SLE and other conformally invariant objects (exercises session 1)
Huco DuMINIL-CoPIN (hugo.duminil@unige.ch)

Critical site percolation on the triangular lattice

In the whole session, we consider site percolation on the triangular lattice with parameter p = 1/2 (the
measure is denoted by P). We use coordinates in the base (e1,es) where e; = (1,0) and e = (1/2,1/3/2).
A rectangle [a,b] x [¢,d] is given by the sites ne; + mey where n € [a,b] and m € [¢,d].

When handling percolation, you want to express your artistic qualities: draw some pictures!

Background (FKG inequality) An event A is increasing if it is preserved by addition of black sites.
The FKG inequality is
P(AnB) >P(A)P(B)

for any increasing events A and B.

Exercise 1: Russo-Seymour-Welsh theorem for site percolation

A horizontal crossing of a rectangle is a sequence of neighboring black sites going from the left side to
the right side.

Question 1 What is the probability that there exists an horizontal crossing of [0,7]%?

Question 2 Assume [0,n]? is crossed from left to right and set I" to be the lowest horizontal crossing.
Let v be a deterministic path from left to right, prove that {I" = v} is measurable with respect to the
o-algebra spanned by the sites below v and the sites of v. When conditioning on {T" =}, what can be
said about the law of sites above 77

Question 3 Consider the shape in the following figure and assume that the left rectangle [0,n]? is
crossed horizontally. Can you bound from below the probability that the lowest crossing I' is connected
to the bold part by a black path? Hint: condition on {I' = v} and consider the reflected path o(7y) with

respect to the line y =n + %

Question 4 Deduce that the probability of crossing the rectangle [0,2n]x [0, n] horizontally is bounded
away from 0 when n goes to infinity.

Question 5 a) Let p > 1. Deduce that the probability to cross the rectangle [0, pn] x [0, n] horizontally
is (uniformly in n) bounded away from 0.
b) Prove that the probability of a black circuit surrounding the origin in the annulus [-2n,2n]? \
[-n,n]? remains bounded away from 0 when n goes to infinity.
¢) Show that almost surely there is no infinite cluster at p = %
d) What can be said about P(0 <> 9A,,)?
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e)** Explain a strategy to prove that p. = 5.



Exercise 2: universal exponents

Let o be a finite sequence of colors (B for black, W for white). We associate to n >0 and o = {0y, .., 0%}
the event A,(n) that there exist paths 71, ..,7%x such that:

e ~; has color o;

e 7; connects the origin to the boundary of [-n,n]?>. When k > 2, we require only that the paths
connect [k, k]? to the boundary of [-n,n]>.

® 71,...,7 can be found in counter-clockwise order.
We define the same event in the upper half-plane (which we denote by A% (n)). In this case, the paths

must be found in counter-clockwise order, starting from the right.

Question 1 a) Prove that P(A%,,(n)) > < for some universal constant c. Hint. Use the RSW theorem
to construct a point in {0} x [-n/2,n/2] which is connected to the boundary of the box by two arms of
distinct colors.

b) Assume A% (n) holds. We require that the site on the left of 0 is white and that it is the start of
the white path, and the site on the right is black and is the start of the black path. Show that one can
explore the interface between the black and the white paths without exploring any other site.

c) Let B(n) be the event that there exist a white path connected to the left side of [-n,n] x [0,n]
and a black path connected to the right side. Show that there exists a universal ¢; > 0 such that

P(Apw (n)) < c1P(B(n)).
d) Deduce that there exists ¢z > 0 such that
C2
P(Afw () < 2.
What was proved?

Question 2* Prove that the exponent for BW BWW in the plane is 2.

Question 3** Prove that the exponent for BW BW in the plane is smaller than 2.

Rudiments of complex analysis

Exercise 1: Riemann mapping theorem

Theorem 0.1 (Riemann mapping theorem) Let D and D' be two simply connected domains in-
cluded in C and different from C, there exists a conformal map (i.e. a bijection differentiable in the
complex variable) between D and D'.

