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FIGURE 15. A convex arrangement of critical values in the
W-plane is the most convenient one for deriving the mon-

odromy action by 27 rotation.

during this crossover it creates (A, 0Ayp) new 7, branes. This action of 180°
rotation of branes is thus realized by an N x [N upper triangular matrix with
1 on the diagonal and A, o Ay for each a > b. Thus we find

N
(39.303) Fm ) =)+ 3o (Bao ) =30
a>b a=1

(++)

where 7,"’ and 7(_)

are the basis of branes before and after the move: the
former extending to real positive infinity and the latter extending to real
negative infinity.

Now consider instead going from o = 0 to & = —m/2. In this case for
each a > b we get A, o Ay brane creation of v;, according to Eq. (39.388).

Thus the process is

N
(39.394) FzD =40+ 3 (a0 A =Y T,
a>b b=1
where 7(7/) are the basis after the move. Since both 'y(*) and 7(7/) emanate

from the critical point p,, they are the same setwise. However, they may
differ in orientation. The relation of the orientations can be seen by tracing
fa7y, in the neighborhood of the critical point p,. In the W-image, the two
are related by 360° rotation. However, since the superpotential is quadratic
near pg, it is 180° rotation in the pre-image. Thus, the two are related

simply by the orientation flip

(39.395) D = A
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Thus, we find

/

(89306)  fouy” = fopfau =i T = S0

= APreer,,
Namely, the relevant monodromy for our problem is given by the matrix
M = 'I7']. Combining what we have obtained, we see (j|e ™V |y,) =

(Fve)I%Iap.  Using the definition of II¢ and ﬁ?, and also the relation
(39.344),

(39.397) (jli) = TIEI°°11¢,
we find
(39.398) (7] eV |i) = TIST°TIY.

This is the relation we wanted to show.

EXERCISE 39.6.1. It is instructive to work out all these in the exam-
ple (39.389), where ¢ — 0 is the conformal point. Start with Fig. 14(1)

and show that f%% = —Y; — Yo, ngg = 7y, as well as f—g% =71
f-zv9 = =31 — Y2, where 5, and 7, are as depicted in Fig. 16. In the

FI1GURE 16. The cycles 7, and s

notation of the present discussion, we have ”y(_) = -7, ’yé_) = 7y, and

75_,) = 4, Wg_l) = —7,. Indeed the two basis sets have opposite orienta-

tions.
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39.6.4. Holomorphic Bundles. Finally, we consider B-branes of the
non-linear sigma model on a Ké&hler manifold X. We have seen that, for a
D-brane wrapped totally on X and supporting holomorphic vector bundles,
the overlaps depend on the Chern character of the bundle, Egs. (39.366)—
(39.367). This motivates us to propose that the charge lattice is the topo-
logical K-theory

(39.399) Ap = K(X),

which has a homomorphism ch : K(X) — H®*"(X;Q). K-theory contains
elements corresponding to lower-dimensional D-branes such as D-branes
wrapped on complex submanifolds and supporting vector bundles on them,
not just the maximum dimensional branes. Such objects can also be con-
sidered as coherent sheaves on X, or more precisely, objects in the derived
category of sheaves in X. The bilinear form is given by Eq. (39.305):

(39.400) (B, [B]) = /X ch([EY])ch([Ba]) Td(X).

For a Calabi—Yau n-fold, this is symmetric for even n and anti-symmetric for
odd n. For a non-Calabi—Yau, it is neither symmetric nor anti-symmetric.
The overlaps with the RR ground states are parallel sections of the vac-
uum bundle over the moduli space My, of Kahler classes and B-field classes.
Classically, My, is a cone in H%(X,R) times the torus H*(X,R)/H?*(X, Z),
and therefore a non-contractible loop is associated with the integral shift of
the B-field, B — B+0, 0 € H*(X,Z). As can be seen from the expressions
Egs. (39.366)—(39.367) for the overlaps, this induces a linear map of the

charge lattice,
(39.401) L,®: K(X)— K(X),

which is induced from the tensor product by a line bundle with first Chern
class ¢;(L,) = o. This preserves the bilinear form given by Eq. (39.400).
This class of monodromy is the only one that is present in the large radius
limit. However, as we have learned many times in the previous chapters, the
structure of the moduli space M}, is much more complicated than a cone
times a torus. There are loci where the theory develops a singularity or has
some special property. There can be other non-trivial loops, and the problem
of monodromy is more non-trivial than it seems. Below, we present another
class of changes of bundles that are related to the monodromy problem, in
the case where X is Fano, ¢;(X) > 0.
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Mutation of Exceptional Sheaves. Let X be a Fano manifold, ¢ (X) > 0.
A sheaf E on X is called exceptional if Ext'(E,E) = §;0C. A pair of
exceptional sheaves (E, F) is called an exceptional pair if Ext'(E, F) = 0,
i # ip for some ig, and Ext’(F, E) = 0 Vi. Recall that, in such a case, the
space of supersymmetric ground states for the E-F open string is given by
Ext®(E, F'). For an exceptional pair, one can define new exceptional sheaves
LpF and RpFE, called the left mutation of F' with respect to E and the right
mutation of E with respect to F', such that (LgF, E) and (F, RpE) are both
exceptional pairs. In the cases (i) Ext’(E, F) # 0 and Ext’(E, F)® E — F
is surjective, (ii) Ext'(E, F) # 0 and Ext’(E,F) ® E — F is injective, or
(iii) Ext}(E, F) # 0, they are defined by the following exact sequences:

0— LgF - Ext®(E,F)@ E - F — 0,

0—E—Ext'(E,F)*® F — RpE — 0,

0—ExtY(E,F)® E— F — LgF — 0,

0— RpE — E - Ext(E,F)*® F — 0,

0—F— LpF - Ext'(E,F)® E — 0,
(i)

0 — Ext!Y(E,F)*® F — RpE — E — 0.

The K-theory classes are therefore related by

(39.402) [F] = +[LiF] + X(E, F)E),
(39.403) (E] = +[RpE] + x(E, F)[F),
where the signs are —, +, + for the cases (i), (ii), (iii) respectively. It is

known that RgLgF = 4+F. Let us consider the example on X = CP!
with £ = O and F' = O(1). We know that O(1) has two holomorphic
sections, denoted by Xy and X, and hence Ext’(O, O(1)) = C2. The map
Ext’(0,0(1))®0 — O(1) is given by (£, g) — fXo+ gX; and is surjective.

Thus, case (i) applies and we have the exact sequences

0— O(-1) = Ext?(0,0(1)) @ © — O(1) — 0,
0— 0 — Ext®(0,0(1))* @ O(1) — O(2) — 0.
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The first map of the first sequence is given by o — (Xj0,—Xpo). In the
second sequence, the first map is given by f — (fXp, fX1) and the last map
is (A, 1) = AX1—pXo. Thus, we find LoO(1) = O(—1) and Rp1)0 = O(2).

An exceptional collection is an ordered set of exceptional sheaves
{E1, ..., E¢} such that (E;, Ej) is an exceptional pair for any i < j. A
heliz of period N is an ordered set of infinitely many exceptional sheaves
{E;;i € Z}, such that {E;1,..., E;yn} is an exceptional collection for any
1 and such that

Ein = REi+N71 T RE¢+1 (El)v E;i=Fi N ®Kx.

The collection {Ej+1,..., Ei+n} is called a foundation of the helix. A foun-
dation of a helix generates the derived category of sheaves, and can be used
as the basis of the charge lattice. Change of basis is done by mutations.
For X = CP!, E; = O(i) give the helix of period 2, as one can see from
Ro1)0(0) = 0(2) and O(0) = O(2) ® Kp1. For X = CPN ™! {0O(i);i € Z}
is a helix of period N.

We note here the similarity between A-branes in Landau—Ginzburg mod-
els and B-branes in Fano sigma models. Namely, the wave-front trajectories
emanating from the critical points look very similar to the exceptional col-
lection of sheaves in the following sense. Both are ordered sets of branes
where the ordering determines the asymmetry of the open string Witten in-
dex. For A-branes in LG models the ordering is given by the value Im (1)
of the W-image, while the ordering is a part of the data for an exceptional
collection of sheaves. Furthermore, one can change the basis of the charge
lattice. For an LG model, it is organized by Picard—Lefschetz theory. For
exceptional collections, it is done by mutation of bundles. In fact, mutations
of the pair (E,F) — (LgF, E) or (F, RpE) look very similar to the change
of A-branes in the LG model (7,,7;,) — (7, 75) or (77, va) discussed above:
compare Egs. (39.387) and (39.402) as well as Eqs. (39.388) and (39.403).
The change of branes in the two class of theories appears to be related in

the way suggested in Fig. 17. In fact, this is not a coincidence: Mirror

FIGURE 17. LG Interpretation of Mutations
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symmetry maps the B-brane associated with the exceptional bundles of X
to the A-branes wrapped on the wave-front trajectories in the mirror LG
model. Then mutation of bundles indeed corresponds to change of basis of

A-branes involving brane creation.

39.7. D-Branes in N/ = 2 Minimal Models

In this section, we study D-branes in the simplest non-trivial N' = 2
superconformal field theory — N = 2 minimal models. This model is an ex-
actly solvable model and is expected to arise as the infrared fixed point of the

Landau—Ginzburg model of a single chiral superfield X with superpotential
(39.404) W = xk+2,

We first review the construction of D-branes following Cardy. We then
find the corresponding D-branes in the Landau—Ginzburg description. In
particular, we will find a beautiful geometric realization of the Verlinde
ring for SU(2) level k& Wess—Zumino-Witten models as well as a simple

understanding of the 7 — —% modular transformation matrix Sl.j .

