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ABSTRACT. We consider the classical Diophantine problem of writing positive
integers n as the sum of two rational cubes, i.e. n = z® 4+ 33 for z,y € Q. A
conjecture attributed to Sylvester asserts that a rational prime p > 3 can be
so expressed if p = 4,7,8 (mod 9). The theory of mock Heegner points gives
a method for exhibiting such a pair (z,y) in certain cases. In this article, we
give an expository treatment of this theory, focusing on two main examples:
a theorem of Satgé, which asserts that 3 + 3 = 2p has a solution if p = 2
(mod 9), and a proof sketch that Sylvester’s conjecture is true if p = 4,7
(mod 9) and 3 is not a cube modulo p.

1. A Diophantine problem

1.1. Sums of rational cubes. We begin with the following simple Diophan-
tine question.

QUESTION. Which positive integers n can be written as the sum of two cubes
of rational numbers?

For n € Z~y, let E,, denote the (projective nonsingular) curve defined by the
equation 23 4 y3 = nz3. This curve has the obvious rational point co = (1 : —1: 0),
and equipped with this point the curve E, has the structure of an elliptic curve
over Q. The equation for E,, can be transformed via the change of variables

(1) X=12n——, Y =36n"—"Y
r+y r+y

to yield the affine Weierstrass equation Y2 = X3 — 432n2.

We then have the equivalent question: Which curves F,, have a nontrivial ratio-
nal point? For n not a cube or twice a cube, F,(Q)ors = {00} (see [Sil86, Exercise
10.19]), so also equivalently, which curves E,, have positive rank rk(E, (Q)) > 07

ExAMPLES. Famously, 1729 = 1% + 123 = 93 4 103; also,
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In each case, these solutions yield generators for the group E, (Q). (Note n = 94 =
2-47 is a case covered by Satgé’s theorem below, cf. §3.1.)

1.2. Sylvester’s conjecture. We now consider the case n = p > 5 is prime.

CONJECTURE (Sylvester, Selmer [Sel51]). Ifp=4,7,8 (mod 9), then p is the
sum of two rational cubes.

Although this conjecture is traditionally attributed to Sylvester (see [Syl79b,
§2] where he considers “classes of numbers that cannot be resolved into the sum or
difference of two rational cubes”), we cannot find a specific reference in his work to
the above statement or one of its kind (see also [Syl79a, Syl80a, Syl80b]).
An explicit 3-descent (as in [Sel51], see also [Sat86]) shows that
0, ifp=2,5 (mod 9);
tk(Ep(Q)) < <1, ifp=4,7,8 (mod9);
2, ifp=1 (mod 9).
Hence rk(E,(Q)) = 0 for p = 2,5 (mod 9), a statement which can be traced back
to Pépin, Lucas, and Sylvester [Syl79b, Section 2, Title 1].
The sign of the functional equation for the L-series of E, is
-1, ifp=4,7,8 (mod9);
+1, otherwise.

sign(L(E,/Q,s)) = {

(See [Kob02]; this can be derived from the determination of the local root numbers
wp(Eyp) = (—3/p) and w3 (E,) = 1 if and only if p = £1 (mod 9).)

Putting these together, for p = 4,7,8 (mod 9), the Birch-Swinnerton-Dyer
(BSD) conjecture predicts that rk(E,(Q)) = 1.

1.3. A few words on the case p = 1 (mod 9). For p = 1 (mod 9), the
BSD conjecture predicts that rk(E,(Q)) = 0 or 2, depending on p. This case was
investigated by Rodriguez-Villegas and Zagier [RVZ95].

Define S, € R by
l 3
ue, /e - NS,

then in fact S, € Z, and conjecturally (BSD) we have S, = 0 if #E,(Q) = o
and S, = #I_H( ») otherwise. Rodriguez-Villegas and Zagier give two formulas for
Sp, one of which proves that S, is a square. They also give an efficient method to
determine whether .S}, = 0.

1.4. The case p=4,7,8 (mod 9): an overview. Assume from now on that
p=4,7,8 (mod 9). We can easily verify Sylvester’s conjecture for small primes p.

7=2%4(—-1)®

13 = (7/3)° + (2/3)°

17 = (18/7)% 4+ (—1/7)3
(137/42)3 + (—65/42)3

(7/2)° + (1/2)°
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Again, the BSD conjecture predicts that we should always have that p is the sum
of two cubes. General philosophy predicts that in this situation where E, has
expected rank 1, one should be able to construct rational nontorsion points on £,
using the theory of complex multiplication (CM).

In §2, we introduce the construction of Heegner points, which uses the canonical
modular parametrization ® : Xo(N) — E, where N is the conductor of E,; this
strategy requires a choice of imaginary quadratic extension K and is therefore not
entirely “natural”. If instead we try to involve the field K = Q(w), we arrive at a
theory of mock Heegner points. We then choose a fixed modular parametrization
Xo(N) — E where FE is a designated twist of E,, for each prime p.

In §3, we illustrate one such example, originally due to Satgé. We look at the
parametrization X((36) — E where E : y?> = 23 + 1 is a twist of the curve Es,.
We show that when p = 2 (mod 9), the equation z3 + y = 2p has a solution; the
proof involves a careful analysis of the relevant Galois action using the Shimura
reciprocity law and explicit recognition of modular automorphisms.

In §4, we return to Sylvester’s conjecture, and we sketch a proof that the
conjecture is true if p = 4,7 (mod 9) and 3 is not a cube modulo p; here, we
employ the parametrization X((243) — Fo. We close with some open questions.

2. Heegner and Mock Heegner points

2.1. Heegner points. The curve E, has conductor N = 9p? if p = 7 (mod 9)
and conductor N = 27p? if p = 4,8 (mod 9). We have the modular parametrization

®: Xo(N) — Ep,

from which we may define Heegner points as follows.

Let K = Q(+v/D) be a imaginary quadratic field of discriminant D such that 3
and p split in K; the pair (E,, K) then satisfies the Heegner hypothesis. Let O
denote the ring of integers of K, and let M C Ok be a cyclic ideal of norm N.
Then the cyclic N-isogeny

C/Ox —C/M!
defines a CM point P € Xo(N)(H), where H is the Hilbert class field of K.

Let Y = Trgy/x ®(P) € E,(K) denote the trace, known as a Heegner point.
After adding a torsion point if necessary, we may assume Y € E,(Q) (see [Dar04,
§3.4], and note E, (K )iors = Ep[3|(K) = Z/3Z.)

2.2. Gross-Zagier formula. The Gross-Zagier formula indicates when we
expect the point Y € E,(Q) to be nontorsion, i.e. when its canonical height h(Y)
is nonzero.

THEOREM (Gross-Zagier formula [Dar04, Theorem 3.20]). We have
hY) = L'(E,/K,1) = L'(E,/Q, 1) L(E,/Q. xxc, 1)-

Here the symbol = denotes equality up to an explicit nonzero “fudge factor.”
Thus if we choose K such that L(E,/Q, xk,1) # 0, the BSD conjecture implies
that h(Y) # 0 and hence Y will be nontorsion. Working algebraically, without
making any reference to L-functions, one might hope to prove that Y is nontorsion
directly and unconditionally. But this strategy seems tricky—in particular, no

natural candidate for K presents itself. In the next section we discuss a more
“natural” approach to constructing a nontorsion point on E,,.



