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1 Notations ans some algebra

Let F be a totally real field of degree d = [F' : Q], O its ring of integers.
Let D be its discriminant. The set of prime factors dividing D is denoted by
Ram(F).

Let Jr = Homg_aig(F, Q) be the set of embeddings of F; we fix an em-
bedding Q@ — C by which we view also Jr as the set of archimedean places of
F.

We fix a partition Jp = S U S’, and put s = Card(S), s’ = Card(S’), so
that s + s’ = d.

We refer to Vignéras’ book [20] for details on this section.

Let B be a simple central F-algebra of degree 4 ramified at all places of S’
and split at all places of S. When S = Jp, the case B = My(F') is possible; if
B # Ms(F), B is called a quaternion division algebra over F. We denote by
A the set of prime ideals of F' at which B ramifies. The ramification set of B
is Ram(B) = A U S’. Tts cardinality is even.

We will be mostly interested in the cases B = Ms(F) (Hilbert modular
case), s = 1 (Shimura curve case) and s = 0 (zero-dimensional Shimura variety,
called Hida set by K. Fujiwara).

A possible construction of B is to give an F-basis (1,1, j, k) together with
its multiplication table: choose a,a’ € F*, then define B = [a,d] as the
F-algebra with basis 1,1, j, k such that i = a, j°> = ¢’ and k = ij = —ji.

For [a,d’], the set S is the subset of embeddings for which either a or
a’ is positive while the set A consists of the primes p such that the form

2?2 — ay? — a’2* 4+ aa/t? does not represent zero over Fj.



We denote by b — b the main involution of B: x + vyi + zj + tk —
x—yi—=zj—tk,tr : B — Fbw~— b+b = 2x the reduced trace and
v:B* — F* bbb = 2% — ay® — a’2% + aa’t? the reduced norm. We denote
its kernel by B!. For B = My(F), tr is the usual trace, v = det, B* = GLa(F)
and B! = SLy(F).

We introduce various reductive algebraic groups defined over Q: G =
ResgBX, G* = {g € G;v(9) € Q%} and G! = Kerv = Res(gB1 (this last
group is simple and is the derived group of G and G*).

Any maximal order R C B provides integral models G, G, resp. G}? of
the reductive groups G, G* and G' by applying the Weil restriction from R
to Z. These group schemes have good reduction outside Ram(B) U Ram(F).

Note that for any quadratic extension K /F such that for any v € Ram(B),
the place v does not split in K, we have B ®p K = My(K) (by the theory of
the Brauer group of a number field); note K is complex at each place in S’.
Hence, for any extension L containing the Galois closure of K, there exists an
isomorphism B ®g L = My(L)’F. Actually, given a maximal order R C B
and such an extension L/F, one can find adjust the isomorhsim so that it
sends R ® Op into My(Op)’F (Exercise! hint: fix any isomorphism over L
and use a conjugation by an element (g,) € SLy(L)’F with g, € SLo(L)
close to an adelic element g, € SLa(Ly) realizing the desired conjugation into
My(Op)7F).

Let A = Qf X Qs be the ring of rational adeles, decomposed into the
product of its finite part Q; = Q ® 7Z and its archimedean part Qo = R.
We write Fp = F ® A (resp.Fy = F ® Qy, ...) and we consider the Fj-
algebra By = B® A, B, its group of invertible elements, and Bl = B} x BL
its subgroup of norm 1 elements. Recall that if the Eichler condition S # ()
(s > 0) holds, we have the strong approximation theorem: B} = B!-(V x BL))
for any compact open subgroup V' of B}c. It implies that for any compact open
subgroup U C B;, the reduced norm v induces a bijection

B*\Bj /(U x BY,) — F*\Fy [u(U)F]

where BY denotes the subgroup of elements whose reduced norm is totally
positive (or equivalently S-positive). Note that the right-hand side C’lf; is a
(finite) strict ray-class group. By choosing representatives t1,...,t, € F fX of

Cly and then choosing b; € By such that v(b;) = t;, one obtains:

h
(1) By =|]|B*-bi-(UxBL).
=1



[Proof of the bijection:
surjectivity: write Cly as FX’SI+\(FJCX x FX9 ) Ju(U)FY, where F*5'+

o0

is the subgroup of S’-positive elements of F'*;

injectivity: if z,y € B} and v(y) € F*S"* L y(z) - v(U)FE, one can find
be B*, ueU, bl € BL such that b~'y and zubl, have same v. Therefore,
z=b"ly(zubl)™! € B. We apply B = B'VBL to V = G} NaUx~t. We
thus obtain z = v, or y = bBvruBsbl; since vou = z(z~!
see that y € BXzU B, as desired.]

If the Eichler condition does not hold (s = 0), still, there is a finite decom-
position (depending on U, not only on v(U)):

By =||B* -b;- (U x B%). Note that in that case, BX = BZ,. Actually,

consider the modulus character By — RT given by [b| = |v(b)|s and the

vr)u € 2U, we

topological space (not group!) BX\Bklzl. In all cases (s = 0 or not), if
B # Mj(F'), this quotient space is compact (it is called Fujisaki’s theorem
in Vignéras’ book); this implies that the quotient sets B X\BJT JU and Xy =
BX\Bf /UF[ are finite. Indeed, B*\B; /U = B*\Bg/UBZ is finite (by
Fujisaki), and X is the quotient of this set by the action of its finite subgroup
FX\FfX/(U N fo).

It also follows from Fujisaki’s theorem that Bl\B} is compact (because
B!\Bj is).

2 Shimura varieties and sheaves

Let B as above. For 7 = (), %, 1, we put G} = G?(Qf), G’ = G"(Qs), so that
one has a decomposition of topological groups G* (A) = Gr'} xG?_. Let H be the
R-algebra of Hamilton quaternions and H' its group of norm one elements; we

write Ko = SOo(R)% x (H")¥ for the standard maximal compact subgroup
of GL, and we put Cop = F - Koo.

2.1 Complex quaternionic varieties

For each compact open subgroup U C Gy, we introduce the set (called the
Shimura variety for G of level U):

Shy = G(QN\G(A)/UCx.

Let GZ be the subgroup of positive norm elements in Go,. Note that G, =
GLF (R)® x (H*)S and G /Coo = (GLS (R)/R*SO5(R))® x (H*/R*H')S".
This is diffeomorphic to the product hg of s copies of the upper half plane



b by g — ¢(i) (where i = v/—1 € h). For any U, it is an analytic space of
dimension s; moreover, Shy is compact for all U’s, unless B is Ma(F') (”there
are no cusps for quaternionic Shimura varieties, except in the Hilbert case”).
This follows immediately from Fujisaki’s theorem. In particular, if s = 0, we
have Cs = BZ so that the variety Shy = BX\B;/U is finite, consisting in
the set {[{G(Q)b;UCx]]}s ; it is sometimes called the Hida set for G with level
U.

In general, for any s, by weak approximation at archimedean places, one
has Shy = G(Q)"\((G;/U) x bhg) where hg denotes the product of copies
of h indexed by S, and one deduces from (1) the decomposition of Shy into
connected components

Shy = Llri\hSa

where T'; = b;UGLb;' N G(Q) (i = 1,...,h) is a discrete subgroup of Gy
which acts properly modulo center on hg. [Indeed, Gy = | |Gob;UGZ, and for
any b € Gy, the stabilizer of bUGY, in Gg is T, = Go NbUGLbH ]

If U is sufficiently small, all the groups I'; and their quotients by F* N T}
are torsion-free (we’ll see this more precisely later). Thus, I';/(F* NT;) acts
properly and freely on hg. This implies
Fact: For any s, if U is sufficiently small, Shy; is a smooth complex variety.

Indeed, all its connected components are complex varieties.

Comments:

1) Each connected component C; of Shy is a quotient of the connected
Shimura variety S h%,i = F%\hs where V; = G} Nb;U bl-_1 is compact open in G}
and I‘i1 =V; N GY(Q) is a discrete subgroup of G . More precisely, there is a
finite étale covering Shy, — C; with Galois group E; = det(T;)/(F* NT;)?, a
finite subquotient of O*T.

2) When B # Mj(F), the variety Shy is called a quaternionic Shimura
variety, resp. a Shimura curve when s = 1.

3) In the case B = My (F), Shy is called the adelic Hilbert modular variety
of level U. In this case, for U* = UﬂG}Z, and C% = QX - K, we also introduce
Shi; = G*(Q\G*(A)/U*C%, (Shimura variety for G* of level U*). We have

Shi = | |T1\bs
J

where I'; = chcj_l NG*(Q) for j = 1,...,h*. The reduced norm induces an
isomorphism from the group my(Shy;.) of connected components to

Q\A*/(1(U) NQ})QL,
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and each connected component coincide with Sh%,j = Fjl.\f)g where V,; =

G}c N chcj*l. Thus, the inclusions G' ¢ G* C G induce morphisms Sh(lﬂ —
Sh;. — Shy, which are open, quasi-finite, the first one being an open im-
mersion. The introduction of G* and of its Shimura varieties is very useful
because, even if U is neat, the canonical model of Shy will be only a coarse
moduli space while the one of Shy; will be a fine moduli space.

2.2 Coefficient systems

We fix a maximal order R C B, and we choose a finite extension K/F which
splits B and contains a Galois closure of F', together with an isomorphism
B ®g K = My(K)’F sending R ® O into Ma(Og)7F.

For any n,,v, € N, we introduce the Og-modules A(n.,v,; O ) = Sym"” O%@
det”*O% and its Og-dual L(n.,v;; Or) = A(nr,v:; O )*; one has L(n., v; O ) =
Sym™ 0% @ det """ 0%. Since there is an ambiguity about the definition
of symmetric powers over the integers, let us be clear that in the definition of
A(nr,vr; Ok), resp. L(n,v; Ok), we view the symmetric algebra as the graded
subalgebra of the tensor algebra, resp. as the quotient algebra by the graded
two-sided ideal generated by u ® v — v ® u.

There is an Og-schematic action, ”the 7-action”, of the Op-group scheme
R* on A(nr,v;;Ok) via the 7-embedding R C M»(Ok) fixed above. We
endow L(n;,v;; Ok) with the contragredient of this representation of R*.

Forn=73_ ; n.7 € NlJplandv =3 ; v.7 € Z[Jp], we put L(n,v; Ok ) =
®T€JF L(n;,v;,Ok). this finite free Ox-module comes with a schematic ac-
tion of G defined over O. It is the tensor product of the 7-actions.

In order to define a sheaf over Shy;, we’ll need that scalar matrices € €
Or NU C Ggr(Z) act trivially by this action. This is why we assume from
now on that n + 2v is diagonal: if ¢ =) _7, we assume that there exists
m € Z such that n 4+ 2v = mt.

For any Og-module, we also put L(n,v; M) = L(n,v; Og) ® M; it is still
a schematic module over Ggr ® Ok . If M is a K-vector space, we define a left
action of G(Q) on L(n,v; M) by the left representation of G® K defined above,
and take the trivial right action of UC4. Then consider the sheaf £(n,v; M)
over Shy of continuous sections of the K-vector bundle

By = G(Q\G(A) x L(n,v; M)/UCs — Shys

induced by pry : G(A) x L(n,v; M) — G(A) for the actions v-(g,¢) = (vg,7v-£)
and (g, 0)uce = (gucoo, £).

We will be interested in the Betti cohomology groups H®(Shy, L(n,v; M)),
H?(Shy, L(n,v; M)), especially the sth cohomology group (middle degree).



Let p be a prime number. If M is p-adic, one can define a p-adic integral
structure on these groups. More precisely, let v be a place of O above p
and let O be a discrete valuation ring which is finite flat over the completion
Ok, of Ok at v. Let us assume that My is an O-module. Consider the
trivial left action of G(Q) on L(n,v; My) and the right action of UC given

by v - uce = u, Ly. This defines another bundle

By = G(Q\G(A) x L(n,v; My) /UC — Shy

In case M is both a K-vector space and an O-module, these two bundles are
isomorphic by the Shy-morphism By — Bj given by (g,v) — (g,gp_lv). Let
us define, for any O-module My, the sheaf L£(n,v; My) of continuous sections
of Bg — ShU.

With this definition, for any O-module My and for M = Mj[1/p], we have
a natural integral structure on Hy (M) = H? (Shy, L(n,v; M)) (x = 0, ¢), given
by the image of Hf(My) = Hg(Shy, L(n,v; Mp)).

