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CHAPTER 1

Hyperbolic geometry

1.1. Models of hyperbolic geometry

Our first model of hyperbolic geometry is obtained similarly to the model
of elliptic geometry on the unit sphere S2 in R3,

S2 = {(x1, x2, x3) ∈ R3 | x2
1 + x2

2 + x2
3 = 1}.

The metric (arc length) on S2 is induced from the Euclidean metric on R3,

ds2 = dx2
1 + dx2

2 + dx2
3 (1.1.1)

which corresponds to the standard inner product on R3,

(x, y) = x1y1 + x2y2 + x3y3.

The geodesics for this metric (i.e. the length minimizing curves) lie on
planes through 0 ∈ R3 and are arcs of great circles. The group of (orientation
preserving) isometries of S2 is the group SO(3) which preserves the standard
inner product ( , ) on R3.

If instead of the metric (1.1.1) we consider a pseudo–metric in R3:

ds2h = dx2
1 + dx2

2 − dx2
3, (1.1.2)

corresponding to the bilinear symmetric form of signature (2, 1):

(x, y)2,1 = x1y1 + x2y2 − x3y3,

then the upper fold of the hyperboloid

H2 = {(x1, x2, x3) ∈ R3 | x2
1 + x2

2 − x2
3 = −1, x3 > 0}

represents a model of hyperbolic geometry in two dimensions. Notice that
outside of H2 (x, x)2.1 > −1 and inside H2 (x, x)2.1 < −1. First, we check
that the pseudo-metric (1.1.2) induces Riemannian metric on H2.

Let x = (x1, x2, x3) ∈ H2. Define x⊥ = {y ∈ R3 | (y, x)2,1 = 0}. It is a

plane passing though 0, and x+ x⊥ is a plane passing through x.

Proposition 1.1.1. x+x⊥ = TxH
2, the tangent plane to the hyperboloid

at the point x, and ( , )2,1 restricted to x⊥ is positive–definite, hence gives
a scalar product on TxH

2, i.e. a Riemannian metric on H2.

1



2 1. HYPERBOLIC GEOMETRY

(0,0,1)

(0,0,0)

x
v > -1

< -1

Figure 1.1.1

Proof. The upper fold of the hyperboloid is given by the equation

x3 =
√
x2

1 + x2
2 + 1. A tangent vector at x is a linear combination of two

basic tangent vectors,

v − x = a(1, 0,
∂x3

∂x1
) + b(0, 1,

∂x3

∂x2
) = (a, b,

ax1 + bx2

x3
).

We see that (v − x, x)2,1 = 0 for all v ∈ TxH
2, hence TxH

2 ⊂ x + x⊥ and
since TxH

2 is a plane, the first assertion is proved.
Let v ∈ x⊥. By convexity of the hyperboloid, x + v is outside of H2,

hence

−1 < (x+ v, x+ v)2,1 = (x, x)2,1 + 2(x, v)2,1 + (v, v)2,1 = −1 + (v, v)2,1.

Therefore for all v ∈ x⊥, (v, v)2,1 > 0. �

The geodesics for this metric also lie on planes through 0 ∈ R3. The
group of orientation preserving isometries of H2 is SO(2, 1), the group pre-
serving the bilinear symmetric form (x, y)2,1,

SO(2, 1) = {A ∈ SL(3,R) | TASA = S, where S =




1 0 0
0 1 0
0 0 −1



}.

Other models of the hyperbolic plane are obtained from the hyper-

boloid model described above.

Beltrami-Klein model. The group G = SO(2, 1) acts transitively on
the upper fold of the hyperboloid H2 by linear transformations. The cone
given by the equation x2

1 + x2
2 − x2

3 = 0 lies outside of H2 and is asymptotic
to it. The intersection of this cone with the plane x3 = 1 tangent to H2 is
the circumference ∂U = {x2

1 +x2
2 = 1}. Consider the central projection σ of

H2 to the plane x3 = 1 from the origin 0 ∈ R3. We have

σ(x1, x2, x3) = (η1, η2),
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where η1 = x1

x3
, η2 = x2

x3
. We have η2

1 + η2
2 = 1 − 1

x2
3

, hence σ(H2) = U =

{η2
1 + η2

2 < 1}. Equivalently, U may be viewed as the space of negative
vectors x ∈ R3, i.e. such that (x, x)2,1 < 0, which will be useful later. The
metric on U is induced by the hyperbolic metric dh on H2:

d∗
h(η1, η2) = dh(σ−1η1, σ

−1η2).

Geodesics in H2 are mapped to chords of the unit disc U , which thus be-
come geodesics with respect to the hyperbolic metric d∗

h on U (in what
follows we will omit ∗ in most cases). We define the action of G on U so
that it commutes with σ. It follows that G acts on U by fractional linear

transformations: for (η1, η2) and g =




a11 a12 a13

a21 a22 a23

a31 a32 a33





g(η1, η2) = (
a11η1 + a12η2 + a13

a31η1 + a32η2 + a33
,
a21η1 + a22η2 + a23

a31η1 + a32η2 + a33
).

Notice that this model is not angle–true. Two geodesics which meet at the
boundary are in fact asymptotically tangent.

Hemispherical model. . Let η1 = x1

x3
, η2 = x2

x3
, η3 = 1

x3
. Then from

the equation of H2 we obtain the equation of the unit hemisphere

η2
1 + η2

2 + η2
3 = 1, η3 > 0

This model is obtained from the Beltrami–Klein model by the orthogonal
projection of the unit disc U to the hemisphere. The geodesics in this model
are arcs of circles on the hemisphere orthogonal to the disc – the boundary
of the hemispere.

(0,0,-1)

Figure 1.1.2
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The Poincaré disc model. Stereographic projection of the hemisphere
from the point (0, 0,−1) onto the plane η3 = 0 (i.e. to the same unit disc U)
maps geodesics in the hemisphere to arcs of circles orthogonal to the bound-
ary ∂U . This gives us a new model in the unit disc, the Poincaré disc model.
If we go from the Beltrami–Klein model to the Poincaré model (through the
hemisphere) we notice that the end points of the geodesics are preserved
and each point with polar coordinates (r, ϕ) is mapped to the point on the
same radius (r′, ϕ) where r′ = r√

1−r2+1
.

(0,-1,0)

η

η
1

3

Figure 1.1.3

The Poincaré upper half–plane model. Stereographic projection of
the upper hemisphere from the point (0,−1, 0) onto the plane η2 = 0 give
the model into half–plane H = {(η1, η3), η3 > 0}.

Since the stereographic projection is conformal (i.e. preserves angles)
the hemispherical model and its derivatives, the Poincaré disc model and
the Poincaré upper half–plane model are angle-true.

Models as homogeneous spaces. All three models are obtained al-
gebraically as homogeneous spaces G/K due to the accidental isomorphisms
SL(2,R) ≈ SU(1, 1) ≈ SO(2, 1).

In the Beltrami–Klein model

G = SO(2, 1), K = {



cosϕ − sinϕ 0
sinϕ cosϕ 0

0 0 1



}.

In the Poincaré disc model, G = SU(1, 1), the group which preserves
the Hermitian form on C2, for z = (z1, z2) and w = (w1, w2), < z,w >=
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z1w̄1 − z2w̄2, i.e.

SU(1, 1) = {g ∈ SL(2,C) | g =

(
a c
c̄ ā

)
},

and

K = {
(
eiϕ 0
0 e−iϕ

)
}.

The homogeneous space G/K can be identified with the “projectivized”
space of the negative vectors in C2 (< z, z >< 0), analogous to that discussed
above for R3, or in homogeneous coordinates, with the unit disc in C,

U = {z ∈ C | |z| < 1}.
In the Poincaré upper half–plane model, G = SL(2,R), and K = SO(2),

the stabilizer of the point i ∈ H. Here the homogeneous space G/K is
identified with the upper half–plane

H = {z ∈ C | Im z > 0}.
by the following construction. Each matrix in SL(2,R) can be written as a
product of upper–triangular and orthogonal (the Iwasawa decomposition):

g =

(
a b
c d

)
=

(√
y x√y

0 1√y

)(
cosϕ − sinϕ
sinϕ cosϕ

)
,

where x, y ∈ R, y > 0. Then π : G/K → H given by

π(g) = g(i) =
ai+ b

ci+ d
= x+ iy = z

does the identification.
In the last two conformal models, the correspondingG acts by fractional–

linear transformations: for g =

(
a b
c d

)
, g(z) = az+b

cz+d .

1.2. The hyperbolic plane

Let H = {z ∈ C | Im(z) > 0} be the upper–half plane. We have seen
(Exercise 2) that equipped with the metric

ds =

√
dx2 + dy2

y
, (1.2.1)

it becomes a model of the hyperbolic or Lobachevski plane. We will see that
the geodesics (i.e., the shortest curves with respect to this metric) will be
straight lines and semicircles orthogonal to the real line

R = {z ∈ C | Im(z) = 0}.
Using this fact and elementary geometric considerations, one easily shows

that any two points in H can be joined by a unique geodesic, and that from
any point in H in any direction one can draw a geodesic. We will measure
the distance between two points in H along the geodesic connecting them.
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It is clear that any geodesic can be continued indefinitely, and that one can
draw a circle centered at a given point with any given radius.

The tangent space to H at a point z is defined as the space of tangent
vectors at z. It has the structure of a 2–dimensional real vector space or of
a 1–dimensional complex vector space: TzH ≈ R2 ≈ C. The Riemannian
metric (1.2.1) is induced by the following inner product on TzH: for ζ1 =
ξ1 + iη1 and ζ2 = ξ2 + iη2 in TzH, we put

〈ζ1, ζ2〉 =
(ζ1, ζ2)

Im(z)2
, (1.2.2)

which is a scalar multiple of the Euclidean inner product (ζ1, ζ2) = ξ1ξ2 +
η1η2.

We define the angle between two geodesics in H at their intersection
point z as the angle between their tangent vectors in TzH. Using the formula

cosϕ =
〈ζ1, ζ2〉
‖ζ1‖‖ζ2‖

=
(ζ1, ζ2)

|ζ1||ζ2|
,

where ‖ ‖ denotes the norm in TzH corresponding to the inner product 〈 , 〉,
and | | denotes the norm corresponding to the inner product ( , ), we see that
this notion of angle measure coincides with the Euclidean angle measure.

The first four axioms of Euclid hold for this geometry. However, the
fifth postulate of Euclid’s Elements, the axiom of parallels, does not hold:
there is more than one geodesic passing through the point z not lying in the
geodesic L that does not intersect L (see Fig. 1.2.1).

z

L

Figure 1.2.1. Geodesics in the upper half-plane

Therefore the geometry in H is non–Euclidean. The metric in (1.2.1)
is said to be the hyperbolic metric. It can be used to calculate the length
of curves in H the same way the Euclidean metric

√
dx2 + dy2 is used to

calculate the length of curves on the Euclidean plane. Let I = [0, 1] be the
unit interval, and γ : I → H be a piecewise differentiable curve in H,

γ(t) = {v(t) = x(t) + iy(t) | t ∈ I}.
The length of the curve γ is defined by
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h(γ) =

∫ 1

0

√
(dx

dt )2 + (dy
dt )

2

y(t)
dt. (1.2.3)

We define the hyperbolic distance between two points z,w ∈ H by setting

ρ(z,w) = inf h(γ),

where the infimum is taken over all piecewise differentiable curves connecting
z and w.

Proposition 1.2.1. The function ρ : H × H → R defined above is a
distance function, i.e., it is

(a) nonnegative: ρ(z, z) = 0; ρ(z,w) > 0 if z 6= w;
(b) symmetric: ρ(u, v) = ρ(v, u);
(c) satisfies the triangle inequality: ρ(z,w) + ρ(w, u) ≥ ρ(z, u).

Proof. It is easily seen from the definition that (b), (c), and the first
part of property (a) hold. The second part follows from Exercise 3. �

Consider the group SL(2,R) of real 2×2 matrices with determinant one.

It acts on H by Möbius transformations as follows. To each g =

(
a b
c d

)
∈

SL(2,R), we assign the transformation

Tg(z) =
az + b

cz + d
. (1.2.4)

Proposition 1.2.2. Any Möbius transformation Tg maps H into itself.

Proof. We can write

w = Tg(z) =
(az + b)(cz + d)

|cz + d|2 =
ac|z|2 + adz + bcz + bd

|cz + d|2 .

Therefore

Im(w) =
w − w

2i
=

(ad − bc)(z − z)

2i|cz + d|2 =
Im(z)

|cz + d|2 . (1.2.5)

Thus Im(z) > 0 implies Im(w) > 0. �

One can check directly that if g, h ∈ SL(2,R), then Tg ◦ Th = Tgh and
T−1

g = Tg−1 . It follows that each Tg, g ∈ SL(2,R) is a bijection, and thus we
obtain a representation of the group SL(2,R) by Möbius transformations of
the upper–half plane H. In fact, the two matrices g and −g give the same
Möbius transformation, so formula (1.2.4) actually gives a representation of
the quotient group SL(2,R)/{±12} (where 12 is the 2 × 2 identity matrix)
denoted by PSL(2,R), which we will identify with the group of Möbius
transformations of the form (1.2.4). Notice that PSL(2,R) contains all
transformations of the form

z → az + b

cz + d
with ad− bc = ∆ > 0,
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since by dividing the numerator and the denominator by
√

∆, we obtain a
matrix for it with determinant equal to 1. In particular, PSL(2,R) con-
tains all transformations of the form z → az + b (a, b ∈ R, a > 0). Since
transformations in PSL(2,R) are continuous, we have the following result.

Theorem 1.2.3. The group PSL(2,R) acts on H by homeomorphisms.

Definition. A transformation of H onto itself is called an isometry if
it preserves the hyperbolic distance in H.

Isometries clearly form a group; we will denote it by Isom(H).

Theorem 1.2.4. Möbius transformations are isometries, i.e., we have
the inclusion PSL(2,R) ⊂ Isom(H).

Proof. Let T ∈ PSL(2,R). By Theorem 1.2.3 T maps H onto itself.
Let γ : I → H be the piecewise differentiable curve given by z(t) = x(t) +
iy(t). Let

w = T (z) =
az + b

cz + d
;

then we have w(t) = T (z(t)) = u(t)+iv(t) along the curve γ. Differentiating,
we obtain

dw

dz
=
a(cz + d) − c(az + b)

(cz + d)2
=

1

(cz + d)2
. (1.2.6)

By (1.2.5) we have

v =
y

|cz + d|2 , therefore

∣∣∣∣
dw

dz

∣∣∣∣ =
v

y
.

Thus

h(T (γ)) =

∫ 1

0

|dw
dt |dt
v(t)

=

∫ 1

0

|dw
dz ||dz

dt |dt
v(t)

=

∫ 1

0

|dz
dt |dt
y(t)

= h(γ).

The invariance of the hyperbolic distance follows from this immediately. �

1.3. Geodesics

Theorem 1.3.1. The geodesics in H are semicircles and the rays or-
thogonal to the real axis R.

