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Introduction

This paper is the first of three articles designed to stabilize the trace formula. The
goal is to stabilize the global trace formula for a general connected group, subject to a
condition on the fundamental lemma that has been established in some special cases. The
role of this paper will be to investigate the underlying structure of the process. We shall
establish a series of expansions that are parallel to the expansions on each side of the trace
formula. In the subsequent articles, we shall show that these expansions provide both
a stable trace formula and a decomposition of the ordinary trace formula into a linear
combination of stable trace formulas.

We ought to stand back for a moment in order to recall some of the reasons for
studying the trace formula and its stabilization. In fact, it might be a good idea to begin
with a brief historical introduction to the problem of stabilization. We will then be in good
position to outline the contents of the paper. More detailed descriptions of the results will
be given later, in the remarks that introduce individual sections.

Suppose that G is a connected reductive group over a number field F'. One can form
the group of points in G with values in the adele ring A of F'. This gives a locally compact
group G(A), in which G(F') embeds diagonally as a discrete subgroup. Automorphic
representation theory is the study of the regular representation of G(A) on the Hilbert space
L?*(G(F)\G(A)). Automorphic representations of G(A) are the irreducible constituents of
this representation, and are thought to carry fundamental arithmetic information. One can
investigate their properties by applying methods of harmonic analysis to the decomposition
of L*(G(F)\G(A)).

The trace formula is an analogue for the quotient G(F)\G(A) of the familiar Poisson
summation formula. In general, the decomposition of L?(G(F)\G(A)) into irreducible
representations has both continuous and discrete spectra. The general trace formula is
therefore quite complicated. It is the identity given by two different expansions of a certain

linear form I(f), where f is an appropriate test function. The geometric expansion is a
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linear combination of distributions
(1) I(F) = WMWY a™ (v) I (v, f),
M ¥

parametrized by conjugacy classes v in Levi subgroups M of GG. The spectral expansion is

a linear combination of distributions

2) 1(5) = 3 (W W / o™ () Lag (., f)dr,
M

parametrized by representations 7 of Levi subgroups M. One can try to gain information
about the terms in (2) by studying the terms in (1).

Some the terms in the two expansions are easy to describe. For example, suppose that
M = G, and that v is a semisimple elliptic conjugacy class in G(F'). The corresponding

term on the geometric side is then equal to the product of the volume
a®(y) = vol (G, (F)\G~(A)"),
with Harish-Chandra’s invariant orbital integral

fe(y) = Ia(v, ) = / f(a ) de, f e C2(GA).

Gy (M\G(A)
As is customary, we have written G for the connected centralizer in G of a representative
of . Similarly, suppose that M = G again, and that 7 is an irreducible representation of
G(A) that does not occur in any of the continuous spectra. The corresponding term on

the spectral side is then equal to the product of the multiplicity
) = m(m)
of 7 in the discrete spectrum, with the character
fa(m) = Ia(n, f) = tr(x(f)), feCx(GA)),

of . If G is anisotropic over F, or equivalently if G(F)\G(A) is compact, these are the

only terms. For in this case, M = G is the only Levi subgroup. Moreover, the elements in
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G(F) are all semisimple elliptic, and the entire spectrum is discrete. The identity between

(1) and (2) reduces to Selberg’s original trace formula

(3) D vol(G,(F)\G(4)) /G fla™tya)dz =Y m(m)tr(w(f)).

~(A\G(A)

The analogy with the Poisson summation formula is clear. Unfortunately, it is not possible
to remain within the category of anisotropic groups, even if one were interested only in
these groups. However, the identity (3) is very useful for suggesting how one might go
about applying the general trace formula.

If G is allowed to vary, the arithmetic data wrapped up in the associated families of
automorphic representations are not independent. In fact, it is believed that there are
fundamental relationships among automorphic representations of different groups. These
are summarized by Langlands’ principle of functoriality, a far reaching conjecture that in-
cludes a nonabelian generalization of class field theory. The trace formula seems to be the
most powerful tool for attacking those aspects of functoriality that are at all accessible.
The general strategy is to use the structure theory of algebraic groups to transfer con-
jugacy classes v between different groups. One would then hope to define corresponding
relationships among terms in the geometric expansion. Since the geometric expansion (1)
equals the spectral expansion (2), for any given G, this ought to imply relationships among
the terms in the spectral expansions.

The strategy was carried out by Jacquet and Langlands [J1, §16] for the groups D* and
GL(2), where D is a quaternion algebra over F'. Langlands then considered the problem
for general G. By studying how to transfer the geometric terms in (3), he was lead to
some remarkable new ideas. Langlands published his results in the monograph [L4], where
he outlined a general program for transfer that has subsequently become known as the
theory of endoscopy. He also gave a solution of the problem, subject to some conjectural
local conditions, for the semisimple elliptic terms in the trace formula that are strongly

regular. These are the geometric terms in (3) for which the centralizer of v in G is a torus.
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Kottwitz [K3] later extended Langlands’s results to elliptic singular terms. At the same
time, Shelstad had been working on the local foundations of the theory of endoscopy. The
culmination of her work appeared in the paper [She], where she solved the local problems
for archimedean fields.

The theory of endoscopy is based on the notion of a stable distribution. Two strongly
regular elements in a local factor G(F,) of G(A) are said to be stably conjugate if they are
conjugate over an algebraic closure G(F,). Stable conjugacy reduces to conjugacy in the
groups D* and GL(2) above, but is usually a weaker equivalence relation. In general, if
Jd, is a stable conjugacy class of strongly regular elements in G(F},), one defines the stable

orbital integral
fq;G((Sv) = va,G(’Yv% fv € Cgo (G(Fv)):
Yo

where 7, is summed over the finite set of G(F),)-conjugacy classes in the stable class d,,
and f, ¢(7y) is the orbital integral of f, at ~,. A distribution on G(F},) is said to be stable
if it lies in the closed linear span of the stable orbital integrals f&(d,). It is easy to explain
the rationale for such a definition. The natural way to transfer elements between a pair
of groups G and G’, related for example by inner twisting, is through invariant theory.
But invariant theory works in this context only over an algebraically closed field. One can
therefore transfer only stable conjugacy classes. We should then expect only to be able to
transfer stable orbital integrals and stable distributions.

On the other hand, the geometric expansion (1) is not generally a stable distribution
on G(A). That is, I(f) is not generally a tensor product of stable distributions on the
local components G(F,). For example, suppose that G is anisotropic, and that v is a
strongly regular elliptic element in G(F'). If v/ =[]~/ is an element in G(A) such that
each component v, is stably conjugate to 7 in G(Fv;}, then +" need not be G(A)-conjugate
to an element in G(F'). In other words, the orbital integral at the stable conjugate v’ of
need not occur in (3), even though the orbital integral at v does. It follows easily that the

left hand side I(f) of (3) is not generally a stable distribution.
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Given this background, we can pose the general problem informally as a question.
Can one write I(f) as the sum of a stable distribution together with an explicit error
term? At this point of the discussion, we assume for simplicity that the derived group of
G is simply connected. Langlands’s study of the regular elliptic terms lead him to attach
a family of quasisplit groups {G’} to G. These objects are known as endoscopic groups for
G, or more properly endoscopic data for GG, since they come with extra structure. For any

G', Langlands also defined a conjectural correspondence
f=11r—F =117

from functions f € C2°(G(A)) to functions f' € C2°(G'(A)), where f’ is determined only
up to the values taken by its stable orbital integrals. For example, the quasisplit inner
form G* of GG is the largest of its endoscopic groups. In this case, the transfer f* of f is
defined by the stable orbital integrals of the local components f, of f. In particular, if S*
is a stable distribution on G*(A) , and S* is the corresponding linear form on the space of
stable orbital integrals on G*(A), the distribution f — §*(f*) on G(A) is stable.

