LECTURES ON DEFORMATIONS
OF GALOIS REPRESENTATIONS

MaRrk KISIN

LECTURE 3: REPRESENTABILITY

(3.1) Quotients by finite (formal) group actions are often representable, and
indeed there are general results which guarantee this in certain situations.

In this section we assume that G satisfies the condition ®,. We begin with a
result from Lecture 1, whose proof had been postponed.

Theorem (3.1.1). Suppose Endgiq)Vr = F. Then Dy, is representable.

Proof. We already saw that D‘E'/JF is representable by Spf R":,'[F =: Xy, where REF is a
complete local W (F)-algebra.

Let P/CﬁJd denote the formal completion of the W (IF)-group scheme PGL, along
its identity section. Then P/CﬁJd acts on Xy, and we have

Xy, X ITG\Ld = Xy (z,9) — (z,92).
The action of lg(}\Ld on Xy, is free which means that the induced map
XV]F X ﬁ:d — XV]F X XVF~

is a closed immersion.

We would like to take the quotient of Xy, by this action. To do this we need a
little preparation.

(3.1.2) Let ARy denote the category of complete local Noetherian W (IF)-

algebras, so the opposite category (Q/(iiw)o is equivalent to the category of formal
spectra of such W (F)-algebras.

An equivalence relation R = X in (Q/ID\%W)O is a pair of morphisms such that
(1) R-XxX is a closed embedding.

(2) For all T in (AR )° R(T) C (X x X)(T) is an equivalence relation.

For example let G be a group object in (Q/lf)\%w)o, and G x X — X a free action.

Then the map
GxX=X; (g9,7)— (v,97)

is an equivalence relation.
A flat morphism X — Y in (A9 )° is said to be a quotient of X by R, if the
embedding R — X x X induces an isomorphism R — X xy X.
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2 MARK KISIN

Theorem (3.1.3). (SGA 3, VIIb, Thm. 1.4): Let R 2; X be an equivalence

P1
relation in (ANRw )° such that the first projection R — X is flat. Then the quotient
of X by R exists. If X = Spt B and R = SptC, then X/R = Spf A, where

A={be B:pyb) =pi(d)}

We can now complete the proof of Theorem (3.1.1) by applying (3.1.3) to the
equivalence relation Xy, x PGLs = Xy,. O

(3.2) Now fix a pseudo-representation 7 : G — 7. We now want to construct
some representable subgroupoids of Repz — D=.

Suppose that for i = 1,...,s p; : G — GLg, (F) are pairwise distinct absolutely
irreducible representation of G, such that 7 =>7_, ;.

Let Rep. C Rep: be the full subgroupoid of Rep; such that RepL(A, B) consists
of the objects Vg in Repz(A, B) such that

P1 C1 evr .nn
(3.2.1) Vs @p B/maB ~ < e :::) :
where for i = 1,...,5s — 1 ¢; is a non-trivial extension of p;11 by p;.
Note that the isomorphism in (3.2.1) is uniquely determined as out conditions
imply that the representation on the right has no non-trivial automorphisms.

Theorem (3.2.2). The groupoid Rep. — D: is representable by a proper formal
scheme over Spf R:.

Proof. Let
Reps” = Rep. Xrep, Rept € Rep?.

This is a locally closed subspace. The group PGL, acts freely on RepE" as Vp €
Rep’ (A4, B) has no non-trivial automorphisms. To take the quotient we need the
following

Theorem (3.2.3). Let S = Spec A, with A a local Artin ring, and let X/S be a
finite type S-scheme equipped with a free action by a reductive group G/S.1 Suppose
that every x € X is contained in an affine, G-stable open subset of X. Then the
quotient X/G exists.

x When S is a field this is explained in Mumford’s book [GIT, Ch 1, §4, Prop
1.9]. The general case will be explained by Brian Conrad in another lecture.

We want to apply the theorem to the quotient RepfD " JPGLyg.

For simplicity we will consider only the case when d = 2 and p;, p2 are characters,
which we will denote by x1 and x» respectively. We have to check the condition
that every point of RepgI ’ has an affine PGLg-stable neighbourhood.