Proof. Let z1, z2 ∈ H. First consider the case in which z1 = ia, z2 =
ib with b > a. For any piecewise differentiable curve γ(t) = x(t) + iy(t)
connecting ia and ib, we have

h(γ) =

∫ 1

0

√
(dx

dt )2 + (dy
dt )

2

y(t)
dt ≥

∫ 1

0

|dy
dt |dt
y(t)

≥
∫ 1

0

dy
dt dt

y(t)
=

∫ b

a

dy

y
= ln

b

a
,

but this is exactly the hyperbolic length of the segment of the imaginary
axis connecting ia and ib. Therefore the geodesic connecting ia and ib is the
segment of the imaginary axis connecting them.
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Now consider the case of arbitrary points z1 and z2. Let L be the unique
Euclidean semicircle or a straight line connecting them. Then by Exercise 4,
there exists a transformation in PSL(2,R) which maps L into the positive
imaginary axis. This reduces the problem to the particular case studied
above, so that by Theorem 1.2.4 we conclude that the geodesic between z1
and z2 is the segment of L joining them. �

Thus we have proved that any two points z and w in H can be joined
by a unique geodesic, and the hyperbolic distance between them is equal
to the hyperbolic length of the geodesic segment joining them; we denote
the latter by [z,w]. This and the additivity of the integral (1.2.3) imply the
following statement.

Corollary 1.3.2. If z and w are two distinct points in H, then

ρ(z,w) = ρ(z, ξ) + ρ(ξ, w)

if and only if ξ ∈ [z,w].

Theorem 1.3.3. Any isometry of H, and in particular any transforma-
tion from PSL(2,R), maps geodesics into geodesics.

Proof. The same argument as in the Euclidean case works here. �

The cross–ratio of distinct points z1, z2, z3, z4 ∈ Ĉ = C ∪ {∞} is defined
by the following formula:

(z1, z2; z3, z4) =
(z1 − z2)(z3 − z4)

(z2 − z3)(z4 − z1)
.

Theorem 1.3.4. Suppose z,w ∈ H are two distinct points, the geodesic
joining z and w has endpoints z∗, w∗ ∈ R ∪ {∞}, and z ∈ [z∗, w]. Then

ρ(z,w) = ln(w, z∗; z,w∗).
Proof. Using Exercise 4, in PSL(2,R) let us choose a transformation

T which maps the geodesic joining z and w to the imaginary axis. By
applying the transformations z 7→ kz (k > 0) and z 7→ −1/z if necessary, we
may assume that T (z∗) = 0, T (w∗) = ∞ and T (z) = i. Then T (w) = ri for
some r > 1, and

ρ(T (z), T (w)) =

∫ r

1

dy

y
= ln r.

On the other hand, (ri, 0; i,∞) = r, and the theorem follows from the
invariance of the cross–ratio under Möbius transformations, a standard fact
from complex analysis (which can be checked by a direct calculation). �

We will derive several explicit formulas for the hyperbolic distance in-
volving the hyperbolic functions

sinhx =
ex − e−x

2
, cosh x =

ex + e−x

2
, tanh z =

sinhx

coshx
.

Theorem 1.3.5. For z,w ∈ H, we have
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(a) ρ(z,w) = ln |z−w|+|z−w|
|z−w|−|z−w|;

(b) cosh ρ(z,w) = 1 + |z−w|2
2Im(z)Im(w) ;

(c) sinh[12ρ(z,w)] = |z−w|
2(Im(z)Im(w))1/2 ;

(d) cosh[12ρ(z,w)] = |z−w|
2(Im(z)Im(w))1/2 ;

(e) tanh[12ρ(z,w)] = |z−w
z−w |.

Proof. We will prove that (e) holds. By Theorem 1.2.4, the left–hand
side is invariant under any transformation T ∈ PSL(2,R). By Exercise 5,
the right–hand side is also invariant under any T ∈ PSL(2,R). Therefore
if is sufficient to check the formula for the case when z = i, w = ir (r > 1).
The right–hand side is equal to (r − 1)/(r + 1). The left–hand side is equal
to tanh[12 ln r]. A simple calculation shows that these two expressions are
equal. The other formulas are proved similarly. �

1.4. Isometries

We have seen that transformations in PSL(2,R) are isometries of the hy-
perbolic plane H (Theorem 1.2.4). The next theorem identifies all isometries
of H in terms of Möbius transformations and symmetry in the imaginary
axis.

Theorem 1.4.1. The group Isom(H) is generated by the Möbius trans-
formations from PSL(2,R) together with the transformation z 7→ −z. The
group PSL(2,R) is a subgroup of Isom(H) of index two.

Proof. Let ϕ be any isometry of H. By Theorem 1.3.3, ϕ maps
geodesics into geodesics. Let I denote the positive imaginary axis. Then
ϕ(I) is a geodesic in H, and according to Exercise 4, there exists an isometry
T ∈ PSL(2,R) that maps ϕ(I) back to I. By applying the transformations
z 7→ kz (k > 0) and z 7→ −1/z, we may assume that g ◦ ϕ fixes i and maps
the rays (i,∞) and (i, 0) onto themselves. Hence, being an isometry, g ◦ ϕ
fixes each point of I. The same (synthetic) argument as in the Euclidean
case shows that

g ◦ ϕ(z) = z or − z. (1.4.1)

Let z1 and z2 be two fixed points on I. For any point z not on I, draw two
hyperbolic circles centered at z1 and z2 and passing through z. These circles
intersect in two points, z and z′ = −z, since the picture is symmetric with
respect to the imaginary axis (note that a hyperbolic circle is a Euclidean
circle in H, but with a different center). Since these circles are mapped
into themselves under the isometry g ◦ ϕ, we conclude that g ◦ ϕ(z) = z or
g ◦ ϕ(z) = −z. Since isometries are continuous (see Exercise 6), only one
of the equations (1.4.1) holds for all z ∈ H. If g ◦ ϕ(z) = z, then ϕ(z) is a
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Möbius transformation of the form (1.2.4). If g ◦ ϕ(z) = −z, we have

ϕ(z) =
az + b

cz + d
with ad− bc = −1, (1.4.2)

which proves the theorem. �

Thus we have characterized all the isometries of H. The sign of the
determinant of the corresponding matrix in (1.2.4) or (1.4.2) determines the
orientation of an isometry. We will refer to transformations in PSL(2,R) as
orientation–preserving isometries and to transformations of the form (1.4.2)
as orientation–reversing isometries.

Now we will study and classify these two types of isometries of the
hyperbolic plane H.

Orientation–preserving isometries. The classification of matrices in
SL(2,R) into hyperbolic, elliptic, and parabolic depended on the absolute
value of their trace, and hence makes sense in PSL(2,R) as well. A matrix
A ∈ SL(2,R) with trace t is called hyperbolic if |t| > 2, elliptic if |t| < 2,
and parabolic if |t| = 2. Let

T (z) =
az + b

cz + d
∈ PSL(2,R).

The fixed points of T are found by solving the equation

z =
az + b

cz + d
, i.e., cz2 + (d− a)z − b = 0.

We obtain

w1 =
a− d+

√
(a+ d)2 − 4

2c
, w2 =

a− d−
√

(a+ d)2 − 4

2c
.

We see that if T is hyperbolic, then it has two fixed points in R ∪ {∞},
if T is parabolic, it has one fixed point in R ∪ {∞}, and if T is elliptic,
it has two complex conjugate fixed points, hence one fixed point in H. A
Möbius transformation T fixes ∞ if and only if c = 0, and hence it is in
the form z 7→ az + b (a, b ∈ R, a > 0). If a = 1, it is parabolic; if a 6= 0,
it is hyperbolic and its second fixed point is b/(1 − a). The fixed point wi

of T can be expressed in terms of the eigenvector

(
xi
yi

)
with eigenvalue λi,

namely wi = xi/yi. In terms of the eigenvalue λi, the derivative at the fixed
point wi can be written as itself:

T ′(wi) =
1

(cwi + d)2
=

1

λ2
i
.

Definition. A fixed point w of a transformation f : H → H is called
attracting if |f ′(w)| < 1, and it is called repelling if |f ′(w)| > 1.

Now we are ready to summarize what we know from linear algebra about
different kinds of transformations in PSL(2,R) and describe the action of
Möbius transformations in H geometrically.
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1. Hyperbolic case. A hyperbolic transformation T ∈ PSL(2,R) has
two fixed points in R∪{∞}, one attracting, denoted by u, the other repelling,
denoted by w. The geodesic in H connecting them is called the axis of T
and is denoted by C(T ). By Theorem 1.3.3, T maps C(T ) onto itself, and
C(T ) is the only geodesic with this property. Let λ be the eigenvalue of
T with |λ| > 1. Then the matrix of T is conjugate to the diagonal matrix(
λ 0
0 1/λ

)
, which corresponds to the Möbius transformation

Λ(z) = λ2z, (1.4.3)

i.e., there exists a transformation S ∈ PSL(2,R) such that STS−1 = Λ.
The conjugating transformation S maps the axis of T , oriented from u to
w, to the positive imaginary axis I, oriented from 0 to ∞, which is the axis
of Λ (cf. Exercises 4 and 9).

In order to see how a hyperbolic transformation T acts on H, it is useful
to look at the all its iterates T n, n ∈ Z. If z ∈ C(T ), then T n(z) ∈ C(T )
and T n(z) → w as n → ∞, while T n(z) → u as n → −∞. The curve C(T )
is the only geodesic which is mapped onto itself by T , but there are other
T–invariant curves, also “connecting” u and w. For the standard hyperbolic
transformation (1.4.3), the Euclidean rays in the upper half–plane issuing
from the origin are obviously T–invariant. If we define the distance from a
point z to a given geodesic L as infv∈L ρ(z, v), we see that the distance is
measured over a geodesic passing through z and orthogonal to L (Exercise
7). Such rays have an important property: they are equidistant from the
axis C(Λ) = I (see Exercise 8), and hence are called equidistants. Under
S−1 they are mapped onto equidistants for the transformation T , which are
Euclidean circles passing through the points u and w (see Figure 1.4.1).

A useful notion in understanding how hyperbolic transformations act is
that of isometric circle. Since T ′(z) = (cz+ d)−2, the Euclidean lengths are
multiplied by |T ′(z)| = |cz + d|−2. They are unaltered in magnitude if and
only if |cz + d| = 1. If c 6= 0, then the locus of such points z is the circle

∣∣∣∣z +
d

c

∣∣∣∣ =
1

|c|
with center at −d/c and radius 1/|c|. The circle

I(T ) = {z ∈ H | |cz + d| = 1}

is called the isometric circle of the transformation T . Since its center −d/c
lies in R, we immediately see that isometric circles are geodesics in H. Fur-
ther, T (I(T )) is a circle of the same radius, T (I(T )) = I(T−1), and the
transformation maps the outside of I(T ) onto the inside of I(T−1) and vice
versa (see Figure 1.4.1 and Exercise 10.

If c = 0, then there is no circle with the isometric property: all Euclidean
lengths are altered.
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0

I 

S

C(T)

u w

Figure 1.4.1. Hyperbolic transformations

2. Parabolic case. A parabolic transformation T ∈ PSL(2,R) has
one fixed point p ∈ R ∪ {∞}. The transformation T has one eigenvalue
λ = ±1 and is conjugate to the transformation P (z) = z + b for some
b ∈ R, i.e., there exists a transformation S ∈ PSL(2,R) such that P =
STS−1. The transformation P is an Euclidean translation, and hence it
leaves all horizontal lines invariant. Horizontal lines are called horocycles for
the transformation P . Under the map S−1 they are sent to invariant curves
(horocycles) for the transformation T . Horocycles for T are Euclidean circles
tangent to the real line at the parabolic fixed point p (see Figure 1.4.2 and
Exercise 3.1.2).

b

b = ∞

S

Figure 1.4.2. Parabolic transformations

If c 6= 0, then the isometric circles for T and T−1 are tangent to each
other (see Exercise 11). If c = 0, then there is no unique circle with the
isometric property: in this case T is an Euclidean translation, all Euclidean
lengths are unaltered.

3. Elliptic case. An elliptic transformation T ∈ PSL(2,R) has a
unique fixed point e ∈ H. It has the eigenvalues λ = cosϕ + i sinϕ and
λ = cosϕ − i sinϕ, and it is easier to describe its simplest form in the unit
disc model of hyperbolic geometry: U = {z ∈ C | |z| < 1}. The map

f(z) =
zi+ 1

z + i
(1.4.4)
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is a homeomorphism of H onto U . The distance in U is induced by means
of the hyperbolic distance in H:

ρ(z,w) = ρ(f−1z, f−1w) (z,w ∈ U).

The readily verified formula

2|f ′(z)|
1 − |f(z)|2 =

1

Im(z)

implies that this distance in U is derived from the metric

ds =
2|dz|

1 − |z|2 .

Geodesics in the unit disc model are circular arcs and diameters orthogonal
to the principle circle Σ = {z ∈ C | |z| = 1}, the Euclidean boundary of U .
Isometries of U are the conjugates of isometries of H, i.e., we can write

S = f ◦ T ◦ f−1 (T ∈ PSL(2,R)).

Exercise 13 shows that orientation–preserving isometries of U are of the form

z 7→ az + c

cz + a
(a, c ∈ C, aa− cc = 1),

and the transformation corresponding to the standard reflection R(z) = −z
is also the reflection of U in the vertical diameter.

Let us return to our elliptic transformation T ∈ PSL(2,R) that fixes
e ∈ H. Conjugating T by f , we obtain an elliptic transformation of the
unit disc U . Using an additional conjugation by an orientation–preserving
isometry of U if necessary (see Exercise 3.2.3), we bring the fixed point to
0, and hence bring T to the form z 7→ e2iϕz. In other words, an elliptic
transformation with eigenvalues eiϕ and e−iϕ is conjugate to a rotation by
2ϕ.

Example 1 . Let z 7→ −1/z be the elliptic transformation given by the

matrix

(
0 −1
1 0

)
. Its fixed point in H is i. It is a transformation of order

2 since the identity in PSL(2,R) is {12,−12}, and hence is a half–turn. In

the unit disc model, its matrix is conjugate to the matrix

(
i 0
0 −i

)
.

Orientation–reversing isometries. The simplest orientation–rever-
sing isometry of H is the transformation R(z) = −z, which is the reflection
in the imaginary axis I, and hence it fixes I pointwise. It is also a hyper-
bolic reflection in I, i.e., if for each point z we draw a geodesic through z,
orthogonally to I and intersecting I at a point z0, then R(z) = z′ is on
the same geodesic and ρ(z′, z0) = ρ(z, z0). Let L be any geodesic in H and
T ∈ PSL(2,R) be any Möbius transformation. Then the transformation

TRT−1 (1.4.5)
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fixes the geodesic L = T (I) pointwise and therefore may be regarded as
a “reflection in the geodesic L”. In fact, it is the well–known geometrical
transformation called inversion in a circle.

Definition. Let Q be a circle in R2 with center K and radius r. Given
any point P 6= K in R2, a point P1 is called inverse to P if

(a) P1 lies on the ray from K to P ,
(b) |KP1| · |KP | = r2.

The relationship is reciprocal: if P1 is inverse to P , then P is inverse
to P1. We say that P and P1 are inverse with respect to Q. Obviously,
inversion fixes all points in the circle Q. Inversion may be described by a
geometric construction (see Exercise 15). We will derive a formula for it.
Let P , P1 and K be the points z, z1, and k in C. Then the definition can
be rewritten as

|(z1 − k)(z − k)| = r2, arg(z1 − k) = arg(z − k).

Since arg(z − k) = − arg(z − k), both equations are satisfied if and only if

(z1 − k)(z − k) = r2. (1.4.6)

This gives us the following formula for the inversion in a circle:

z1 =
kz + r2 − |k|2

z − k
. (1.4.7)

Now we are able to prove a theorem for isometries of the hyperbolic
plane similar to a result in Euclidean geometry.

