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1 Notations ans some algebra

Let F be a totally real field of degree d = [F : Q], OF its ring of integers.
Let D be its discriminant. The set of prime factors dividing D is denoted by
Ram(F ).

Let JF = HomQ−alg(F,Q) be the set of embeddings of F ; we fix an em-
bedding Q→ C by which we view also JF as the set of archimedean places of
F .

We fix a partition JF = S t S′, and put s = Card(S), s′ = Card(S′), so
that s + s′ = d.

We refer to Vignéras’ book [20] for details on this section.
Let B be a simple central F -algebra of degree 4 ramified at all places of S′

and split at all places of S. When S = JF , the case B = M2(F ) is possible; if
B 6= M2(F ), B is called a quaternion division algebra over F . We denote by
∆ the set of prime ideals of F at which B ramifies. The ramification set of B
is Ram(B) = ∆ ∪ S′. Its cardinality is even.

We will be mostly interested in the cases B = M2(F ) (Hilbert modular
case), s = 1 (Shimura curve case) and s = 0 (zero-dimensional Shimura variety,
called Hida set by K. Fujiwara).

A possible construction of B is to give an F -basis (1, i, j, k) together with
its multiplication table: choose a, a′ ∈ F×, then define B = [a, a′] as the
F -algebra with basis 1, i, j, k such that i2 = a, j2 = a′ and k = ij = −ji.

For [a, a′], the set S is the subset of embeddings for which either a or
a′ is positive while the set ∆ consists of the primes p such that the form
x2 − ay2 − a′z2 + aa′t2 does not represent zero over Fp.
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We denote by b 7→ b′ the main involution of B: x + yi + zj + tk 7→
x − yi − zj − tk , tr : B → F, b 7→ b + b′ = 2x the reduced trace and
ν : B× → F×, b 7→ bb′ = x2− ay2− a′z2 + aa′t2 the reduced norm. We denote
its kernel by B1. For B = M2(F ), tr is the usual trace, ν = det, B× = GL2(F )
and B1 = SL2(F ).

We introduce various reductive algebraic groups defined over Q: G =
ResF

QB×, G∗ = {g ∈ G; ν(g) ∈ Q×} and G1 = Ker ν = ResF
QB1 (this last

group is simple and is the derived group of G and G∗).
Any maximal order R ⊂ B provides integral models GR, G∗

R, resp. G1
R of

the reductive groups G, G∗ and G1 by applying the Weil restriction from R
to Z. These group schemes have good reduction outside Ram(B) ∪ Ram(F ).

Note that for any quadratic extension K/F such that for any v ∈ Ram(B),
the place v does not split in K, we have B ⊗F K ∼= M2(K) (by the theory of
the Brauer group of a number field); note K is complex at each place in S′.
Hence, for any extension L containing the Galois closure of K, there exists an
isomorphism B ⊗Q L ∼= M2(L)JF . Actually, given a maximal order R ⊂ B
and such an extension L/F , one can find adjust the isomorhsim so that it
sends R ⊗ OL into M2(OL)JF (Exercise! hint: fix any isomorphism over L
and use a conjugation by an element (gσ) ∈ SL2(L)JF with gσ ∈ SL2(L)
close to an adelic element ĝσ ∈ SL2(Lf ) realizing the desired conjugation into
M2(ÔL)JF ).

Let A = Qf × Q∞ be the ring of rational adeles, decomposed into the
product of its finite part Qf = Q ⊗ Ẑ and its archimedean part Q∞ = R.
We write FA = F ⊗ A (resp.Ff = F ⊗ Qf , ...) and we consider the FA-
algebra BA = B⊗A, B×

A its group of invertible elements, and B1
A = B1

f ×B1∞
its subgroup of norm 1 elements. Recall that if the Eichler condition S 6= ∅
(s > 0) holds, we have the strong approximation theorem: B1

A = B1 ·(V ×B1∞)
for any compact open subgroup V of B1

f . It implies that for any compact open
subgroup U ⊂ B×

f , the reduced norm ν induces a bijection

B×\B×
A /(U ×B+

∞) → F×\F×
A /ν(U)F+

∞

where B+∞ denotes the subgroup of elements whose reduced norm is totally
positive (or equivalently S-positive). Note that the right-hand side Cl+U is a
(finite) strict ray-class group. By choosing representatives t1, . . . , th ∈ F×

f of
ClU and then choosing bi ∈ B×

A such that ν(bi) = ti, one obtains:

(1) B×
A =

h⊔

i=1

B× · bi · (U ×B+
∞).
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[Proof of the bijection:
surjectivity: write ClU as F×,S′+\(F×

f × F×,S′+∞ )/ν(U)F+∞, where F×,S′+

is the subgroup of S′-positive elements of F×;
injectivity: if x, y ∈ B×

f and ν(y) ∈ F×,S′+ · ν(x) · ν(U)F+∞, one can find
b ∈ B×, u ∈ U , b+∞ ∈ B+∞ such that b−1y and xub+∞ have same ν. Therefore,
z = b−1y(xub+∞)−1 ∈ B1

A. We apply B1
A = B1V B1∞ to V = G1

f ∩ xUx−1. We
thus obtain z = βvβ∞, or y = bβvxuβ∞b+∞; since vxu = x(x−1vx)u ∈ xU , we
see that y ∈ B×xUB+∞ as desired.]

If the Eichler condition does not hold (s = 0), still, there is a finite decom-
position (depending on U , not only on ν(U)):

B×
A =

⊔
B× · bi · (U × B×∞). Note that in that case, B×∞ = B+∞. Actually,

consider the modulus character B×
A → R+ given by |b| = |ν(b)|A and the

topological space (not group!) B×\B| |=1
A . In all cases (s = 0 or not), if

B 6= M2(F ), this quotient space is compact (it is called Fujisaki’s theorem
in Vignéras’ book); this implies that the quotient sets B×\B×

f /U and XU =
B×\B×

f /UF×
f are finite. Indeed, B×\B×

f /U = B×\B×
A /UB×∞ is finite (by

Fujisaki), and XU is the quotient of this set by the action of its finite subgroup
F×\F×

f /(U ∩ F×
f ).

It also follows from Fujisaki’s theorem that B1\B1
f is compact (because

B1\B1
A is).

2 Shimura varieties and sheaves

Let B as above. For ? = ∅, ∗, 1, we put G?
f = G?(Qf ), G?∞ = G?(Q∞), so that

one has a decomposition of topological groups G?(A) = G?
f×G?∞. Let H be the

R-algebra of Hamilton quaternions and H1 its group of norm one elements; we
write K∞ = SO2(R)S × (H1)S′ for the standard maximal compact subgroup
of G1∞ and we put C∞ = F×∞ ·K∞.

2.1 Complex quaternionic varieties

For each compact open subgroup U ⊂ Gf , we introduce the set (called the
Shimura variety for G of level U):

ShU = G(Q)\G(A)/UC∞.

Let G+∞ be the subgroup of positive norm elements in G∞. Note that G+∞ =
GL+

2 (R)S × (H×)S′ and G+∞/C∞ = (GL+
2 (R)/R×SO2(R))S × (H×/R×H1)S′ .

This is diffeomorphic to the product hS of s copies of the upper half plane
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h by g 7→ g(i) (where i =
√−1 ∈ h). For any U , it is an analytic space of

dimension s; moreover, ShU is compact for all U ’s, unless B is M2(F ) (”there
are no cusps for quaternionic Shimura varieties, except in the Hilbert case”).
This follows immediately from Fujisaki’s theorem. In particular, if s = 0, we
have C∞ = B×∞ so that the variety ShU = B×\B×

f /U is finite, consisting in
the set {[G(Q)biUC∞]]}i ; it is sometimes called the Hida set for G with level
U .

In general, for any s, by weak approximation at archimedean places, one
has ShU = G(Q)+\((Gf/U) × hS) where hS denotes the product of copies
of h indexed by S, and one deduces from (1) the decomposition of ShU into
connected components

ShU
∼=

⊔

i

Γi\hS ,

where Γi = biUG+∞b−1
i ∩ G(Q) (i = 1, . . . , h) is a discrete subgroup of G+

Q
which acts properly modulo center on hS . [Indeed, GA =

⊔
GQbiUG+∞ and for

any b ∈ Gf , the stabilizer of bUG+∞ in GQ is Γb = GQ ∩ bUG+∞b−1.]
If U is sufficiently small, all the groups Γi and their quotients by F× ∩ Γi

are torsion-free (we’ll see this more precisely later). Thus, Γi/(F× ∩ Γi) acts
properly and freely on hS . This implies
Fact: For any s, if U is sufficiently small, ShU is a smooth complex variety.

Indeed, all its connected components are complex varieties.
Comments:

1) Each connected component Ci of ShU is a quotient of the connected
Shimura variety Sh1

Vi
= Γ1

i \hS where Vi = G1
f ∩ biUb−1

i is compact open in G1
f

and Γ1
i = Vi ∩G1(Q) is a discrete subgroup of G1∞. More precisely, there is a

finite étale covering ShVi → Ci with Galois group Ei = det(Γi)/(F× ∩ Γi)2, a
finite subquotient of O×,+.

2) When B 6= M2(F ), the variety ShU is called a quaternionic Shimura
variety, resp. a Shimura curve when s = 1.

3) In the case B = M2(F ), ShU is called the adelic Hilbert modular variety
of level U . In this case, for U∗ = U∩G∗

f , and C∗∞ = Q×∞ ·K∞, we also introduce
Sh∗U = G∗(Q)\G∗(A)/U∗C∗∞ (Shimura variety for G∗ of level U∗). We have

Sh∗U∗ ∼=
⊔

j

Γ∗j\hS

where Γ∗j = cjUc−1
j ∩G∗(Q) for j = 1, . . . , h∗. The reduced norm induces an

isomorphism from the group π0(Sh∗U∗) of connected components to

Q×\A×/(ν(U) ∩Q×f )Q+
∞,
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and each connected component coincide with Sh1
Vj

= Γ1
j\hS where Vj =

G1
f ∩ cjUc−1

j . Thus, the inclusions G1 ⊂ G∗ ⊂ G induce morphisms Sh1
U1 →

Sh∗U∗ → ShU , which are open, quasi-finite, the first one being an open im-
mersion. The introduction of G∗ and of its Shimura varieties is very useful
because, even if U is neat, the canonical model of ShU will be only a coarse
moduli space while the one of Sh∗U will be a fine moduli space.

2.2 Coefficient systems

We fix a maximal order R ⊂ B, and we choose a finite extension K/F which
splits B and contains a Galois closure of F , together with an isomorphism
B ⊗Q K ∼= M2(K)JF sending R⊗OK into M2(OK)JF .

For any nτ , vτ ∈ N, we introduce theOK-modules Λ(nτ , vτ ;OK) = SymnτO2
K⊗

detvτO2
K and itsOK-dual L(nτ , vτ ;OK) = Λ(nτ , vτ ;OK)∗; one has L(nτ , vτ ;OK) =

SymnτO2
K ⊗ det−nτ−vτO2

K . Since there is an ambiguity about the definition
of symmetric powers over the integers, let us be clear that in the definition of
Λ(nτ , vτ ;OK), resp. L(n, v;OK), we view the symmetric algebra as the graded
subalgebra of the tensor algebra, resp. as the quotient algebra by the graded
two-sided ideal generated by u⊗ v − v ⊗ u.

There is an OK-schematic action, ”the τ -action”, of the OF -group scheme
R× on Λ(nτ , vτ ;OK) via the τ -embedding R ⊂ M2(OK) fixed above. We
endow L(nτ , vτ ;OK) with the contragredient of this representation of R×.

For n =
∑

τ∈JF
nττ ∈ N[JF ] and v =

∑
τ∈JF

vττ ∈ Z[JF ], we put L(n, v;OK) =⊗
τ∈JF

L(nτ , vτ ,OK). this finite free OK-module comes with a schematic ac-
tion of GR defined over OK . It is the tensor product of the τ -actions.

In order to define a sheaf over ShU , we’ll need that scalar matrices ε ∈
O×F ∩ U ⊂ GR(Z) act trivially by this action. This is why we assume from
now on that n + 2v is diagonal: if t =

∑
τ τ , we assume that there exists

m ∈ Z such that n + 2v = mt.
For any OK-module, we also put L(n, v;M) = L(n, v;OK)⊗M ; it is still

a schematic module over GR ⊗OK . If M is a K-vector space, we define a left
action of G(Q) on L(n, v; M) by the left representation of G⊗K defined above,
and take the trivial right action of UC∞. Then consider the sheaf L(n, v;M)
over ShU of continuous sections of the K-vector bundle

B1 = G(Q)\G(A)× L(n, v; M)/UC∞ → ShU

induced by pr1 : G(A)×L(n, v; M) → G(A) for the actions γ ·(g, `) = (γg, γ ·`)
and (g, `)uc∞ = (guc∞, `).

We will be interested in the Betti cohomology groups H•(ShU ,L(n, v;M)),
H•

c (ShU ,L(n, v; M)), especially the sth cohomology group (middle degree).
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Let p be a prime number. If M is p-adic, one can define a p-adic integral
structure on these groups. More precisely, let v be a place of OK above p
and let O be a discrete valuation ring which is finite flat over the completion
OKv of OK at v. Let us assume that M0 is an O-module. Consider the
trivial left action of G(Q) on L(n, v;M0) and the right action of UC∞ given
by v · uc∞ = u−1

p v. This defines another bundle

B2 = G(Q)\G(A)× L(n, v; M0)/UC∞ → ShU

In case M is both a K-vector space and an O-module, these two bundles are
isomorphic by the ShU -morphism B1 → B2 given by (g, v) 7→ (g, g−1

p v). Let
us define, for any O-module M0, the sheaf L(n, v; M0) of continuous sections
of B2 → ShU .

With this definition, for any O-module M0 and for M = M0[1/p], we have
a natural integral structure on H•∗ (M) = H•∗ (ShU ,L(n, v;M)) (∗ = ∅, c), given
by the image of H•∗ (M0) = H•∗ (ShU ,L(n, v; M0)).

