13 More gradient Ricci solitons, Hamilton’s ma-
trix Harnack estimate for the Ricci flow, and
eternal solutions

Recall that Hamilton’s matrix Harnack estimate in dimension two says the fol-
lowing. If (M 2.q (t)) is a complete solution of the Ricci flow with bounded and
positive curvature, then

1 1
Vl-Vj 10gR+ §Rgij > _ﬂgij' (1)

We apply some simple algebraic manipulations to put this inequality in a form
more suggestive of the higher dimensional generalization. In particular (1) is
equivalent to the following inequality: for any 1-form V'

1 1
ViViR+ SR gij + 29i; + ViRV + VRV, + RVV; > 0. (2)

We see this equivalence by noting that dividing by R and completing the square,
we have

1 1 1 1
0< EVZVJR+ 5 <R+ g) Gij — ﬁVlRVJR

1 1
+ (Vi + EVZ-R) <Vj + EVJR) .

Hence the minimizing choice of V is —%VR and we obtain that (1) and (2) are
equivalent.
Recall that a gradient expanding Ricci soliton satisfies

—op % = Rij + ViV f (3)

and when n = 2, R;; = %Rgij so that the equation (obtained by taking the
divergence of the above equation)

0=VR—2Re(Vf)

implies
ViegR=Vf
provided R > 0. Hence

1 1
Vl-Vj log R + §Rgij e _ﬂgij'

Thus, on a gradient expanding Ricci soliton with positive curvature on a surface,
we have equality in the matrix Harnack estimate (1).



Now let’s see what the generalization of this is to higher dimensions, taking
the point of view of inequality (2). First note that very roughly speaking, (2)
takes the form

curvature (V, V') + derivative (curvature) V + second derivative (curvature) > 0.

When n = 2 we have .
Rijie = §R (giegjx — girgje)

so that when we consider the curvature, we only see the scalar curvature (twice
the Gauss curvature). In higher dimensions, the Riemann curvature is naturally
an operator on two forms. When n > 3 the Harnack quantity is an extension of
the Riemann curvature operator. Without further ado, it is the following (we’ll
explain what this means in a moment). Given a 1-form W and a 2-form U, let

H(W,U) = MyW;W; + 2Ppi;UpiW; + RpijqUpiUy;
where
Prij = ViRij — ViRy;
and ) )
M;; = ARU — gviVjR + 2Rp;jeRye — RipRpj + %Rij
Roughly, this looks like
curv (U,U) + deriv (curv) (U, W) 4+ 2nd deriv (curv) (W, W) > 0.

More precisely,

Exercise 1
Prij = ViRyije
and X
M;; = Vi Prij + RiijeRie + ERU'

When we take a covariant derivative of a tensor and use the metric to contract
a pair of indices, we get the divergence. P is the divergence of Rm. M is almost
the divergence of P.

Hamilton’s matrix Harnack inequality says the following.

Theorem 2 ([1]) If (M™,g(t)) is a complete solution to the Ricci flow with
bounded nonnegative curvature operator, then for any 1-form W and a 2-form
U

H (W, U) = Mi;WiW; + 2Pyi;UpiW; + RypijqUpiUy; 2 0. (4)

Exercise 3 Show that when n =2 (4) is equivalent to (2).



How did Hamilton find such a complicated inequality? By considering the
equations satisfied by gradient expanding Ricci solitons. In particular, differen-

tiating equation (3) yields:
ViRji — ViR, = =V V Vi f + V;ViVif = Rijie Vo f

so that
Pijr — RijpeVef = 0.

Next we take a divergence of (5):
0= ViPijr — RijxeViVef — ViRijueVef

1
Rk — RijreViVef + ViR Ve f

= Mjr — Rijreltie — o

= M1 + Pre; Vo f.
Combining (5) and (6) into a quadratic, we get:
My + 2Py Vo f — RiejsVifVef =0
so that for any 1-form W we have
MWW — 2P WiV o fW; + Ry WiV fV: fW; = 0.

Using the symmetries of the curvature tensor, if we take
1
Uij = 5 (Vif W = V;fWi),
then (7) implies

H (U, W) = MjijWk + 2szjUk4Wj + RkEijUkeri =0.

That is, for an expanding Ricci soliton flowing along the gradient vector field

Vf,
H(VfAW,W) =0

for any 1-form W.

(®)

A more digestible consequence of the matrix Harnack inequality is the so-

called trace inequality.

Corollary 4 Under the same hypotheses as the theorem,

%—]: + % +2V,RV' 4+ 2R;; V'V >0

for any vector field V.. Taking V = 0, we have

0
— > 0.
57 (tR) =0



Proof. We leave this as an exercise with the hint to take {w®})_; to be an
orthonormal coframe and apply (4) to U = w® AV and W = w® in

S H (W AV,w®) > 0.

a=1

Corollary 5 If in addition to the above hypotheses, the solution is ancient, that
is, g (t) is defined for t € (—00,0], then

OR

— >0.

ot —
Proof. Exercise. m

An important application of the matrix Harnack inequality is the following
characterization of steady gradient Ricci solitons.

Theorem 6 ([2]) If (M™,g(t)), t € (—oo,w), is a complete solution to the
Ricci flow with nonnegative curvature operator and such that sup yyy (— oo o) 12 s
attained at some point in space and time, then (M™, g (t)) is a steady gradient
Ricci soliton.

When n = 2 we saw a proof of this in the previous lecture.
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