Theorem 1.4.2. Every isometry of H is a product of not more than
three reflections in geodesics in H.

Proof. By Theorem 1.4.1 it suffices to show that each transformation
from the group PSL(2,R) is a product of two reflections. Let

T (z) =
az + b

cz + d
.

First consider the case for which c 6= 0. Then both T and T−1 have well–
defined isometric circles (see Exercise 11). They have the same radius 1/|c|
and their centers are on the real axis at −d/c and a/c, respectively. We will
show that T = R◦RI(T ), where RI(T ) is the reflection in the isometric circle
I(T ), or inversion, and R is the reflection in the vertical geodesic passing
through the midpoint of the interval [−d/c, a/c]. To do this, we use formula
(1.4.6) for inversion:

RI(T )(z) =
−d

cz + 1
c2 − d2

c2

z + d
c

=
−d(z + d

c ) + 1
c

cz + d
.

The reflection in the line x = (a− d)/2c is given by the formula

R(z) = −z + 2
a− d

2c
.
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Combining the two, we obtain

R ◦RI(T ) =
az + b

cz + d
.

Now if c = 0, the transformation T may be either parabolic z 7→ z+ b or
hyperbolic z 7→ λ2z+ b, each fixing ∞. In the first case, the theorem follows
from the Euclidean result for translations. For T (z) = λ2z + b, it is easy to
see that the reflections should be in circles of radii 1 and λ centered at the
second fixed point. �

1.5. Hyperbolic area and the Gauss–Bonnet formula

Let T be a Möbius transformation. The differential of T , denoted by
DT , at a point z is the linear map that takes the tangent space TzH onto
TT (z)H and is defined by the 2 × 2 matrix

DT =

(∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

)

.

Theorem 1.5.1. Let T ∈ PSL(2,R). Then DT preserves the norm in
the tangent space at each point.

Proof. For ζ ∈ TzH, we have DT (ζ) = T ′(z)ζ by Exercise 21. Since

|T ′(z)| =
Im(T(z))

Im(z)
=

1

|cz + d|2 ,

we can write

‖DT (ζ)‖ =
|DT (ζ)|
Im(T(z))

=
|T ′(z)||ζ|
Im(T(z))

=
|ζ|

Im(z)
= ‖ζ‖.

�

Corollary 1.5.2. Any transformation in PSL(2,R) is conformal, i.e.,
it preserves angles.

Proof. It is easy to prove the polarization identity, which asserts that
for any ζ1, ζ2 ∈ TzH we have

〈ζ1, ζ2〉 =
1

2
(‖ζ1‖2 + ‖ζ2‖2 − ‖ζ1 − ζ2‖2);

this identity implies that the inner product and hence the absolute value of
the angle between tangent vectors is also preserved. Since Möbius transfor-
mations preserve orientation, the corollary follows. �

Let A ⊂ H. We define the hyperbolic area of A by the formula

µ(A) =

∫

A

dxdy

y2
, (1.5.1)

provided this integral exists.

Theorem 1.5.3. Hyperbolic area is invariant under all Möbius transfor-
mations T ∈ PSL(2,R), i.e., if µ(A) exists, then µ(A) = µ(T (A)).
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Proof. It follows immediately from the preservation of Riemannian
metric (Theorem 1.5.1). Here is a direct calculation as well. When we
performed the change of variables w = T (z) in the line integral of Theorem
1.2.4, the coefficient |T ′(z)| appeared (it is the coefficient responsible for the
change of Euclidean lengths). If we carry out the same change of variables in
the plane integral, the Jacobian of this map will appear, since it is responsible
for the change of the Euclidean areas. Let z = x+iy, and w = T (z) = u+iv.

The Jacobian is the determinant of the differential map DT and is cus-
tomarily denoted by ∂(u, v)/∂(x, y). Thus

∂(u, v)

∂(x, y)
:= det

(∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

)

=
(∂u
∂x

)2
+
(∂v
∂x

)2
= |T ′(z)|2 =

1

|cz + d|4 . (1.5.2)

We use this expression to compute the integral

µ(T (A)) =

∫

T (A)

dudv

v2
=

∫

A

∂(u, v)

∂(x, y)

dxdy

v2

=

∫

A

1

|cz + d|4
|cz + d|4

y2
dxdy = µ(A),

as claimed. �

A hyperbolic triangle is a figure bounded by three segments of geodesics.
The intersection points of these geodesics are called the vertices of the trian-
gle. We allow vertices to belong to R∪{∞}. There are 4 types of hyperbolic
triangles, depending on whether 0, 1, 2, or 3 vertices belong to R∪{∞} (see
Figure 1.5.1).

Figure 1.5.1. Hyperbolic triangles

The Gauss–Bonnet formula shows that the hyperbolic area of a hyper-
bolic triangle depends only on its angles.

Theorem 1.5.4 (Gauss-Bonnet). Let ∆ be a hyperbolic triangle with
angles α, β, and γ. Then µ(∆) = π − α− β − γ.

Proof. First we consider the case in which one of the vertices of the
triangle belongs to R ∪ {∞}. Since transformations from PSL(2,R) do not
alter the area and the angles of a triangle, we may apply the transformation
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from PSL(2,R) which maps this vertex to ∞ and the base to a segment of
the unit circle (as in Figure 1.5.2), and prove the formula in this case.

A B

C D0

α

α β

β

∆

Figure 1.5.2

The angle at infinity is equal to 0, and let us assume that the other two
angles are equal to α and β. Since the angle measure in the hyperbolic plane
coincides with the Euclidean angle measure, the angles A0C and B0D are
equal to α and β, respectively, as angles with mutually perpendicular sides.
Assume the vertical geodesics are the lines x = a and x = b. Then

µ(∆) =

∫

∆

dxdy

y2
=

∫ b

a
dx

∫ ∞
√

1−x2

dy

y2
=

∫ b

a

dx√
1 − x2

.

The substitution x = cos θ (0 ≤ θ ≤ π) gives

µ(∆) =

∫ β

π−α

− sin θdθ

sin θ
= π − α− β.

For the case in which ∆ has no vertices at infinity, we continue the geodesic
connecting the vertices A and B, and suppose that it intersects the real axis
at the point D (if one side of ∆ is a vertical geodesic, then we label its
vertices A and B), and draw a geodesic from C to D. Then we obtain the
situation depicted in Figure 3.2.1.

We denote the triangle ADC by ∆1 and the triangle CBD by ∆2. Our
formula has already been proved for triangles such as ∆1 and ∆2, since the
vertex D is at infinity. Now we can write

µ(∆) = µ(∆1) − µ(∆2) = (π − α− γ − θ) − (π − θ − π + β)

= π − α− β − γ,

as claimed. �

Theorem 1.5.4 asserts that the area of a triangle depends only on its
angles, and is equal to the quantity π − α − β − γ, which is called the
angular defect. Since the area of a nondegenerate triangle is positive, the
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A

B

C

D

θ π−β
β

α

γ

Figure 1.5.3

angular defect is positive, and therefore, in hyperbolic geometry the sum
of angles of any triangle is less than π. We will also see that there are no
similar triangles in hyperbolic geometry (except isometric ones).

Theorem 1.5.5. If two triangles have the same angles, then there is an
isometry mapping one triangle into the other.

Proof. If necessary, we perform the reflection z 7→ −z, so that the re-
spective angles of the triangles ABC and A′B′C ′ (in the clockwise direction)
are equal. Then we apply a hyperbolic transformation mapping A to A′ (Ex-
ercise 3.2.3), and an elliptic transformation mapping the side AB onto the
side A′B′. Since the angles CAB and C ′A′B′ are equal, the side AC will
be mapped onto the side A′C ′. We must prove that B is then mapped to
B′ and C to C ′. Assume B′ is mapped inside the geodesic segment AB. If
we had C ′ ∈ [A,C], the areas of triangles ABC and A′B′C ′ would not be
equal, which contradicts Theorem 1.5.4. Therefore C must belong to the
side A′C ′, and hence the sides BC and B′C ′ intersect at a point X (see Fig.
1.5.4); thus we obtain the triangle B′XB. Its angles are β and π − β since
the angles at the vertices B and B′ of our original triangles are equal (to β).
We see that, in contradiction with Theorem 1.5.4, the sum of the angles of
the triangle B′XB is at least π. �

1.6. Hyperbolic trigonometry

Let us consider a general hyperbolic triangle with sides of hyperbolic
length a, b, c and opposite angles α, β, γ. We assume that α, β, and γ are
positive (so a, b, and c are finite) and prove the following results.

Theorem 1.6.1. (i) The Sine Rule: sinh a
sin α = sinh b

sin β = sinh c
sin γ .

(ii) The Cosine Rule I: cosh c = cosh a cosh b−sinh a sinh b cos γ.
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A=A’

B’

C’

β

α

γ B
βX

C

Figure 1.5.4

(iii) The Cosine Rule II: cosh c = cos α cos β+cos γ
sin α sin β .

Remark. Note the existence of Cosine Rule II. This has no analogue in
Euclidean geometry: in hyperbolic geometry it implies that if two triangles
have the same angles, then there is an isometry mapping one triangle onto
the other.

Proof of (ii). Let us denote the vertices opposite the sides a, b, c by
va, vb, vc respectively. We shall use the model U and may assume that vc = 0
and Im va = 0, Re va > 0 (see Figure 1.6.1). By Exercise 19(iv) we have

vav  = 0c

vb

Figure 1.6.1

va = tanh
1

2
ρ(0, va) = tanh(

1

2
b), (1.6.1)

and similarly,

vb = eiγ tanh(
1

2
a), (1.6.2)
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We have c = ρ(va, vb), and from Exercise 19(iii)

cosh c = sinh2[
1

2
ρ(va, vb)] + 1 =

2|va − vb|2
(1 − |va|2)(1 − |vb|2)

+ 1. (1.6.3)

The right-hand side of expression (1.6.3) is equal to
cosh a cosh b− sinh a sinh b cos γ by Exercise 22, and hence (ii) follows. �

Proof of (i). Using (ii) we obtain
(

sinh c

sin γ

)2

=
sinh2 c

1 −
(

cosh a cosh b−cosh c
sinh a sinh b

)2 . (1.6.4)

The Sine Rule will be valid if we prove that the expression on the right-hand
side of (1.6.4) is symmetric in a, b, and c. This follows from the symmetry
of

(sinha sinh b)2 − (cosh a cosh b− cosh c)2

which is obtained by a direct calculation. �

Proof of (iii). Let us write A for cosh a,B for cosh b, and C for cosh c.
The Cosine Rule I yields

cos γ =
(AB − C)

(A2 − 1)
1

2 (B2 − 1)
1

2

and so

sin2 γ =
D

(A2 − 1)(B2 − 1)

where D = 1 + 2ABC − (A2 + B2 + C2) is symmetric in A,B, and C.
The expression for sin2 γ shows that D ≥ 0. Using analogous expressions
for cosα, sinα, cos β, and sinβ we observe that if we multiply both the
numerator and denominator of

cosα cos β + cos γ

sinα sin β

by the positive value of

(A2 − 1)
1

2 (B2 − 1)
1

2 (C2 − 1)
1

2

we obtain

cosα cos β + cos γ

sinα sin β
=

[(BC −A)(CA−B) + (AB − C)(C2 − 1)]

D
= C

�

Theorem 1.6.2. (Pythagorian Theorem) If γ = π
2 we have cosh c =

cosh a cosh b.

Proof. Immediate from the Cosine Rule I. �
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Exercises

1. Prove that the metric in the Poincaré disc model is given by

ds2 =
4(dη2

1 + dη2
2)

(1 − (η2
1 + η2

2))
2
.

2. Prove that the metric in the upper half–plane model is given by

ds2 =
dη2

1 + dη2
3

η2
3

.

3. Prove that if z 6= w, then ρ(z,w) > 0.

4. Let L be a semicircle or a straight line orthogonal to the real axis which
meets the real axis at a point α. Prove that the transformation

T (z) = −(z − α)−1 + β ∈ PSL(2,R),

for an appropriate value of β, maps L to the positive imaginary axis.

5. Prove that for z,w ∈ H and T ∈ PSL(2,R), we have

|T (z) − T (w)| = |z − w||T ′(z)T ′(w)|1/2.

6. Prove that isometies are continuous maps.

7. (a) Prove that there is a unique geodesic through a point z orthogonal
to a given geodesic L.

(b)* Give a geometric construction of this geodesic.
(c) Prove that for z /∈ L, the greatest lower bound infv∈L ρ(z, v) is

achieved on the geodesic described in (a).

8. Prove that the rays in H issuing from the origin are equidistant from
the positive imaginary axis I.

9. Let A ∈ PSL(2,R) be a hyperbolic transformation, and suppose that
B = SAS−1 (B ∈ PSL(2,R)) is its conjugate. Prove that B is also hyper-
bolic and find the relation between their axes C(A) and C(B).

10. Prove that isometric circles I(T ) and I(T−1) have the same radius,
and that the image of I(T ) under the transformation T is I(T−1).

11. Prove that

(a) T is hyperbolic if and only if I(T ) and I(T−1) do not intersect;
(b) T is elliptic if and only if I(T ) and I(T−1) intersect;
(c) T is parabolic if and only if I(T ) and I(T−1) are tangential.

12. Prove that the horocycles for a parabolic transformation with a fixed
point p ∈ R are Euclidean circles tangent to the real line at p.
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13. Show that orientation–preserving isometries of U are of the form

z 7→ az + c

cz + a
(a, c ∈ C, aa− cc = 1).

14. Prove that for any two distinct points z1, z2 ∈ H there exists a
transformation T ∈ PSL(2,R) such that T (z1) = z2.

15. Give a geometric construction of the inversion in a given circle Q in
the Euclidean plane R2.

16. Prove that the transformation (1.4.5) is an inversion in the circle
corresponding to the geodesic L.

17. Prove that two hyperbolic transformations in PSL(2,R) commute if
and only if their axes coincide.

18. Let A ∈ PSL(2,R) be hyperbolic and B ∈ PSL(2,R) be an elliptic
transformation different from the identity. Prove that AB 6= BA.

19. Use the map f (1.4.4) to derive the formulae for the hyperbolic distance
in the unit disc model similar to those in Theorem 1.3.5, for z,w ∈ U :

(i) ρ(z,w) ∈ ln |1−zw̄|+|z−w|
|1−zw̄|−|z−w|,

(ii) cosh2[12ρ(z,w)] = |1−zw̄|2
(1−|z|2)(1−|w|2) ,

(iii) sinh2[12ρ(z,w)] = |z−w|2
(1−|z|2)(1−|w|2) ,

(iv) tanh[12ρ(z,w)] = | z−w
1−zw̄ |.

20. Justify the calculations in (1.5.2) by checking that for the Möbius
transformation

w = T (z) =
az + b

cz + d
with z = x+ iy, w = u+ iv

we have
∂u

∂x
=
∂v

∂y
,

∂v

∂x
= −∂u

∂y

(these are the classical Cauchy–Riemann equations) and

T ′(z) =
dw

dz
=

1

2

(∂w
∂x

− i
∂w

∂y

)
=
∂u

∂x
+ i

∂v

∂x
;

(Hint: express x and y in terms of z and z and use the Cauchy–Riemann
equations.)

21. If we identify the tangent space TzH ≈ R2 with the complex plane C

by means of the map (
ξ
η

)
7→ ξ + iη = ζ,
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then DT (ζ) = T ′(z)ζ, where in the left–hand side we have a linear transfor-
mation of TzH ≈ R2, and in the right–hand side, the multiplication of two
complex numbers.