2.3 Hecke correspondences

The correspondence [UξU ] (for ξ ∈ Gf ): Let U(ξ) = ξUξ−1∩U . We consider
the two projections πi : ShU(ξ) → ShU where π1 is the transition map induced
by the inclusion U(ξ) ⊂ U , and π2 is induced by right multiplication by ξ on
Gf . Moreover, by noticing that π∗1L coincides with the sheaf Lξ associated
above to L on ShU(ξ), we see that there is a natural K-linear morphism of
sheaves [ξ] : π∗2L(n, v; M) → π∗1L(n, v; M): if s(g) = s(gu) for u ∈ U , π∗2s :
g 7→ s(gξ) is right invariant by U(ξ) hence defines a section of π∗1L = Lξ.
Since πi are finite (étale if U is neat), we can define the trace π1∗; define Tq

as π1∗ ◦ [ξ] ◦ π∗2. This correspondence acts on H•∗ (M). Moreover, if M =
M0[1/p] for a finite free O-module M0, we see that if ξp = 1, the action of
[UξU ] preserves the p-adic integral structure given by the image of H•∗ (M0)
in H•∗ (M).
Remark: If one wants to include the case where ξp is non trivial, one needs
to assume that ξp ∈ Rp ∩ B×

p and we need to modify the morphism [ξ] using
the description via the bundle B2: [ξ](s) = ξ′p · s(gξ) where the prime denotes
the main involution on B.

For a compact open subgroup U ⊂ Gf , we denote by Ram(U) the set of
places of F such that Uv 6= R×

v . For a prime q /∈ Ram(U) ∪ Ram(B), let
$q be a uniformizing parameter in Fq and ξ ∈ B×

f . We define the Hecke
correspondence Tq, resp. Sq, by choosing ξ whose components are 1, except at

q where it is
(

$q 0
0 1

)
, resp.

(
$q 0
0 $q

)
. As observed above, for q prime
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to p, these operators preserve the p-adic integral structure on the cohomology.

3 Hilbert and Quaternionic forms

3.1 Automorphic vector bundles on quaternionic Shimura va-
rieties

In the decomposition G∞ = G(R) = GL2(R)S × (H×)S′ , any element g ∈ G∞
is also written as g = (gτ )τ ; we write sometimes GS for the first factor, and
GS′ or GS∞, for the second. Consider the subgroup G+∞ of G∞ of elements with
totally positive reduced norm (or, equivalently, S-positive reduced norm).

The product hS of copies of h indexed by S carries a left action of G+∞
defined, for z = (zτ )τ∈S , by g(z) = (gτ (zτ ))τ∈S ; here, for each τ ∈ S, gτ (zτ )
denotes the action of gτ ∈ GL2(R)+ by linear fractional transformation on h.
This action factors through G+

S and even through G+
S /ZS where ZS denotes

the center of GS . Consider the Q-torus T = ResF
QF×; its group of characters

X∗(T ) is identified to Z[JF ] by t
∑

τ mτ τ =
∏

τ (t
τ )mτ . Consider the group

decomposition T (C) = TS × TS′ , t 7→ (tS , tS′). Define the S-automorphic
factor

G+
∞ × hS → TS , (g, z) → jS(g, z) = (cτzτ + dτ )τ∈S ,

for gτ =
(

aτ bτ

cτ dτ

)
. It satisfies jS(gg′, z) = jS(g, g′(z)) · jS(g′, z).

For any m =
∑

τ mττ ∈ Z[JF ], we put mS =
∑

τ∈S mττ ∈ Z[S]; it defines
an algebraic character of the R-torus TS by tS 7→ tmS

S . Let kS ∈ Z[S] and define
the automorphic factor of weight kS : G+∞ × hS → C×, (g, z) 7→ jS(g, z)kS =∏

τ∈S(cτzτ + dτ )kτ .
Let us assume that for any τ ∈ S′, we have kτ ≥ 2; so, for these τ ’s, we

have nτ = kτ − 2 ≥ 0. For completeness, we also introduce nτ = kτ − 2 even
for τ ∈ S, but, a priori we don’t assume nτ ≥ 0 for those τ ’s.

Choose vS = (vτ )τ∈S′ . Let L(nS , vS ;C) =
⊗

τ∈S′ L(nτ , vτ ;C). For any
wS ∈ Z[S], we denote by νwS the composition GS

ν→ TS
wS→ C×. Let us

consider

• the representation ν−wS ⊗ L(nS , vS ;C) of G∞ = GS ×GS∞,

• the one-dimensional representation C(kS) of TS given by tS 7→ tkS
S .

We have seen that ShU = G(Q)+\(Gf × hS)/U ; we define a holomorphic
vector bundle over ShU by defining a left action of G(Q)+ on Gf×hS×C(kS)⊗
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ν−wSL(nS , vS ;C) by γ · (gf , z, `) = (γgf , γ(z), ν(γ)−wSjS(γ, z)kS · γS · `), and
trivial right action of U .

A global section of this bundle is a function ` : Gf/U×hS → C(kS)⊗νwS⊗
L(nS , vS ;C) such that for any γ ∈ G(Q)+, `(γgf , γ(z)) = ν(γ)−wSjS(γ, z)kS ·
γS · `(gf , z).

Therefore, in order for this vector bundle to admit non zero global sections,
it is necessary that any ε ∈ F× ∩ U has trivial action. This is why we add
to our assumption n + 2v = mt for some integer m ≥ 0 the conditions

1) U ∩ F× ⊂ O+
F or m even, and

2) w = v + k − t.
Indeed, under these assumptions, ε acts on the left by ε−2wS+kS−(nS+2vS).

The exponent is equal to −2(vS+kS−tS)+kS−(kS−2tS+2vS) = −2v−k+2t;
it is therefore an integral multiple of t, so that ε acts through a power of its
norm, which is 1. We obtain a holomorphic vector bundle on ShU denoted by
ωkS

S ⊗ ν−wS ⊗ L(nS , vS ;C) (the tensor product is only a notation...)
Comment on the notation: For any i, the pull-back to Sh1

Vi
of the restric-

tion to the connected component Ci of the sheaf ωkS
S ⊗ ν−wS ⊗ L(nS , vS ;C)

can be decomposed as the tensor product of an invertible sheaf ωkS (de-
fined by the same automorphic factor as before) and a locally constant sheaf
L(nS , vS ;C). In a similar way, note that the locally constant sheaf L(n, v;C)
can also be decomposed as the tensor product of locally constant sheaves
L(nS , vS ;C) ⊗ L(nS , vS ;C). Moreover, if kS ≥ 2tS , Hodge theory provides a
canonical injective homomorphism

H0(Sh1
Vi

, ωkS ⊗ L(nS , vS ;C)) ↪→ Hs(Sh1
Vi

,L(nS , vS ;C)⊗ L(nS , vS ;C))

which identifies the left hand side with the last non zero term of the Hodge
filtration.

Note however that this tensor product decomposition does not descend to
Ci because of the presence of units ε ∈ F× ∩ U , by the calculation above.

3.2 Space of quaternionic cusp forms

Assume first s > 0:
If d > 1 or if d = 1 and B 6= M2(Q), we define the vector space of

quaternionic forms of weight k,w and level U by Mk,w(U) = H0(ShU , ωkS
S ⊗

ν−wS ⊗ L(nS , vS ;C)). Again, n = k − 2t with nS ≥ 0, n + 2v = mt and
w = k − t + v.

If d = 1, and B = M2(Q) the holomorphicity at cusps must be also im-
posed.
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Apart from the Hilbert case B = M2(F ) the space Mk,w(U) consists only
of cusp forms (in the sense of the Jacquet-Langlands correspondence); we thus
write Sk,w(U) = Mk,w(U) (”S” is the initial of Spitz=cusp):

Sk,w(U) = H0(ShU , ωkS
S ⊗ ν−wS ⊗ L(nS , vS ;C)).

In the Hilbert case, the space Sk,w(U) is defined as the subspace of Mk,w(U)
of sections vanishing at cusps.

Since s > 0, a global section of the sheaf ωkS
S ⊗ ν−wS ⊗ L(nS , vS ;C) over

ShU is a function f : Gf × hS → ν−wS ⊗ L(nS , vS ;C), such that f(gf , z) is
holomorphic in z ∈ hS and for any γ = (γf , γ∞) ∈ G(Q)+ and any u ∈ U , one
has f(γfgfu, γ∞(z)) = ν(γ)−wSjS(γ, z)kSγS · f(gf , z).

There is another description of the pull-back of the space Sk,w(U). Namely,
one maps a function f : Gf/U ×hS → L(nS , vS ;C) which is C∞-invariant and
G(Q)-equivariant, to the function φ : G(Q)+\((Gf/U)×G+∞) → L(nS , vS ;C)
given by φ(gf , g∞) = ν(g∞)wSj(g∞, i)−kS · g−1∞ · f(gf , g∞(i)). This function
is G(Q)-invariant and C∞-equivariant: It is easy to see that the functional
equation f(γfgfu, γ(z)) = ν(γ)−wSjS(γ, z)kSγS · f(gf , z) becomes φ(guc∞) =
ν(c∞)wSjS(c∞, i)−kSc−1∞ · φ(g). Note that the domain of definition of φ is
G(Q)+\((Gf/U)×G+∞) = G(Q)\G(A)/U .

One can use this trick to define p-adic integral structures on the space
Sk,w(U). The model for this is the theory of (A0)-type Hecke characters of A.
Weil ([1955c], Collected Works vol.II), Let us recall its gist.

Let k ∈ Z[JF ] and let f : F×
A /UF+∞ → C× be a continuous homomorphism

such that f(αx) = αkf(x) for allα ∈ F×. Because of the following exercise,
we call f a classical avatar of an (A0)-type Hecke character.
Exercise: Such an f induces a classical Hecke character of weight k. That is,
there exists a number field E such that f factors into a homomorphism from
the group of non-zero fractional ideals prime to Ram(U) to E× such that if
a = (α) with α ∈ F× ∩ UF×∞, one has f(a) = αk.

We define now the complex avatar φ∞ of f is defined by φ∞(x) =
x−k∞ f(x). It is a continuous function φ∞ : F×\F×

A /U → C such that φ∞(xy∞) =
y−k∞ φ∞(x) for all y∞ ∈ F+∞.

Finally, let U = Up×Up; the p-adic avatar φp of f is defined by φp(x) =
x−k

p f(x) = xk
px

k∞φ∞(x). It is a continuous function φp : F×\F×
A /UpF+∞ → Qp

such that φp(xup) = u−k
p φp(x) for all up ∈ Up.

Exercise: Show that indeed φp takes values in the p-adic field completion of
E in Qp.

It is automatically integral valued because by continuity it factors through
the separated quotient of F×\F×

A /UpF+∞ which is a compact group (it is iso-
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morphic to Gal(F∞/F ), where F∞ is the maximal abelian extension of F

unramified outside p∞); thus its image is contained in Z×p .
The analogy for G instead of GL1 is elementary if S = ∅ (the Hida set

case). If S 6= ∅ and B 6= M2(F ), this construction involves Deligne-Carayol
theory of (integral) strange models which are moduli schemes of PEL type.
For their definition in the Shimura curve case, see Carayol [3] and Kassaei [9]
for instance. Since it is enough in the sequel, let us focus on the easy case
S = ∅.

Explicit description when s = 0: Good references for this situation are
[7] Sect.1 and [6]. Let K be an extension of F which splits B and contains a
Galois closure of F . For any K-algebra L, let us consider

S̃k,w(U ; L) = {f : Gf/U → L(n, v; L); f(γgf ) = γ · f(gf )}

or equivalently, if L is a C-algebra:

S̃k,w(U ; L) = {φ∞ : G(Q)\GA/U → L(n, v;L);φ∞(gc∞) = c−1
∞ · φ∞(g)}

The bijection f 7→ φ∞ is given by φ∞(gf , g∞) = g−1∞ · f(g).
or else, if p is a place of K above p and L is a Kp-algebra:

S̃k,w(U ; L) = {φp : G(Q)\Gf/Up → L(n, v; L);φp(gup) = u−1
p · φp(g)}

The bijection f 7→ φp is given by φp(gp, gp) = g−1
p · f(g).

If k 6= 2t (so w 6= t), one defines the space of cusp forms as Sk,w(U ; L) =
S̃k,w(U ;L).

If k = 2t and w = t, there is an element in S̃2t,t(U) which contributes to the
discrete series but not to the cuspidal spectrum, namely νt = NF/Q ◦ ν; this is
why one defines the space of cusp forms as S2t,t(U ; L) = S̃2t,t(U ;L)/ < νt >.

If L is a p-adically complete Kv-algebra with valuation ring OL it is now
easy to define an integral structure on Sk,w(U ; L); one simply puts

Sk,w(U ;OL) = {φp : G(Q)\Gf/Up → L(n, v;OL);φ(gup) = u−1
p · φp(g)},

with an obvious modification for (k, w) = (2t, t).
Remark: Note that contrary to the GL1 case, despite the fact that the domain
of the functions φp is compact, the integrality of their image is not automatic
because these functions are not homomorphisms!

The description of the Hecke operators Tq (q /∈ Ram(B) and prime to
lev(U)) acting on the space of cusp forms can be given in the two avatars of

11



Sk,w(U ;L) as follows. Let (xi) be a finite set of representatives of GQ\Gf/U ,
in the first description, we put (f |Tq)(g) =

∑
i f(gxi), and in the second,

we put (φp|Tq)(g) =
∑

i x
′
i,p · φp(gxi), where for x ∈ Gf , xp ∈ Gp = G(Qp)

denotes the p-component of x. We choose the main involution instead of the
inverse because thus, the integral form Sk,w(U ;OL) is preserved by all Hecke
operators, including Tp for p dividing p, if B does not ramify above p and
p /∈ Ram(U). So the two definitions differ slightly, only for the operators
Tp for p dividing p; if we need those operators, for our purpose, the correct
definition is the second, which amounts to a twist of the first by (detgp)n+2v.

The group F×
f of finite ideles acts continuously on Sk,w(U ;OL) by

(z · φp)(g) = φp(gz). This action factors through the p-adic group ClUp =
F×

f /F×(U ∩ F×
f )p. Moreover, this action is locally algebraic: on the image of

Up ∩ F×
p , it is given by zp 7→ zmt

p . The set of characters ψ : ClUp → O×L of
this type is a torsor under the group Hom(ClU ,O×L ) of characters of the finite
class-group ClU = F×

f /F×(U ∩ F×
f ). Since the image of Up ∩ F×

p has finite
index in ClUp , this torsor is trivialized by a finite extension of L; for such an
extension L, if we fix a point ψ0 of this torsor, any character ψ can be written
ψ = ψθ = ψ0θ where θ runs over the set of characters of ClU . For any prime
ideal q of F , q /∈ Ram(B) ∪ Ram(U), we define Sq by The operator Sq acts
as f |Sq(g) = Nqm · f(gzq) where zq ∈ ClUp is the idele whose components are
one at all places except at q where it is $q.