The general problem of stabilization can now be stated more precisely as follows.

Given G, find a decomposition
(4) I(f)=Y_uG.G)S'(f),
G/

for stable distributions S’ = S on the endoscopic groups G’ for G. The coefficient
t(G,G") comes with a simple formula [K2, Theorem 8.3.1], and equals 1 if G’ = G*. The

decomposition one seeks can therefore be written as

I(f) =8+ Y. uG.G)S(f).

G/#G*

The distribution f — S*(f*) is to be regarded as the stable part of I(f), while the

summands with G’ # G* can be considered the error terms. The essential point is that
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S’ is assumed to depend only on the group G’, rather than the group G from which G’
arises as an endoscopic datum. Given the conjectural local correspondence f — f’, the
construction of the decomposition (4) is then a well-defined problem. One would assume
inductively the existence of the distributions S’ for each elliptic endoscopic datum G" # G.

If G is quasisplit, in which case we take G* = G, we simply define

SYUN =1~ Y uG.ANE ().
G/#G*
The problem in this case is to show that the right hand side is stable. If G is not quasisplit,
all of the terms on the right hand side of (4) are given by the inductive definition. The

decomposition (4) then takes the role of an identity to be proved.

There seems to be no direct way to establish (4). One has first to establish correspond-
ing decompositions for each of the terms in the geometric expansion (1). Langlands and
Kottwitz treated the terms with M = G and ~ semisimple, as we have already mentioned,
and in the process laid down foundations in Galois cohomology. In §6 and §7, we shall

describe the decompositions that would have to be established for the remaining terms.

The reason for trying to establish a decomposition (4) is to gain information about
the coefficients a® () in the spectral expansion. Such information would take the form of
identities that relate the spectral coefficients with corresponding coefficients for endoscopic
groups. In fact, we should expect decompositions for each of the terms in (2) that are
completely parallel to the decompositions of the terms in (1). These will also be described
in §6 and §7. We shall formulate the various problems as a series of theorems, corresponding
to each of the terms in the trace formula. The theorems that apply to the distributions
Ini (7, f) and Ips(m, f) are essentially local in nature, and will be stated in §6. The theorems
that apply to the coefficients a* () and a™ () are global, and will be stated in §7. Taken
together, the theorems represent a stabilization of all the terms in the trace formula. They

are our main results, and will not be proved until the last of the three articles.
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The test function f will actually be taken from a Hecke algebra on the subgroup

Gy =G(Fy) = [ G

veV

of G(A), where V is a finite set of valuations on F' that contains the ramified places. This
represents a slight departure from earlier papers ([A2], [A8]). It is also best to build the
invariant linear form I(f) out of the canonical weighted characters of [A11], rather than the
weighted characters in [A8] that depend on normalizing factors for intertwining operators.
This simplifies the stabilization problem. In particular, it frees us from having to compare
normalizing factors attached to different endoscopic groups. In §2, we shall derive the
geometric expansion (1) from the earlier expansion of [A8, §3]. In §3, we shall derive the
spectral expansion (2) from the expansion of [A8, §4]. Sections 2 and 3 both depend on
some simple notions introduced in §1. These include an abstract basis I'( My, (v ), which
will be used in place of conjugacy classes on My , and which is better suited to endoscopic
transfer.

In §4, we shall recall the Langlands-Shelstad transfer factors A(d’,+). These objects
are defined for strongly regular conjugacy classes v in Gy and strongly G-regular stable
conjugacy classes ¢’ in an endoscopic group G4,. They play the role of a transformation

matrix in the definition
£ =Y A0, ) faly)
¥

of the conjectural transfer mapping. Since V' contains the ramified places, the function
A(d,7) is really a global object. It is independent of the choice of base point that is part
of the definition of local transfer factors. From §4 on, it will be convenient to let G stand
for a slightly more general object, which we call a global K-group. The transfer factors
then satisfy adjoint relations (4.7) and (4.8) that allow us to invert the transfer mappings
f= .

The Langlands-Shelstad transfer conjecture asserts that for any f, f’(§’) represents

the stable orbital integral of a suitable function on Gf,. Waldspurger [W3] has reduced this
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conjecture to the fundamental lemma. The fundamental lemma may in turn be regarded
as a variant of the transfer conjecture for unramified places. We shall impose it, in a gen-
eralized form that applies to weighted orbital integrals, as a hypothesis on G (Assumption
5.2). The hypothesis is known to hold in a limited number of cases, which include the
groups GSp(4), SO(5) and SO(4) of rank 2. In particular, it is valid for the classical
groups whose representations one would hope to classify in terms of those of GL(4). After
introducing the hypothesis in the first part of §5, we shall then describe some consequences

of the transfer conjecture.

The last three sections of the paper represent the first stage of the proof of the the-
orems. In §8, we shall deal with the unramified terms in the trace formula. These terms
do not appear explicitly in the expansions (1) and (2). They are actually buried in the
definitions of the coefficients a™ () and a™ (7) in §2 and §3. They have nonetheless to be
stabilized. The unramified geometric terms are taken care of by the generalized fundamen-
tal lemma. The fundamental lemma is thus required here in its own right, as well as for
the Langslands-Shelstad transfer conjecture. The stabilization of the unramified spectral

terms is not so deep. It is provided by the combinatorial identity of the paper [A12].

The main results of the paper are contained in the final two sections. In §10, we shall
establish the expansions mentioned at the beginning of the introduction. The argument
in this last section relies at a key point on the cancellation of certain terms obtained by
transfer from the original trace formula. We shall establish the required cancellation in
§9. The result, Theorem 9.1, is the global analogue of the local vanishing theorem [A13,
Theorem 8.3]. It bears the same relation to the global trace formula as the latter does
to the local trace formula. Like its local counterpart, Theorem 9.1 depends ultimately on
some internal signs in the Langlands-Shelstad transfer factors. However, it is somewhat

more delicate, for reasons having to do with the rational global base point.

The expansions of §10 are either geometric or spectral in nature. They can be divided

along another line as well. In common with the objects in §6 and §7, the expansions of
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§10 separate into two categories that we call “endoscopic” and “stable”.