Let U C Ext!(x1, x2)\{0} be affine open and define Rep="Y € Rep2” the sub-

groupoid consisting of those (Vg,0) in RepE" such that Vg — (%1 Xcz) with

c € U. Then RepEI Y is stable by PGLs, and its fibre over the closed point of Spf R-

LA reductive group over a base S is a smooth group scheme with reductive fibres.
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is isomorphic to U. In particular Rep;D V' is affine, and we may apply (3.2.3) with
A= Rz/m} forn=1,....

We obtain an (a priori non-separated) scheme &7 ,, over Rz/mf, , and hence a
formal scheme &; = lim,, &> ,,. Since & 1 — P(Ext!(x2, x1)) is proper, we see also
that & is proper. O

Remark (3.2.4) T expect that the representing formal scheme is projective and
therefore arises from a scheme of finite type over SpecR;.

Corollary (3.2.5). Let z € RepP(F) and Vi the corresponding representation of
G. Then the complete local ring at of Rep%D at x pro-represents DE]F.

On the situation of (3.2), if = € Rep2 (F) then the complete local ring at of Rep?
at x is a quotient of R%.

Proof. This follows immediately from the definitions. [

Corollary (3.2.6). Let E/W(F)[1/p] be a finite extension and x : Rept, — E a
point such that the corresponding E-valued pseudo-representation 7, is absolutely
irreducible. Then the map

Rep.. — Spf R;

is a closed embedding over a formal neighbourhood of 7.2

Proof. First we remark that z is the only point of Rep} lying over 7. To see this
suppose x’ is another such point and let denote by V, and V. the corresponding
G-representations. Then, by the properness of Rep’ = and z’ arise from Og valued
points, which in turn correspond to G-stable lattice L, C V, and L’ C V.. Since
V. and V., are absolutely irreducible with the same trace, they are isomorphic.
We may choose this isomorphism so that it induces a non-zero map L, — L,
whose reduction modulo the radical (rg) of Of is non-zero. Now as L, /7L, and
L, /mpL, are both non-zero described in (3.2.1), the only non-zero maps between
them are isomorphisms. Hence we find that L, — L.

Next let R,, be the complete local ring at 7. By (3.2.4) R, is the universal
deformation ring of 7. Similarly the complete local ring at x, Ez is a quotient of
the universal deformation ring of V,,, by Lecture 1, Exercise 4 and (3.2.6). Hence
the map ]SLH — ﬁz is a surjection by the Theorem of Nyssen-Rouquier (2.3.1). O

Exercises:

Exercise 1: Verify that the quotient produced in the proof of (3.1.1) does
represent Ry, .

Exercise 2: Complete the proof of (3.2.2) for arbitrary d.

REFERENCES

[GIT] D. Mumford, Geometric invariant theory, Ergeb. der Math. 34, Springer, 1994.
[SGA 3] M. Demazure, A. Grothendieck, Schemas en Groupes I, II, III, Lecture notes in math.
151-153, Springer, 1970.

2Note that when we refer to E-valued points of formal schemes over W (F), and complete local
rings at such points, what we really mean is the complete local ring at the corresponding point of
the p-adic analytic space
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Mark KISIN

LECTURE 4: PRESENTING GLOBAL DEFORMATION RINGS OVER LOCAL ONES

(4.1) Let F be a number field and S a finite set of primes of F' containing the
primes dividing p. Fix an algebraic closure F of F and denote by Fg C F the
maximal extension of F' unramified outside S. Write Gr ¢ = Gal(Fg/F).

Let ¥ C S and fix an algebraic closure F, of F, for each v € X, as well as an
embedding F' — F,. We write G, = Gal(F,/F,).

Let E/Q, be a finite extension with ring of integers O and uniformizer 7o. We
fix a finite dimensional F-vector space Vg equipped with a continuous action of
Gr,s, and a continuous character ¢ : Gp g — O* such that dety V& ~ 1.

For simplicity we assume in the following that p 1 dimVf, although this is not
really necessary (see [Ki 2]).