Definition 3.1 An eigenform f ∈ Sk,w(U ;OL) is a form which is eigenvector
for all the Tq and the Sq. We write f |Sq = ψθ(q)f , where θ is a finite order
character of the ideal-class group ClU .

3.3 The situation in [12]:

Let p be an odd prime. Let F , B, R as before. We assume that the quaternion
algebra B splits at p and we fix Rp = R ⊗ Zp

∼= M2(OF ⊗ Zp). Let L ⊂ Qp

be a p-adic field containing a Galois closure of F . We fix a level group U =
Up × Up such that Up = R×

p (U is unramified at p) and Uv = R×
v for any

finite v ∈ Ram(B). Fix (k, w) such that nτ := kτ − 2 ≥ 0 for all τ ’s, and
v := w − k + t ≥ 0 is such that vτ = 0 for one τ and n + 2v = mt. For any p

dividing p in F , let Wp =
⊗

τ :F→L p−adic L(nτ , vτ ;OL). We denote by σp the
representation of the p-component Up of Up on Wp. The action of Up =

∏
p Up

on W =
⊗

p Wp = L(n, v;OL) is denoted by σ =
⊗

p σp. We extend this
action to U through the projection U → Up. Let ClU = F×\F×

f /(U ∩ F×
f )

be the finite class group ”of level U”. The set of continous homomorphisms

12



ψ : F×
f /F× → O×L such that ψ(z) = zmt

p for z ∈ U ∩ F×
f is a torsor under

the finite group Hom(ClU ,O×L ). As explained above, we can write ψ = ψθ

for θ : ClU → O×L . We can extend σ to U · F×
f by σ(uz) = σ(up)ψ−1(z).

This is well defined because if z ∈ U , its p-component zp ∈ Up acts on W by
σ(zp) = z

−(n+2v)
p = z−mt

p = ψ−1(z). Of course, σ factors through (U ·F×
f )/F×.

Let

Sσ,ψ(U ;OL) = {φp : B×\B×
f → OL;φp(guz) = ψ(z)σ−1(u)φp(g)}.

In the description in terms of f(g) instead of φp(g), it corresponds to forms f
with central character θ: f(gz) = θ(z)f(g). Indeed, we have

Sk,w(U ;OL) =
⊕

θ:ClU→O×L

Sσ,ψθ
(U ;OL)

Recall that XU = B×\B×
f /(U ·F×

f ) is finite by Fujisaki’s theorem. Let (bi)i∈I

with bi ∈ B×
f , be a set of representatives of this set: XU = {bi; i ∈ I}. The

stabilizer in U · F×
f of B×bi ∈ B×\B×

f is UF×
f ∩ b−1

i B×bi. For the action of
UF×

f on W by uzf · w = ψ(z)−1 · σ(up)w, the choice of representatives above
provides another description:

Sσ,ψ(U ;OL) ∼=
⊕

i∈I

W
(U ·F×f ∩b−1

i B×bi)/F×
σ , φp 7→ (φp(bi))i.

Indeed, for any i, and for any x ∈ UF×
f ∩ b−1

i B×bi, we have x · φp(bi) =
φp(bi) because x = uzf = b−1

i βbi, so x · φp(bi) = ψ(zf )−1σ(up)φp(bi) =
φp(biu

−1z−1
f ) = phip(bib

−1
i β−1bi) = φp(bi). The map is clearly injective. To

show the surjectivity, given a system of vectors (vi), one defines φp(βbiuz) by
σ−1(uz)(vi). One checks it is well-defined because vi is invariant by U · F×

f ∩
b−1
i B×bi.

Definition 3.2 We say that U is ad-neat if for any b ∈ Gf we have b−1B×b∩
U · F×

f = F×.

Definition 3.3 The ”strict Iwahori subgroup” Uv of GL2(OFv) consists of the

matrices congruent to
(

1 ∗
0 ∗

)
modulo pv.

Lemma 3.4 The principal level group U(N) (with N ≥ 3 prime to Σ) is ad-
neat. If v is unramified in F/Q and the residual characteristic pv is > 4, if
Uv is the strict Iwahori at v, the group U = Uv × Uv is also ad-neat.
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Proof: Recall that G/Z is discrete in Gf/Zf because B is totally definite,
hence G∞/Z∞ is compact. Consider the adjoint representation Ad : G →
SL3, of kernel Z. Let L be a finite extension of F which splits B and
in which v remains unramified (it does exist since p splits B). For any
U , Ad(UF×

f b−1B×b)/F×) is a finite subgroup of U ∩ h−1SL3(L)h, where
U = Uv × Uv is compact open in SL3(Lf ), either of principal congruence
type (still level N), or of strict Iwahori type:

Uv = {u ∈ SL3(OLv);u ≡


∗ ∗ ∗
0 1 ∗
0 0 ∗


 mod.pv}. The congruence sub-

group hUh−1 ∩ SL3(L) of SL3(L) can be checked to be torsion-free for v
unramified such that pv > 4. Hence, Ad(UF×

f b−1B×b)/F×) is trivial, and so
is UF×

f b−1B×b)/F×.

Corollary 3.5 For U ad-neat as above, Sσ,ψ(U ;OL) is a finite projective OL-
module and Wσ 7→ Sσ,ψ(U ;OL) is an exact functor.

We have Sσ,ψ(U ;OL) =
⊕

x∈XU
Wσ, hence the statement is obvious.

3.4 Hecke algebras

Let B be a quaternion algebra; from now on, we denote by Ram(B) =
Ramf (B) t Ram∞(B) the decomposition previously written as Ram(B) =
∆ t S, because we reserve S for a finite set of finite places of F . Let us fix
such a finite set S of finite places containing Ramf (B). Let L be a number field
containing the Galois closure of F and splitting B. The universal Hecke alge-
bra outside S is defined as the polynomial algebra TS,univ = OL[Tq, Sq]q/∈S . Its
representation on Sk,w(U,L) defines a finite flat OL-algebra which we denote
TS,B

k,w (U ;OL). The finiteness and flatness is obvious if B is totally definite. In
the Hilbert case, it follows from the arithmetic geometric arguments sketched
above. In general, it follows for instance from the Eichler-Shimura-Harder
isomorphism (which brings back the question to that of the finite rank of the
integral Betti cohomology of ShU , which is true by finite triangulation of the
Borel-Serre compactification).

Another important tool is the Jacquet-Langlands correspondence, which
allows to draw conclusions on Hilbert modular eigenforms, from a study of
quaternionic eigenforms for a totally definite quaternion algebra.

Let k ∈ Z[JF ] a weight with k ≥ 2t, kσ ≡ kτ (mod 2) for all σ, τ ’s in JF .
Let v ∈ N[JF ] such that k + 2v is diagonal, and w = k + v − t.
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Theorem 1 (Jacquet-Langlands correspondence) Let B and B′ two quater-
nion algebras such that Ramf (B) = Ram(B′)f t T , T consisting of finite
places. Let R be a maximal order in B. Let U ⊂ B×

f be a level group such that
Uv = R×

v for every v ∈ T and let U ′ = UT ×∏
v∈T Iv, where Iv ⊂ GL2(Fv) is

the Iwahori subgroup. Let S be a finite set of places of F containing Ram(B),
and TS,B

k,w (U ;OL), resp. TS,B′
k,w (U ;OL) be the Hecke algebra outside S acting on

Sk,w(B,U ; L), resp. Sk,w(B′, U ′;L). There is a surjective OL-algebra homo-
morphism TS,B′(U ′;OL) → TS,B(U ;OL) which sends the operators Tq, Sq on
Tq, Sq and which induces an isomorphism TS,B′(U ′;OL)T−new ∼= TS,B(U ;OL)
.

Comments: 1) Actually, if Uv is not maximal at v ∈ T , there is still a U ′
v ⊂ Iv

with a similar statement: TS,B′(U ′;OL)U ′T−sd ∼= TS,B(U ;OL), where U ′
T − sd

refers to the largest quotient associated to automorphic representations whose
components πv at v ∈ T are in the discrete series and have U ′

v-fixed vectors.
2) Note also that no condition is imposed for the archimedean places at

which B or B′ ramify. The condition on the weights make automatic the
existence of a correspondence from the split to the ramified case for those
places.

The situation in [12]: Let F be totally real in which p does not ramifiy.
Actually, it will be necessary later to assume that p splits completely in F
(for computations of local deformation rings). Let B be totally definite and
Σ the set of finite places in Ram(B). Let O = OLp be the ring of integers in
a p-adic field. Let S = Σ t S′ t {v|p} be a finite set of finite places in F . We
assume that for any v ∈ S′, Nv 6≡ 1 (mod p); later we’ll fix an eigenform
f of level 1 on B and assume that for all v ∈ S′, the roots xv, yv of the
Hecke polynomial Pv,f (X) are such that Nv · (xv + yv)2 − xvyv(1 + Nv)2 6≡ 0
(mod $) (such a set S′ is called a set of auxiliary primes). Let U ⊂ B×

f with
Uv = R×

v for v ∈ Σ, Uv = GL2(OFv) for v|p, and Uv is the strict Iwahori
subgroup at v ∈ S′ Note that if S′ contains a v with pv > 4, U is ad-neat.
Thus

∏
v∈S′ pv is exactly the level of U ; let Σ be the set of finite places of

Ram(B). We define T′σ,ψ(U,O) as the quotient of the Hecke algebra TS,B
k,w (U,O)

generated by the operators outside S acting on Sσ,ψ ⊂ Sk,w(U) and we denote
by Tσ,ψ(U,O) = T′σ,ψ(U,O)[Xv; v ∈ S′] the subalgebra of End(Sσ,ψ(U ;O))
generated over TS

σ,ψ(U,O) by the Hecke operators Xπv = UξπvU , for all v ∈ S′,
where ξπv has all its components equal to 1 except the one at v, which is equal

to
(

πv 0
0 1

)
. The algebras T′σ,ψ(U,O) and Tσ,ψ(U,O) are commutative,

finite flat over O, hence semilocal; moreover, T′σ,ψ(U,O) is reduced. The
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reducedness of Tσ,ψ(U,O) is not known, but we will consider only localizations
of this ring at certain ideals which reduce the question to T′σ,ψ(U,O).

Recall that since U is ad-neat, we have: Sσ,ψ(U,O)⊗O F = Sσ,ψ(U,F).
We have also the following corollary to Jacquet-Langlands and Shimizu

correspondence:

Corollary 3.6 The module Sσ,ψ(U,O) is generically free of rank one over
Tσ,ψ(U,O) (ie, it is free after inverting p).

By the Jacquet-Langlands correspondence, it is enough to show the freeness
of the space of Hilbert forms SΣ−new

k,w (U,C) over TΣ−new
k,w (U,C), which follows

from the action of Hecke operators on q-expansions, from multiplicity one
theorem for Σ-newforms, and by Peterson duality on SΣ−new

k,w (U,C).
We also introduce two definitions

Definition 3.7 An Eisenstein ideal m is an ideal in TS,univ⊗OL
O, in TS,B

σ,ψ (U,O),
or in Tσ,ψ(U,O), containing Tv − 2 for almost all places v splitting completely
in a fixed abelian extension of F . We say that m is in the support of (σ, ψ) if
Sσ,ψ(U ;O)m 6= 0.

Example: For F = Q, S = ∅ and k an even integer ≥ 4; let m = (p, (Tq−(1+
qk−1)q) be the maximal ideal of T∅ = Zp[Tq, Sq]q. By considering the abelian
extension Q(ζp) of Q, one sees that m is Eisenstein. Moreover, m defines a
maximal ideal of T∅,M2(Q)

k , or, equivalently, m is in the support of Sk(GL2(Ẑ)),
if and only if p divides the Bernoulli number Bk ∈ Zp

3.5 Taylor-Wiles primes and Ihara’s lemma

Let S = ΣtS′t{v|p} and U ⊂ B×
f be a level group which is strict Iwahori at S′

and unramified elsewhere, in such a way that it is ad-neat. Let k, w as before,
let f1 ∈ Sσ,ψ(U,O) eigen for Tσ,ψ(U,O). Let m′ = ($, (Tv−av, Sv−ψ(v))v/∈S)
be the maximal ideal of T′σ,ψ(U,O), resp. the maximal ideal m = ($, (Tv −
av, Sv − ψ(v))v/∈S , (Xπw − xw)w∈S′) of Tσ,ψ(U,O), associated to (f, p).

We assume from now on that m′ is non-Eisenstein; we also say that m is
non-Eisenstein. We introduce the fundamental objects:

Definition 3.8 We put T = Tσ,ψ(U,O)m and M = Sσ,ψ(U,O)m.

Remarks: 1) We could also introduce T′ = T′σ,ψ(U,O)m but we’ll show later
that T′ = T.

2) M is a finite free O-module; it is a faithful T-module.
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In order to study these objects, it will be important to introduce ”horizon-
tal thickenings” à la Taylor-Wiles.

Definition 3.9 A Taylor-Wiles set is a finite set Q of primes of F , disjoint
of S and such that for all v ∈ Q, Nv ≡ 1 (mod p) and the Hecke polynomial
Pv,f (X) = X2− avX + Nvk0−1θ(v) = X2− avX + Nv ·ψ(v) has roots αv and
βv in O and distinct modulo $O.

By Cebotarev theorem, it is easy to see that there exists infinitely many such,
mutually disjoint, sets (even after adding more conditions, as we’ll see later).