The endoscopic expansions are stated in parts (a) of Theorems 10.1 and 10.6. They
come from the right hand side of (4), and represent a decomposition of the trace formula
into a linear combination of stable trace formulas. Parts (a) of the theorems in §6 and §7
apply to the constituents of these expansions. They assert term by term identities between
the endoscopic expansions and the corresponding expansions (1) and (2). In particular,
the theorems imply that the “endoscopic” trace formula, obtained by identifying the two
endoscopic expansions, reduces to the ordinary trace formula. Of course this is after the
fact. The endoscopic trace formula will have a central role to play in the proof of the
theorems.

The stable expansions are restricted to the case that G is quasisplit. They are stated
in parts (b) of Theorems 10.1 and 10.6, and represent two different expansions of the
leading term SC(f) = S (f*) on the right hand side of (4). Parts (b) of the theorems in
86 and §7 apply to the terms in these expansions. They imply a reduction of the stable

expansions to expressions

(5) S(F) =D [WWE > oM (6)Su(6, f)
M 0
and
(6) S(f) = 7 W we| / DM (8)Sas (6, f)dod
M

that are completely parallel to (1) and (2). The theorems also assert that the distributions
Sy (6, f) and Sps(¢, f) in these expansions are stable. The identity obtained from the
right hand sides of (5) and (6) will thus be an explicit formula whose terms are stable
distributions. It is the stable trace formula we are looking for.

It would have been better to stabilize the more general twisted trace formula. This
ought to be within reach, given the results of Kottwitz and Shelstad [KS] and Labesse

[Lab]. However, there are still a number of properties for twisted groups that remain
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to be established. Rather than write a series of papers that depend on more than the
fundamental lemma, it seemed advisable at this time just to deal with the standard trace

formula.
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g1. Functions and distributions

Throughout the paper, F' will be a field of characteristic 0, and we shall often write
[' = Gal(F/F) for the Galois group of an algebraic closure F over F. For the time being,
we take G to be a connected, reductive algebraic group of F.. We write A for the F-split

component of the center of GG, and we set
ac = Hom (X (G)r,R).

Then a¢ is a real vector space, of dimension equal to that of the torus Ag. If ¢ belongs
to G, we shall write G 4 for the centralizer of ¢ in G. This leaves the symbol G, free to
denote the connected component of 1 in G, . A semisimple element ¢ in G(F') is said to
be elliptic (over F) if Ag, = Ag.

By a Levi subgroup M of G, we mean an F'-rational Levi component of a parabolic

subgroup of G over F. For any such M,
W(M) =W (M) = Normg(M)/M

denotes the Weyl group of (G, Aps). We also follow the standard notation of writing
L(M) = LE(M) for the finite set of Levi subgroups of G that contain M, and £°(M) for
the complement of G in £(M). Similarly, (M) = F%(M) stands for the finite set of
parabolic subgroups

P = MpNp, Mpeﬁ(M),

over F' that contain M, and
P(M)=PY(M)={PecPM): Mp= M}

is the subset of parabolic subgroups in F (M) with Levi component M. We shall frequently
assume that we have fixed a minimal Levi subgroup M, of G, in which case we write

Wo =W =W My), L =LE = L(My), and L° = LO(My).
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For the rest of the paper, I’ will actually be a local or a global field. For purposes of
induction, it will be convenient to fix a pair (Z, () as in [A13]. Then Z is a central induced
torus in G over F, whose quotient GG/Z we shall denote by G. The second component (
is a character on Z(F') if F' is local, and an automorphic character of Z(A) if F' is global.
In the case of F' global, we shall write Viam (G, () for the finite set of valuations of F' at
which G, Z or ¢ ramify. This set contains V., the subset of archimedean valuations.

Suppose now that F' is global. We shall be concerned with the trace formula on G(A).
However, the introduction of the pair (Z, () forces us to work in a slightly different setting
from [A8]. For any connected reductive subgroup H of G over F', there is a canonical map
from ap to ag. There is also the usual canonical map Hg from G(A) to ag. If A is a

subset of G(A), we shall write
AT ={z € A: Hg(x) € image(ay — ag)}.
For example, G(A)Y = G(A)Mo = G(A). In the opposite extreme of H = 1, we have
G(A)' = {r € G(A): Hg(z) = 0}.

This matches the notation of [A8]. Observe that if H contains Z, G(A)¥ contains Z(A).

For most of the paper, we shall in fact take H = Z.

Suppose that V is a finite set of valuations of F'. For simplicity, we generally write
Gy =G(Fy) =[] G(F)

veV

for the group of points in G with values in the ring

Fy =[] P

veV

This notation can of course be applied to the quotient G = G/Z, and since Z is an induced
torus, the group Gy = (G/Z)(Fy) equals Gy /Zy [K1, Lemma 1.1(3)]. We also write (y

for the restriction of ¢ to the subgroup Zy of Z(A). If H C G is as above, we write
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C(GH ,¢y) for the space of Cy L_equivariant Schwartz functions on GIH. We shall usually
confine ourselves to functions in the Hecke algebra H(G¥,(y). This is a subalgebra of
C (G{}[ , Cv), which depends on a choice of maximal compact subgroup K, = Ky, of Gy__.
We shall also generally assume that V' contains Viam (G, (), and H = Z. To emphasize this
special case, we write

H(G,V,¢) = H(GT, Cv).

In §2 and §3, we are going to reformulate the global trace formula as an identity of linear
forms on H(G,V, (). As such, it will depend on a choice of maximal compact subgroup
of G(AY), where AV denotes the subring of elements in A that are equal to zero at each
velV.

Let

Kram H K,
VEViam (G,¢)

be a fixed, open maximal compact subgroup of G (Ame(G’C)). We assume that each K, is
hyperspecial, and in good position relative to some underlying minimal Levi subgroup M.
If V is a finite set of valuations that contains Viam (G, ¢), KV = [] K, then is a maximal
compact subgroup of GV = G(AY"). We shall generally reserve tﬁj Zymbol f for a function

on Gy . This leaves us in need of other notation for functions on G(A). Let u" = u"*¢ be

the function on G", with support equal to KV ZV, such that
u¥ (kz) = ¢(2)71, ke KV, zeZV.

The map
f—f=fxu", feHR(G,V,Q),

then sends functions in H(G, V, ) to functions in the space H(G,() = H(G(A)Z,¢). In
particular, if Z = 1, and f belongs to the space H(G,V) = H(GZ), f=fxuisa
function in the space H(G) = H(G(A)'). We shall use similar notation if S is some finite

set of valuations that contains V. Then K g = [J] K, is a maximal compact subgroup
veS-V
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of GY = T[] G(F,), and u¥ = uy® denotes the function on G, with support K¥ Z¥
veS-V
such that

uyg (kz) = C(2)71, ke KY, z€ Z¥.
In this case,
f—>JéS:f><Ug7 fEH(G,‘/,C>,

is a map from H(G,V,() to H(G, S,(). In the study of the geometric side of the trace
formula, S will be a large finite set of valuations that depends on the support of a given f.

