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Let CB] be a complex m Lie algebra, G its ad joint

group. Let © be an algebra automorphism of order 2 of Q:) A
Let Qj = @? be the corresponding decomposition of "2 in-
ko ' :
duced by € where 3 F are the +1, -1 eigenspaces of & .
Let Kjgbe the subgroup of G Bf the elements which cormmute
with & . 1K is the Lie subgroup of G correspohding to "the
. L e Ky T
Lie algebra sthen K is the identity component of e 1in fact
Kels a reductive algebraic group and has at most a finitz number

of components,

We note that there will be a ®weal form %Rofcj stablz= under
'@ and hence (E'j k will be a Cartan decomposition of where

Q

] ~ = ) G
o A D=, ; i rz of @i
Ce& km ‘\ L W—z § if C‘Zv}s a maximal Abelian subalbeb o ‘% Pr

o
G

. ) N o
we let O(=C WR' Then F:{Qéﬂ#\—‘c_‘_(o’v} \Ok = \\% is a finite
P
group of order 2 (Jdu.G(=¢) and F normalizes K and we hzve in
: T

fact that ng—- F-K |

There is 2 natural representation of K@ on the space ?

This extends to an action of K@ as afgebra automorphisms on S\?\)

= th~ affine algebra of polynomials on FOIf J=ring of K invariants

in S(E)} we know that J= (_ L_u‘ .. U] where the W' are algebraicall



+ l')o Mo cje»\ecus o
independentA(indeed the %ﬂainvariants = K invariants in QL?)

are determined by their restriction to (&) , W'=the

{
restricted Weyl groupg of 0T , Sax¥’= W!' invariants in\iﬁg,

w ! | V5o
e T > S (00 is an algebra asromorphism.) .
hest, ‘ '

We are golng to give a detailed description of the k;;orbits
in f} » Structure of the ring J and the representation theory of
K on the ring 5??} o
I. Semisimple Elements

We recall that any ngcj has a Jordan decomposition into

(P 7 % A
_ x:'xs%-xx‘( ad?k is semisimple, ad)&)is nilpotent>'§ﬁ§%?é%%§£%»’-/

Then it fellows that gx & ? implies K: Rhé'\) by unigueness
i ] ¢

of Jordan decomposition.

rt
Now define a Catwan Subspace gof

? to be a maximal Abelian

subalgebra of V} all of whose elements are semisimple. As in the

case of Cartan subalgebras in complex semisimple Lie algebras we have

Proposition 1.1 Any two Cartan subspaces are conjugate via F:B

(in fact by K). Any semisimple element can be imbedded in a Cartan

subspace, And 'Cﬁ;:éi@bﬁ%j(defined above) is a Cartan subspace ,
(Y

~As a corollary we obtain‘the usual conjugacy of Cartan sub-

algebras in complex semisimple Lie algebras,



We ‘call a Ke}orbit & in P s§m.isimple if it'cons'aists of‘
semisimple elem_ents. Let @;}9 be the é‘ollection of these ofbits.

We recall the u{, defined a‘oove. We consider the algebraic
morphism: (%) w: P \—~—”—“9 a | ) = (U\(‘O) ----))L{f-(x)D
'Since the U, are Keinvariant tlhey are oonstant on any \(eorbit

;
and hence we have

'S
Proposition 1.2 The map induced by (*) U:P Qﬁ ey, (

T

is a bijection. The (Zariski or Euclidean) closed Kaorbits
are exactiy the semisimple orbits. 1In fact if x G—%D is semi-

simple then Ke(‘or- KQ‘;) 1s a connected closed algebraic set.

IT. Regular Elements of P

max

" We call X & P Tesular if dim Ke(x) = di¥  dim Ké&y)
| 1¢e

(here dim is Zariské dimension). Clearly the set R of regular

elements is an open dense subset of ~(3

For any X & P ve let >D %ch(‘:j\ [‘J,‘;{jr @j») NN ”"jm L

_ x)
P - o

; =~ [\ |-

Then O}(\‘O (’Jé?&) « We have the following criterion for i ()

regularity.




