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Number Theory as Gadfly

B. Mazur, Harvard University

Dr. Mazur received his Ph.D. from Princeton University in 1959, and was
a Junior Fellow at Harvard University from 1961-64. Since then he has
been at Harvard University with frequent visits to I.H.E.S. in France. He is
a member of the U.S. National Academy of Sciences and has received the
Veblen Prize (in geometry) and the Cole Prize (in number theory) from the
AMS.

(This is an expository article which evolved from notes written in preparation for a 40-minute talk
for a general audience at the “Symposium on Number Theory,” held in Washington D.C. on May 4,
1989 under the auspices of the Board on Mathematical Sciences of the National Research Council. To
make the text more informative the original version has been supplemented with lots of commentary, a
section (§4) has been added which may be useful to readers familiar with the classical theory of
modular forms, and an appendix has been added which is meant for an even more specialized audience.
1 am thankful to P. Diaconis, J. Mazur, K. Ribet and J.-P. Serre, who read early drafts of this paper,
and whose suggestions were very helpful to me.)

1. Introduction. When a friend saw the title to my talk he asked if what I had
in mind was the well-known fact that number theory has an annoying habit: the
field produces, without effort, innumerable problems which have a sweet, innocent
air about them, tempting flowers; and yet...the quests for the solutions of these
problems have been known to lead to the creation (from nothing) of theories which
spread their light on all of mathematics!, have been known to goad mathematicians
on to achieve major unifications of their science?, have been known to entail
painful exertion in other branches of mathematics to make those branches
serviceable®. Number theory swarms with bugs, waiting to bite the tempted
flower-lovers who, once bitten, are inspired to excesses of effort!

Well, perhaps that summarizes the general aim of my talk—but, to put it more
gently, I want to spend a few minutes considering one example (a conjecture, in
fact) which shows how Number Theory can sometimes contrive to be a helpful, and
possibly inspirational, goad to the rest of the Mathematical Sciences.

The most celebrated of all deceptively simple (and still unsolved!) problems in
Number Theory is surely Fermat’s Last Theorem®. Its curious history (whose
statement first occurs as a marginal commentary on the equation arising from the
Pythagorean theorem) is so well known, it needn’t be rehearsed here. Professional
mathematicians, after Fermat, have approached Fermat’s Last Theorem with

1e.g., Kummer's theory of ideals
ze.g., Grothendieck’s theory of schemes
3e.g., The theory of group representations, and in particular, the “Langlands program”

“For a detailed account of the recent work on this see Oesterlé’s Bourbaki report [0] listed in the
References for §4.
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