39.7.1. The Model. N = 2 minimal models are unitary (2,2) super-

3k
k42>

where k is a positive integer. They can be viewed as an SU(2)/U(1) super-

conformal field theories in two dimensions with central charge ¢ =

GKO construction at level k. The superconformal primary fields are labeled

by three integers (j,n, s) such that

1 k
4 i=0,-,1,...,—
(39.405) i=0,5105,

nGZQ(k+2), (0,1,,2k+3m0d 2(k+2)),
s € Zy4, (—1,0,1,2 mod 4),

with the constraint 2j +n+s = 0 (mod 2) and field identification (j, n,s) =
(% —j,n+k+2s+2). We denote the set of these labels (j,n,s) by ]\/Z;.C
s = 0,2 in the NS sector and s = =£1 in the Ramond sector. The two
different values of s denote the parity of the fermion number in the Ramond
or NS sector. The conformal weights and the U(1) charges of the primary
fields are

G+ —n2/a | s n

S
2 mod1 =2
ki + 2 tgmedd Gins =57

(39.406) hj, = mod 2.
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The characters xjns(7) = TrijnvsqLofi obey the modular transformation

relation
(39.407) Xjns(—2) = D> SN (7))
(j/,n/,S')EJ/W\Ig
where
NI ]_ . -/ imnn/ imss’
(39.408) S = k+2sin(w%f;“>)e—k+z o

We consider the model with a vector-like GSO projection, with the space of

states

(39.409) H= P Hins®Hjns
(j,n,s)eﬁk

There are N/ = 2 chiral primary states (j, —27,0) in the NS sector. The
related Ramond states (j, —(2j + 1), —1) can be reached by spectral flow.
This model can also be described by the IR fixed point of the LG model
with a single chiral superfield X with superpotential (39.404). The chiral
primary fields X! correspond to the states (%, —1,0) and provide a represen-
tation of the chiral ring. We denote the corresponding RR-~ground states in
(L, —(+1),~1) by [i):

(39.410) ) — X', (1=0,1,...,k).

Note that there are only &+ 1 chiral primary fields or k + 1 supersymmetric
ground states. However there are a total of (k+ 1)(k + 2) primary states in

the Ramond sector.

39.7.2. Cardy’s Construction. There are both A-branes and B-branes
that preserve half of the (2, 2) superconformal symmetry. The conditions on

the corresponding boundary states are the generalizations of Eqgs. (39.337)
and (39.338):

(39.411) 5_,« — e G, = ér —je G, =J, — j_n =0 for A-brane,
(39.412) Er —iefG . =G, —ie PG, =J,+J_, =0 for B-brane.
For a rational conformal field theory, the boundary states are linear combi-

nations of “Ishibashi states” on which the left and the right generators of
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the superconformal algebra are linearly related. Let us define A- and B-type
Ishibashi states by

(39413) [Ajne) =D [,n, 5 N) @ QUlj,n, 8 N) “€ Hjns @ Hjns",
N

(39414) |Bj7n78>> = Z |ja n,s; N) ® U|j’ n, s; N> ‘e Hj,n,s ® Hj,—n,—s”-
N

Here the states |j,n, s; N) form an orthonormal basis of H;,, 5. U is an anti-
linear operator H;,, s — H;, —n,—s such that UG, U = —ieG, on Hjn,s with
e=1fors=—1,0and e = —1 for s = 1,2. Q; is the mirror automorphism
of the N' = 2 superconformal algebra. Note that all of |4, , s)) survive the
GSO projection while | Bj,, s)) survives it only for the values (7,0, 0), (4,0,2)
(j integer) and also (%, %, +1), where the latter is possible only for even k.
The boundary states are particular linear combinations of Ishibashi states.

For A-branes, it is simplest to follow Cardy’s prescription

ol ol
]’n 75

(39.415) |Ajns) = Z 97"775|Aj/7n/75/)> .

— /g alnts
(j/7n/75l)EMk 07070

It is easy to show that this obeys the A-type condition Eq. (39.411) with
e =1if s = —1,1 and € = 1if s = 0,2. All of the A-branes have
non-trivial RR-components, and therefore the corresponding D-branes are
charged under RR-potentials.

To obtain the B-branes, we note that the present model can be obtained
from the model with the opposite GSO projection, with the Hilbert space
OHjn,s @ Hj—n,—s, by orbifolding the discrete Zj,o x Zo symmetry. The

boundary states are obtained by taking the average:

SJL’S"S_/
(80.416) |Bj) = V2(k+2) Y LB
i'ezs'=02 1/ gy’

s=0,1,7=0,

They obey Eq. (39.412) with e = —1 for s = 0 and e = 1 for s = 1.

Actually, the ones with j = % (possible only if k is even) split into two
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boundary states:
(39.417)

|BS> =

2 . ’
g E 2 T B ) o= mL0L2

s'=1,—1

)+

k
1

DN | =

Note that the D-branes corresponding to |Bjs) are neutral under RR-po-
tentials, but those corresponding to |Bs) are charged.

The boundary states at the outgoing boundary circle are found by the
prescription (a| = [e”J0|a>]T.

|Bjn,s), we find

—mi(

imJo #273) on |Ajns) and

Since e = e

(39.418) (Ajnsl = [Ajn-1,5-1)",

(39.419) (Bjs| = |Bjs 1),

(39.420) (B-1| = [Bo)f, (Bo|l = [B-1)T, (Bi| = [B2)', (Bs| = |Bi)T.
Overlaps with supersymmetric ground states. Let us compute the over-

laps of the boundary states with the RR ground states, (a|l) and (I|a),

where |1) is the normalized ground state corresponding to the chiral oper-
ator X!, and (1| =|1)!. We find for A-branes

. (2j+1)(l+1)>
sin (71'7
2 . (n—1)(i41) . s—
1 k+ P e_“TTl

) V2 \/sin (ﬂ%)

1 sin (71'7(2j—21_,’)_(2l+1))

) V2 \/sin (W%)

while for the charged B-branes (for even k)

(39'421) <Aj,n,8| l)

_on(41) .
e (s ) elﬂ'g

9

(39.422)  (I|Ajns)

) ()
(39.423) (Ball) = (I|By) = 6, s 2* L s=—1,0,
)
] )
(39.424) (Bul1) = (I|B)) = 0,1 ; L s=1,2

Witten Index. Consider an open string in the (a,b) sector. As we dis-
cussed in Sec. 39.4.3, the index I(a,b) = Tr,,(—1) e corresponds in
the closed string channel to an overlap in the Ramond sector boundary
states I(a,b) = Trop(—1)F = 1 (a|b)ur- In the present case, however, since
we are performing the GSO projection, we should regard the tree-channel

amplitude (a|q¢|b) as the GSO projected open string partition function
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Trab(%qf"). Thus, the correct identification is
(39.425) I(a,b) = Trab(_l)Fqgio = 2 3@l b rr = 2 rr{@]b)rra

where |b), is the projection to the RR-ground states. We start with the
A-branes Aj n, 515 Ajyma,ss With s1,52 both odd (so that the two preserve
the same N = 2 supersymmetry);

(39.426)
I(Aj1,n1,81 ) Ajz,n2782) =

H.
= 2[|Aj17n1_1751_1>RR]TqC ||Aj27n2732>RR

(S'j’n’s )*S'j’n’s
o Ji,mi—1l,s1—1 J2,m2,52
- 2 Z S j,n,s Xj7n75(qc)

sodd 0,0,0

s m(21+1)(2541) y oo m(24e+ 1) (25+1)

_ ]. Z Sln( 12 ) Sln( k12 ) e'nrn(n]g;;1+1)

k+2 sin( ")

2j+n odd k+2
—im(s2—s1+1
x e imls2me )(Xj,n,l - Xj,n,fl)
im(s1—52)

2e 2

B k+2
o m(201 D) (25 +1) o m(25241) (2541 s m(ne—na+1)(25+1)
y Z sin( e ) sin( o ) sin( = )
. om(2541)
j sin(=pg)

s1—s9 n2—nj

= (DN

where NV, 11932 are the SU(2); fusion coefficients,

. 1 if |51 — jo| < js < min{ji + jo, k — j1 — jo}
(39.427) lejjé = _
0 otherwise.

An [An|—2
If An = ny — ny is negative, it is understood that Nj ]3 = —N. .2

,2 . The
3,
B-branes Bj s are not charged under RR-potentials, and so the Witten index
vanishes. For the charged B-branes B;, we find

k+2
IB1rne = —5—

RRG 2
k+2
HB) = — 2

RRG 2

(39.428) I(By, B1) = 2[|B2)

RRG ]

(39.429) I(B-1, B1) = 2[| By)

RRG ]
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Finally, the index for the open string stretched between B, and A;, s is
given by

(39'430) I(Bila Aj,n,S) = 2[|BQ/0>RRG]T|A.7:”75>RRG

1
s RCKAE ix(n=s)
\/T 7,m,s =Te 2 sin(7r(j + %))

It is 1 or —1 if j is an integer, but it vanishes if j is % plus an integer.

39.7.3. Landau—Ginzburg Description of A-Branes. As men-
tioned, the A = 2 minimal model is realized as the IR fixed point of the LG
model of a single variable X with superpotential W = X**2. Here we study
A-branes in this LG model by considering its massive deformations. We
have seen that, in a massive LG model, the gradient flow lines of Re (W)
starting from a critical point sweep out a middle-dimensional Lagrangian
submanifold that defines an A-brane. In the model of a single variable X,
such A-branes are simply the preimages of the straight lines in the W-plane,
starting from the critical values and going to +oo in the real positive direc-
tion.

The superpotential W = X**2 has a single critical point X = 0 of
multiplicity (k + 1) with critical value w, = 0. If we consider deforming
the superpotential by lower powers of X we will generically obtain (k + 1)
non-degenerate critical points {a} with distinct critical values {w,}. We
assume that Im (w,) are separate from one another. Then we would get
(k + 1) A-branes 7,, one associated to each of the critical points, whose
W-images are lines starting from w, and extending straight to infinity in
the positive real direction. For large values of X the deformation terms are
irrelevant and the D-branes approach the preimages of the positive real axis
X**+2 € Rsg C C, namely

o
(39.431) X:r.exp<k7zy2>, v=0,---,k+1, relo,o0).
Thus we see that the X-plane is divided up into k + 2 wedge shaped regions

by the k + 2 lines going from the origin to infinity making an angle of %

with the positive real axis; we will denote such a line by £, .
Any A-brane 7y, of the deformed theory is a curve in the X-plane that

will asymptote to a pair of such lines, say £,, and £,, with 11 # v5. To see
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this, we note that the deformed superpotential W is approximately quadratic
around any (non-degenerate) critical point a and the preimage of the straight
line emanating from W(a) in the W-plane splits into trajectories of two
points (wave-fronts) starting from a. The two wave-fronts approach the
lines £,, and £,, as they move away from the critical point. Since there is
only one preimage of W € Rx>¢ in the vicinity of each £, (near infinity), the
two asymptotic regions should be different for vy # vs.