Question 1 Find a conformal map between the following domains:
e from Rx]0,n[ to H = {z,Im(z) > 0};
e from the disk D = {z,|2| < 1} to Hj

from H \ [0,ir] to H;
o *from D to C\ (—o0,—1];

from S, = (Rx]0,2[) \ ((i—oc0,i—e]u[i+¢,i+00)) to H

** from H to an equilateral triangle.



Question 2 a) Show that there is no conformal map from D(0,1) to C. It confirms that the assumption
D + C is necessary.
b) Let D be a simply connected domain and f be a conformal map, why is f(D) simply connected?

Question 3 Which are the conformal maps from D(0,1) into D(0,1)? Hint. One can guess what they
are and make sure none is left behind using Schwarz’s Lemma. Deduce that there are three (real) degrees
of freedom in the choice of a conformal map between two domains in the following sense:

e one can fix the image of one point on the boundary and the image of one point inside the domain;
e one can fix the image of one point inside the domain and the direction of the derivative;

e one can fix the image of three points on the boundary (keeping the order).

Exercise 2: Estimates for conformal maps

Question 1 (Lemme de Schwarz): Let f be a continuous map from D to D such that £(0) =0 and
f is holomorphic inside D. Show that |f(2)| < |z|. Hint. Think about the maximum principle. Study the
case where |f'(0)] = 1.

Question 2 * (Koebe 1/4-theorem) Let
S :={f : D - C,analytic, one-to-one with f(0) =0 and f'(0) =1}

a) (Area theorem) Let f €S and K =C~ {1/z,z ¢ f(D)}, prove that

n=1

area(K) =7 [1 - i n|bn|2]

where 1/f(1/z) =2+ bo + ¥ 1 2—’;. Note that it implies |by] < 1.

b)* Prove that if f = 2+ agz + - is in S, then |ag| < 2. Hint: construct a function h € S such that
h(z) =z + %2z +- and conclude.

¢)* Deduce Koebe 1/4 theorem: if f €S, then B(0,1) c f(D).

d) Suppose f: D — D' is a conformal transformation with f(z) = 2z’. Then

1d(z',8D")

1 (=", 0D")
4 d(z,0D)

<17 )< 4G 5 hy

Exercise 3 **

Prove the Riemann mapping theorem. Hint. It is sufficient to handle the case of D' =D. Fizx w in D.
Consider the set of functions from D into D such that f(w) =0 and f'(w) > 0. The function f maximizing
' (w) will be your conformal map between D and D.

[t0’s Formula

In this exercise sheet, B is a standard one-dimensional Brownian motion. Let (F;) be the filtration
associated to the Brownian motion, i.e. F; = 0(Bs,s <t). The process (M;) is a martingale (with respect
to Fy) if for each s < t, E[|My|] < oo and E[ M| F,] = M.



Exercise 1: integration with respect to Brownian motion

Question 1  We call H a simple process if it is of the form

M

Hy =), il ,)(s)

1

J

where (t;) is increasing and C; is F3,_ -measurable.

a) For a (random) process H = Cly, ), where C is F,-measurable, find a natural candidate for the
integral of H against Brownian motion B, in other words, what could f0°° H,dB; be? How could the
notion of integral be extended to any simple process?

b) We assume that the integral has been constructed as above. For any simple process H, check that

E[(waHSdBS)Q] - [OwE[Hf]ds.

Question 2 Let £? the set of square integrable adapted processes (in the sense fOMIE[HSQ]ds < 00).
Explain how to extend the definition of integral to £2.

Question 3 For a bounded adapted process H, we define ]Ot H,dB; as ]Ooo H1[o,1ydBs. Show that

M; = fot H.dB, is a F;-martingale. Hint. Check it in the case of simple processes first. ** Show that it
is a continuous process.

Remark 0.2 Note that for any bounded adapted process a, fot asds is straightforward to define. It is also
possible to check that Hy = jot asdBs + [Ot osds is a martingale if and only if o = 0.