(4.1.1) For each v € ¥ fix a basis 3, of Vi. For A in ARy (F) denote by DI¥(A)
the category of framed deformations of (Vr|g,, , ) to A, with determinant 1. This
is pro-representable by a complete local O-algebra REW.

Similarly we denote by DE:;’ (A) the category whose objects consist of a defor-
mation of Vi to V4 together with a lifting of each basis 3, to an A-basis of Vy.

We also have the analogous functors DY and D? g for unframed deformations
and the universal O-algebras RY and R? ¢ when these functors are representable.

We set

Ry = ®0,es RIY and RY = 80 yes RY

when the latter ring exists.
Finally we denote by mg and m% g the radicals of RS ¥ and RE”g’ respectively,
and similarly for my, and mF, S.

Proposition (4.1.2). For i > 1 let hi and c¢& denote respectively the dimension
of the kernel and cokernel of

0': H(Gps,adVe) — [[ H'(Gr,,ad"Vk)
vED

where ad’ Vi C adVe denotes the space of endomorphisms with trace 0. If Rg exists
then R%S s a quotient of R% [x1,- .. ,xhé]] by ¢k + h% relations.
In general let
O 0,2 O 0,2
n:myg/(mg”, 7o) — mF,s/(mF,SaWO)-

Typeset by ApS-TEX



2 MARK KISIN

Then R}/fﬂ? 1 a quotient of a power series rTing over Rg in dimcokern wvariables by
h% + dimker n relations.

Proof. We prove only the first statement. Choose a surjection

(4.1.3) R:= R%[[a:l,...,xhlz]] —>R}@,S

which induces a surjection on reduced tangent spaces and denote by J its kernel.

We denote by m the radical of R.

The universal representation PRy Grs — GLd(R}fiS) has a set theoretic

w :

lifting p : G5 — Grg — GLg(R/@J) such that det 5(vy) = 1(v) for all v € Ggs.
Such a lifting exists as the fibres of det : GLy; — GLjare torsors over SLg4, and in
particular smooth.

Define

c:Ghg — J/mJ @p ad’Vi; (g1, 92) = p(g192)p(92) " Alg1)~
where we regard
J/mJ @p ad’ Ve = ker (GLg(R/mJ) — GL4(R/J))

Then [¢] € H*(Grs,ad’Vk) ® J/mJ depends only on PRY and not on p, and

[¢] ~ 0 if and only if p can be chosen to be a homomorphism (see Exercise 2 below).
As ppo |ay, is induced by the universal representation over RY, ppv |gy, lifts
F,8 v F,S v

to R/f.J and hence [clgp,] ~ 0. Hence [c] € H%(Gps,adVg) ® J/mJ where

H3(Gps,adVi) := ker (H*(Gps,ad Vi) — [[ H*(Gr,,ad"Vk)),
vEX

1

and we obtain a map
(4.1.4) (J/@J)* — Hi(Grs,ad’Vi);  u— ([d],u).
Let
I =ker (my/(m2, 70) —— mp,s/(m%ﬁ,ﬁ@))

S DVF|GF,U (F[e])* - DV]F(]F[E])

Note that I — ker (m/(m?,7p) — mp75/(m%7s, o)), so reducing mod m we get a
surjection J/m.J — I and an injection I* — (J/m.J)*. )

We claim that I* contains the kernel of (4.1.4). If 0 # u € (J/mJ)* let R, be
the pushout of R/ﬁlJ by w. Then R}QS = Ru/Iu where I, C R, is an ideal with
I, - m and which is 1-dimensional as an F-vector space. If ([c],u) = 0 then plfé’ S
lifts to a representation into GLd(Ru) with determinant . Hence R, — R% g has
a section and R, = R}{i’ g @ I,. This implies that R, — R}/,i, g does not induce a
bijection on reduced tangent spaces. In particular, the composite

ker (J/mJ — I) — J/mJ — I,
is not surjective, and is therefore 0. This means that u factors through I, which

proves our claim.
It follows that

dimp(J/mJ)* < dimgl + h3 = c5 + h3.
O
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Theorem (4.2). Suppose {v|p} C 3, {v|oo} C S, and S\X contains a finite prime.
Then
R%,S - R%[[xlv s 7xrﬂ/(f1, ceey .fr-‘rs)

for some r > 0, and s = Zv\oo,vgz dimp(adVe)Gre | provided the rings Rﬁs and
Rg erist.
Moreover,
Ry g = Re[wy, . wrpsal/(frs oo fris)