2.3 Hecke correspondences

The correspondence [UEU] (for € € Gy): Let U(E) = UL NU . We consider
the two projections m; : Shyy ¢y — Shy where 7y is the transition map induced
by the inclusion U (&) C U, and 79 is induced by right multiplication by & on
G . Moreover, by noticing that 77L coincides with the sheaf L; associated
above to L on Shy), we see that there is a natural K-linear morphism of
sheaves [€] : w53 L(n,v; M) — 77 L(n,v; M): if s(g) = s(gu) for uw € U, w5s :
g — s(g€) is right invariant by U() hence defines a section of m{L = Lg.
Since ; are finite (étale if U is neat), we can define the trace my,; define Tj
as mi, o [] o m5. This correspondence acts on H$(M). Moreover, if M =
My[1/p] for a finite free O-module My, we see that if £, = 1, the action of
[U¢U] preserves the p-adic integral structure given by the image of Hg (M)
in HY(M).

Remark: If one wants to include the case where ¢, is non trivial, one needs
to assume that §, € R, N B’ and we need to modify the morphism [£] using
the description via the bundle By: [¢](s) = &, - s(g€) where the prime denotes
the main involution on B.

For a compact open subgroup U C Gy, we denote by Ram(U) the set of
places of F' such that U, # R). For a prime q ¢ Ram(U) U Ram(B), let
wq be a uniformizing parameter in Fy and § € B;. We define the Hecke
correspondence Ty, resp. Sq, by choosing £ whose components are 1, except at

q where it is ( @ 0 ), resp. < @q 0 ) As observed above, for q prime
0 1 0 1wy
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to p, these operators preserve the p-adic integral structure on the cohomology.

3 Hilbert and Quaternionic forms

3.1 Automorphic vector bundles on quaternionic Shimura va-
rieties

In the decomposition G = G(R) = GLy(R)® x (H*)%', any element g € Goo
is also written as g = (g,)-; we write sometimes Gg for the first factor, and
Gg or Gfo, for the second. Consider the subgroup G of G, of elements with
totally positive reduced norm (or, equivalently, S-positive reduced norm).

The product hg of copies of h indexed by S carries a left action of GL
defined, for z = (2;)res, by 9(2) = (9-(27))res; here, for each 7 € S, g-(2;)
denotes the action of g, € GLo(R)" by linear fractional transformation on b.
This action factors through G'Sf and even through G; /Zs where Zg denotes
the center of Gg. Consider the Q-torus T' = Reng X its group of characters
X*(T) is identified to Z[Jp] by t2~™7 = J[(t")™ . Consider the group
decomposition T'(C) = Ts x Tgr,t +— (ts,ts/). Define the S-automorphic
factor

G;ro X bhs — Tg, (97 Z) - jS(g’ Z) = (CTZT + dT)T€S7

ar by . . . .
for g, = < . 4 > It satisfies js(g99', 2) = js(g.9'(2)) - is(g', ).

For any m = ) _m,7 € Z[Jr|, we put mg = > _gm,7 € Z[S]; it defines
an algebraic character of the R-torus T's by tg — t¢'°. Let kg € Z[S] and define
the automorphic factor of weight ks: G x h¥ — C*, (g,2) — js(g, 2)Fs =
[Tres(erzr +dp)tr.

Let us assume that for any 7 € S’, we have k, > 2; so, for these 7’s, we
have n, = k; — 2 > 0. For completeness, we also introduce n, = k; — 2 even
for 7 € S, but, a priori we don’t assume n, > 0 for those 7’s.

Choose v° = (v;)res. Let L(n®,v%;,C) = @,cq L(nr,v-;C). For any
wg € Z[S], we denote by v¥S the composition Gg — Tg YS CX. Let us
consider

e the representation v=%s ® L(n®,v%;C) of Go = G5 x G,

e the one-dimensional representation C(kg) of Ts given by tg — tlgs .

We have seen that Shy = G(Q)"\(Gy x hs)/U; we define a holomorphic
vector bundle over Shy by defining a left action of G(Q)" on Gy xhgxC(ks)®



v L(n%,v%;C) by v (g7, 2,£) = (vg5,7(2),v(7) S js(7, 2)" - 4° - £), and
trivial right action of U.

A global section of this bundle is a function £ : G¢/U xhg — C(ks) @1"s ®
L(n®,v5; C) such that for any 7 € G(Q)", £(1g5,7(2)) = v(7)""5js(7, )% -
7 - gy, 2).

Therefore, in order for this vector bundle to admit non zero global sections,
it is necessary that any ¢ € F* N U has trivial action. This is why we add
to our assumption n + 2v = mt for some integer m > 0 the conditions

1) UNF* C Of or m even, and

2Q) w=v+k—t.

Indeed, under these assumptions, € acts on the left by €
The exponent is equal to —2(vg+kg—ts)+kg— (k% —2t54+20%) = —20—k+2t;
it is therefore an integral multiple of ¢, so that € acts through a power of its
norm, which is 1. We obtain a holomorphic vector bundle on Shy denoted by
wgs ® v~%s ® L(n®,v%;C) (the tensor product is only a notation...)
Comment on the notation: For any 4, the pull-back to Sh%/i of the restric-
tion to the connected component C; of the sheaf wgs @ v~ @ L(n®,v%;C)
can be decomposed as the tensor product of an invertible sheaf wks (de-
fined by the same automorphic factor as before) and a locally constant sheaf
L(n®,v%;C). In a similar way, note that the locally constant sheaf £(n,v;C)
can also be decomposed as the tensor product of locally constant sheaves
L(ng,vs;C) @ L(n®,v%;C). Moreover, if kg > 2t5, Hodge theory provides a
canonical injective homomorphism

—2wg+kg—(nS+2v%)

HO(Sh%/i,wkS ® E(nS,US;C)) —s HS(Sh%/i,E(nS,US;C) ® E(nS,US;C))

which identifies the left hand side with the last non zero term of the Hodge
filtration.

Note however that this tensor product decomposition does not descend to
C; because of the presence of units ¢ € F* NU, by the calculation above.

3.2 Space of quaternionic cusp forms

Assume first s > 0:

Ifd >1orifd=1and B# MyQ), we define the vector space of
quaternionic forms of weight k,w and level U by My, ,,(U) = HO(ShU,wgS ®
v~ @ L(n®,v%;C)). Again, n = k — 2t with n® > 0, n + 2v = mt and
w=k—t+wv.

If d =1, and B = M5(Q) the holomorphicity at cusps must be also im-
posed.



Apart from the Hilbert case B = My (F) the space Mj, ,,(U) consists only
of cusp forms (in the sense of the Jacquet-Langlands correspondence); we thus
write S (U) = My, ,(U) (7S” is the initial of Spitz=cusp):

Skw(U) = HO(ShU,wZS QU YR E(ns,vs;(C)).

In the Hilbert case, the space Sj,,(U) is defined as the subspace of M, ,,(U)
of sections vanishing at cusps.

Since s > 0, a global section of the sheaf wgs ®@v~vs ® L(n%,v%;C) over
Shy is a function f : Gy x hg — v~ ® L(n®,v%;C), such that fgf,2) is
holomorphic in z € hg and for any v = (7f,7x) € G(Q)* and any u € U, one
has f(y7g7u, Yoo (2)) = v(7) 7545 (v, 2)F57% - f(gy, 2)-

There is another description of the pull-back of the space Sy ,,(U). Namely,
one maps a function f : G¢/U x hs — L(n®,v%;C) which is Cw-invariant and
G(Q)-equivariant, to the function ¢ : G(Q) "\ ((G/U) x GL) — L(n®,v%;C)
given by @(gs,goo) = Y(90)"9 5 (900, 1) " - 9" - F(95, goo(i)). This function
is G(Q)-invariant and Coo-equivariant: It is easy to see that the functional
equation f(yrgsu,v(2)) = v(v) "5 js(v, 2)"7% - f(gf, 2) becomes ¢(gucos) =
V(Co0) S j5(Coo, i) F5c! - ¢(g). Note that the domain of definition of ¢ is
GQ\((Gf/U) x GL) = GQ\G(A)/U.

One can use this trick to define p-adic integral structures on the space
Skw(U). The model for this is the theory of (Ag)-type Hecke characters of A.
Weil ([1955¢], Collected Works vol.IT), Let us recall its gist.

Let k € Z[Jp| and let f : F/UFY — C* be a continuous homomorphism

such that f(az) = oF f(z) for alla € F*. Because of the following exercise,
we call f a classical avatar of an (Ap)-type Hecke character.
Exercise: Such an f induces a classical Hecke character of weight k. That is,
there exists a number field F such that f factors into a homomorphism from
the group of non-zero fractional ideals prime to Ram(U) to E* such that if
a = (o) with « € F* NUFZX, one has f(a) = o*.

We define now the complex avatar ¢o, of f is defined by ¢oo(x) =
2l f(x). It is a continuous function deo : FX\F) /U — C such that ¢poo(2ys0) =
Yk poo() for all yo € F5.

Finally, let U = U, x UP; the p-adic avatar ¢, of f is defined by ¢,(z) =
x;kf(a:) = :ch’gogboo(x). It is a continuous function ¢, : F*\F /UPF{ — Q,
such that ¢p(zu,) = u, ¥¢,(x) for all u, € U,

Exercise: Show that indeed ¢, takes values in the p-adic field completion of
FE in @p.

It is automatically integral valued because by continuity it factors through

the separated quotient of F*\F,;/UPFY which is a compact group (it is iso-
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morphic to Gal(F/F), where F,, is the maximal abelian extension of F
unramified outside poo); thus its image is contained in Z; .

The analogy for G instead of GLy is elementary if S = () (the Hida set
case). If S # () and B # M;(F), this construction involves Deligne-Carayol
theory of (integral) strange models which are moduli schemes of PEL type.
For their definition in the Shimura curve case, see Carayol [3] and Kassaei [9]
for instance. Since it is enough in the sequel, let us focus on the easy case

S =0.

Explicit description when s = 0: Good references for this situation are
[7] Sect.1 and [6]. Let K be an extension of F' which splits B and contains a
Galois closure of F. For any K-algebra L, let us consider

Skaw(Us L) = {f : G4/U — L(n,v; L); f(vgy) =7 fgs)}

or equivalently, if L is a C-algebra:
gk,w(UQ L) ={¢oc : GQ\G4/U — L(n,v; L); poo(gtoo) = Co_o1 “Poo(9)}

The bijection f > ¢uc is given by du(gs, goc) = 9 - £(9)-
or else, if p is a place of K above p and L is a Kp-algebra:

§k,w(U§L) = {¢p: G(QN\Gf/UP — L(n,v; L); ¢p(gup) = u;l - dp(9)}

The bijection f +— ¢, is given by ¢,(¢”, gp) = gp_1 - f(g).

If k # 2t (so w # t), one defines the space of cusp forms as Sy ,,(U; L) =
Sk,w (U7 L) :

If £ = 2t and w = ¢, there is an element in §2t,t(U) which contributes to the
discrete series but not to the cuspidal spectrum, namely v = Ny /Q O v; this is
why one defines the space of cusp forms as Sg+(U; L) = §2t,t(U L)) < vt >.

If L is a p-adically complete K,-algebra with valuation ring Oy, it is now
easy to define an integral structure on Sy ,,(U; L); one simply puts

Skw(U; O1) = {dp : GQ\G/UP — L(n,v; O1); p(gup) = u, " - $p(9)},

with an obvious modification for (k,w) = (2¢,t).
Remark: Note that contrary to the GL; case, despite the fact that the domain
of the functions ¢, is compact, the integrality of their image is not automatic
because these functions are not homomorphisms!

The description of the Hecke operators Ty (q ¢ Ram(B) and prime to
lev(U)) acting on the space of cusp forms can be given in the two avatars of
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Skw(U; L) as follows. Let (x;) be a finite set of representatives of Go\G/U,
in the first description, we put (f|7,)(9) = >_, f(gzi), and in the second,
we put (¢p|Ty)(9) = X2 75, - ¢p(gxi), Where for x € Gy, v, € G, = G(Qp)
denotes the p-component of x. We choose the main involution instead of the
inverse because thus, the integral form Sy ., (U; Or) is preserved by all Hecke
operators, including 7T}, for p dividing p, if B does not ramify above p and
p ¢ Ram(U). So the two definitions differ slightly, only for the operators
T, for p dividing p; if we need those operators, for our purpose, the correct
definition is the second, which amounts to a twist of the first by (detg,)""2*.
The group F fX of finite ideles acts continuously on Sy ., (U; Or) by
(2 - ¢p)(9) = &p(gz). This action factors through the p-adic group Cly» =

FfX JFX(U N fo )P. Moreover, this action is locally algebraic: on the image of

Up N E), it is given by 2, — 2. The set of characters ¢ : Clyr — OF of
this type is a torsor under the group Hom(Clr, OF) of characters of the finite
class-group Cly = F//F*(U N Fy’). Since the image of U, N F) has finite
index in Clyp, this torsor is trivialized by a finite extension of L; for such an
extension L, if we fix a point 1 of this torsor, any character 1) can be written
1 = g = Yob where 6 runs over the set of characters of Cly. For any prime
ideal q of F', q ¢ Ram(B)U Ram(U), we define Sq by The operator S, acts
as f|Sq(9) = Nq™ - f(gzq) where z4 € Cly» is the idele whose components are
one at all places except at q where it is w,.

