
Selected solutions to Exercises on Riemannian Geometry
From the book Hamilton’s Ricci flow by B. Chow, P. Lu and L. Ni (in

preparation).

Exer. 1 sol. Let Φi
α = ∂xi

∂yα so that gαβ = gijΦ
i
αΦj

β and gγδ = gk`
(

Φ−1
)γ

k

(

Φ−1
)δ

`
.

We compute

Γγ
αβΦk

γ =
1

2
gk`

(

Φ−1
)δ

`

(

∂

∂yα

(

gjmΦj
βΦm

δ

)

+
∂

∂yβ

(

gimΦi
αΦm

δ

)

−
∂

∂yδ

(

gijΦ
i
αΦj

β

)

)

= Φi
αΦj

βΓk
ij +

1

2
gk`

(

gj`

∂

∂yα
Φj

β + gi`

∂

∂yβ
Φi

α − gij

(

(

Φ−1
)δ

`

∂

∂yδ
Φi

α

)

Φj
β

)

+
1

2
gk`

(

Φ−1
)δ

`

(

gjmΦj
β

∂

∂yα
Φm

δ + gimΦi
α

∂

∂yβ
Φm

δ − gijΦ
i
α

∂

∂yδ
Φj

β

)

= Φi
αΦj

βΓk
ij +

∂2xk

∂yα∂yβ
.

where we used

∂

∂yα
Φk

β =
∂

∂yβ
Φk

α =
∂2xk

∂yα∂yβ
,

∂

∂yα
Φi

δ =
∂

∂yδ
Φi

α,
∂

∂yβ
Φj

δ =
∂

∂yδ
Φj

β .

Exer. 3 sol.
∇γ̇ |X |2 = 2 〈∇γ̇X,X〉 = 0.

Exer. 6 sol. There exists an orthonormal basis {ei}
n
i=1 such that α =

∑n
i=1 λie

∗

i ⊗ e∗i . Furthermore, Trace g (α) =
∑n

i=1 λi and

1

ωn

∫

Sn−1

〈V, ei〉
2
dσ (V ) = 1.

Exer. 11 sol. Let ψ (t) denote the 1-parameter group of diffeomorphisms
generated by X

ϕ∗ (LXα) = ϕ∗

(

lim
t→0

ψ (t)
∗

α− α

t

)

= lim
t→0

(

ϕ−1 ◦ ψ (t) ◦ ϕ
)

∗

ϕ∗α− ϕ∗α

t
= LY (ϕ∗α)

where Y is the vector field generating the 1-parameter group of diffeomorphisms
ϕ−1 ◦ ψ (t) ◦ ϕ. Now

Y (x) =
d

dt

∣

∣

∣

∣

t=0

ϕ−1 ◦ ψ (t) ◦ ϕ (x) =
(

ϕ−1
)

∗

d

dt

∣

∣

∣

∣

t=0

ψ (t) ◦ ϕ (x)

=
(

ϕ−1
)

∗
(X (ϕ (x))) = (ϕ∗X) (x) .

For any x ∈Mn and X ∈ Tϕ(x)M
n we have

〈

ϕ∗
(

gradg f
)

, ϕ∗X
〉

ϕ∗g
(x) =

〈

gradg f,X
〉

g
(ϕ (x))

= (Xf) (ϕ (x)) = (ϕ∗X) (f ◦ ϕ) (x) .
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Exer. 12 sol. 2a) We have

∇R ·X = DRg (LXg) = −2∆ div(X) + div (divLXg) − 〈LXg,Rc〉 . (1)

Now

(divLXg)i = ∇j (∇jXi + ∇iXj)

= ∆Xi + ∇i div (X) +RikXk

and
div (divLXg) = div (∆X) + ∆ div (X) + div (Rc (X)) .

The first term on the lhs may be rewritten as

div (∆X) = ∇i∇j∇jXi

= ∇j∇i∇jXi

= ∆ div (X) + div (Rc (X))

(check the second equality). Hence

div (divLXg) = 2∆ div (X) + 2 div (Rc (X)) .

Substituting this in (1) we obtain

∇R ·X = 2 div (Rc (X)) − 〈LXg,Rc〉

= 2 div (Rc) ·X.