(4.2.1) To prove the theorem, we need the Poitou-Tate sequence. Late X be
a finite abelian p-group equipped with an action of Ggg. We denote by XV the
Pontryagin dual of X, and by X* = XV (1) its Tate dual. Then there is an exact
sequence

(PT(X))
0— HGps, X) = [[ H(GF,,X) x [[ H*(Gy, X) - H*(Gps,X*)"
v|oco vESy
— H'(Gps.X) = [[ H(GF,,X) —» H'(Grs,X*)"
veS
— H*(Gps, X) = [[ H*(GF,, X) » H(Grs, X*)¥ =0
vES

Here H(Gp,, X) denotes H*(Gp,, X) modulo the subgroup of norms in X.
Local Tate duality provides an isomorphism

HY (Gp,,X)" = H*(Gp,, X")

for v a finite prime and ¢ = 0, 1, 2. Using this, one can identify the Pontryagin dual
of the sequence PT(X) with PT(X™).

Proof of (4.2). We will prove only the first statement since the proof of the second
statement requires only some extra book keeping.

We apply the above sequence with X = ad’Vi. First note that, using the remark
on the duality of PT(X) and PT(X™) one sees that the map

1 #°(Gr,,ad"Vk) — HO(Gr.s,ad Ve(1))"
S\%

induced by the final map of PT(X) is surjective, as S\X contains a finite prime.
Hence the map
H?(Gps,ad"Ve) — [[ H*(Gr,,ad Vi)
vEX

is surjective and

h% = h*(Gps,ad’Vk) = > h*(GF,,ad Vi),
vEYD

Here we use the convention that h* = dimH*.
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By (4.1.2) we have R%S[[xl, ces ]/ (f1s .o frgs). with

(4.2.2) —s=hy —cy — h3
= h'(Grs.ad’Ve) = Y h'(Gp,,ad Vi) — h*(Grs.ad’Vk) = Y h*(Gr,,ad Vi)

vEX vEY

= _X(GF,SaadOVIF) + Z X(Gp,v,adOVF).
vEX

Here we have used that fact that the existence of RgF . and Rg implies that ad® Vi
has no Gp s or G, invariants for v € 2.
Now we use Tate’s global Euler characteristic formula which says that

(423) x(Grs,ad’Ve) = Y (h°(Gr,,ad’Vk) — [F, : Rldimgad Vi)
v|oo

= (>_h(Gr,,ad"Vk)) — [F; Q]dimpad V.

v|oo

The local Euler characteristic x(G Fv,adOVF) is 0 if v t p is a finite prime. Hence
the contributions of the local terms in (4.2.2) is

(424) > B%Gr,,ad"Ve) = Y [F, : Q,dimgad’ Vi
v|oo,vED v|p
= Y Bh%Gr,,ad"Vk) — [F : Qldimgad’ V.

v]|oco,vED

Subtracting (4.2.4) from (4.2.3) one finds

s= Y h%Gr,,adVk).
v|oo,vgS

O

Exercises:

Exercise 1: Prove the second statement in Proposition (4.1.2).

Exercise 2: Check the statements about the cocycle ¢ in Proposition: That
[c] does not depend on p and is trivial if and only if § can be chosen to be a
homomorphism.

Exercise 3: Prove the second statement in Theorem (4.2)

Exercise 4: (This is more difficult.) Formulate and prove Theorem (4.2) with-
out assuming p { dimVf.

REFERENCES

Ki 2] M. Kisin, Modularity of 2-dimensional Galois representations, Current developments in
mathematics 2005, 2008.
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LECTURE 5: FLAT DEFORMATIONS

(5.1) Flat deformations: Let K/Q, be a finite extension with residue field k.
Let W = W(k) and Ky = FrIWV. We consider a finite dimensional F-vector space
equipped with a continuous action of G . Fix an algebraic closure K of K, and let
Gk = Gal(K/K).