22. Show that the right-hand side of expression (1.6.3) is equal to
cosh a cosh b− sinh a sinh b cos γ.



CHAPTER 2

Fuchsian Groups and Their Fundamental Regions

2.1. The group PSL(2,R)

Let SH be the unit tangent bundle of the upper half-plane H. It is
homeomorphic to H× S1. Let us parametrize it by local coordinates (z, ζ),
where z ∈ H, ζ ∈ C with |ζ| = Im(z). (Notice that with this parametriza-
tion, ‖ζ‖ = 1 (see (1.2.2)), so that ζ is a unit tangent vector.) The group
PSL(2,R) acts on SH by the differentials: for T : z → az+b

cz+d , T (z, ζ) =

(T (z), DT (ζ)), where

DT (ζ) =
1

(cz + d)2
ζ. (2.1.1)

As any group, PSL(2,R) acts on itself by left multiplication. The next
result connects these two actions.

Theorem 2.1.1. There is a homeomorphism between PSL(2,R) and
the unit tangent bundle SH of the upper half-plane H such that the action
of PSL(2,R) on itself by left multiplication corresponds to the action of
PSL(2,R) on SH induced by its action on H by fractional linear transfor-
mations.

Proof. Let (i, ζ0) be a fixed element of SH, where ζ0 is the unit vector
at the point i tangent to the imaginary axis, and let (z, ζ) be an arbitrary
element of SH. There exists a unique T ∈ PSL(2,R) sending the imaginary
axis to the geodesic passing through z and tangent to ζ (Exercise 4) so that
T (i) = z. By (2.1.1) we have DT (ζ0) = ζ, and hence

T (i, ζ0) = (z, ζ). (2.1.2)

It is easy to see that the map (z, ζ) → T is a homeomorphism between
SH and PSL(2,R).

For S ∈ PSL(2,R), suppose that S(z, ζ) = (z′, ζ ′). By (2.1.2) S(z, ζ) =
ST (i, ζ0), and hence S(z, ζ) → ST , and the last assertion follows. �

Let dℓ =
√
ds2 + dθ2 be a Riemannian metric on SH, where ds is the

hyperbolic metric on H (1.2.1), and θ = 1
2π arg(ζ); and let dv = dµdθ be a

volume on SH, where dµ is the hyperbolic area on H (1.5.1).

Proposition 2.1.2. The metric dℓ and the volume dv on SH are PSL(2,R)-
invariant.

25
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Proof. This can be seen by a direct calculation. Let f(z) = az+b
cz+d ∈

PSL(2,R). In local coordinates (z, ζ) 7→ (f(z), (Df)(ζ)) = (z′, ζ ′). The
metric on SH dℓ is a norm in the tangent space to SH:

‖(dz, dζ)‖2 =
|dz|2
y2

+ (dφ)2.

Since each summand is invariant:

|dz′|2
(Imf(z))2

=
|f ′(z)|2|dz|2
(Imf(z))2

=
|dz|2
y2

and (dφ′)2 = (dφ)2,

the invariance of the Riemannian metric dℓ follows. The invariance of the
volume dv follows from the invariance of the metric. �

Thus, besides being a group, PSL(2,R) is also a topological space.
Convergence in PSL(2,R) can be expressed in the matrix language.

If gn → g in PSL(2,R), this means that there exist matrices An ∈ SL(2,R)
representing gn such that limn→∞ ‖An − A‖ = 0, where ‖ · ‖ is a norm on
SL(2,R) induced from R4.

Definition. A subgroup Γ of Isom(H) is called discrete if the induced
topology on Γ is a discrete topology, i.e. if Γ is a discrete set in the topo-
logical space Isom(H).

As follows that Γ is discrete if and only if Tn → Id, Tn ∈ Γ implies
Tn = Id for sufficiently large n.

2.2. Discrete and properly discontinuous groups

Definition. A discrete subgroup of Isom (H) is called a Fuchsian group
if it consists of orientation-preserving transformations, in other words, a
Fuchsian group is a discrete subgroup of PSL(2,R).

For any discrete group Γ of Isom (H), its subgroup Γ+ of index ≤ 2 con-
sisting of orientation-preserving transformations is a Fuchsian group. Thus
the main ingredient in the study of discrete subgroups of isometries of H
is the study of Fuchsian groups. The action of PSL(2,R) on H lifts to
the action on its unit tangent bundle SH by isometries (Proposition 2.1.2),
thus sometimes it is useful to consider Fuchsian groups as discrete groups
of isometries of SH. Certain discrete subgroups of Lie groups are called
lattices by analogy with lattices in Rn which are discrete groups of isome-
tries of Rn. The latter have the following important property: their action
on Rn is discontinuous in the sense that every point of Rn has a neigh-
borhood which is carried outside itself by all elements of the lattice except
for the identity. In general, discrete groups of isometries do not have such
discontinuous behavior, for if some elements have fixed points these points
cannot have such a neighborhood. However, they satisfy a slightly weaker
discontinuity condition. First we need several definitions.

Let X be a locally compact metric space, and let G be a group of isome-
tries of X.
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Definition. A family {Mα | α ∈ A} of subsets ofX indexed by elements
of a set A is called locally finite if for any compact subset K ⊂ X, Mα

⋂
K 6=

∅ for only finitely many α ∈ A.

Remark. Some of the subsets Mα may coincide but they are still con-
sidered different elements of the family.

Definition. For x ∈ X, a family Gx = {g(x) | g ∈ G} is called the
G-orbit of the point x. Each point of Gx is contained with a multiplicity
equal to the order of Gx, the stabilizer of x in G.

Definition. We say that a group G acts properly discontinuously on
X if the G-orbit of any point x ∈ X is locally finite.

Since X is locally compact, a group G acts properly discontinuously
on X if and only if each orbit has no accumulation point in X, and the
order of the stabilizer of each point is finite. The first condition, however, is
equivalent to the fact that each orbit of G is discrete. For, if gn(x) → s ∈ X,
then for any ǫ > 0, ρ(gn(x), gn+1(x)) < ǫ for sufficiently large n, but since
gn is an isometry, we have ρ(g−1

n gn+1(x), x) < ǫ, which implies that x is an
accumulation point for its orbit Gx, i.e. Gx is not discrete. In fact, the
discreteness of all orbits already implies the discreteness of the group (see
Corollary 2.2.3 for subgroups of PSL(2,R)).

Example A. Let us consider a group which consists of all transforma-
tions

z → az + b

cz + d
(a, b, c, d ∈ Z, ad− bc = 1).

It is called the modular group and denoted by PSL(2,Z) ≈ SL(2,Z)/{±12}.

It is clearly a discrete subgroup of PSL(2,R) and hence a Fuchsian
group.

An extension of PSL(2,Z), PS∗L(2,Z) is an example of a discrete group
of isometries of H which is not a Fuchsian group.

Our next task is to show that an Γ ⊂ PSL(2,R) is a Fuchsian group if
and only if it acts properly discontinuously on H.

Lemma 2.2.1. Let z0 ∈ H be given and let K be a compact subset of H.
Then the set

E = {T ∈ PSL(2,R) | T (z0) ∈ K}
is compact.

Proof. PSL(2,R) is topologized as a quotient space of SL(2,R). Thus
we have a continuous map ψ : SL(2,R) → PSL(2,R) defined by

ψ

[
a b
c d

]
= T, where T (z) =

az + b

cz + d
.
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If we show that

E1 =

{[
a b
c d

]
∈ SL(2,R) | az0 + b

cz0 + d
∈ K

}

is compact then it follows that E = ψ(E1) is compact. We prove that
E1 is compact by showing it is closed and bounded when regarded as a

subset of R4 (identifying

[
a b
c d

]
with (a, b, c, d)). We have a continuous

map β : SL(2,R) → H defined by β(A) = ψ(A)(z0). E1 = β−1(K), thus it
follows that E1 is closed as the inverse image of the closed set K.

We now show that E1 is bounded. As K is bounded there exists M1 > 0
such that ∣∣∣∣

az0 + b

cz0 + d

∣∣∣∣ < M1,

for all

[
a b
c d

]
∈ E1.

Also, as K is compact in H, there exists M2 > 0 such that

Im

(
az0 + b

cz0 + d

)
≥M2.

(1.2.5) implies that the left-hand side of this inequality is Im(z0)/|cz0 +
d|2 so that

|cz0 + d| ≤
√(

Im(z0)

M2

)
,

and thus

|az0 + b| ≤M1

√(
Im(z0)

M2

)
,

and we deduce that a, b, c, d are bounded. �

Theorem 2.2.2. Let Γ be a subgroup of PSL(2,R). Then Γ is a Fuch-
sian group if and only if Γ acts properly discontinuously on H.

Proof. We first show that a Fuchsian group acts properly discontinu-
ously on H. Let z ∈ H and K be a compact subset of H. We use Lemma
2.2.4 to see that {T ∈ Γ | T (z) ∈ K} = {T ∈ PSL(2,R) | T (z) ∈ K}⋂Γ
is a finite set (it is the intersection of a compact and a discrete set), and
hence Γ acts properly discontinuously. Conversely, suppose Γ acts properly
discontinuously, but it is not a discrete subgroup of PSL(2,R). Then there
exists a sequence {Tk} of distinct elements of Γ such that Tk → Id as k → ∞.
Let s ∈ H be a point not fixed by any of Tk. Then {Tk(s)} is a sequence
of points distinct from s and Tk(s) → s as k → ∞. Hence every closed
hyperbolic disc centered at s contains infinitely many points of the Γ-orbit
of s, i.e. Γ does not act properly discontinuously, a contradiction. �

Corollary 2.2.3. Let Γ be a subgroup of PSL(2,R). Then Γ acts
properly discontinuously on H if and only if for all z ∈ H, Γz, the Γ-orbit
of z, is a discrete subset of H.
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Proof. Suppose Γ acts properly discontinuously on H, hence each Γ-
orbit is a locally finite family of points, hence a discrete set of H. Conversely,
suppose Γ does not act properly discontinuously on H and hence by Theorem
2.2.2 is not discrete. Repeating the argument in the proof of Theorem
2.2.2, we construct a sequence {Tk(s)} of points distinct from s such that
Tk(s) → s, hence the Γ-orbit of the point s is not discrete. �

Corollary 2.2.3 implies the following: if z ∈ H and {Tn} is a sequence of
distinct elements in Γ, then if {Tn(z)} has a limit point α ∈ C ∪ {∞} then
α ∈ R ∪ {∞}.

2.3. Definition of a fundamental region

We are going to be concerned with fundamental regions of mainly Fuch-
sian groups, however it is convenient to give a definition in a slightly more
general situation. As in §2.2, let X be a metric space, and G be a group of
isometries acting properly discontinuously on X.

Definition. A closed region F ⊂ X (i.e. a closure of a non-empty open

set
◦
F , called the interior of F ) is defined to be a fundamental region for G if

(i)
⋃

T ∈G T (F ) = X,

(ii)
◦
F ∩ T (

◦
F ) = ∅ for all T ∈ G− {Id}.

The set ∂F = F −
◦
F is called the boundary of F .

The family {T (F ) | T ∈ G} is called the tessellation of X.

We shall prove in §3.2 that any Fuchsian group possesses a nice (con-
nected and convex) fundamental region. Now we give an example in the
simplest situation.

Example B. Let Γ be the cyclic group generated by the transformation
z → 2z. Then the semi-annulus shown in Figure 2.3.1(a) is easily seen to
be a fundamental region for Γ. It is already clear from this example that a
fundamental region is not uniquely determined by the group: an arbitrary
small perturbation of the lower semicircle determines a perturbation of the
upper semicircle, and gives yet another fundamental region shown in Figure
2.3.1(b).

Theorem 2.3.1. Let F1 and F2 be two fundamental regions for a Fuch-
sian group Γ, and µ(F1) < ∞. Suppose that the boundaries of F1 and F2

have zero hyperbolic area. Then µ(F2) = µ(F1).

Proof. We have µ(
◦
F i) = µ(Fi), i = 1, 2. Now

F1 ⊇ F1 ∩ (
⋃

T ∈Γ

T (
◦
F 2)) =

⋃

T ∈Γ

(F1 ∩ T (
◦
F 2)).
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(a) (b)

Figure 2.3.1

Since
◦
F 2 is the interior of a fundamental region, the sets F1 ∩ T (

◦
F 2) are

disjoint, and since µ is PSL(2,R)-invariant,

µ(F1) ≥
∑

T ∈Γ

µ(F1 ∩ T (
◦
F 2)) =

∑

T ∈Γ

µ(T−1(F1) ∩
◦
F 2) =

∑

T ∈Γ

µ(T (F1) ∩
◦
F 2).

Since F1 is a fundamental region
⋃

T ∈Γ

T (F1) = H,

and therefore ⋃

T ∈Γ

(T (F1) ∩
◦
F 2) =

◦
F 2.

Hence
∑

T ∈Γ

µ(T (F1) ∩
◦
F 2) ≥ µ(

⋃

T ∈Γ

T (F1) ∩
◦
F 2) = µ(

◦
F 2) = µ(F2).

Interchanging F1 and F2, we obtain µ(F2) ≥ µ(F1). Hence µ(F2) = µ(F1).
�

Thus we have proved a very important fact: the area of a fundamental
region, if it is finite, is a numerical invariant of the group. An example of
a Fuchsian group with a fundamental region of infinite area is the group
generated by z → z + 1 (see also Example B above). Obviously, a compact
fundamental region has finite area. Non-compact regions also may have
finite area For example, for Γ = PSL(2,Z) the fundamental region, which
will be described in §2.4 (Example A), is a hyperbolic triangle with angles
π
3 ,

π
3 , 0. By the Gauss-Bonnet formula (Theorem 1.5.4) its area is finite and

is equal to π − 2π
3 = π

3 .

Theorem 2.3.2. Let Γ be a discrete group of isometries of the upper
half-plane H, and Λ be a subgroup of Γ of index n. If

Γ = ΛT1 ∪ ΛT2 ∪ · · · ∪ ΛTn
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is a decomposition of Γ into Λ-cosets and if F is a fundamental region for
Γ then

(i) F1 = T1(F ) ∪ T2(F ) ∪ · · · ∪ Tn(F )is a fundamental region for Λ,
(ii) if µ(F ) is finite and the hyperbolic area of the boundary of F is zero

then µ(F1) = nµ(F ).

Proof of (i). Let z ∈ H. Since F is a fundamental region for Γ, there
exists w ∈ F and T ∈ Γ such that z = T (w). We have T = STi for some
S ∈ Λ and some i, 1 ≤ i ≤ n. Therefore

z = STi(w) = S(Ti(w)).

Since Ti(w) ∈ F1, z is in the Λ-orbit of some point of F1. Hence the union
of the Λ-images of F1 is H.

