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The gremt hope is to be able to do higher XK-theory using a 2-category approawh.

Grothendieck derives the homotepy type of a space from the underlying category of

open setse.

General scheme: To each topos X should be zssociated a category of sheaf spectra
S(X) which behaves like the derived category.Intuitgvely what's involved is kkﬁ
% all kinds of mucky glueing data. Thas an object E° of S(X) ai has hoﬁotopy
sheaves which for sake of uniform notation we denote g?(E°). However ¥t the Postnikov
invariantms can be quite a bit righer, Xkm= as one sees immediately fmrom the con-
diderations of twe stage Postnikov systems. Now let us assume that %(X) has been def

defined. Then fmxx given a map f: ¥—Y, one expects a functor Er. 2 S(X) S(¥)
and a Leray spectral sequence

552 = v5(v, %, (2°)) 5P (x, £°)
I am confused. Thus I would expect to have a spectrel sequence
[£,8" P79 = 5z, g4z"))

8o its okey with R E® = B, (E")). Again the HAXKE point is bo REKEXXREEFNNELEIER
think of E® as a generalized complex of sheaves, but with non-abelian Postnikov

invariants. X

Now it is necessary to understand what ksxthe are the omega spectra. lhis

kexeshing these are things E° with Hq(E') = 0 for g
positive. As a check you note that
HYXL,E®) = 6 B (X, BN E")) over @

so once n exceeds the dimension of X you get D. Thus HYI(E®) = v &
bounded —q
Thus the good complexes are BEUHAZE sbove. RS VS LIS VECASALITIS ET IO STV TV

®

The next point was to have an analogue of (Em which to every ringed space

X assigns an object of S(¥). I want to mkx call this animal GL. TIt's like Gm

which I=

e as an object of S(X) is determined by Zkm a2 single

group in dimemmion é) Os This seems pretty strange
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Characteristic classes of R-vector bundles, where R is a finite field. Let A be

THXAREXEAH abelian group and consider the natural transformations from K k +*o

HUZ, A)odmrs. Something I did today suggests that such a natuzmal transformation O

must also be considered m for relative represnetations. Thus if G' is a subgroup of

G we have defined a group k(G,G') of relative representations; it is a quotient of the

Gl
Grothendieck group of the xmexem representation of the group G + G.

We want to zkEmk see what we need to prove the exactnews axiom for maps into

cohomology. Thus suppose that O AV A AN O 1is an exact segamnce of

abelian groups and suppose I am given a natural transformation a from virtual bundles

to cohomology with zeRfx coefficients in & of dimension Q. This means that to each
b
virtual xepxesmetstizm® representation/of a group G I anm given a cohomology class

#XXE  o(x) in HHGY,A) in such a way as to be compatible with pull-backs. I suppose
that a(x) goes to zero under the map induced by A A" . The probgaém arises famxm

from the fact thzad

What is a stable vector bundle over a topological space X? First idea is that of a
sheaf of some sort, e.g. to every open subset of X one should be able to associate
the sections of the virtual bundle and this sheaf possibly with some extra structure
should characterize the virtual bundle and hence this cohld be taken as a definition;
Example: A vector bundle of dimension n can be défined as a locally free sheaf of

modules for the structural sheaf. One should abserve that whereas topologically one

thinkd of vector bundles of dimension n in terms of the classifying spach BUﬁ

s 1eCe

on e rigs the definition of the zakmmg fibred category of such byndles so that the

fibre over X 1is equivatent to the fundamental groupoid of K om(X,BUﬁ}. However this

latter fibred groupoid is not a stack (champ en Francais) whereas the amtual category

of vector bundles is. Question: Does there exist s stack of virtual vector bundles over

the category of topological spaces? KXTFARKEXERAHKIE Fix a classifying spacedwithin
iscrete

2 catggory of spaces mhmh e.g. paracompact ones. Then one obtdins a stack, the/fibred

category =R given by the functor represented by the classifying space.

It seems that viritual bundles do not glue.
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~Intuition about the stabilty theorems: It is a poblem of showing that-a map
i e+ . + . .
) BGL can be YEXZEXEEE deformed into BGLn . My idea is that such a map

can be realized as a ki kind of bundle over ST with a certain ramification..
subvaritties of COdlmeﬂSLOﬂS 2 and 3.
2dong FEREXEE R RN =iy meioEn X E IOk AR BXXAEE  The method of proof would
put
then consist of carrying out the general position arguments to XBNXMR the #Awmkmrmig

ramification in a low end of the infinite general linear group. The first thing to
understand is wky this: Given a manifold Y WX EXERWEIRE ,, attach 2 2-cell by means

of an embedded Sl and determine general position for maps 1nto Yu e,
framed
bo at the moment we see that we get a/submanlfold of codimension 2 and some king

of ramification behavior along that submanifold. It seems necessary bo take the cyclic

permutation and write it as a product of commutators, which can be done already in 23.

prever after you attach the 2-cell, the new 2—dimensional homo’ogy class doesn't become

sperical under you get into 25. So what you need to see is the map 82 Yue

" branched 2;
must gxxmxx take the 2-sphere and flnd an 1ntarest1ng S fOLd/COV@TIﬁg&XX&KﬂEEEEXiXﬁﬁXXEK

fhus I

dxmy w1th ramlfacatlon points somehow related to the way you express the cyele (123) as
a product of commutators in the alternating group on 5-letters. For example let the

I
icosahedral group/act on the 2-sphere 82 and form the qudtient. If a point is fixed

then it lies on the middle of a simplex on the icosahedron.