Thus, in the deformed theory there are (k + 1) distinct A-branes, each
labeled by a pair of (modulo (k+2)) integers {v1, vo} which label the asymp-
totes it makes. Taking into acconut the orientation, there are 2(k + 1) of
them labeled by the ordered pair (v;,v¢). We will label such a D-brane by
Vvivy-

The (k4 1) D-branes we obtain in this way will not intersect with each
other, as their images in the W-plane do not intersect one another. Never-
theless, as discussed in Sec. 39.4.3 the index I(7,,7,) = Tras(—1)F is not
in general zero (Eq. (39.297)). This in turn is given by the intersection
number of the cycles 7y, and 7; which are obtained from ~, and 7, by
slightly tilting the W-images in the negative and positive imaginary direc-
tions respectively. Let us consider two allowed branes 7,, , . and Vol We
are interested in computing the Witten index of the theory of the oriented
open string starting from 7,, , . and ending on Vol If none of the v;,v;
and v/, V} are equal, the branes 7, , ; and 7;271/ do not intersect, and thus
the index is zero. The more subtle case is when one of the v;, v} is equal to
one of the v, ;. If they are both equal, then we get the Witten index to be
1 as discussed before. Without loss of generality we can order the branes so
that 1v; < vy and V] < 1/} (otherwise the intersection number is multiplied
by a minus sign for each switch of order). Thus there are only four more
cases to discuss. Let us also assume that z/,f + 1/} > v+ vy (by V} = y; we

mean u} =v;+ k+2). It is a simple exercise to see that in such cases

Lify,=vjorvy=0vj
(39.432) (Vo ps Vo) = .
0 otherwise.

Now we come to the D-branes at the conformal point. Since the (k+ 1)
D-branes make sense arbitrarily close to the conformal point, they survive in

the limit of the conformal point as well. The resulting cycles are the broken
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straight lines with a sharp corner at X = 0:
(39.433) Vviwy = Ly, —Ly,.

We have different allowed pairs (v;,v¢) in the massive theory, depending
on the choice of the deformation polynomials: all of them survive at the
conformal point. Actually, any pair (v, vy) is realized in terms of a D-brane
for some deformation of W. Thus, the A-brane 7,, - exists at the conformal
point for any pair (v, vy) of mod (k + 2) integers. This gives us a total of
(k+2)(k + 1) A-branes that are pairwise the same up to orientation. Here
we encounter an interesting effect: The number of D-branes jumps as we go
from the conformal point to the massive theory.

The fact that we have obtained (k+2)(k+1) such branes at the conformal
point is very encouraging as that is exactly the same as the predicted number
of Cardy states, as already established. Moreover, if we consider the range of
parameters where 0 < v; < vy < k+1 we see that |vy—1v;] € {1,...,k+1} and
vi+vs € {0,...,2k+2}. The range of these parameters exactly corresponds
to the quantum numbers (2j,n) labelling Cardy’s A-branes with s = +1
that preserve the A-type supersymmetry with e® = 1. This motivates us
to claim that the A-branes vy, are identified with Cardy’s A-brane A;n,s,
where the labels are related by

(39.434) lvp —vi| =25 + 1, v+ v =mn, s = sign(vy — vy),
or

n—2j—1

Vf = —a Vf =
(39.435) s=1, s=—1.

n—2j—1 L, — nt2j+l
2 i = T2

Note that this is compatible with the field identification (2j,n,s) =
(k—2j,n+k+2,5+2): If we change v; — vy and vy — v; + k + 2 we get
the same brane back up to a flip in the orientation (reflected in s — s+ 2).

Below, we provide further evidence for this identification. Along the
way we find a simple geometric interpretation of Verlinde ring and modular
S-matrix for SU(2) level k.

Geometric Interpretation of Verlinde Algebra. We would like to com-
pute the Witten index at the conformal point for the open string stretched

between two A-branes Vot and Vo2w2 and reproduce the index formula
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Eq. (39.426). One aspect of the formula is clear. The intersection num-

27
k+2°

which implies that the index will depend on ny — nq but not on the other

ber will not change if we rotate both branes by integral multiples of

combinations of n; and ng (as n; and ng shift by the same amount under

the rotation). Moreover the appearance of (—1)52531 in the index is also
natural as that correlates with the choice of orientation on the D-branes.
So without loss of generality we set s; = sy = 1, i.e., as before we choose
1/} > v} and I/ch > v2. Also in checking Eq. (39.426) it suffices to consider
the case where no — ny > 0, which is the same case as 1/]% + 1/2-2 > V} + yil. It

is now clear that the index is 1 if
(39.436) Vi<V <vp<vi<uvl k42

and it vanishes for all other cases. Note that the condition of getting non-
vanishing results in the case of equality follows from Eq. (39.432).
Now we use Eq. (39.435) to rewrite Eq. (39.436) as

n—251—1<ng—2jo—1<n;+25;+1
<ng+2js+1<ny — 2k +2k+3.
These four conditions can also be written as

(39.437) o — ja] < 22—

< minfji + j2, k — j1 — jol-
(We used the fact that na —ny and 2j2 4+ 2j; are equal mod 2.) This is pre-
cisely the condition for non-vanishing of the SU(2) level k fusion coefficient,
and we have thus derived Eq. (39.426) from a purely LG point of view.
Overlap with RR ground states as Period Integral. We next compute
the overlaps of the boundary states and the supersymmetric ground states.
As shown in Eq. 39.5.3, they are given by the weighted period integrals
Egs. (39.357)—(39.358), or by (anti-)holomorphic integrals Eqgs. (39.363)—
(39.364) if the (@4 + Q-) or (Q+ + Q_)-cohomology classes of the ground
states are expressed as in Egs. (39.361)-(39.362). We will consider the
ground state wave-functions of the form Eqgs. (39.361)—(39.362) where the

(anti-)holomorphic representatives are given by
(39.438) O = XldX,
(39.439) O =gX dX.

For a suitable choice of ¢, they define an orthonormal basis of the supersym-

metric ground states. To see this, we compute the inner product using the
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formula Eq. (39.365) (here we set the circumference 3 = 2 for simplicity):

g”‘/ = / e_i(W+W)Ql A\ *ﬁil
= Czc_l// e_ZA(X]CH'FY]CH)XlYl/dX A xdX
_ 2616—1,/ e—Qirk+2 cos((k+2)0) oi(l=1")0 I+'+1 7). 00
At this stage, we see that they are orthogonal, g;; = 0 if | # 1’ (we assume

0 <,I' <k). Expanding the exponential and performing the 6 integral, we
find

2 [P (ED™ hiovom g
gi = A4r|ql / Z (rht2)yzmpitlgy
0

o0
= Adr|c)? Jo(2rFF2) 2 gy
0

k:—2k2 [P (liilz)rsm (%)

where Jo(x) = Y5 (=1)™(x/2)?™/(m!)? is the Bessel function, and we

m=0

|
=)
o

have used the integral formula

/000 2" Lo (ax)dr = 247D (1 /2))? sin(mp/2) / (wat).

Thus, they form an orthonormal basis if ¢; are chosen as

(39.440) o = e ,

where ¢ is some phase.
Now, let us perform the overlap integrals. We consider the brane

Yows = Vins corresponding to Aj,s, where v;,v; are related to jns via
Eq. (39.435). We consider in particular the one with s = 1. So 7;,,, is a
broken line coming from infinity in the direction z; = e%, cornering
at X = 0, and then going out to infinity in the direction zy = e%
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The overlap is
L™ = ¢ / e X xlax
rY;nl

1y [T ey
= alz;" =) e t'dt
0

2

mi(n—1/2)(1+1) ]
| e [w(zj+1)(z+1>]r<z+1>

e k+2

k42 k+2 k+2
and
~n ~k+2___ ___
o = g e X UK dX
l +
ranl
= iq X XIgX
vjnl
_ zmiry2ry o (25 +1)(1+1) I+1
= k+2 —2 r
ice ( z)sm[ P2 T2
Using the normalization formula Eq. (39.440) with the phase choice
i —mi(l+1)
el = —je 2-+2) | we find that the above reproduce the overlaps obtained

earlier (Egs. (39.421)-(39.422)):

(39.441) 17" = V3 (Aj | 1), ﬁl—%"l = V2 (I Ajm).

Note that v/2 is the standard factor associated with the GSO projection:
compare Eqs. (39.343) and (39.425).

Among the (k + 2)(k + 1) A-branes, let us choose (k + 1) of them,
Ya,a+1 With a=0,1,..., k, which generate the charge lattice H(C, B). It is
straightforward to see that the index I,y = I(7V4 441, Vppy1) and its inverse
I are given by

1 ifa>0b,

(39.442) Ly = 0ap — Oapr1, 1=
0 ifa<b.

Using this, and using the above expressions for II? and ﬁ;—l, for Vg ar1 =

Y0,2a+1,1> it is straightforward to compute

k
(39.443) > T = 6,
a,b=0
k ~ Cl41
(39.444) Iy = —e YRR

a,b=0
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This confirms the relations (39.397) and (39.398). Note that the ground state

|l) is characterized by its vector R-charge Fy = 2]%12 -1, or
. —27i(l41)
e ™V = _eT &z . The latter Eq. (39.444) can also be regarded as

confirming that the ground state wave-function with holomorphic represen-
tative Q; = ¢ X'dX indeed corresponds to the state |1). Finally, the same
equation can also be regarded as the diagonalization of the fusion coefficients
using the modular S-matrix: I, is essentially the fusion coefficients ij,”

while IIf is the modular S-matrix S jj ,.

39.7.4. Landau—Ginzburg Description of B-Branes. We now study
B-branes of the LG model W = X**+2 by considering its massive deforma-
tions.