1,6

‘ : X
Theorem 2.1 Xe P i1s regular iff dim € = dim TI‘{) = W

(‘E‘a“ézei"e 'T?: Centralizer invfﬁ\‘ofﬂ*‘of Prop. 1.1) iff (ju—\? (‘X):\ﬁ«
ifr chM 0:5005 W+« In fact for any x e?) dim KD(@' -
dim th_f): r-m, Ané xg? is regular and semisimple iff ib(x) is a
Cartan suBspace.

, 2 (x,
( We remark here that the fact that dim PCO - dim!a ): r-n

| &
for any x E’P follows from the fact that k/%(x} & F/P(xf: J/Cg(xf)
42 ,
and that %{/E(%) > P/P (X) will be maximal isotropic subspaces for

_ "y
the nonsingular alternating fornm inHuced on —*/_z;\) &) by the

5 : > 7 N 4\ ; r
Killing form ,~ i.e, (Q) \;9> = ‘Dk Z}(/ Qj) L) ; PR ét) Ve

3 e

Y
JII. Nilpotent Elements of i)

Ir ‘}’:) 1s the set of nilpotent elements in (D it is clear
that (! @:’y) . Then 'Y} is a closed algebraic set,

If ef0 e G{D is nilpotent we recall from the Jacobson-
Morosovi Theorem that ther exist X, . f & 03 so that x, e, ?

is the base of a three dimensional simple (TDS) Lie algebra

-

where the bracket relations are Z}\j (—‘;j::: 2{" - r%’\ of=m o~ Z:{- 3 WCJ—:j :;;/:;

catd }

(S}

We sharpen this result by choosing x E—LQ_, f @P .V We call

such a base X, e, fg & normal S8 triple.
{

B




IT we let K act on the set of all normal S triples then we

have a bijective correspondenco.between %:conjugacy classes of

normel S triples and X orbits of nilpotents., This implies that

there will be only a finite number of K orbits in 77 & $since

for a normal S triple '%?, e, f} the eigenvalues of'ad X are

) ' @ ‘
integral and bounded in absolute value bxédimG). Hence there
Z

are a finite number of %anrbits in’W

Proposition 3.1 31 is a union of a finiti®.number of sets C%ﬂ>
B \\.r
i=1,...k (Zariski or Euclidean closure) where C%S is an
(8

irreducible component of 71 and has codimension in%): T,

Thus the €L 1=l,...k will be regular and nilpotent in {°

The set Wzngylfj &z of regular nilpotents will be open dense

in ?? .

If e£0 is regular and nilpotent we call the corresponding

S triple %?’ e, f}- principal and the TDS spanned byé%, e,.{1}
’ J
princioal.
We recall from classical Lie algebra theory that if ) i—'

I K,fK B%L)LL f}w}/ X &S 1} }S’ a linear form on Q; E/ %Ldual of

-
then qs ws ﬁ? D0 D _//} ?3C6' , Where 8=
g res

[N RV

PP t. “f‘i ) Do 3 ™ V <
Léf:uo QQJ r’_t() is a root system in Cﬁ;'\ > called the

,‘zf.



"restricted root system." We let fsqabe the positive roots,‘7 =,

simple roots (r= card{j);ﬁ%zégﬁﬁéﬁ;jgy ,J;ég%é’ Let x* G;Cﬂgé§§%2§%%¥

-

so. that <Z‘-) ”7¢f‘;3’r all \O/LEP (x* is unique).,

A
Theorem 3.1 Ir CﬂJ=-Cxlc)%:> is a principal TDS then for any
b4 e—C’l* 2e + Z ~F  is a Begular and semisimple element of E)
and Ei%ug 18 conjugate (via K) to x*J. Any irreducible

. '/'L'
component with respect to the ad joint representation of (7. on fj.

. is odd dimensional, i.e. 0 weight appears.