Now suppose that z ∈
◦
F 1 and that S(z) ∈

◦
F 1, for S ∈ Λ. We need to

prove that S = Id. Let ǫ > 0 be so small that Bǫ(z) (the open hyperbolic

disc of radius ǫ centered at z) is contained in
◦
F 1. Then Bǫ(z) has a non-

empty intersection with exactly k of the images of
◦
F under T1, · · · , Tn, where

1 ≤ k ≤ n. Suppose these images are Ti1(
◦
F ), · · · , Tik(

◦
F ). Let Bǫ(S(z)) =

S(Bǫ(z)) have a non-empty intersection with Tj(
◦
F ) say, 1 ≤ j ≤ n. It follows

that Bǫ(z) has a non-empty intersection with S−1Tj(
◦
F ) so that S−1Tj = Tiℓ

where 1 ≤ ℓ ≤ k. Hence

ΛTj = ΛS−1Tj = ΛTiℓ ,

so that Tj = Tiℓ and S = Id. Hence
◦
F 1 contains precisely one point of each

Λ-orbit. �

Proof of (ii). This follows immediately, as µ(T (F )) = µ(F ) for all
T ∈ PSL(2,R), and µ(Ti(F ) ∩ Tj(F )) = 0 for i 6= j. �

2.4. The Dirichlet region

Let Γ be an arbitrary Fuchsian group and let p ∈ H be not fixed by any
element of Γ − {Id}. We define the Dirichlet region for Γ centered at p to
be the set

Dp(Γ) = {z ∈ H | ρ(z, p) ≤ ρ(z, T (p)) for all T ∈ Γ}. (2.4.1)

By the invariance of the hyperbolic metric under PSL(2,R) this region can
also be defined as

Dp(Γ) = {z ∈ H | ρ(z, p) ≤ ρ(T (z), p) for all T ∈ Γ}. (2.4.2)

For each fixed T1 ∈ PSL(2,R),

{z ∈ H | ρ(z, p) ≤ ρ(z, T1(p))} (2.4.3)

is the set of points z which are closer in the hyperbolic metric to p than
to T1(p). Clearly, p ∈ Dp(Γ) and as the Γ-orbit of p is discrete (Corollary
2.2.3), Dp(Γ) contains a neighborhood of p. In order to describe the set
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(2.4.3) we join the points p and T1(p) by a geodesic segment and construct
a line given by the equation

ρ(z, p) = ρ(z, T1(p)).

Definition. A perpendicular bisector of the geodesic segment [z1, z2] is
the unique geodesic through w, the mid-point of [z1, z2] orthogonal to [z1, z2]
(Figure 2.4.1).

T (p)
1

p

H (T )
1p

L (T )
1p

Figure 2.4.1

Lemma 2.4.1. A line given by the equation

ρ(z, z1) = ρ(z, z2) (2.4.4)

is the perpendicular bisector of the geodesic segment [z1, z2].

Proof. We may assume that z1 = i, z2 = ir2 with r > 0: thus w = ir
and the perpendicular bisector is given by the equation |z| = r. On the
other hand, by Theorem 1.3.5(b) (2.4.4) is equivalent to

|z − z1|2
y

=
|z − z2|2
r2y

which simplifies to |z| = r. �

We shall denote the perpendicular bisector of the geodesic segment
[p, T1(p)] by Lp(T1), and the hyperbolic half-plane containing p described
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in (2.4.3) by Hp(T1) (see Figure 2.4.1). Thus Dp(Γ) is the intersection of
hyperbolic half-planes:

Dp(Γ) =
⋂

T ∈Γ, T 6=Id

Hp(T ),

and thus is a hyperbolically convex region.

Theorem 2.4.2. If p is not fixed by any element of Γ−{Id}, then Dp(Γ)
is a connected fundamental region for Γ.

Proof. Let z ∈ H, and Γz be its Γ-orbit. Since Γz is a discrete set,
there exists z0 ∈ Γz with the smallest ρ(z0, p). Then ρ(z0, p) ≤ ρ(T (z0), p)
for all T ∈ Γ, and by (2.4.2) z0 ∈ Dp(Γ). Thus Dp(Γ) contains at least one
point from every Γ-orbit.

Next we show that if z1, z2 are in the interior of Dp(Γ), they cannot lie
in the same Γ-orbit. If ρ(z, p) = ρ(T (z), p) for some T ∈ Γ − {Id}, then
ρ(z, p) = ρ(z, T−1(p)) and hence z ∈ Lp(T

−1). Then either z 6∈ Dp(Γ)
or z lies on the boundary of Dp(Γ); hence if z is in the interior of Dp(Γ),
ρ(z, p) < ρ(T (z), p) for all T ∈ Γ − {Id}. If two points z1, z2 lie in the same
Γ-orbit, this implies ρ(z1, p) < (z2, p) and ρ(z2, p) < (z1, p), a contradiction.
Thus the interior of Dp(Γ) contains at most one point in each Γ-orbit. Being
an intersection of closed half-planes, Dp(Γ) is closed and convex. ThusDp(Γ)
is path-connected, hence connected. �

Example A. Γ = PSL(2,Z). It is easily verified that ki(k > 1) is not
fixed by any non-identity element of the modular group, so choose p = ki,
where k > 1. We shall show that the region

F = {z ∈ H | |z| ≥ 1, |Re(z)| ≤ 1

2
},

illustrated in Figure 2.4.2 is the Dirichlet region for Γ centered at p. First,
the isometries T (z) = z + 1, S(z) = −1/z are in Γ; and, as can be easily
verified, the three geodesic sides of F are Lp(T ), Lp(T

−1) and Lp(S). This

shows that Dp(Γ) ⊂ F . If Dp(Γ) 6= F , there exists z ∈ ◦
F and h ∈ Γ such

that h(z) ∈ ◦
F . We shall now show that this cannot happen. Suppose that

h(z) =
az + b

cz + d
, (a, b, c, d ∈ Z, ad− bc = 1).

Then

|cz + d|2 = c2|z|2 + 2Re(z)cd + d2 > c2 + d2 − |cd| = (|c| − |d|)2 + |cd|,
since |z| > 1 and Re(z) > −1

2 . This lower bound is an integer: it is non-
negative and is not zero (this would be possible only if c = d = 0, which
contradicts ad− bc = 1). Therefore it is at least 1 and |cz + d| > 1. Hence

Imh(z) =
Im(z)

|cz + d|2 < Im(z).
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0 1/2 1-1/2-1

i

p=ki

Figure 2.4.2

Exactly the same argument holds with z, h replaced by h(z), h−1, and a
contradiction is reached: thus Dp(Γ) = F .

In the rest of this section, Γ will be a discrete group of orientation-
preserving isometries of the unit disc U (sometimes also referred to as a
Fuchsian group). We assume that 0 is not an elliptic fixed point, i.e. that
c 6= 0 for all T (z) = az+c̄

cz+ā in the group Γ. We define

R0 =
⋂

T ∈Γ

Î(T )
⋂

U ,

the closure of the set of points in U which are exterior to the isometric
circles of all transformations in the group Γ. We shall prove that R0 is a
fundamental region for Γ, called the Ford fundamental region.

Theorem 2.4.3. R0 is a fundamental region for Γ.

Proof. We shall prove that R0 is a Dirichlet region D0(Γ), and the
theorem will follow from Theorem 2.4.2. The perpendicular bisector I of
the geodesic segment [T−1(0), 0] is a geodesic in the unit disc model, hence
the arc of an Euclidean circle orthogonal to the circle at infinity (see Figure
2.4.3). Since both geodesic segments [T−1(0), 0] and [0, T (0)] are segments of
the radii of the unit disc, T (I) is the perpendicular bisector of [0, T (0)] which
is the arc of an Euclidean circle of the same radius. Thus the transformation
T maps I to T (I) without alteration of Euclidean lengths, and therefore the
perpendicular bisector of [0, T (0)] is the isometric circle I(T−1).

�



2.5. STRUCTURE OF A DIRICHLET REGION 35

0

T−1(0)
T (0)

I
T (I)

Figure 2.4.3

Theorem 2.4.4. Given any infinite sequence of distinct isometric circles
I1, I2, · · · of transformations of a Fuchsian group Γ with radii r1, r2, · · · we
have lim

n→∞
rn = 0.

Proof. The transformations are of the form

T (z) =
az + c̄

cz + ā
(a, c ∈ C, |a|2 − |c|2 = 1). (2.4.5)

Recall that the radius of I(T ) is equal to 1
|c| . Let ǫ > 0 be given. There are

only finitely many T ∈ Γ with |c| < 1/ǫ. This follows from the discreteness
of Γ and the relation |a|2 − |c|2 = 1. Hence there are only finitely many
T ∈ Γ with I(T ) of radius exceeding ǫ, and the theorem follows. �

2.5. Structure of a Dirichlet region

Dirichlet regions for Fuchsian groups can be quite complicated. They
are bounded by geodesics in H and possibly by segments of the real axis. If
two such geodesics intersect in H, their point of intersection is called a vertex
of the Dirichlet region. It will be shown that the vertices are isolated (see
Proposition 2.5.2 below) so that a Dirichlet region is bounded by a union of
(possibly infinitely many) geodesics and possibly segments of the real axis
(see Figure 2.5.1 for the unit disc model). We shall be interested in the

(i) (ii) (iii) (iv)

Figure 2.5.1

tessellation of H formed by a Dirichlet region F and all its images under
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Γ (called faces): {T (F ) | T ∈ Γ}. This tesselation will be referred to as a
Dirichlet tessellation. (See Figure 2.5.2 for a Dirichlet tessellation for the
modular group.) The next theorem shows that the Dirichlet tessellation has
nice local properties.

Definition. A fundamental region F for a Fuchsian group Γ is called
locally finite if the tessellation {T (F ) | T ∈ Γ} is locally finite (see the
definition of locally finite family of subsets in §2.2).

X : z → −1/z

Y : z → −1/(z + 1)

Z : z → z + 1
F

X(F )

Y (F )

Z−1(F )

ZX(F )

ZY (F )

ZYX(F )

Y 2(F )

Z(F )

−1 −1/3−2/3 0 1/3 2/3 1

iρ ρ+ 1

Figure 2.5.2

Theorem 2.5.1. A Dirichlet region is locally finite.

Proof. Let F = Dp(Γ) where p is not fixed by any element of Γ−{Id}.
Let a ∈ F , and let K ⊂ H be a compact neighborhood of a. Suppose that
K
⋂
Ti(F ) 6= ∅ for some infinite sequence T1, T2, · · · of distinct elements of

Γ. Let σ = sup
z∈K

ρ(p, z). Since ρ(p, z) ≤ ρ(p, a)+ρ(a, z), for all z ∈ K, and K

is bounded, σ is finite. Let wj ∈ K
⋂
Tj(F ). Then wj = Tj(zj) for zj ∈ F ,

and by the triangle inequality,

ρ(p, Tj(p)) ≤ ρ(p,wj) + ρ(wj , Tj(p))

= ρ(p,wj) + ρ(zj , p)

≤ ρ(p,wj) + ρ(wj , p) (as zj ∈ Dp(Γ))

≤ 2σ

Thus the infinite set of points T1(p), T2(p), · · · belongs to the compact
hyperbolic ball with center p and radius 2σ, but this contradicts the properly
discontinuous action of Γ. �
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Proposition 2.5.2. The vertices of a Dirichlet region are isolated, that
is every vertex of F has a neighborhood containing no other vertices of F .

Proof. If x lies on the side of the Dirichlet region F = Dp(Γ), then there
exists Tx ∈ Γ such that ρ(p, x) = ρ(Txp, x), hence ρ(p, x) = ρ(p, T−1

x x). Now
assume that a vertex v ∈ H is not isolated, i.e. there is a sequence of vertices
vi ∈ F such that vi → v. According to the above remark, choose Ti such that
ρ(p, vi) = ρ(p, Tivi). We have ρ(v, Tivi) ≤ ρ(v, vi) + ρ(vi, Tivi) ≤ ρ(v, vi) +
ρ(vi, p) + ρ(p, Tivi) = ρ(v, vi) + 2ρ(vi, p) ≤ ρ(v, vi) + 2ρ(vi, v) + 2ρ(v, p).
Hence for any ǫ > 0 ρ(v, Tivi) < 2ρ(v, p) + ǫ, for large i, which means that
Tivi ∈ K for all i > N where K is a compact region in H which contradicts
the local finiteness of F . �

Corollary 2.5.3. A compact Dirichlet region has a finite number of
vertices.

We call two points u, v ∈ H congruent if they belong to the same Γ-orbit.
First, notice that two points in a fundamental region F may be congruent
only if they belong to the boundary of F . Suppose now that F is a Dirichlet
region for Γ, and let us consider congruent vertices of F . The congruence
is an equivalence relation on the vertices of F and the equivalence classes
are called cycles. If u is fixed by an elliptic element S, then v = Tu is fixed
by the elliptic element TST−1. Thus if one vertex of the cycle is fixed by
an elliptic element, then all the vertices of that cycle are fixed by conjugate
elliptic elements. Such a cycle is called an elliptic cycle and the vertices are
called elliptic vertices. The number of elliptic cycles is equal to the number
of non-congruent elliptic points in F .

Since the Dirichlet region F is a fundamental region, it is clear that
every point w ∈ H fixed by an elliptic element S′ of Γ lies on the boundary
of T (F ) for some T ∈ Γ. Hence u = T−1(w) lies on the boundary of F and
is fixed by the elliptic element S = T−1S′T . Since Γ is a Fuchsian group, S
has finite order k. Suppose first that k ≥ 3: then as S is an isometry fixing
u which maps geodesics to geodesics, u must be a vertex whose angle θ is
at most 2π/k. (See Figure 2.5.2 where the angle at the elliptic fixed point
ρ of order 3 is 2π/6.) The hyperbolically convex region F is bounded by
a union of geodesics. The intersection of F with these geodesics is either a
single point or a segment of a geodesic. These segments are called sides of
F . If S has order 2, its fixed point might lie on the interior of a side of F .
In this case, S interchanges the two segments of this side separated by the
fixed point. We will include such elliptic fixed points as vertices of F , the
angle at such vertex being π. Thus a vertex of F is a point of intersection in
H of two bounding geodesics of F or a fixed point of an elliptic element of
order 2. (All the previous definitions such as conjugate, elliptic cycles, etc.
apply to this extended set of vertices.)

If a point in H has a nontrivial stabilizer in Γ, this stabilizer is a finite
cyclic subgroup of Γ by Theorem 2.2.3; it is a maximal finite cyclic subgroup
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of Γ by Lemma 2.3.1. Conversely, every maximal finite cyclic subgroup of Γ
is a stabilizer of a single point in H. We can summarize the above as:

Theorem 2.5.4. There is a one-to-one correspondence between the ellip-
tic cycles of F and the conjugacy classes of non-trivial maximal finite cyclic
subgroups of Γ.

Example A. Let Γ be the modular group. The Dirichlet region F in

Figure 9 has vertices in H at ρ = −1+
√

3
2 , ρ + 1 = 1+

√
3

2 and i. These are

stabilized by the cyclic subgroups generated by z → −z−1
z , z → z−1

z , and

z → −1
z , respectively. The verteces ρ and ρ + 1 belong to the same cycle

since they are congruent via z → z + 1. Each of them is fixed by an elliptic
element of order 3. It is easy to check that these two verteces form an
elliptic cycle. The point i is fixed by an elliptic element of order 2, and i
is the only such point. Thus {i} is an elliptic cycle consisting of just one
vertex. By Theorem 3.5.2, the modular group has two conjugacy classes
of maximal finite cyclic subgroups, one consisting of groups of order 2, the
other consisting of groups of order 3.

Definition. The orders of non-conjugate maximal finite cyclic sub-
groups of Γ are called the periods of Γ.

Each period is repeated as many times as there are conjugacy classes of
maximal finite cyclic subgroups of that order. Thus the modular group has
periods 2, 3.

