11 The Li-Yau differential Harnack estimate for
the heat equation

Let’s start off by recalling a fundamental theorem of Yau about harmonic func-
tions on Riemannian manifolds.

Theorem 1 (Yau 1975) If (M",g) is a complete Riemannian manifold with
nonnegative Ricci curvature and if uw: M™ — R is a superharmonic function:

Au<0
and bounded from below: v > —C, then u is constant.

The proof is based on a gradient estimate. To oversimplify things, the basic
idea of the proof is to bound a quantity F' by obtaining an inequality of the
form:

F? <O\ F + Oy

which of course implies F' < (5. See the appendix for some more details. It is
amazing how this simple idea is ubiquitous in obtaining estimates in geometric
analysis and especially geometric evolution equations.

This result was a precursor for the fundamental estimate of Peter Li and
Yau for solutions of the heat equation.

Theorem 2 (Li-Yau 1986) If (M™,g) is a complete Riemannian manifold
with nonnegative Ricci curvature and if u : M™ x [0,00) — R is a positive
solution of the heat equation: u > 0 and

ou
— =A
ot o
then 9
2 n
Alogu 5 logu — |Vlegul|® > 5

Exercise 3 Prove the equality

3]
Alogu = alogu— |V logul®.

Note that this inequality is sharp. Simply take euclidean space R™ and the
fundamental solution

hO (CC, Y, t) = (471'15)7"/2 e—d(w,y)2/4t

where d (z,y) = |z — y| is the euclidean distance. We compute

d(z.y)”

log hg = —g log (47t) — p”



Isolating the distance part of the function, we define kg = (I y) . Then

n
Aloghg = Akg = ——
0g no 0 o

which is the equality case of the Li-Yau estimate.
Now we sketch the proof of the Li-Yau estimate. Let

u(z,t) = (47rt)_n/2 e~ @t

so that n
logu = -5 log (47t) — f.

Define
Q= Alogu=—-Af.

One can compute (we’ll show how in the appendix)

2Q

5 =AQ+2Vlogu-VQ (1)

+2Rc(Viogu, Viogu) +2|V;V; logul”.

Note for any symmetric 2-tensor a = a;jw’ ® w? (where {wl} is an orthonormal

basis of 1-forms), we have

Z ai;)’ >
4,7
1 1
ViV logul® > ~ (Alogu)” = ~Q.

S|

As a special case we have

Hence if Re > 0, then

oQ

e > AQ+2Vlogu - VQ + = Q2

Now we consider the ODE obtained formally from this by
1. changing the inequality to equality
2. dropping the laplacian term

3. dropping the gradient term:



The worst case senario (i.e., when ¢ is smallest) is when

lim ¢ () = —o0.

The solution is

n
)= ——.
¢(t) =~
The maximum principle now tells us
Alogu(e,t) = Q(x.t) 2 q(t) = —5

and we are done!
A consequence of this estimate is a Harnack type inequality.

Corollary 4 If Rc > 0 and u is a positive solution of the heat equation, then

—n/2

u (o, ta) (f_2) / o= d(@1.2)? /A(ta—t1)
U(Il,tl) - tl

That is,

d(ml,x2)2

f(l'g,tg) - f(xlatl) < m

To see roughly why this should be true, recall the Li-Yau estimate is

0 9 n
— — > - —
Ey logu — |Vlogul” > 57

We wish to integrate this inequality along geodesics v : [t1,t2] — M with
v (t1) = z1 and vy (t2) = x2. Note that if zo = z1 we can take a constant path
and the inequality

glo u>—2
ot Bt =Ty

u (22, t2) - (t_g)"/Q
U(Il,tl) - tl )

Now when x5 # x1, the path v has a nonzero derivative 4. When computing
the total derivative

implies

Slogu(y(0).1)

this introduces a gradient term
Viogu-+¥
which is dominated by the |V logu|* term modulo a |§|” /4 term which leads to

d(z1,22)?
the 4(@;?3)

term.



Exercise 5 Fill in the details of the proof of the corollary.

Now we consider the fundamental solution of the heat equation h (z,y,t)
which satisfies
tlin%h (,y,t) = dy.

The corollary implies if Rc > 0, then
h(z,y,t) > (drt) "2 e d@w)* /4t

If we define k by
h= (47715)_”/2 e ",

then this says
2
d(z,y)
a
Note that the Li-Yau inequality says that

k<

Ak < =
2t
11.1 Appendix
Proof of (1). We compute
0 0 2
5 (Alogu) = A <§ logu> =A (Alogu+ |V log u )
= A(Alogu) +2Vlogu - AVlogu + 2 |VV log ul?
= A (Alogu) + 2V logu - VAlogu + 2|VV log u|?
+ 2R13VZ log ’LLVj logu

> A(Alogu) +2Viogu -V (Alogu) + 2 (Alogu)®.
n

Here we used the Ricci identity for commuting the laplacian and covariant
derivative:

Avlf = lef + RZJVJf

]
Solution of Exercise. For any path v : [t1,ts] — M? joining points z; and



9, we have

u(za,ta) [ d
log 20 -(/; < fogu (3 (1), 1)) de

(fundamental theorem of calculus)

279 dy
/t1 (Elogu—&-Vlogw E) dt

(chain rule)

ta
n dy
> |Vlogu|2——+V10gu~—) dt
/t1 ( 2 dt

(Li-Yau estimate)

ta
2 %\ ) 1),

(Schwarz inequality)

dry

()] dt

and the result follows from taking v to be a constant speed minimal geodesic
Such a geodesic satisfies:

dry d(xq,z2)
2 — 11

Idea of proof of Yau’s theorem. Let

F(z) = (r2 - d(z,p)2) IV log | (z).

One can take its laplacian and then apply the maximum principle while using
the Rc > 0 hypothesis to derive the inequality:

F2 —ClF—CgT2 S O,
where C; and Cs depend only on n. This implies F' < Csr for some C3 and
hence

C3
1 < —
Viogul(0) < 00—
for all z € B (p, ) . Restricting this estimate to x € B (p,r/2) and letting r — oo
implies |Vlogu| =0 on M.

Caveat. One technical point is that the distance function is only smooth a.e.