Bris allows us to characterize the regular nilpotents in 2

manageable fashion. That is, if M= Centralizer in X of a:-epr((0i>
L

T

then M'A  is a closed connected algebraic subgroup of G in

fact M-A = Centralizer in G of x%*, Then we know that M & will
Q [\/,j ! {'}()
have an open orbit in the Space C%SG‘ . @;?j‘dﬁ-where

Eﬁté'Tv e Then

nl[PO{&{%
Corollary to Theoren 3.1 eE}P is regularAiff els G congugate

to an element of Qe

Thus we can now Justify the use of the group%<‘by
%)



Theorem 3,2 Ke acts transitively on the sét?} so that ?)L
f{;Q- 7

is the unique open ;.:Ké;rbit in )‘t .
IV. Structure of K@Orbits

We can now determine thfe structure of all the regular

" o1
elemnents of P « For ir XC"? is semisimple we know that

Se—kw,;u««:lc,
is reductive and @ stable, Hence we can apply our theory to the .

t 03()&) 03“)7
subalgebra OS GQ We have that

Pronosition 5.1y P is regular iff )(M is regular nilpotent

(&'P . ) \ o ) fg “s.) 3
O (XS - o ( ~ (\f;«‘ hY -
in F Dwﬁ:h respect to %) Uj = R Xﬁ) @(\? ) )e NS 0l
4 ISR,
. . s o, (4p2 T
Now we call a Keorblt regular if it consists of regular 7o s p 7y
. . A o-)[/;{;;
elements. Let @B{;)\be the collection of regular orbits,
' ) . 7 i C r
Theorem 4.1 The map induced by (%) [ A @‘R I I
: : <, ~T
is a bijection. For any Séd” we have
v -"‘ ,5“ ..,.'~ N - | .
i) '\-3}R(3>=U. (i}m K is the unigue open dense Kg; orbit of
maximal dimension .. u_"(§>_
11) each irrreducible component of L[v(f:f}contains a regular
element of‘=€ and has codimension in ¢ =r.
7 ~
113) U & ( /}- W /<'/> q (j"‘jzset of semisimple elements in - V)

/ !

a

e

: L : s s s : : ~
is the unique AOT01t of minimal dimensionf in i It is also
o

the unique closed orbit in b j\,
’/

)




iv) w'(3) = {“5’? l "dxs,):gi is a union of a finite

number of KL-‘) orbits,

V. Structure of the Ring J

g0 7 2 g 7 7
K’W QM}WQ@% We will construct

& crosssection for the Keorbits of regular elements.

]
i

From theorem 3.1 we can assume that for the principal TDS

A\ \D

§ix, e, f? e+ f=x* ¢ 0 . And if we take e%*= 2 Fx‘- f¥= § (é_}{

L=y =

so that zx%, e%*, f*% is an S triple for the same TAS (FF € ij(éﬂ
4
< ¢ OBL-KO) it is easy to checﬁ that the will satisfy the
(é" Ve ) (SK‘/ G'é’ (
hypotheses of a Theorem of Serre in "Algebres de Lie Semisimple

Complex (VI-19) ", This implies that

"
Theorem 5.1 The subalgebra “§ of % generated by 0T and the

. 3
principal TDS Ol is semisimple. X wiall be a Cartan subalgebra of

A

(’S r-r.»If-rS'={\3£-S \ ‘(\0/2; é{ S} ~(see defn. of S in IIT) then S
A A '
will be the root system of ‘3 Wwith respect to 0T . cs will be stable

under © so that there will exist a B stable normal real form %'
P A . s
(o) . .

of J oo And if G— is the Lie subgroup of G corresponding to °,j then

A

. 4‘ :
G will be its own adjoint group (i.e. Cent G = {r_k ).
G



Let ﬁi:k.aaff be the O decomposition of ?j. Theorem 5.1
’ A
Will now justufy the use of principal TDS for 0L =§_x, e T E.
‘ N
For mow we have that OL is a principal TDS in the subalgebra