So the idea is that the 2-sphere has over it a branched covering mikkxx with a finite

number of brach points z; and now when you attach a 38disk you mmu¥k should Join these

points to the center. So what one gets is a




Thus it appear? that an element of E ﬂi(BGLn+) can be realized by the foliéwing
data: a subvarietydof Si consisting of & two strata one of which is 2 framed subman-
ifold of =mmmix codimension 2 and the other a Sramed submanifold of codimension 3
where the normal structure is that of a cone on a finite set of points on W the x
2-sphere. On the complement I must give a a rperesenta thon of thefundamental group in
the general linear group with monodeomy tranfformation around the 2 manifold and relatio
ns around the ¥ manifold prescribed. Now to prove the stablilty theorem what T want
te do is %kx to deform the representation of the fundamental group into matrices of a
given size. What does one know about the homology of the complement of this subvariety
Alexander says that the homology of the complement is related by dvality th that of the
subvariety which it would seen is alsmot arbitrary. Thus it seems unlikely that the
representation of the fundamental group could be deformed withous changing the subvariet
No hope.
Formula for H*(EA): Let A% denote thefree A-mowk module with basis indexed by
the pozitive Xmkexgx integers N and GLOO(A) the group of auomorphisms of & A%
Mk rExemExk whose matrices are equal to the identity expept for a finite number
of entries. Let GL_ (4) be the group of A-linear automorphisms of the free A-
which carry the firsB*™ factor into itself. standard
module A" @ A" . ENEEANXHEXXKX Using the/isomorphism of A" @ A with APTL

one obtainms a mxkwxrsy

KEXRARIRR homomorphisms EXL GLn,m GLn+l,m and Gbn3m+l
pemitting one to define the limit group
) = 13
GLOO’OO(A, 1im GLb’m(A)

as those automorphisms of the direct sum AL @ A%C which a$ matkrices are almost every-
where the identity, and which carry the first factor into itself.

Then choosing an Xmsm isomorphism of the direct sum A" @ A™ with A% cne obtal
ns two homomorphisms of Gln,m into Gln+m oy

Let Gln.m be the group 88 autos of the A modile An+Am wihch mzrry the subspace




the
Goal: To mexgr simultaneously generalize/generalized cohomology theories

of algebraic topology and the derived category in algebraic geomebry. Key ideas
involve associating to any topos X a zemE triangulated category T(X) whose
objects should be thought of as generalized cohomology theorges over X. Perhaps
T(X) should be the homotopy category associated to the category of simplicial
Ex®ERR spectra of groups in the topos X. Given a morphismz of topi f:X¥ Y one

expects to have a functor f£,:T(X) T(Y)

¥ and a functor
e T(Y) T(X) which should be some kind of derived functorE extension of the
similarly denoted such functors on ¥E##¥ sheaves of groups. The setting up of this

theory should encompass the derived category aEr of sheaves over a topos and the

theory of generalized cohomology theoryes. More precisely we should have a cartesian

square of theorjes

derived category of abelian
sheaves ofer X

chain complexes of abelan EERNXEM® gen.coh. theories
grestriction of groups or Boardman spectra
above over a point)

The principal reason for introducing the above God-awful. machinery is to
hahdle the example of algebraic K-theory, i.e. stable groups. Thus aver a point
everything comes from the family of symmetric groups. (Key problem: any idea of
how to describe the category of spectra in terms of the symmetric groups:?)

Goa} 2: Algebraic K-theory. To any ringed topos one has the object Gm
of the derived category; similarly one should have an object‘§§£x in T(X), whese
which when applied to a point give the K-groups of the ringed topos X. One expects
to be able to define &k trace and Gysin homomorphisms for relative proper schemes of

finite Tor dimension. Essentially this theory should be a =%

strictly degree zero phenomenony I don't know whether to expect a type of periodicity
Gysin homomorphism ( Perhaps this is the really key msimk result of the good theorys=

a non-trivial result relating %ke K-groups of different dimesnions.




I see at the moment Xkstkk that the midmakisw definition of T(X) is an
extension of the derived category theory and no more in the case of characteristic
zero where generalized cohomology theories and chain compdex theorjes ought to
coincide. (Question: Let G be a group and consider the homotopy category of

G-sets. Is the usualX degemeracy ofer Q wvalid:?

The fundamental problem remains how to work with objects in the derived category

which do not glue? Here Deligne's approach seems to be the key.
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