Preface

In June 2000, the Clay Mathematics Institute organized an Instructional Sym-
posium on Noncommutative Geometry in conjunction with the AMS-IMS-SIAM
Joint Summer Research Conference. These events were held at Mount Holyoke
College in Massachusetts from June 18 to 29, 2000. The Instructional Symposium
consisted of several series of expository lectures which were intended to introduce
key topics in noncommutative geometry to mathematicians unfamiliar with the
subject. Those expository lectures have been edited and are reproduced in this
volume. Specifically, the lectures of Rosenberg and Weinberger discussed various
applications of noncommutative geometry to problems in ”ordinary” topology, and
the lectures of Lagarias and Tretkoff discussed the Riemann hypothesis and the
possible application of the methods of noncommutative geometry in number the-
ory. This book also contains an account by Higson of the "residue index theorem”
of Connes and Moscovici.

At the conference, Higson and Roe gave an overview of noncommutative ge-
ometry which was intended to provide a point of entry to the later, more advanced
lectures. This preface represents a highly compressed version of that introduction.
We hope that it will provide sufficient orientation to allow mathematicians new to
the subject to read the later, more technical essays in this volume.

Noncommutative geometry—as we shall use the term—is to an unusual extent
the creation of a single mathematician, Alain Connes; his book [12] is the central
text of the subject. The present volume could perhaps be regarded as a sort of
extended introduction to that dense and fascinating book. With that in mind, let
us review some of the central notions in Connes’ work.

To see what is meant by the phrase “noncommutative geometry,” consider ordi-
nary geometry: for example, the geometry of a closed surface S in three-dimensional
Euclidean space R3. Following Descartes, we study the geometry of S using coor-
dinates. These are just the three functions z, y, z on R3, and their restrictions to
S generate, in an appropriate sense, the algebra C(S) of all continuous functions
on S. All the geometry of S is encoded in this algebra C'(.5); in fact, the points of
S can be recovered simply as the algebra homomorphisms from C(S) to C. In the
language of physics, one might say that the transition from S to C(.9) is a transition
from a “particle picture” to a “field picture” of the same physical situation.

This idea that features of geometric spaces are reflected within the algebras of
their coordinate functions is familiar to everyone. Further examples abound:

e If X is a compact Hausdorff space, then (complex) vector bundles over X
correspond to finitely generated and projective modules over the ring of
continuous, complex-valued functions on X.
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e If M is a smooth manifold, then vector fields on M correspond to deriva-
tions of the algebra of smooth, real-valued functions on M.

e If ¥ is a measure space, then ergodic transformations of ¥ correspond to
automorphisms of the algebra of essentially bounded measurable functions
on Y which fix no non-constant function.

e If G is a compact and Hausdorff topological group, then the algebra of
complex-valued representative functions on G (those whose left transla-
tions by elements of G span a finite-dimensional space) determines, when
supplemented by a comultiplication operation, not only the group G as a
space, but its group operation as well.

We could cite many others, and so of course can the reader.

The algebra C(5) of continuous functions on the space S is commutative. The
basic idea of noncommutative geometry is to view noncommutative algebras as
coordinate rings of “noncommutative spaces.” Such noncommutative spaces must
necessarily be “delocalized,” in the sense that there are not enough “points” (ho-
momorphisms to C) to determine the coordinates. This has a natural connection
with the Heisenberg uncertainty principle of quantum physics. Indeed, a major
strength of noncommutative geometry is that compelling examples of noncommu-
tative spaces arise in a variety of physical and geometric contexts.

Connes’ work is particularly concerned with aspects of the space—algebra cor-
respondence which, on the algebra side, involve Hilbert space methods, especially
the spectral theory of operators on Hilbert space. Motivation for this comes from a
number of sources. As we hinted above, one is physics: quantum mechanics asserts
that physical observables such as position and momentum should be modeled by
elements of a noncommutative algebra of Hilbert space operators. Another is a long
series of results, dating back to Hermann Weyl’s asymptotic formula, connecting
geometry to the spectral theory of the Laplace operator and other operators. A
third comes from the application of operator algebra K-theory to formulations of
the Atiyah-Singer index theorem and surgery theory. Here the notion of positivity
which is characteristic of operator algebras plays a key role. A fourth motivation,
actively discussed at the Mount Holyoke conference, involves the reformulation of
the Riemann hypothesis as a Hilbert-space-theoretic positivity statement.