Since X is arbitrary, we conclude that ∇R = 2 div (Rc) .
2b) We compute

∂

∂s
Rijk` =

1

2
(∇i∇kvj` −∇i∇`vjk −∇j∇kvi` + ∇j∇`vik)

+
1

2
(Rijkqvq` +Rijq`vqk)

(note the slight change in the formula due to the lowering of an index in Rm .)
Thus

1

2

(

∇i∇k (∇jX` + ∇`Xj) −∇i∇` (∇jXk + ∇kXj)
−∇j∇k (∇iX` + ∇`Xi) + ∇j∇` (∇iXk + ∇kXi)

)

+
1

2
(Rijkm (∇mX` + ∇`Xm) + Rijm` (∇mXk + ∇kXm))

= DRm g (LXg) = LX Rm (2)

= Xm∇mRijk` +Rmjk`∇iX
m +Rimk`∇jX

m +Rijm`∇kX
m +Rijkm∇`X

m

First we recognize ∇mRijk` as a potential second Bianchi identity term. Next
we look at the terms on the first two lines of the above equation. For example
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the first terms on the top two lines are

∇i∇k∇jX` −∇j∇k∇iX` = ∇i∇j∇kX` −∇j∇i∇kX`

−∇i (Rkj`mXm) + ∇j (Rki`mXm)

= −Rijkm∇mX` −Rij`m∇kXm

−∇i (Rkj`mXm) + ∇j (Rki`mXm)

Similarly (switch k and ` in the above)

−∇i∇`∇jXk + ∇j∇`∇iXk = Rij`m∇mXk +Rijkm∇`Xm

+ ∇i (R`jkmXm) −∇j (R`ikmXm) .

Next we look at

∇i∇k∇`Xj −∇i∇`∇kXj = −∇i (Rk`jmXm)

and
−∇j∇k∇`Xi + ∇j∇`∇kXi = ∇j (Rk`imXm) .

Substituting the above into (2), we get

−Rijkm∇mX` −Rij`m∇kXm −∇i (Rkj`mXm) + ∇j (Rki`mXm)

+Rij`m∇mXk +Rijkm∇`Xm + ∇i (R`jkmXm) −∇j (R`ikmXm)

−∇i (Rk`jmXm) + ∇j (Rk`imXm)

+Rijkm (∇mX` + ∇`Xm) +Rijm` (∇mXk + ∇kXm)

= 2Xm∇mRijk` + 2Rmjk`∇iX
m + 2Rimk`∇jX

m + 2Rijm`∇kX
m + 2Rijkm∇`X

m.

Simplifying this yields

0 = ∇i [(Rjk`m +R`jkm +Rk`jm)Xm] + ∇j [(Rki`m +Ri`km +R`kim)Xm]

− 2 (∇iRjmk` + ∇mRijk` + ∇jRmik`)Xm.

Now we choose X so that at a point X = 0 and ∇iXj = δij . Then

0 = (Rjk`i +R`jki +Rk`ji) + (Rki`j +Ri`kj +R`kij)

= 2 (Rjk`i +R`jki +Rk`ji)

which implies the first Bianchi identity. Hence the first line vanishes and we
conclude

(∇iRjmk` + ∇mRijk` + ∇jRmik`)Xm = 0.

Since X is arbitrary, we obtain the second Bianchi identity.
Exer. 13 sol. Using ∇jXi = −∇iXj and ∇jYi = −∇iYj , we compute

∇i (Xk∇kYj − Yk∇kXj) + ∇j (Xk∇kYi − Yk∇kXi)

= Xk (∇i∇kYj + ∇j∇kYi) − Yk (∇i∇kXj + ∇j∇kXi)

= −XkY` (Rikj` +Rjki`) + YkX` (Rikj` +Rjki`) = 0.
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Exer. 14 sol. There are only two possible types of nonzero components
of W. Either there are 3 distinct indices such as W1231 or there are two distinct
indices such as W1221. First we compute, using the trace-free property,

W1231 = −W2232 −W3233 = 0.

