying topos.. .
Clammir 3}; Consider the category of principal G-bundles P -— X with group G.

Then the topos is the same as the category of contravariant functors on this category

which are sheaves for the etale topology, i.e. If Pi —-—— P is a covering family then

wzuEx ustal nonsense holds.

How does one compute the etale cohomology semi-simpléciallyZ? HRABEXE

If G 1is discrete there is no problem because one then works entirely in the
situation where sheaves correspond to etale spaces. €.g. the map gz GxX-X
is etale. In the general xase one puts oneself in this position by some trick such
as working entirely in’the topos. But it Seems diffiéult to extract whéi is beifg
used in the argument from the beginning. However it seems clear that if we BXRXAEE
start with défining hypercoveringé as simplicial ébjects’ P. in the catégory of free
G-spaces with augmentation to X suchthat XREX X RRNEE AR X AEXSHEFRERICE on passing to
sheaves we get a hypercovering of X. It's pretty clear that this is the correct thing
but not exactly clear what has to be proved in drder to be sure. In other words I
musk know that ihexsicrmiisn free S-sapces generate the category of sheaves in TG’
and in fact that I get generators of the form GxU where U is a scheme. An alternative

method is to take a hypercovering U. of X and then

The only point of this concbetization is to make you feel more secure Iymk but

it should not make it any easier to prove things.
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Outline of paper for Nice: Cohomology rings of groups.

Goal should be an announcement of your work and should consist of an outline
of a theory toéether with indications for further research. The theory
itself might be organized imim according to your papers:

10 Spectrum

2) Groups of rational points

3) Families of groups Gn
Axiomatization of a system of groups - one Gn for each iﬁteger n together
with Whitney sum homomorphisms Gn b'd Gm G and wreath product maps

n+m
of the sort that the disjoint unions of 'BGn gives rise to a cohomology

theory.

£ Such systems should give rise to generalized coho-
mology théorjes whose cohomology, cobordism theory, etc. i.e. maps into other
generalized cohomology theorges mhmm should be cahculable before forming the
K~theory. Therefore it should be possible to define the cohomology of the
true classifying space for the general linear groups over the finite fields.
There exists a basic duality here: You have a very good idea of what
Ezerxmmxfrx are the fibrant objects: the trace theoryes with inverses. -
this is not quite correct because ¥ k(X,R) gave the wrong results.

The correct apprach is to wxf=m

x® form the appropriate
motive categories form the universal functors and then check that they

satisfy the exaciness axiom.
Key problems Let Bxmxx k be a representable trace theory and let

K be the universal functor on the motive category endowed with a map from

k to K compatibwle with traces. Then i) K should be graded and ii) k = K°.

Conjecture



Summary of results on cohomology rings of finite groups of rational points.

Let k be a finite field with q elements and’let G be a connected
algebraic group defined over k. View G as a variety over an algebraic
closure K of X k, together with a geometric Frobenius sndemorphism
giving its structure as variety defined over k. This Frobenius will be
denoted F; it probably suffices to have any radicisl surjectiﬁe endomofphisﬁ.
(The test is whether G/H G, where H is tﬂe finite group of points bf G(K)
fixed by F. Thus I want the map x x(Fx)-l to be tangent to the identity,
hence that dF = O; it is not clear that this holds Bor the Steinberg general-
izations.)

Ketimwimgxfixmikerdimek In the following we shall let H%(X) denote the
cohomology of the scheme X for the etale topabogy with coefficients in ZZI,‘
where 1 is a prime number distint from the characteristic of K. This re-
quires us to mmxidmxxEEhExER EEX®RY embed the category of akgmbxax® schemes
of finite type over K into the category f; of sheaves on this category for the
etale topologys.  In particular G becomes a group object in T. Following
Grothendieck we define the classifying topos of G to be the category T

G
of objects of T w®ndowed with an action of G. This topos EmmkaimEx® is

rammrixEaX endowed with @ canonical morphzism TG £ T as wedl asa
torsor(principal homogeneous space) for E%C namely G itself with the xikghk
right translation, the left action making it an object of- TG. Moreover the
pair f and the torsor have the universal property in the catggory of topi over
T that one expects from the chassifying space.

We will use the nctation BG frexkk for the classifying topos of G.
The cohomolgoy groups with coefficients mod ¥ will be dentoed H%(BG). More

generally‘if M is axxhxxﬁxmﬁxﬁ an object of T endowed with an action of G, then

we have shea¥es qu% (M) in T.

£y




Finite (started March 23)
Cohomology of/groups of rational pointse  ~ :

Borel's work established a general framework by wheih we can understand the
cohcmolgoy #f rings modulo Y of BE, where G is a compact connecped Lie group.
in most cases, leaving open certain. exceptions which then have to-be examined on
an individual basis. The pmmy purpese of the present paper is to extend Borel's

theory to encompadiss finite groups mmf which occur as the grgun of rational points

of characterlstlc/dlfferent from Y.
of an algebraic group d&éfined over a finite figdld/, Our tool here is to use the

ﬁxxmxﬁxmmxXkﬁxxiaxxkxzix}which RARXKEXERMERKER Y 1s the same as that of the
form Mg AT
compact fmm of the semisimple factor group. The following examples indicate Xhm

ceEMpXExkky rether well the general situation.

ixxxx%¥§§mx Take GLn : Then H%(BGLH) is an exterioioalgebra with geneeators.
of degrees 1,3, 2n~1 ei;of degree 2i-1 for i = 1l,e.,0. Frobeniquacts by Fei =
qi%i, Let d be the least positive integer mmmh such that qd—l is divisible by %.
Then ®54 ixﬁixixihkﬁ j= 1,..,[h/d] are invariant under Frobenius

Statement of the theorem: Hypothesis: G has no I¥t0r51cn. Let P be the

subspac& of H#(G) of prlmltlve elements, and let. PF and P be reppe01vely the
Ch=

xpmxgxmﬁ spaces of mEkmxmwinkkiom/invariant and invariant elements for the action of

Frobenius. Then H“(BGF) is 1somorph1c to /?Pg & S(P )

Example GE ..
n

Example of a torus. ¥xmox

The mod 2 situation is expeptlonal and will be discussed separately.

H ¥ e
Don t know GL Oﬂ or SpZn w1th cohgmology‘mod 2 yet, nor