Connes introduces several successively more refined kinds of geometric struc-
ture in noncommutative geometry: measure theory, topology (including algebraic
topology), differential topology (manifold theory), and differential (Riemannian)
geometry. To begin with the coarsest of these, noncommutative measure theory
means the theory of von Neumann algebras. Let H be a Hilbert space and let
B(H) be the set of bounded linear operators on it. A von Neumann algebra is an
involutive subalgebra M of B(H) which is closed in the weak operator topology on
B(H). The commutative example to keep in mind is H = L*(X, ), where (X, p) is
a measure space, and M = L (X, u) acts by multiplication; the weak topology co-
incides with the topology of pointwise almost everywhere convergence on bounded
sets.

Of special importance in von Neumann algebra theory are the factors—von
Neumann algebras with trivial center (every von Neumann algebra decomposes
into factors, in the same way that group representations decompose into isotypical
components). For example the von Neumann algebra generated by L*°(X, ) and
an ergodic transformation of (X, ) is a factor. Already in the early work of Murray
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and von Neumann [25] one finds the classification of factors into three types: Type
I, which are matrix algebras, possibly infinite-dimensional; Type II, admitting a
“dimension function” assigning real-valued (rather than integer-valued) ranks to the
ranges of projections in the factor; and Type III, admitting no dimension function.
Of these, the factors of type III are the most mysterious. Much of Connes’ early
work was devoted to elucidating their structure, and an account of these deep results
may be found in Chapter V of [12].

The fundamental discovery, due to Tomita [27], Takesaki [26] and Connes
[7], is that a von Neumann algebra has an intrinsic dynamical character—a one-
parameter group of automorphisms determined up to inner conjugacy only by the
algebra itself —and that by twisting with these automorphisms one can reduce Type
IIT to Type II. This played a major role in Connes’ classification of hyperfinite fac-
tors (those generated by an increasing family of finite-dimensional subalgebras).
The final result may be explained as follows. After twisting a factor by its canon-
ical automorphisms a new von Neumann algebra is obtained, which has its own
one-parameter group of canonical automorphisms. The center of the twisted von
Neumann algebra is necessarily of the form L>°(X,u). The corresponding one-
parameter action on X is ergodic and is Connes’ invariant of the original factor,
called the module of the factor. As Mackey observed much earlier [24], ergodic
actions of R can be thought of as virtual subgroups of R. There arises then a sort of
Galois correspondence between hyperfinite factors and virtual subgroups of R. In
a fascinating paper [13] Connes has pointed out hopeful parallels with the Brauer
theory of central simple algebras, and speculated on connections with class field
theory and the Riemann zeta function.

An example of noncommutative space which is significant in many parts of
noncommutative geometry comes from the theory of foliations. Let (V,F) be a
foliated manifold. We want to study the “space of leaves” V/F—initially only as
a measure space, but then successively in the more refined categories mentioned
above. If the foliation is ergodic—think of the irrational-slope flow on a torus or
geodesic flow on the sphere bundle of a higher genus surface—then the quotient
measure space in the usual sense is trivial. But we can form a noncommutative
von Neumann algebra whose elements are measurable families of operators on the
L2-spaces of the leaves of the foliations. See Chapter 1 of [12]. When the foliation
is a fibration, this von Neumann algebra is equivalent to the one arising from the
usual measure-theoretic quotient. However, the von Neumann algebra we have
constructed is interesting even in the general case; for instance, the von Neumann
algebras of the ergodic foliations listed above are hyperfinite of type II. Moreover,
in the case of the geodesic flow example, the action of the geodesic flow implements
the Galois-type correspondence in the classification of factors: if T' is a (virtual)
subgroup of R then the associated (virtual) fixed point algebra has module I". See
[13] for some further details.