Definition 3.1 An eigenform f € Si.,(U; OL) is a form which is eigenvector
for all the Ty and the Sq. We write f|Sq = ve(q)f, where 6 is a finite order
character of the ideal-class group Cly .

3.3 The situation in [12]:

Let p be an odd prime. Let F, B, R as before. We assume that the quaternion
algebra B splits at p and we fix R, = R® Z, = M>(Or ® Zy,). Let L C @p
be a p-adic field containing a Galois closure of F. We fix a level group U =
UP x Up such that U, = R (U is unramified at p) and U, = R} for any
finite v € Ram(B). Fix (k,w) such that n, := k, —2 > 0 for all 7’s, and
v:=w—k+1 >0 is such that v; = 0 for one 7 and n + 2v = mt. For any p
dividing p in F, let Wy = @,.r_ 1 p_adic L(r;v-;Or). We denote by oy, the
representation of the p-component U, of U, on W,. The action of U, = Hp U,
on W = @,Wy = L(n,v;0f) is denoted by o = ), 0p. We extend this
action to U through the projection U — U,. Let Cly = F>\F/ /(U N Fy)
be the finite class group ”of level U”. The set of continous homomorphisms

12



P FfX/FX — Of such that ¢(z) = 2" for z € UN fo is a torsor under
the finite group Hom(Clyr, Of ). As explained above, we can write ¢ = 1y
for 0 : Cly — OF. We can extend o to U - fo by o(uz) = o(up)yp=1(2).
This is well defined because if z € U, its p-component z, € U, acts on W by
o(zp) = z;(nﬂv) = 2,™ = ¢~!(2). Of course, o factors through (U-F})/F*.
Let

Sop(U; Or) = {dp : B\BF — Or; ¢p(guz) = ¢(2)o " (u)dy(9)}-

In the description in terms of f(g) instead of ¢,(g), it corresponds to forms f
with central character 6: f(gz) = 6(2)f(g). Indeed, we have

Skw(U;00) = D Souy(U;OL)
G:C'ZU—(QE<

Recall that Xy = B*\B; /(U - F}") is finite by Fujisaki’s theorem. Let (b;)er
with b; € B}, be a set of representatives of this set: Xy = {b;;¢ € I'}. The
stabilizer in U - fo of B*b; € BX\B; is UFfX N b;lBXbi. For the action of
UFfX on W by uzs-w = 9(2)"! - o(up)w, the choice of representatives above
provides another description:

X~p—lpxp. X
Saw(U:01) = @wy T G (6, 00)):
el
Indeed, for any ¢, and for any = € UFfX N b;lBXbi, we have x - ¢p(b;) =
dp(bi) because © = uzp = b '0b;, so x - ¢p(b;) = U(zp) Lo (up)p(bi) =
qf)p(biu_lzfl) = phip(bibi_lﬁ_lbi) = ¢p(b;). The map is clearly injective. To
show the surjectivity, given a system of vectors (v;), one defines ¢,(8b;uz) by
o~ (uz)(v;). One checks it is well-defined because v; is invariant by U - F fX N

b; 1 B*b;.

Definition 3.2 We say that U is ad-neat if for any b € Gy we have b=1B*bN
U- fo = F*.

Definition 3.3 The "strict lwahori subgroup” U, of GL2(OF,) consists of the

. 1
matrices congruent to < 0 > modulo p,.

Lemma 3.4 The principal level group U(N) (with N > 3 prime to ¥) is ad-
neat. If v is unramified in F/Q and the residual characteristic p, is > 4, if
U, is the strict Twahori at v, the group U = U" x U, is also ad-neat.
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Proof: Recall that G/Z is discrete in G/Z; because B is totally definite,
hence Goo/Zs is compact. Consider the adjoint representation Ad : G —
SLs3, of kernel Z. Let L be a finite extension of F which splits B and
in which v remains unramified (it does exist since p splits B). For any
U, AdUF;b~'B*b)/F*) is a finite subgroup of U N h="SL3(L)h, where
U = UY x U, is compact open in SL3(Ly), either of principal congruence
type (still level N), or of strict Iwahori type:

* ok ok
U, = {u e SL3(Or,);u=| 0 1 % | mod.p,}. The congruence sub-
0 0 =

group htdh=1 N SL3(L) of SL3(L) can be checked to be torsion-free for v
unramified such that p, > 4. Hence, Ad(UFfX b=1B*b)/F*) is trivial, and so

is UF;b~'B*b)/F*.

Corollary 3.5 For U ad-neat as above, S, (U; Or) is a finite projective Or,-
module and W, — S, ,(U; Or) is an exact functor.

We have S,y (U; OL) = @,cx,, Wo, hence the statement is obvious.

3.4 Hecke algebras

Let B be a quaternion algebra; from now on, we denote by Ram(B) =
Ramy(B) U Rams(B) the decomposition previously written as Ram(B) =
A U S, because we reserve S for a finite set of finite places of F'. Let us fix
such a finite set S of finite places containing Ram(B). Let L be a number field
containing the Galois closure of F' and splitting B. The universal Hecke alge-
bra outside S is defined as the polynomial algebra TS = O [Ty, Sqlqgs- Its
representation on Sy .,(U, L) defines a finite flat Or-algebra which we denote
Ti’f (U;OL). The finiteness and flatness is obvious if B is totally definite. In
the Hilbert case, it follows from the arithmetic geometric arguments sketched
above. In general, it follows for instance from the Eichler-Shimura-Harder
isomorphism (which brings back the question to that of the finite rank of the
integral Betti cohomology of Shy;, which is true by finite triangulation of the
Borel-Serre compactification).

Another important tool is the Jacquet-Langlands correspondence, which
allows to draw conclusions on Hilbert modular eigenforms, from a study of
quaternionic eigenforms for a totally definite quaternion algebra.

Let k € Z|Jr] a weight with k > 2t, k, = k; (mod 2) for all o,7’s in Jp.
Let v € N[JF] such that k + 2v is diagonal, and w =k + v — .
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Theorem 1 (Jacquet-Langlands correspondence) Let B and B’ two quater-
nion algebras such that Ramy(B) = Ram(B')y UT, T consisting of finite
places. Let R be a maximal order in B. Let U C B; be a level group such that
U, =R} for everyv € T and let U' = UT x [Loer Lo, where I, C GLo(F,) is
the Twahori subgroup. Let S be a finite set of places of F' containing Ram(B),
and ']Ti’f(U; Opr), resp. ']Ti’f/(U; Op) be the Hecke algebra outside S acting on
Skaw(B,U; L), resp. Skw(B',U';L). There is a surjective Or-algebra homo-
morphism TS5 (U';0r) — TSB(U; OL) which sends the operators Ty, Sq on
Ty, Sq and which induces an isomorphism TS5 (U'; Or)T—"ew = TSB(U; Op)

Comments: 1) Actually, if U, is not maximal at v € T, there is still a U}, C I,
with a similar statement: TS’B’(U’; OL)U,T_Sd =~ T9B(U;OL), where Ul —sd
refers to the largest quotient associated to automorphic representations whose
components 7, at v € T are in the discrete series and have U, -fixed vectors.

2) Note also that no condition is imposed for the archimedean places at
which B or B’ ramify. The condition on the weights make automatic the
existence of a correspondence from the split to the ramified case for those
places.

The situation in [12]: Let F be totally real in which p does not ramifiy.
Actually, it will be necessary later to assume that p splits completely in F
(for computations of local deformation rings). Let B be totally definite and
¥ the set of finite places in Ram(B). Let O = Orp be the ring of integers in
a p-adic field. Let S = X U S’ U {v|p} be a finite set of finite places in F'. We
assume that for any v € S, Nv # 1 (mod p); later we'll fix an eigenform
f of level 1 on B and assume that for all v € S’, the roots x,, y, of the
Hecke polynomial P, ¢(X) are such that Nv - (2, + yu)? — Zpye(1 + Nv)? £ 0
(mod @) (such a set S’ is called a set of auxiliary primes). Let U C B; with
Uy = R} for v € ¥, U, = GL2(Op,) for v|p, and U, is the strict Iwahori
subgroup at v € S’ Note that if S’ contains a v with p, > 4, U is ad-neat.
Thus [],cq o is exactly the level of U; let ¥ be the set of finite places of

Ram(B). We define T; (U, O) as the quotient of the Hecke algebra Tg:f(U ,0)
generated by the operators outside S acting on S,y C Si,(U) and we denote
by Toy(U,0) = T, ,(U,O)[Xv;v € S'] the subalgebra of End(S,,y(U;0))
generated over T£¢(U, O) by the Hecke operators X, = U&; U, for allv € S,
where &, has all its components equal to 1 except the one at v, which is equal

to < 78; (1) ) The algebras T;’¢(U, O) and T, ,(U,O) are commutative,

finite flat over O, hence semilocal; moreover, T;w(U, O) is reduced. The
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reducedness of Ty (U, O) is not known, but we will consider only localizations
of this ring at certain ideals which reduce the question to ’IF;W(U ,O).
Recall that since U is ad-neat, we have: S, (U, O) ®o F = S, (U, F).
We have also the following corollary to Jacquet-Langlands and Shimizu
correspondence:

Corollary 3.6 The module S, (U, O) is generically free of rank one over
Ty (U, O) (ie, it is free after inverting p).

By the Jacquet-Langlands correspondence, it is enough to show the freeness
of the space of Hilbert forms S’E;MUJ(U7 C) over TE;"“”(U, C), which follows
from the action of Hecke oper&itors on q—expansiohs, from multiplicity one
theorem for ¥-newforms, and by Peterson duality on Skz’;"ew(U, C).

We also introduce two definitions

Definition 3.7 An Eisenstein idealm is an ideal in TS @0, O, in Tf’f(U, 0),
or in Ty (U, O), containing T, — 2 for almost all places v splitting comé)letely
in a fized abelian extension of F. We say that m is in the support of (o,) if
S (U5 ) # 0.

Example: For F = Q, S = () and k an even integer > 4; let m = (p, (T, — (1 +
¢*~1),) be the maximal ideal of T® = 7T}, S,],- By considering the abelian
extension Q((,) of Q, one sees that m is Eisenstein. Moreover, m defines a
maximal ideal of ']I‘Q’MQ(Q), or, equivalently, m is in the support of Sk(GLg(i)),

if and only if p divides the Bernoulli number By, € Z,

3.5 Taylor-Wiles primes and Ihara’s lemma

Let S = XUS'U{v|p} and U C B} be alevel group which is strict Iwahori at S’
and unramified elsewhere, in such a way that it is ad-neat. Let k,w as before,
let f1 € Sy4(U, O) eigen for T, (U, O). Let m’ = (@, (T — ay, Sy — 9 (v))ugs)
be the maximal ideal of T/a,w(U’ O), resp. the maximal ideal m = (e, (T, —
Ay, Sy — Y(V))vgs, (Xry — Tw)wes') of Ty (U, O), associated to (f,p).

We assume from now on that m’ is non-Eisenstein; we also say that m is
non-Fisenstein. We introduce the fundamental objects:

Definition 3.8 We put T = Ty (U, O)m and M = S; (U, O)m.

Remarks: 1) We could also introduce T" = T| (U, O)m but we’ll show later
that T = T.
2) M is a finite free O-module; it is a faithful T-module.
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In order to study these objects, it will be important to introduce ”horizon-
tal thickenings” a la Taylor-Wiles.

Definition 3.9 A Taylor-Wiles set is a finite set @ of primes of F', disjoint
of S and such that for allv € Q, Nv=1 (mod p) and the Hecke polynomial
P, #(X) = X? — ap, X + Nv~19(v) = X% — a, X + Nv -9 (v) has roots o, and
By in O and distinct modulo wO.