For any v ∈ Q, let Fv = OF /pv be the residue field, and let F×v = ∆v ×Ev

with ∆v the p-Sylow of F×v (and Ev the maximal subgroup of order prime
to p). Let SQ = S t Q. Let U−

Q , resp. UQ be the level group defined by
U−

Q,v = UQ,v = Uv for v /∈ Q and
U−

Q,v, resp. UQ,v, is the Iwahori subgroup of Uv = GL2(OFv), resp., the
subgroup of the Iwahori subgroup consisting of the elements g ∈ U−

Q,v whose
diagonal modulo pv is of the form (ze, z) with z ∈ F×v and e ∈ Ev. Note that
the map U−

Q,v → ∆v sending the diagonal (a, d) of g mod.pv to ad−1 provides
an isomorphism U−

Q,v/UQ,v
∼= ∆v. If one defines ∆Q =

∏
v∈Q ∆v, we have

simlarly U−
Q /UQ

∼= ∆Q by sending the diagonal (a, d) of g mod. Q to ad−1.
Let O[∆Q] be the group algebra of ∆Q and IQ = ([δ]−1)δ its augmentation

ideal. It is local, with maximal ideal ($) + IQ. We denote by T̃σ,ψ(U−
Q ) the

ring of endomorphisms of Sσ,ψ(U−
Q )) generated by Tσ,ψ(U−

Q ) and the Iwahori
level Hecke operators Xw = U−

Q ξπwU−
Q for w ∈ Q, where ξπw is defined as

in Sect.3.4 (note that Xw does not depend on the choice of a uniformizing
parameter πw of F×

w ). We put a similar definition for T̃σ,ψ(UQ) except that
the operators Xπw = UQξπwUQ do depend on the choice of a uniformizing
parameter πw of F×

w ). Actually this ambiguity gives rise to a structure of
O[∆Q]-algebra on T̃σ,ψ(UQ) given by the normal action of U−

Q : [δ] acts by
UQu−δ UQ for any u−δ ∈ U−

Q lifting δ.
In the same manner as we defined the ideal m of Tσ,ψ(U,O), we define

the ideal mQ of T̃σ,ψ(U−
Q ,O) and T̃σ,ψ(UQ,O) by mQ = ($, Tv − av, Sv −

ψ(v))v/∈S + (Xv − xv)v∈S′ + (Xw −αw)w∈Q. It is clear that mQ 6= (1), because
from f one can construct a non-zero form on U−

Q eigen for the Xw’s with
eigenvalues αw, namely f |∏w∈Q(Xw − βw). Recall indeed, that Xw, acting
in Iwahori level at w, is annihilated by X2 − TwX + N(w)Sw. Hence, the f -
part of Sσ,ψ(U−

Q ,C) (which is the 2|Q|-dimensional subspace spanned by f(gηI)

(I ⊂ Q, ηI =
∏

w∈I ηw, ηw =
(

πv 0
0 1

)
, is annihilated by (Xw−βw)(Xw−αw)
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for any w ∈ Q.

Lemma 3.10 1) The trace
∑

δ∈∆Q
[δ] : Sσ,ψ(UQ,O) → Sσ,ψ(U−

Q ,O) induces
an isomorphism

Sσ,ψ(UQ,O)/I∆Q
Sσ,ψ(UQ,O) ∼= Sσ,ψ(U−

Q ,O),

2) Sσ,ψ(UQ,O) is free of rank one over O[∆Q].

Proof: Let Funct(XQ,W ) be the module of W -valued functions on the
finite set XQ = G\Gf/UQZf . In Cor.3.4, we have shown that the map
f 7→ (f(gx))x∈XQ

provides an isomorphism of O-modules (∗) Sσ,ψ(UQ,O) ∼=
Funct(XQ,W ). The action of U−

Q on XQ by right translations induces an
action of ∆Q which is free (see details below) and such that XQ/∆Q = X−

Q .
Moreover, it is clear that (∗) is ∆Q-linear.

Therefore, to prove 1), it is enough to notice that
∑

δ[δ] induces the aug-
mentation isomorphism O[∆Q]/IQ

∼= O. For 2), take a set of representatives
of X−

Q in XQ. It is an O[∆Q]-basis of Funct(X−
Q ,W ).

[Details on the freeness of the action : the relation x · δ = x, for x = gf ,
can be translated as gfu−δ = γgfuz for u ∈ UQ and z ∈ Zf , we have γ ∈
G ∩ gfU−

Q g−1
f Zf which is contained in F× ∩ U−

Q . Hence γ is a unit ε ∈ O×F .
So, u = g−1

f γgfu−δ z−1
f = εu−δ z−1 belongs to UQ. ]

The key level lowering lemma (Taylor-Wiles control lemma) takes the fol-
lowing form

Proposition 3.11 The linear map Sσ,ψ(U,O) → Sσ,ψ(U−
Q ,O) defined by g 7→

g|∏w∈Q(Xw − βw) defines an isomorphism Sσ,ψ(U,O)m
∼= Sσ,ψ(U−

Q ,O)mQ.

Proof: Recall we assumed αw 6≡ βw (mod $) and Nw ≡ 1 (mod p). It is
a classical fact (following easily from the existence of Galois representations
and Cebotarev density theorem) that the subalgebra T′σ,ψ(U,O) of Tσ,ψ(U,O)
generated by the Hecke operators outside S is also generated by the Hecke
operators outside a bigger finite set; let’s take SQ; we see that the maximal
ideal m′ = m ∩ T′σ,ψ(U,O) is generated by Tv − av and Sv − ψ(v) for v /∈ SQ

(that is, the ideal does not change by removing the generators for v ∈ Q). On
the other hand, let T′σ,ψ(U−

Q ,O) be the subalgebra of Tσ,ψ(U−
Q ,O) generated

by the Hecke operators outside SQ and let m′
Q = mQ ∩ T′σ,ψ(U−

Q ,O); there is
a natural surjective homomorphism ΨQ : T′σ,ψ(U−

Q ,O) → T′σ,ψ(U,O) sending
m′

Q onto m′.

18



We proceed by induction on the cardinality of Q; therefore we assume
in the sequel that Q = {w}. Let Yw : Sσ,ψ(U,O) → Sσ,ψ(U−

Q ,O) given by

Ywφ(g) = φ(g
(

1 0
0 πw

)
). Let us consider the natural homomorphism

Sσ,ψ(U,O)2 → Sσ,ψ(U−
Q ,O), (φ1, φ2) 7→ φ1 + Ywφ2

Note that it follows from the Jacquet-Langlands correspondence that it is
injective over C, hence over O (q-expansion for instance).

It is compatible with ΨQ, hence we can localize at m′ and m′
Q:

Sσ,ψ(U,O)2m′ → Sσ,ψ(U−
Q ,O)m′Q .

Moreover, for (φ1, φ2) ∈ Sσ,ψ(U,O)2m′ , we have

(∗) Xwφ1 = Twφ1 − Ywφ1, XwYwφ2 = Nwψ(w)φ2.

This shows that the left-hand side is stable by Xw. We can therefore
localize at mQ, and get

(Sσ,ψ(U,O)2)mQ → Sσ,ψ(U−
Q ,O)mQ .

I. Let us prove that this map is an isomorphism.
From the theory of new forms and from the compatibility between local

and global Langlands correspondence (Carayol’s theorem), both sides are free
of the same rank over O: if a form is eigen for Xw with eigenvalue congruent to
αw mod. $, it cannot be w-new otherwise the corresponding local component
πw would be special at w and we would have by local-global compatibility:
αw/βw ≡ Nw±1 mod. $, which is impossible by assumption.

To prove the surjectivity overO, it is enough to show the injectivity modulo
$ (that is, the cokernel is O-flat). As already noticed, the reduction modulo
$ is given by the same map (Sσ,ψ(U,F)2)mQ → Sσ,ψ(U−

Q ,F)mQ .
In Lemma 7.5 of [13], Kisin showed that one can prove this injectivity

without using duality (which is the main tool in [21] and in [17] to raise the
level from a form of level prime to w to a w-new form).

Indeed, let us assume that we have φ1, φ2 such that (∗∗) φ1 = Ywφ2. Apply
the trace (of degree Nw +1), from level U−

Q to level U to the relation deduced
from (*): Twφ1 − Ywφ1 = Nwψ(w)φ2;

We get: (Nw + 1)Twφ1 − Twφ1 = Nwψ(w)(Nw + 1)φ2

because Tw = Tr ◦Xw = Tr ◦ Yw in level prime to w.
This yields NwTwφ1 = Nwψ(w)(Nw + 1)φ2, or

(1) Twφ1 = ψ(w)(Nw + 1)φ2.

Similarly, applying the trace to (**), we get (2) (Nw + 1)φ1 = Twφ2.
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So, by multiplying (1) by Tw, we have (T 2
w − ψ(w)(Nw + 1)2)φ1 = 0.

Since Nw ≡ 1 (mod p), we have (T 2
w−4ψ(w))φ1 = 0, But T 2

w−4ψ(w) /∈ m

because the roots of X2 − TwX + Nwψ(w) are distinct mod.m. Therefore,
φ1 = 0. Hence, from (1) we also have φ2 = 0.
II. Let us show the proposition.

It is enough to show that φ 7→ (Xw − βw)φ induces an isomorphism
Sσ,ψ(U,O)m → (Sσ,ψ(U,O)2)mQ . By the formulas (∗) above, the endomor-
phism Xw of the Tσ,ψ(U,O)-module Sσ,ψ(U,O)2 has the matrix

(
Tw Nwψ(w)
−1 0

)

By Hensel’s lemma, in the completion Tm of Tσ,ψ(U,O) at m, the poly-
nomial X2 − TwX + Nwψ(w) has two distinct roots Aw and Bw lifting αw

and βw. Since Aw − Bw /∈ m, it is invertible on Sσ,ψ(U,O)2m, hence one
has 1 = (Bw − Aw)−1(Xw − Aw) − (Bw − Aw)−1(Xw − Bw) which decom-
poses this space as the sum of SA = (Xw − Bw)(Sσ,ψ(U,O)m) and SB =
(Xw − Aw)(Sσ,ψ(U,O)m). SB is annihilated by Xw − Bw which is invertible
in Tσ,ψ(U−

Q ,O)mQ , hence Tσ,ψ(U−
Q ,O)mQ · SB = 0. The first is annihilated

by the element Xw − Aw of mQ, so Tσ,ψ(U−
Q ,O)mQ · SA = SA. In conclu-

sion, (Xw − Bw)(Sσ,ψ(U,O)m) = Sσ,ψ(U−
Q ,O)mQ , as desired. Since Bw ≡ βw

(mod m), the same holds for Xw − βw instead of Xw −Bw.

Definition 3.12 For any Taylor-Wiles set Q, we define the Q-thickenings of
(T,M) as TQ = Tσ,ψ(UQ,O)mQ and MQ = Sσ,ψ(UQ,O)mQ.

Corollary 3.13 MQ is finite free over O[∆Q] and MQ/IQMQ
∼= M as O-

modules.

4 Hilbert Moduli varieties

Let G = ResF
Q(GL2) and G∗ the subgroup ”of matrices with determinant in

Q×”.

4.1 Hilbert-Blumenthal abelian varieties (HBAV)

An HBAV is an abelian scheme A → S with a ring homomorphim ι : OF →
End(A) such that Lie(A/S) is locally free of rank one over OA⊗OF . Its dual
(At, ιt) is also naturally an HBAV. Let P(A) = {λ ∈ Hom(A,At);λ = λt, ιt(a)◦
λt = λ ◦ ι(a)} its polarization module. Consider µ : A×S A → A the addition,
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and pi : A×S A → A the two projections. Given a relatively ample sheaf L on
A, the sheaf ψ(L) = µ∗(L)⊗ p∗1(L)−1 ⊗ p∗2(L)−1 is invertible on X ×S X and
defines a point of Pic0

X/S(X). Recall that Pic0
X/S(X) = HomS(X,Xt), hence

ψ(L) gives rise to Λ(L) : A → At. A polarisation is an element λ ∈ P(X)
given at each geometric point of s by the construction above: λs = Λ(Ls), (Ls

may not globalize over S a priori). Let P+(A) be the subset of P(A) consisting
of polarizations. There is an OF -linear embedding i : P(X) → F such that
i(P+(A)) = i(P(A)) ∩ F+.

4.2 Hilbert-Shimura moduli varietes

Here, B = M2(F ). Let V ⊂ G∗
f be a neat compact open subgroup. Let c be a

fractional ideal of F and gf ∈ Gf such that det(gf ) is an idele of c; since c will
only come in through its stric ideal class, we can and will assume it is prime
to the level M of V .

It is easy to see that the set Sh∗V,c = Sh∗
gf V g−1

f

is in bijection with the set of

isogeny classes of (A, ι, λ, α) where (A, ι, ) is a complex HBAV, λ : A → At is a
c-polarisation, (that is, such that i(P(A) = c ⊂ F ) and λ = Q+ · λ denotes its
class, and α is the class modulo V of an isomorphism α : F 2

f
∼= H1(A,Q)⊗Qf

such that eλ(α(x), α(y)) = cα · TrF/Q(x1y2 − x2y1) with cα ∈ Q×f .
Mumford’s Geometric Invariant Theory shows that if V is neat, these com-

plex d-folds are algebraic and actually descend as smooth quasi-projective
schemes defined over Q, with finite transition maps defined over Q and Hecke
correspondences defined over Q as well.

Moreover, the connected components admit integral models which can be
described as follows. Let’s assume for simplicity that V ⊂ GL2(ÔF ) and let
M ≥ 1 be the level of V . Let us fix a fractional ideal c of F . Consider the
following moduli problems over Z[ 1

MDN(c) , ζM ] of isomorphism classes

M1
V,c,j : S 7→ {(A, ι, λ, αM )/S}/ ∼, resp. MV,c,j : S 7→ {(A, ι, λ◦O+

F , αM )/S}/ ∼

where (A, ι) is an HBAV over S, λ is a c-polarization (that is, a polarization
such that i(P(A)) = c ⊂ F ) and αM is the class modulo V/V (M) of an

isomorphism αM : (OF /M)2 → A[M ] such that eλ(α
(

1
0

)
, α

(
0
1

)
) = ζj

M

Proposition 4.1 1) Over Z[ 1
MDN(c) , ζM ] , M1

V,c,j is representable by a fine
moduli scheme M1

V,c,j, which is quasi-projective smooth. The problem MV,c,j

is the quotient of M1
V,c,j by a finite group which is a quotient of O+

F , acting
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by ε : λ 7→ λ ◦ ε; in particular, it admits a coarse moduli scheme MV,c,j over
Z[ 1

MDN(c) , ζM ].
2) Over Q(ζM ), the problem M1

V,c,j ⊗Q(ζM ) is isomorphic to the problem
of isogeny classes of (A, ι,Q+λ, α)/S (where λ is a c-polarization, where c is
the strict class of c).

3) The scheme M1
V,c,j ⊗Q(ζM ) defines the j-component of Sh∗V,c ⊗Q(ζM ).

The Q-variety Sh∗V,c has good reduction outside MDN(c).

For n + 2v = mt, m ≥ 0 and n ≥ 0, one can define locally constant étale
sheaves L(n, v;OK/pn)) over the Q-schemes Sh∗V .