Recall that a representation of G on a finite abelian p-group is called flat if it
arises from a finite flat group scheme over O-.

The following result is due to Ramakrishna [Ra]:

Proposition (5.1.1). Let A € ARy and Va in Dy, (A). There exists a quotient
AR of A such that for any morphism A — A’ in ARy, Var =: Va @4 A’ is flat if
and only if A — A’ factors through A",

Proof. First note that if V' is a finite abelian p-group equipped with a continuous
action of Gx and V is flat, then any G g-stable subgroup V' C V is flat. Indeed,
suppose V = G(Of) think of V, V' as finite étale group schemes over K. If G’ is the
closure of V' in G, then V' = G'(Og).

This remark shows that if 6 : A — A’ is a morphism in ARy, then V4 is flat if
and only if V) is flat. Similarly, if I, J C A are ideals and V,,; and Vy,; is flat
then VA/IQJ C VA/I &) VA/J is flat. O

Corollary (5.1.2). Let D?/F C Dy, denote the sub-functor corresponding to flat
deformations. Then D?,F C Dy, s relatively representable.

Proof. In the language of groupoids this just means that if £ in Dy, then (D{i/w)g
is representable, and this follows from (5.1.1). O

(5.2) Weakly admissible modules and Smoothness of the generic fibre:

Proposition (5.2.1). Suppose that Dy, is pro-represented by Ry, and let R?,F be
the quotient of Ry, which pro-represents D%F. Let E/W (F)[1/p] be a finite extension
and z : R [1/p] — E be a point such that ker z has residue field E. Write RY (resp.
R, ) for the completion of R%F[l/p] (resp. Ry [1/p]) at x.

For any Artinian quotient € : ﬁx — B denote the specialization of the universal
deformation by Ry, — B. Then € factors through R?,F if and only if Vg factors

through ﬁg if and only if Vp arises from a p-divisible group. Moreover this condition
holds if and only if Vg is crystalline.

Typeset by ApS-TEX
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Proof. Let B be in AR g and denote by Int 5 the set of finite Og-subalgebras A C B.
Then Ry, — B factors through some A in Intp. Denote by V4 the induced Gx
representation.

Then Vg arises from a p-divisible group if and only if V4 does. By a result of
Raynaud [Ray, 2.3.1], V4 arises from a p-divisible group if and only if V4 /p"Vy is
flat for n > 1. This is equivalent to asking that V4 ® 4 A/m" be flat for n > 1, or
that V4 ®4 A/m’ is in D(A/m?).

For the final statement we use Breuil’s result that a crystalline representa-
tion with all Hodge-Tate weights equal to 0,1 arises from a p-divisible group [Br,
Thm. 5.3.2], [Ki 4, 2.2.6]. O

(5.2.2) The deformation theoretic description of ﬁg allows us to show that this
ring is always formally smooth over E, and hence that RY [1/p] is formally smooth
over W(F)[1/p]. To prove this we need a little preparation (see [Ki 3]).

For any weakly admissible filtered p-module D over K, denote by C*(D) the
complex C*(D) the complex

D "Z%Y D g Dy /R D

concentrated in degrees 0, 1.

Lemma (5.2.3). There is a canonical isomorphism

Extl ...(1,D) = HY(C*(D)).

w.adm
where 1 = K denotes the unit object in the category of weakly admissible module.

Proof. Let 3
0—-D—-D—-1-0

be an extension. Let d € FilOB~be a lift of 1 € 1. Note that DK/]i‘iloDK =
Dk /Fil’Dg, so we may regard d € Dy /Fil®Dg. Moreover (1 — ¢)(d) € D. We
associate the class

(1= ¢)d,d) € H'(C*(D))
to the given extension.
If (do,dy) € D @ D /Fil°Dg we construct an extension of 1 by D by setting
D = D &1 on underlying Ky-vector spaces and defining ¢ on D by (1) = 1+ dy
and the filtration by

Fil'Dx =Fil'Dx + K -d; i<0

and Fil' Dy = Fil'Dg if i > 0.
One checks that these two constructions induce the required isomorphism and
its inverse. [

(5.2.4) Let E/Q, be a finite extension, and Dg a weakly admissible filtered ¢-
module over K, equipped with an action of E. For B in AR g we denote by Dp,, (B)
the category of weakly admissible filtered filtered ¢-modules Dg, equipped with an
action of B, and an isomorphism Dg ®p E — D, such that D and gr* Dy are free
B-modules.