By Cebotarev theorem, it is easy to see that there exists infinitely many such,
mutually disjoint, sets (even after adding more conditions, as we’ll see later).

For any v € Q, let F,, = Op/p, be the residue field, and let F;} = A, x E,
with A, the p-Sylow of F)* (and FE, the maximal subgroup of order prime
to p). Let Sg = SUQ. Let Ué, resp. Ug be the level group defined by
Ugw=Ugu="U, forv¢ Q and

Ug.p» resp. Uq,v, is the Iwahori subgroup of U, = GL3(OF,), resp., the
subgroup of the Iwahori subgroup consisting of the elements g € Uéyv whose
diagonal modulo p, is of the form (ze, z) with z € F and e € E,. Note that
the map Ué,v — A, sending the diagonal (a,d) of g mod.p, to ad~' provides
an isomorphism Ué,v/UQﬂ) = A,. If one defines Ag = HUGQ A,, we have
simlarly Uy /Ug = Aq by sending the diagonal (a,d) of g mod. @ to ad™ .

Let O[Ag] be the group algebra of Ag and Ig = ([6]—1); its augmentation
ideal. It is local, with maximal ideal (ww) + Ip. We denote by 'F]fg,zp(Ué ) the
ring of endomorphisms of S, (U, )) generated by Ty (Ug) and the Iwahori
level Hecke operators X,, = Ué & Ué for w € @, where &, is defined as
in Sect.3.4 (note that X, does not depend on the choice of a uniformizing
parameter m,, of F,‘). We put a similar definition for ’f]im/,(UQ) except that
the operators X, = Ug&r,Ug do depend on the choice of a uniformizing
parameter m, of F;). Actually this ambiguity gives rise to a structure of
O[Agl-algebra on T,y (Ug) given by the normal action of Uy: [d] acts by
Uqug Uq for any us € Uy, lifting d.

In the same manner as we defined the ideal m of T, (U, O), we define
the ideal mq of Tyy(Ug,0) and Ty y(Uq, O) by mg = (@, T, — ay, Sy —
Y(v))vgs + (Xo — Ty )ves + (Xw — Qw)uweqg- It is clear that mg # (1), because
from f one can construct a non-zero form on Ug eigen for the X,,’s with
eigenvalues ay,, namely f| HwEQ(Xw — Bw)- Recall indeed, that X,,, acting
in Iwahori level at w, is annihilated by X2 — T, X + N(w)S,,. Hence, the f-
part of Sy 4 (Ug, C) (which is the 21Ql_dimensional subspace spanned by f(gn;)

T

0 . o
(I CQ,nr = Ilwer M Mo = ( 0 1 >,1s annihilated by (X — 6w ) (Xw—au)
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for any w € Q.

Lemma 3.10 1) The trace ZaeAQ [6] + So,y(Ug, O) = Sou(Ug, O) induces
an isomorphism

SUJ?(UQ’ O)/IAQSU,w(UQa O) = SJ,¢(Uéa 0)7
2) So4(Uqg, O) is free of rank one over O[Ag].

Proof: Let Funct(Xq,W) be the module of W-valued functions on the
finite set Xg = G\Gf/UgZy. In Cor.3.4, we have shown that the map
f = (f(9z))zex, provides an isomorphism of O-modules (x) S5 4(Ug, O) =
Funct(Xq,W). The action of U, on Xq by right translations induces an
action of Ag which is free (see details below) and such that Xq/Aq = Xj.
Moreover, it is clear that (¥) is Ag-linear.

Therefore, to prove 1), it is enough to notice that ) 5[] induces the aug-
mentation isomorphism O[Ag]/Ig = O. For 2), take a set of representatives
of Xg in Xq. It is an O[Ag]-basis of Funct(X,, W).

[Details on the freeness of the action : the relation x - § = z, for x = gy,
can be translated as grus; = ~vygruz for v € Ug and 2z € Zy, we have v €
Gn ngég;IZf which is contained in F'* N Ug- Hence 7y is a unit € € OF.
So, u = g;l'ygfungl = eugz_l belongs to Ug. ]

The key level lowering lemma (Taylor-Wiles control lemma) takes the fol-
lowing form

Proposition 3.11 The linear map S, (U, O) — Uﬂ/)(Ué, O) defined by g —
q| ngQ(Xw — Buw) defines an isomorphism Sg (U, O)m = Uﬂ/,(Ué, O)mg -

Proof: Recall we assumed oy, # 3, (mod w) and Nw =1 (mod p). It is
a classical fact (following easily from the existence of Galois representations
and Cebotarev density theorem) that the subalgebra T, (U, O) of Ty (U, O)
generated by the Hecke operators outside S is also generated by the Hecke
operators outside a bigger finite set; let’s take Sg; we see that the maximal
ideal m' =m N T, ,(U,0O) is generated by T\, — a, and S, —(v) for v ¢ Sq
(that is, the ideal does not change by removing the generators for v € Q). On
the other hand, let T, ,(Ug, O) be the subalgebra of T,y (Ug, O) generated
by the Hecke operators outside Sg and let mgy = mg N'T,, ,(Ug, O); there is
a natural surjective homomorphism ¥q : T, ,(Ug, O) — T, (U, O) sending
mg, onto m'.
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We proceed by induction on the cardinality of @); therefore we assume
in the sequel that @ = {w}. Let Yy, : S;4(U,0) — S54(Ug, O) given by

Voola) = ola (o~

SU,¢(U7 0)2 - 0,¢(U57 O)v (¢11 ¢2) = Cbl + Ywd)Q

Note that it follows from the Jacquet-Langlands correspondence that it is
injective over C, hence over O (g-expansion for instance).

It is compatible with W¢, hence we can localize at m" and mg,:

Se(U, O)?n, — va(Ué, O)m’Q'

Moreover, for (¢1,$2) € Sy (U, O)2,, we have

m’

>) Let us consider the natural homomorphism
w

(*) X1 = Twd1 — Y1, XyYuoo = Nw@b(w)cﬁz-

This shows that the left-hand side is stable by X,,. We can therefore
localize at mg, and get

(Sa,w(U7 O)Z)mQ - Uﬂ/J(cha O)mQ'

I. Let us prove that this map is an isomorphism.

From the theory of new forms and from the compatibility between local
and global Langlands correspondence (Carayol’s theorem), both sides are free
of the same rank over O: if a form is eigen for X, with eigenvalue congruent to
Q mod. w, it cannot be w-new otherwise the corresponding local component
e would be special at w and we would have by local-global compatibility:
w/Bw = Nwt! mod. w, which is impossible by assumption.

To prove the surjectivity over O, it is enough to show the injectivity modulo
w (that is, the cokernel is O-flat). As already noticed, the reduction modulo
w is given by the same map (Sg.y (U, F)?)m, — o (Ug s F)mg-

In Lemma 7.5 of [13], Kisin showed that one can prove this injectivity
without using duality (which is the main tool in [21] and in [17] to raise the
level from a form of level prime to w to a w-new form).

Indeed, let us assume that we have ¢1, ¢o such that (xx) ¢1 = Yy, 2. Apply
the trace (of degree Nw+ 1), from level U, tolevel U to the relation deduced
from (*): Tywo1 — Y1 = Nwip(w)epe;

We get: (Nw + 1)Tyy¢p1 — Typr = Nwip(w)(Nw + 1) o

because T, = Tr o X,y = Tr oY, in level prime to w.

This yields NwTy¢1 = Nwip(w)(Nw + 1)ps, or

(1) Two1 = Y(w)(Nw + 1)¢po.

Similarly, applying the trace to (**), we get (2) (Nw + 1)¢1 = Twoo.
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So, by multiplying (1) by T, we have (T2 — ¥(w)(Nw + 1)?)¢; = 0.

Since Nw =1 (mod p), we have (T2 —41(w))¢; = 0, But T2 —4p(w) ¢ m
because the roots of X2 — T, X + Nwi)(w) are distinct mod.m. Therefore,
¢1 = 0. Hence, from (1) we also have ¢g = 0.
II. Let us show the proposition.

It is enough to show that ¢ — (X, — Bw)¢ induces an isomorphism
So(U,O)m — (So(U, O)Q)mQ. By the formulas () above, the endomor-
phism X,, of the Ty (U, O)-module S, (U, O)? has the matrix

(5 ")

By Hensel’s lemma, in the completion Ty of Ty (U, O) at m, the poly-
nomial X2 — T, X + Nwi(w) has two distinct roots A, and B, lifting @,
and f3,. Since A, — By, € m, it is invertible on Sy, (U, O)2, hence one
has 1 = (By — Ay) N Xy — Ay) — (Byw — Ap) 1 (Xyw — By) which decom-
poses this space as the sum of Sy = (Xy — Bu)(Sey(U,O)m) and Sp =
(Xw — Aw)(Ss(U,O)m). Sp is annihilated by X, — B,, which is invertible
in TUW(Ué,O)mQ, hence me(Ué,O)mQ - Sp = 0. The first is annihilated
by the element X,, — A, of mg, so TU7¢(U5,(9)mQ -S4 = S4. In conclu-
sion, (Xuw — Buw)(So,y (U, O)m) = S0,y (U, O)mg,, as desired. Since By = Bu
(mod m), the same holds for X,, — (3, instead of X,, — B,,.

Definition 3.12 For any Taylor- Wiles set Q, we define the Q-thickenings of
(T, M) as TQ = TU7¢(UQ, O)mQ and MQ = SU#,(UQ, O)mQ-

Corollary 3.13 Mg is finite free over O[Ag] and Mg/IgMqg = M as O-

modules.

4 Hilbert Moduli varieties

Let G = Resg (GL2) and G* the subgroup ”of matrices with determinant in
QX”'

4.1 Hilbert-Blumenthal abelian varieties (HBAV)

An HBAV is an abelian scheme A — S with a ring homomorphim ¢ : Op —
End(A) such that Lie(A/S) is locally free of rank one over O4 ® Op. Its dual
(A%, .!) is also naturally an HBAV. Let P(A) = {\ € Hom(A4, A"); A = X!, (a)o
A = Xou(a)} its polarization module. Consider p: A xg A — A the addition,
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and p; : A xg A — A the two projections. Given a relatively ample sheaf L on
A, the sheaf ¢(L) = p*(L) ® pj(L)~* @ p3(L)~* is invertible on X xg X and
defines a point of Picg(/s(X). Recall that Picg(/S(X) = Homg(X, X?), hence
(L) gives rise to A(L) : A — A'. A polarisation is an element A € P(X)
given at each geometric point of s by the construction above: Ay = A(Ls), (Ls
may not globalize over S a priori). Let P4 (A) be the subset of P(A) consisting
of polarizations. There is an Op-linear embedding ¢ : P(X) — F such that
i(Py(4)) = i(P(A)) N F*.

4.2 Hilbert-Shimura moduli varietes

Here, B = M(F). Let V C G; be a neat compact open subgroup. Let ¢ be a
fractional ideal of F' and gy € Gy such that det(gy) is an idele of ¢; since ¢ will
only come in through its stric ideal class, we can and will assume it is prime
to the level M of V.

It is easy to see that the set Shy, . = ShZngjtl is in bijection with the set of

isogeny classes of (4, t, \, @) where (4,,) is a complex HBAV, A : A — Al is a
c-polarisation, (that is, such that i(P(A) = ¢ C F) and A = QT - X denotes its
class, and @ is the class modulo V of an isomorphism « : F]? =~ Hi(A,Q)®Qy
such that ey(a(z), a(y)) = ca - Trp/g(T1y2 — 2y1) With ¢y € Q;

Mumford’s Geometric Invariant Theory shows that if V' is neat, these com-
plex d-folds are algebraic and actually descend as smooth quasi-projective
schemes defined over QQ, with finite transition maps defined over Q and Hecke
correspondences defined over Q as well.

Moreover, the connected components admit integral models which can be
described as follows. Let’s assume for simplicity that V' C GLQ(@F) and let
M > 1 be the level of V. Let us fix a fractional ideal ¢ of F. Consider the
following moduli problems over Z[WN(Q’ ¢ of isomorphism classes

My 8= {(A, .\ an7) s}~ resp. Myt S {(A 1, \0OF, 1) 5}/ ~

where (A, ) is an HBAV over S, A is a ¢-polarization (that is, a polarization
such that i(P(A)) = ¢ C F) and @y is the class modulo V/V(M) of an

isomorphism ay : (Op/M)? — A[M] such that ey (« ( (1) > e < (1) >) = C]J;/[

Proposition 4.1 1) Over Z[WN(Q’CM] , M%/,CJ is representable by a fine
moduli scheme M‘1/7c7j, which is quasi-projective smooth. The problem My, ;

is the quotient of ./\/l%,@j by a finite group which is a quotient of C’);, acting
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by € : X — Xoe€; in particular, it admits a coarse moduli scheme My, ; over
2) Over Q(Cpr), the problem M%/,c,j ® Q(Cnr) is isomorphic to the problem
of isogeny classes of (A, L,Q+)\,6)/S (where X\ is a c-polarization, where € is
the strict class of c).
3) The scheme M‘l/’c?j ® Q(Car) defines the j-component of Shy, . ® Q(Car)-
The Q-variety Shy, . has good reduction outside M DN (c).

