
10 a. Supplement to lecture 10. Riemannian
surfaces (complex curves)

The following is from the book ‘Hamilton’s Ricci flow’ by B. Chow, P. Lu and
L. Ni (in preparation).

It is interesting that the Ricci flow for closed 3-manifolds with positive Ricci
curvature was understood before the Ricci flow for closed surfaces with positive
curvature. One of the reasons is that before Hamilton’s seminal work in 1982,
closed 3-manifolds with positive Ricci curvature had not been classified, which
motivated their study; whereas closed surfaces with positive curvature have
long been known to be diffeomorphic to either S2 or RP 2 by the Gauss-Bonnet
formula and the classification of surfaces. Another reason is that the contracted
second Bianchi identity, which says 2 div (Rc) = ∇R, is a trivial statement when
n = 2 since then 2 Rc = Rg ; whereas when n ≥ 3, it implies that if a metric is
Einstein in the sense that Rc = 1

nRg, then R is constant. The reader may think
of the Ricci flow on surfaces as a toy model for developing techniques for
the Ricci flow and Kähler-Ricci flow in higher dimensions (Ricci flow
on Kähler manifolds); see [2] and [9].

Let’s first state the main result for surfaces.

Theorem 1 (Surfaces convergence theorem) If
(

M2, g0

)

is a closed Rie-
mannian surface, then there exists a unique global solution g (t) , t ∈ [0,∞), to
the normalized Ricci flow

∂

∂t
g = (r − R) g (1)

with g (0) = g0. As t → ∞, the metrics g (t) converge exponentially fast in any
Ck-norm to a smooth metric g∞ with constant curvature.

In the proof of the theorem, we may assume M 2 is orientable. The nonori-
entable case follows from going to the orientable double cover, lifting the solu-
tion metrics, and applying the theorem. Recall that under the normalized Ricci
flow, Area (g (t)) is independent of time. Thus, by the Gauss-Bonnet formula,

the average scalar curvature r + Area (g (t))
−1 ∫

M2 Rg(t) dµg(t) is also constant
in time. Theorem 1 was obtained by Hamilton in 1988 [9] except in the case
where M2 ∼= S2 or RP 2 and R (g0) � 0. By modifying Hamilton’s techniques in
the R (g0) > 0 case, the first author finished the remaining case [7]. See also [1]
and [10] for other proofs of the remaining case.

Exercise 2 Show that under the unnormalized Ricci flow on surfaces, dr
dt = r2.

The Ricci flow on surfaces is a special case (dimension 1) of the Kähler-Ricci
flow. In 1985 Huai-Dong Cao [2] proved that for closed Kähler manifolds whose
first Chern class is any real multiple of the Kähler class, a solution to the normal-
ized flow exists for all time. When c1 = 0 or c1 < 0, he proved the convergence
to a Kähler-Einstein metric in the same Kähler class. This gave a new proof of
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the Calabi Conjecture, originally proved by S.-T. Yau in 1976 [13] using elliptic
methods (in particular, new a priori estimates and the continuity method). In
the c1 > 0 case, if the initial metric has positive bisectional curvature, then
Chen and Tian [5], [6] proved the convergence to the Fubini-Study metric on
CP n. Their proof assumes the existence of a Kähler-Einstein metric. Without
having to make this assumption, Cao-Chen-Zhu [3] gave another proof of the
weaker result that the curvature is uniformly bounded. In general [12], only as-
suming that c1 > 0 and is a positive multiple of the Kähler class, Perelman [12]
announced, and gave a sketch of the proof, that the scalar curvature and diam-
eter are both uniformly bounded (this claim has been independently verified).
A fundamental open problem is to understand the limiting behavior
of solutions to the Kähler-Ricci flow on manifolds with c1 > 0.

We note for future reference that if h is a fixed metric on M 2 and g (t) =
u (t) h, then since

Rg = u−1 (Rh − ∆h log u) , (2)

the Ricci flow equation ∂
∂tg = −Rg is equivalent to

∂u

∂t
= ∆h log u − Rh. (3)

When h is flat we have
∂u

∂t
= ∆h log u. (4)

As noted by Angenent in the appendix to [?], this equation is a formal limit of
the porous medium equation

∂u

∂τ
= ∆ (um) , (5)

where m > 0, as m → 0. More precisely, if we consider the new time variable
t + mτ, then we may rewrite (5) as

∂u

∂t
= ∆h

(

um − 1

m

)

and the limit of these equations as m → 0 is (4).