(using Kostant's notétion from "Lie Group Representations on

A
Polynomial Rings."), i.e. "e" will be principal nilpotent in CU‘

| Sc(e)  ated (e)
We then have that 93(9 = 19 = f’ -« This means thAE by

epplying Kostants +theory in the adjoint case we can determine
the degrees of the homogeneous polynomials «; defined above. We

get the following commutative diagram:
S &
J/ N\ i
:Sﬁ(f)K 3 sV
1

S —

whrer all the mapéf‘r«—v5" are restriction are algebra iso-

norpvhisns,

«

REI
) ' . el ) L— . ’)"_VL'
Proposition 5.1 There is a basis Vo, of P so that X,V o= ana

S0 that gegree (MQ =P{_+i .
. (., .
Now if we consider the r-plane \+§> and define the map
(1) J ——> S({4 @) S = 58y by w Ly o
' W B ¥ P uﬂ ) I
by restriction we have
T

fe
Theorem 5.2 (1) is an algebra isomorphism. The plane—0s§>>is

X % .
a cross~.section for the Rgregular orbits, i.e, every regular




element of ? is K@conjugate to one end only one element of the
| _F )
plane *P .
If now we consider F as a linear manifold and consider the

differentials &“‘1 y - 5 OQLL(. we get as a corollary

Corollary to Theorem 5.2 If x is regular in (3 then the

differentials OL,\‘ o) - - oQtLr“) ‘are linearly independent.

We note that in the ad joint case the converse of this
statement is true but in general is not true as an example of a

rank 1 case shows.

We let 3 ° be the ideal in Sp) generated by W~ . qv;gr_
<’

ijor any Z:’\%'“__y()e - By the fact that evergy irreducible component
of LC'(§> has a regglar element and by the above corollary we
conclude that the ideal —Sﬂ‘? is radical from the following Lemma.
Lemnma Let X be a n dim., vector spa'ce over , S(‘/Q = poly. ring
over X, {3“__ g:Ke SIK) K <mn ) Ol ’\D({i_:\): .S:X e A “1 S:L()L =
S. t=lam b ‘} - Then if in each component of X§) there -is a
point y so that the differentials o“—‘ 4y, - - CQWC((\I:} are linearly
independent then the ideal CQ‘ "2:) -y ¥K~ ;4} is radical.

Let D(P>be the algebra .of constant coefficient differential

< ) . . NN
operators on.o . IS i acts as algebra avtomorphisms in L)(\\J)'




We let :)—:k- be the invariants, 34 =ideal generated by P e ___5;_

with zero as constant term. Then H= i_gé—$’:\>) \ 9% =& NI j }

is a Kemodule' ‘and by a well known result ‘5(?): RE H -_{ ch ; l
S, hat
SG

This means that the restriction ma H — (O =
lo = S0 Sg-ft\ t-F ¢
Ok :Aor‘q;‘r g\ X, O

is a _Ka(hence a_m>§%module§epimorphism. But since

—_n (u,) - ‘-L(ﬁ
e is radical we have

3

Theocrem 5.3 H m/ S[DK) is a éijection for X regular.
Then the map J®H — S(F) , —P@g —)Q j is = Kemodule
bijection (hence a X module bijection). Hence S(P> is a free
J module also., And for any ‘géf_w we have fhe vestor space decomp--
osition S(F}i T? ®H .

We can determine the structuee of H as follows, We know that
the XKilling form B of C';S restricted toty defines a ring isomoril\qism
of the algebra D(P\)onto S(@ sWhere <';‘

x, B2y 7= ‘?ﬁxD with

< )7 as the nonsingular pairing of D(p) XS{P> defined by <'7\ _‘f?:

)
7
E\“-—F () |, x.v& P and ©. is the vector field defined on 12
; X
by 2, %:(?>———; Ar 4—jcx> \J_ for all gz G‘\)—}-\ Qm(\c)
C=0
. . {
Then if ’)7 = set of nilpotents 1n'lb let 3 = B(ZQ)J for x é?.:\
and H-\,] *linear space of all powers 2“ ) m=0, 1, .... for 211

zZ € ')LI . Then we have



Proposition 5.2  E= H;l .