We have seen that a B-brane in a massive LG model is wrapped on a
complex submanifold on which the superpotential W is constant. Further-
more, in order for the supersymmetry to be unbroken, it has to pass through
some of the critical points of W. In the LG model with a single variable, this
means that only DO-branes localized at the critical points are possible. For
a generic deformation of W = X*+2_ there are (k+ 1) critical points. Thus,
we find (k + 1) DO-branes at those points. As we have seen, the Witten
index of any pair of such branes is zero. Also, since the dimension of the
cycle, 0, is not one-half of the number of LG fields (which is 1/2), they have
vanishing overlaps with RR-ground states (see Eq. (39.375)). This means
that these B-branes are not charged under RR-potentials.

Actually, one can consider another LG realization of the A/ = 2 minimal
model. It is to add one variable, Y, with the quadratic superpotential Y2,

Namely, we consider the model of two variables X, Y with the superpotential
(39.445) Wo = X2 _y2,

In the IR limit, the Y sector simply goes away and we again obtain the
N = 2 minimal model. We will discuss its massive deformations, obtained
by adding lower-order terms in X to the superpotential Wy. An advantage
in this realization is that one can now have middle-dimensional complex
submanifolds, that is, submanifolds of complex dimension 1. We are in-
terested in submanifolds passing through some critical points of W. Let
us focus on a neighborhood of a critical point (X,Y) = (X,,0), where W
behaves as W = W(X,) + ¢(X — X,)? = Y2 + ... Then the submanifold
defined by W = W(X,) has a double point singularity — it is a union
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of two curves Y = +/c(X — X,) + --- intersecting at the critical point
(X,Y) = (X,0). Our previous discussion is not sufficient to study such a
D-brane. The only way to avoid this difficulty is to select either one of the
signs Y = ++/c¢(X — X,) + - --. This is consistent only if the superpotential
globally factorizes as W = (Y + /(X = X, ) +.. ) (=Y +/e(X = X.)+...).
To avoid linear terms in Y the dot terms + ... must be the same, and there-
fore W should be of the form

k42
2

(39.446) W= (X5 4 =¥ = (X —a))- (X —avp)) — ¥,

2

up to addition of a constant. This is possible only if k is even. There are %

critical points at X = a;,Y = 0 plus % more at other places. The subsets

(39.447) Zi ={Y =£(X —a1) (X — ar2)}

2

are smooth, middle-dimensional submanifolds obeying W = constant. Thus,
they define B-branes possibly with non-vanishing overlaps with RR-ground
states. They both pass through exactly % critical points at X = a;,Y = 0.

One can apply the method developed in Sections 39.4.5 and 39.5.4 to
study some of the properties of these branes. First, the Witten index of
an open string ending on the same brane is the number of critical points

included in the brane. Thus,

2
(39.448) [(Za, 7s) = k%

We next compute the overlap of the corresponding boundary states and
RR-ground states. Since we consider B-brane boundary states and the
ground states from B-twist, the overlaps are given by topological disc am-
plitudes. To find the normalization of the ground states, we first compute
the topological metric (S? amplitudes with two operator insertions). We
fix the holomorphic two -form as 2 = dYdX. An elementary way to com-
pute (O102) is to first compute the Hessian at each of the critical points
det 9;0;W and then sum 0102/ det 0;0;/W over the critical points. The
contribution of the Y-sector to the Hessian is simply —2. The X-sector
contribution would be complicated to obtain, but we will use the following
technique: For holomorphic functions f(X) and g(X) we have
(39.449) > f,(X) - L f fX)dX

24 g(X) ~ omi 9(x)

Large circle
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where the contour is a large circle encircling all zeroes of g. Applying this
tog=0xW = (k+2) X1 4 ... and f = X1 X2 we find

(39.450)

l l
<Xl1Xl2> _ Z X l)g 2
i (—2)0xW

— ;5 4. W—=Wo ;5

IR R (~2)(k +2) 7Y
where (—2) is from the Y-sector, and + - - - are the terms that vanish in the
conformal limit W — Wy = X*+2 — Y2, Thus, the properly normalized

operators in the conformal limit are

(39.451) 0, = 2(k +2)Xx".

To compute the disc amplitudes, we must compute the “Pfaffian,” Eq.

(39.376), at each critical point included in Zy. Let us first consider Z;

and use the normal coordinate z = (X — ay)...(X — axrs2) — Y. Then we
2

find Q = dXdz and Ox0.,W = 20x((X —a1)...(X —axsz2)). Thus, the disc
2

amplitude is

(39.452)

k42

Z4 - \/le
IT; Z 28X((X—a1)...(X—a%))

i=1 —a,
1 f{ V2(k+2)X! W—1Wo 2(k:+2)5
T omi 20X —a1) ... (X — arz) 2 Ly
Large circle 2
where we have used Eq. (39.449). Together with the topological metric
my = —04+r k and the other overlap ﬁf* = —HlZ+, we reproduce the in-
dex Eq. (39.448) via l_IlZJr17”/1:v[lZ/Jr = k2 We also find HZZ* = —ﬁlZ* =
—5l7§ V2(k+2)/2, and
k+2

(39.453) (Zy,Z )=1(Z_,2y) = —%.

As far as the ground state sector is concerned, we see that Z; and Z_ differ
only in their orientations. Moreover, in the conformal limit, Z, and Z_ are
geometrically the same in the vicinity of X = Y = 0. This suggests that
they indeed differ only in orientation in this limit.

Let us now compare with the result obtained by Cardy’s method. There
we have found k (resp. (k + 1)) uncharged B-branes if k is even (resp. k is
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odd), half of them (s = 0) preserving the opposite B-type supersymmetry
to that of the other half (s = 1). Some of them may correspond to the
(k + 1) DO-brane discovered in the LG description. However, it is hard
to make the relation more precise, since there is no non-trivial quantity
that is computable in the LG description. If k is even we have also found
four charged B-branes Bs (s = —1,0,1,2) where Bsy2 and By differ just
by orientation, and Beven preserves the opposite supersymmetry to that of
Bygq- For a suitable boundary condition for the fermions, we see that Z
or Z_ corresponds to B_; or B;. Indeed, the Witten indices agree, and we

also see
(39.454) 17 = V2(Bai| 1), TI7* = —V/2(1|Bz1).

The factor /2 is the one associated with the GSO projection. The minus sign
of the second equation can be traced back to the relation of the topological
states (| and the conjugate states (1| = —((k — )| (which follows from the

comparison of the metrics).

39.8. Mirror Symmetry

In this section, we describe how D-branes are related by mirror symme-
try. Recall that mirror symmetry exchanges the supercharges Q_ and Q_.
Since A-branes preserve the combination of the supercharges @ 4+ +Q_ while
B-branes preserve L+ Q@ _, mirror symmetry exchanges A-branes and B-
branes. We will study how Lagrangian A-branes are related to holomorphic
B-branes. We will consider the correspondence between holomorphic branes
in sigma models and Lagrangian branes in Landau—Ginzburg mirrors, as

well as Lagrangian branes in sigma models and holomorphic branes in LG.

39.8.1. Holomorphic Bundles on X and Lagrangian Branes in
LG. In Sec. 39.6, where we have studied monodromy properties of D-branes,
we have seen a similarity between B-branes in Fano sigma models and A-
branes in Landau—Ginzburg models. Here we show that this is not a coinci-
dence — these branes are mapped to each other under mirror symmetry.

Let us take the example X = CPV~!. We have seen that this is mirror
to the Landau—Ginzburg model of N — 1 periodic variables Y7,...,Yn_1 of

periodicity 27t with superpotential

(39.455) W=e "4 g e N1 ot YN
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Here ¢t = r — i0 corresponds to the complexified Kéahler class parameter of

CPV~!, where § determines the B-field, Eq. (15.71). The superpotential

has N critical points p; (¢ = £+ N), where pyis at e Y1 = ... = ¢7YN-1 =

o—t/N o2mit/N

Let us first find, in the theory with § = 0 (B = 0), the mirror of the

PN=1 and supporting the trivial U(1) gauge

D-brane wrapped totally on C
field. We recall that the mirror symmetry was derived using the linear sigma
model — U (1) gauge theory with charge 1 chiral superfields ®1,...,®x. The
variables Y; (i = 1,..., N) were obtained by T-dualizing along the phase of

PN-1 with trivial gauge field is lifted in

®;. The D-brane wrapped on C
the linear sigma model to a pure Neumann boundary condition. What is
relevent here is the fact (see Sec. 39.1.3) that T-duality maps the Neumann
boundary condition on S' to the Dirichlet boundary condition on the dual
circle §1, where the gauge field on S! corresponds to the position of the
dual brane on S!. When this rule is applied to the linear sigma model
fields, we find that the pure Neumann boundary condition on ®; is mapped
to the D-brane boundary condition ImY; = 0 on Y;. Thus, we find that the
D-brane wrapped on CPY~! with trivial gauge field on it is mirror to the
D-brane wrapped on the middle-dimensional submanifold ImY; = 0. The
latter is indeed a Lagrangian submanifold and its W-image is the straight
line emanating from W (pg) = N and extending in the positive real direction.

Let us now apply to this mirror pair an axial R-rotation. The axial
R-rotation shifts the theta angle of the linear sigma model as § — 6 — 2N .
This reduces in the non-linear sigma model to the shift of the B-field. Thus
the trivial B-brane on CPY~! is now under the influence of a non-trivial B-
field. On the other hand, on the LG side this induces a rotation of the critical
points and their critical values: W (p,) = N 2 /N — N ~2iat2mit/N Ip
fact this axial R-rotation shifts the fields Y; as Y; — Y; + 2ia. Thus, the
A-brane is deformed to ImY; = 2a. The image in the W-plane is a straight
line emanating from the new critical value N e~%® and making an angle
—2a with the real axis. Now, consider the special value o = 7/N. At this
value, the set of critical points is the same as the starting configuration: py
has moved to the position where p,_; was. Now we recall the fact that a
D-brane in the theory with a quantized value By of the B-field is identical
to a D-brane in a theory with trivial B-field supporting a non-trivial U(1)

gauge bundle whose first Chern class c; is related to By. In the present case,
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0 = —27 corresponds to a gauge bundle with fml c1 = 1. The holomorphic
line bundle with this topology is simply O(1). Thus, we have seen that
O(1) is mirror to the A-brane through p_; whose W-image is the straight
line emanating from W (p_;) = N e=2"/N and extending straight to infinity
with angle —27 /N with the real axis. Repeating this procedure, we find that
O(—0) is mirror to the A-brane through p, whose W-image is the straight
line emanating from W(p;) = N e2™t/N and extending straight to infinitly
with angle 27¢/N with the real axis.