Exercise 3 Let h be the flat metric on R2. Show that u is a radial solution of
(4) if and only if

∂u

∂t
=

1

r

∂

∂r

(

ru−1 ∂u

∂r

)

(6)

where r = |x| . Look for solutions of the form

u (x, t) = e−2atf
(

re−at
)

where a ∈ R. Making the substitution s = re−at show that (6) becomes

−as2f (s) = s
f ′ (s)

f (s)
+ b
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for some constant b. If b 6= 2, then

f (s) =

(

csb +
a

2 − b
s2

)−1

where c ∈ R is a solution. In terms of u this is

u (x, t) = e−2at

(

ce−abt |x|b +
a

2 − b
e−2at |x|2

)−1

If b = 2, then we have

f (s) =
(

cs2 + as2 ln s
)−1

which corresponds to the solution

u (x, t) = |x|
−2 (

c − a2t + a ln |x|
)−1

.

For which a, b, c do we obtain the cigar soliton?

Exercise 4 Given a rotationally symmetric metric on a surface

g = ds2 + f (s)
2
dθ2,

change coordinates so that

g = u (r)
(

dr2 + r2dθ2
)

.

In the case of the hyperbolic cusp metric where f (s) = e−s.

Solution. If s = h (r) , then

g = [h′ (r)]
2

(

dr2 +
f (h (r))2

[h′ (r)]2
dθ2

)

.

Thus we impose the ode

h′ (r)

f (h (r))
=

1

r

so that
g = [h′ (r)]

2 (
dr2 + r2dθ2

)

.

In the case of the hyperbolic cusp metric g = ds2 + e−2sdθ2 the ode is

eh(r)h′ (r) =
1

r

to which a solution is
eh(r) = ln r.

Thus

h′ (r) =
1

r
e−h(r) =

1

r ln r
and the hyperbolic cusp metric may be written as

g =
1

r2 ln2 r

(

dr2 + r2dθ2
)

.
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10.1 Curvature estimates when χ < 0

We first describe the case when χ
(

M2
)

< 0, that is, when the genus of the
surface (assuming it is orientable) is at least 2. By the Gauss-Bonnet formula,
this is the same as r < 0. Here the maximum principle works well as we shall
see by the following estimates. In this section we consider the normalized Ricci
flow. The evolution of the scalar curvature is given by

∂

∂t
R = ∆R + R (R − r) . (7)

(This is a special case of the variation formula: if ∂
∂sgij = −φg, then ∂

∂sR =
∆φ + Rφ when n = 2.) Writing this in the more transparent form

∂

∂t
(R − r) = ∆ (R − r) + (R − r)

2
+ r (R − r) (8)

≥ ∆ (R − r) + r (R − r)

and applying the maximum principle, we have the curvature lower bound

R − r ≥ −Cert, (9)

which decays exponentially since r < 0.

Exercise 5 Show that under the unnormalized Ricci flow, since ∂
∂tR = ∆R +

R2, if R − r ≡ 0, then r = 1/τ, where τ + T − t and T is the singularity time.

To obtain a good upper estimate is more difficult since solutions to the ode

dρ

dt
= ρ (ρ − r)

with ρ (0) > 0 > r blow up in finite time. To remedy this we perform a clever
trick which is also quite useful for the Kähler-Ricci flow. Define the potential
function f on M by

∆f + r − R. (10)

This is possible because
∫

M2 (r − R) dµ = 0. f is determined additively up to a
function of time. Choosing f appropriately, we can show that

∂

∂t
f = ∆f + rf. (11)

Considering f as a unknown function (which it is not), it satisfies a linear heat
equation with respect to the time-dependent metric g (t). Hence we may readily
apply the maximum principle. We can compute

∂

∂t
|∇f |

2
= ∆ |∇f |

2
− 2 |∇∇f |

2
+ r |∇f |

2
. (12)

Combining this with (8), we find that the function

H + R − r + |∇f |
2

(13)
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satisfies

∂

∂t
H = ∆H − 2

∣

∣

∣

∣

∇∇f −
1

2
∆f · g

∣

∣

∣

∣

2

+ rH (14)

≤ ∆H + rH.

