5. LECTURE # 4: GLOBAL WELL-POSEDNESS FOR THE H!(R") SUBCRITICAL NLS AND THE
“I-METHOD”

We learned during last lecture that for the H' subcritical NLS, ie. 1 <p < 1+ % and hence
se < 1, Lw.p for (1), either focusing or defocusing, is available in H*(R"™) for any s,s. < s < 1.
We also learned that if s = 1, in the defocusing case, uniform g.w.p is a consequence of the
conservation of mass and energy. We then ask: if 0 < s, < s < 1 is the defocusing NLS problem
globally well posed in H*? This problem is particularly interesting when we consider the L2
critical NLS, i.e. s, =0 and p =1+ %. In this case the L? norm cannot be used to iterate
the L.w.p. since the time interval of existence also depends on the profile of the initial data. It
is clear then that this is a difficult question since we are in a regime when the conservation of
the L? norm is too little of an information and the conservation of the Hamiltonian cannot be
used since the data has not enough regularity. It was exactly to answer these kinds of questions
that the “I-method” [24, 25, 26, 27, 48, 49] was invented. Unfortunately the method is quite
technical to be applied in higher dimensions in its full strength. The results that we will report
below are not optimal and in general they concern the L? critical case p = 1 + % since that one
is the most interesting, but similar results are available for the general H! subcritical case when
se < 1 (see [20, 75]). We will list below the state of the art at this point for this problem for the
L? critical case. We will give references but we will not prove these theorems in full generality.
At the end of this lecture we will prove a weaker result than the one stated here when n = 2,
see Theorem 5.2. We should also say here that if one assumes radial symmetry, then the L2
critical NLS for n > 2 has been proved to be globally well-posed both in the defocusing case and
in focusing case with the assumption that the mass of the initial data is strictly less than the
mass of the stationary solution. These results are contained in a series of very recent and deep
papers [55, 56, 71, 72]. The point here is instead to address the question of global well-posedness
without assuming radial symmetry and to present the “I-method”.

Theorem 5.1 (G.w.p for (1) with A =1, p=1+ 2 and n > 3). The initial value problem (1)
withA=1,p=1+ % is globally well-posed in H*(R™), for any 1 > s > \/?3_1 when n =3, and
for any 1> s> —(n=2 iy (72—2)2-&-8(71—2) forn > 4.

Here we have to assume that s < 1 since in general the non smoothness of the nonlinearity
doesn’t allow us to prove persistence of regularity. The proof of this theorem can be found in
[34].

Theorem 5.2 (G.w.p for (1) with A=1,p=1+ % and n = 2). The nitial value problem (1)
with A\ = 1,n = 2 and p = 3 is globally well-posed in H*(R?), for any 1 > s > % Moreover the
solution satisfies

3s(1—s)
(52) sup ||u(t) ||Hs < C(l + T) 2(5s-2) |
(0,77

where the constant C depends only on the index s and ||ugl| 2.

Here the theorem is stated only for s < 1 since we already know that global well-posedness
for s > 1 follows from conservation of mass and energy as explained in the previous lecture 7.

171t is an open problem to obtain a polynomial bound like in (52) for this problem when s > 1 and the data
are not radial. In fact if if p > 3 a uniform bound follows from scattering. But scattering is still an open problem
for general data for the L? critical NLS. We should also stress that these kinds of polynomial bounds for higher
Sobolev norms are particularly interesting since they are related to the weak turbulence theory, a topic that we
will not address here.
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For the proof of Theorem 5.2 see [32]. The argument is based on a combination of the “I-
metod” as in [25, 26, 28] and a refined two dimensional Morawetz interaction inequality. This
combination first appeared in [37].

Finally we recall the result for the L? critical problem for n = 1:

Theorem 5.3 (G.w.p for (1) with A =1, p=1+ % and n = 1). The initial value problem (1)
with A =1,n =1 and p =5 is globally well-posed in H*(R), for any 1 > s > % Moreover the
solution satisfies

s(=s)
(53> sup Hu(t)HHs < C(l _|_T) ICEEV
[0,7]

where the constant C depends only on the index s and ||ugl| 2.

For the proof of this theorem see [36].