For Vg a crystalline representation on a finite dimensional E-vector space, and
B in AR g we denote by D..is(Vp) the category of crystalline deformations of Vg
to B.
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Lemma (5.2.5). Let Vg be as above and Dg = Deyis(Vg). Then Degis induces
an equivalences of groupoids over ARg Dy, — Dp,. Moreover each of these
groupoids is formally smooth.

Proof. The proof of the first statement is formally similar to (5.3.5) below, and left
as an exercise to the reader. The formal smoothness can be proved by a deformation
theoretic argument using (5.2.3) and the fact that H?(C*(adDg)) =0. O

Proposition (5.2.6). In the notation of (5.2.1), let Dg = Deis(Ve). The E-
algebra RY is formally smooth of dimension

dimpH'(C*(adD,)) = 1 + dimp Dy /Fil’ D.

Proof. By (5.2.1) 1?32 pro-represents Dy, which is equivalent to Dp, and hence
formally smooth by (5.2.5). The dimension of R is equal to
dimpExtl .. (Ve, Vg) = dimgExt), ,4m(De, Dg) =

w.adm
dimpExtl ... (1,adD,) = dimgH'(C*(adD)) = 1 + dimg D /Fil® Dy
Here the first term means crystalline self extensions of Vg, as a representation
of E[Gk], the second last equality follows from (5.2.3), and the final one from
the fact that the Euler characteristic of a finite complex is equal to that of its
cohomology. [

(5.3) The Fontaine-Laffaille functor and Smoothness when e = 1: Recall
the Fontaine-Laffaille category MFL, whose objects consist of a finite, torsion W-
module M, together with a submodule M' C M, and Frobenius semi-linear maps

@0:M — M and o' : M' — M

such that

(1) @larn =pp'.

(2) o(M) + ' (M) = M.

MFL, is an abelian subcategory of the category of filtered WW-modules of finite
length [FL, 1.9.1.10]. In particular, any morphism on MF%, is strict for filtrations.

Note also that if p- M = 0, then (M) = 0, and so comparing the lengths of
the two sides of (2) above shows that ¢! is injective and

p(M) & @' (M) — M.

Theorem (5.3.1). (Fontaine-Laffaille, Raynaud) Suppose that K = Ky and p > 2.
Then there exist equivalences of abelian categories

MFL, F—~L> {f.flat group schemes/W} —— {flat repns. of Gk }.

Proof. The first equivalence is obtained by composing the anti-equivalence [FL,
9,11] with Cartier duality. The second follows from Raynaud’s result [Ray, 3.3.6]
that when e(K/Ky) < p — 1 the functor G — G(Of) is fully faithful and the
category of finite flat group schemes over O is abelian. O
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(5.3.2) We will need a little more information about the functor FL. For a finite
flat group scheme G over W we denote by tg the tangent space of G @ k, and by
G* the Cartier dual of G.

The contravariant version of the functor is constructed via the theory of Honda
systems, which is an extension of Dieudonné theory (which classifies finite flat group
schemes over k) [FL, 9.7].

In particular, if G killed by p, and M = FL(G), there is an exact sequence

0— (tg-¥ — o "M —tg —0

where o denote the Frobenius on W. Moreover the linear map 1®¢p; : M — o= 1* M
identifies M with with ¢g.. In particular

dimy M* = dimye' (M) = dimptg-.

Now suppose that G is a p-divisible group, T,,G its Tate module, and G* its Cartier
dual. Write V,G = T,,G ®z, Q. Then

D(G) := Deris(Tp) (1) — Homg, (T,G", Beris)

is a weakly admissible module whose associated graded is zero except in degrees 0, 1.
The lattice T,,G C V,,G corresponds to a strongly divisible lattice M C Deyis(TpG)
with M /pM canonically isomorphic to FL(G[p]) as an object of MFL,. In particular

(5.3.3) dimg, Fil' D(G) = rko,, Fil' M = dim, M = dimytg- ).