The good quadratic term in (12) dominates the bad quadratic term in (8). Thus
by the maximum principle we have the curvature upper bound

R − r ≤ R − r + |∇f |2 ≤ Cert (15)

and we have the exponentially decaying upper bound for R− r. Combining this
with (9) we have the exponential convergence of the scalar curvature to
a constant

|R − r| ≤ Cert. (16)

The geometric motivation for considering the quantity H comes from gradient
Ricci solitons.

One can also show, by applying the maximum principle, that all the deriva-
tives of R decay exponentially. In particular, the quantity

Φ +
∣

∣∇kR
∣

∣

2
− (k + 1) r

∣

∣∇k−1R
∣

∣

2

satisfies the evolution inequality

∂

∂t
Φ ≤ ∆Φ +

kr

2
Φ + Cert

for some constant C < ∞. (See [8], Proposition 5.27 on pp. 122-3 for details.)
This implies that there exist constants Ck < ∞ such that

∣

∣∇kR
∣

∣ ≤ Ckert/2. (17)

Define the conformal factor v (x, t) by

g (t) + ev(t)g0.

From this estimate and using the fact that g (t) are uniformly equivalent to g0,
we can show that for all k ≥ 1

∣

∣

∣

∣

∂

∂t

(

∇k
g0

v (t)
)

∣

∣

∣

∣

g0

=
∣

∣∇k
g0

Rg(t)

∣

∣

g0

≤ Ckert/2

for some other constants Ck < ∞. From this we conclude that there exists a
smooth function v∞ : M2 → R such that v (t) converges exponentially fast to
v∞ in each Ck norm, k ∈ N. Moreover g∞ + ev∞g0 has constant curvature r
since R (g∞) = limt→∞ R (g (t)) . Thus Theorem 1 follows when χ

(

M2
)

< 0.
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10.2 Surfaces with χ = 0

Now we consider the Ricci flow on closed surfaces with χ
(

M2
)

= 0, that is,
when M2 is diffeomorphic to a torus or a Klein bottle. From (2) we see that to
obtain a flat metric g = evk we just need to solve the equation ∆kv = Rk. This
is possible since

∫

M2 Rkdµk = 0. Now let h be a flat metric on M 2. The Ricci
flow equation is

∂v

∂t
= e−v∆hv.

Immediately, from the maximum principle we see that

−C1 ≤ v ≤ C2,

where C1 and C2 are constants such that these inequalities hold at t = 0.
Thus all of the metrics g (t) are uniformly equivalent. In particular, their
diameters and Sobolev constants are uniformly bounded.

Remark 6 Note that we have the following alternate proof that the metrics are
uniformly equivalent. Since the potential function satisfies ∂

∂tf = ∆f, we have

|f | ≤ C. From ∂
∂tf = −R we can directly conclude from ∂

∂tg = −Rg that

e−Cg0 ≤ g (t) ≤ eCg0. (18)

To obtain better estimates, we first consider the relative energy, which is
defined in general for metrics h and g = evh (pointwise conformal to each other)
on a closed surface M2

Eh (g) =

∫

M2

log (g/h) (Rgdµg + Rhdµh) (19)

=

∫

M2

(

|∇v|
2
h + 2Rhv

)

dµh.

Here we integrated by parts and used (2) with u = ev to get the second equality.
This energy is also the same as the determinant of the laplacian defined using
the zeta function regularization:

Eh (g) = −48π

(

log
det ∆g

det ∆h
− log

Area (g)

Area (h)

)

.

(Compare with [4].) A calculation shows that under the normalized Ricci flow,
we have the surface energy monotonicity formula:

d

dt
Eh (g (t)) = 2

∫

M2

(−∆hv + Rh)
(

r − Rg(t)

)

dµh

= −2

∫

M2

(

Rg(t) − r
)2

dµg(t), (20)

where we integrated by parts and used (2).
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In particular, if χ
(

M2
)

= 0 and h is a flat metric, then Eh (g) =
∫

M2 |∇v|
2
h dµh

and
d

dt
Eh (g (t)) = −2

∫

M2

R2
g(t)dµg(t) = −2

∫

M2

e−v (∆hv)
2
dµh. (21)

Since

Eh (g (t)) ≤ C

∫

M2

(∆hv)
2
dµh,

where C = 1/λ1 (∆h) , and v ≤ C2, there exists a constant c > 0 such that

d

dt
Eh (g (t)) ≤ −cEh (g (t)) .

