
13 More gradient Ricci solitons, Hamilton’s ma-

trix Harnack estimate for the Ricci flow, and

eternal solutions

Recall that Hamilton’s matrix Harnack estimate in dimension two says the fol-
lowing. If

(

M2, g (t)
)

is a complete solution of the Ricci flow with bounded and
positive curvature, then

∇i∇j log R +
1

2
Rgij ≥ −

1

2t
gij . (1)

We apply some simple algebraic manipulations to put this inequality in a form
more suggestive of the higher dimensional generalization. In particular (1) is
equivalent to the following inequality: for any 1-form V

∇i∇jR +
1

2
R2gij +

1

t
gij + ∇iRVj + ∇jRVi + RViVj ≥ 0. (2)

We see this equivalence by noting that dividing by R and completing the square,
we have

0 ≤
1

R
∇i∇jR +

1

2

(

R +
1

t

)

gij −
1

R2
∇iR∇jR

+

(

Vi +
1

R
∇iR

)(

Vj +
1

R
∇jR

)

.

Hence the minimizing choice of V is − 1
R
∇R and we obtain that (1) and (2) are

equivalent.
Recall that a gradient expanding Ricci soliton satisfies

−
1

2t
gij = Rij + ∇i∇jf (3)

and when n = 2, Rij = 1
2Rgij so that the equation (obtained by taking the

divergence of the above equation)

0 = ∇R − 2 Rc (∇f)

implies
∇ log R = ∇f

provided R > 0. Hence

∇i∇j log R +
1

2
Rgij = −

1

2t
gij .

Thus, on a gradient expanding Ricci soliton with positive curvature on a surface,
we have equality in the matrix Harnack estimate (1).
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Now let’s see what the generalization of this is to higher dimensions, taking
the point of view of inequality (2). First note that very roughly speaking, (2)
takes the form

curvature (V, V ) + derivative (curvature) V + second derivative (curvature) ≥ 0.

When n = 2 we have

Rijk` =
1

2
R (gi`gjk − gikgj`)

so that when we consider the curvature, we only see the scalar curvature (twice
the Gauss curvature). In higher dimensions, the Riemann curvature is naturally
an operator on two forms. When n ≥ 3 the Harnack quantity is an extension of
the Riemann curvature operator. Without further ado, it is the following (we’ll
explain what this means in a moment). Given a 1-form W and a 2-form U, let

H (W, U) = MijWiWj + 2PpijUpiWj + RpijqUpiUqj

where
Pkij = ∇kRij −∇iRkj

and

Mij = 4Rij −
1

2
∇i∇jR + 2Rkij`Rk` − RipRpj +

1

2t
Rij

Roughly, this looks like

curv (U, U) + deriv (curv) (U, W ) + 2nd deriv (curv) (W, W ) ≥ 0.

More precisely,

Exercise 1
Pkij = ∇`Rkij`

and

Mij = ∇kPkij + Rkij`Rk` +
1

2t
Rij .

When we take a covariant derivative of a tensor and use the metric to contract
a pair of indices, we get the divergence. P is the divergence of Rm . M is almost
the divergence of P.

Hamilton’s matrix Harnack inequality says the following.

Theorem 2 ([1]) If (Mn, g (t)) is a complete solution to the Ricci flow with
bounded nonnegative curvature operator, then for any 1-form W and a 2-form
U

H (W, U) = MijWiWj + 2PpijUpiWj + RpijqUpiUqj ≥ 0. (4)

Exercise 3 Show that when n = 2 (4) is equivalent to (2).
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How did Hamilton find such a complicated inequality? By considering the
equations satisfied by gradient expanding Ricci solitons. In particular, differen-
tiating equation (3) yields:

∇iRjk −∇jRik = −∇i∇j∇kf + ∇j∇i∇kf = Rijk`∇`f

so that
Pijk − Rijk`∇`f = 0. (5)

Next we take a divergence of (5):

0 = ∇iPijk − Rijk`∇i∇`f −∇iRijk`∇`f

= Mjk − Rijk`Ri` −
1

2t
Rjk − Rijk`∇i∇`f + ∇iRk`ji∇`f

= Mjk + Pk`j∇`f. (6)

Combining (5) and (6) into a quadratic, we get:

Mjk + 2Pk`j∇`f − Rk`ji∇if∇`f = 0

so that for any 1-form W we have

MjkWjWk − 2Pk`jWk∇`fWj + Rk`ijWk∇`f∇ifWj = 0. (7)

Using the symmetries of the curvature tensor, if we take

Uij =
1

2
(∇ifWj −∇jfWi) ,

then (7) implies

H (U, W ) = MjkWjWk + 2Pk`jUk`Wj + Rk`ijUk`Uji = 0.

That is, for an expanding Ricci soliton flowing along the gradient vector field
∇f,

H (∇f ∧ W, W ) = 0 (8)

for any 1-form W.

A more digestible consequence of the matrix Harnack inequality is the so-
called trace inequality.

Corollary 4 Under the same hypotheses as the theorem,

∂ R

∂ t
+

R

t
+ 2∇iRV i + 2RijV

iV i ≥ 0 (9)

for any vector field V . Taking V = 0, we have

∂

∂ t
(tR) ≥ 0.
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Proof. We leave this as an exercise with the hint to take {ωa}
n

a=1 to be an
orthonormal coframe and apply (4) to U = ωa ∧ V and W = ωa in

n
∑

a=1

H (ωa ∧ V, ωa) ≥ 0.

Corollary 5 If in addition to the above hypotheses, the solution is ancient, that
is, g (t) is defined for t ∈ (−∞, 0], then

∂ R

∂ t
≥ 0.

Proof. Exercise.
An important application of the matrix Harnack inequality is the following

characterization of steady gradient Ricci solitons.

Theorem 6 ([2]) If (Mn, g (t)) , t ∈ (−∞, ω) , is a complete solution to the
Ricci flow with nonnegative curvature operator and such that supM×(−∞,ω) R is
attained at some point in space and time, then (Mn, g (t)) is a steady gradient
Ricci soliton.

When n = 2 we saw a proof of this in the previous lecture.
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