Let π : A → Sh∗V,c be the universal (up to isogeny) abelian variety attached
to Sh∗V,c. Let K be a number field containing the Galois closure of F . Let p
be an arbitrary rational prime and p a prime in K dividing p. One considers
the representation of GL2(OF /pnOF ) on L(n, v;OK/pnOK) as before, and
one takes its p-part. Let s be a geometric point of Sh∗V,c and π1(Sh∗V,c, s) →
GL2(OF /pnOF ) the representation associated to R1π∗Z/pnZ. The composi-
tion of these two representations defines the étale sheaf L(n, v;OK/pnOK).

Now, let U be a subgroup of Gf , Ui = biUb−1
i (the bi’s are indexed by

strict ideal classes ci, as in Sect 1), let Vi = Ui∩G∗
f ; conjugation by bi give rise

to a finite covering ShV,ci = Sh∗Vi
→ ShU ; these coverings allow to construct

by descent an étale sheaf L(n, v;OK/pnOK) on ShU . It gives rise to the étale
cohomology groups H•

? (ShU ×Q,L(n, v;OKp)) and H•
? (ShU ×Q,L(n, v;Kp))

for ? = c, ∅.

5 Galois representations

5.1 Some history

references for the construction:

• Shimura, Deligne (for F = Q),

• Brylinski-Labesse (representation of degree 2d)

• Ohta, Carayol (Shimura curves case)

• Hida (Λ-adic version of Shimura-Deligne representations for Hida fami-
lies)

• Wiles (general p-ordinary case), Taylor (general case), both use approx-
imation by the Shimura curve case.
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• Blasius-Rogawski (general case by Langlands functoriality).

For all this, see a survey in [19].

Local behaviour at p:

• In the ordinary case: Deligne (mod.p case, lettre à Serre), Wiles, Hida,

• Faltings (Hodge-Tate property),

• Scholl, Faltings (crystalline), T. Saito (pst),

• Buzzard-Diamond-Jarvis , T. Gee, M. Schein (Serre weights).

The first construction is due to Shimura (in the case F = Q and weight
k = 2) and Deligne (when F = Q, k ≥ 2). For arbitrary F , Brylinski and
Labesse [2] constructed the Galois representation of degree 2d associated to a
Hilbert modular form.

5.2 Brylinski-Labesse representation

We keep the notations of the Hilbert-Shimura varieties.
We denote by H•

! (ShU×Q,L(n, v;Kp)) the image of H•
c (ShU×Q,L(n, v; Kp))

in H•(ShU × Q,L(n, v; Kp)). These are Galois and Hecke modules (both ac-
tions commute, because the Hecke operators are defined over Q) The Q-action
of Tq is first defined on Sh∗Vi

and descends to ShU . On Sh∗Vi
, it is defined by

π1∗ ◦ [ξ] ◦π∗2 where [ξ] : π∗2L → π∗1L is defined by plethysms from the standard
representation of GL2(OF,p). For this representation, in order to define [ξ]
over, say, Sh∗V , one considers the diagram of universal abelian varieties (with
the universal q-isogeny) over the corresponding Shimura varieties:

(A Π→ A′)
↙ ↓ ↘

A ShV 0(ξ) A′

↓ ↙ ↘ ↓
Sh∗V Sh∗V

.

Let H1(A/Sh∗V ) = H1
et(A/Sh∗V ,OKp); by definition, we have L = H1(A′/Sh∗V ),

hence, π∗2L = H1(A′/Sh∗V 0(ξ)), π∗1L = H1(A/Sh∗V 0(ξ)) and [ξ] = Π∗.
Let f be any cusp eigenform on G of level U and weight k = n + 2t,

where nτ ≥ 0 for all τ ; let vτ ≥ 0 and vτ = 0 for at least one τ , such that
n + 2v = mt; let θ : F×

f /F×(F×
f ∩ U) → C× be (the finite part of) its central
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character: θ(q) is the eigenvalue of (Tq)2 − Tq2/N(q)m. Let k0 = max(kτ ).
Let q be a prime of F unramified for U and αq and βq be roots of the Hecke
polynomial X2 − aqX + N(q)k0−1θ(q) for any sufficiently big number field K
(at least containing the Galois closure of F and the Hecke eigenvalues of f),
for any p of K, we have by the trace formula (see [2]):

Proposition 5.1 There exists a representation ρBL : Gal(F/F ) → GL2d(Kp)
which is unramified outside a finite set of primes Σ of F and such that for any
rational prime q prime to Σ, and totally split in F , and for Sq the set of prime
ideals of F above q, the characteristic polynomial of the geometric Frobenius
ρBL(Frobq) has roots αI1βI2 where Sq = I1 t I2 runs over all partitions of the
set Sq.

Comments:
1) Actually, ρBL is Galois and Hecke direct factor in the middle degree

étale cohomology group Hd
! (ShU × Q,L(n, v; Kp)) (and also in IHd(ShU ×

Q,L(n, v;Kp))); hence it is unramified outside MDp.
2) Yoshida [23] has defined a notion of tensor induction and shown that

ρBL extends to Gal(Q/Q) and can be written as
⊗−IndGF

GQ
ρBRT where ρBRT :

GF = Gal(F/F ) → GL2(Kp) is the Blasius-Rogawski-Taylor Galois represen-
tation associated to a Hilbert eigenform f which will be described below.

5.3 Ohta-Carayol representation

M. Ohta (1982) (and Carayol, 1986) constructed the degree 2 Galois represen-
tation associated to a cusp eigenform on a Shimura curve.

Theorem 2 Let f be cusp eigen on a Shimura curve of level M , of weight
(k, w). Then for any sufficiently big number field containing F and the eigen-
values of f , and for any prime p of K, there exists a continuous

ρf,p : Gal(F/F ) → GL2(Kp) which is unramified outside Mp and such for
q prime of F not dividing Mp, the characteristic polynomial of the geometric
Frobenius is the Hecke polynomial X2 − aqX + Nqk0−1θ(q).

We sketch Ohta’s construction when k = 2t. Let X = ShU/F be the
Shimura canonical model of the Shimura curve of level group U (say, of level
M); it is proper smooth over F , and each of its connected components is
geometrically connected. Let K be a number field containing the Galois closure
of F and the eigenvalues of f . We consider H = H1(X × F , Kp). By Hodge
theory, we have a decomposition H ⊗Kp C = S2t,t(U) ⊕ S2t,t(U) which is
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T2t,t(U,K)-linear. Assume that f is new of level U . Since the eigensystem
of f occurs with multiplicity one in S2t,t(U), the idempotent 1f of T2t,t(U,K)
associated to f cuts a vector space Vf = 1f ·H which is two-dimensional over
Kp. It is endowed with a Kp-linear action of Gal(F/F ). By proper smooth
base change, it is unramified outside Mp. For q prime not dividing Mp, the
Hecke correspondence Tq is given by πi : X0(q) → X, i = 1, 2. Assuming U
is neat, X has a smooth model over OFq and X0(q) has a semistable model
over OFq with two irreducible components Xe and Xm with π1 : Xm ∼= X
and π1 : Xe → X purely inseparable of degree Nq, while the inverse holds
for π2. Let Pf,q(X) = X2 − aqX + Nqk0−1θ(q) be the Hecke polynomial
of f at q. It is the image of the universal Hecke polynomial X2 − TqX +
NqSq by 1f . Ohta’s original proof uses Shimura’s theory of special points in
order to prove the Eichler-Shimura’s relation Pf,q(ρOC(Frobq)) = 0. Today,
a more geometric proof makes use of Deligne-Carayol strange models and of
the Rapoport-Zink local model. Then, using Poincaré duality, one can deduce
that the characteristic polynomial of the geometric Frob at q on Vf is exactly
Pf,q(X).

5.4 R. Taylor’s construction

Let f ∈ Sk,w(U), k ≥ 2t, and w as above, a Hilbert cusp eigenform. There
is a tensor root for Brylinski-Labesse Galois representation. But although
Brylinski-Labesse representation is geometric (de Rham with explicit Hodge-
Tate weights), Taylor’s construction [17] does not provide this information for
ρf,ιp . However, Blasius-Rogawski’s construction [1] does provide this informa-
tion (after extension to an auxiliary imaginary quadratic field, though).

Theorem 3 Let f Hilbert cusp eigen of weight (k,w) of level M . Then for
any sufficiently big number field containing F and the eigenvalues of f , and
for any prime p of K, there exists a continuous

ρf,p : Gal(F/F ) → GL2(Kp) which is unramified outside Mp and such for
q prime of F not dividing Mp, the characteristic polynomial of the geometric
Frobenius is the Hecke polynomial X2 − aqX + Nqk0−1θ(q).

Remark: If f |Sv = ψ(v)f , for all v prime to M , we have det ρf,p = ψgalχcyc,
where ψgal is characterized by ψgal(Frv) = ψ(v) (here Frv is the geometric
Frobenius). Actually, we’ll write ψ instead of ψgal.

Sketch of proof: If F has odd degree or if f is special at some finite place,
one applies Jacquet-Langlands to transfer the Hecke eigensystem to a quater-
nion algebra which is definite at all but one place, and apply Ohta-Carayol.
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If not, Taylor’s method consists in constructing congruences mod. pn (n ar-
bitrarily large) with newforms which are special at some place qn. Then,
the method of pseudo-representations allows to construct, by p-adic limit, a
pseudo-representation which gives rise to the desired representation.

For this, one assumes that the degree of F is even, go to a totally ramified
quaternion algebra by JL, and consider again the map

Sk,w(U,O)2 → Sk,w(U−
w ,O), (φ1, φ2) 7→ φ1 + Ywφ2

Actually we decompose

Sk,w(U−
w , L) = Sk,w(U−

w , L)w−old ⊕ Sk,w(U−
w , L)w−new

hence for the Hecke algebras (outside Mw), the restrictions give rise to an
injective ring homomorphism:

T(U−
w ,O) → T(U−

w ,O)w−old × T(U−
w ,O)w−new

which becomes an isomorphism after ⊗OL:

T(U−
w , L) ∼= T(U−

w , L)w−old × T(U−
w , L)w−new.

Note that T(U−
w ,O)w−old coincides with the Hecke algebra outside Mw of level

U : T(U,O). Let θf : T(U,O) → O be the character given by the eigenform f .
Let

cw = T(U−
w ,O)∩(T(U−

w , L)w−old×{0}), dw = T(U−
w ,O)∩({0}×T(U−

w , L)w−new),

Note that the inclusions

T(U−
w ,O)w−old ⊂ T(U−

w ,O)w−old × T(U−
w ,O)w−new ⊃ T(U−

w ,O)w−new

induce

T(U−
w ,O)w−old × T(U−

w ,O)w−new

T(U−
w ,O)

∼= T(U−
w ,O)w−old

cw
∼= T(U−

w ,O)w−new

dw
.

We view cw as an ideal of T(U−
w ,O)w−old and we form ηw

f = θf (cw); it is
an ideal in O. The character θf defines a character T(U−

w ,O)w−old/cw →
O/ηw

f ; this right-hand-side is the largest quotient of O such that the char-
acter T(U−

w ,O) → O defined by θf via the first projection factors through
T(U−

w ,O)w−new (by the second projection). It follows (?) from the Jacquet-
Langlands isomorphism (or Lemma 4 of [17]), that
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Lemma 5.2 there is a finite set Tf of primes of F depending on f but not
on w, such that if w /∈ Tf , we have ηw

f = {x ∈ O; xf ∈ Sk,w(U−
w ,O)} (that is,

ηf is the denominator of O · f in L · f ∩ Sk,w(U−
w ,O).

Instead of copying Taylor’s proof, let us explain why this statement is easy
in the Hilbert modular case, (where we can normalize f by its first Fourier
coefficient being one). In that case, q-expansion provides a perfect duality be-
tween Hilbert forms and their Hecke algebras: in this proof (only), we consider
T = T(U−

w ,O)all (and its quotients Tw−old and Tw−new) as the algebra gener-
ated by the Hecke operators at ALL places (and we assume, as before, that f is
a NEWform of level U); we have a perfect T-bilinear pairing T(O)×S(O) → O.
In particular, we have the commutative diagram

S(O) ∩ Sw−old(L)⊕ S(O) ∩ Sw−new(L) ⊂ S(O)
|| ||

Hom(Tw−old,O)⊕Hom(Tw−new,O) ⊂ Hom(T,O)

Moreover, if we put S(O)w−old = Tw−old · S(O), cw = T ∩ (Tw−old × {0}) and
S(O)w−new = Tw−new · S(O), we also the commutative diagram

S(O) ⊂ S(O)w−old ⊕ Sw−new(O)
|| ||

Hom(T,O) ⊂ Hom(cw,O)⊕Hom(dw,O)

Hence the inclusion S(O) ∩ Sw−old(L) ⊂ S(O)w−old can be rewritten as

(2) Hom(Tw−old,O) ⊂ Hom(cw,O).

Let 1f ∈ Tw−old ⊗O L be the projector which gives a section to θf ⊗ IdL. We
see from (2) that the inclusion Lf ∩ S(O) ⊂ O · f can be rewritten as

O · θf ⊂ 1f ·Hom(cw,O) = (ηw
f )−1.θf QED.

The next lemma is

Lemma 5.3 θf (T 2
w − Sw(Nw + 1)2)) · f ∈ Sk,w(UwO)

The proof for this lemma is by the calculations of [17], end of Sect.1, or
the calculations (∗) (due to Kisin) in the proof of Prop.3.8 above [this point
to be checked as Exercise].

Lemmas 5.2 and 5.3 obviously imply
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Corollary 5.4 There is a finite set Tf of primes of F such that if w /∈ Tf

and Nw 6≡ −1 (mod p),

ord$(ηw
f ) ≥ ord$(θf (T 2

w − Sw(Nw + 1)2)).

On the other hand, it is easy to show, using Cebotarev theorem for the
Brylinski-Labesse representation mod. $n, that for any n, there exists w such
that $n divides θf (T 2

w−Sw(Nw+1)2). Indeed for a form f with roots αw and
βw for the Hecke polynomial Pf,w(X) at w, we can rewrite this quantity as
(Nw(αw+βw)2−θf (Sw)(1+Nw)2) = θf (Sw)(Nw(1+αw

βw
)(1+ βw

αw
)−(1+Nw)2).

If we consider w of degree one over F , prime to Df and totally decomposed
in the extension of F compositum of the field of Ker ρBLmod. $n and F (ζpn),
the eigenvalues of ρBL(Frobw) are congruent to 1, hence also their quotients,
among which is αw/βw; hence θf (T 2

w − Sw(Nw + 1)2) ≡ θ(Sw)(22 − 22) ≡
0mod $n.