Since the axial rotation rotates the supercharges, in general, D-branes
obtained in this way preserve different combinations of supersymmetry com-
pared to the original one which is Q 4+ +Q_. In the LG side, a D-brane
preserving Q + + @Q_ is obtained by deforming the cycle so that the W-
image is rotated around the critical value and becomes parallel to the real
axis. This is depicted in Fig. 18 in the example of O(—1) and O(1) on
CP®. For the bundles O(2), O(3),... or O(=2), O(=3),..., it is impos-

(a) (b) (©

FIGURE 18. a) O(0), b) O(-1), ¢) O(1)

sible to rotate the cycle so that the images in the W-plane are paral-
lel to the real axis without passing through other critical values. One
can avoid this cross-over by bending the branes, although it results in the
breaking of the supersymmetry. Bending in the clockwise direction, we
obtain the collection of bundles {O(0),...,O(n + 1)}, which are excep-
tional collections as we have seen above. By partially changing the di-
rection of bending, we can obtain other exceptional collections as shown
in Fig. 19 for the case of P5. If we order the lines in terms of decreas-
ing asymptotic imaginary part, then the exceptional collection in Fig. 19(b)
is {O(-3),0(-2),0(-1),0(0),0(1),0(2)} and the exceptional collection
in Fig. 19(c) is {O(-2),0(-1),0(0),0(1),0(2),O(3)}. These exceptional
collections are related to one another by mutations. The similarity of the

monodromy property observed in Sec. 39.6 can thus be understood as a



39.8. MIRROR SYMMETRY 887

(a) (b) ©)

FIGURE 19. Three exceptional collections.

consequence of mirror symmetry. For bundles E; corresponding to super-
symmetric (straight) A-branes 7;, the spaces of open string supersymmetric

ground states match with each other

(39.456) Ext®(E;, B;) = HEW (7;,7,)-

39.8.2. Lagrangians in X and Holomorphic Branes in LG. We
next consider A-branes in toric sigma models and B-branes in LG models.
In both cases, the combination of supercharges that defines the topological
theory is preserved by the boundary condition. In Sec. 39.4, we have seen
that the relation Q? = 0 can be modified: it can be broken by an anomaly
in non-linear sigma models while it can be modified at the classical level
in LG models. In the case where the sigma model and the LG model are
mirror to each other, the two modifications of Q? = 0 should match. In
other words, one can use mirror symmetry to predict when we expect the
quantum anomaly of Q? = 0 in the sigma model.

Let us consider the general toric manifold X, defined by the charges Q¢
(t=1,...,N,a=1,...,k). One can construct a boundary interaction in
the linear sigma model that includes a boundary analogue of the F-term that
depends holomorphically on parameters si, ..., Sy obeying sz\; 1 Qs =t
We denote s; = ¢; — iaj. In the sigma model limit e, — oo, the boundary
interaction reduces to the one for the D-brane wrapped on the torus 7V —F
defined by |¢;|? = ¢; with the Wilson line

(39.457) A=) [az’d@z‘ — 0" MuQjeide |
=1
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where ¢; = arg ¢; and My, is the inverse matrix of Zf\il QQ0c;. Eq. (39.457)
is well defined on X if and only if the constraints Zf\;l Q¢s; = t* are satis-
fied. Dualizing the boundary theory, we find that the mirror of (T, A,) is a
DO-brane in the LG model located at e = e~%i.

Now, we come to an interesting point. Let us consider such A-branes,

(T.1y,A,y) and (T2, Ay2). They are mirror to a pair of DO-branes at

C
oY — s e

and e . We have seen that, for such a pair of B-branes in

the LG model, the open string supercharge squares to
(39.458) Q* x W(e ™) —w(e=").

The quantum anomaly for the A-branes in X vanishes if and only if the right-
hand side vanishes. This also applies to the most general case where the
mirror B-branes are not necessarily DO-branes. Thus, we find the condition:
for a pair of Lagrangians with flat connections, the quantum anomaly of
Q? = 0 wanishes if and only if the W -values of the mirror B-branes match
with each other.

Supersymmetry is spontaneously broken unless the point e Y = e

—s
is a critical point of the superpotential W. This is a strong constraint
on 7. and A,. For example, consider X = CP! where the mirror is the
N = 2 sine-Gordon model W = e~Y + e~**Y. There are two critical points
e”Y = + ¢ %2, The corresponding branes are wrapped on the equator T r/2
and have Wilson line 0 or 7.

One can use this mirror symmetry to solve the open topological sigma
model for (7,, A,) in terms of the open topological LG model for the cor-
responding DO-brane. Let (0)" := g ---8" be the chiral ring element of
the boundary LG model. This corresponds to the volume element of 7.
The cylinder amplitude with (#)™ insertion at both boundaries is given by
det 0;0;W at the DO-brane location p. The disk amplitude with boundary
(0)™ insertion and a bulk chiral ring element O inserted in the interior is
the value of O at p. It is a simple exercise to show that, for X = CP*, this
gives the correct number of holomorphic disks with the boundary lying in

the equator T, /5.
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based on [13]. The proof in (10.5.7) that moment maps for torus actions are
perfect Morse functions is due to a private communication from K. Fukaya
and Y.-G. Oh. Other proofs can be found in F. Kirwan’s book [156] and
also in H. Nakajima’s notes [200, Ch. 5.1].

Chapter 11
T-duality was found by Kikkawa and Yamasaki, [154] and by Sakai and
Senda [223]. Path-integral derivation of T-duality is due to Buscher, Ref.
[39]. For further study of o-models on tori and the Narain lattice, see Ref.
[201]. For a review and more references see Ref. [111].
Boson-fermion equivalence in 14 1 dimensions was originally discovered

in an interacting system — sine-Gordon model and massive Thirring model,
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see [56] and [185]. The particular version discussed in this Chapter is in
[82].

Chapter 12
For general definitions and expository treatment of superspace, see [92].
More extensive references on superspace, supersymmetry, and supergravity
are [252], [103], and [89]. The twisted chiral multiplet of (2,2) supersym-
metry in 1 + 1 dimensions was found in [104]. For the statement of mirror

symmetry, see the original paper [173] of Lerche-Vafa—Warner.

Chapter 13
The relation of N' = 2 supersymmetry and Kahler geometry is essen-
tially due to Zumino [272]. The Landau—Ginzburg model is the dimensional
reduction of the very first example of supersymmetric field theory found by
Wess and Zumino in [253] and is sometimes called the Wess—Zumino model.
The chiral anomaly in the path-integral formalism is due to Fujikawa [95].
T-duality in the (2,2) superspace is due to Rocek and Verlinde [220]

Chapter 14

For general ideas of the renormalization group, see [254] and [255]. See
also accounts by Coleman [58].

For renormalization of non-linear sigma models, see [93]. For renormal-
ization of supersymmetric non-linear o-models, we refer the reader to [5].
That the Kahler class is renormalized only at one-loop was originally found
in [4], but our argument greatly simplifies the proof.

The non-renormalization theorem of the superpotential was originally
found in perturbation theory by Grisaru, Roc¢ek and Siegel [125]. A non-
perturbative proof using holomorphy, symmetry and the asymptotic condi-
tion is due to [225].

The basic paper on conformal field theory in two dimensions is by
Belavin, Polyakov and Zamolodchikov [23]. For N' = (2,2) superconformal
field theories, see [173]. For IR fixed points of N' = 2 Landau-Ginzburg
models, see [189] and [247].

Chapter 15
For basics on gauge symmetry, spontaneous symmetry breaking and
Higgs mechanism, see the textbooks on quantum field theory. An account

by Coleman [59] is also recommended. Absence of spontaneous breaking
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of continuous symmetry in 1+ 1 dimensions is due to Coleman [55] and to
Mermin and Wagner [192].

The discussion of the linear sigma model is based totally on the paper by
Witten [265]. For early papers on supersymmetric linear sigma models, see
[257] and [65]. See also the more recent paper [196] with a lot of examples.
For linear sigma models with non-abelian gauge groups, see for example
266].

For dynamics of gauge theory in 141 dimensions, see Coleman [57] and
[61]. The Ylog X-type effective action was first obtained by D’Adda et al
66].

For the connections between superconformal theories and the Calabi—
Yau sigma model, we refer the reader to Gepner’s construction, [107]. For
the Landau-Ginzburg model in this context see [124] and [189]. For the

sigma model in this context see [256].

Chapter 16

For construction of chiral rings, see the original paper [173].

For background on topological field theories, see Witten’s paper on topo-
logical sigma models [261].

For topological Landau—Ginzburg models, see the paper of Vafa of the
same title [244]. For A-twist of the linear sigma model, see [196]. For more
information about the topological B-model, see the paper of Vafa [245] and
the paper of Witten [264].

Chapter 17
See the original paper by Cecotti and Vafa [50].

Chapter 18
For the structure of BPS kinks see [51]. For more detail on the CFIV

index see the original paper [49].

Chapter 19
D-branes were discovered by Dai-Leigh—Polchinski [67] and by Hofava
[131]. D-branes in superstring theory were recognized as the source of
Ramond-Ramond gauge potential in the seminal paper [210]. For review

articles on D-branes and superstrings, see [211] and [214].



894 40. REFERENCES

Part III

Chapter 20

The original source for the physics proof of mirror symmetry is Hori—
Vafa [135].

For the construction of mirror pairs as LG orbifolds, see [123]. For
enumerative predictions using the Greene—Plesser models, see [45]. Mirror
symmetry for the CP" o-model is discussed in [88]. Also related is the work
of Eguchi, Hori and Xiong [80].