VI. Representation Theory
We now work with the grpup K and the the K orbits in ’F :
We rffecall that R(K /K (x)0= ring of regular functions on the

ordit space K/ 0o Hm"'“““h”?“( R R R R A N
‘ Q(—F):Qu«fc%s?ms\} _\2%{‘ %‘w-&>'€a'r*is<1 16 % - Z D\X(K/K@\/mhere

tS {:'u.a.:_*{, CQJ/LQM s o f A“",D
D= set of equivalence czasses of finite dimensional irreducible
s A

representations of X, Ti:\ CK/‘K@)": elements of R which transform

according to the irreducible representation V! K —> #‘“"{“VA-

We have that dim P\A(K/K:n}— £, din \/\ where {, = dim. of fixed

4

K(ﬂ .

point set of in V" =dual module to VA under cont‘ragredien‘c

representation,

But now if y é-i) Is semisimple we know that the l'i‘-.'_‘orbit
B

of ¥ = K orbit of y so that R(K_ () )= R(K (7> ). But K.y

1s} e__lo‘sed implies that (K /K“D )= S( O‘YJ > =restriction

of polynomials tQ the orbit K-y. Thus now if y is both regudir

ahd semisimple we have by Theoreml 5.3 that H and R(P\'/KLY) ) are
equivalent K modules. Zut from above we‘may assume y=x%= e,%——'?;s— cT
and hence we have 'K’L\‘D =M., Thus we determine /gk relative to

_ M A
M. But since M¥ is redictive we know that dim V. = dim C\/)‘/ ;

Advissweinsk A




Proposition 6.1 H= g: H OQ where the multiplicity of (}D

A Ae D :
b H b—dimension of the fixed point eset of M in V/\ . Then if
S(F3 = g %0‘) is the decomposition of S(\ into primary components

AcD ( _ (\)
we have S ig5x equivalent to O & HK7.

nwe &4
Now if we let a, ﬁ/‘(\?&(h x) (where 1}:, e, f‘) is the

» a, (e+d>
principal TDS above) we consider the isotropy group K = and it
,Opleefy (2%
K K M .
is elear that dim VA = din \/X = dim VA = jzl\ .

KQV,({H»-@
Then we consider the limit ﬁh soacez of the (ZA spaces v}\ in

the Grassmann manifold of Q/\ spaces on Vk . Then we show that < LoD
is \/'\(x')l"stable and we have that

Proposition 6.2 For fixed \

()

D the degrees in which the {4 (;9
irreducible components appear in |-+ are exactly the eigenvalues of
;\}\(”D in the space o *

Now let \,{(C‘j) be the universal enyeloping algebra of m}:

b

and D(%) the symmetric algebra of <§ which is identified to

the algebra of constsant coefficient differential operators on b

Then we have the decomposition D) = DD ke @ Tw;)

YL r §>

hiqere (PN )SQ is the ideal in, generated by ‘F?\ 3

COIP A DY) -5 )

is the well known symmetrization map then ;{ 1s a G module bijection.

If B: D) — ‘”f) is the linear map 1nduoed by the Killing fornm




on I ( ()= .o CF o h‘:i;en B is also a G module bi-
=P

jection. Then we have thaf if ¢ = \o%-l ; L{(U‘S)—_ wees D b ® {87,
: : : N N

where U{%)) rLf;_ 1s the right ideal in U(J) generated by iz

Tﬁus from Propositidn 6.1 and Proposition 5.2 we have

Proposition 6.3 The linear map ¢ ( :3’_> » FCH) _ C’"<SC(>)> v

defined by <S& t — “g’, . whEse g is the unique

i
2

element of Q‘*(S(?>> determined by s.t = T wal W(=i)

is a X modulw bijection. The space o"(H) is the linear span

of the elements C:h) k=0, 1,e0cee , where e is any nilpotent

element in wfi’o o

Thus as in Proposition 6.1 the multiplicity of a fixed X

1
Y

irreducible representation £ 1in c‘(H«): dimension of fixed point

set of M in V. .

A
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