From this remark, we find a sequence of places wi and of wi-new eigenforms
fi which are congruent mod. $i to f . This gives a Cauchy sequence of
pseudorepresentations with the right characteristic polynomial. By taking
the limit, we obtain for f itself a pseudo-representation which is unramified
outside Mp, with the correct characteristic polynomial. It gives rise to the
desired representation.

To state the Hodge-Tate property, we make the simplifying assumption
that p splits totally in F . Recall that we have fixed a p-adic embedding
Q → Qp. Hence if p splits totally in F , given a prime q in F above p,
there exists a unique τq ∈ JF such that q = {x ∈ F ; |τq(x)|q < 1}. For
v =

∑
τ∈JF

vττ ∈ Z[JF ], let us put vq = vτq .

Theorem 4 If f is a Hilbert eigenform of weight (k,w), the representation
ρBRT

f,p : Gal(F/F ) → GL2(Kp) is Hodge-Tate at any prime q of F dividing
p, with Hodge-Tate weights vq and wq, where k = n + 2t, n + 2v = mt,
w = v + k − t.

This follows from Blasius-Rogawski’s construction, which is of motivic na-
ture. Actually, if k = 2t and f is in the principal series at all finite places of
F , the proof of this result is still missing.

6 Local deformations

6.1 The case where v ∈ Σ.

We assume that ρv : Gv → GL2(F) is an extension of an unramified char-
acter γ of the local Galois group Gv by γ(1). Let γ : Gv → O× be a fixed
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unramified character which lifts γ. If ρv is indecomposable, it follows easily
from Schlessinger’s criterion that the functor D

ψ
v of deformations of ρv which

are extensions of the character γ by γ(1), is prorepresentable. In case ρv is
decomposable, D

ψ,¤
v of its framed deformations is still prorepresentable. Let

R
ψ,¤
v be the universal ring of framed deformations.

Proposition 6.1 R
ψ,¤
v is flat over O, its generic fiber R

ψ,¤
v [1/p] is irreducible

and formally smooth of dimension 3. In particular, R
ψ,¤
v is a domain.

Proof: For simplicity, we only treat the case when ρv is indecomposable. See
V. Pilloni’s notes [15] for the general case. Let χ : Gv → Z×p be the p-adic
cyclotomic character of Gv. In the indecomposable case, it is not necessary
to introduce Kisin’s projective scheme Lγ,γχ,¤ → SpecR

ψ,¤
v (see [11] or [15]).

However, for pedagogical reasons, we prefer to define and use it even in our
case.

We consider the functor Lγ,γχ,¤ : ARO → SETS sending a local artinian
O-algebra A with residue field F to the set of pairs (ρv, LA) where ρv : Gv →
GL2(A) is a lifting of ρv with ρv ∼

(
γχ ∗
0 γ

)
, and LA is a line of the space

of ρv which is direct factor, stable by Gv, with action given by γχ.
Exercise: Even if ρv is decomposable and χ = 1, the functor Lγ,γχ,¤ is
representable by a projective morphism Θ : Lγ,γχ,¤ → SpecR

ψ,¤
v .

Here, anyway, since we assume that ρv is indecomposable, we see that for
any lifting ρv : Gv → GL2(A) of ρv in D

ψ,¤
v (A), there exists one and only

one Gv-stable line LA in A2 on which Gv acts by γχ. In other words, one has

Lγ,γχ,¤ Θ∼= SpecR
ψ,¤
v .

Let us prove that Lγ,γχ,¤ is formally smooth over O. After twisting, we
can assume that γ = 1. Let A′ → A be a surjection between objects of
ARO. A point η ∈ L1,χ,¤(A) gives rise to a class c(η) ∈ Ext1Gv

(A,A(1)) =
H1(Gv, A ⊗ Zp(1)). If we can lift this class to c′ ∈ Ext1Gv

(A′, A′(1)), the
corresponding representation defines a point η′ ∈ L1,χ,¤(A′) which lifts η. In
other words, the formal smoothness will follow if we show the surjectivity
of H1(Gv, A

′ ⊗ Zp(1)) → H1(Gv, A ⊗ Zp(1)). For this it is enough to show
that for any finite Zp-algebra, the canonical morphism H1(Gv,Zp(1)) ⊗ A →
H1(Gv, A⊗Zp(1)) is an isomorphism. By decomposing A as a product of rings
Z/prZ, one is reduced to show that the cokernel H2(Gv,Zp(1))[pr] vanishes.
But, by Tate local duality, one sees that H2(Gv,Zp(1)) ∼= Zp is torsion-free as
desired. In particular, Lγ,γχ,¤ is flat over O. In our case, we conclude that
R

ψ,¤
v is a domain, flat over O.
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Let L = Fr(O). As explained in Kisin’s notes [10], the formal completion
of this scheme at a closed point ξ represents the functor of deformations of ξ

on ARL. . Since χ : Gv → L× is not trivial, it is easy to see that ̂L1,χ,¤[1/p]ξ
is a P̂GL2-torsor, hence is smooth of dimension three. Therefore R

ψ,¤
v is a

power series ring in three variables over O.

6.2 The case where v ∈ Vp

From now on, we assume that p splits completely in F , so that for any p ∈ Vp,
we have Fp = Qp. For any weight (k, w) as above, one can define Rψ,k,w,cris

as the largest torsion-free quotient of Rψ,¤
p such that for any finite extension

L′/L = Fr(O) and for a point ξ : Rψ,¤
v → L′ factors through Rψ,k,w,cris if

and only if the framed deformation ρξ : Gp → GL2(L′) associated to ξ is
crystalline of weights vp and wp. Actually, we’ll be concerned only by the case
where k ≥ 2 is an integer, and the weight is (kt, (k − 1)t, so that vp = 0 and
wp = k − 1 for any p ∈ Vp. We put

For each p ∈ Vp, R
ψ,¤
p = Rψ,kt,(k−1)t,cris.

Remarks: 1) In Kisin’s work [12], more general cases are studied: R
ψ,¤
p =

Rψ,k,τ,ρ. whose characteristic zero points correspond to representations which
are potentially semistable of type τ . We take here τ to be trivial, and the
representations to be crystalline.

2) It is important to notice that if k ≥ p, the ring R
ψ,¤
p is a quotient

of a deformation ring but is not itself a deformation ring. Nevertheless, the
completion of SpecR

ψ,¤
p at a characteristic zero point ξ is the universal defor-

mation ring for the framed deformations of ρξ which are crystalline of weights
0 and k − 1. See [12] for more details on this ring.

However, if p < k, Fontaine-Laffaille theory shows that R
ψ,¤
p is the uni-

versal deformation ring for framed deformations with Fontaine-Laffaille type
0 and k − 1. Fontaine-Laffaille theory also shows that this scheme is formally
smooth of relative dimension four over O.

Proposition 6.2 For any k ≥ 2, the ring R
ψ,¤
p is flat over O, reduced, and

its irreducible components are formally smooth over O of relative dimension
4.

The proof of this result is based on the study of a projective morphism
Θ : Lψ,¤ → Spec R

ψ,¤
p with connected fibers, defined in terms of p-adic Hodge

theory. The theory of Breuil-Kisin’s modules allows to study the irreducible
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components of Lψ,¤. The two main points are that its generic fiber Lψ,¤[1/p]
is a finite union of irreducible components which are formally smooth, and to
show, on the other hand, that Θ[1/p] is an isomorphism.

7 Global Deformations

7.1 The modular residual representation

Let F be a totally real field in which p is totally decomposed. Let Vp be the
set of primes above p in F ; let Σ be a finite set of primes disjoint of Vp and
of even cardinality (later, it will be the set of ramification of a quaternion
algebra B totally definite over F ). We put Σp = Σ ∪ Vp. Let S′ be a finite
set of primes disjoint of Σp. Put S = Σ ∪ Vp ∪ S′. Let O be a (big) discrete
valuation ring finite flat over Zp with fraction field L, uniformizing parameter
$ and residue field F. Let GF = Gal(F/F ) and GF,S be its quotient by the
normal subgroup generated by the inertia subgroups at primes dividing S, and
let ρ : GF,S → GL2(F) be a Galois representation unramified outside S such
that

• ρ is unramified outside Vp, with odd determinant,

• the restriction of ρ to GF (ζp) is absolutely irreducible.

• there exists a Hilbert cusp eigenform f of conductor Σ, of diagonal weight
(k, w) with k = k0t and w = (k0 − 1)t for an integer k0 ≥ 2, such that
ρ = ρf,p mod.$.

Comments:
1) Σ will be the set of places where we allow unipotent monodromy for

the deformations of the unramified ρ. On the other hand, S′ will consist of
auxiliary primes where no ramification will occur. A prime v is called auxiliary
if Nv 6≡ 1 (mod p) and ρ(Frobv) satisfies

(AUX) Nv · tr ρ(Frobv)2 − (1 + Nv)2det ρ(Frobv) ∈ F×.

A sufficient condition for this is that Nv ≡ −1 (mod p) and the eigenvalues
αv and βv of Frobv satisfy αvβ

−1
v 6≡ −1mod.$.

2) The actual situation of these notes (that is, the crystalline case, in [12])
is that given an ellipic cusp eigenform f0 of weight k0 ≥ 2 and level prime to
p, one chooses a solvable totally real field F in which p split completely and
such that the base change f = BC(f0) of f0 has exact level Σ (the choice of F
kills the ramification outside Σ); S′ is introduced to make the level neat on the

31



Hecke side, but will not introduce ramification at primes in S′ because of the
assumption (AUX). More precisely, this assumption for a prime v prevents
the possibility of a congruence mod. $ between the given v-old form BC(f0)
and a v-new form. The existence of F is due to R. Taylor. Also, because
of this situation, the only relevant weights for Hilbert modular forms will be
diagonal: k = k0t, v = 0, w = (k0 − 1)t, and the character ψ will be χk0−1

cyc .

Let B be the quaternion algebra which ramifies exactly at all archimedean
places and at all places in Σ and let R be a maximal order of B. We transport
f by the Jacquet-Langlands correspondence to a quaternionic eigenform, still
denoted by f , in SB

k,w(Umax,O), where Umax = R̂×. We consider also U =
US′ × US′ where US′ is the product of the strict Iwahori subgroups at v ∈ S′,
and US′ is unramified. We assume that U is ad-neat (see Sect.3.3). For
each v ∈ S′, we denote by xv and yv the two roots of the Hecke polynomial
Pf,v(X) = X2− avX + Nvk0−1. The form f1 = f |∏v∈S′(Xv − yv) is eigen for
the Tv, Sv (with eigenvalues av resp. ψ(v)) for v /∈ S and also for Xv for v ∈ S′,
with eigenvalue xv. We consider the maximal ideal m of Tσ,ψ(U,O) generated
by $ and Tv− av, Sv−ψ(v) for v /∈ S and by Xv−xv for v ∈ S′. This ideal is
not trivial since it is the kernel of the reduction modulo $ of the character of
action of Tσ,ψ(U,O) on f1. Hence, T = Tσ,ψ(U,O)m and M = Sσ,ψ(U,O)m are
not trivial. We also introduce the maximal ideal m′ = ($, Tv−av, Sv−ψ(v))v/∈S

and T′ = T′σ,ψ(U,O)m′ .
Note that m (or m′) is non Eisenstein. Indeed, by the irreducibility as-

sumption, the restriction of ρ to any abelian extension of F is still irreducible
(exercise). By Cebotarev property, this prohibits the existence of an abelian
extension F ′/F such that Trρ(Frv) = Tr(1⊕ 1) (mod $) for v totally split
in F ′. We introduce the ”universal modular deformation” of ρ

ρm′ : GF,S → GL2(T′)

It is unramified outside Σp with characteristic polynomial of Frv given by
X2 − TvX + Nvψ(v) for all v /∈ S.
Construction: We first notice that T′ is reduced (it is generated by a com-
mutative family of normal operators); hence it is a subalgebra of the product
of the fields of eigenvalues of all eigenforms g occuring in M . Therefore is a
Galois representation defined over T′⊗L′ for a sufficiently big p-adic field. The
corresponding pseudo-representation is defined over T′ itself. Since T′ is local
noetherian complete, and that the residual pseud-representation comes from
an irreducible representation, a classical result of Nyssen and Rouquier implies
that this pseudo-representation does come from a representation defined over
T′ itself.

32



Proposition 7.1 We have T = T′. In particular, T is reduced.

Proof: It is enough to show that Xv ∈ T′ for all v ∈ S′. Any eigenform g
occuring in M is actually v-old at every v ∈ S′ otherwise the two eigenvalues
of ρg,p(Frv) would satisfy y

(g)
v = Nv±1x

(g)
v . By reduction modulo $, this

contradicts the condition Nv(xv + yv)2 − (Nv + 1)2xvyv 6= 0 in F. We then
consider char(ρm′(Frv) = X2 − tv + Nvψ(v) ∈ T′[X]. Either this polynomial
has two distinct roots mod. m′ (after increasingO if necessary) and by Hensel’s
lemma, its roots are in T′, so Xv ∈ T′. Or this polynomial has a double root
in F, and this root lifts to T′. In all cases, we see that Xv ∈ T ′.

Recall that we still write ψ for the Galois character ψgal : GF,S → O×
associated to ψ.

7.2 Universal deformation rings

Let ψχcyc : GF,S → O× a p-adic lifting of det ρ (it will be det ρF ). Let Rψ
F,S

be the universal ring of S-ramified deformations of ρ with determinant ψχcyc.
Actually, they are unramified outside S−S′. Thus, this ring classifies (certain)
liftings to GL2(A) of ρ mod. ĜL2(A), or more precisely, mod. P̂GL2(A) since
GL2 acts by the adjoint action.

Let Rψ,¤
F,S be the universal ring of S-ramified framed deformations of ρ with

determinant ψχcyc. This means it represents the functor on CNLO

A 7→ {(ρ, (Bv)v∈Σp)}
where ρ is a lifting of ρ : GF,S → GL2(F), and Bv is a basis of the space VA

of ρ, lifting the canonical basis of the space F2 of ρ The equivalence relation
is given by the action of the formal scheme Ĝm, by λ · (ρ, (Bv)) = (ρ, (λBv)v).
This formal scheme should be viewed as sending a ring A to the commutant
of a lifting ρ, which is here independent of lifting, and equal to A×. This
commutant is the stabilizer of ρ for the adjoint action of G̃L2(A). Note that
its tangent space is H0(GF,S , ad ρ) = Com(ρ), namely, by Schur’s lemma, the
group of homotheties.