We conclude that
∫

M2

|∇v|2h dµh ≤ Ce−ct (22)

for some C < ∞. From (21) and (22) we deduce that for any t∗ < ∞

Ce−ct∗ ≥

∫ ∞

t∗

∫

M2

e−v (∆hv)
2
dµhdt =

∫ ∞

t∗

∫

M2

R2
g(t)dµg(t)dt.

for some constants C < ∞. From this we can deduce that (see [9], section 5 for
details)

∫

M2

R2
g(t)dµg(t) ≤ Ce−ct,

which implies
∫

M2

|∇h∇v|
2
h dµh =

∫

M2

(∆hv)
2
dµh ≤ Ce−ct.

From this one can show that v tends to a constant (log
(∫

evdµh

/ ∫

dµh

)

) ex-
ponentially fast. We leave it to the reader to show that all higher derivatives of
v also tend to 0 exponentially fast. This implies the exponential convergence of
g (t) in every Ck norm to the unique flat metric C · h with the same area and
conformal to g0.

It is interesting to note that when χ = 0 (i.e., r = 0) by using only the
maximum principle one can prove the following estimates (see [8], Proposition
5.33 on p. 127 for details):

∣

∣∇kR
∣

∣ ≤ Ck (1 + t)−
k

2
−1

where Ck < ∞ for all k ≥ 0. Since the the diameters of the metrics g (t) are
uniformly equivalent, and

∫

M2 Rdµ = 0, we conclude

|R (x1, t) − R (x2, t)| ≤ diam (g (t)) max
M2

|∇R| ≤ C (1 + t)
−3/2

.

These estimates are sufficient to prove the convergence of g (t) to a flat metric,
but not the exponential convergence provided by the integral estimates above.
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10.3 Convergence when R > 0

The third main estimate for the Ricci flow on surfaces with positive curvature
follows from the following formula. Let

Jij + ∇i∇jf −
1

2
∆f · gij .

Then under the normalized Ricci flow

∂

∂t
|J |

2
= ∆ |J |

2
− 2 |∇J |

2
− 2R |J |

2
. (23)

(See section 9 of [9] or [8], Corollary 5.35 on p. 130.) This motivates us to try
to obtain a uniform positive lower bound for R. For now we have

Lemma 7 (R ≥ c0 > 0 implies exponential decay of measure of difference from gradient soliton)
If R ≥ c0 > 0, then

|J | ≤ C0e
−c0t. (24)

The combination of the entropy and Harnack estimates (before (24)) enables
us to prove, using standard facts in geometry such as the volume comparison
theorem and Klingenberg’s injectivity radius estimate, that under the normal-
ized Ricci flow the scalar curvatures of g (t) are uniformly bounded from above
for all time. In particular, since x log x ≥ −1/e for all x > 0, we have by the
entropy estimate that for any subset D ⊂ M 2

∫

D

log R Rdµ ≤

∫

M2

log R Rdµ +

∫

M2−D

1

e
dµ ≤ C. (25)

Given any t0 ∈ [0,∞), let x0 ∈ M2 be such that R (x0, t0) = Rmax (t0) .Now
Klingenberg’s injectivity radius estimate says, since

(

M2, g (t0)
)

is a closed sur-
face with positive curvature, we have

inj (x0, t0) ≥ π/
√

Rmax (t0) /2

so that B + Bg(t0)

(

x0, 1/
√

Rmax (t0)
)

is embedded. By the volume comparison

theorem, since R (x, t0) ≤ Rmax (t0) , we have the area of B is bounded from
below by the area of the ball of radius 1/

√

Rmax (t0) in the 2-sphere of constant
scalar curvature Rmax (t0) , so that

Areag(t0) (B) ≥ εRmax (t0)
−1 ,

where ε > 0 is a universal constant. Now either using the Harnack inequal-

ity or the Bernstein-Bando-Shi estimate, we have R
(

x, t0 + εRmax (t0)
−1
)

≥

εRmax (t0) in B
(

x0, ε/
√

Rmax (t0)
)

for a universal constant ε > 0 sufficiently

small. Choose this constant ε small enough so that we also have

Areag(t0+εRmax(t0)−1) (B) ≥
1

2
Areag(t0) (B) .
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Hence inequality (25) with D = B at time t0 + εRmax (t0)
−1

implies

log (εRmax (t0)) εRmax (t0) εRmax (t0)
−1

≤ 2C

and we conclude that for all t0 ∈ [0,∞)

