The following supplement to week’s one lectures is excerpted from the book
[1]. There are several references to find this (or related) material such as in the
books of Thierry Aubin, Isaac Chavel, David Gilbarg and Neil Trudinger, Frank
Warner, etc.

The divergence of a (p,0)-tensor is defined as

div (oz)z-l___l-r1 = gjkvja;ﬂ-l...ipfl =V, iy - (1)
In particular if X is a 1-form, then
div (X) = ¢¥ V. X;.
A basic tool is integration by parts. Recall that Stokes’ theorem says that

Theorem 1 If a is an (n — 1)-form on a compact differentiable manifold M™
with (possibly empty) boundary OM, then

/ da:/ Q.
M oM

The divergence theorem says

Theorem 2 Let (M, g) be a compact Riemannian manifold. If X is a 1-form,
then

/ div (X) dp = /6 Xw)do 2)

Here v is the unit outward normal, du denotes the volume form of g (see (?7)
for its formula in local coordinates), and do = 1, (dp) is the volume form of the
boundary OM™ with respect to the induced metric.

Proof. Define the (n — 1)-form a by
a = vx(dp).
Using d? = 0 we compute
da=doux(dp) = (dotx +ix od)(du) = Lx (dp) = div(X)dp,

where to obtain the last equality, we may compute in an orthonormal frame
€1,---,Cp "

Lx (dp) (e1,...,en) =Zdu(el,...,V6iX,...,en)
i=1

= div(X)du (e1,...,en).

Now Stokes’ theorem implies

/MdiV(X)d'u:/Mda:/mwa:/azwLX(du): 8MX(1/)dU,

and the theorem is proved. m



Exercise 3 Derive the following consequences of the divergence theorem.
1. On a closed manifold, an Audp = 0.

2. (Green) On a compact manifold,

ov Ou
/A i (uAv — vAu) dp = /é?M" (ug - 05) do.

In particular, on a closed manifold

/ uAvdu:/ vAudp.

8. Show that if f is a function and X is a 1-form, then
fdiV(X)d,u:—/ <Vf,X>du+/ f{X,v)do.
M n BIL{"

Corollary 4 Let (M™, g) be a closed Riemannian manifold. If o is an (r,s)-
tensor and (3 is an (r — 1, s)-tensor, then

[ tavs av = [ ivia).5) av.
M M
Proof. Let X; = aflgklrﬁlk;zﬁ We compute that
div X = (div (a), ) + (@, V) ,
and the result follows from the divergence theorem. m
Exercise 5 Show that on a closed manifold
[ wvstans [ ReLVHdu= [ (o) e 3)

n n A n

Since |VVf|> > 1 (Af)?, this implies

n—1

/ Re(V/, V) dp < / (A dp. (4)

Exercise 6 (Lichnerowicz) Suppose f is an eigenfunction of the laplacian
with eigenvalue \:

Af+Af=0.
Use (4) to show that if Re > (n — 1) Kg, where K > 0 is a constant, then

A>nKk.
Equality is obtained by linear functions on the sphere of radius 1/ VK.
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