Question 4 a) Let H, be a bounded continuous adapted process and ¢ > 0. Considering subdivisions

0=t} <..<th =1t with max(t,; —¢I') - 0, show that

n—1

r2 t
Z Htrl(BtTL LT Bt’?) - / H,dB;.
= ‘ 0

b) Let H; be a bounded continuous adapted process and ¢t > 0. Considering subdivisions 0 = ¢} < .. <
t' =t with max(t}',; —t) - 0, show that

1+1

n-1 r2 t
Z thz (Btn LT Btn)Z —> f Hsds.
7 1+ K 0

i=1

Hint. Recall that B} -t is a martingale.
c¢) Prove It6’s formula.

Theorem 0.3 (Itd’s formula) For any a,o bounded adapted processes and t > 0, we set Y = [Ot asdBg+
fot osds. Let ¢ : R - R be a function twice continuously derivable, then

t t 1
oY) = 6(Yo)+ [ ¢ (VadBo+ [ [¢/(V)o,+ 56" (V)a?]ds.
0 0
Remark 0.4 In order to write the equality

t t
Hi=x+ f a,dBg + f osds
0 0

in a concise way, we often write

Ho=x and dH;=a;dB;+oudt.



Exercise 2: A first application, Bessel processes

Let d > 0. We admit that there exists a unique process, denoted X, which is solution of the following

stochastic differential equation
d-1
dX} =dB; + —dt,
2X}
up to time T, := inf{t : X} = 0}. This process is called a d-dimensional Bessel process. For integer
values of d, this process is the norm of a d-dimensional vector with independent Brownian entries. Let

O<a<xz<b<oo, T the first exit time of the set [a,b], and ¢(x) =P(X* = a).

Xj=x

Question 1 Show that ¢(X7, ) is a martingale with respect to Fin,.

tAT
Question 2 a) Assume ¢ is twice continuously differentiable. Using It6’s formula, deduce that
1 d-1
—¢"(x)+ ——¢'(2) =0, a<z<b,
2 2z

and compute ¢ when d > 2,
b) When d > 0, compute P(X? = a). What can you deduce?

Question 3 ** (optional question) Using [td’s formula, show that ¢(z,t) = P, (7 > t) is the solution
of a partial differential equation. Deduce an estimate for P, (7 > t) when ¢ goes to infinity. Hint. I might
help you if I am in a good mood.

Conformal invariance of Brownian motion

Exercise 1: Conformal invariance of Brownian motion

Consider B a Brownian motion in the plane, and for a domain U, 7y := inf{t > 0: B; ¢ U} the exit time of
U. A conformal map is a bijective bi-holomorphic map. In this exercise, we prove the following theorem:

Theorem 0.5 Let z €U, and let f:U -V be conformal. The law of {f(B;),t <7y} is the same as the
law of the trace of a Brownian motion in V from f(z) to the boundary.

Let B be an independent Brownian motion in the plane, introduce the time changes

Coi= f03|f’(Bu)|2du and oy :=inf{s>0:¢; >1}.

Define 5 R
Wi = f(B(otnTu)) + B(t) - B(([ot ATu]), t20.

It is sufficient to prove that W is a Brownian motion.
Question 0 What does the previous construction boil down to?

Question 1 Show that W is continuous. Let G, be the o-algebra generated by {W,,,u < s}. Show that
W is a (Gs)-Brownian motion if and only if

B[OV 17, = () ] = exp ( G-+ (1) )

for every z € U. The quantity (u,v) corresponds to the usual scalar product between two complex
numbers.

In order to simplify, we prove the statement only for s = 0. Consider a conformal map f from U to
f(U). Assume first that f and f’ are uniformly bounded.



Question 2 a) Show that for every z € U,

B[ | W(0) = 1(2) ] =B [exp( SP(E-Clonam) + AT (Blounm))) )]

where P, is the law of a Brownian motion starting at z.
b) Prove that for every z € U,
AeNTED S N2 IF(2) 2N,

¢) Using the two-dimensional It6 formula (see below), show that

1
M, = exp (§|A|2[t “¢(sam)] + (N F(BC(s /\TU))))
is a bounded martingale and conclude.

Question 3 Where did we use the assumption that f and f’ are uniformly bounded? How could one
get rid of the assumption on f and f'?

