Second Solution. We will show there is no solution to the system modulo 13. Add the

two equations and add 1 to obtain

(@ +y+ 12 +2° =147 + 157 + 1.
By Fermat’s Theorem, a'® = 1 (mod 13) when a is not a multiple of 13. Hence we compute
14757 = 4! = 4 (mod 13) and 15717 = 13 =1 (mod 13). Thus

(z® +y+ 1)+ 2° = 6 (mod 13).
The cubes mod 13 are 0,+1, and 5. Writing the first equation as
(* +1)(z® +y) =4 (mod 13),

we see that there is no solution in case z° = —1 (mod 13) and for 23 congruent to 0, 1,5, —5

(mod 13), correspondingly 3  y must be congruent to 4,2, 5, —1. Hence
(2® +y +1)* =12,9,10, or 0 (mod 13).

Also 2° is a cube, hence 2° must be 0, 1, 5, 8, or 12 (mod 13). It is easy to check that 6
(mod 13) is not obtained by adding one of 0, 9, 10, 12 to one of 0, 1, 5, 8, 12. Hence the

system has no solutions in integers.
Note. This argument shows there is no solution even if z° is replaced by 2z°.

This problem was proposed by Razvan Gelca.

Let ABC be an acute-angled triangle, and let P and @ be two points on side BC. Con-
struct point Cy in such a way that convex quadrilateral APBC, is cyclic, QC; || CA, and
C; and @ lie on opposite sides of line AB. Construct point B; in such a way that convex
quadrilateral APC B, is cyclic, @B | BA, and B; and @ lie on opposite sides of line AC.
Prove that points By, Cy, P, and @ lie on a circle.

Solution. Let o, 3,7 denote the angles of AABC'. Without loss of generality, we assume
that Q is on the segment BP.



We guess that By is on the line through C) and A. To confirm that our guess is correct
and prove that 3;,Cy, P, and @ lic on a circle, we start by letting B, be the point
other than A that is on the line through C; and A, and on the circle through C, P,
and A. Two applications of the Inscribed Angle Theorem yield ZPC/A = /PBA and
LAByP >~ ZACP, from which we conclude that APC;B; ~ AABC.

Irom QC, || CA we have m£PQC; = m — 7 so quadrilateral PQC,Bs is cyclic. By the
Inscribed Angle Theorem, mZ B,QC = a.



Finally, m£PQB; = (m —v) — a = 3, from which it follows that B; — B; and thus
P, Q,C4, and B, are concyclic.

This problem was proposed by Zuming Feng.

Legs L1, Ly, Lg, Ly of a square table each have length n, where n is a positive integer. For
how many ordered 4-tuples (ki, ko, k3, k4) of nonnegative integers can we cut a piece of
length k; from the end of leg L; (i — 1,2, 3,4) and still have a stable table? (The table is
stable if it can be placed so that all four of the leg ends touch the floor. Note that a cut
leg of length 0 is permitted.)

Solution. Turn the table upside down so its surface lies in the zy-plane. We may as-
sume that the corner with leg L is at (1,0), and the corners with legs Lg, L3, Ly are at
(0,1),(—1,0),(0, —1), respectively. (We may do this because rescaling the z and y coor-
dinates does not affect the stability of the cut table.) For i = 1,2, 3,4, let 4 be the length
of leg L; after it is cut. Thus 0 < ¢; < n for each i. The table will be stable if and only if
the four points F1(1,0,¢;), F2(0,1,42), F3(—1,0,43), and F4(0, —1,£,) are coplanar. This
will be the case if and only if FFy intersects F3Fy, and this will happen if and only if the

midpoints of the two segments coincide, that is,
(0,0, (41 + £3)/2) = (0,0, (€2 + £4)/2). (*)

Because each ¢; is an integer satisfying 0 < £; < n, the third coordinate for each of these

midpoints can be any of the numbers 0, %, 1, %, ..

T
For each nonnegative integer k < n, let Sk be the number of solutions of z + y = k where
z,y are integers satisfying 0 < z,y < n. The number of stable tables (in other words, the

number of solutions of (x)) is N = Y_r_, S7.
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