Part IV

Chapters 21-34 contain the content of Rahul Pandharipande’s lectures
at the Clay Institute Mirror Symmetry Summer School, as well as detailed
background material from [102], [118], [207], [208].

The Mirror symmetry predictions of the genus 0 invariants of Calabi—
Yau hypersurfaces have been proven from a different perspective by Lian,
Liu, and Yau in [180]-[183]. An expository mathematical development of
Gromov—Witten theory and Mirror symmetry can be found in [63]. We refer
the reader to [63] for a history of the subject and a literature survey.

The perspective of these chapters in Part IV is algebro-geometric. A

foundational treatment in symplectic geometry can be found in [222].

Chapter 21
Sec. 21.1.2. Deligne—Mumford stacks. The theory of Deligne-Mumford
stacks was introduced in [69] to study the moduli space of curves. The

forthcoming book [21] should provide an accessible introduction.

Chapter 22
Sec. 22.3. Differentials on nodal curves. An accessible sketch of why

this is a reasonable generalization of differential is given in [14, p. 675].

Chapter 23
Sec. 23.3.1. Degenerations of non-singular curves. The important fact
that a family of stable curves over the punctured complex disc can be com-
pleted (after base change) is the Stable Reduction Theorem (see [127] Section

3E or [14] Section 1 for more information).
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Chapter 24
Moduli spaces ﬂg,n(X, B) of stable maps. A more complete (and math-
ematically rigorous) introduction is given in [102]. Much of the discussion
here closely follows [102].
Sec. 24.1. Ezample: The Grassmannian. See [101] for a discussion of

the Fulton—MacPherson configuration space.

Chapter 25

Sec. 25.1.1. Recursions for rational plane curves. The presentation is
taken from [102]. For a check that the right-hand side of Eq. (25.1) (in
FEzercise 25.1.1) counts maps correctly, see [102] Lemma 14.

Sec. 25.2. The tautological line bundles IL; and the classes ;. The
boundary lemma is well known; see [63] Lemma 9.2.2 for a proof. Ezercise
25.2.8: See [152] for a discussion of the intersection theory of My, which
is essentially combinatorial in nature.

Sec. 25.2.1. Aside: Witten’s conjecture (Kontsevich’s theorem). For
more on Witten’s conjecture, see the original sources [263], [162]. For more

on the Virasoro conjecture, see [63] Section 10.1.4.

Chapter 26

Sec. 26. The virtual fundamental class. See [178] and [20], [22] for
discussion and proofs. See [100] Section 6.3 for a proof of Theorem 26.1.2,
the Excess intersection formula.

Sec. 26.2. Gromov-Witten invariants and descendant invariants. The
presentation here is taken directly from [102] and [207].

Sec. 26.4. Descendant invariants from Gromov—Witten invariants in
genus 0. This section is taken directly from [207]. Proposition 26.4.1 (Genus
0 descendant reconstruction) was originally proved in [77].

Secs. 26.5-26.5.2 are taken directly from [102]. See also [165], [222].

Chapter 27
An introduction to equivariant cohomology and localization. See [10]
Sections 2 and 3 for a more detailed (and beautifully explained) introduction
to equivariant cohomology and localization. The algebraic version of the
theory is developed in [78].
Sec. 27.1. The equivariant cohomology of projective space. See [30]
equation (20.6) or [100] Ex. 8.3.4 for discussion of the splitting formula.
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Sec. 27.3. Localization on the moduli space of maps: Determination of
fized loci. Kontsevich introduced the localization method to stable maps in
[163]. The presentation in this section is taken directly from [118].

Sec. 27.5. The Aspinwall-Morrison formula. Manin’s proof of the
Aspinwall-Morrison formula appears in [186]. A proof in symplectic geom-
etry is given in [249].

Sec. 27.6. Virtual localization. The virtual localization formula is proven
in [118]. The presentation of this section is taken directly from that source.
For Faber’s algorithm, see [83]. In [84], a natural sequence of differential
operators are found annihilating generating series of Hodge and v-classes.
Theoretical techniques for manipulating Hodge integrals have been devel-
oped in [84], [85], [86].

Sec. 27.7. The full multiple cover formula for P'. See [84] for a full
proof of Theorem 27.7.1. The contributions C(1,d) were first computed in
[118].

Chapter 28
The presentation here is taken directly from [207].

Chapter 29

The Mirror conjecture for hypersurfaces I — the Fano case. While the
most general context for such relationships has not yet been understood,
tremendous progress has recently been made, see [180]-[183], [155], [207],
[26], [27], [170], [105], [108]-[110]. The presentation in this chapter is
taken directly from [207].

Sec. 29.1 Overview of the conjecture. The prediction of Candelas, de la
Ossa, Green, and Parkes appeared in [45].

Sec. 29.1.2 The Clemens Conjecture. See [248] for the reason why there
exist nodal degree 5 rational curves on a generic quintic. For the quintic, the
numbers ng are enumerative at least for d < 9 ([145], [157]; for a discussion
of higher degrees, see [158]). See [63] Section 7.4 for more discussion of the

Clemens conjecture.

Chapter 30
The Mirror conjecture for hypersurfaces II — the C'Y case. This proof is
taken from [207] Section 4. The method follows Givental’s approach [108].
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Part V

Chapter 31

Topological strings were first introduced by Witten in [262] .

For topological twisting for CFTs, and topological strings examined in
the context of CFT, see Eguchi and Yang [81]. For topological strings and
the holomorphic anomaly, see the BCOV papers [24] and [25].

For the Dijkgraaf-Verlinde—Verlinde formula on associativity of the chi-

ral ring, see their paper [70] on topological strings In D < 1.

Chapter 32
The references for the material in this chapter are the two papers on

M-theory and topological strings [114] as well as [147].

Chapter 33

A related but slightly different approach to a mathematical of the GV
invariants has been proposed in [138]. Our approach follows [147] with
some extensions.

The K3 situation was discussed in [271]. Related mathematical work in
the K3 case appears in [18, 87].

Our deformation analysis of smooth curves is from Ch. 8 of [47]. There
is a more general analysis for Calabi—Yau threefolds with ordinary double
points in [54].

See [164] for an introduction to homological mirror symmetry.

Example 33.0.6 is from [35], where different computational techniques
were used.

The classification of singularity types of a general surface section of the

contraction of a curve is from [150].

Chapter 34

Ch. 34 Multiple covers, integrality, and Gopakumar—Vafa invariants. A
sketch of a natural approach to Conjecture 34.0.1 in the symplectic category
can be found in [63]. In the quintic case, a number theoretic approach is
also possible via hypergeometric series (see [179]). The Gopakumar—Vafa
invariants were first defined in [112], [113]. There should be a relationship
between Eq. (34.3) and multiple cover contributions, see [208], [37]. For
compelling evidence of Gopakumar and Vafa’s mathematical construction of
n% using a moduli space of sheaves on X, see [147], [137]. A refined version

of Conjecture 34.0.2 for local Calabi—Yau geometries is proposed in [37].
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Sec. 34.1 The Gromov—Witten theory of threefolds. The presentation
follows [208]. The Hodge integral fﬂg Aj_, was computed in [84]. For
more motivation for Pandharipande’s conjecture 34.2.1, see [208]. In the
case | 51 (X) = 0, the integrality constraint is believed to be “equivalent”
to a suitably defined cover formula; see [208], [37] for a discussion.

Sec. 34.3 Consequences for algebraic surfaces. See [199] for the expla-
nation of why Ay satisfies a boundary relation in Mo.

Sec. 34.4 Elliptic rational surfaces. See [34] for further details, including
a proof of Conjecture 34.3.2 for the classes L. The proof that F'(q) wis a

modular form is due to Bryan and Leung [36].

Chapter 35

Most of the material presented in this section goes back to the papers
[24] and [25]. The derivation of the partition function of string theory on
the torus may require some standard string theory background, see e.g.,
[212]. The duality group for string theory on tori is reviewed in [111]. The
evaluation of Fi on the torus has some phenomenological interest as it cap-
tures threshold corrections to the gauge couplings below the string scale in
orbifold compactifications, see e.g., [72], where useful explicite calculations
can be found.

For the mathematical discussion of the Ray—Singer torsion and the Quil-
len anomaly see [218] and [216]. Reference [28] deals specifically with the
differential equations for the determinants needed to calculate F} on Calabi—
Yau spaces.

The open string action is presented e.g., in [268] and [171]. The calcu-
lation of the determinants for the open string can be done following [6].

The necessary material concerning the mirror map and the genus 0 am-
plitudes on Calabi—Yau spaces was reviewed in Sec. 6, but see also [45],
[136]. The same formalism for the local case was specifically considered in
[146],[53] and [160]. The explicit higher-genus (g > 2) calculations were
done in [160] and [147]. Some direct calculations of the nf for the quintic
and the O(—3) — P? case can be found in [147].

Chapter 36
For further detail on geometric engineering of QFT's see [146] and [149],
and the review articles of Klemm [159], Lerche [172] and Mayr [190].
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For the large N limit of Chern—Simons theory and the relation to topo-
logical strings see the original paper of Gopakumar and Vafa [115] .
For the connection to knot invariants, see [205], [166], and [167].