As promised we sketch now the proof of a weaker result than the one reported in Theorem
5.2, namely g.w.p. for s > 4/7. This proof is a summary of the work that appeared in [26].
Since below we will often refer to a particular IVP we write it here once for all

(54) { iug + 2 Au = |ul?u,
u(z,0) = up(z).
To start the argument we need to introduce some notation and state some lemma.
We will use the weighted Sobolev norms,

(55) 1¥11x,., = [16)* (T = 1€ (E Tl L2 @ xm) -
Here 1) is the space-time Fourier transform of . We will need local-in-time estimates in terms
of truncated versions of the norms (55),

(56) fllxs, = ,_int (Wl

We will often use the notation %—i— = % + € for some universal 0 < € <« 1. Similarly, we shall
write %—E%—e, and%——z%—%.
For a Schrodinger admissible pair (g, ) we have what we will call the LY L” Strichartz estimate,

(57) ||¢||L§L;(Rn+1) S ||¢HX0,%+’

which can be proved to be a consequence of (57).
Finally, we will need a refined version of these estimates due to Bourgain [9].

Lemma 5.4. Let 1,99 € Xg 1y be supported on spatial frequencies || ~ N1, Na, respectively.
2
Then for Ny < N, one has

1
N1\ 2
. <
(58) [[¥1 - Pall L2051 xR2) S <NQ> |W1\|Xg’%+|’¢2’\xg%+-

In addition, (58) holds (with the same proof) if we replace the product ¥y - 1o on the left with
either 1y - o or iy - Py.
This lemma is a consequence of the Theorem 2.4.

Problem 5.5. Show how to deduce (57) and (58).

Hint: Consider the space of frequencies both of time and space. Partition it into parabolic strips
of approximate unit size. On each of these strips a function 1 can be viewed as a solution of the
linear problem. Use the appropriate Strichartz or improved Strichartz on each of them and then
sum with the appropriate weight.
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For rough initial data, with s < 1, the energy is infinite, and so the conservation law (23) is
meaningless. Instead, here we use the fact that a smoothed version of the solution of the IVP
(54) has a finite energy which is almost conserved in time. We express this ‘smoothed version’
as follows.

Given s < 1 and a parameter N > 1, define the multiplier operator

(59) InF(€) = mn(6)(6),

where the multiplier my () is smooth, radially symmetric, nonincreasing in |¢| and

60 1 | <N
m = 1—s
(60) ~N(§) <%> €] > 2N,

For simplicity, we will eventually drop the N from the notation, writing I and m for (59) and
(60). Note that for solution and initial data u, up of (54), the quantities |[ul|gsgn)(t) and
E(Inu)(t) (see (23)) can be compared,

2
(61) E(Inu)(®) < (N 1ul )l goqa) )+t ) lhages),
(62) s )3 ey S EIvu)(t) + ol [Faas).

Indeed, the H'(R?) component of the left hand side of (61) is bounded by the right side by
using the definition of Iy and by considering separately those frequencies |{| < N and |£| > N.
The L* component of the energy in (61) is bounded by the right hand side of (61) by using (for
example) the Hormander-Mikhlin multiplier theorem. The bound (62) follows quickly from (60)
and L? conservation (21) by considering separately the H®(R?) and L?(R?) components of the
left hand side of (62).

To prove our result, we may assume that ug € C5°(R?), and show that the resulting global-
in-time solution grows at most polynomially in the H® norm,

(63) (1) s rey < Crt™ + Co,

where the constants C1,C2, M depend only on |[ug||zs®2) and not on higher regularity norms
of the smooth data. The result then follows immediately from (63), the local-in-time theory
discussed in the previous lecture, and a standard density argument.

By (62), it suffices to show

(64) E(Inu)(t) < (141)*M,

for some N = N(t). (See (71), (72) below for the definition of N and the growth rate M we
eventually establish.) The following proposition, represents an “almost conservation law” and
will yield (64).

Proposition 5.6. Given s > 2, N > 1, and initial data ug € C§°(R?) (see preceeding remark)
with E(In¢go) < 1, then there exists a § = 0(||uo||r2(r2)) > 0 so that the solution

u(z,t) € C([0, 6], H¥(R?))
of (54) satisfies
(65) E(Iyu)(t) = E(Iyu)(0) + O(N~2+),
for allt € [0,6].
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We first show that Proposition 5.6 implies (64). Recall that the initial value problem here
has a scaling symmetry, and is H®-subcritical when 1 > s > 0, and n = 2. That is, if u is a
solution, so too

1 x t
Using (61), the following energy can be made arbitrarily small by taking A large,
(67) E(Inurg) < (N*72)A72 + A72) - (1 + [[uo|| o (rey)*
(68) < Co(N272X72) - (14 o[ s m2)) ™.