Lemma 7.2 The morphism Rψ
F,S → Rψ,¤

F,S defines a torsor on (
∏

v∈Σp
GL2)/Gdiag

m ;
hence, it is formally smooth of relative dimension 4|Σp| − 1.

One can therefore write Rψ,¤
F,S = Rψ

F,S [[x1, . . . , xj ]], with j = 4|Σp| − 1.
We call the variables x1, . . . , xj the frame variables.

Explanation: We can rewrite Rψ
F,S as the universal ring for tuples (ρ, (Bv))

modulo the action of ĜL
Σp

2 by, say, (ρ, (Bv)) 7→ (g1ρg−1
1 , g1B1, g2B2, . . . , gn.Bn);
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there are 4|Σp| dimensions of choice for (gv). By definition of framed defor-
mations,one has to mod out this action by the diagonal inclusion of the center
Ẑ(A) of ĜL2, which is one dimensional.

We can similarly consider local deformation problems. Let v ∈ Σp, and
Rψ,¤

v be the universal ring of framed deformations of ρv = ρ|Dv with de-
terminant ψχcyc. This problem is representable because it consists of pairs
(ρv, Bv), a lifting and a basis, modulo action of the commutant Com(ρv) on
the basis; this set can be identified to the trivially representable problem
A 7→ Homρ(Dv, GL2(A)).

Let Rψ,¤
Σp

=
⊗̂

v∈Σp
Rψ,¤

v , which classifies deformations of (ρv)v∈Σp . We

have a tautological morphism Rψ,¤
Σp

→ Rψ,¤
F,S (given by the restrictions to Dv’s).

Proposition 7.3 The minimal number of generators of Rψ,¤
F,S over Rψ,¤

Σp
is

less than or equal to

g = h1
Σp

(GF,S , ad0 ρ) +
∑

v∈Σp

δv − 1,

where H1
Σp

(GF,S , ad0 ρ) = {x ∈ H1(GF,S , ad0 ρ); resv(x) = 0, ∀v ∈ Σp} and
δv = h0(Dv, ad ρ) = dim(Com(ρv)).

Proof: To show this we consider the diagram of functors:

Dψ,b
F,S

θ2→ Dψ,b
Σp

↓ f2 ↓ f1

Dψ,¤
F,S

θ→ Dψ,¤
Σp

↓ ↓
Dψ

F,S
θ1→ Dψ

Σp

where the upper index b on the first line means we fix a lifting and bases,
without any equivalence relation. From Dψ,b

Σp
to Dψ,¤

Σp
, one needs to divide by

Com(ρv)Σp . From Dψ,b
Σp

to Dψ
Σp

, one needs to divide by ĜL
Σp

2 .
The minimum number of generators we look for is the relative dimen-

sion of the tangent spaces, that is, we take the tangent spaces of all these
functors, and we need to see dimKer dθ ≤ g. It is clear that dim Ker dθ1 =
h1

Σp
(GF,S , ad0 ρ). Since Dψ,b

F,S is also a ĜL
Σp

2 -torsor over Dψ
F,S , we see that

dimKer dθ2 = dimKer dθ1. We have therefore

dimKer d(f1 ◦ θ2) ≤ h1
Σp

(GF,S , ad0 ρ) +
∑

v∈Σp

δv.
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But f1◦θ2 = θ◦f2 and f2 is surjective, so that dim Ker d(θ◦f2) = dimKer dθ+
dimKer df2. We have dimKer df2 = 1, hence dim Ker dθ ≤ h1

Σp
(GF,S , ad0 ρ) +∑

v δv − 1.

Let’s introduce the Selmer group and the dual Selmer group H1
Σp

(GF,S , ad0 ρ)
and H1

Σ∨p
(GF,S , ad0 ρ(1)). The group H1

Σp
(GF,S , ad0 ρ) is defined as the sub-

group of H1
Σp

(GF,S , ad0 ρ) of classes whose restriction at the decomposition
group Gv for each v ∈ S belongs to Lv, with Lv = 0 if v ∈ Σp, and
Lv = H1(Gv, ad0(ρ)) for all v ∈ S − Σp. Note that by oddness, Lv =
H1(Gv, ad0(ρ)) = 0 for v ∈ S∞. By Tate local duality, the orthogonal
L⊥v ⊂ H1(Gv, ad0(ρ)(1)) is L⊥v = H1(Gv, ad0(ρ)(1)) if v ∈ Σp, and L⊥v = 0
for all v ∈ S − Σp or v ∈ S∞. Therefore, the dual Selmer group (see for in-
stance Sect.2 of [5]) is the subgroup of H1(GF,S , ad0 ρ(1)) of classes such that
if v ∈ S − Σp or if v ∈ S∞, resv(x) = 0 (but no condition if v ∈ Σp).

Corollary 7.4 With the same notations, we also have g ≤ h1
Σ∨p

(GF,S , ad0 ρ)+
|Σp| − 1− [F : Q].

Proof: The Poitou-Tate Euler characteristic formula (as interpreted by Wiles,
see [5] Th.2.14) says that

h1
Σp

(GF,S , ad0 ρ)−h1
Σ∨p (GF,S , ad0 ρ(1)) = h0(GF,S , ad0 ρ)−h0(GF,S , ad0 ρ(1))+

+
∑

v∈Σp

`v −
∑

v∈Σp

h0(Gv, ad0(ρ)) +
∑

v|∞
`v −

∑

v|∞
h0(Gv, ad0(ρ))

with `v = dimLv. But h0(GF,S , ad0 ρ) = h0(GF,S , ad0 ρ(1)) = 0 by irre-
ducibility of ρ|G(F (ζp)

. Besides, we have
∑

v∈Σp
`v =

∑
v∈S∞ `v = 0, and

h0(Gv, ad0 ρ) = 1 for any v|∞ and h0(Gv, ad0 ρ) = δv − 1 for any v ∈ Σp.
Hence,

h1
Σp

(GF,S , ad0 ρ)− h1
Σ∨p (GF,S , ad0 ρ(1)) = −[F : Q] + |Σp| −

∑

v∈Σp

δv.

From the proposition, we know g ≤ h1
Σp

(GF,S , ad0 ρ)+
∑

v δv−1. Replacing
by the equality above, we get the corollary.

7.3 Global deformations with local conditions

Let us introduce also (quotient) universal rings of framed deformations (or
liftings) with local conditions (for ρ|Dv , v ∈ Σp). We denote them by a bar:
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Rψ,¤
Σp

→ Rψ,¤
F,S

↓ ↓
R

ψ,¤
Σp

→ R
ψ,¤
F,S

By definition, this will be a cartesian diagram, hence the bound established in
the previous section applies: the number g defined in the previous section is
also the minimum number of generators of R

ψ,¤
F,S over R

ψ,¤
Σp

; hence it is bounded
by the bound of the corollary above.

Definition 7.5 For each v ∈ Σp, we define R
ψ,¤
v as in Sect.6.2 and we put

R
ψ,¤
Σp

=
⊗̂

v∈Σp
R

ψ,¤
v ; this ring has no $-torsion, and is of relative dimension

d = 3|Σp|+ [F : Q] over O. Let R
ψ,¤
F,S = Rψ,¤

F,S ⊗Rψ,¤
Σp

R
ψ,¤
Σp

.

Note that the number d (local deformation dimension) will play a crucial
role in the following arguments (as well as the Taylor-Wiles number h and the
frame number j). In particular, it follows from Def.6.6 and from Cor.6.3 that
R

ψ,¤
F,S is topologically generated over O by

h1
Σ∨p (GF,S , ad0 ρ(1)) + 4|Σp| − 1.

It remains to clarify the mysterious global term h1
Σ∨p

(GF,S , ad0 ρ(1)). By the
method of Taylor-Wiles systems, one can interpret it as a ”local term”. Its
dimension will be the common cardinality of the Taylor-Wiles sets. We will
call this number the Taylor-Wiles number, denoted by h.

7.4 Taylor-Wiles systems

Definition 7.6 Let f ∈ Sσ,ψ(U,O) be a cusp eigenform. A finite set of finite
places of F disjoint to S = Σp∪S′ is called a Taylor-Wiles set if for any v ∈ Q,
we have Nv ≡ 1 (mod p), and the two roots αv, βv of the Hecke polynomial
Pf,v(X) are distinct mod. $. As before, we introduce the finite p-group ∆Q

as the product of the p-Sylows of F×v . We put SQ = S ∪Q and Σp,Q = Σp ∪Q.

Let Rψ,¤
F,SQ

be the deformation ring defined as before but where we allow
arbitrary ramification at v ∈ Q. If we define Lv = H1(Gv, ad0ρ) for any v ∈ Q,
we can apply the Poitou-Tate formula of Euler characteristics to get:

dimFTang(Rψ,¤
F,SQ

⊗ F) = h1
Σp,Q

(GF,S , ad0 ρ) =
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h1
Σ∨p,Q

(GF,S , ad0 ρ)− [F : Q] + |Σp| −
∑

v

δv + |Q|.

Moreover there is an action of O[∆Q] on Rψ
F,SQ

and Rψ,¤
F,SQ

. To see this,
recall the

Lemma 7.7 For v ∈ Q, any deformation of ρv with det=ψχcyc, is equivalent

to
(

χ1δ 0
0 χ2δ

−1

)
, with unramified characters and δ : ∆Q → A×.

Proof: For any v ∈ Q, take a basis which diagonalizes ρ(Frobv) over A and
use for τ ∈ I

(p)
v the p-Sylow of the tame inertia at v: ρ(FrvτFr−1

v ) = ρ(τ)Nv

and ρ(τ) = D(12 + X), with X =
(

a b
c d

)
, where D is diagonal and D ≡

12mod.mA; from this and from αv/βv 6≡ Nv mod.mA, one sees by induction on
r that b, c ∈∈ mr

A for any r, so b = c = 0 and D = diag(δ, δ−1) for a character
of I

(p)
v , which factors through ∆v.

We define the universal morphism δuniv : ∆Q → (Rψ
F,SQ

)×. This gives rise
to a structure of O[∆Q]-module.

By a classical argument of Wiles (see Darmon-Diamond-Taylor), using
Cebotarev density one can show:

Proposition 7.8 There exists a sequence (Qn) of Taylor-Wiles sets of con-
stant cardinality h = h1

Σ∨p
(GF,S , ad0 ρ(1)) s.t. for any v ∈ Qn, Nv ≡ 1

(mod pn) and H1
Σ∨p,Qn

(GF,S , ad0 ρ(1)) = 0.

If we introduce local conditions at Σp, we shall obtain R
ψ
F,SQn

and

R
ψ,¤
F,SQn

. We have thus proved, modulo the local calculations, that

the minimal number of generators of R
ψ,¤
F,SQn

over O is less than h+ j.
Indeed the bound is 0 + 4|Σp| − 1 + |Qn|.
Before exploiting this information, we need to come back to the Hecke side.

8 Hecke algebras and Hecke modules

We come back to the situation in Subsection 7.1. We have defined the universal
modular deformation ρm : GF,S → GL2(T) of ρ. Its determinant is ψχcyc,
hence it gives rise to a unique algebra homomorphism Rψ

F,S → T. By Prop.7.1,
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this homomorphism is surjective. Similarly, Rψ
F,SQn

→ TmQn
is surjective.

Moreover both members are O[∆Qn ]-modules, and by Carayol’s compatibility
theorem for Langlands correspondences, the map is O[∆Qn ]-linear. We define
also MQn = Sσ,ψ(UQn ,O)mQn

(see the definition of UQn in Sect.3.4).

To construct a Taylor-Wiles-Kisin system, we need an R
ψ,¤
F,S -module M¤

and a sequence of R
ψ,¤
F,SQn

-modules M¤
Qn

.

Definition 8.1 We put M¤ = Rψ,¤
F,S ⊗Rψ,¤

F,S

M and

M¤
Qn

= Rψ,¤
F,SQn

⊗
Rψ,¤

F,SQn

MQn. These are called the framed Taylor-Wiles

modules.

By local-global compatibility, M¤
Qn

is actually a R
ψ,¤
F,SQn

-module. At p, it
is a result of T. Saito; at v ∈ Σ, it is (an easy case of) Carayol’s theorem.

Lemma 8.2 M¤
Qn

is free of constant finite rank over O[∆Qn ][[yh+1, . . . , yh+j ]]
and M¤

Qn
/(y1, . . . , yh+j)M¤

Qn
∼= M¤.

Notation: We shall denote this rank by s; it is the rank of M over O.
Proof: It follows immediately from Lemma 3.10 that Sσ,ψ(UQn ,O)mQn is free
of finite rank over O[∆Qn ] and that its quotient by the augmentation ideal of
O[∆Qn ] is Sσ,ψ(U,O)m. By Lemma 7.2, we have R

ψ,¤
F,SQn

= R
ψ
F,SQn

[[yh+1, . . . , yh+j ]];
this implies the finiteness and freeness in the statement. Then, it follows from
the definition of the structure of O[∆Qn ]-module of Rψ

F,SQn
that

Rψ
F,SQn

/(y1, . . . , yh)Rψ
F,SQn

= Rψ
F,S .

Hence, we have M¤
Qn

/(y1, . . . , yh+j)M¤
Qn

∼= M¤. This implies the constancy
of the rank.

9 Taylor-Wiles-Kisin method

For each n ≥ 1, one can choose a surjectiveO-algebra homomorphismO[[y1, . . . , yh]] →
O[∆Qn ]. As above, after choosing ”frame variables” yh+1, . . . , yh+j such that
Rψ,¤

F,SQn
= Rψ

F,SQn
[[yh+1, . . . , yh+j ]], we get

O[[y1, . . . , yh+j ]] → Rψ,¤
F,SQn

→ R
ψ,¤
F,SQn
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As mentioned in the Remark following Prop.7.8, this last module can be
generated by at most h + j variables over O; since R

ψ,¤
Σp

can be generated
by d variables over O (Def.7.1), we see that there exists a surjective local
O-algebras homomorphism

R
ψ,¤
Σp

[[x1, . . . , xg]] → R
ψ,¤
F,SQn

with g = h + j −d. We used the fact that the dimension of the tangent space
mod. $ of R

ψ,¤
F,SQn

over O is the sum of the dimension of the tangent space of

R
ψ,¤
F,SQn

over R
ψ,¤
Σp

and that of R
ψ,¤
Σp

over O.
[Indeed, if A → B → C are three local rings with same residue field k, we

have an exact sequence

0 → tC/B ⊗B k → tC/A ⊗C k → tB/A ⊗B k → 0

because this sequence can be rewritten as

0 → DerB(C, k) → DerA(C, k) → DerA(B, k) → 0]

Recall that the modules M¤
Qn

are finite free overO[∆Qn ][[yh+1, . . . , yh+j ]] of
constant rank. As in the original Taylor-Wiles method, these modules will be
used to create a module limprojM¤

Qn
(for a suitable projective system) which

will be finite free over O[[y1, . . . , yh+j ]]. This will guarantee that after taking a
projective limit (for the same projective system), the map O[[y1, . . . , yh+j ]] →
limprojRψ,¤

F,SQn
is injective.