Just as noncommutative measure theory can be identified with the theory of
von Neumann algebras, noncommutative topology depends on the theory of C*-
algebras—involutive subalgebras of B(H) which are closed for the norm topology.
According to the Gelfand-Naimark theorem the only commutative examples are the
algebras of continuous functions vanishing at infinity on locally compact Hausdorff
spaces. Hence the study of commutative C*-algebras is exactly the same as the
theory of locally compact Hausdorff spaces. Important noncommutative examples
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can be obtained from foliations by means of a refinement of the von Neumann al-
gebra construction sketched above. See [8]. Another example of particular interest
arises by completing the complex algebra of a discrete group G so as to obtain the
(reduced) group C*-algebra C5(QG), for which the corresponding noncommutative
space is the (reduced) unitary dual of G. Important connections with geomet-
ric topology arise when G is the fundamental group of a manifold. For example,
noncommutative geometry presents the opportunity to carry over geometric con-
structions involving the Pontrjagin dual of an abelian group to the non-abelian
case.

The development of a significant body of work in noncommutative topology
was made possible by the discovery in the 1970s that topological K-theory and its
dual theory, K-homology, have natural extensions to the category of C*-algebras.
Moreover, there is a natural relationship with index theory. Atiyah and Singer
showed that the index of a family of elliptic operators over a base B should be
thought of as an element of the K-theory group K*(B). Analogously, a family of
elliptic operators along the leaves of a foliation, or on the fibers of various other
quotients, has an index in the K-theory of the C*-algebra representing the quotient
space. A very general conjecture is then that the whole C*-algebra K-theory group
is generated in a precise way by indices of this kind. This is known as the Baum-
Connes conjecture [2, 3, 19], and it has been verified in a large number of different
situations. It also has noteworthy implications: for example, the Baum-Connes
conjecture for a discrete group G implies the Novikov conjecture for G, which (via
surgery theory) is crucial to the topology of high-dimensional manifolds having G
as fundamental group.

Let us briefly review the key definitions of C*-algebra K-theory (see for example
[6] or Chapter II of [12]). If X is a compact Hausdorff space and V' a complex
vector bundle over X, then the space of sections of V' is a module over the algebra
C(X) of functions on X (via pointwise multiplication). According to a theorem
of Serre and Swan, this module is finitely generated and projective, and every
finitely generated projective module arises in this way from a vector bundle. One
therefore defines K((A), for a unital C*-algebra A, to be the abelian group with
one generator for each isomorphism class of finitely generated projective A-modules
and with relations requiring that the direct sum of modules should correspond to
addition in the group. By construction, if X is a compact Hausdorff space, then
Ko(C(X)) = K°(X), the K-group of Atiyah and Hirzebruch.

One can similarly define a group K7(A), generated by unitaries or invertibles
in matrix algebras over A. The key result of elementary K-theory is that if

0 J A A)J 0

is a short exact sequence of C*-algebras, then there is a corresponding six-term
exact sequence of K-groups

Ko(J) — Ko(A) — Ko(4/J)

This incorporates as a special case the Bott periodicity theorem, which states that
Ko(A) = K1(A ® Cp(R)). The vertical maps are closely connected with index
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theory: when A is the algebra of bounded operators on a Hilbert space, and J
is the ideal of compact operators, the map K;(A/J) — Ko(J) is exactly the one
which assigns to every Fredholm operator—an element of A invertible modulo J—
its Fredholm index.

Kasparov and others have developed extensive bivariant generalizations of op-
erator algebra K-theory (see [23, 22, 21], or [18] for an introduction to Kasparov’s
theory). An element of Kasparov’s group KK (A, B) determines a morphism from
K(A) to K(B). His theory encompasses the construction of the boundary maps
in the K-theory long exact sequences, the construction of index maps appearing in
the proof of the Atiyah-Singer index theorem, and many other things.

The next stage is the development of noncommutative differential topology,
which is organized around Connes’ cyclic cohomology theory. If M is a smooth
manifold, then the cohomology of M may be obtained from the de Rham complex
of differential forms. This is organized around functions on M rather than points
of M, although the functions are of course smooth, not merely continuous. Various
features of smooth manifold theory (de Rham’s theorem, of course, but also Sard’s
theorem and transversality) make it possible to overcome this issue and effectively
apply the techniques of smooth manifold theory to topological questions. The situ-
ation in noncommutative geometry is not quite so satisfactory. Cyclic cohomology
is a fascinating substitute for de Rham theory in the noncommutative context, but
in the absence of generally valid counterparts to de Rham’s theorem and other
results, the application of cyclic theory to problems in noncommutative topology
requires considerable care.