We need to define a certain subspace of H(G, S, (). The polynomial

d
det (1+¢— Ad(z)) = Z Dy (z)t?, z € G,
k=0
provides a morphism
D= (Dy,...,Dq): G — (G,)*, d = dim G,

over F from G to affine (d + 1)-space. If X = (Xo, ..., X4) is a nonzero point in (G,)*+!,

set Xmin = Xk, where k is the smallest integer with X # 0. Then
D(z) = D()min, x € G,

is the generalized Weyl discriminant of G. The minimal k in this case is of course bounded
below by the rank of G. If S is a finite set of valuations that contains V., set
0 = P
veES
where 0, is the ring of integers in F,. We shall say that a subset Cs of Fat! — {0} is

admissible if any point X in the intersection
Fd—l—l N (CS % <OS)d—|—1),

has the property that | Xin|, = 1 for each v & S. Assume now that S contains Viam (G, (),
and that

Z(A) = Z(F)ZsZ(0%).
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We shall say that a subset Ag of Gg is admissible if D(Ag) is admissible in Fg“. This

condition implies that
|ID(%)], = 1, ¥ e€GF)N(As x K%),v ¢ 8S.

It is clear that if Ag is admissible, so is the larger set obtained by taking G g-stable
conjugates of elements in Ag. The same is true of the set AgZg. In particular, Ag is
admissible if and only if its projection Ag onto Gg = Gg /Zg is admissible. We shall write
Haam (G, S, €) for the subspace of functions in H(G, S, ) whose support is an admissible
subset of Gg.

There is an adelic variant of the notion of admissibility, which we can apply to subsets
A of G(A). We shall say that A is S-admissible, for a finite set S as above, if there is an
admissible subset Cs of FA™ such that D(A) is contained in Cs x (0)4*!. We claim that
any compact subset A of G(A) is S-admissible, for some S. To see this, we first embed
A in a compact set of the form Ay x KV, for a finite set of valuations V D Vieg(G, C).
We then choose S D V such that | Xin|, equals 1, for each v € S, and for every X in the
finite set

Fd—l—l N (D(Av) % <0V)d+1).

We now recall some simple objects from the paper [A14] that will eventually be re-
quired for the study of the geometric terms in the trace formula. For a finite set V', and
H C G as above, let D(G{}[, Cv) be the vector space of distributions D on G{}[ that satisfy

the following three conditions.

(i) D is invariant under conjugation by G¥.

(ii) D is (y-equivariant under translation by Zy .

(iii) D is supported on the preimage in G of a finite union of conjugacy classes in
—H
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Suppose that ¢ belongs to the set FSS(GI;) of semisimple conjugacy classes in @5. We
write D.(GH, (v) for the subspace of distributions D in D(G#, ¢y/) for which the conjugacy
classes in (iii) all have semisimple parts equal to c¢. This space could be zero. However, it
is easy to characterize the subset I's (@5, Cv) of classes ¢ in Fc(é‘},[) such that D.(GH, ¢v)
is nonzero. It consists of images of semisimple conjugacy classes in G¥ whose stabilizer in

Zy lies in the kernel of (/. The original space obviously has a direct sum decomposition
,D(GX}/I7 CV) = @ DC(GXI;I7 CV)

over the classes ¢ in I'gg (@5, Cv). We shall say that a distribution in D(G#, () is unipotent
if it lies in the subspace Dunip(GH,¢v) = D1(GH,(y) of D(GE,¢y). In general, one
can define the semisimple part of any D € D(G{}[ ,Cv) to be the union of those classes
c€E Fss(ég) for which the image of D in D.(G¥,(y) is nonzero. If V contains V., we
define D to be admissible if its semisimple part is admissible, in the sense defined above.
The space D(GE, {y) contains the familiar invariant orbital integrals. Suppose that
vv = [I 7 belongs to G, and that f is a smooth function of compact support on GiZ.

veV
The orbital integral of f at ~y is defined as

1 _
felw) = IDew )l | fa yva)de,
Gy NGHEN\GH
for G, = [[G,, and |D(yw)|v = [[|D(Vv)|v, and for some choice of invariant measure

on the quotient G.,, N GH\GH. We can also define the (y-equivariant orbital integral at

vy . It is the distribution

(1.1) f— Cv(z)fa(zyv)dz

in D(GH,¢v). We shall write Doy, (GH, () for the subspace of D(G¥,(y) spanned by
distributions of this form. If V' consists entirely of p-adic valuations, the theory of Shalika
germs implies that Do, (GH, () equals D(G¥,¢y). If V contains archimedean places,

however, one can also take radial derivatives of orbital integrals. In this case, Doy, (G, Cy)
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is a proper subspace of D(G¥, (y/). The larger space is necessary for questions of endoscopic
transfer.

To specify more general elements in D(G{f , Cv) explicitly, one would have to intro-
duce more elaborate notation. Rather than do so, we prefer simply to fix some basis of
D(GE,¢y). This is the point of view of the paper [A14]. It is not really much of a de-
parture from the usual practice. For example, even orbital integrals depend on implicit
choices of invariant measures on conjugacy classes. For the duration of this paper, we shall
write T'(G¥, () for a fixed basis of the space D(G¥,¢y).

We assume implicitly that the elements in T'(GE, (y) have been chosen to satisfy
various natural compatibility conditions. (See [A14].) For example, I'(G¥, (y/) is supposed
to be a subset of a basis I'(Gy, (y) of D(Gy,(y). Moreover, any element « in I'(Gy, (v)

is assumed to have a decomposition

Y= H’)’m Yv EF(G’U)C’U)7

veV

relative to fixed bases I'(G,, () of the spaces D(G,, (). It is also required that each subset
—H
FC(G\IE'[:CV) :F(G\I_/I:CV> mDC(G\I}[:CV% (S FSS(GV7CV)7

be a basis of D.(G¥, (). In other words, the semisimple part of any element in I'(G¥, ¢y)

is a single class c. In addition, the elements in the set

Lo (GV, Cv) = T(GY, ¢v) N Dorn (G, Cv)

are required to be orbital integrals, and to be a basis of Do, (G, (). It follows from
this that there is a bijection between I'o,,(GE, ¢y/) and the set oy, (@5, Cv) of conjugacy
classes in @5 whose semisimple part lies in T'ys(Gv, (y7). We can therefore define a chain

of subsets

(12) Forb(G{;Iv CV) > FSS(GXI;I7 CV) D) Freg(GXI;I7 CV) D) Freg,ell(G{;Iy CV)
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of Torb (G, Cy), corresponding to subsets of classes in I'opp, (@5, Cv) that are respectively
semisimple, strongly regular, and strongly regular elliptic. In particular, the semisimple
part ¢ of a general element v in T'(G¥, () can be identified with a distribution in the
subset T'ss(G¥,Cy) of T(GH,(y). We assume, in fact, that v has been constructed in the
natural way from ¢, and from an element « in a fixed basis Funip(GfV, Cv) of the space
Dunip<G£V7CV) of unipotent distributions for va. A general element v € T'(G¥,(y)

therefore has a Jordan decomposition, which we write formally as
—H
(1.3) v = ca, c € Nw(Gy,C¢y), a € Funip(GEV, Cv).