Rmax (t0) ≤ C

for some C < ∞ independent of t0. Since the area of g (t) is constant and we now
have a uniform injectivity radius estimate for all time (by Klingenberg and the
uniform curvature bound), we conclude that the diameter is uniformly bounded.
To see this take a geodesic with length equal to the diameter of M 2 and consider
a chain of balls of radius 1; the diameter bound follows since each ball has area
bounded below by a constant. Given the diameter bound, we can now apply
the Harnack inequality again to show that the scalar curvatures are uniformly
bounded from below by a positive constant: R ≥ c0 for some constant c0 > 0.
The consequent estimate (24) for J, plus higher derivative estimates (see [9]):

∣

∣∇kJ
∣

∣ ≤ Cke−ckt,

implies the following convergence result. Consider the normalized Ricci flow
modified by diffeomorphisms (or modified Ricci flow):

∂

∂t
gij = (r − R) gij − (L∇f g)ij = −2Jij . (26)

Since the solutions to (26) differ from the solutions to the normalized Ricci flow
by the pull back by diffeomorphisms, we also have under (26)

|J | ≤ C0e
−c0t.

and for each k ∈ N
∣

∣∇kJ
∣

∣ ≤ Cke−ckt,

for some Ck < ∞ and ck > 0 depending only on g0. Hence, we have

Proposition 8 (Convergence of modified RF to Ricci soliton) If
(

M2, g0

)

is a closed Riemannian surface with R (g0) > 0, then there exists a unique solu-
tion g (t) of (26) with g (0) = g0 which converges exponentially in any Ck-norm
to a smooth shrinking gradient Ricci soliton metric g∞ as t → ∞.

Proof. Jij = 0 if and only if Rij + ∇i∇jf − r
2gij = 0.

It turns out that this gradient Ricci soliton metric has constant curvature.
An easy way to see this is to use the Kazdan-Warner identity. Since
χ
(

M2
)

> 0, by going to the universal cover if necessary, we may assume
M2 ∼= S2.

Proposition 9 (Kazdan-Warner, [11]) If X is a conformal Killing vector
field, then

∫

S2

〈∇R, X〉 dµ =

∫

S2

R div X dµ = 0.
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Corollary 10 (Ricci solitons on S2 have constant curvature) If
(

S2, g∞
)

is a Ricci soliton metric, then g∞ is a metric of constant curvature.

Proof. Tracing the Ricci soliton equation (r − R) gij = ∇iXj + ∇jXi yields

r − R = div X,

and hence

−

∫

S2

(R − r)2 dµ =

∫

S2

R div X dµ = 0

by the Kazdan–Warner identity. Hence R ≡ r, and the corollary is proved.

Exercise 11 Let {ϕt} be a 1-parameter family of conformal diffeomorphisms
which generate the vector field X. Show that

d

dt

∣

∣

∣

∣

t=0

[E (ϕ∗

t g, g)] = −2

∫

M2

〈∇R, X〉 dµ.

Hint: first show that ∂
∂t

∣

∣

t=0
ϕ∗

t g = div (X) g.

Since the solution to the modified Ricci flow (26) converges exponentially
fast in each Ck norm to a constant curvature metric, we conclude that

∣

∣∇kR
∣

∣ ≤ Cke−ckt (27)

for some Ck < ∞ and ck > 0 depending only on g0. These same estimates
(27) also hold for the normalized Ricci flow since the solutions to that equation
differs from the solutions to (26) by the pull back by diffeomorphisms, which do
not affect the estimates. Hence we have proven Theorem 1 when χ

(

M2
)

> 0
and R (g (0)) > 0.

This result may be generalized to the case where the curvature of the initial
metric on S2 does not have positive curvature. This result was obtained in [7]
by modifying the techniques of Hamilton. In particular, analogues of Hamil-
ton’s entropy and Harnack estimates hold for solutions with curvature changing
sign. For a proof using Aleksandrov reflection see Bartz-Struwe-Ye [1]. In
Hamilton [10] a proof of convergence on S2 was obtained by an isoperimetric es-
timate. There is also a proof of the main curvature estimate using Perelman’s
no local collapsing theorem together with any of the known monotonicity
formulas along the lines of Cao-Chen-Zhu [3].

There is one drawback of the proof of Corollary 10. It uses the Kazdan-
Warner identity, whose proof in turn uses the uniformization theorem. Below we
give another proof of the corollary which does not depend on the uniformization
theorem.
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