The lectures of Higson provide more details on cyclic theory (and the reader
should certainly also refer to the original papers of Connes [9]), but one way to
motivate the definition is to consider the algebra A = C°°(M) of smooth functions
on a closed manifold, and the multilinear functionals on A given by

¢:(f0,---,f’“)H/ Podf- - dft,
N

where N is a closed (oriented) k-submanifold of M. Calculation shows that this
functional ¢ has the properties

(a') ¢(f0f17"'7fk+1) _¢(f07f1f27"'7fk+1)+"'
+ (=DRo(f0 Y (D) (RO, ) =0

and

(b) d)(foa o '7fk) + (_1)k+1¢(fka foa e 7fk71) =0.

These are the properties which define a cyclic cocycle as a multilinear functional
over A, and the expression (a) above gives the boundary map for cyclic cohomology.
Interestingly it is property (b) which follows, via Stokes’ theorem, from the fact that
N is closed, while (a) is more generally valid, despite the fact that formula (a) does
in fact define a coboundary operation on multilinear functionals. Moreover it is
quite remarkable that the coboundary of a functional with the symmetry property
(b)—invariance under the cyclic group Ck11—again has the symmetry property—
which is now invariance under the different cyclic group Cy. It therefore requires
deep insight to see that (a) and (b) are the crucial properties needed to carry over
de Rham theory to the noncommutative context. Given a cyclic k-cocycle ¢ (and
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taking k even, for simplicity), and an idempotent ¢ € A, Connes shows that the
expression

d)(evev"' 76)
depends only on the homotopy class of e and the cohomology class of ¢, and thus
gives rise to a pairing of cyclic cohomology and K-theory which generalizes the
classical Chern character (a homomorphism from topological K-theory to ordinary
cohomology).

One of Connes’ deepest early applications of cyclic theory was to the construc-
tion of the transverse fundamental class for a foliation [10]: this is a map from
the K-theory of the leaf space of a foliation (i.e. the K-theory of the C*-algebra
of the foliation) to the real numbers. The construction is elementary when there is
an invariant transverse Riemannian metric, but in general no such metric can be
found. Connes noticed that this problem was analogous to one that he had already
surmounted in his work on factors — namely, the reduction of type III to type II.
Following this insight, and combining ideas from cyclic theory (here the choice of
an appropriate noncommutative algebra of “smooth functions” on the leaf space
is a very delicate matter) and sophisticated versions of the Thom isomorphism in
K-theory, Connes was able to construct the desired map. Geometric results about
foliations follow, including remarkable links between the von Neumann algebra of a
foliation and the more classical invariants. For example Connes showed that if the
Godbillon-Vey class of a codimension-one foliation is non-zero, then the module of
the associated von Neumann algebra admits a finite invariant measure (recall that
the module is an ergodic action of R). This is a beautiful refinement of the result
due to Hurder and Katok [20] that if the Godbillon-Vey class of a codimension-
one foliation is non-zero, then the associated von Neumann algebra has a type III
component.

A second motivation for cyclic cohomology, equally significant, is the idea of
“quantized calculus”. If A is an algebra of operators on some Z/2-graded Hilbert
space H, and F an odd operator on H with F? = 1, then the supercommutator!
da = [F,a]s obeys the basic rule d> = 0 of de Rham theory. If in addition F
and A are “almost commuting” in the sense that any product of sufficiently many
commutators [F, a] is of trace class, then the trace can be used to define an integral
of these quantized forms: if ¢ is the grading operator on H then

/aodal ...da* = Tr(ed®[F,a'] - - - [F,a"]).

This is a cyclic cocycle (see [9] and Chapter IV of [12]). A important example is A =
C* (M), M a closed manifold of dimension n , and F' a order zero pseudodifferential
involution. The commutators are then pseudodifferential of order —1, and any
product of more than n of them is therefore trace-class. In this example we see
that the notion of dimension in quantized calculus is related to the “degree of
traceability” of certain commutators.

