10 b. Supplement to Lecture 10. Ricci flow of
left-invariant metrics on 3-dimensional uni-
modular Lie groups

Proof of Lemma 2, part 2. By the definition of the Riemann curvature
tensor

Rm(X,Y)Z,W) = (VxVyZ,W) - (VyVxZ,W) — (Vix 1 Z, W)
= X (VyZ, W) — (Vy Z,VxW)
— Y (VxZ,W) + (VX Z,VyW) = (Vixy1Z,W).

The formula for the Riemann curvature tensor now follows from this and the
fact that (VxZ, W) is a constant function. m

10.1 Details for the curvature calculations

The definition [f;, f;] = cfj fr implies
)\kcfj
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where \; = A, A2 = B and A3 = C. By the formula for the Levi-Civita connec-
tion (1) in the Lecture 10 notes, the components of the Levi-Civita connection
are
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Substituting this into the formula for Rm (2) in the Lecture 10 notes and since
Ve, e; =0, we have

(Rm(e;, e5)ej, ei) = <Veiej,Vejei> - <Vejej,Veiei> - <V[€i)€j]ej,ei>
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= Do (Akcfj — Nl — Aicjk) (/\kc?i — Niciy — Ajcgk)
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where {i, j, k} is a permutation of {1,2,3} and we have used the antisymmetry
of cfj in ¢ and j. Thus the sectional curvatures K (e; A ej) = (Rm(e;, e;)e;, €;)



are given by:

_ (uB—vC)*  2uB+2vC —3)\A
Kleanes) = —mpa—+A 1BC

 (vC—2A)® 200 +20A - 3uB
Klesne) =—rmpe—+n 1AC

(M —uB)?® 2 A+ 2uB - 3vC
Kleines) =—rpa—+v 4AB

and the (Rm (ex, e;) e;,ex) = 0 for any ¢ # j and k. (Exercise 5 in the Lecture
10 notes is a special case of the above.) From this we can easily derive that the
Ricci tensor is diagonal and given by:

(M) = (uB —vC)?

Rc(el,el): 2ABC (1)
2_ (0 — 2

Re (e2,€2) = (nB) 2/(1B% M) (2)
2 B 2

Re(e1,e1) = (vC) 2151)\BAC’ 1B) (3)

10.2 Details for the Ricci flow equation form for left-invariant
metrics on 3-dimensional unimodular Lie groups

Hence the Ricci flow equation is equivalent to the following system:

dA _ (uB —v0)* — (A\A)? n

dt BC
dB  (vC —\A)* — (uB)® %)
dt AC
dC  (\A—uB)? — (vC)? 6
dt AB ' (6)

We note that the normalized Ricci flow is:

dA 4 (AA)? +2(uB)? +2(vC)? — 4uB - vC + 20C - NA + 2)\A - uB ™

dt 3BC

dB  2(AA)? —4(uB)* +2(v0)? + 2uB - vC — 4C - \A+ 2)\A - uB <
dt 3BC (8)
dC 2(AA)’ +2(uB)’> —4(vC)* 4+ 2uB - vC + 2vC - \A — 4\A - uB

dar 3BC (9)

since by summing up (1)-(3) we see that the scalar curvature is
(AA)2 — (uB)? — (vC)? +2uB - vC + 200 - \A + 2\A - uB
2ABC '

Taking into account (ABC) (t) = 8/3, equations (3)-(5) in the Lecture 10 notes
is a special case of (7)-(9).

R=—