For n + 2v = mt, m > 0 and n > 0, one can define locally constant étale
sheaves L(n,v; Ok /p™)) over the Q-schemes Shy;.

Let m : A — Shy, . be the universal (up to isogeny) abelian variety attached
to Shj,; .. Let K be a number field containing the Galois closure of F. Let p
be an zirbitrary rational prime and p a prime in K dividing p. One considers
the representation of GL2(Op/p"OF) on L(n,v; Ok /p"Ok) as before, and
one takes its p-part. Let 5 be a geometric point of Sh"{éc and 7r1(5’h*v7c,§) —
GL2(Op/p"OF) the representation associated to R'm,Z/p"Z. The composi-
tion of these two representations defines the étale sheaf L(n,v; Ox/p"Ok).

Now, let U be a subgroup of Gy, U; = bl-Ub;1 (the b;’s are indexed by
strict ideal classes ¢;, as in Sect 1), let V; = U; N G’J‘c; conjugation by b; give rise
to a finite covering Shy,,, = Shy, — Shy; these coverings allow to construct
by descent an étale sheaf L(n,v; Ox/p"Ok) on Shy. It gives rise to the étale
cohomology groups H$(Shy x Q, L(n,v; Ok,)) and H(Shy x Q, L(n, v; Ky))
for 7 = ¢, .

5 Galois representations

5.1 Some history

references for the construction:
e Shimura, Deligne (for F' = Q),
e Brylinski-Labesse (representation of degree 2%)
e Ohta, Carayol (Shimura curves case)

e Hida (A-adic version of Shimura-Deligne representations for Hida fami-
lies)

e Wiles (general p-ordinary case), Taylor (general case), both use approx-
imation by the Shimura curve case.
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e Blasius-Rogawski (general case by Langlands functoriality).

For all this, see a survey in [19].

Local behaviour at p:

e In the ordinary case: Deligne (mod.p case, lettre a Serre), Wiles, Hida,
e Faltings (Hodge-Tate property),
e Scholl, Faltings (crystalline), T. Saito (pst),

e Buzzard-Diamond-Jarvis , T. Gee, M. Schein (Serre weights).

The first construction is due to Shimura (in the case F' = Q and weight
k = 2) and Deligne (when F' = Q, k > 2). For arbitrary F', Brylinski and
Labesse [2] constructed the Galois representation of degree 2¢ associated to a
Hilbert modular form.

5.2 Brylinski-Labesse representation

We keep the notations of the Hilbert-Shimura varieties.

We denote by H?(ShyxQ, L(n,v; K,)) the image of H? (ShyxQ, L(n, v; K))
in H*(Shy x Q, L(n,v; Kp)). These are Galois and Hecke modules (both ac-
tions commute, because the Hecke operators are defined over Q) The Q-action
of Ty is first defined on Sh;‘/i and descends to Shy. On Sh}}i, it is defined by
T1x 0 [§] oy where [€] : 5L — 7L is defined by plethysms from the standard
representation of GL2(Op,). For this representation, in order to define [¢]
over, say, Sh{,, one considers the diagram of universal abelian varieties (with
the universal g-isogeny) over the corresponding Shimura varieties:

Al an
/ i N
A Shyoge) Al
I/ N
Shi; Shi,

Let HY(A/Sh},) = HY(A/Sh},, Ok, ); by definition, we have £ = H*(A’/Sh},),
hence, 3L = Hl(A’/Sh;O(g)), i L = Hl(A/Sh*VO(E)) and [¢] = IT*.

Let f be any cusp eigenform on G of level U and weight kK = n + 2t,
where n, > 0 for all 7; let v, > 0 and v, = 0 for at least one 7, such that

n+2v=mt;let 0 : 7 /F*(FF NU) — C* be (the finite part of) its central
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character: 6(q) is the eigenvalue of (Ty)? — T,2/N(q)™. Let ko = max(k;).
Let q be a prime of F' unramified for U and aq and (34 be roots of the Hecke
polynomial X2 — aqX + N(q)%~10(q) for any sufficiently big number field K
(at least containing the Galois closure of F' and the Hecke eigenvalues of f),
for any p of K, we have by the trace formula (see [2]):

Proposition 5.1 There exists a representation pPY : Gal(F/F) — G Lya(Ky)
which is unramified outside a finite set of primes ¥ of F and such that for any
rational prime q prime to X, and totally split in F', and for S, the set of prime
ideals of F' above q, the characteristic polynomial of the geometric Frobenius
pBL(Frobq) has roots ay, Br, where Sy = I1 U Iz runs over all partitions of the
set Sy.

Comments:

1) Actually, pP” is Galois and Hecke direct factor in the middle degree
étale cohomology group H(Shy x Q,L(n,v; Ky)) (and also in THY(Shy x
Q, L(n,v; Ky))); hence it is unramified outside M Dp.

2) Yoshida [23] has defined a notion of tensor induction and shown that
pBL extends to Gal(Q/Q) and can be written as X —Indgg pBET where pBHET

Gr = Gal(F/F) — GLy(Ky) is the Blasius-Rogawski-Taylor Galois represen-
tation associated to a Hilbert eigenform f which will be described below.

5.3 Ohta-Carayol representation

M. Ohta (1982) (and Carayol, 1986) constructed the degree 2 Galois represen-
tation associated to a cusp eigenform on a Shimura curve.

Theorem 2 Let f be cusp eigen on a Shimura curve of level M, of weight
(k,w). Then for any sufficiently big number field containing F' and the eigen-
values of f, and for any prime p of K, there exists a continuous

prp: Gal(F/F) — GLy(Ky) which is unramified outside Mp and such for
q prime of F' not dividing Mp, the characteristic polynomial of the geometric
Frobenius is the Hecke polynomial X2 — aqX + Ngko~10(q).

We sketch Ohta’s construction when k& = 2¢. Let X = Shy,p be the
Shimura canonical model of the Shimura curve of level group U (say, of level
M); it is proper smooth over F', and each of its connected components is
geometrically connected. Let K be a number field containing the Galois closure
of F and the eigenvalues of f. We consider H = H'(X x F,K,). By Hodge
theory, we have a decomposition H ®g, C = Sz (U) @ S2,¢(U) which is
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Tyt (U, K)-linear. Assume that f is new of level U. Since the eigensystem
of f occurs with multiplicity one in Sy ;(U), the idempotent 15 of Ty (U, K)
associated to f cuts a vector space Vy = 1; - H which is two-dimensional over
K,. It is endowed with a Kp-linear action of Gal(F/F). By proper smooth
base change, it is unramified outside Mp. For q prime not dividing Mp, the
Hecke correspondence Ty is given by m; : X%(q) — X, i = 1,2. Assuming U
is neat, X has a smooth model over Op, and X°(q) has a semistable model
over Op, with two irreducible components X¢ and X™ with m : X™ = X
and m : X® — X purely inseparable of degree Nq, while the inverse holds
for my. Let Pfq(X) = X? — aqX + Ng*~16(q) be the Hecke polynomial
of f at q. It is the image of the universal Hecke polynomial X? — TqX +
NqSq by 17. Ohta’s original proof uses Shimura’s theory of special points in
order to prove the Eichler-Shimura’s relation Py 4(p”C(Frobq)) = 0. Today,
a more geometric proof makes use of Deligne-Carayol strange models and of
the Rapoport-Zink local model. Then, using Poincaré duality, one can deduce
that the characteristic polynomial of the geometric Frob at q on Vy is exactly
Py q(X).

5.4 R. Taylor’s construction

Let f € Spw(U), k > 2t, and w as above, a Hilbert cusp eigenform. There
is a tensor root for Brylinski-Labesse Galois representation. But although
Brylinski-Labesse representation is geometric (de Rham with explicit Hodge-
Tate weights), Taylor’s construction [17] does not provide this information for
Pf.,- However, Blasius-Rogawski’s construction [1] does provide this informa-
tion (after extension to an auxiliary imaginary quadratic field, though).

Theorem 3 Let f Hilbert cusp eigen of weight (k,w) of level M. Then for
any sufficiently big number field containing F' and the eigenvalues of f, and
for any prime p of K, there exists a continuous

prp: Gal(F/F) — GLa(Ky) which is unramified outside Mp and such for
q prime of F not dividing Mp, the characteristic polynomial of the geometric
Frobenius is the Hecke polynomial X% — agX + Nq*~10(q).

Remark: If f|S, = ¢ (v)f, for all v prime to M, we have det ps, = VI eyes
where 9% is characterized by 9% (Fr,) = 1(v) (here F'r, is the geometric
Frobenius). Actually, we’ll write ¢ instead of 9%,

Sketch of proof: If F' has odd degree or if f is special at some finite place,
one applies Jacquet-Langlands to transfer the Hecke eigensystem to a quater-
nion algebra which is definite at all but one place, and apply Ohta-Carayol.
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If not, Taylor’s method consists in constructing congruences mod. p" (n ar-
bitrarily large) with newforms which are special at some place q,. Then,
the method of pseudo-representations allows to construct, by p-adic limit, a
pseudo-representation which gives rise to the desired representation.

For this, one assumes that the degree of F' is even, go to a totally ramified
quaternion algebra by JL, and consider again the map

Skaw(U,0)* = Sew(Uy,0),  (61,02) — ¢1 + Yuds
Actually we decompose
Skaw(Ugy s L) = Saw(Ug , L) @ Sy o (U, L)~

hence for the Hecke algebras (outside Mw), the restrictions give rise to an
injective ring homomorphism:

T(U,,0) — T(U,,0)" =" x T(U,,,0)" "
which becomes an isomorphism after ® L:
T(U,,L) = T(U,, L)~ x T(U,, L)*~"".

Note that T(U,;, 0)¥~° coincides with the Hecke algebra outside Mw of level
U: T(U,O). Let 0 : T(U,O) — O be the character given by the eigenform f.
Let

¢ = T(U,, O)N(T(Uy, L)*""x{0}), 0" =T(Uy, O)N{0}xT(U,,, L)),
Note that the inclusions
T(UJ, O)w—old C T(U;, O)w—old % T(Uq;, O)w—new ) T(U;, O)w—new

induce

T(UJ, O)w—old % T(qu, O)w—new N T(UJ, O)w—old N T(UJ, O)w—new
T(Usy,O) B v B o '

We view ¢ as an ideal of T(U,,0)*~°? and we form ny = Op(c?); it is
an ideal in O. The character §; defines a character T(U, ,0)*~°4/c¥ —
O/ 7]}”; this right-hand-side is the largest quotient of O such that the char-
acter T(U, ,0) — O defined by 0; via the first projection factors through
T(U,,,O0)“~"¢" (by the second projection). It follows (?) from the Jacquet-
Langlands isomorphism (or Lemma 4 of [17]), that
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Lemma 5.2 there is a finite set Ty of primes of F' depending on f but not
on w, such that if w ¢ Ty, we have nf = {x € O;zf € Syuw(U,,O)} (that is,
ny is the denominator of O - f in L- f N S.,(Uy,O).

Instead of copying Taylor’s proof, let us explain why this statement is easy
in the Hilbert modular case, (where we can normalize f by its first Fourier
coefficient being one). In that case, g-expansion provides a perfect duality be-
tween Hilbert forms and their Hecke algebras: in this proof (only), we consider
T = T(U;,0)* (and its quotients T*~° and T*~"¢") as the algebra gener-
ated by the Hecke operators at ALL places (and we assume, as before, that f is
a NEWform of level U); we have a perfect T-bilinear pairing T(O) x S(O) — O.