Not all cyclic classes arise in this way. In fact, such a cyclic class belongs to the
image of a Chern character map from K-homology. It follows, therefore, that if such
a cyclic class is paired with an element of K-theory the result must be an integer,
because the evaluation of pairing between K-theory and K-homology ultimately

IThe supercommutator of homogeneous elements a and b is defined as [a,bls = ab —
(—1)2@2®)pq,
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reduces to the computation of a Fredholm index. In this way one obtains integrality
results somewhat analogous to those provided by the Atiyah-Singer index theorem.
An interesting application is the work of J. Bellissard [5, 4] on the existence of
integer plateaux of conductivity in the quantum Hall effect. This concerns the flow
of electricity in a crystal subjected to electric and magnetic fields. The observables
in this problem generate an algebra isomorphic to that associated to the irrational
slope foliation on a torus, and the integrality arises from an associated cyclic 2-
cocycle.

The most refined level of structure which can be explored in the noncommuta-
tive world is the noncommutative counterpart of geometry proper—for instance, of
Riemannian geometry. It was an early observation of Connes that knowledge of the
Dirac operator suffices to reconstruct the Riemannian geometry. This is because
one can identify the smooth functions f with gradient < 1 as those for which the
commutator [D, f] has operator norm < 1; and from knowledge of this class of
smooth functions one can reconstruct the Riemannian distance function

d(x,y) = sup{|f(z) = f(Y)| : [Vf] <1}

and therefore the Riemannian metric. This led Connes to his notion of a spectral
triple—the noncommutative counterpart of a Dirac (or other first order elliptic)
operator, and therefore the noncommutative counterpart of a geometric space. A
spectral triple (called a K-cycle in Chapter VI of [12]) is made up of

e a Hilbert space H,
e a representation of A as bounded operators on H, and
e an unbounded, selfadjoint operator D on H with compact resolvent,

such that [a, D] extends to a bounded operator on H for every a € A. To connect
with cyclic cohomology, one also imposes a summability condition, for example that
(14 DQ)’g is trace-class, for large enough p. Assuming for simplicity that D is
invertible and suitably graded, the phase F' = D|D|~! defines a quantized calculus
and therefore a cyclic cocycle on A.

A variety of examples of spectral triples are described in [12] and elsewhere.
Particularly fascinating are Connes’ efforts to model space-time itself as a noncom-
mutative space [11] and the manner in which he fits the standard model of particle
physics into this framework.

The archetypal result in Riemannian geometry is perhaps the Gauss-Bonnet
theorem, which expresses the Fuler characteristic, a global quantity, as the integral
of the Gaussian curvature, a local invariant. Similar results in noncommutative
geometry will require adequate notions of “integral” and “local invariant.” It might
seem as though the search for these would be destined to fail since noncommutative
spaces are inevitably somewhat delocalized, almost by definition. Connes addresses
this through a consideration of eigenvalue asymptotics which recalls Weyl’s theorem
for the eigenvalues of the Laplace operator. Weyl’s theorem asserts that the rate of
growth of eigenvalues of the Laplace operator on a manifold M is governed by the
dimension of M and the volume of M. With this in mind Connes defines a new
trace of a positive compact operator T" not by summing the eigenvalues A; but by
forming the limit

N
>N

Jj=1

T (T) = ]\}E»noo log N
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when it exists. This trace was orginally studied by Dixmier; it has the important
property that it vanishes on operators in the ordinary trace class, thanks to which
it is often unexpectedly computable. Moreover, Weyl’s formula

T4 =, [ foyd

where A is the Laplacian on M and f is a function on M, hints that the Dixmier
trace might serve as a powerful substitute for integration in noncommutative sit-
uations. Indeed, Connes has developed an extensive calculus around the Dixmier
trace, with the trace serving as the integral, compact operators as infinitesimals
(with order governed by rate of decrease of their singular values), and so on.

Once we accept that it is appropriate to think of the Dixmier trace as a general-
ized integral, and of expressions involving the Dixmier trace as local expressions in
noncommutative geometry, we can ask for a local version of the integral of quantized
forms we described earlier. Since these integrals determine the Chern character in
cyclic theory, a local version might be thought of a local index formula, somewhat
in the spirit of the work of Atiyah, Bott, Patodi [1] and Gilkey [17]. Such a local
index theorem was proved by Connes and Moscovici [15], and it is discussed in
Higson’s lectures in this volume. The implications of this formula for the index
theory of leaf spaces of foliation have been worked out in detail by Connes and
Moscovici [16]. The implications in other contexts are only just beginning to be
studied. Connes’ paper [14] on the quantum group SU,(2) is one very interesting
recent example.

Nigel Higson, John Roe
June 2006
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