Question 4 What is the probability that a Brownian motion starting at € exits the domain D\ [-1,0]
through oD?

Question 5 a) Explain how one could define the Brownian motion in a simply connected domain D
between two boundary points a and b. We denote by IP’?DMG b) this measure.

b) Sketch a proof of the following conformal invariance property: let (D,a,b) be a simply connected
domain and f a conformal map, then

BM _ mBM
fo®hab) = P(H(D), 1)1 0))-

¢) Explicit a construction when D =H, a =0 and b = .
d) * Let K be a compact set such that H = H\ K is a simply connected domain containing 0 (the set
H is called a hull). Prove that

P my (B stays nside ) = 670

where ¢ is the map from H to H that maps 0 to 0 and with ¢5(2) ~ 2 when z goes to infinity.

Theorem 0.6 (It6 formula in dimension 2) Let B = BY +iB® be a two-dimensional Brownian
motion. Let X be an increasing continuous adapted process and

X, = ftagUngU +ifta§2)dB§2).
0 0

Let f:C xR, - R be a smooth function, then
2 t _ ) t 12 t )
JXE) = F(Xo. )+, [0/ (Xe, 20)adBO+ [C0f (X S)d+5 Y [ 0RF(X 2 (al?) ds.
=170 0 i=1 0

Critical percolation exponents

The goal of this session is to compute explicitly an exponent for radial SLE(6), using diffusion pro-
cesses. We deduce an exponent for discrete critical percolation on the triangular lattice.



Exercise 1: Disconnection exponent I

Let z € (0,27) and let H(z,t) be the event that one radial SLE(6) starting from 1 does not disconnect
e'® from 0 before the time t. The goal of this exercise is to show that there exists ¢ > 0 universal such
that

L t

efi(sing)g <P[H(z,t)] < ceiZ(sing)%.

Question 1 Let (; be the driving process of the SLE (11: is v/6 times a standard Brownian motion). Why
can one define a real valued process Y;* such that g;(e**) = (; exp(:Y}®) and Y = z for every ¢ < 7(e**)
(7(z) is the disconnecting time)? Show that

dY;® =\/6dB, + cotg(Y;" [2)dt.
Hint. Recall that the argument is the imaginary part of the logarithm. Moreover, what is Im[@t log gt(e”)] ?
Question 2 Let 7, :=inf{t > 0:Y" € {0,27}}, prove that P[H(z,t)] = P[7* > t].

Question 3 Assume that f(x,t) := ]P[H(a:,t)] is smooth on (0,27) x [0,00) (the general theory of
diffusion processes guarantees that), show that

3f" +cotg(w/2) f = 0 f

and that lim, g+ f(x,t) = limg_ox- f(2,t) =0 and f(x,0) = 1.
Question 4 Define F(z,t) := IE[ILH(W)(Sin YT’I)%] and show that
F(x,t) = e_i(sing)%.
Hint. We can admit that the solutions of the PDE are determined by boundary conditions.

Question 5 * Conclude

Exercise 2: One-arm exponent for percolation
Consider critical site percolation on the triangular lattice, we want to prove that
P(0 < OA,) = n~w+oM)

where JA,, is the boundary of the box of size n. We assume that the result of exercise 8 is known.

Question 1 Let m(r, R) be the probability that there exists a path between 9A, and dAgr. Show that
there exists a constant ¢ > 0 uniform in r» and R such that

C7T(T1, 7“2)77(7”2, T?)) < 7.(-(7417 T3) < 77(7"177”2)7'('(7”27 T3)-
Hint. For the left side of the inequality, use RSW.
Question 2 Consider percolation on a finite subgraph of the triangular lattice with circular shape.

Explain how to define a natural exploration process at a discrete level. Towards which process should it
converge (we do not ask for a proof!!)?