It is important to remark that since the problem is L? critical, ||ugl[z2 ~ ||urplz2. Assuming
N > 1 is given'®, we choose our scaling parameter A = A(N, [[uo|| g7+ (r2))

1-s ]_ 2s
(69) A=N"> (200) (1+ HuOHHs(Rg))

® [N

so that E(Iyuy) < % We may now apply Proposition 5.6 to the scaled initial data u) o, and in

fact may reapply this Proposition until the size of E(Inuy)(t) reaches 1, that is at least C; N2~
times. Hence

(70) E(Inuy)(C1N276) ~ 1.

We now have to undo the scaling: given any Ty > 1, we establish the polynomial growth (64)
from (70) by first choosing our parameter N > 1 so that

3
Nz Ts—4

(71) T0~7)\2 Ci-~ N2

where we’ve kept in mind (69). Note the exponent of N on the right of (71) is positive provided
s> %, hence the definition of N makes sense for arbitrary Ty. In two space dimensions,

E(Inu)(t) = N2 E(Inuy)(\2t).
We use (69), (70), and (71) to conclude that for T > 1,

1—s
-1

+
(72) E(Iyu)(To) < CoTy ™"

where N is chosen as in (71) and Cz = Ca(||uo||frs(r2), ). Together with (62), the bound (72)
establishes the desired polynomial bound (63).

It remains then to prove Proposition 5.6. We will need the following modified version of the
usual local existence theorem, wherein we control for small times the smoothed solution in the
X%,  norm.

1,14+
Proposition 5.7. Assume 2 < s < 1 and we are given data for the IVP (54) with E(Iug) < 1.
Then there is a constant 6 = (||uo||r2(r2)) so that the solution u obeys the following bound on
the time interval [0, 6],

(73) Irullys, S

5+

18The parameter N will be chosen shortly.
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Proof. We mimic the typical iteration argument showing local existence. We will need the
following three estimates involving the X, 5 spaces (55) and functions F'(z,t), f(x). (Throughout
this section, the implicit constants in the notation < are independent of 4.)

(74) 1@ s, % 1l e,
'3
t
(75) / St - F@,ndr||  <|Flys
0 X17%+ 1'7%+
P
(76) 1Fllxs , <67 1Flx .

where in (76) we have 0 < 3 < b < %, and P = (1 — %) > 0. The bounds (74), (75) are
analogous to estimates (3.13), (3.15) in [57]. As for (76), by duality it suffices to show

< sP
1Fllxs, , < 8°1FlLxs, .
Interpolation gives
< (1_%)_ %
1Fllxs, , SUFIIG S I,
As b€ (0,1), arguing exactly as on page 771 of [33],
1
<5l
1Flls,, S 65Fllxs, .

and (76) follows.
Duhamel’s principle gives us

il | = HS(t)(Iuo) + /OtS(t ) (wi)(7)dr

X0
1
172

1ol ey + 1wl s

2

(77) S [Huollm ey + 0| (wa)llxs

2
where —% + + is a real number slightly larger than —%—i— and € > 0. By the definition of the
restricted norm (56),

(78) Hullxs S |[Luoll gz + 0| (vuw)||x, _,
1,14 ,

)
T4+
2 2

where the function 1 agrees with u for ¢ € [0, 4], and

(79) |’IU|‘X§%+ ~ Yl -
We will show shortly that
(30) Mgl y,, S IR,
Setting then Q(0) = ||Tu(t)]||ys . the bounds (77), (79) and (80) yield
i+
(81) Q) < [ uol| s z2) + 0°(Q(9))°.
Note
1
(82) [ Luoll 1 (r2) S (E(Tu0))2 + [luollr2@2) S 1+ [JuollL2(r2)-

As @ is continuous in the variable 4, a bootstrap argument yields (73) from (81), (82).
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It remains to show (80). Using the interpolation lemma of [31], it suffices to show

(83) ldllx, ., SIWIE,

for all % < s < 1. By duality and a “Leibniz” rule'?, (83) follows from

(84)

| [ u ] < llx, - lallx, y, -l ,, Jlly,

Note that since the factors in the integrand on the left here will be taken in absolute value, the
relative placement of complex conjugates is irrelevant. Use Holder’s inequality on the left side
of (84), taking the factors in, respectively, Li’t, Lit, Lg,t and Li’t. Using a Strichartz inequality,
V) g, ey S IVl
= Hulqu’%_‘_v
and
lallz oy S lleallx, .
S

luallx, .,
The bound for the third factor uses Sobolev embedding and the LYL3 Strichartz estimate,
1
HU3HL?L2(R2+1) S H<v>3u3HLfL§(R2+1)
1
SIS usllxg

< usllx_, -

ol

It remains to bound |[u4||rsgz+1). Interpolating between ||us|[pzz: < [[uallx,, and the

Strichartz estimate |[uaf|paps < HU4HXO’%+ yields

luallzers < luallx,

Nl

This completes the proof of (84), and hence Proposition 5.7. ]

Before we proceed to the proof of Proposition 5.6 we would like to present the proof of
conservation of mass?” for (54) using Fourier transform. Understanding this proof is fundamental
to understand the types of cancelations that will make F(Iu) almost conserved.