The distributions in D(G{f, Cv) are tempered as well as (y-equivariant. Therefore,

any element v in D(G¥,(y) transfers to a continuous linear form

f— fa(), f €C(GY, (),

on C(GH,(y). The transfer actually depends on an implicit choice of Haar measure on
Zy, but this is obviously harmless. Suppose that v is an element in Forb(ég, Cv), and
that vy is a conjugacy class in G¥ that maps to . The (y-equivariant orbital integral at

vy provides a distribution in D(G¥, (i), and hence a continuous linear form

f _)fG(’YV)7 fGC(G‘Ij,Cv)

This of course depends on the choice of representative vy of v, as well as a choice of
invariant measure on the G{/-conjugacy class vy. On the other hand, we may as well
identify v with the distribution in Forb(G{}[ , Cv') to which it corresponds. The linear forms

fa(yv) and fg(vy) then differ by a scalar multiple. We obtain

(1.4) falw) = (w/v)fa(y), feC(GY,¢v),

where (vy/7) is the ratio of the invariant measure on 7y and the signed measure on 7y
that comes with v. As we mentioned earlier, we shall usually restrict our attention to

functions f in the Hecke algebra H(GH, (y).
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What is the spectral analogue of the space D(G#,(y)? There is some ambiguity in
the question, but one could argue plausibly that the answer is the space F (G{}[ ,Cv) of
generalized characters on G{}[, with Zy-central character equal to (yy. By a generalized
character, here, we mean a finite, complex linear combination of irreducible characters. As

with D(GE, (), we identify an element 7 in F(G¥, () with a linear form

f _)fG(’/T)v feH(G‘Ij,CV),

on H(G1, {v), which in this case depends on an implicit choice of Haar measure on G /Zy, .
The space F(GH, (y) already has a canonical basis. It is the set II(G¥, () of irreducible
characters with Zy -central character equal to (. We write Hunit(G‘ff ,Cy) for the subset
of characters in II(G#, (i) that are unitary. Then, in partial analogy with (1.2), we define

a chain of subsets

(15) Hunit(Glg; CV) D) Htemp<G57 CV) D) Htemp,ell<G5> CV)

of characters in Hunit(G{}[ , Cy) that are respectively tempered, and tempered elliptic.

For each f in H(GH, (), we have been regarding fo as both a linear function on
D(GH, ¢y ), and a linear function on F(G¥, (y/). The former is determined by its restriction
to the subset Tyeg(GH, () of D(GH, (v ), while the latter is determined by its restriction
to the subset Hiemp(GH,Cv) of F(GH,¢y). It is known that either of the functions is
determined by the other, so the notation is consistent. In the usual fashion, we can form

the invariant Hecke space

I(Gl\j?CV) = IH(G\I;?CV) = {fG : f S H(Gl\jaCV)}

of functions obtained from H(G{f, Cv). This space comes with the topology that makes
the surjective map f — fg from H(G¥,(v) to Z(GEH,¢v) open and continuous. There is

also the invariant Schwartz space

I(GY , v) = IC(GY, ¢v) = {fa : [ €C(GY, ()}
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which comes with a similar topology. However, we shall use the overlapping notation Z( -)
only if the context is clear. In either case, we can use the familiar notation

~

I(f) = 1(fe),

for any invariant linear form I that lies in the image of the transpose of the map f — fq.
For later use, we also introduce the stably invariant Hecke space. Recall that a dis-
tribution on G is stable if it lies in the closed linear span of the strongly regular, stable

orbital integrals

vy =Y falw).

yv—dv

Here, 6y is any strongly regular, stable conjugacy class in G{f , and ~yy is summed over the
finite set of conjugacy classes in dy. Let SD(GH, () and SF(GH, ) be the subspaces
of stable distributions in D(G#, {v) and F(G¥,y) respectively. Suppose that ¢ belongs
to the set Ayeq (@5) of strongly regular, stable conjugacy classes in @5. Then there is a

corresponding tempered distribution
F— 10 = fe(), fecG, ),
2l

—H —_H
where 7 is summed over those classes in the set I'teg (G ) = I'ieg (G, 1) that map to 6,
and fg(7) is the corresponding linear form in Ty (GE, ¢y). One of the requirements in
[A14] on the choice of basis I'(G¥, () is a simple compatibility condition on the summands

that insures an identity

(1.6) FE(ov) = (6v/8) € (5),

where dy is any stable class in GE that maps to §. The ratio (Jv /§) equals (yy/7), where
~vy is the conjugacy class in dy that maps to the given class v in the sum. In particular,
the distribution 0 is stable. We have thus identified Acq (65) with a subset Aee (G, Cy)

of SD(GH,(y). The stably invariant Hecke space is the space of functions

SI(GH,¢v) = STH(GH  ¢v) = {f€: f e H(GH, ¢v)}
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on Areg(G‘ff ,Cv). The stably invariant Schwartz space is defined in the same way.
Suppose that M is a Levi subgroup of G. Assuming that M contains H, we of course
take II(M, Cv) to be the basis of F(M{, (). We assume that we have also chosen a basis
D(M{E, ¢y) of D(M{Z, {v), as well as corresponding subsets (1.2), as above. Consider the
case that H = M, so that M‘I}[ = My and G{f = Gy. We recall that there is a canonical
map f — fu from H(Gv,(y) to Z(My, (v ), which factors through the map f — fg. This

map allows us to define induction operations. We obtain canonical linear maps

1€ D(My,¢y) — pu® € D(Gy, Cv)

and
p € F(My,Cv) — p© € F(Gy,(v),
such that
(1.7) fo(u®) = fu(p)
and
(1.8) fa(p%) = fu(p),

for any f € H(Gyv,(y). The choice of bases also determine adjoint restriction maps. These

are the unique linear maps

v € D(Gv,C¢v) — Yu € D(My,Cy)

and
m e F(Gv,Cv) — i € F(My,Cv),
such that
(1.9) Y antmbe() = Y. am(wba(pC)

YET(Gv,Cv) per(My Cv)
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and

(1.10) Yo em(m)da(m) = Y emlp)da(p®),

m€I(Gv,Cv) pE(My ,Cv)
for any linear functions ay; € D(My,(v)*, bg € D(Gv,Cv)*, e € F(My,(y)* and
de € F(Gy,Cy)* such that the right hand inner products converge.

The notions we have been reviewing come from [A14] and earlier papers. We shall
make free use of any obvious variants of the notation. For example, the notation I'(Gv, (v ),
D(Gv,Cv), F(Gy,Cv), ete., in the case above that H = M, is in obvious recognition of the
fact that H plays no role. As we noted earlier, we shall generally assume that V' contains
Viam (G, €), and that H equals Z. In this case, let ag; z denote the subspace of linear forms

on ag that are trivial on the image of az in ag. Then there is an action
A T — Ty, 7 € Uit (Gv, Cv), )\Giaaz,

of tag; ; on ITunit (Gyv, Cv ), whose orbits can be identified with the set Hunit(G‘Z/, Cv). We
have agreed to write H(G,V, () = H(G%Z,(y). This is the space of test functions we will

be using for our global study. We shall also write
(G, V() = T(G¥. (v)

for the corresponding invariant space. In the next two sections, we shall single out subsets
[(G,V,¢) and TI(G, V,() of Tom(GZ,¢v) and it (GZ, (v) respectively, that also have

special global significance.

