Selected solutions to Exercises on Riemannian Geometry
From the book Hamilton’s Ricci flow by B. Chow, P. Lu and L. Ni (in
preparation) .
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EXER. 1 soOL. Let <I>1 = X
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EXER. 3 SOL.
Vs |X|P =2(V4X, X) = 0.
EXER. 6 soL. There exists an orthonormal basis {e;}! ; such that a =
S Aief ® ef. Furthermore, Trace 4 (a) = Y. A; and
1
— (V,ei)? do (V) = 1.
Sn—1

EXER. 11 soL. Let 1 (¢) denote the 1-parameter group of diffeomorphisms
generated by X

o (Lxa) = o (gn M)
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where Y is the vector field generating the 1-parameter group of diffeomorphisms
p~ 1ot (t) o p. Now

@)= g|_¢ovmos@= (). 5

= (¢7), X (p(2))) = (¢*X) (2).
For any x € M"™ and X € T,,)M" we have
(¢" (grad, f) .o X) . (2) = (grad, f, X) (¢ (2))
=X (p@) = (" X)(fop)(x).




EXER. 12 soL. 2a) We have
VR -X = DRy (Lxg) = —2Adiv(X) + div (divLxg) — (Lxg,Rec). (1)
Now

(divLxg), = V; (V;Xi + Vi X;)
and
div (div Lxg) = div (AX) + A div (X) 4 div (Re (X)) .

The first term on the LHS may be rewritten as

div (AX) = VZVJVJXZ
=V,V.V;X;
= Adiv (X) 4 div (Re (X))

(check the second equality). Hence
div (div Lxg) = 2Adiv (X)) + 2div (Re (X)) .
Substituting this in (1) we obtain

VR- X =2div(Re (X)) — (Lxg,Re)
= 2div (Re) - X.

Since X is arbitrary, we conclude that VR = 2div (Rc) .
2b) We compute

o 1
%szke =3 (ViVivje — ViVvji — Vi Vivie + V;Vevir)

1
+ 5 (Rijkqvqf + Rijqquk)

(note the slight change in the formula due to the lowering of an index in Rm.)
Thus

1 V.V (Vng-i-Vng) —V,;Vy (VjX;g-i-Vka)
2 -V;Vi (Vng + VgXi) +V,;Vy (ViX;g + V;gXi)

1
+ B (Rijkm (Vsz + Vsz) + Rijme (Vka + Vka))
:Dng(ﬁxg):ﬁme (2)

= X"V Rijie + RmjreViX™ + RimieViX™ + Rijme Vi X™ + Rijem Ve X™

First we recognize V,, R;;re as a potential second Bianchi identity term. Next
we look at the terms on the first two lines of the above equation. For example



the first terms on the top two lines are

ViViV;Xe — V;ViViXy = ViV, Vi Xy — VY,V X,
— Vi (RijemXm) + Vj (RiiomXm)
= —Rijtm VXt — Rijem Vi Xm
-V (Rkjéme) + Vj (Rkiéme)

Similarly (switch k and ¢ in the above)
—ViViV; X +ViViViXi = Rijem Vi Xt + Rijiom VX
+ vi (Rfjkam) - Vj (Rézkam) .
Next we look at
ViViViX; = ViVVi X = =V (RiejmXm)
and
—-V,;ViVeX; +V;V, Vi X; =V (Rkéime) .
Substituting the above into (2), we get
- Rijkmval - Rij@mkam - V’L (nglme) + vj (szmem)
+ Rijem Vi Xk + Rijkm VeXm + V; (jokam) -V (Rgikam)
- vz (Rkéijm) + vj (Rkthm)
+ Rijkm (Vsz + Vsz) + Rijmg (Vka + Vka)
= 2XmeRijke + 2ijkzviXm + 2RimkngXm + 2Rijmzkam + 2Rijkang.
Simplifying this yields
0 = Vi [(Rjrem + Rejem + Riejm) Xm] + Vi [(Rriem + Ritkm + Rikim) Xom)
—2(ViRjmre + Vi Rijie + VjRmike) Xm.
Now we choose X so that at a point X = 0 and V;X; = d;;. Then
0= (Rjkei + Rejii + Rieji) + (Rriej + Rierj + Rorij)
= 2 (Rjrei + Rejri + Rieji)

which implies the first Bianchi identity. Hence the first line vanishes and we
conclude