A parabolic element can be considered as an elliptic element of infinite
order; it has a unique fixed point in R

⋃{∞}. Hence if a point in R
⋃{∞}

has a non-trivial stabilizer in Γ all elements of which have only this fixed
point, then this stabilizer is a maximal (cyclic) parabolic subgroup of Γ, and
every maximal parabolic subgroup of Γ is a stabilizer of a single point in
R
⋃{∞}. Let F be a Dirichlet region for Γ with parabolic elements. It

will be shown in §4.2 that in this case F is not compact (Theorem 2.8.1),
and if additionally µ(F ) < ∞, then F has at least one vertex at infinity,
i.e. two bounding geodesics of F meet there (Theorem 2.8.2). Moreover,
each vertex at infinity is a parabolic fixed point for a maximal parabolic
subgroup of Γ (Theorem 2.8.5), and non-congruent verteces at infinity of
F are in a one-to-one correspondence with conjugasy classes of maximal
parabolic subgroups of Γ (Corollary 2.8.6). If we allow infinite periods,
the period ∞ will occur the same number of times as there are conjugacy
classes of maximal parabolic subgroups. This number is called the parabolic
class number of Γ. It is easily calculated that in the modular group every
parabolic element is conjugate to z → z + n for some n ∈ Z, so that the
modular group has periods 2, 3, ∞. The angle at a vertex at infinity is 0.
With this convention, the Dirichlet region for the modular group described
in §3.2 has a vertex at ∞ whose angle is π

∞ = 0.

The following result relates the sum of angles at all elliptic verticies
belonging to an elliptic cycle with the order of that cycle.
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Theorem 2.5.5. Let F be a Dirichlet region for Γ. Let θ1, θ2, · · · , θt be
the internal angles at all congruent vertices of F . Let m be the order of the
stabilizer in Γ of one of these vertices. Then θ1 + · · · + θt = 2π/m.

Remarks. 1. As F is locally finite, there are only finitely many vertices
in a congruent cycle.

2. As the stabilizers of two points in a congruent set are conjugate
subgroups of Γ, they have the same order.

3. If a vertex is not a fixed point, we have m = 1 and θ1 + · · ·+ θt = 2π.

Proof. Let v1, . . . , vt be the vertices of the congruent set, the internal
angles being θ1, . . . , θt. Let

H =
{
Id, S, S2, . . . , Sm−1

}

be the stabilizer of v1 in Γ. Then each Sr(F ) (0 ≤ r ≤ m− 1) has a vertex
at v1 whose angle is θ1. Suppose Tk(vk) = v1 for some Tk ∈ Γ. Then the set
of all elements which map vk to v1 is HTk, a coset which has m elements,
so the SrTk(F ) have v1 as a vertex with an angle of θk. On the other hand,
if a region A(F ) (A ∈ Γ) has v1 as a vertex, then A−1(v1) ∈ F , hence
A−1(v1) = vi for some i, 1 ≤ i ≤ t. Thus A ∈ HTi, and A(F ) has been
included in the above description. So we have mt regions surrounding v1.
These regions are distinct, for if SrTk(F ) = SqTl(F ), then SrTk = SqTl,
and hence r = q and k = l. We conclude then that

m(θ1 + · · · + θt) = 2π.

�

We now consider the congruence of sides. Let s be a side of F , a Dirichlet
region for a Fuchsian group Γ. If T ∈ Γ−{Id} and T (s) is a side of F , then
s and T (s) are called congruent sides. But T (s) is also a side of T (F ) so
that T (s) ⊆ F

⋂
T (F ). If a side of F has a fixed point of an elliptic element

S of order 2 on it then S interchanges the two segments of this side. It
is convenient to regard these two segments as distinct sides separated by
a vertex. With this convention, one observes that for each side of F there
exists another side of F congruent to it. There cannot be more than two sides
in a congruent set. For, suppose that for some T1 ∈ Γ−{Id}, T1(s) is also a
side of F ; then T1(s) = F

⋂
T1(F ). Thus s = T−1

1 (F )
⋂
F = T−1(F )

⋂
F so

that T−1
1 (F ) ≡ T−1(F ) which implies T1 = T . Thus the sides of F fall into

congruent pairs. Hence if the number of sides of a Dirichlet region is finite,
it is always even.

Example A. The two vertical sides of the fundamental region for the
modular group found in §3.2 are congruent via the transformation z → z+1.
The arc of the unit circle between ρ and ρ+1 (see Figure 2.4.2) is the union
of two sides: [ρ, i] and [i, ρ+ 1], congruent via the elliptic transformation of
order 2, z → −1/z.
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Theorem 2.5.6. Let {Ti} be the subset of Γ consisting of those elements
which pair the sides of some fixed Dirichlet region F . Then {Ti} is a set of
generators for Γ.

Proof. Let Λ be the subgroup generated by the set {Ti}. We have to
show that Λ = Γ. Suppose that S1 ∈ Λ, and that S2(F ) is adjacent to S1(F ),
i.e. they share a side. Then S−1

1 S2(F ) is adjacent to F . Hence S−1
1 S2 = Tk

for some Tk ∈ {Ti}; and since S2 = S1Tk we conclude that S2 ∈ Λ. Suppose
now S3(F ) intersects S1(F ) in a vertex v. Then S−1

1 S3(F ) intersects F in a

vertex u = S−1
1 v. By Theorem 2.5.1, there can only be finitely many faces

with vertex u, and F can be “connected” with S−1
1 S3(F ) by a finite chain

of faces in such a way that each two consecutive ones share a side. Hence
we can apply the above argument repeatedly to show that S3 ∈ Λ. Let
X =

⋃

S∈Λ
S(F ), Y =

⋃

S∈Γ−Λ
S(F ). Then X

⋂
Y = ∅. Clearly X ∪ Y = H, so

if we show that X and Y are closed subsets of H, then as H is connected
and X 6= ∅, we must have X = H and Y = ∅. This would show that Λ = Γ
and the result will follow.

We now show that any union
⋃
Vj(F ) of faces of the tessellation is closed.

Suppose {zi} is an infinite sequence of points of
⋃
Vj(F ) which tends to some

limit z0 ∈ H. Then z0 ∈ T (F ) for some T ∈ Γ, and by Theorem 2.5.1, any
neighborhood N of z0 intersects only finitely many of the Vj(F ). Therefore,
one face of this finite family, say Vm(F ), must contain a subsequence of {zi}
tending to z0. Since Vm(F ) is closed, z0 ∈ Vm(F ) ⊆ ⋃

Vj(F ). Thus
⋃
Vj(F )

is closed, and in particular X and Y are closed. �

Example A. Theorem 2.5.6 implies that the modular group is generated
by z → z + 1 and z → −1/z.

2.6. Connection with Riemann surfaces and homogeneous spaces

Let Γ be a Fuchsian group acting on the upper half-plane H, and F
be a fundamental region for this action. The group Γ induces a natural
projection (continuous and open) π : H → Γ\H, and the points of Γ\H
are the Γ-orbits. The restriction of π to F identifies the congruent points
of F that necessarily belong to its boundary ∂F , and makes Γ\F into an
oriented surface with possibly some marked points (which correspond to the
elliptic cycles of F ) and cusps (which correspond to non-congruent vertices
at infinity of F ), also known as an orbifold. Its topological type is determined
by the number of cusps and by its genus–the number of handles if we view
the surface as a sphere with handles. If F is locally finite, the quotient space
Γ\H is homeomorphic to Γ\F ([2], Theorem. 9.2.4), hence by choosing F
to be a Dirichlet region which is locally finite by Theorem 2.5.1, we can
find the topological type of Γ\H. We have seen in §3.1 (Theorem 2.3.1)
that the area of a fundamental region (with nice boundary) is, if finite, a
numerical invariant of the group Γ. Since the area on the quotient space
Γ\H is induced by the hyperbolic area on H, the hyperbolic area of Γ\H,
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denoted by µ(Γ\H), is well defined and equal to µ(F ) for any fundamental
region F . If Γ has a compact Dirichlet region F , then by Proposition 2.5.2,
F has finitely many sides, and the quotient space Γ\H is compact. We shall
see in §4.2 (Corollary 2.8.3) that if one Dirichlet region for Γ is compact
then all Dirichlet regions are compact. If, in addition, Γ acts on H without
fixed points, Γ\H is a compact Riemann surface–a 1-dimensional complex
manifold–and its fundamental group is isomorphic to Γ [19].

Since Γ acts on PSL(2,R) by left multiplication one can form the homo-
geneous space Γ\PSL(2,R). We have seen (Theorem 2.1.1) that PSL(2,R)
can be interpreted as the unit tangent bundle of the upper half-plane. It is
easy to see (Exercise 23) that if F is a fundamental region for Γ in H, SF is
a fundamental region for Γ in PSL(2,R). It also can be shown (see Exercise
24) that if Γ contains no elliptic elements, the homeomorphism described
in Theorem 2.1.1 induces an homeomorphism of the corresponding quotient
spaces. If Γ contains elliptic elements, an analogous result holds; however,
the structure of the fibered bundle is violated in a finite number of marked
points.

Since the fiber in S(Γ\H) over each point of Γ\H is compact, Γ\H is
compact if and only if S(Γ\H) is compact.

2.7. Fuchsian groups of cofinite volume

Theorem 2.7.1. (Siegel’s Theorem) If Γ is such that µ(Γ\H) <∞ then
any Dirichlet region F = Dp(Γ) has finitely many sides.

Proof. [7] Since the vertices of Dp(Γ) are isolated (Proposition 2.5.2),
any compact subset K ⊂ H contains only finitely many vertices. This takes
care of the case in which F is compact. Now suppose that F is not compact.

The main ingredient of the proof is an estimation of the angles ω at
vertices of the region F . More precisely, we are going to prove that

∑

ω
(π − ω) ≤ µ(F ) + 2π, (2.7.1)

where the sum is taken over all vertices of F lying in H. We first notice that
F is a star-like generalized polygon, and that the boundary of F , ∂F , is not
necessarily connected.

Let us connect all vertices of F with the point p by geodesics and consider
the triangles thus obtained. Let . . . Am, Am+1, . . . , An, . . . be a connected set
of geodesic segments in ∂F with vertices . . . am, am+1, . . . , an+1, . . . (Figure
2.7.1). We assume that this set is unbounded in both directions. We denote
the triangle with the side Ak by ∆k, its angles by αk, βk, γk, and the angle
between Ak and Ak+1 by ωk; thus we have

ωk = βk + γk+1.

By the Gauss-Bonnet formula (Theorem 1.5.4) we have

µ(∆k) = π − αk − βk − γk.
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Thus
n∑

k=m
αk +

n∑

k=m
µ(∆k) = π − γm − βn +

n−1∑

k=m
(π − ωk). (2.7.2)

The left-hand side of this equality is bounded since
∑
αk ≤ 2π and∑

µ(∆k) ≤ µ(F ), hence the right-hand side is also bounded. It follows
that

∑
(π − ωk) converges, and the following limits exist:

lim
m→−∞

γm = γ∞, lim
n→∞

βn = β∞.

Let us show that

π − γ∞ − β∞ ≥ 0. (2.7.3)

Since only finitely many segments {Ak} may be a bounded distance from the
point p, we have ak → ∞ as k → ∞. Thus ρ(p, ak+1) > ρ(p, ak) for infinitely
many values of k, and for these values, as follows, for instance, from the Sine
Rule (Theorem 1.6.1(i)), we have γk > βk. On the other hand, βk + γk ≤ π
and thus βk ≤ π/2. Therefore β∞ ≤ π/2. Similarly, γ∞ ≤ π/2, and (2.7.3)
follows.

Let m → −∞, n→ ∞. Taking into account (2.7.3) we obtain from 2.7.2
a limit inequality

∞∑

k=−∞
αk +

∞∑

k=−∞
µ(∆k) ≥

∞∑

k=−∞
(π − ωk). (2.7.4)

The inequality is obtained under the assumption that the connected set of
segments {Ak} is unbounded in both directions. Similar arguments apply in
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other cases when the connected set of segments is bounded at least in one
direction. Adding up all these inequalities, we obtain a desired estimate

2π + µ(F ) ≥
∑

ω
(π − ω), (2.7.5)

where the sum is taken over all vertices of F which lie a finite hyperbolic
distance from the point p, i.e. in H.

Now we are going to prove, using this estimate, that the number of
vertices which lie a finite distance from the point p is finite. Let a be a
vertex and a(1) = a, a(2), . . . , a(n) all vertices congruent to a. If we denote
the angle at vertex a(i) by ω(i), we have by Theorem 2.5.5

ω(1) + ω(2) + · · · + ω(n) = 2π, (2.7.6)

if a is not a fixed point for any T ∈ Γ − {Id}; and

ω(1) + ω(2) + · · · + ω(n) = 2π/m, (2.7.7)

if a is a fixed point of order m. Since F is convex, ω(1) < π, and for each
cycle of the type (2.7.6), we have n ≥ 3, and hence

n∑

i=1

(π − ω(i)) = (n− 2)π > π. (2.7.8)

Comparing (2.7.8) with (2.7.5) we conclude that the number of cycles
where a is not a fixed point for any T ∈ Γ− {Id} is finite. For each cycle of
the type (2.7.7) we have

n∑

i=1

(π − ω(i)) = (n− 2

m
)π >

π

3
. (2.7.9)

Comparing (2.7.9) with (2.7.5) we conclude that the number of elliptic cycles
of order ≥ 3 is finite. Finally, any elliptic fixed point of order 2 belongs to
a segment of ∂F between two vertices which are not elliptic points of order
2, hence we see that the number of elliptic cycles of order 2 is also finite.
Thus we have proved that there are only finitely many vertices at a finite
distance from the point p.

It remains to show that the number of vertices at infinity is also finite.
Let us take any N vertices at infinity: B1, . . . , BN . It is obvious that there
exists a hyperbolic polygon F1 bounded by a finite number of geodesics and
contained inside F such that its vertices at infinity are B1, . . . , BN . An
argument similar to that in the proof of (2.7.2) shows that the hyperbolic
area of F1 satisfies the following equation:

∑

ω
(π − ω) = 2π + µ(F1),

where ω are the angles at the vertices of F1, and the sum is taken over all
vertices of F1. Since ω = 0 for all vertices at infinity, we have

πN ≤ 2π + µ(F1) ≤ 2π + µ(F ).

Thus N is bounded from above, and the theorem follows. �
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2.8. Cocompact Fuchsian groups

Definition. A Fuchsian group is called cocompact if the quotient-space
Γ\H is compact.

The following results reveal the relationship between cocompactness of
Γ and the absence of parabolic elements in Γ.

Theorem 2.8.1. If a Fuchsian group Γ has a compact Dirichlet region,
then Γ contains no parabolic elements.

Proof. Let F be a compact Dirichlet region for Γ and

η(z) = inf{ρ(z, T (z)) | T ∈ Γ − {Id}, T not elliptic}.
Since the Γ-orbit of each z ∈ H is a discrete set (Corollary 2.2.3) and T (z)
is continuous, η(z) is a continuous function of z and η(z) > 0. Therefore, as
F is compact, η = inf{η(z) | z ∈ F} is attained and η > 0. If z ∈ H, there
exists S ∈ Γ such that w = S(z) ∈ F . Hence, if T0 ∈ Γ−{Id} is not elliptic,

ρ(z, T0(z)) = ρ(S(z), S(T0(z)) = ρ(w,ST0S
−1(w)) ≥ η,

and therefore

inf{ρ(z, T0(z)) | z ∈ H, T0 not elliptic} = η > 0.