Proposition 5.8. Assume that u is a solution to (54) smooth and decaying at infinity. Then
lu(®)l|72 = lluoll7--

Proof. We write this L? norm using Plancherel formula
Ju®l: = [ ate e ds

s

19By this, we mean the operator (D)® can be distributed over the product by taking Fourier transform and

using (€1 +...84)° S (&))" + ... (€)".

2 Actually showing the proof of conservation of energy would be even more appropriate here since in Proposition
5.6 we will be dealing with an energy instead of a mass, but clearly for the mass the calculation is less involved
and the ideas are still present in full power!
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Using the equation we then have

%Hu(t)ll%Q = 2Re/(ﬁ(§,t))ta(§7t)d§

= —Im/\ﬁ]Q (&, t)a §,)d£—2[m/u2 E)a(é,t) d¢
= —2Im W(&r)a(—E2)a(E3)a(E) dEdEr dEadEs
§1+62+83—6=0

= —2Im a(&1)a(—E2)a(E3)a(—Ea) dErdEadEsdEy

§1+&2+E83+84=0
and by symmetry

2Im a(r)a(—E€2)u(€s)u(—Ea) d€1dEadEsdés =
&1+E€2+E3+84=0
Im (&) u(—Ea)(E3)i(—Es) dErdEadEsdey
E1+82+E3+84=0
+ Im W(—&2)a(61)u(—Ea)U(E3) dErdEadEsdEy = 0O

§1+&2+E3+84=0

Problem 5.9. Prove the conservation of energy (23) by using Fourier transform.

Proof of Proposition 5.6. The usual energy (23) is shown to be conserved by differentiating in
time, integrating by parts, and using the equation (54),

OE(u) = Re/ T (Ju?u — Au)dz
R2

= Re/ T (Julu — Au — iuy)da
R2
= 0.
We follow the same strategy to estimate the growth of E(Iu)(t),

OE(Iu)(t) = Re / T(w)s([Tu*Tu — ATu — ilug)da
R2

= Re T(w) (| Tu|* Tu — I(Jul?u))dz,
= Re [ TC(TuPTu = 1(uu)a

where in the last step we’ve applied I to (54). When we integrate in time and apply the Parseval
formula?! it remains for us to bound

(85) E(Iu(3)) - E(Iu

m(&a + &3+ &4) — o~
/ / A ( m(fz)'m(§3)-m(§4)) IOpu(€1) Tu(€2) Tu(€s) Tu(8a)-

The reader may ignore the appearance of complex conjugates here and in the sequel, as they
have no impact on the availability of estimates. (See e.g. Lemma 5.4 above.) We include the
complex conjugates for completeness.

2IThat is, [o. f1(2) f2(@) f3(2) fa@)dz = [o e enreno J1(E0) f2(€2) f3(&8) fa(€a) where Js, ¢, here denotes
integration with respect to the hyperplane S measure

d0(&1 + &2 + &3 + €4)dE1dE2dEsdEa, with do the one dimensional Dirac mass.
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We use the equation to substitute for d¢/(u) in (85). Our aim is to show that

(86) Term; + Termg < N*%ﬂ
where the two terms on the left are
1/ m(§2+8&+8&) \ o — = =
s7) Termy = | [ o (1 - m(&)m@m@Q (ATu)(&)  Tu&) - Tu(€s) - Tu(y)
§ — —~ = —
w9 Tema=| [ (1 e ntey) (TPoe) Tutey Taten Titeo)

From this point on the proof proceeds with a case by case analysis based on the relative
magnitude of various frequencies. The basic cancellation of the type we presented in the proof
of Proposition 5.8 are fundamental as is the fact that the multiplier is smooth. We send the

reader to the original paper for a complete proof.
O

Remark 5.10. Here we only gave an idea of the “I-method”. Omne can implement it in more
effective ways by defining formally families of energies that, if controlled analytically, are proved
to be more and more almost conserved. This was in fact the case for the one dimensional
derivative NLS [24, 25] and the KdV [27] for example. Unfortunately controlling these families
of energies becomes more difficult in higher dimensions since orthogonality issues start appearing,
see for example [30].