Next, we have

W1221 = −W2222 −W3223 = −W3223 = W3113 = −W2112 = −W1221

which implies W1221 = 0.
Exer. 20 sol. We compute

∆ |∇f |
2

= ∇i∇i |∇jf |
2

= 2∇i (∇i∇jf∇jf)

= 2 |∇i∇jf |
2
+ 2∆∇jf∇jf.

If Rc ≥ 0 and ∆f = 0, then

∆ |∇f |2 ≥ 2 |∇∇f |2 + 2 Rc (∇f,∇f) ≥ 2 |∇∇f |2 .

Integrating this over M we have

0 ≥

∫

M

[

|∇∇f |2 + Rc (∇f,∇f)
]

dµ.

Since |∇∇f |
2
≥ 0 and Rc (∇f,∇f) ≥ 0, we conclude ∇∇f ≡ 0, and Rc (∇f,∇f) ≡

0.
Exer. 25 sol. If f is an eigenfunction with eigenvalue λ, then

(n− 1)K

∫

Mn

|∇f |
2
dµ ≤

∫

Mn

Rc (∇f,∇f) dµ

≤
n− 1

n

∫

Mn

(∆f)
2
dµ

=
n− 1

n
λ2

∫

Mn

f2dµ

and the estimate follows from
∫

Mn

|∇f |
2
dµ = λ

∫

Mn

f2dµ > 0.

Exer. 30 sol. Given s ≥ 0, let r (x) + d (β (s) , x) . We have ∇i∇jr ≤
1
r
gij

in the C2 sense wherever r is smooth and in the sense of support functions
where r is not C∞. From taking the limit as s→ ∞ in the definition, we would
guess ∇i∇jbβ ≥ 0.

Exer. 49 sol. Let αr : [0, A] →Mn, r ∈ [0, r0] , be a 1-parameter family of
paths with αr (0) = p, αr (A) = β (r) and α0 = α. Consider the smooth barrier
function

hε (r) + r2 − L (αr)
2

+A2 − 2Ar cos θ + εr.
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Clearly fε (r) ≥ hε (r) and hε (0) = 0 since α is minimal. We compute

h′ε (0) = −2A cos θ − 2A
d

dr

∣

∣

∣

∣

r=0

L (αr) + ε = ε > 0

since d
dr

∣

∣

r=0
L (αr) =

〈

β̇ (0) , α̇ (A)
〉

= − cos θ by the first variation formula.

Thus fε (r) ≥ hε (r) > 0 for r > 0 sufficiently small.

Selected solutions to Exercises on Ricci Flow, I.
From Hamilton’s Ricci flow by B. Chow, P. Lu and L. Ni.

Exer. 6 sol.

∂

∂s

(

∆g(s)

)

= −vij · ∇i∇j −
1

2
gijgk` (∇ivj` + ∇jvi` −∇`vij)∇k.

In particular if vij = ϕgij for some function ϕ, then

∂

∂s

(

∆g(s)

)

= −ϕ∆ +
n− 2

2
∇ϕ · ∇.

Exer. 8 sol. Recall ∆d = − (dδ + δd) . We compute

(dX)ij = ∇iXj −∇jXi

(δdX)j = −∇i (dX)ij = −∇i (∇iXj −∇jXi)

and

δX = −∇iXi

(dδX)j = −∇j∇iXi

so that

(∆dX)i = ∇i (∇iXj −∇jXi) + ∇j∇iXi

= (∆X)j + (∇j∇i −∇i∇j)Xi

= (∆X)j −RjkXk.

Exer. 10 sol. From

∂

∂t
(∇iXj) = ∇i

(

∂

∂t
Xj

)

+ (∇iRjk + ∇jRik −∇kRij)Xk

and

∇i (∆Xj −RjkXk) = ∆ (∇iXj) + 2Rkij`∇kX` −Rik∇kXj −Rjk∇iXk

− (∇iRjk + ∇jRik −∇kRij)Xk

we conclude

∇i

(

∂

∂t
Xj − (∆Xj −RjkXk)

)

+ ∇j

(

∂

∂t
Xi − (∆Xi −RikXk)

)

=

(

∂

∂t
− ∆L

)

(∇iXj + ∇jXi) .
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