Now suppose that Γ contains a parabolic element T1. If for some R ∈
PSL(2,R), Γ1 = RΓR−1 then R(F ) will be a compact fundamental region
for Γ1. Thus by conjugating Γ in PSL(2,R) we may assume that T1(z) or
T−1

1 (z) is the transformation z → z + 1. However, by Theorem 1.3.5(c),
ρ(z, z + 1) → 0 as Im(z) → ∞, a contradiction. �

Theorem 2.8.2.

(i) If Γ has a non-compact Dirichlet region then the quotient space Γ\H
is not compact.

(ii) If a Dirichlet region F = Dp(Γ) for a Fuchsian group Γ has finite
hyperbolic area but is not compact, then it has at least one vertex at
infinity.

Proof. Let F = Dp(Γ) be a non-compact Dirichlet region for Γ. We
consider all oriented geodesic rays from the point p; each geodesic ray is
uniquely determined by its direction l at the point p. Since F is a hyperbol-
ically convex region, a geodesic ray in the direction l either intersects ∂F in
a unique point or the whole geodesic ray lies inside F . Hence we can define a
function τ(l) to be the length of a geodesic segment in the direction l inside
F , τ(l) being equal to ∞ in the latter case. Obviously, τ(l) is a continuous
function of l at the points where τ(l) < ∞. Therefore if τ(l) < ∞ for all
l, the function τ(l) is bounded; hence the region F is compact. Thus if F
is not compact, there are some directions l for which τ(l) = ∞. After the
identification of the congruent points of ∂F , we obtain a non-compact orb-
ifold Γ\H and (i) follows. To prove (ii), let us consider one such direction
l0. The intersection of the geodesic ray from p in the direction l0 with the
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set of points at infinity belongs to ∂0F , the Euclidean boundary of F . By
Theorem 2.7.1, F is geometrically finite, hence ∂0F consists of finitely many
free sides and vertices at infinity. Since µ(F ) < ∞, it is easy to see that
∂0F cannot contain any free sides. Therefore this intersection is a vertex at
infinity, and (ii) follows. �

Corollary 2.8.3. The quotient space of a Fuchsian group Γ, Γ\H, is
compact if and only if any Dirichlet region for Γ is compact.

Let p ∈ H and z(t), 0 ≤ t < ∞, be a geodesic ray from the point p.
Let Bt(p) be a hyperbolic circle centered at z(t) and passing through the
point p. Exercise 25 asserts that the limit of Bt(p), as t → ∞, exists. It
is a Euclidean circle passing through p and through the end of the geodesic
z(t) corresponding to t = ∞, and orthogonal to the geodesic z(t). Since
the geodesic ray through p is determined by its direction l, the limiting
circle depends on p and l. It is called a horocycle (see Figure 2.8.1(a))
and is denoted by ω(p, l). Notice that horocycles are not hyperbolic circles,

s

ω (s)

ρ

z(t)

s

ω (ρ, l)

l

s = ∞


ω (s)

(a) (b) (c)

Figure 2.8.1

however they may be considered as circles of infinite radius. Let s ∈ R. A
Euclidean circle through s tangent to the real line is a horocycle for any
geodesic in H represented by a Euclidean semicircle passing through s (and
orthogonal to the real axis, of course). (see Figure 2.8.1(b).) If s = ∞, the
geodesics passing through ∞ are represented by vertical straight lines, and
horocycles are Euclidean straight lines parallel to the real axis (see Figure
2.8.1(c)). We shall denote a horocycle through a point s at infinity by ω(s).
We have a whole family of horocycles ω(s) through a given point s.

Theorem 2.8.4. Let S be a transformation in PSL(2,R) fixing a point
s ∈ R. Then S is parabolic if and only if for each horocycle through s, ω(s),
we have S(ω(s)) = ω(s).

Proof. Suppose first that S is parabolic, and R ∈ PSL(2,R) is such
that R(s) = ∞. Then S0 = R ◦S ◦R−1 is a parabolic transformation fixing
∞, and therefore S0(z) = z + h, h ∈ R. Since S0 is a Euclidean translation,
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it maps each horizontal line to itself. Since a linear fractional transfor-
mation maps circles and straight lines into circles and straight lines and
preserves angles, we conclude that horocycles are mapped into horocycles.
Thus S(ω(s)) = ω(s).

Conversely, suppose S maps each horocycle ω(s) onto itself. Making
the same conjugation as above, we move the fixed point s to ∞. Then
S(z) = az + b. The condition that each horizontal line is mapped into itself
implies that a = 1. Hence S is a parabolic element. �

Theorem 2.8.5. Suppose Γ has a non-compact Dirichlet region F =
Dp(Γ) with µ(F ) <∞. Then

(i) each vertex of F at infinity is a parabolic fixed point for some T ∈ Γ.
(ii) If ξ is a fixed point of some parabolic element in Γ, then there exists

T ∈ Γ s.t. T (ξ) ∈ ∂0(F ).

Proof of (i). Let b be a vertex of F at infinity. Let us consider all
images S(F ), S ∈ Γ, which have the point b as a vertex. Obviously, there
are infinitely many of them. Let b(1) = b, b(2), . . . , b(n) be all vertices of F
congruent to b:

b(k) = Tk(b) (k = 1, . . . , n).

We know from Theorem 2.7.1 that the number of such vertices is finite. Any
image of F which has the point b as a vertex has a form

TT−1
i (F ) (i = 1, . . . , n),

where T is any element of Γ which fixes the point b. Since there are infinitely
many such images, and since Ti is only taken from a finite set of elements,
we conclude that there are infinitely many elements T ∈ Γ fixing b.

We shall show now that any such element T is a parabolic element.
Suppose T is not parabolic. Let us consider a geodesic z(t), 0 ≤ t ≤ ∞,
parametrized by its length, connecting the points p and b(z(0) = p, z(∞) =
b). (See Figure 2.8.2.) Since F is a Dirichlet region the whole geodesic lies
inside F and

ρ(p, z(t)) < ρ(T (p), z(t)), 0 ≤ t <∞. (2.8.1)

Consider a horocycle ω(b) containing the point p. Since by our assumption
T is not a parabolic transformation, T (p) does not belong to ω(b). Then
by Exercise 26 either T (p) or T−1(p) lies inside ω(b). We may assume then
that T (p) lies inside ω(b). Let w(t) be a geodesic passing through T (p) and
b. Let q be a second point of intersection of ω(b) and w(t); we choose the
parametrization of w(t) by its length such that w(0) = q. We notice first
that ρ(z(t), w(t)) → 0 as t → ∞. In order to see this, we conjugate Γ so
that its action on H gives: b = ∞, z(t) = a+ it, w(t) = c + it (t ≥ t0 > 0).
Then using Theorem 1.3.5(c), we obtain

sinh

[
1

2
ρ(z(t), w(t))

]
=

|a− c|
2t

→ 0 as t→ 0,
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b

pT(p)

z(t)
w(t)

q

Figure 2.8.2

and the claim follows. We have

t = ρ(p, z(t)) = ρ(q, w(t)) = ρ(q, T (p)) + ρ(T (p), w(t))

≥ ρ(q, T (p)) + ρ(T (p), z(t)) − ρ(z(t), w(t)),

and hence for sufficiently large t, we have

ρ(p, z(t)) > ρ(T (p), z(t)),

contradiction with (2.8.1). �

Proof of (ii). See Exercise 27. �

We leave the proof of the following Corollary (Exercise 28).

Corollary 2.8.6. There is a one-to-one correspondence between non-
congruent vertices at infinity of a Dirichlet fundamental region for a non-
cocompact Fuchsian group Γ with µ(Γ\H) < ∞ and conjugacy classes of
maximal parabolic subgroups of Γ.

The following result is a direct consequence of Theorems 2.7.1, 2.8.2,
and 2.8.5.

Corollary 2.8.7. A Fuchsian group Γ is cocompact if and only if
µ(Γ\H) <∞ and Γ contains no parabolic elements.

2.9. The signature of a Fuchsian group

We now assume that Γ has a compact fundamental region F . By Exercise
3.10, F has finitely many sides, and hence finitely many vertices, finitely
many elliptic cycles, and by Theorem 2.5.4, a finite number of periods, say
m1, . . . ,mr. As we have seen in §3.6 the quotient space Γ\H is an orbifold,
i.e. a compact, oriented surface of genus g with exactly r marked points. In
this case we say that Γ has signature (g;m1,m2, . . . ,mr).
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Theorem 2.9.1. Let Γ have signature (g;m1, . . . ,mr). Then

µ(Γ\H) = 2π[(2g − 2) +
r∑

i=1

(
1 − 1

mi

)
].

Proof. The area of the quotient space was defined in the beginning of
§3.6: µ(Γ\H) = µ(F ) where F is a Dirichlet region. By Theorem 2.5.4 F
has r elliptic cycles of vertices. (As described in §2.6 we include the interior
point of a side fixed by an elliptic element of order 2 as a vertex whose angle
is π, and then regard this side as being composed of two sides separated by
this vertex.) By Theorem 2.5.5, the sum of angles at all elliptic vertices is
4∑

i=1

2π

mi
. Suppose there exist s other cycles of vertices. Since the order of

the stabilizers of these vertices is equal to 1, the sum of angles at all these
vertices is equal to 2πs. Thus the sum of all angles of F is equal to

2π[

( r∑

i=1

1

mi

)

+ s].

The sides of F are matched up by elements of Γ. If we identify those
matched sides, we obtain an orbifold of genus g. If F has n such sets of
identified sides, we obtain a decomposition of Γ\H into (r + s) vertices, n
edges, and 1 simply connected face. By the Euler formula,

2 − 2g = (r + s) − n+ 1.

Exercise 29 gives a formula for the hyperbolic area of a hyperbolic polygon.
Using it, we obtain

µ(F ) = (2n− 2)π − 2π[

( r∑

i=1

1

mi

)

+ s] = 2π[(2g − 2) +
r∑

i=1

(
1 − 1

mi

)
].

�

It is quite surprising that the converse to Theorem 2.9.1 is also true,
i.e. that there exists a Fuchsian group with a given signature. This first
appeared in Poincaré’s paper on Fuchsian groups [15], but the rigorous
proof was given much later and is based on a more general result of Maskit
[14].

Theorem 2.9.2. (Poincaré’s Theorem) If g ≥ 0, r ≥ 0, mi ≥ 2 (1 ≤ i ≤
r) are integers and if

(2g − 2) +
r∑

i=1

(
1 − 1

mi

)
> 0,

then there exists a Fuchsian group with signature (g;m1, . . . ,mr).

Example C. Construction of a Fuchsian group with signature (2;−).
Since r = 0, a fundamental region is a regular hyperbolic octagon F8 (see
Figure 2.9.1) of hyperbolic area 4π. We call this group Γ8. Following the
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proof of Theorem 4.3.2, we suppose that t0 is chosen such that µ(N(t0)) =
4π. Then the area of each of the 8 isosceles hyperbolic triangles is equal to
π
2 ; and since the angle at the origin is equal π

4 , by the Gauss-Bonnet formula
(Theorem 1.5.4) the two other angles are equal to π

8 . By Theorem 2.9.2, the
group Γ8 is generated by 4 hyperbolic elements, A1, A2, B1, and B2, that
identify the sides of F8 as shown in Figure 2.9.1. Since all eight sides of F8

are arcs of circles of the same Euclidean radius of equal Euclidean length,
the sides identified by a generator must be isometric circles of this generator
and its inverse. This allows us to use elementary geometry to explicitely
write down those generators. Let

A2 =

[
a c
c̄ ā

]
, (2.9.1)

then the isometric circle I(A2) is given by the equation |c̄z + ā| = 1. By
Theorem 3.3.4, A2 maps I(A2) onto I(A−1

2 ) in such a way that the center of

I(A2), − ā
c̄ , is mapped onto the center of I(A−1

2 ), a
c̄ . But from Figure 2.9.1

we see that ia
c̄ = − ā

c̄ , which implies a = ±|a|( 1√
2

+ i 1√
2
). Let the radius

of I(A2) = R, and the distance of the center of I(A2) from the origin be
d. By elementary geometric arguments, we have d = R(1 +

√
2). On the

other hand, |c| = 1
R , and d = |a|

|c| = R|a|, hence |a| = 1 +
√

2; and since

|a|2 − |c|2 = 1, we have |c| =
√

2 + 2
√

2. Now let us choose the + sign

in the expression for a, i.e. Arg(a) = π
4 . Since Arg(− ā

c̄ ) = π
8 , we obtain
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Arg(c) = −5π
8 . Using the formulas cos 5π

8 = −
√

2−
√

2
2 and sin 5π

8 =

√
2+

√
2

2 ,
we obtain the expressions for the numbers a and c in (2.9.1):

a =
2 +

√
2

2
(1 + i), c = −

4
√

2

2
(
√

2 + i(2 +
√

2)).

Other generators of the group Γ8 can also be expressed in terms of param-

eters a and c as follows: A1 =

[
a −c
−c̄ ā

]
, B1 =

[
ā −c̄
−c a

]
, B2 =

[
ā c̄
c a

]
.

Let R : H → U be a map given by R(z) = zi+1
z+i , see (1.4.4). Then

Γ = R−1Γ8R be a subgroup of PSL(2,R) whose generators are:

A2 =

[
Re(a) + Im(c) Im(a) + Re(c)

−(Im(a) − Re(c)) Re(a) − Im(c)

]
,

A1 =

[
Re(a) − Im(c) Im(a) − Re(c)

−(Im(a) + Re(c)) Re(a) + Im(c)

]
,

B1 =

[
Re(a) + Im(c) − Im(a) − Re(c)
Im(a) − Re(c) −Re(a) − Im(c)

]
,

B2 =

[
Re(a) − Im(c) − Im(a) + Re(c)
Im(a) + Re(c) Re(a) + Im(c)

]
.

As elements of PSL(2,R), the generators are:

A2 =





(2+
√

2)(1− 4
√

2)
2

(2+
√

2)− 4
√

2
√

2
2

− (2+
√

2)+ 4
√

2
√

2
2

(2+
√

2)(1+ 4
√

2)
2



 ,

A1 =





(2+
√

2)(1+ 4
√

2)
2

(2+
√

2)+ 4
√

2
√

2
2

− (2+
√

2)− 4
√

2
√

2
2

(2+
√

2)(1− 4
√

2)
2



 ,

B1 =





(2+
√

2)(1− 4
√

2)
2

−(2+
√

2)+ 4
√

2
√

2
2

− −(2+
√

2)− 4
√

2
√

2
2

(2+
√

2)(1+ 4
√

2)
2



 ,

B2 =





(2+
√

2)(1+ 4
√

2)
2

−(2+
√

2)− 4
√

2
√

2
2

− −(2+
√

2)+ 4
√

2
√

2
2

(2+
√

2)(1− 4
√

2)
2



 .

It can be shown that Γ8 is derived from the quaternion algebra over Q(
√

2).
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Exercises

23. Prove that if F is a fundamental region for a Fuchsian group Γ on H,
then SF is a fundamental region for Γ on SH.

24. Prove that if Γ is a Fuchsian group without elliptic elements, then
S(Γ\H) is homeomorphic to Γ\PSL(2,R).

25. Show that the limit of Bt(p) as t → ∞ is a Euclidean circle passing
through p and the end of the geodesic z(t) corresponding to t = ∞, and
orthogonal to the geodesic z(t).

26. Let T be a non-parabolic transformation fixing a point b at infinity,
ω(b) be a horocycle, p ∈ ω(b). Prove that either T (p) or T−1(p) lies inside
ω(b).

27. Let Γ be a non-elementary Fuchsian group, F a locally finite funda-
mental region for Γ, and ξ a fixed point of some parabolic element in Γ, then
there exists T ∈ Γ s.t. T (ξ) ∈ ∂0(F ).

