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Generalized Fermat equations
(d'apr es Halberstadt-Kraus).

Pierre Charollois

AsstrAcT. In this paper, we summarize the work of Halberstadt and &mugeneralized
Fermat equations of the shagr" + by" = cZ". In particular, we sketch the proof that, for
fixed odd coprime integer cfiicientsa, b, ¢, there is a set of primes of positive density
for which only trivial solutions X, y, 2) occur.
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1. Introduction.

Our purpose is to publicize the statement and the proof offéHewing theorem
[HKO2, théoreme 2.1]:

Tueorem 1.1 (Halberstadt-Kraus (2002))et a, b, ¢ be odd pairwise coprime integers.
Then there is a set of prim@ = P(a, b, ¢) of positive density such that if P, then the
equation
1) ax +by? +c2 =0
has only trivial rational solutiongx, y, 2) € Q3.

A solution (X, y, 2) is called trivial in our context ikyz= 0.

One must point out that before Wiles’s work, even the case b = ¢ = 1 was
unknown. Theorem 1.1 exhibits the first infinite family of gealized Fermat equations
having only trivial solutions.

Note that the set of prime8 will be given by congruence conditions. These can be
made more precise and explicit for particular choices ofdspga, b, ¢). For instance, the
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proof of Theorem 1.1 yields the following, providing a pattanswer to a question raised
by Serre Ber87, p.204]:

Tueorem 1.2. If p > 7 is a prime number satisfying$ 1 mod 12 the equation
xP+3yP+52° =0
has only trivial solutions ove®. So does the equation
xP +yP +157° = 0.

The proof of these theorems relies crucially on the moduylahieorem for elliptic
curves from Wiles and his followers, as well as Ribet'’s Ieleglering theorem. Another
expository paper on the application of these modular tealgsqo Diophantine equations
can be found in$ik07].

Itis a pleasure to thank Henri Darmon and Alain Kraus forithelp and their support.

2. Preliminary section.

In this section, we give some classical necessary prepafatithe theorems. Namely,
following the lines of the exposition in section 4 d)4r], we attach successively three
objects to a hypothetical solutior,f/, 2) of (1):

1. A Frey curveEg whose invariants can be computed.

2. Arepresentatiop describing the action of Gal/Q) on thep-division points of
Eo.

3. Corresponding tp is a cusp formf of weight 2 forT'o(N), whereN divides the
conductor ofEy. We then reduce to the case whérbas integer ca@cients.

After this preparation, the point is to be able to discardsalth modular forms. Halber-
stadt and Kraus manage to do so using their so-called “sytipleiterion” which will be
explained in detail in the last section.

We proceed by contradiction and start from a hypotheticattnivial solution

(%Y, 2 €Q’®

of equation (1). Adjusting™-powers and clearing denominators, we can assume without
loss of generality thax, y, z are coprime integers, and thatb andc do not contain any
p"-powers.

One can reorder and label the three integed§ by? andcz’ by A, B andC respec-
tively so thatB is the only even integer among them, alvds +1 mod 4 By adjusting
the signs of our solution, we are reduced to the case whete-1 mod 4 To this data
A+ B+ C = 0 we attach the Frey curve over

Eo:  Y?=X(X-A)(X+B).

The computation of its invariants on this model using cleadiormulae 5il86, p.46] leads
to:
& =16(A°>+ AB+B? and A =16(@bo?(xy2® = 16(ABC)%

If ¢ # 2 is a prime dividingA, it cannot dividec;. HenceE, is semi-stable outside 2

To study the reduction oEy at ¢ = 2, let us change the variables ¥§ = 4X and
Y’ = 8Y + 4X. Assuming that 16 divideB (since we will assume thai > 5, even 32
dividesB), one obtains a global minimal Weierstrass equatiorgpoverQ. At this point
the minimal discriminant turns out to be

(2) A(Eo) = 2"%(ABCY,
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andc4(Ep) is odd. Finally,Eq is also semi-stable at = 2, and thus is semi-stable. Its
conductor is the radical of the discriminant, that is (beseaB2 divided)

N, =[] ¢
¢ prime,(|ABC

Key observation Notice the factor 28 involved in formula (2) for the minimal discrim-
inant. The “minus sign” of the exponent turns out to be crlicidhe proof of Theorem
1.1.

The set ofp-torsion pointsEq[ p] of Eo(Q) forms alFy-vector space of dimension 2
The absolute Galois groufy = Gal(Q/Q) acts naturally orEe[p]. Thus we obtain a
representation

p 1 Gg = Aut(Eq[p]) = GLx(Fp).
If p is reducible, therkE, contains a rational subgroup of orderThis cannot be the case
if p > 17 because of the boundedness result of Malllaz{77, Th. 8] for the torsion of
elliptic curves oveR. Hencep is irreducible ifp is large enough. Notice how our original
Diophantine question has been transferred to this new Riofne problem solved by
Mazur. For more on this result, selRgb] in this volume. This boungh > 17 is suficient
for us to prove Theorem 1.1. Nevertheless, a more precisgtrssgiven in Kra97,
Lemma 4] showing that is irreducible as soon g3 5.

Serre Ber87 associates to such a representation a condidtdg, . In our context we
have

N=2rad@bg:=2 [] ¢
¢ prime,¢jabc

By the result of WilesWil95], the semi-stable elliptic curvigg is modular: the func-
tion on the upper half-plane— ..., an(Eo)q" belongs to the spac®(I'o(Ng,)) of cusp-
idal modular forms of weight 2 ofip(Ng,).

The “lowering the level” Theorem of RibeR[ib90] ensures that the representatjon
is then modular: there exists a newfoifm= g+ X-» aq" of weight 2 onlo(N) (whereN
now depends only oabcand notonx, y, 2) or p) and a place of K; = Q(ay, ..., an,...)
abovep such that

3) |) a,; = as(Eop) mod p ?f €1 Ng,p
i) as=x(0+1) modp if £| Ng, and¢ 4 pN.

In the case of Fermat’s last Theorem, one could showthat 2 and the previous
results were enough (!) to derive a contradiction sinceghgmno cusp form of weight 2
and this level. In proving Theorem 1.1 and 1.2, Halberstadtiraus needed to refute the
existence of such a form using an additional argument.

3. Proof of Theorems 1.1 and 1.2.

Let f be the modular form of level given by the previous construction. Bothand
N do not depend on the solutior, (y, 2) nor on p. We first reduce to the case where the
modular formf has coéicients inZ. Otherwise, the finite extensiad = K; of Q has
degree bounded by = dimg(SJ*(I'o(N)). Leta, ¢ Z for the smallest possible prime
Both g and¢ do not depend op. We can assume th@tdoes not dividepN becausey,
would be Q +£1. Thus in the previous casp p dividesN,q(a; — a¢(Eo)), while in casei)
p dividesNy,q(a; = (£ + 1)). The Hasse bound givéa(Eo)| < 2 V¢, while Weil-Deligne’s
bound shows that-(a;)| < 2 V¢ for each real embedding of K.