(Viijke + Vi Rijre + Vijikg) Xm =0.
Since X is arbitrary, we obtain the second Bianchi identity.
EXER. 13 soL. Using V;X; = —V,;X; and V;Y; = —V,Y}, we compute
Vi (X;gkaj — kaka) + Vj (kakyi — YkaXi)
= X5 (VN;CYJ =+ VijYi) -Y. (Vikaj + VijXi)
= — XY (Rikje + Rjrie) + YuXe (Rikje + Rjkie) = 0.



EXER. 14 soL. There are only two possible types of nonzero components
of W. Either there are 3 distinct indices such as Wi9371 or there are two distinct
indices such as Wig01. First we compute, using the trace-free property,

Wiaz1 = —Whaagza — W3a33 = 0.
Next, we have
Wiga1 = —Wagaa — W3o23 = —W3003 = W3113 = —Wai12 = —Wia01

which implies Wi991 = 0.
ExER. 20 sor. We compute

A |Vf|2 =V,V; |ij|2 =2V, (V;V,;fV;f)
= 2|V,V, > + 2AV, 1V, .
If Re > 0 and Af = 0, then
AV >2|VVf> +2Re(Vf,Vf) > 2|VVf>.

Integrating this over M we have
0> / (V977 + Re (1, 91)] dn.
M
Since |[VV f|* > 0and Re (V.f, Vf) > 0, we conclude VV f = 0, and Re (Vf, Vf) =
0.
EXER. 25 soL. If f is an eigenfunction with eigenvalue A, then
(-0K [ Vi [ Re(VEV)d
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and the estimate follows from

/ |Vf|2du:>\/ f2dp > 0.
M?’L M?’L

EXER. 30 soL. Given s > 0, let 7 (z) =d (3 (s),x). We have V;V;r < 1g;;
in the C? sense wherever r is smooth and in the sense of support functions
where 7 is not C*°. From taking the limit as s — oo in the definition, we would
guess V;V;bg > 0.

EXER. 49 soL. Let a, : [0, A] = M™, r € [0, 0], be a 1-parameter family of
paths with a, (0) = p, a. (A) = B (r) and g = «. Consider the smooth barrier
function

he (r) = r? — L (a,)® + A% — 2Ar cos 6 + er.



Clearly f. (r) > he (r) and h. (0) = 0 since « is minimal. We compute

L(ay)+e=¢e>0
r=0

d
4 rp— — JE—
h. (0) = —2Acosf — 24 o

since %L:OL(OLT) = <B(0),Q(A)> =

—cosf by the first variation formula.
Thus f. (r) > he (r) > 0 for r > 0 sufficiently small.

Selected solutions to Exercises on Ricci Flow, I.
From Hamilton’s Ricci flow by B. Chow, P. Lu and L. Ni.
EXER. 6 SOL.
0

1 ..
98 (Ag(s)) = —vjj - VNJ» - 59”9“ (Ving + Vjvig - ngij) Vi.
In particular if v;; = ¢g;; for some function ¢, then
0 n—2
75 (Ag(s)) =—pA+ TVQD -V.
EXER. 8 sOL. Recall Ay = — (dé + dd) . We compute
(dX);; = ViX; — V;X;

(5dX)j =-V; (dX)ij =-V,(V:X, -V, X;)
and

§X = -V, X,

(déX)j =-V;V;X;
so that

(AdX)i =V (Vin - Vin) +V,;V: X,
= (AX)J + (VjVi — VNJ») X;
— (AX), - Rj X,
EXER. 10 soL. From
0 0
g (VlXJ) =V; (&X]> + (ViRjk + VjRik - VkRij) Xk

and
Vi (AXj — Rijk) =A (VZXJ) + 2Rkijgkaz — Rikkaj — RjkViXk

— (ViRjk + VjRik — VkRij) Xk

we conclude

0 0
Vi (EX] — (AXj — Rjk—Xk)) + Vj (315Xi — (AXl — Rika))

0
= (5 — AL> (Vin + VJXl) .