Chapter 37

For an introduction to effective actions from string theory, read [120],
Chs. 13, 14, and [212], Chs. 12, 17, 18. Non-perturbative mirror symmetry
first appeared in [90]. The condition of conformality on bosonic D-branes
was derived in [67]. Polchinski showed that D-branes carry non-perturbative
Ramond-Ramond charge in [210]. BPS states in general supersymmetry
algebras can be found in [252]. Boundary states and the open/closed string
channel are discussed in D-brane cycle conditions were derived from the low
energy point of energy point of view in [19], and from the conformal view
in Ref. [204] (no gauge field). D-brane conditions including B-field and
gauge field on the brane are derived in Ref. [188]. The special Lagrangian
fibration conjecture appeared in Ref. [234]. The moduli space of special
Lagrangian submanifolds was first discussed in Ref. [191]. The complexified
moduli space of special Lagrangian cycles was discussed in Ref. [234] and
Ref. [130]. Mirror Calabi-Yau manifolds are shown to have dual torus
fibrations by M. Gross in Ref. [126]; also by W.-D. Ruan in Ref. [221].
Mirror symmetry with bundles is due to Vafa (Ref. [246]). Witten derived
the result that Chern—Simons theory (resp. holomorphic C-S theory) is the
string field theory of the open string A-model (resp. B-model) in Ref. [267].
A gerbes to mirror symmetry can be found in [130], and is due to Hitchin and
Chatterjee. Also in that paper is a discussion of D-brane (A-cycle) moduli
space. The “definitive” description of B-cycles is still lacking. The role of the
tachyon in D-brane annihilation was conjectured by Sen in [230, 231], and
emphasized by Witten in Ref. [269]. Superconnections are due to Quillen
(see, e.g., Ref. [217]. Douglas and collaborators have studied the physics
of the derived category; a review can be found in Ref. [75]. Kontsevich’s
conjecture can be found in Ref. [164]. Fukaya developed the Ao, category
of Lagrangians in [96, 98]. The example of the elliptic curve is worked out
in detail in [215]. The The real Fourier transform functor appears from the
topological point of view (for tori) in Ref. [7] and from the geometric point
of view developed in this chapter in [176]. Kontsevich discusses the relation
between his conjecture and the usual mirror symmetry in his original paper,
[164].
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Chapter 38

The splitting of boundary conditions on the worldsheet into purely com-
plex and symplectic sides is due to Witten [267], and interpreted in the
context of mirror symmetry exchanging the two is in [246]. The reformula-
tion of mirror symmetry as the statement of equivalence of two associated
categories of D-branes (long before D-branes were invented) is in [164].
That considering the complex and symplectic structures independently re-
flects the physics is referred to as the “decoupling conjecture” in Ref. [33],
and checked there in a number of cases. For standard theory of hermitian
metrics and connections on holomorphic vector bundles see Sec. 5.2.1 and,
for example, Section 0.5 of Ref. [121]. A proof of the of a J-operator with
0? = 0, giving a bundle a holomorphic structure, is in Chapter 2 of [73].

Symplectic structures and reduction on the infinite dimensional space of
connections on a bundle were introduced in [9]. Using the gradient flow of
minus the norm square of the moment map was exploited mainly by Donald-
son in infinite dimensions, for instance to prove (38.2.2) on algebraic surfaces
in [73] (where there are more references to original sources). Uhlenbeck and
Yau prove Theorem 38.2.2 in Ref. [243]. For deformed instanton equations
such as those of Ref. [188] little analytical work has yet been done, but the
corresponding results for a related equation (associated with Gieseker stabil-
ity) are in Ref. [174], with similar symplectic structures to those discussed
here in Ref. [175]. The stability condition we describe should presumably be
related to the the ‘II-stability’ of Ref. [76]. The algebro-geometric construc-
tion of moduli of stable sheaves (as opposed to the more standard Gieseker
stable sheaves) was accomplished for a complex surface in Ref. [177].

That D-branes should take their charges in K-theory was proposed in
[195] and [269]; the role of tachyons between branes was discovered in [231].
For an introduction to derived categories, their motivation and geometric
meaning see [238]; for proper rigorous accounts try [106], [144], [250].
Reconstruction of a variety (with ample (anti-)canonical bundle) from its
derived category is proved in Ref. [29], and the fact that all equivalences
are Fourier—Mukai transforms ( [197]) is proved in [206], based on work in
Ref. [198]. The main result of Ref. [12], expressing moduli of string theories
on K3 surfaces in terms of just the Mukai lattice, can be reinterpreted as
saying that the derived category determines the string theory, by a result of

Ref. [206]. That a flop induces an equivalence of derived categories is proved
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in many cases in Ref. [29] and in general in Ref. [31]. The Fourier-Mukai
transforms by mirror symmetry and the monodromy transformations around
rational double points of the mirror (symplectic) manifold are studied in
Ref. [229]. Fourier-Mukai transforms and derived featured in the physics
literature in, for instance, [134], [11], [15]. Since the summer school took
place the role of the derived category in string theory has been dramatically
clarified in [75] as the category of topological boundary conditions of the
conformal field theory.

The second half of the chapter, on Lagrangians, is based on [239] and
[240] (in which there are more details), in turn inspired by [164] and [98].
Graded Lagrangians are due to Kontsevich [164] and studied by Seidel in
[227] (where it is shown that Lagrangian connect sums are gradeable if and
only if the Floer index of their intersection is 1). Their definition is the one
we gave in Sec. 37.7.1; the one given in Sec. 38.4 is slightly different in using
the complex structure, and using orientations: we pass to the Zs-orientation
cover of the Lagrangian Grassmannian, then to its universal Z-cover; this
is equivalent to the standard definition. The Ricci-flat metric on a Calabi—
Yau manifold is provided by the fundamental result of Yau [270]. Special
Lagrangians were introduced in [129], and derived from supersymmetry in
[19]. The deformation theory of sLags is due to McLean [191].

Floer homology for Lagrangians originated in [91]. The obstruction
theory for (special) Lagrangians and their Floer theory has now been worked
out in [97]. Explicit mirror calculations of obstructions appear in [97] and
[142]. That stable holomorphic bundles (six-branes) can be obstructed is
shown in [237].

The holomorphic Chern—Simons functional was introduced in [267], and
its geometry studied in [236], where the holomorphic Casson invariant is
also defined, as suggested in [74], and calculated in examples such as the
one mentioned in the footnote. The mirror relation between the real and
holomorphic Chern—Simons functionals is suggested in [246], which has been
further developed after completion of the school in [1, 2]. This mirror
relationship has also been proved in a special case in [176]. The complexified
functional that allows the extension to non-Lagrangian submanifolds is due
independently to Chen and Tian [52] and to [239]. Joyce’s study of counting
sLag homology three-spheres is begun in [140]. Perhaps the first person to
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suggest the mirror equality of real and holomorphic Casson invariants was
Tyurin [242].

Mean curvature flow for Lagrangians is studied in [233]; see also [224],
[240] for more details about minimising volume of Lagrangians. Lagrangian
connect sum and the symplectic monodromy results quoted are in Ref. [226].
Joyce’s examples are in Ref. [140], based on work of Lawlor [169]. That
slope should be mirror to slope is a slogan of Ref. [215]; see also Ref. [76]
for the more complicated situation. The mirror monodromy calculations in
the derived category (Eqgs. (38.29) and (38.30)) are from Ref. [229]. In-
terpreting Joyce’s obstruction as a marginal for sLags is due to Ref. [76],
and an earlier example of this phenomenon is in Ref. [232]. Stability for
Lagrangians, moment maps, and the conjecture, are from Ref. [239]. Mean
curvature flow, the limiting Jordan—Holder sLag decomposition and other
details are from Ref. [240]. There examples are worked out proving the
conjecture for mean curvature flow to the sLags of Ref. [232], and unique-
ness of sLags in hamiltonian deformation classes is proved under some Floer
homology conditions. Atiyah’s classification of sheaves on T2 is from Ref.

[8], and convergence of mean curvature flow is due to Grayson in [119].

Chapter 39

Materials recorded in this Chapter are partly classic, partly new but
known, and partly original. In paricular, the discussion on charged B-branes
in Landau—Ginzburg models has not appeared in the literature.

First of all, we again cite the fundamental papers on D-branes [67] and
[131]. Boundary states are introduced in [40, 213].

See Ooguri-Oz—Yin [204] for a discussion of the supersymmetric condi-
tion for D-branes in Calabi—Yau spaces. The condition of supersymmetry for
D-branes in Landau-Ginzburg models is found in [116] and [133]. A-branes
that are not Lagrangian were extensively studied in [143].

The paper [148] was useful in preparing the discussion on R-anomaly.

Supersymmtric ground states for open strings stretched between La-
grangian submanifolds is extensively studied in [97]. Open string ground
states for a pair of A-branes in Landau—Ginzburg models and for a pair of
B-branes in non-linear sigma models are studied in [133]. A part of the
discussion on the open string ground states for a pair of B-branes in LG

models is in [132], but the rest is original.
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Properties of overlaps of boundary states and RR ground states were
originally discussed in [204] and [133].

For background references for D-branes in rational conformal field the-
ory, see [139] and [48]. The basic reference for D-branes in N’ = 2 minimal
model is [184]. For minimal model D-branes in Landau-Ginzburg descrip-
tion, we again refer to [133] and [132], but the discussion on charged B-
branes is original.

Mirror symmetry between B-branes in toric manifold and A-branes in
LG models is studied in [133] and [228]. Mirror symmetry between A-branes
in toric manifolds and B-branes in LG models is studied in [132]. For mirror
symmetry between special Lagrangians in toric Calabi—Yau and holomorphic
branes in the mirror CY, with computation of space-time superpotential, see
[1] and [2].
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Floer cohomology, 749, 832, 838
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Fourier-Mukai transform, 708, 723, 739
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Frobenius manifold, 87
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geometric engineering, 108, 130, 677
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GKO construction, 870

GKZ decomposition, 113, 118
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Goldstone’s theorem, 344
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invariant, 526
Gromov—Witten
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potential, 635, 637
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Ramond-Ramond (RR), 645
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simple, 174
supersymmetric, 194
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Hermitian-Yang-Mills
connection, see connection, HYM
equation, 697, 730, 731, 733
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Higgs mechanism, 346, 704
Hilbert scheme, 623, 625, 630



Hirzebruch surface, 29, 106, 371
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bundle, 84
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theory, 22
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holomorphic Casson invariant, 747

holomorphic Chern—Simons functional, 749,
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supersymmetric, 848
index theorem, 297
infrared, 314
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number, 559, 667
integrality conjecture, 641
integration, 18
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Jordan—Holder decomposition, 737, 762

K-theory, 741, 742, 867, 868
Kahler
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class, 317, 329
complexified, 361, 593, 687
cone, 74, 363
metric, 71, 315
potential, 72, 86
Kaluza—Klein reduction, 147, 601
knot, 688
invariant, 690
trivial, 689
Kontsevich’s
conjecture, 709, 719, 727, 730, 739,
742
recursion, 509, 512
theorem, 515