28. Give a careful proof of Corollary 2.8.6.

29. Prove the Gauss-Bonnet formula for an n-sided star-like hyperbolic
polygon Π with angles α1, . . . , αn:

µ(Π) = (n− 2)π −
n∑

i=1

αi.





CHAPTER 3

Geodesic flow

3.1. First properties

The geodesic flow {ϕ̃t} on H is defined as an R-action on the unit tangent
bundle SH which moves a tangent vector along the geodesic defined by this
vector with unit speed. Let v = (z, ζ) ∈ SH, z ∈ H, ζ ∈ C, ζ = Im(z)eiφ.
Notice that SH can be identified with PSL(2,R), by sending v to the unique
g ∈ PSL(2,R) such that z = g(i), ζ = g′(z)(ι), where ι is the unit vector at
the point i to the imaginary axis pointing upwards.

Under this identification the PSL(2,R)-action on H by Möbius trans-
formations corresponds to left multiplications, and the geodesic flow corre-
sponds to the right multiplication by the one-parameter subgroup

at =

(
et/2 0

0 e−t/2

)

such that ϕ̃t(v) ↔ gat . (3.1.1)

The orbit {gat} projects to a geodesic through g(i). The quotient space
Γ\SH can be identified with the unit tangent bundle of M = Γ\H, SM ,
although the structure of the fibered bundle is violated at elliptic fixed points
and cusps (see §2.6 for details). The geodesic flow {ϕ̃t} on H descents to
the geodesic flow {ϕt} on the factor M via the projection π : SH → SM of
the unit tangent bundles (see e.g. [10, §5.3, 5.4] for more details).

In this chapter we will assume that µ(M) <∞.

Theorem 3.1.1. The geodesic flow {ϕt} : SM → SM preserves a
smooth measure dv = dµdθ which is called the Liouville measure.

z

ζ

ζt

ι

zt

g

i

Figure 3.1.1. Geodesic flow on the upper-half plane H
53
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Proof. In [10, Theorem 5.3.6] a more general statement for geodesic
flows on Riemannian manifolds is a corollary from the fact that geodesic
flows are Hamiltonian flows. In this case the theorem follows from the fact
that the volume dv = dµdθ is the left-invariant Haar measure on PSL(2,R)
that is also right-invariant since PSL(2,R) is an unimodular group. �

The following theorem is crucial in establishing further important prop-
erties of the geodesic flow.

Theorem 3.1.2. The geodesic flow {ϕt} is Anosov, i.e. there exists a
C∞{ϕt} - invariant decomposition T (SM) = E0 ⊕ E+ ⊕E− such that

(a) The integral curves of E0 are orbits of the geodesic flow.
(b) The projections of the integral curves of E+ and E− into SM (we

call them stable and unstable manifolds and denote them W+ and
W−, respectively) are horocycles orthogonal to the orbits of {ϕt}.

(c) There exist positive constants C and λ such that for any pair of
points x1, x2 ∈ SM lying on the same leaf of W+ (or W−),

dW±

(ϕt(x1), ϕ
t(x2)) ≤ Ce−λ|t|dW±

(x1, x2) for t ≥ 0, (t ≤ 0).

Here dW±

is the distance on the corresponding stable or unstable
manifold.

i

ζ0

0

z

∞

wu

ζ

W+

W−

Figure 3.1.2

Proof. For each v = (z, ζ) ∈ SM , let z(t) be the geodesic through v
with the fixed points w = z(∞) and u = z(−∞). As we saw in §2.8, there
are two horocycles on H passing through the point z: one tangent to the real
axis at w, another - at u. LetW+(v) be the unit vector field containing v and
normal to the horocycle passing through w, and W−(v) be the unit vector
field containing v and normal to the horocycle passing through u. In order
to prove the estimates in (c), we “move” the geodesic z(t) to the positive
imaginary axis by a transformation γ ∈ PSL(2,R) so that γ(z) = i (this
can be done by Exercise 4), and make the calculations for this particular
case. The stable manifold W+ will be mapped to the upward unit vector
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field normal to the horocycle H = R+ i, and the unstable manifold W− will
be mapped to the outward unit vector field normal to the horocycle passing
through i and 0 (see Figure 3.1.2). Let x1 = (i, ζ0), where ζ0 is the unit
vector tangent to the imaginary axis, and x2 = (i+ x, ζ0). Then

dW +

((x1), (x2)) = x,

and after the time t > 0,

dW +

(ϕt(x1), ϕ
t(x2)) = xe−t,

so the estimates hold with C = λ = 1. The estimates for the unstable
manifold are obtained by the change of direction of the flow. �

Definition. A point v ∈ SM is call nonwandering with respect to the
flow {ϕt} if for every open set U ∈ v there is T such that ϕT (U) ∩ U 6= ∅.

Remark. It follows from Poincaré Recurrence Theorem that since the
geodesic flow is volume-preserving, every point of SM is nonwandering [10,
Theorem 4.1.18].

3.2. Dynamics of the geodesic flow

Let x ∈ SM and W+
x be the leaf of the foliation W+ containing x.

Denote by D+
x the set of all points w in W+

x with dW +

(x,w) < δ0, where δ0
will be chosen later (see Figure 3.2.1). For any point w ∈ D+

x we will denote
by W−

w the leaf of the foliation W− containing w, and by D−
w the set of all

z ∈W−
w with dW−

(z,w) < δ0.

W+
x

W−

w

Sx
SϕT x

x0

x

w

ϕTx

ϕT ′
x0

Figure 3.2.1

Let Sx = {z | z ∈ D−
w for some w ∈ D+

x }. For small enough δ0, Sx is a
submanifold of dim2 transversal to the orbit of {ϕt}. This construction gives
us a convenient way to parameterize SM locally by the coordinates (t, u, v):
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we parameterize D+
x by the length u measured over the stable leaf, and D−

w
by the length v measured over the unstable leaf. The third coordinate t is
the length on the orbit of the flow through x.

Theorem 3.2.1 (Anosov Closing Lemma). Suppose x ∈ SM is such that
d(x, ϕT (x)) < ǫ. Then

(a) there exists x0 ∈ SM whose orbit is closed, i.e. ϕT ′

(x0) = x0 and
such that for some constant C, d(x0, x) < Cǫ and |T ′ − T | < Cǫ;

(b) for 0 ≤ t ≤ T and some other constant C ′

d(ϕtx0, ϕ
tx) ≤ C ′ǫe−λ(min(t,T −t)).

D+
z

D+
φ(z)

D−

x

D−

φ(x)

x1

z x

φ(x1)

φ(x)φ(z)

Figure 3.2.2

Proof. Consider Sx ∋ x, as in the beginning of this section, of some
fixed size δ0. Then there exists t0 with |t0| < C1ǫ for some constant C1 and
γ ∈ Γ so that ϕ̃T+t0Sx ∋ dγx. Consider a map φ = (dγ)−1ϕ̃T+t0 : Sx → Sx.
Since dγ is an isometry, we have d(x, φ(x)) < C1ǫ. There exists z ∈ D−

x such

that φ(z) ∈ D+
x (see Figure 3.2.2). By property (c), dW−

(z, x) ≤ C2εe
−λT

for some constant C2. Take x1 ∈ D−
φ(z) ∩ D+

z , then φ(x1) ∈ D+
φ(z) and

dW +

(φ(x1), φ(z)) < C3ǫe
−λT for some constant C3. Therefore d(x1, φ(x1)) <

C4ǫe
−λT . Continuing this process we get a fixed point x0 : φ(x0) = x0, i.e.

(dγ)x0 = ϕT ′

x0 for some T ′ : |T ′ − T | < C1ε.
We have d(x, x0) < Cǫ. By construction x0 ∈ Sx. Let w ∈ D+

x be a

point such that x0 ∈ D−
w . Then for some constant C3, d

W +

(x,w) < C3ǫ

and dW−

(w, x0) < C3ǫ. For the same reason since d(ϕTx, ϕT ′

x0) < Cǫ, we

can conclude that for some t1 with |t1| < C ′
2ǫ, ϕ

T ′+t1x0 ∈ SϕT x and that

dW +

(ϕTx, ϕTw) < C4ǫ and dW−

(ϕTw,ϕT x0) < C4ǫ for another constant C4.
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Property (c) implies that dW +

(ϕtx, ϕtw) < C5ǫe
−λt and dW−

(ϕtw,ϕtx0) ≤
C5ǫe

−λ(T −t) and therefore d(ϕtx, ϕtx0) ≤ C6ǫe
−λ(min(t,T −t)).

�

The following results are obtained by geometric considerations (see [10,
§5.4] for cocompact case).

Theorem 3.2.2. Let M = H\Γ and Γ be a Fuchsian group such that
µ(M) <∞. Then the geodesic flow {ϕt} has a dense orbit on SM , that is,
it is topologically transitive.

Proof. We will prove that for any two nonempty open balls U, V ∈ SM
there is t ∈ R such that ϕt(U)∩V 6= ∅, a property equivalent to topological
transitivity [10, Lemma 1.4.2]. It is convenient to visualize this using the
unit disc model U for the hyperbolic plane (see Figure 3.2.3).

u

v

U

V

c

Figure 3.2.3

Using remark at the end of §3.1 and Theorem 3.2.1 we can find two
periodic points, u ∈ U and v ∈ V (whose lifts to SU we also denote by
u and v). Let cu and cv be geodesics in U such that ċu = u and ċv = v.
We may assume that cu(−∞) 6= cv(∞), otherwise we replace cu by γ(cu)
for some γ ∈ Γ. Consider the geodesic c such that c(∞) = cv(∞) and
c(−∞) = cu(−∞). By Theorem 3.1.2, for each t ∈ R we can find two
numbers gu(t) and gv(t) such that

d(ċu(gu(t)), ċ(t)) < e−t as t→ −∞
and

d(ċv(gv(t)), ċ(t)) < e−t as t→ ∞.

Since cu and cv project to closed geodesics on Γ\U this shows that there
exist t1 and t2 such that the projection of ċ(t1) to SM is in U and the
projection of ċ(t2) to SM is in V . This yields the claim. �

The following important result follows immediately from Theorems 3.2.2
and 3.1.2:
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Corollary 3.2.3. Periodic orbits of the geodesic flow are dense in SM .

Theorem 3.2.4. The Liouville measure dv = dµdφ on SM is ergodic
under the geodesic flow.

Proof. The proof [10, Theorem 5.4.16] uses so-called “Hopf arguments”,
an important tool for hyperbolic dynamic. We will show that the ergodic
average

f+(x) = fϕt(x) := lim
T →∞

(1/T )

∫ T

0
f(ϕt(x))dt

is constant a.e. for every function f ∈ L1(SM, v), a property equivalent to
ergodicity. It is sufficient to prove that for a continuous function f with com-
pact support (hence uniformly continuous) since such functions are dense in
L1(SM, v). Consider such an f . Then by Birkhoff Ergodic Theorem [10,
Theorem 4.1.2]

lim
T →∞

(1/T )

∫ T

0
f(ϕt(x))dt

exists a.e. First we show that f+(x) is constant on stable leaves. Suppose
the limit exists for some p ∈ SM . We will prove that it also exists for all
q ∈W+(p) and is independent on q: Given ǫ > 0, there exists T0 such that

f(ϕt(p)) − f(ϕt(q)) < ǫ

for all t > T0 by uniform continuity. But this means that

|(1/T )

∫ T

o
(f(ϕt(p)) − f(ϕt(q)))dt| < ǫ

for sufficiently large T , as required. Since existence and the value of the
limit is ϕt-invariant, f+(x) = fϕt(x) is, in fact, constant on weak stable

manifolds, the integral manifold of E0⊕E+. Consider also the negative time
average f−(x) = lim−T → 0(1/T )

∫ 0
−T f(ϕt(x))dt. It exists and is constant

a.e. on unstable manifolds. Furthermore, by a corollary to Birkhoff Ergodic
Theorem [10, Proposition 4.1.3] f+(x) = f−(x) a.e. In terms of the local
C1 coordinates on SM (t, u, v) introduced in the proof of Theorem 3.2.1,
on a small open set U by Fubini’s Theorem, for t in a set C of full measure
f+(t, u, v) = f−(t, u, v) for almost all (u, v). But then for any such t1 and t2
the corresponding sets of (u, v) intersect since they both have full measure.
Therefore, f+(t1, u, v) = f+(t2, u, v) for a.e. (u, v), hence f+(x) is constant
on C, as required. �

3.3. Livshitz’s Theorem

A. Livshitz in [12] proved his theorem for Anosov systems on any com-
pact manifold and he proved that the function he obtained was C1. Guillemin
and Kazhdan in [6] gave a proof of Livshitz’s theorem for Anosov flows, and
in [5] they gave a proof for geodesic flows on any compact surface and proved
that the function is C∞.
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Here we will prove a version of Livshitz’s Theorem for the geodesic flow
on SM of finite volume and possibly with cusps. In this case, it is natural
to formulate it for the class BL of bounded Lipschitz functions.

Theorem 3.3.1. Let Γ be a discrete subgroup of PSL(2,R), M = Γ\H,
v(M) <∞, X = S(M), and let {ϕt} be the geodesic flow acting on X. Let
f ∈ BL(X) be a function having zero integrals over all periodic orbits of
{ϕt}. Then there exists a function F on X satisfying a Lipschitz condition
with some constant α and differentiable in the direction of the geodesic flow
and such that DF = f , where D = d

dt is the operator of differentiation along

the orbits of the flow {ϕt}.
Proof. Consider a point x0 ∈ X with a dense orbit O(x0) and define

a map F : O(x0) → R by the formula F (x) =
∫ s
0 f(ϕt(x0))dt at x = ϕs(x0).

We want to prove that F extends to a function on X satisfying a Lipschitz
condition and DF = f . We claim that F (x) satisfies a Lipschitz condition on
the orbit O(x0). Let y1 = ϕt1(x0), y2 = ϕt1+T (x0) ∈ O(x0) and d(y1, y2) <
ε. Then

F (y2) − F (y1) =

∫ T

0
f(ϕt(y1))dt.

By Theorem 3.2.1 we can find a point x1 ∈ X such that ϕT ′

x1 = x1 for
some T ′ : |T ′ − T | < C1ǫ and such that for 0 ≤ t ≤ T , d(ϕtx1, ϕ

ty1) < C2ǫ
for some constant C2. Since the orbit O(x1) is periodic, we have

∫ T ′

0
f(ϕt(x1))dt = 0.

Therefore, using the estimates of Theorem 3.2.1(b) we have

|F (y2) − F (y1)| = |
∫ T

0
f(ϕt(y1))dt −

∫ T ′

0
f(ϕt(x1))dt|

≤ |
∫ T

0
f(ϕt(y1)) − f(ϕt(x1))dt| + |

∫ T ′

T
f(ϕt(x0)dt| < αǫ

for some constant α. The Lipschitz property of the function f is used to
estimate the first term, and the boundeness to estimate the second. This
proves the claim. Therefore F can be extended from the dense set to a
function satisfying a Lipschitz condition on X. Since d

dtF = f on the dense
set it follows that F is differentiable in the direction of the geodesic flow and
d
dtF = f on X. �

Exercises

30. Prove that the function F is C1 using Livshitz’s argument showing
that it differentiable in the directions of σ+ and σ−, using the transversality
of these foliations, the fact that they depend continuously on x, and the
uniform convergence of the series for derivative.
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