In particular, we have the commutative diagram

S(O) N §»—(L) & S(O) N S (L) ¢ S(O)

I |
Hom(T*~° 0) @ Hom(T*~ ", 0) C Hom(T,O)

Moreover, if we put S(Q)¥—0ld = Tw=old. §(0) ¥ = TN (T* 4 x {0}) and
S(O)w—new = Tw=nrew. §(Q), we also the commutative diagram

S(O) C S(o)w—old o Sw—new((/))
| |
Hom(T,O) < Hom(c¥,O) @ Hom(d",O)
Hence the inclusion S(Q) N S¥=(L) c S(O)*~° can be rewritten as

(2) Hom(T¥° ©O) c Hom(c¥, O).

Let 1; € T*= @4 L be the projector which gives a section to 0 @ Idg,. We
see from (2) that the inclusion Lf N .S(O) C O - f can be rewritten as

O-0r C1y-Hom(c",0) = (n}”)*lﬂf QED.
The next lemma is
Lemma 5.3 04(T2 — Sy,(Nw +1)?)) - f € Sg,(U”O)

The proof for this lemma is by the calculations of [17], end of Sect.1, or
the calculations (%) (due to Kisin) in the proof of Prop.3.8 above [this point
to be checked as Exercise].

Lemmas 5.2 and 5.3 obviously imply
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Corollary 5.4 There is a finite set Ty of primes of F' such that if w ¢ Ty
and Nw # —1 (mod p),

ords(ny) > orde(0(T2 — Sw(Nw + 1)%)).

On the other hand, it is easy to show, using Cebotarev theorem for the
Brylinski-Labesse representation mod. w", that for any n, there exists w such
that ™ divides 07 (T2 — Sy, (Nw+1)?). Indeed for a form f with roots v, and
Bw for the Hecke polynomial Pf,,(X) at w, we can rewrite this quantity as
(Nw(aw+Buw)? =05 (Suw) 14+ Nw)?) = 0(Sw) (Nw(1+%= ) (1+L2) — (14 Nw)?).
If we consider w of degree one over F, prime to Dy and totally decomposed
in the extension of F' compositum of the field of Ker pZXmod. w™ and F (),
the eigenvalues of pPL(Frob,) are congruent to 1, hence also their quotients,
among which is ay,/By; hence 0p(T2 — Sy, (Nw + 1)?) = 0(5,)(2% — 2%) =
0 mod ww™.

From this remark, we find a sequence of places w; and of w;-new eigenforms
f; which are congruent mod. w® to f. This gives a Cauchy sequence of
pseudorepresentations with the right characteristic polynomial. By taking
the limit, we obtain for f itself a pseudo-representation which is unramified
outside Mp, with the correct characteristic polynomial. It gives rise to the
desired representation.

To state the Hodge-Tate property, we make the simplifying assumption
that p splits totally in F'. Recall that we have fixed a p-adic embedding
Q — @p. Hence if p splits totally in F', given a prime q in F' above p,
there exists a unique 74 € Jp such that q = {z € F;|rq(x)|q < 1}. For
V=23 s, 0T € Z[JF], let us put vg = vy,

Theorem 4 If f is a Hilbert eigenform of weight (k,w), the representation
pf’gT : Gal(F'/F) — GLo(K,) is Hodge-Tate at any prime q of F dividing
p, with Hodge-Tate weights vq and wgq, where k = n + 2t, n + 2v = mt,

w=v+k—1t.

This follows from Blasius-Rogawski’s construction, which is of motivic na-
ture. Actually, if £ = 2t and f is in the principal series at all finite places of
F', the proof of this result is still missing.

6 Local deformations

6.1 The case where v € ..

We assume that p, : G, — GLy(F) is an extension of an unramified char-
acter 7 of the local Galois group G, by 7(1). Let v : G, — O* be a fixed
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unramified character which lifts 7. If p, is indecomposable, it follows easily

from Schlessinger’s criterion that the functor b:f} of deformations of p, which
are extensions of the character v by (1), is prorepresentable. In case p, is

decomposable, ﬁf’m of its framed deformations is still prorepresentable. Let
R:f’m be the universal ring of framed deformations.
Proposition 6.1 Rf’m is flat over O, its generic fiber Rf’m[l/p] is irreducible

and formally smooth of dimension 3. In particular, Ef’u is a domain.

Proof: For simplicity, we only treat the case when p, is indecomposable. See
V. Pilloni’s notes [15] for the general case. Let x : G, — Z, be the p-adic
cyclotomic character of GG,. In the indecomposable case, it is not necessary
to introduce Kisin’s projective scheme £77%05 — Specﬁf’D (see [11] or [15]).
However, for pedagogical reasons, we prefer to define and use it even in our
case.

We consider the functor LU : ARy — SETS sending a local artinian
O-algebra A with residue field F to the set of pairs (p,, L) where p, : Gy, —
X
0
of p, which is direct factor, stable by G, with action given by vyx.
Exercise: Even if p, is decomposable and ¥ = 1, the functor Lyl g

GLy(A) is a lifting of p,, with p, ~ ,and L4 is a line of the space

representable by a projective morphism © : £77H — Spec Ei}’m.

Here, anyway, since we assume that p, is indecomposable, we see that for
any lifting p, : G, — GL2(A) of p, in 53’D(A), there exists one and only
one G,-stable line L4 in A% on which G, acts by vx. In other words, one has

L£r7eH g Spec Rf’m.

Let us prove that £77%5 is formally smooth over O. After twisting, we
can assume that v = 1. Let A — A be a surjection between objects of
ARp. A point n € L'XD(A) gives rise to a class ¢(n) € Extg, (A4, A(1)) =
HY(Gy, A ® Zy(1)). If we can lift this class to ¢ € Extg (4', A’(1)), the
corresponding representation defines a point 7’ € LLX’D(A’ ) which lifts . In
other words, the formal smoothness will follow if we show the surjectivity
of HY(G,, A’ ® Z,(1)) — HY(G,, A ® Z,(1)). For this it is enough to show
that for any finite Z,-algebra, the canonical morphism H'(G,,Z,(1)) ® A —
HY(G,, A®Z,(1)) is an isomorphism. By decomposing A as a product of rings
Z/p"Z, one is reduced to show that the cokernel H%(Gy,Z,(1))[p"] vanishes.
But, by Tate local duality, one sees that H?(G,,Z,(1)) & Z, is torsion-free as
%}féed. In particular, £7r7H is flat over O. In our case, we conclude that
B

»  is a domain, flat over O.
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Let L = Fr(O). As explained in Kisin’s notes [10], the formal completion
of this scheme at a closed point £ represents the functor of deformations of &

on ARy. . Since x : G, — L* is not trivial, it is easy to see that ELX:D[l/p]E
. ST . . . —=,0 .

is a PG Lo-torsor, hence is smooth of dimension three. Therefore R:f}’ is a
power series ring in three variables over O.

6.2 The case where v €V,

From now on, we assume that p splits completely in F', so that for any p € V),
we have F, = Q,. For any weight (k,w) as above, one can define RY¥kwicris
as the largest torsion-free quotient of R;f’D such that for any finite extension
L'/L = Fr(O) and for a point & : RS — I/ factors through R¥-Fweris if
and only if the framed deformation ps : Gy — GLa(L') associated to § is
crystalline of weights v, and wy. Actually, we’ll be concerned only by the case
where k£ > 2 is an integer, and the weight is (kt, (k — 1)t, so that v, = 0 and
wp = k — 1 for any p € V,,. We put

For each p € V;)’ E’gj"j — R¥:kt(k=1)t,cris
Remarks: 1) In Kisin’s work [12], more general cases are studied: E;f’m =
R¥:F7P whose characteristic zero points correspond to representations which
are potentially semistable of type 7. We take here 7 to be trivial, and the
representations to be crystalline.

2) It is important to notice that if & > p, the ring E;f’m is a quotient
of a deformation ring but is not itself a deformation ring. Nevertheless, the
completion of Spec E?’D at a characteristic zero point £ is the universal defor-
mation ring for the framed deformations of p¢ which are crystalline of weights
0 and k — 1. See [12] for more details on this ring.

However, if p < k, Fontaine-Laffaille theory shows that is the uni-
versal deformation ring for framed deformations with Fontaine-Laffaille type
0 and k& — 1. Fontaine-Laffaille theory also shows that this scheme is formally
smooth of relative dimension four over O.

O
Ry

Proposition 6.2 For any k > 2, the ring E;f’m s flat over O, reduced, and

its irreducible components are formally smooth over O of relative dimension
4.

The proof of this result is based on the study of a projective morphism

O : YD - Spec E;f’m with connected fibers, defined in terms of p-adic Hodge
theory. The theory of Breuil-Kisin’s modules allows to study the irreducible
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components of £%7. The two main points are that its generic fiber £¥5[1/p]
is a finite union of irreducible components which are formally smooth, and to
show, on the other hand, that ©[1/p] is an isomorphism.

7 Global Deformations

7.1 The modular residual representation

Let F' be a totally real field in which p is totally decomposed. Let V, be the
set of primes above p in F; let ¥ be a finite set of primes disjoint of V), and
of even cardinality (later, it will be the set of ramification of a quaternion
algebra B totally definite over F'). We put ¥, = X UV,. Let S’ be a finite
set of primes disjoint of ¥,. Put S =X UV, US’. Let O be a (big) discrete
valuation ring finite flat over Z, with fraction field L, uniformizing parameter
w and residue field F. Let Gp = Gal(F/F) and G be its quotient by the
normal subgroup generated by the inertia subgroups at primes dividing .5, and
let p: Grs — GLo(F) be a Galois representation unramified outside S such
that

e p is unramified outside V},, with odd determinant,
e the restriction of p to G, is absolutely irreducible.

e there exists a Hilbert cusp eigenform f of conductor ¥, of diagonal weight
(k,w) with k = kot and w = (ko — 1)t for an integer ky > 2, such that
p = pfpmod.wm.

Comments:

1) ¥ will be the set of places where we allow unipotent monodromy for
the deformations of the unramified p. On the other hand, S’ will consist of
auxiliary primes where no ramification will occur. A prime v is called auxiliary
if Nv#1 (mod p) and p(F'rob,) satisfies

(AUX) Nu-trp(Frob,)? — (1 + Nv)?det p(Frob,) € F*.

A sufficient condition for this is that Nv = —1 (mod p) and the eigenvalues
a, and 3, of Frob, satisfy a,3, ' # —1mod.w.

2) The actual situation of these notes (that is, the crystalline case, in [12])
is that given an ellipic cusp eigenform fy of weight ky > 2 and level prime to
p, one chooses a solvable totally real field F' in which p split completely and
such that the base change f = BC/(fp) of fo has exact level X (the choice of F
kills the ramification outside X); S’ is introduced to make the level neat on the
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Hecke side, but will not introduce ramification at primes in S’ because of the
assumption (AUX). More precisely, this assumption for a prime v prevents
the possibility of a congruence mod. w between the given v-old form BC(fp)
and a v-new form. The existence of F' is due to R. Taylor. Also, because
of this situation, the only relevant weights for Hilbert modular forms will be
diagonal: k = kot, v = 0, w = (kg — 1), and the character 1) will be y*o—1.

cyc

Let B be the quaternion algebra which ramifies exactly at all archimedean
places and at all places in 3 and let R be a maximal order of B. We transport
f by the Jacquet-Langlands correspondence to a quaternionic eigenform, still
denoted by f, in S,Ew(Um“m, O), where U™ = R*. We consider also U =

Ug x U where Ug is the product of the strict Iwahori subgroups at v € 5,
and US is unramified. We assume that U is ad-neat (see Sect.3.3). For
each v € S, we denote by z, and ¥, the two roots of the Hecke polynomial
Py o(X) = X? — a,X + Nvko~1 The form f1 = f|[[,eq (X0 — yv) is eigen for
the T,, S, (with eigenvalues a, resp. ¥(v)) for v ¢ S and also for X, for v € ',
with eigenvalue z,. We consider the maximal ideal m of T, (U, O) generated
by @ and T}, — ay, S, — ¥(v) for v ¢ S and by X, —x, for v € S’. This ideal is
not trivial since it is the kernel of the reduction modulo w of the character of
action of T, (U, O) on fi. Hence, T = Ty (U, O)m and M = S, (U, O), are
not trivial. We also introduce the maximal ideal m" = (@, Ty —ay, Sy =1 (v) ) pgs
and T =T, (U, O).

Note that m (or m’) is non Eisenstein. Indeed, by the irreducibility as-
sumption, the restriction of p to any abelian extension of F' is still irreducible
(exercise). By Cebotarev property, this prohibits the existence of an abelian
extension F’/F such that Trp(Fr,) =Tr(1®1) (mod w) for v totally split
in F’. We introduce the ”universal modular deformation” of p

puv : Gps — GLo(T')

It is unramified outside ¥, with characteristic polynomial of F'r, given by
X2 —T,X + Nuvy(v) for all v ¢ S.