Theorem (5.3.4). Suppose K = Ko and p > 2. Then D?,F is formally smooth. If
Gr denote the unique finite flat model of Vy, Gi denotes its Cartier dual, and tg,
denotes the tangent space of Gg, then

dim]FD?/]F (F[E]) =1+ dim]th]Fdim]th[;.

Proof. Let My in MFL,, denote the object corresponding to V. Then My is naturally
an F-vector space by the full faithfulness of (5.2.1). Let Dy, denote the groupoid
over ARy () such that Dy, (A) is the category of objects My in MFL,. equipped
with an action of A, such that such that M, is a finite free A-module and M* is
an A-module direct summand, and an isomorphism M4 ®4 F — My in MFL..

Lemma (5.3.5). The Fontaine-Laffaille functor of (5.2.1) induces an equivalence
of categories
FL: Dy, — DY,

Proof. If M4 is in Dpy,(A) let V4 be its image under FL. As FL is exact Vy is finite
free over A. Indeed, for any finite A-module N we have

(5.3.4) FL(Mjs)®a N = FL(M4g ®4 N).

This is obvious if N is free over A, and the general case follows by choosing a
presentation of N by free modules. As the right hand side is an exact functor in NV,
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so is the left hand side, which shows that Vy is a free A-module. Applying (5.3.4)
with N = F, one also sees that V4 is naturally a deformation of V.

Conversely if V4 is in D{i,m, and My € MFL, satisfies FL(M4) — V4, then
M, is an A-module by the full faithfulness of FL, and since MFL, is abelian, the
same argument as above shows that M, is free over A, and that M}‘ C My, is an
A-module direct summand [

(5.3.6) We return to the proof of (5.3.4). By the lemma to prove the formal
smoothness of D?,W it suffices to prove the formal smoothness of Dyy,. Let A be in
ARy (ry, I C A an ideal and My,; in Dy (A/I). We have to show that My, lifts
to an object of Dy, (4).

First choose a lifting of the A/I-module M4,; to an A-module M4, and a sub-
module M}‘ C M4 which is a direct summand and lifts M}x/r Next let Lo, =
<p1(Mj‘/I), and choose a lift of L,/ to a direct summand L4 C My and a lift of
the composite

x * 1®¢"
@*(Ma) — ¢*(Mayr) =% May;

to L 4. Finally one checks that the map 1@pp! : p*(M}) — M4 admits an extension
to a map p*(Ma) — M4 which induces the given map ©*(Ma,r) — My;.

(5.3.7) It remains to check that the dimension of D?,}F has the claimed dimension.
We could do this directly by computing the dimension of Dy, (Fle]), however it is
simpler to use our computation of the dimension of the generic fibre of RﬂVF.

Let z : R?/F[l/p] — E be a surjective map, where E is a finite extension of Q.
Write V,, for the corresponding crystalline representation. Since we already know
that R{‘{,F is smooth, we need to compute the dimension of the tangent space of
R?/F[l/p] at x. Let D, = Deyis(Vz).

Using (5.2.6) and (5.3.3)one sees that this dimension is!

1 + dimg(D, /Fil' D, )dimgFil' D, = 1 + dimptgdimgtg-.

O

Exercises:
Exercise 1: Formulate and prove Proposition (5.2.1) for framed deformations.
Exercise 2: Check that the two constructions used to define the isomorphism
EXt}u.adm(la D) — HI(O.(D))
in (5.2.3) are well defined and inverse.
Exercise 3: Give an explicit description of the isomorphism
EXt'Llu.adm(]'? adD) - EXtilu.adm(Da D)
used in (5.2.6).
Exercise 4: Show that the functor Dp,, in (5.2.5) is formally smooth.

Exercise 5: Show that the category MFL, is equivalent to the category of finite
Honda systems defined in Conrad’s lectures. This is slightly tricky [FL, 9.4].

IThe computation becomes slightly easier if E = W (F)[1/p], which we may assume as R%F is
formally smooth.
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