23



§2.  Global trace formula: geometric side

The first main task of the paper will be to recast the global trace formula of [A8] in
somewhat different terms. There are three reasons for doing so. The first concerns how
we make the trace formula invariant. We want to use the canonically normalized weighted
characters of [A11], rather than the weighted characters of [A8] that depend on a choice of
normalizing factors for intertwining operators. Secondly, it will be convenient to work with
test functions on a finite product Gy = G(Fy) of local groups, rather than on the adele
group G(A). Finally, we have to set things up for ( ~!-equivariant test functions, in order
to allow for future induction arguments. The result will be a formulation of the trace
formula that is quite natural, and that clearly displays the remarkable duality between
terms on the geometric and spectral sides.

Until further notice, F' will be a global field, (G, ¢) will be a fixed pair over F' as in §1,
and V will be a finite set of valuations of F' that contains the ramified set Viam(G, (). The
formula of [A8] is the identity provided by two different expansions of a certain continuous
linear form on H(G) = H(G(A)'). The formula we want will be an identity given by two
expansions of a continuous linear form on H(G, V, () = H(G%Z, {y). We shall first describe
a formal process for passing from the former to the latter. The bulk of this section will
then be devoted to the explicit construction of the new geometric expansion. The next
section will be reserved for the construction of the new spectral expansion.

There is a natural projection
ft— e f e H(G),
from H(G) onto the space H(G, () = H(G(A)?,(). The image of f* is defined to be the

function
() = / L (e2)C(2)dz, v € G(A),
Z(A)®

where we have written



Suppose that J is a continuous, Z(F)-invariant linear form on H(G). If f! denotes the

translate of a function f! € H(G) by a point z € Z(A)?, the integral

Hﬂz/ J(F)¢(2)dz
Z(F)\Z(A)!

converges, and depends only on the image fC of f Lin H(G, ). We write
J(f¢) = I ().
We then define a linear form on H(G,V, () by setting

J(f)=J(f), feH(G,V,0Q),

where f = f x ¢V is the function in H(G, () defined in §1. We are using the symbol .J
here to denote three different objects: the original Z(F')-invariant linear form on H(G),
the projection of this form onto the space of linear forms on H(G, (), and the projection
of the second object onto the space of linear forms on H(G, V, (). Since the three linear
forms act on three different spaces, there is no ambiguity in denoting them by the same
symbol.

We shall apply this general procedure to the basic linear form that is the foundation
of the trace formula of [A8]. We need refer to [A8] only for the noninvariant trace formula,
since we will be using a different process to make it invariant. The relevant formula from
[A8] consists then of two different expansions of the continuous (noninvariant) linear form

(2.1) T =D L) = S, f e H(G),

o€ XEX
on H(G) that appears in [A8, (2.1)]. The two expansions are derived in §3 and §4 of [AS]

by refining the terms in the respective sums over o and x. Our aim here is to convert these
expansions into two expansions of an invariant linear form on H(G,V, ().

It is an immediate consequence of the general constructions in [A1] that the linear
form (2.1) is Z(F)-invariant. The process above therefore provides a (noninvariant) linear

form
J(f)=J(f)=J(fY), feH(G,V, (),
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on H(G,V, (), where f1 is any function in H(G) whose projection f¢ onto H(G, () equals

f=fxu". We then define an invariant linear form I = I¢ on H(G,V, () inductively by

setting

(2.2) 1) =T = Y WMWY (oar (1)),
MeLo

for certain maps

constructed from the normalized weighted characters of [All]. To describe the maps
precisely, suppose first that fbelongs to the Schwartz space C(Gy,(y). Then ngM(J?) is
defined to be the function on Iliemp(My/, (/) whose value at a representation

T = T, Ty € Htemp(Mvan)7

equals
tr(Mu (7, P)Zp (7, f), P e P(M).

The operator

M (7rP—hm Z <®MQA7T’07 )QQ(A> L

QEP(M) veV
with

0o (A) = vol(af;/Z(AY)) H Ala

OZGAQ
is defined as part of the theory of (G, M)-families [A2, §6]. The relevant (G, M)-family

here is a tensor product of the (G, M)-families
Mo (A, 7y, P) = po(A, 7y, P)Jo(A, 7y, P), Q e P(M), A €iayy,,

defined for 7, in general position on p. 37 of [A11]. It follows from [A11, Lemma 3.1] that
¢n maps C(Gy, Cy) continuously to IC(My, (y). If f and 7 are the restrictions of fand

7 to GZ and M respectively, we set

orr(f,m) = / orr (F )N

> *
a3
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Our concern here is in the case that f belongs to the subspace H(G,V, () of C(GZ,(v).
The argument of [A9, §12] is easily modified to show that ¢»; maps H(G, V, () continuously
to the subspace Z(M,V,() = IH(MZ,¢y) of IC(ME,Cy).

We shall now derive a geometric expansion of I(f) from the geometric expansion in
[A8, §3] of (2.1). We have first to describe the local and global ingredients of the new
expansion. We will then be able to apply the methods of [A8, §3].

The local terms in the geometric expansion of I(f) are essentially the invariant dis-
tributions of [A11, §3]. They are invariant linear forms Ip/(v) = I§/(y) on H(G,V,(),
which are parametrized by Levi subgroups M € £ and elements v € T'(MZ, (y). For any
feH(G,V,C), In(7, f) is defined inductively by the usual formula

Du(v. )= I )= D Tia(v.6u().
LeLo(M)
where ¢ (f) is the map (2.3), and J(y, f) is the weighted orbital integral, defined for
v € Torb(MZ,(y) as in [A6], and for general v in [A14].
The global terms in the geometric expansion appear as coefficients. They require

rather more discussion. We begin by recalling the global coefficients

a%(S,4), 7€ (GF)) g

of [A8], which were defined in [A5, (8.1)]. Here S D Viam(G) is a large finite set of

valuations, and (G(F)) is the set of what we called the (G, S)-equivalence classes in

a,s
G(F). (We are using the dot notation 7 for elements in G(F), since v will generally be
reserved for elements in Gy .) We recall that two elements 4 and 47 in G(F'), with standard
Jordan decompositions 4 = c& and 41 = ¢1d, were defined to be (G, S)-equivalent if there
is an element & € G(F) such that 6~'¢;d = ¢, and such that d~ ¢4 is conjugate to c

in G.(Fs). For a general element 4 = cd, the coefficient was defined in [A5, (8.1)] by a

descent formula

(2.4) a®(S,4) = i%(S, ¢)|Stab(c, &)|"ta< (S, &).
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We have written Stab(c, &) here for the stabilizer of ¢ in the finite group (Ge 4+ (F)/Gc(F)),
which acts on the set of unipotent conjugacy classes in G.(Fs). The symbol i%(S,¢) is
as in [A8, (3.2)]. It equals 1 if ¢ is F-elliptic in G and the G(A“)-conjugacy class of ¢
meets K*°, and is otherwise equal to 0. (We neglected to mention the second condition on
¢ explicitly in [A5, (8.1)], although we included it in the proof.) The point of the descent
formula is to reduce the study of a®(S, ) to the case of unipotent elements treated in
[A4].