Construction: We first notice that T’ is reduced (it is generated by a com-
mutative family of normal operators); hence it is a subalgebra of the product
of the fields of eigenvalues of all eigenforms g occuring in M. Therefore is a
Galois representation defined over T ® L’ for a sufficiently big p-adic field. The
corresponding pseudo-representation is defined over T’ itself. Since T’ is local
noetherian complete, and that the residual pseud-representation comes from
an irreducible representation, a classical result of Nyssen and Rouquier implies
that this pseudo-representation does come from a representation defined over
T’ itself.

32



Proposition 7.1 We have T = T'. In particular, T is reduced.

Proof: It is enough to show that X, € T’ for all v € S’. Any eigenform g
occuring in M is actually v-old at every v € S’ otherwise the two eigenvalues
of pgp(Fry) would satisfy yq()g) = Notlz®, By reduction modulo w, this
contradicts the condition Nv(x, + y,)? — (Nv + 1)%z,y, # 0 in F. We then
consider char(pyw (Fry) = X? —t, + Nvip(v) € T'[X]. Either this polynomial
has two distinct roots mod. m’ (after increasing O if necessary) and by Hensel’s
lemma, its roots are in T’, so X,, € T’. Or this polynomial has a double root
in F, and this root lifts to T’. In all cases, we see that X, € T".

Recall that we still write ¢ for the Galois character 9% : G rs — OF
associated to .

7.2 Universal deformation rings

Let ¥Xeye : Grs — O a p-adic lifting of detp (it will be det pr). Let R}@’S
be the universal ring of S-ramified deformations of p with determinant ¥ xcyc.
Actually, they are unramified outside S—5’. Thus, this ring classifies (certain)
liftings to GL2(A) of p mod. EEQ(A), or more precisely, mod. PGL, (A) since
GLy acts b% the adjoint action.

Let R}@ g be the universal ring of S-ramified framed deformations of p with
determinant ¥ X¢y.. This means it represents the functor on CN Lo

A= A{(p, (Bu)oes, )}

where p is a lifting of p : Gpg — GL2(F), and B, is a basis of the space V4
of p, lifting the canonical basis of the space F? of 5 The equivalence relation
is given by the action of the formal scheme Gy, by A - (p, (By)) = (p, (ABy)y).
This formal scheme should be viewed as sending a ring A to the commutant
of a lifting p, which is here independent of lifting, and equal to A*. This
commutant is the stabilizer of p for the adjoint action of GLy(A). Note that
its tangent space is H°(Gp.g,adp) = Com(p), namely, by Schur’s lemma, the
group of homotheties.

Lemma 7.2 The morphism R}@,S — R;@’E defines a torsor on ([],ex, GLy) /G .
hence, it is formally smooth of relative dimension 4|3,| — 1.

One can therefore write R}@:E = R%S[[xl, oo, xf]], with j = 4|5, — 1.
We call the variables x1,...,z; the frame variables.
Explanation: We can rewrite R? g as the universal ring for tuples (p, (By))

¥
modulo the action of G Ly " by, say, (p, (By)) — (91p9; *, 91B1,92B2, - - ., gn-Bn);
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there are 4|X,| dimensions of choice for (g,). By definition of framed defor-
mations,one has to mod out this action by the diagonal inclusion of the center
Z(A) of GLs, which is one dimensional.

We can similarly consider local deformation problems. Let v € X,, and

R}f”D be the universal ring of framed deformations of p, = p|p, with de-
terminant ¢ xcyc. This problem is representable because it consists of pairs
(pv, By), a lifting and a basis, modulo action of the commutant Com(p,) on
the basis; this set can be identified to the trivially representable problem

A — Homp(D,, GLy(A)).
Let Rgf = ®v€2pR§f”D, which classifies deformations of (p,)vex,. We

have a tautological morphism R%;D — Rﬁ’? (given by the restrictions to D,’s).

Proposition 7.3 The minimal number of generators of Rﬁ’? over R%LD 18
less than or equal to

g=h3 (Grs,ad’p)+ Y _ 6, —1,
vEX)

where H%p(GF,S,adOﬁ) = {z € H'(Gps,ad’p); res,(z) = 0,Yv € ¥,} and
8y = h%(Dy, adp) = dim(Com(p,)).

Proof: To show this we consider the diagram of functors:

NI »,b
DF,S = sz
L fa L f

O 0 ,0
DF,S - sz

! !

6 P
Dps = DY,

where the upper index b on the first line means we fix a lifting and bases,
without any equivalence relation. From Dgf to D%;D, one needs to divide by

Com(p,)*». From D%f to D%p , one needs to divide by @22 "

The minimum number of generators we look for is the relative dimen-
sion of the tangent spaces, that is, we take the tangent spaces of all these
functors, and we need to see dimKerdf < g. It is clear that dim Kerdf; =

3
hlzp(G F.s,ad’p). Since D}?:g is also a GL, -torsor over D%S, we see that
dim Ker df; = dim Ker df;. We have therefore

dim Ker d(f1 0 65) < hlzp(GF,& ad’ p) + Z Oy
vEY,
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But fio6s = 0o fy and fs is surjective, so that dim Ker d(fo f2) = dim Ker df+
dim Ker dfs. We have dim Ker dfs = 1, hence dim Ker df < hlzp(G F.s,ad’p) +

S, 0, — 1.

Let’s introduce the Selmer group and the dual Selmer group H. ép (Grs,ad’p)
and Hélv;(GES,adO p(1)). The group Hép(GEg,adO p) is defined as the sub-
group of Hép(G F.s,ad’p) of classes whose restriction at the decomposition
group G, for each v € S belongs to L,, with L, = 0 if v € %, and
L, = HY(Gy,ad’(p)) for all v € S — X,. Note that by oddness, L, =
HY(Gy,ad’(p)) = 0 for v € Ss. By Tate local duality, the orthogonal
Lt € HYGy,ad’(p)(1)) is Ly = HY(Gy,ad’(p)(1)) if v € ¥, and L} = 0
for all v € S — %, or v € Si. Therefore, the dual Selmer group (see for in-
stance Sect.2 of [5]) is the subgroup of H!(GFpg,ad’ p(1)) of classes such that
ifveS—%,orifve Sy, res,(x) =0 (but no condition if v € £,).

Corollary 7.4 With the same notations, we also have g < h%v (Grs,adp)+
P
1Xp| —1—[F: Q]

Proof: The Poitou-Tate Euler characteristic formula (as interpreted by Wiles,
see [5] Th.2.14) says that

hs,(Grs,ad’ p) —hyy (Grs,ad’ p(1)) = h®(Grs,ad’ p) —h*(Grs, ad” p(1))+
+ Y b= h(Guad () + ) by =Y h(Gyad(p))
vEXp vEYp v]oo v]oo

with ¢, = dim L,. But h°(Gpg,ad’p) = h%(Gps,ad’p(1)) = 0 by irre-
ducibility of ﬁ|G(F(Cp). Besides, we have Zvezp by = > pes. tv = 0, and
hO(Gy,ad’ p) = 1 for any v|oco and h°(Gy,ad’p) = &, — 1 for any v € %,.
Hence,

hi, (Grs,ad’p) = hiy(Grs,ad’p(1)) = =[F : Q] + [y = ) b0
veEX)p

From the proposition, we know g < hlEp (Grs,ad’p)+Y_, 6»—1. Replacing
by the equality above, we get the corollary.

7.3 Global deformations with local conditions

Let us introduce also (quotient) universal rings of framed deformations (or
liftings) with local conditions (for p|p,, v € ¥,). We denote them by a bar:
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’l?Z)’D w’D
Rzp - RF,S

b0 o
Rz;, — Rpg

By definition, this will be a cartesian diagram, hence the bound established in
the previous section applies: the number g defined in the previous section is
also the minimum number of generators of E}@:E over E%;D; hence it is bounded
by the bound of the corollary above.

Definition 7.5 For each v € ¥, we define Ef’u as in Sect.6.2 and we put

,a Py ,a . . . . . . .
Rq’sz = ®vezpﬁf ; this ring has no w-torsion, and is of relative dimension

O ]
d=3|X,| + [F:Q] over O. Let EII@S = RQ{;"’E ® po.0 Fép .
2 Ep

Note that the number d (local deformation dimension) will play a crucial
role in the following arguments (as well as the Taylor-Wiles number & and the
frame number j). In particular, it follows from Def.6.6 and from Cor.6.3 that

R}@E is topologically generated over O by
hyy (Grs,ad’p(1)) +4/%,] — 1.

It remains to clarify the mysterious global term hiy, (Gp,s,ad’p(1)). By the
method of Taylor-Wiles systems, one can interpretpit as a ”local term”. Its
dimension will be the common cardinality of the Taylor-Wiles sets. We will
call this number the Taylor-Wiles number, denoted by h.

7.4 Taylor-Wiles systems

Definition 7.6 Let f € S, (U, O) be a cusp eigenform. A finite set of finite
places of F disjoint to S = XPUS’" is called a Taylor-Wiles set if for any v € Q,
we have Nv =1 (mod p), and the two roots o, [, of the Hecke polynomial
Py (X) are distinct mod. w. As before, we introduce the finite p-group Ag
as the product of the p-Sylows of F)f. We put Sg = SUQ and ¥y = X, UQ.

Let R%E@ be the deformation ring defined as before but where we allow

arbitrary ramification at v € Q. If we define L, = H'(G,, ad’p) for any v € Q,
we can apply the Poitou-Tate formula of Euler characteristics to get:

. ] _
dimp Tang(R?’SQ ®@F) = hlan (Grs,ad’p) =

36



hyy (Grs,ad’p) = [F: QI+ (S = )b+ Q|-

Moreover there is an action of O[Ag] on R%SQ and R?:EQ. To see this,
recall the

Lemma 7.7 Forv € Q, any deformation of p, with det=1xcyc, is equivalent

to ( Xéé Y 2—1 >, with unramified characters and 6 : Ag — A*.
2

Proof: For any v € @, take a basis which diagonalizes p(F'rob,) over A and

use for 7 € IP) the p-Sylow of the tame inertia at v: p(Fr,7Fr;t) = p(1)Vv

and p(17) = D(12 + X), with X = < CCL Z ), where D is diagonal and D =

lomod.m4; from this and from «, /3, Z Nvmod.m4, one sees by induction on
r that b,c €€ m"y for any r, so b= c =0 and D = diag(5,5!) for a character

of L()p ), which factors through A,.

We define the universal morphism §“"% : Ay — (Rlﬁ SQ)X' This gives rise
to a structure of O[Ag]-module.

By a classical argument of Wiles (see Darmon-Diamond-Taylor), using
Cebotarev density one can show:

Proposition 7.8 There exists a sequence (Qy) of Taylor-Wiles sets of con-
stant cardinality h = hiy (Grs,ad’p(1)) s.t. for any v € Q,, Nv = 1
p

(mod p") and H;J;/.Q (Gr,s,ad”p(1)) = 0.

If we introduce local conditions at ¥,, we shall obtain E% Sg, and
R?{E%. We have thus proved, modulo the local calculations, that

the minimal number of generators of E%’E over O is less than h+j.
Indeed the bound is 0+ 4|%,| — 1 + |Qy].
Before exploiting this information, we need to come back to the Hecke side.

8 Hecke algebras and Hecke modules

We come back to the situation in Subsection 7.1. We have defined the universal
modular deformation py : Grs — GL2(T) of p. Its determinant is 1 Xcye,

hence it gives rise to a unique algebra homomorphism R;@’ g — T. By Prop.7.1,
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this homomorphism is surjective. Similarly, R% So, T, is surjective.
Moreover both members are O[Ag, ]-modules, and by Carayol’s compatibility
theorem for Langlands correspondences, the map is O[Ag, ]-linear. We define
also Mg, = Sy4(UqQ,,O)mg, (see the definition of Ug, in Sect.3.4).

. .. -,
To construct a Taylor-Wiles-Kisin system, we need an R? g-module M O

and a sequence of R?’EQ -modules Mgn.

Definition 8.1 We put MU = RE{—’,’E ® g0 M and
’ F,S

MS = R%EQ ® pv.0 Mg, . These are called the framed Taylor- Wiles
" ’ " F’SQn

modules.

By local-global compatibility, Mgn is actually a Eﬁ:EQ -module. At p, it
is a result of T. Saito; at v € 3, it is (an easy case of) Carayol’s theorem.