Question 3 What is the event associated to {OA, < OAg} for the exploration process? Show that
there exist 0 < ¢1, ¢y < oo such that for every R,

_5 _5
aaR™3 <w(n,nR) < coR™ 18

when n is large enough.

Question 4 Conclude the proof.

Exercise 3 (optional**): Disconnection exponent II

Let z € (0,27) and let J(t) be the event that one radial SLE(6) starting from 1 does not close any
counterclockwise loop before time ¢. Let 9} be the part of 9K; \ U lying on the left of the end-point ;.
We set Y; to be the arc-length of g;(9}).

Question 1 Find a SDE which is satisfied by Y and express ]P’[j (t)] in terms of the survival time of
Y.

Question 2*** Find a PDE which is satisfied by the function h(x,t) := fol f(xz,t+s)ds where f(x,t):=
P(27 ¢ Y[0,t]|Yo = ). What are the boundary conditions? Hint. Try to go back to the discrete model in
order to prove that h(xz,t) — h(0,t) = o(x).

Question 3* Explain how one could prove that there exist 0 < ¢, ca < oo such that
cle_% < ]P’[J(t)] < 026_%.

Question 4* Show that the probability of a radial SLE(6) starting from 1 does not close any counter-
clockwise loop before touching the circle of radius ¢ is of order e~/43.

Some analytic properties of SLE curves

In this session, we prove that the SLE(k) is space-filling whenever « > 8. We further compute exponents
that will be useful for the derivation of intersecting exponents of Brownian motion and random walks.

Exercise 1: Conformal radius, space-filling SLE and Hausdorff dimension

We consider chordal SLE(k) in the upper half-plane for £ > 0. As usual, g; is the conformal map from
H; to H with hydrodynamical renormalization. Define

gt(z) - gt(Z) _gt(Z())

: for all zeH.
gt(Z) _gt(ZO)

Question 1 Let zg € H. Prove that there exist constants 0 < ¢y, cs < oo such that

c1d[20,7[0,8)] <131 (20)[ " < c2d[20,7[0,1)]

for any t < 7(2p).



Question 2 a) Assume that ¢ < 7(2g). Explain how one could derive the following equality — we do not
ask for the (straightforward yet messy) computation.

Btgt(f;)(gt(z) - })
(1-5)(G:(2) - Br)

Orge(2) = ag x

where

G, = Bt = 9:(20) and 0 = 2(8; - 1)*

Br - ¢ (20) © (9u(20) - 90(20))2 3

Check that 3, € D and a; > 0 for every ¢ < 7(20).
b) We introduce the time-change s := _[Ot aydu. Show that hg = gy(,) satisfies a 'radial Loewner like’

equation with ’driving process’ «s where exp(ias) = Bt(s).
c¢) By differentiating (with respect to z) the previous equation at zp, show that
2k (20)
1- Bs
Deduce that |hl(z0)| = |h((z0)le™ when s < s(7(20)).

sh’(20) =

Question 3 Explain how one could prove (we do not ask for the computation)

k-4

af =2 and daf = \/kdB; +

cotg(ay [2)dt.

Question 4 To which event for the diffusion « does {¢(s) = 7(20) } correspond? Show that d(zp, [0, )) =
e™¥ where S is the survival time of the diffusion a.

Question 5 Prove that the SLE(k) is dense whenever £ > 8. We assume that it is generated by a
transient continuous curve. prove that it is space-filling.

Question 6* What can be said about the Hausdorff dimension of SLE(x) when « < 87

Exercise 2 (optional): Derivative exponents for SLE

We consider radial SLE(k) starting from 1. Recall the definition of H(x,t) from the previous session. We
consider b> 0 and « € (0,8), we want to prove

cr(z)e™ <E[lgy(e) Ly ] < ca(z)e™

where z € (0,27), 0 < ¢1,¢3 < 00 and

8b+r—4++/(k-4)2+16bk
V= .