As explained in [A5] and [A8], the finite set S has to be large in a sense that depends
on the semisimple part of 4. In this paper, we require a quantitative criterion for the

choice of S. It is provided by the next lemma, and the definitions of §1.

Lemma 2.1. If 5 belongs to G(F), the coefficient a®(S,7) is defined for any finite set S
such that + is S-admissible.

Proof. Suppose that ¥ is S-admissible. We must show that the definition of a% (S, )
in [A5] and [A8] is valid for the given S. For the definition in [A5], the requirements to
verify are the conditions (i)—(iv) on p. 203. The condition (i) follows from the definition of
S-admissible, while conditions (iii) and (iv) follow from [A5, Lemma 7.1]. The condition
(ii), in the untwisted case we are considering in this paper, asserts that <, belongs to K,
for each v ¢ S. This condition was removed in [A8, §3] by simply setting a®(S,%) = 0 if
4 is not G(A®)-conjugate to an element in K. Therefore a®(S, %) is defined whenever ¥

is S-admissible. O

In this paper, we would like to index the coefficients by admissible elements in

I'(GZ,(s), rather than classes in (G(F)) To help us make the transition, we set

G,S’

(2.5) Ia(f&) = Y. a%S,9)f5e(), f& € Haam(G, 9).
Ye(G(F))a,s
This is the term with M = G in the geometric expansion [A8, (3.3)], and can be regarded

as the G-elliptic part of the expansion. (We use “elliptic” to refer to the semisimple
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components of the classes in G(F') that index the summands.) One consequence of the
descent formula (2.4) is that

aG(Sa Z’Y) = a’G(Sa ’7)7 A ZS,O:

where

Zso=Z(F)N ZsZ(0%).

We can obviously embed Zg, as a discrete subgroup of Zg. The linear form gy ( fé) on
Hadm (G, S) is then Zg ,-invariant. Applying a variant of the process at the beginning of

this section, we define a linear form
Lu(fs) = / Iell(fé,z)C(z)dza fs € Haam(G, S, ),
Zs,0\Z}

on Haam (G, S, ¢), in which fé is any function in Haqm (G, S) whose projection fgs onto
H(G, S, ¢) equals fg. It follows from the Z s, o-invariance of a®(S, ) that
Ia(fs)= > a“(s, "7)/ féc(z9)¢(2)dz
JE(G(F)a,s Zs,0\8

=Y 12EA 0059 [ Bl
{7} Zs

where {7} stands for a set of representatives of Zg ,-orbits in (G(F)) d

G.S’ an
Z(F,y)={2€Z(F): zy=4} ={2€Zs0: 2y =4}

The integral
| feoteneei:
z

is easily evaluated in terms of fg. It vanishes unless 4 maps to an element g in
Corb(G%,Cs), which is to say that the conjugacy class of ¥ in @g = G%/Zg lies in
Forb(ég,gg), and in addition, the G(F,)-orbit of 4 meets K, for each v ¢ S. If the

two conditions hold, the integral simply equals

(3/4s) fs,c(¥s),
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where (§/4s) is the ratio in (1.4).

We have converted the expansion (2.5) for I (f1) into an expansion for Io(fs). To
describe the latter, we first define a coefficient a§)(¥s). If 45 is any admissible element in
I'(Gg,(s), we set
(2.6) a$i(4s) = D |Z(F,4)7a% (S, 4) (1/4s),

{7}

where {#} is summed over those Zg ,-orbits in (G(F))G’S that map to g, and such that
the G(A®)-conjugacy class of 4 in G(A®) meets K. This coefficient obviously vanishes
on the complement of T, (GZ,(s) in I'(Gs,(s). It is in fact instructive to introduce a
subset of o, (GZ, (s) that can serve as a more manageable domain. If V is any finite set
containing Viam (G, ¢), we write Iy (G, V, €) for the collection of elements v € Lo, (GZ, ()
such that there is a 4 € G(F') that satisfies the following three conditions.

(i) The semisimple part of 4 is F-elliptic in G.

(ii) The conjugacy class of 4 in Gy maps to 7.
(iii) The element + is bounded at each v ¢ V. In other words, for each v ¢ V, the image

of 4 in G, lies in a compact subgroup.

The subset Teny(G, V, ¢) is discrete in the natural topology on I'(GZ,(y). Taking V = S,
we see that a$)(¥s) is supported on the set of admissible elements in T (G, S, (). The
expansion for Iy ( fs) is just

(2.7) Ia(fs)= > a&i(¥s)fs.a(¥s), fs € Haam(G, S, C).

Y¥s€len(G,5,¢)

The definition (2.6) is only a part of our reformulation of the global coefficients. We
are going to define coefficients that depend on elements v € I'(GZ,(y), where V is an
arbitrary finite set of valuations that contains Viam(G, (). The role of S will be simply
that of some finite set containing V' that is large relative to . First, let us define a discrete
subset of I'(GZ, {v) that will serve as a suitable domain for the new coefficients. We have

already defined the “elliptic” set I'eyi (G, V, (). If M is a Levi subgroup of G, and p belongs
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to I(MZ,(v), the induced distribution ;¢ is a finite linear combination of elements in
[(GZ,¢v). We write T'(G, V, () for the set of elements so obtained, as M ranges over £
and p runs over the elements in I'ey (M, V, (). This will be the domain.

The new coefficients will combine the elliptic coefficients (2.6) with unramified
weighted orbital integrals at places v in S — V. Let us write IC(@E) for the set of conju-
gacy classes in ég = GY/Z¥ that are bounded. Since (¥ is trivial on Z(0Y%), K(@g) is
contained in Iy (62, ¢Y¥), so by the conventions of §1, any element k € /C(@g) provides
a distribution ¥ (k) in the subset T'o1,(GY, (Y ) of T(GY, CY). If k belongs to K(@g) and

7 is an element in I'(GZ, (), we shall write

v x k=7 x~g (k)

for the associated element in I'(GZ,(s). It is then clear that for any k, the preimage of
Cen(G, S,¢) under the map v — v x k is contained in Ty (G, V, (). To emphasize the
duality with the spectral expansion in next section, we shall also write K;{l(@, S) for the
set of k in IC(@Z) such that v x k belongs to I'e (G, S, () for some . These sets are of
course defined if G is replaced by a Levi subgroup M € L. The unramified weighted orbital

integrals Jps (-, u¥) will appear in the form of a function
—V
TJ\G/[U{:):JM('Vg(k)?ug)? kEIC(MS)7

—V
on K(Mg).
We can now define the coefficients that will occur in our geometric expansion. If ~

belongs to T'(GZ, (v ), we set
(2.8) a(y)= D IWIIWET™ Y0 adilo x k)rfi(k),
MeL keKY (M,S)

where S O V is any finite set of valuations such that the set v x K" is S-admissible.
The summands on the right hand side are defined, by Lemma 2.1, and since KY;(M, S)

. . . . —V .
is discrete in the relevant topology in IC(M g ), the sum over k can be taken over a finite
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set. Of course vp; X k is understood to be a finite linear combination of elements ~g
in T'(MZ%,(s), and a¥ (v X k) is the corresponding finite linear combination of values

aM(¥s). Tt follows from the definitions that a%(v) is supported on the discrete subset

P<G7 V7 4) of F(G\Z/7 CV)
Proposition 2.2. Suppose that f € H(G,V,(). Then the linear form I(f) in (2.2) has a
geometric expansion

(2.9) I(f)= Y wgiwg' = > M Iu(r. /),

MeL ~ET(M,V,()

in which the inner sum can be taken over a finite set that depends only on the support of f.

