3 Heat equations and maximum principles

The heat equation is the linear model for the Ricci flow. Recall that given a
Riemannian manifold (M™, g), we say that a time-dependent function

wu: M"x1[0,T)—R

is a solution of the heat equation if

Ju

— = Au.

ot~
The heat equation smooths out functions. For example, if M" = S! = R/27Z
and

f(x)= Z (@m cosmz + by, sinmz) ,

m=0

then

oo
u(z,t) = Z e~m’t (@m cosmaz + by, sin mz)

m=0
is a solution of the heat equation with « (0) = f. From this one can deduce that
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for all 25 € S'. One can also show that
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‘8:0 (:v,t)’ < Ce

One manifestation of the smoothing property of the heat equation is the
maximum principle. The maximum principle is simply the first and second
derivative tests from calculus. If a function f: M — R attains its minimum at
a point zy € M, then

Vf(xg) =0 and Af(zg)>0.

If we have a time-dependent function u : M™ x [0,7) — R such that on some
time interval [0, t] w attains its minimum at some point xg at time tg, then

ou
E (Io, to) S 0

in addition to
Vu(zg,t0) =0 and Awu(zg,t9) > 0.

The above elementary facts imply the following (see also [1] for example).



Theorem 1 Let g(t) be a family of metrics on a closed manifold M™ and
suppose u : M™ x [0,T) — R satisfies

0
T > Agpyu+ Xy (u),
where Xy (u) denotes the directional derivative of w in the direction of some
time-dependent vector field X;. If u > ¢ at t = 0 for some ¢ € R, then u > ¢ for
allt > 0.

Proof. Given any ¢ > 0, define u. : M x [0,T) — R by
ue=u+e(l+t).

Since u > catt = 0, we have u. > catt = 0. If for some € > 0, u. < csomewhere
in M x (0,T), then since M is closed, there exists (z1,t1) € M x (0,T) such
that ue (x1,t1) = ¢ and ue (z,t) > ¢ for all z € M and ¢ € [0,¢;). We then have
at (1‘1, tl)

0
OZ%ZAQ(QUE—FE>O,

which is a contradiction. Hence u, > ¢ on M x [0,T) for all € > 0. Taking the
limit as ¢ — 0, we obtain u > con M x [0,7). =

Exercise 2 Suppose

0
P > Agpyu+ Xy (u) + Cu
whenever u < 0 for some ¢ € R. Show that if u > 0 at t = 0 for some ¢ € R,
then u > 0 for all t > 0. Hint: consider the function v (z,t) = e~ “tu (z,t).

We can apply the above exercise to the Ricci flow. Recall that under the
Ricci flow the scalar curvature evolves by

9 2
—R=A 2 .
BtR R +2|Rc¢|

Since [Re|® > LR? (see lecture 11), we have

2
%RZAR+ ERQ. (1)

Now we apply a trick which is useful for obtaining sharp estimates. Let p (¢) be

a solution of the ODE
dp _ 2 5

it~ n’

n
This ODE is obtained by replacing > by = and dropping the A term in (1). We
then have 9

S(R=p) = A(R=p)+ 2 (Rt p) (R—p).



Let [0,T) be the time interval of existence of the solution of Ricci flow. For any
0 <7< T we have R+ p < C for some constant C' < co. Hence

-y zam—p)+ 2 (r-yp).

whenever R — p < 0. Now choose p so that

p(0) = min R (,0).

By the exercise, since R —p > 0 at t = 0, we have R—p > 0 on M x [0,7].
Since 7 < T is arbitrary, it follows that R —p > 0 on M x [0,T). We also easily
see that the solution to 2£ = £p° is

unless p (0) = 0 in which case p (t) =
We conclude

Lemma 3

R(z,1) > (; - Et)_l

mingep R(z,0) n
if mingepns R (2,0) # 0. If minge s R (x,0) = 0, then we have R (x,t) > 0.

In particular, if mingeps R(2,0) > 0, then the maximal time interval of
existence [0,7") satisfies

n

T < .
2mingen R (z,0)

Now the scalar curvature is a function. We are also interested in the Ricci
curvatures and sectional curvatures, which form tensors. For this reason we
would like to have a maximum principle which applies to tensors. For such
a maximum principle to hold, we need a notion of positivity for the tensors
we are considering. Fortunately, symmetric 2-tensors and curvature operator
like tensors (we’ll define this later) are bilinear forms for which one can define
positivity (or nonnegativity).

In Hamilton’s 1982 paper [2] a maximum principle for symmetric 2-tensors
was proved. If v and § are symmetric 2-tensors, we write v > ¢ if v — § is
positive semi-definite.

Theorem 4 Let (M™, g (t)) be a solution of the Ricci flow on a closed manifold
and suppose that a(t) is a symmetric 2-tensor such that

0
Ea > Ag(t)a + /67



where B is a polynomial in o using the metric g (t) to contract indices. Further
suppose 3 satisfies the null eigenvector assumption that if A;; is a non-
negative symmetric 2-tensor at a point (z,t) and if V is such that A;;VI =0,
then

Bij (A, g) V'V > 0.

If a(0) >0, then a(t) > 0 for all t > 0 as long as the solution exists.

It can be shown that the evolution of the Ricci tensor on a 3-manifold is
given by:
0 A 2 2
gRij = AR;; +3RR;; — 6R;, R, + (2 |RC| — R ) 9ij
Corollary 5 If (M?’, g (t)) is a solution to the Ricci flow on a closed 3-manifold
with nonnegative Ricci curvature at the initial time, then the Ricci curvature s
nonnegative as long as the solution exists.

Proof. The tensor
Bij = 3RRZJ — 6Ripij + (2 |1%C|2 — R2) Gij

satisfies the null eigenvector assumption with respect to a;; = R;;: if Re (V) =0

R? so that

at some point and time, then at that point and time: |Rc|2 > %

BV = (2[Ref = B2) |V > 0.

]

In [3] a general maximum principle which applies to curvature operator like
tensors was proved. We will discuss this in the next lecture and consider appli-
cations to estimating the curvature.
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