Let cn be the ideal of Λ = O[[y1, . . . , yh+j ]] generated by

$n, (1 + y1)pn − 1, . . . , (1 + yh)pn − 1, ypn

h+1, . . . , y
pn

h+j

. One can easily show that the sequence (cn) is cofinal to the sequence (mn
Λ)n

with mΛ = ($, y1, . . . , yh+j). Indeed, m
(h+j)npn

Λ ⊂ cn ⊂ mn
Λ. In particular the

quotient rings Λ/cn and the quotient modules M¤
Qn

/cnM¤
Qn

are finite. Indeed
for c0 = mΛ, it comes from the ”horizontal control”, then we proceed by
(finite) induction on k and we get that M¤

Qn
/mk

ΛM¤
Qn

is finite, which is enough
by cofinality.

These finite quotients provide the finite objects on which one can use
Dirichlet’s pigeon hole principle. More precisely, let S = R

ψ,¤
Σp

[[X1, . . . , Xg]];
note that S is O-flat of relative dimension d + j by Def.7.1. We also put
RQn = R

ψ,¤
F,SQn

and R = R
ψ,¤
F,S . We have the following situation
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S → RQn → EndΛ(M¤
Qn

), M¤
Qn

↗ ↓ ↓
Λ R → EndΛ(M¤), M¤

where the top left horizontal arrow is surjective and the vertical ones are
quotient by the ideal (y1, . . . , yh) of Λ.

Lemma 9.1 After replacing (Qn) by a subsequence, there exist S-and Λ-linear
homomorphisms

fn : M¤
Qn+1

/cn+1M
¤
Qn+1

→ M¤
Qn

/cnMQ¤
n

such that fn modulo (y1, . . . , yh) induces the identity on M¤/cnM¤.

Before explaining the construction, which involves the notion of glueing data
of Kisin, let’s mention a corollary. Let us consider the inverse limit M¤∞ =
limprojM¤

Qn
/cnM¤

Qn
of the fn’s, which is both an S-module and a Λ-module.

Corollary 9.2 M¤∞ is finite free over Λ.

Proof: It follows immediately from Lemma 7.5 above.
Proof of Lemma: For any local ring A, we denote by m

(r)
A the ideal generated

by the r-th powers of elements of . For m ≥ 0, let rm = smpm(h + j) (with
s = rkO[[yh+1,...,yh+j ]]M). Even without the presence of s as a factor of rm we

know that m
(rm)
Λ ⊂ cm. More importantly (here the s is needed), we also have

for any m,n ≥ 0,
m

(rm)

Rn
·M¤

Qn
⊂ cm ·M¤

Qn
.

Indeed for a ∈ mRn
, a induces a nilpotent endomorphism a of the s-dimensional

F-vector space M¤/($, yh+1, . . . , yh+j)M¤. Therefore, as = 0 and as · M
is contained in ($, yh+1, . . . , yh+j) · M¤; this implies that for any n ≥ 0,
as ·M¤

Qn
⊂ ($, y1, . . . , yh+j) ·M¤

Qn
, and

aspm(h+j) ·M¤
Qn
⊂ ($, ypm

1 , . . . , ypm

h+j) ·M¤
Qn

because (
∑r

i=1 aiξi)rpm ∈ (ξpm

1 , , ξpm

r ). But ($, ypm

1 , . . . , ypm

h+j) = ($, (1 +

y1)pm − 1, . . . , (1 + yh)pm − 1, ypm

h+1, . . . , y
pm

h+j), hence the result. This leads
to the definition:

. A glueing data of level m is a pair (D, L), or rather, a sextuple (D, um, vm, wm, L, xm)
where
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• D is a complete noetherian local Λ-algebra such that m
(rm)
D = 0,

• um : Λ → D a local algebra homomorphism,

• vm : D → S/cnS + m
(rn)
S a local Λ-algebra homomorphism,

• wm : S → D a sujective local algebra homomorphism,

• L is a D-module which, via um, is free of finite rank over Λ/cm, together
with an S-linear surjection xm : L → M¤/cmM¤.

A morphism between two glueing data (D1, L1) → (D2, L2) is given by D1 →
D2 (local algebra homomorphism) and L1 → L2; the first map is S-linear via
the wm’s, and the second is D1-linear and is compatible to the projections
Li → M¤/cmM¤.

The point for the construction is that the set of isomorphism classes of
glueing data of level m is finite. Indeed, D is a quotient of the finite ring
S/m

(rm)
S , the ring Λ/cm is finite and L ∼= (Λ/cm)s.
Let us consider for level 1 a sequence of glueing data: D1,n = Rn/c1Rn +

m
(r1)

Rn
and L1,n = M¤

Qn
/c1M

¤
Qn

with u1 given by the structure of Λ/c1-algebra

of D1,n, v1 given by Rn → R, and w1 given by S → Rn. By Dirichlet’s
principle, one is reached infinitely many times. Take such an infinite subset
I1 of integers, and start again with Dn,2 = Rn/c2Rn + m

(r2)

Rn
,... by diagonal

extraction, one gets a sequence (Dm, Lm) of glueing data of level m which are
compatible to level change:

Dm+1/cmDm+1 + m
(rm)
Dm+1

∼= Dm, and
Lm+1/cmLm

∼= Lm,
these two maps defining an isomorphism of glueing data. This proves the

lemma.

Before recalling Kisin’s version of the Taylor-Wiles’ method, we need to
recall few facts on Hilbert-Samuel multiplicities (left as exercises):

Let A be a noetherian local ring, and M a finitely generated A-module;
there exists a (unique) polynomial P (X) ∈ Q[X] such that for any sufficiently
large n, we have `A(M/mn

AM) = P (n). It is called the Hilbert-Samuel poly-
nomial of (M, A). Its degree is the dimension of the support of M , which is
less than d = dim A. We nevertheless write it as P (X) = e(M,A)

d! Xd + . . . ...;
the number e(M,A) is an integer, called the Hilbert-Samuel multiplicity of
(M, A) (abbreviated as HS multiplicity). In case M = A, we simply write
e(A). If AnnM 6= 0, one has e(M,A) = 0; however, if M is faithful over A,
e(M, A) 6= 0. Once A is fixed, this function is additive on exact sequences.
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This implies that if M is a faithful finitely generated A-module which is gener-
ically of rank 1, e(M, A) = e(A). Indeed, choose a non-zero vector m ∈ M ,
note that Ann (M/A ·m) 6= 0 and apply the additivity to the exact sequence

0 → A → M → M/A ·m → 0.

Proposition 9.3 (Kisin’s version of the Taylor-Wiles’ method) The following
four statements are equivalent

• (i) M¤∞ is a faithful S-module,

• (ii) M¤∞ is a faithful S-module of rank one at each generic point,

• (iii) We have the Kisin’s numerical inequality for Hilbert-Samuel multi-
plicities:

e(S/$S) ≤ e(M¤
∞/$M¤

∞, S/$S),

• (iv) The equality holds in the inequality above.

Comment: The numerical criterion (iii) must be interpreted as follows: the
HS multiplicity measures the size of a local noetherian ring; its value on the
Galois-theoretic deformation ring is bounded by the value on an automorph-
theoretic deformation ring (Hecke ring); as we shall see, this is the missing
bound for an R = T theorem, as we already know that R surjects to T .

Before proving this key proposition, let us state the Main Theorem of
Modularity which is, as we shall see, a direct corollary thereof.

Theorem 5 Let ρ : GF,S → GL2(O) be an arbitrary lifting of the residual
modular reprepresentation ρ fixed above. Assume that for any v ∈ Σ, ρv is an
extension of γ by γ(1) and that for any v ∈ Vp, ρv is crystalline of weights 0
and k − 1, and assume that the numerical criterion holds,

then, ρ is modular: there exists a cusp eigenform g in Sσ,ψ(U,O) such that
ρ ∼= ρg,p.

Proof of Proposition: As a preparation, let T¤∞ be the image of S in
EndΛ(M¤∞). It is a finite torsion-free local Λ-algebra. Therefore, any irre-
ducible component has relative dimension h+j over O. On the other hand, we
know that any irreducible component of S is of dimension d+(h+j−d) = h+j
over O. It follows that the irreducible components of T form a subset of those
of S.

[Note that if Spec(T ) ⊂ Spec(S) is a closed subscheme in an integral
irreducible scheme, we have either dim(T ) < dim(S) or T = S, so that if we
knew that S is a domain, we would have S = T¤∞.]
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We first prove that (i) implies (ii). Condition (i) means that S = T¤∞.
We have M¤∞/(y1, . . . , yh+j)M¤∞ = M¤/(yh+1, . . . , yh+j)M¤ = Sσ,ψ(U,O)m.
This last module is generically of rank one over T (that is, after inverting
$), by Corollary 3.5. Hence by Nakayama’s lemma, we have a generically
surjective S-linear map S → M¤∞; indeed, for the kernel a of T¤∞ → T and for
any prime p of height 0 in T¤∞, we see that p + a does not contain $ so that
(T∞)p → (M∞)p is surjective; thus, the generic rank of M¤∞ is at most 1. By
faithfulness, it is at least one: equality holds.

(ii) implies (iii): choose a vector m ∈ M¤∞ which is not divisible by $ and
m its image in M¤∞/$M¤∞. Then, M¤∞/$M¤∞ we have a short exact sequence:

0 → S/$S → M¤
∞/$M¤

∞ → (M¤
∞/$M¤

∞)/(S/$S) ·m → 0

because M¤∞/S ·m has no $-torsion. Then apply the additivity of HS multi-
plicity.

(iii) obviously implies (iv).
Let us show (iv) implies (i): Let φ : S → T¤∞ and I = Kerφ. Since S has

no $-torsion, we have an exact sequence

0 → I/$I → S/$S → T¤
∞/$T¤

∞ → 0

it is enough to prove that e(I/$I, S/$S) = 0 (because it implies that I/$I
is torsion over S/$S). We have

(∗∗) e(S/$S) = e(I/$I, S/$S) + e(T¤
∞/$T¤

∞, S/$S)

We now observe that e(T¤∞/$T¤∞, S/$S) = e(T¤∞/$T¤∞), because S and T¤∞
have same dimension. We also have e(T¤∞/$T¤∞) = e(M¤∞/$M¤∞,T∞/$T¤∞)
because M¤∞/$M¤∞ is faithful over T¤∞/$T¤∞ and of generic rank one; as in
the proof of (ii) ⇒ (iii), this implies the numerical criterion with T¤∞/$T¤∞
instead of S/$S. But Condition (iv) reads: e(M¤∞/$M¤∞, S/$S) = e(S/$S).
Thus, we can rewrite (∗∗) as e(S/$S) = e(I/$I, S/$S) + e(S/$S). Hence,
e(I/$I, S/$S) = 0. As seen before, this shows that φ is an isomorphism, and
M¤∞ is faithful over S.¤

Let us now deduce the Main Theorem from the Proposition. Let ρ : GF,S →
GL2(E′) be a deformation of ρ with the right local conditions at all v’s in
Σp. By considering the canonical basis of (E′)2, we obtain a point R

ψ,¤
F,S →

E′. Let x : S → E′ be the composition of this point with S → R∞ →
R

ψ,¤
F,S . If we assume the numerical criterion, we have S = T¤∞. This numerical

inequality is precisely the Breuil-Mézard conjecture, established by Kisin [13]
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(using previous works by Breuil and Berger and Colmez’s local Langlands
correspondence). Observe that M¤∞ ⊗T¤∞

E′ = Sσ,ψ(U,O)m ⊗T E′. Therefore,
ρ is the Galois representation attached to any non zero element of this module
(it is necessarily an eigenform with the correct eigenvalues). This module is
not zero because it is not so modulo $.
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[3] H. Carayol : Sur la mauvaise réduction des courbes de Shimura, Compos.
Math.59 (1986), 151-230.

[4] H. Carayol : Sur les représentations `-adiques attachées aux formes mod-
ulaires de Hilbert, Ann. Sci. Ec. Norm. Sup. 19, (1986), 409-468.

[5] H. Darmon, F. Diamond, R. Taylor : Fermat’s Last Theorem , in Current
Developments in Mathematics 1, 1995, International Press, pp. 1-107.

[6] B. Gross: Algebraic modular Forms, Isr. J. Math., Vol. 113, 1999, 61-93.

[7] H. Hida : On p-adic Hecke algebras for GL2 over totally real fields, Ann.
Math. 128 (1988), 295-384.

[8] H. Hida : Nearly ordinary Hecke algebras and Galois representations
of several variables, Proc. JAMI Conf., Supplement to Amer. J. Math.
(1989), 115-134.

[9] P. Kassaei : p-adic modular forms over Shimura curves over totally real
fields, Compos. Math. 140 (2004), 359-395.

[10] M. Kisin : Deformations of Galois representations, this volume.

[11] M. Kisin : Moduli of finite flat group schemes and Modularity, to appear
in Ann. of Math.

[12] M. Kisin : The Fontaine-Mazur conjecture for GL2, J. Am. Math. Soc.
22, 2009, pp.607-639.

44



[13] M. Kisin : Geometric deformations of modular Galois representations,
Inv. Math. 157 (2004), 275-328.

[14] M. Ohta : On `-adic representations attached to automorphic forms,
Japan J. Math. 8 (new series, 1982).

[15] V. Pilloni : , this volume.

[16] C. Skinner, A. Wiles : Residually reducible representations and modular
forms, Publ. Math. IHES 89 (1999), 5-126.

[17] R. Taylor : On Galois representations associated to Hilbert modular
forms, Inv. Math.98, 265-280 (1989).

[18] R. Taylor, A. Wiles : Ring-theoretic properties of certain Hecke algebras,
Ann.Math., 141 (1995), 553-572.

[19] J. Tilouine : Galois representations congruent to those coming from
Shimura varieties, in Motives, Proc. Seattle Conference, eds. U. Jannsen,
S. Kleiman, J.-P. Serre, PSPM 55, part 2, AMS, 1994.
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