16

Question 1 Let Y® be the diffusion defined by g;(e*®) = ¢t . Explain how one could prove that
dY}® = \/kdBy + cotg(Y;*[2)dt. Set 7% :=inf{t >0:Y;* € {0,27}} and show that ¢7 :=|g;(e"")| satisfies

¢f = 0. Y

for every t < 7%.



Question 2 Show that
1

S log? = ——————.
+log 9 2sin?(Y2/2)

Set f(x,t):= [|g£(€iw)|b]l’}.£(r7t):|, deduce that

b rt ds
s =[n(= [ St ) o)

Question 3 Assuming f(z,t) is smooth, show that

gamf + cotg(2/2)0, f - O,f.

b
2sn(2j2)

What are the boundary conditions?

Question 4 ** Sketch how one could conclude.
Intersection of two Brownian motions

Exercise 1: playing with SLE(6) and other models
Let V ={z:0< Re(z),Im(z) < V3/2Re(z)} and V; = {z € V,/3/2Re(z) + Im(z) </3/2}.

Question 1 Consider a simple random walk in {% + %ei”/ 3.0 <n,m < N} on the triangular lattice
stopped at the first time it hits 1 +e2*"/3R. We consider that it is reflected on N following the transition

probabilities

(ot 1)L pere L) s ) = pler+ ) = pla ) =
T, r+ =)= r,r——)=plx,z =p(x,x =p(z.2) ==
p b N 37 p b N p b N p b N p b 67
im/3 1 1 —im/3 -2im/3 1
plaer o) =5, paas ) =plaa s =) =pla.a+ ) =p(,a) = .

We assume that the random walk converges (when N goes to o) to a continuous process called the
Brownian motion which is reflected with an angle of 27/3 and stopped at the first time it hits 1+ 23R,
a) What is the hitting distribution of the reflected Brownian motion on 1+ ¢*™/3R ?
b) (optional) We construct the process in any domain by conformal mapping. What does the process
look like?

Question 2 Let K be a compact set intersecting R and not intersecting (—1,1)such that H \ K is
simply connected, show that
PRBM(E A K) =1 -length(¢(9K))

where ¢ is the conformal map from H \ K to Vj such that ¢(0) =0, ¢(1) = 1 and ¢(-1) = /3. Show
that the hull of the reflected Brownian motion up to the first time it hits R\ (-1,1) is the same as the
hull of a chordal SLE(6) up to the first time it hits R\ (=1,1).

Question 3 ** Let K; be a chordal SLE(6) from 1 to ¢ in ), 7 is the disconnecting time of 0. Let
K be a radial SLE(6) starting from 1 and going to 0 and 7; the disconnecting time of e**. Explain how
one could prove that the two processes K, and K,z are the same up to time reparametrization.

10



Exercise 2: Intersection exponent for two Brownian motions

In this exercise, we prove

]P’(Zl[Tﬁ,'rl] n Z2[7T2,712] = @) = R-ire)

where Z' and Z? are two Brownian motions started uniformly on the circle of radius 1. The random
variables 7' and 72 are the hitting time of the ball centered at 0 of size r.

Question 1 (SLE computation) Let D; be the hull of a chordal SLE(6) starting from 1.

a) let 0y := fo% |97 (€™ )| 134(z,1yd be the length of the arc Ay := 9D;nOU that has not been disconnected
by D;. What is the probability for a Brownian starting at the origin to hit A;?

b) Let Z a Brownian motion starting at 0, 7 the exit time of the disk. Let Y be a radial SLE(6)
starting at 1 and 7, the hitting time of the ball of size r. Show that

Blon

P(Z[0,1]nY[0,7] =) =1~

when r goes to 0.
¢) Let Z a Brownian motion starting at 0, 71 the exit time of the disk. Let X be a reflected Brownian
motion starting at 1 and 7, the hitting time of the ball of size r. Show that

wlov

P(Z[0,71]nX[0,7] =@) xr”
when r goes to 0.
Question 2 ** Sketch a proof of the derivation of &.
Question 3 ** Explain (in a very sketchy way) how you would prove
P(X[1,n]nY[1,n] = @) =n 3+®

where X and Y are two walks starting at the origin.

11