Lagrangian
connect sum, 754
graded, 745, 760
stable, 760
submanifold, 688, 745, 751, 801, 802,
821, 857
Landau-Ginzburg
A-brane, 875
B-brane, 881
correspondence, 393
model, 202, 216, 219, 284, 291ff, 408,
416, 4351, 834ff, 842, 853, 861
supersymmetric, 148
orbifold, 376
theory, 162, 456, 458, 472, 477, 478,
693
Laplace—Beltrami operator, 210
Laplacian, 22, 605
large complex limit point, 729
large Kahler limit point, 729
large volume limit, 303, 853
Lefschetz decomposition, 620
Legendre transform, 703
Lichnerowicz equation, 77
line bundle, 30, 38
hyperplane, 30
tautological, 30
vacuum, 84, 85

linear equivalence, 510, 741
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local Calabi—Yau threefold, 131
local mirror symmetry, 95, 100
localization, 157, 225, 411, 535ff, 565,
572
formula, 62, 575
principle, 158, 199ff
loop space, 301

M-theory, 607, 671
M2-brane (membrane), 607, 608, 612
magnetic monopole, 51, 693
Majorana fermion, 262
Maslov
class, 745
index, 716, 810, 813, 815-817, 819, 827
matrix model, 683
McKay correspondence, 99
mean curvature flow, 753, 761
metric, 12
minimal model, 443
N =2, 870
Mirror
conjecture, 553, 559, 571ff
family, 138
map, 663
quintic, 88ff, 664
mirror symmetry, 94, 137ff, 149, 284ff,
307, 310, 463ft, 553, 645ff, 677{f, 692ff,
726, 884ff
with bundles, 704
MMMS equation, 731, 733, 737
modular invariance, 651
modular transformation, 246
moduli space, 412, 428, 519, 520, 590,
698
coarse, 484
of curves, 54, 493ff
of stable maps, 501
moment map, 235, 735, 753
momentum, 251, 282
Monge—-Ampere equation, 720
monodromy, 84, 754, 758, 759, 859, 860,
862, 863
Mori cone, 117, 119, 120, 363

morphism, 126, 714
Morse complex, 44
Morse function, 220, 235, 820
perfect, 236
Morse index, 44, 201, 221, 231, 829
relative, 227, 826
Morse theory, 43
Morse-Witten complex, 230, 231, 236,
831
Mukai vector, 730, 740, 744
multiple cover formula, 65, 551
mutation, 868
left, 868
right, 868

Narain lattice, 650, 651
nef manifold, 365
Neveu—Schwarz sector, 262
Newlander—Nirenberg theorem, 68
Nijenhuis tensor, 68
nodal curve, 489, 491
node, 96, 125
Noether

charge, 171

procedure, 171, 183, 238, 279
non-confinement, 390
non-renormalization theorem, 333
non-singular, 485
normal ordering, 242

with respect to the ground state, 261

normalization, 489

observable, 725
physical, 403
obstruction, see deformation, obstructions
to
one-parameter subgroup, 109, 110, 122
open string, 769
open string sector, 704
operator
lowering, 185
raising, 185
orbifold, 121, 122, 124, 126, 376, 474, 484
ordinary double point, 96, 97



INDEX

partition function, 151, 155, 162, 172,
174, 244, 262ff, 786, 822
path-integral, 146, 178, 199ff, 250, 310,
649, 652
anti-topological, 428
topological, 426
period, 84, 666, 851
integral, 852, 878
Pfaffian, 156
physical operator, 409, 417, 421
Picard group, 38
Picard—Fuchs differential equation, 91, 560,
853
Picard—Lefschetz
monodromy, 439, 760
theory, 435, 869
Poincaré duality, 42, 413, 415, 854
Poincaré’s Lemma, 275
Poisson resummation, 179, 652, 675
polylogarithm, 671
polytope, 101, 132ff, 138
polar, 138
reflexive, 137
principal bundle, 11
propagator, 668
proper, 485
pseudo-holomorphic curve, 627, 628
pull-back, 10
push-forward, 9

Q-cohomology, 210, 397, 820, 831, 843
quantum cohomology, 94, 553
quantum cohomology ring, 530, 532
big, 532
small, 533
quantum differential equation, 553ff
small, 555
quantum field theory (QFT), 145
quantum gravity, 146
quantum mechanics, 169ff
quantum product, 531
quasi-homogeneous function, 295
quasi-isomorphism, 708, 730, 741

quasi-modular form, 644
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quintic
hypersurface, 54, 88, 664
threefold, 64, 82, 140, 521, 546, 635

R-charge

axial, 273

vector, 273, 282
R-rotation

axial, 273

vector, 273
R-symmetry, 294, 386, 793, 809, 822, 844,
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axial, 282

vector, 282
Ramond sector, 262
Ray—Singer torsion, 654, 657, 707
reconstruction

genus 0 descendant, 528
regularization, 322
renormalization, 315, 322, 323, 467
renormalization group, 323

flow, 313ff, 354, 385, 477, 791

invariant dynamical scale, 354
renormalized field, 326
resolution

conifold, 96
resolution of singularities, 125
Ricci tensor, 75, 327
Riemann bilinear identity, 852
Riemann surface, 16, 487
Riemann’s bilinear identity, 854
Riemann—Roch theorem, 488

Riemann-Hurwitz formula, 538

scale, 313
transformation, 313
scattering amplitude, 692
Schubert cell, 64
section, 7
covariantly constant, 14
global, 35
selection rule, 410, 586
Serre duality, 38, 52
sheaf, 32
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sigma model, 146, 177, 179, 180, 206,
246ft, 327
Calabi-Yau, 317, 420, 586
gauded linear (GLSM), 102, 111, 114,
118, 123
linear, 3391ff
non-linear, 291ff, 302, 356ff, 408
perturbation theory, 317
supersymmetric, 148, 307, 796
supersymmetric linear, 348
supersymmetric non-linear, 292
toric, 391
sine-Gordon model, 420
N =2, 444
singularity, 27, 90, 95, 686
conifold, 90, 96, 125, 368, 686
quotient, 27
skyscraper sheaf, 740
sLag, see special Lagrangian
sLag Fukaya category, 730
slope, 736, 738, 747
soliton, 389, 693
solitonic state, 436
special geometry, 434
special Lagrangian, 701, 711, 720, 723,
745, 746, 753, 851, 860
deformation, 702
fat, 762
moduli space, 701
special point, 497
spectral flow, 226
of fermion number, 262
of Hessian eigenvalues, 227
splitting principle, 51
stability, 736
stable
bundle, 730
curve, 495
map, 501
orbit, 736
pointed curve, 497ff
string equation, 514, 527
string theory, 694, 695, 791

Strominger—Yau—Zaslow conjecture, 691

structure sheaf, 34, 484, 707, 740
subvariety, 104
T-invariant, 104, 106, 109
supercharge, 184, 208, 213, 282, 294, 316,
400, 793, 824, 839, 842
conserved, 279
superconformal symmetry, 871
supercurrent, 294, 793, 794, 796, 847
superfield, 272
vector, 349
superHiggs mechanism, 358
superpotential, 102, 141, 277, 469-471,
602, 875
quasi-homogeneous, 408
twisted, 282, 382, 465
superspace, 149, 272
(0,2), 288
supersymmetric cycle, 697
supersymmetric gauge theory, 679
supersymmetric ground state, 188, 192,
195, 201, 205, 221, 299, 308, 819,
825, 838
overlaps with, 873
supersymmetric index, 187, 189, 197

supersymmetric quantum mechanics, 182ff,

187, 206

supersymmetry, 156, 157, 183

(0,2), 288

(1,1), 285

A-type, 793

B-type, 793

N =(2,2), 271ff

Type IIA, 599, 678

Type 1IB, 599
supersymmetry algebra

N =(2,2), 284

N =2, 693
symmetric product, 621, 622
symmetry

spontaneously broken, 344

symplectic reduction, 362

T-duality, 149, 249, 309ff, 465, 470, 658,
698, 701, 727, 7771, 791



tachyon, 708, 739
condensation, 708
tangent-obstruction
exact sequence, 506
theory, 628
target space physics, 599
tautological
bundle, 536
line bundle, 512
theta angle, 351, 385
theta function, 268
Thom
class, 43
form, 42
three-point function, 705
Todd class, 52, 840
topological amplitude, 645, 647
topological field theory, 397, 403, 404,
684
topological metric, 407
topological open string, 709
topological string, 585ff, 599ff, 648, 630
amplitude, 606, 689
topological twisting, 397
topology change, 393
toric
fan, 28
geometry, 101, 141
toric manifold, 356, 361, 362, 887
toric variety, 28, 101, 104-106, 109, 472
affine, 103
morphism of, 126, 127
projective, 132, 135
torus action, 565
torus fibration, 699, 701
tt* equations, 423, 430, 431, 434, 444
tt* geometry, 447
twisting, 399, 603

ultraviolet, 314
universal curve, 498
universal map, 504

unobstructedness, 82

vacuum bundle, 424
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vacuum expectation value, 603
vanishing cycle, 438
vector bundle, 5

Hermitian, 811
Verlinde

algebra, 877

ring, 870
vertex operator, 242, 243
Virasoro algebra, 336, 337
Virasoro constraints, 515
virtual fundamental class, 519, 617, 629,

631

virtual localization, 548, 552

virtual normal bundle, 548

wall crossing, 742
wave-front, 437
trajectory, 802
weighted projective space, 27
Weil-Petersson metric, 85, 434, 656, 703,
722
Wess—Zumino gauge, 349
Wess—Zumino—Witten model, 870
Wick rotation, 171, 243, 781
Wilson line, 84, 767, 778, 785
winding number, 247, 251
Witten index, 189, 191, 210, 397, 645,
823, 831, 836, 837, 846, 850, 858,
873
open string, 849

Witten’s conjecture, 515

Witten—Dijkgraaf—Verlinde—Verlinde (WDVV)

equation, 500, 532, 588

Yang—Mills action, 744
Yau’s theorem, 76, 736

zeta function, 268
regularization, 172, 177, 241, 257, 770