Lemma 8.2 Mgn is free of constant finite rank over O[AQ, [[Yn+1, - -, Yn+jl]
and Mgﬂ/(yl, e ,yh+j)Mgn ~ MU,

Notation: We shall denote this rank by s; it is the rank of M over O.
Proof: It follows immediately from Lemma 3.10 that S, (Ug,,, O)mq, is free
of finite rank over O[Ag,] and that its quotient by the augmentation ideal of

. 0 -
O[AQ, ] is So.(U, O)m. By Lemma 7.2, we have RﬁSQn = R?S% (Whs1s - Unsl);
this implies the finiteness and freeness in the statement. Then, it follows from
the definition of the structure of O[Ag, ]-module of R}@ So, that

p Y _pY
RRSQn/(yl, ceey yh)RF,SQn = Rpg-

Hence, we have Mgn/ (Y1, -, yh+j)M5n ~ MU, This implies the constancy
of the rank.

9 Taylor-Wiles-Kisin method

For each n > 1, one can choose a surjective O-algebra homomorphism O[[y1, . .., yn]] —
(’)[AQn}. As above, after choosing ”frame variables” yj1,...,yn4; such that
In
RI}{%SQn = R}Z‘i,SQn [[yh+17 v 7yh+j]]7 we get
o pD ol
(w1, ynisll = Rpls, — REsg,
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As mentioned in the Remark following Prop.7.8, this last module can be
generated by at most h + j variables over O; since R%;D can be generated
by d variables over O (Def.7.1), we see that there exists a surjective local
(O-algebras homomorphism

—,00
REp [z1,...,= H - RFSQn

with g = h+ j —d. We used the fact that the dimension of the tangent space
mod. w of R?EQ over O is the sum of the dimension of the tangent space of

ﬁfﬂg@ over Fépu and that of ng over O.
[Indeed, if A — B — C are three local rings with same residue field k, we
have an exact sequence

0—>tC/B®B]€—>tC/A®Ck—>tB/A®Bk—>O
because this sequence can be rewritten as
0 — Derp(C, k) — Dera(C, k) — Dera(B, k) — 0]

Recall that the modules Mg are finite free over O[Ag, |[[Yn+1 - - - Yn+j]] of
constant rank. As in the original Taylor-Wiles method, these modules will be
used to create a module limproj M, Dn (for a suitable projective system) which
will be finite free over O[[y1, ..., yn+;]]. This will guarantee that after taking a
projective limit (for the same projective system), the map O[[y1,. .., yn+;]] —
limproj EZ@ZEQ is injective.

Let ¢, be the ideal of A = Olly1, - - -, Yn+j]] generated by

@ (L+y) =1, (L un)” = L) sy

. One can easily show that the sequence (¢,) is cofinal to the sequence (m} ),

with mp = (@, y1,...,Ynt;). Indeed, m(hﬂ)np C ¢, C m}. In particular the

quotient rings A/¢, and the quotient modules Mgn / chgn are finite. Indeed
for ¢g = my, it comes from the ”horizontal control”, then we proceed by
(finite) induction on k and we get that Mgn / m]f\Mgn is finite, which is enough
by cofinality.

These finite quotients provide the finite objects on which one can use
Dirichlet’s pigeon hole principle. More precisely, let S = Ew’u[[Xl, o Xl
note that S is O-flat of relatlve dimension d 4+ j by Def.7. i We also put
Rg, = =Ry F S o, and R= R . We have the following situation
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S — Rq, — Endy(Mg3), Mg

e !
A R — Endy(MY), MU

where the top left horizontal arrow is surjective and the vertical ones are
quotient by the ideal (y1,...,yn) of A.

Lemma 9.1 After replacing (Qr) by a subsequence, there exist S-and A-linear
homomorphisms

fn : MQDn+1/cn+1MQDn+1 - MQDn/chQE
such that f, modulo (yi,...,ys) induces the identity on M5 /¢, M5,

Before explaining the construction, which involves the notion of glueing data
of Kisin, let’s mention a corollary. Let us consider the inverse limit ME) =
limproj Mgn/chgn of the f,,’s, which is both an S-module and a A-module.

Corollary 9.2 M3 is finite free over A.

Proof: It follows immediately from Lemma 7.5 above.
Proof of Lemma: For any local ring A, we denote by m(j) the ideal generated
by the r-th powers of elements of . For m > 0, let r,, = smp™(h + j) (with

s = rk@[[th’...’th”M). Even without the presence of s as a factor of r,, we

know that mg\rm) C ¢p. More importantly (here the s is needed), we also have
for any m,n > 0,

(Tm) O O
mE" - Mg, C o - Mg,

Indeed for a € mg , a induces a nilpotent endomorphism @ of the s-dimensional
F-vector space MD/(w,yh+1,...,yh+j)MD. Therefore, @ = 0 and a® - M
is contained in (@, Yp41,- -, Yntj) - MY; this implies that for any n > 0,
a’ - MQDn C (@, Y1, Yntj) Mgn, and

m

P ) 'Mgn C (@, b ’.._7y£+j) . Mgn

because (S0, &) € (€7 ,€"). But (g, yi") = (w,(1 +
y )P =1, (1 + )P — l,ygﬂ,...,yzﬂ.), hence the result. This leads
to the definition:
. A glueing data of level m is a pair (D, L), or rather, a sextuple (D, Uy, Uy Wiy, Ly Topy)

where
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e D is a complete noetherian local A-algebra such that mgM) =0,

Um : A — D a local algebra homomorphism,

Um D — S/ep S+ mg") a local A-algebra homomorphism,

wm ¢S — D a sujective local algebra homomorphism,

L is a D-module which, via u,,, is free of finite rank over A/c,,, together
with an S-linear surjection x,, : L — MD/cmMD.

A morphism between two glueing data (D1, L1) — (D2, Lo) is given by D; —
Dy (local algebra homomorphism) and L; — Lg; the first map is S-linear via
the wy,’s, and the second is D;-linear and is compatible to the projections
Li — MP/c,, M5,

The point for the construction is that the set of isomorphism classes of
glueing data of level m is finite. Indeed, D is a quotient of the finite ring
S/mg””)7 the ring A/¢p, is finite and L = (A/¢;,)°.

Let us consider for level 1 a sequence of glueing data: Dy, = R, / aR, +

(r1)

my and L, = Mgn/clMgn with u; given by the structure of A/cj-algebra

of Dy, v1 given by R, — R, and w; given by S — R,. By Dirichlet’s
principle, one is reached infinitely many times. Take such an infinite subset
I of integers, and start again with D, o = En/QEn + m%i),... by diagonal
extraction, one gets a sequence (D, L,,) of glueing data of level m which are
compatible to level change:

Dyt /¢mDimst +my™ 2= D, and

Lm+l/cmLm = Lma

these two maps defining an isomorphism of glueing data. This proves the
lemma.

Before recalling Kisin’s version of the Taylor-Wiles’ method, we need to
recall few facts on Hilbert-Samuel multiplicities (left as exercises):

Let A be a noetherian local ring, and M a finitely generated A-module;
there exists a (unique) polynomial P(X) € Q[X] such that for any sufficiently
large n, we have £4(M/m" M) = P(n). It is called the Hilbert-Samuel poly-
nomial of (M, A). Its degree is the dimension of the support of M, which is
less than d = dim A. We nevertheless write it as P(X) = E(MT!’A)XCI + .00
the number e(M, A) is an integer, called the Hilbert-Samuel multiplicity of
(M, A) (abbreviated as HS multiplicity). In case M = A, we simply write
e(A). If Ann M # 0, one has e(M, A) = 0; however, if M is faithful over A,

e(M,A) # 0. Once A is fixed, this function is additive on exact sequences.
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This implies that if M is a faithful finitely generated A-module which is gener-
ically of rank 1, e(M, A) = e(A). Indeed, choose a non-zero vector m € M,
note that Ann (M/A-m) # 0 and apply the additivity to the exact sequence

0—-A—M-—M/A-m—D0.

Proposition 9.3 (Kisin’s version of the Taylor- Wiles” method) The following
four statements are equivalent

o (i) MY is a faithful S-module,
o (ii) MODo is a faithful S-module of rank one at each generic point,

e (iii) We have the Kisin's numerical inequality for Hilbert-Samuel multi-
plicities:
e(S/wS) < e(MZ JwMS, S/w=S),

e (iv) The equality holds in the inequality above.

Comment: The numerical criterion (iii) must be interpreted as follows: the
HS multiplicity measures the size of a local noetherian ring; its value on the
Galois-theoretic deformation ring is bounded by the value on an automorph-
theoretic deformation ring (Hecke ring); as we shall see, this is the missing
bound for an R =T theorem, as we already know that R surjects to 7.

Before proving this key proposition, let us state the Main Theorem of
Modularity which is, as we shall see, a direct corollary thereof.

Theorem 5 Let p : Gps — GL2(O) be an arbitrary lifting of the residual
modular reprepresentation p fixed above. Assume that for any v € 3, py, is an
extension of v by v(1) and that for any v € V), p, is crystalline of weights 0
and k — 1, and assume that the numerical criterion holds,

then, p is modular: there exists a cusp eigenform g in Sy, (U, O) such that

P = Pyp-

Proof of Proposition: As a preparation, let ’JI‘ODO be the image of S in
Enda(MZ). Tt is a finite torsion-free local A-algebra. Therefore, any irre-
ducible component has relative dimension A+ j over O. On the other hand, we
know that any irreducible component of S is of dimension d+(h+j—d) = h+j
over O. It follows that the irreducible components of T form a subset of those
of S.

[Note that if Spec(T) C Spec(S) is a closed subscheme in an integral
irreducible scheme, we have either dim(7") < dim(S) or T' = S, so that if we
knew that S is a domain, we would have S = T ]
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We first prove that (i) implies (ii). Condition (i) means that S = TY.
We have MG/ (41, ynj) M = MO/ (yni1, - ynj) M7 = So (U, O)m.
This last module is generically of rank one over T (that is, after inverting
w), by Corollary 3.5. Hence by Nakayama’s lemma, we have a generically
surjective S-linear map S — ME); indeed, for the kernel a of ’]I‘Eo — T and for
any prime p of height 0 in ’]I‘EO, we see that p + a does not contain w so that
(Too)p — (M) is surjective; thus, the generic rank of MY is at most 1. By
faithfulness, it is at least one: equality holds.

(i) implies (iii): choose a vector m € MY which is not divisible by w and
m its image in M3 /M. Then, MY /oM we have a short exact sequence:

0— S/wS — M joM — (MZ /oM /(S/=S)-m — 0

because M3 /S - m has no w-torsion. Then apply the additivity of HS multi-
plicity.

(iii) obviously implies (iv).

Let us show (iv) implies (i): Let ¢ : S — TS and I = Ker ¢. Since S has
no w-torsion, we have an exact sequence

0— I/wl — S/ws — T /=T — 0

it is enough to prove that e(I/wl, S/wS) = 0 (because it implies that I/wl
is torsion over S/wS). We have

(x%) e(S/wS) = e(I/wl,S/wS) + e(TL /wTS, S/wS)

We now observe that (TS /wT, S/wS) = e(TY /wTY), because S and T
have same dimension. We also have ¢(TS /T ) = e(MZ /oM, T, /= TY)
because MY /MY is faithful over TY /wTY and of generic rank one; as in
the proof of (ii) = (iii), this implies the numerical criterion with TS /T
instead of S/wS. But Condition (iv) reads: e(MY /wM3, S/wS) = e(S/wS).
Thus, we can rewrite (xx) as e(S/wS) = e(I/wl,S/wS) + e(S/wS). Hence,
e(I/wl,S/wS) = 0. As seen before, this shows that ¢ is an isomorphism, and
ML is faithful over S.0J

Let us now deduce the Main Theorem from the Proposition. Let p : Gp g —
GLy(E") be a deformation of p with the right local conditions at all v’s in

¥,. By considering the canonical basis of (E’)?, we obtain a point R?’E —
E'. Let x : S — E' be the composition of this point with S — R —
EIL@E If we assume the numerical criterion, we have S = TS . This numerical
inequality is precisely the Breuil-Mézard conjecture, established by Kisin [13]
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(using previous works by Breuil and Berger and Colmez’s local Langlands
correspondence). Observe that MY @po E' = Sy.4(U, O)w @1 E'. Therefore,
p is the Galois representation attached to any non zero element of this module
(it is necessarily an eigenform with the correct eigenvalues). This module is
not zero because it is not so modulo w.
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