Proof. As a function of v in T'(MZ, (v), In (v, f) has compact support. This assertion
is valid only because we are considering elements ~ attached to the closed subgroup M
of My . It follows from the usual splitting and descent formulas satisfied by In;(7, f),
as for example in the proof of [A8, Lemma 3.2]. Since I'(M,V,() is a discrete subset
of Ten(ME,¢v), the inner summand on the right hand side of (2.9) therefore has finite
support.

The proof of (2.9) is similar to that of [A8, Theorem 3.3]. The main step will be to

establish a parallel expansion for the linear form

() = I () = / J(FIC(2)dz.

Z(F)\Z(A)!

in which f! is any function in H(G) whose projection f¢ onto H(G, ¢) equals the function
f=fxuv.

We recall the geometric expansion for J( f 1) that is provided by [A5, Theorem 9.2].
Let S D V be a finite set of valuations such that support of f lis S-admissible, and such
that f! is of the form

fxudt, fle H(G,S).
Then
JUH =D W wg T Y @M S ) Iu (3, £3),

MeL YE(M(F))m,s
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where Jys (7, fé) is the weighted orbital integral of fé over the conjugacy class of ¥ in Gg.
The term corresponding to M depends on S, but the sum over M does not. For a given

choice of S, the linear form J(f1) is obviously K S-invariant. We obtain

J(f) = / J(F)¢(2)dz
Z(F)Z(0S)\Z(A)!
— [ e
ng\Zé
= wRwET S aM(s,4) / T (24, FC(2)dz,
MeL HE(M(F))a,s Zs,0\ 23
since
Z(A) = Z(F)ZsZ(0%),
and

M(’y?fé,z):JM(ZPYafé)? ZGZS-

Following the derivation of (2.7) from (2.5) above, we conclude that

= Z |W(5]\4||WOG|_1 Z aé\ﬁ(ﬁS)JM('y57fS)7

MeL Ys€len(M,S,¢)

where fg equals the projection fgs of fé onto H(G, S, ¢).

It is a consequence of the definitions that fg is equal to the product f x uY,, where
f € H(G,V,() is the function we started with. Taking a corresponding decompositon
Ay X "yg of 45, we see from the usual splitting and descent properties that

Tu(is, fs) = D Jir (3, @W§)r) JL (3 f)-
LeL(M)

(See [A7, Proposition 9.1 and Corollary 8.2].) We are dealing with weighted orbital in-
tegrals here, rather than the corresponding invariant distributions, so it does not matter
that the set S — V fails to have the closure property of [A8]. We have also used the fact
that (uY%)r = (uY)g is the unit in the invariant unramified Hecke algebra on Lf., and is

therefore independent of @ € P(L).) Now Ji; (7Y, (ug)r) vanishes unless ¥¢ = 7Y (k) for
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some k in K(Mg), in which case it equals 7%, (k) by definition. With this condition on 4,
aM(¥s) vanishes unless pu = 4y lies Ty (M, V,¢), and k lies in KY,(M,S). We find that
J(f) equals

SO W 1ZZaeuume<k>JL<uL,f>,

Lel MecLk

where p and k are summed over Loy (M, V,¢) and KV, (M, S) respectively. But we can

write

> W Iw 1ZZa£ﬁ<uxk>rﬁ4<k)JL<uL,f>
k

MeLk

=§|W§4||WOG|—1 Z > " alli (v x k)ri (k) JL (7, f)

yel(L,V,Q) &k

=Wewg =t Y " ()J( ),

vel(L,V,0)

by (1.9) and (2.8). We obtain an expansion

(2.10) T =Y Wewg ™t Y a ()i f)
LeL YET(L,V,0)

of the form we want.

It is now a simple matter to convert the expansion (2.10) for J(f) into an expansion

for I(f). By definition,
I(f)y=J(f) = > WEIWE T (o (f))-
LeLo

Assume inductively that the required expansion (2.9) holds if G is replaced by any group
L € £°. Combining this with the formula (2.10) for J(f), we see that I(f) equals

SmwEt Y M) (- Y Ththeu).
MeLl 'yEF(M,V,C) LeLo(M)
By the definition of Ip;(7y, f), this in turn equals
DWHIWE Y @M ),
M ~ET(M,V,¢)
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the required expansion for I(f). O

We shall later have reason to consider the simpler linear form

(2.11) ()= > a(faly), feM(G,V),

v€T(G,V,()

defined by the term with M = G in the expansion (2.9). It is the purely “orbital” part
of I(f), and consists of a linear combination of invariant orbital integrals. However, the

coefficients of this expansion are defined by a formula (2.8) that seems to depend on the

set S OV.

Corollary 2.3. The coefficients {a®(v)} are in fact independent of S, and so therefore is
Lo (f).

Proof. Recall that we constructed I(f) from the linear form (2.1) that does not
depend on S. We can assume inductively that if M is a proper Levi subgroup of G, the
coefficients {a™ ()} are independent of S. The corresponding term on the right hand side
of (2.9) is therefore also independent of S. This leaves only the term with M = G on the

right hand side of (2.9), which is just I, (f). The corollary follows. O

Remark. The corollary could easily be proved directly from the admissibility of v x KV,

and properties of the weighted orbital integrals r§ (k).
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§3. Global trace formula: spectral side

We turn now to the spectral side. As before, V' will be any finite set of valuations that
contains Viam(G, (). We shall convert the spectral expansion [A8, §4] for the right hand
side of (2.1) into an expansion for the linear form (2.2) on H(G, V, ().

We should recall that the spectral expansion for (2.1) in [A8] is only conditionally
convergent. There is first an absolutely convergent sum

(3.1) J(fY) =" J(fh, freH(G),

t>0

for the linear form (2.1). The terms

Ji(f) = > T (fY), t>0,

{xeX: [Im(vy)ll=t}

in this sum are obtained from those summands on the right hand side of (2.1) whose
archimedean infinitesimal characters v, are of height ¢ [AS8, §4]. Each J( f DY in turn has
an absolutely convergent spectral expansion. A strengthening of results of Miiller [M]
would establish that the resulting expansion of J( f 1) is actually absolutely convergent (as
a double integral). However, for the comparison problems of this and subsequent papers,
it will be no trouble for us to treat the spectral expansion as a conditionally convergent
double integral.

We first have to apply the formal process at the beginning of §2 to each of the terms
J:(f1). Tt follows without difficulty from the original definition [A2] of J, (f') that each

linear form J;(f!) on H(G, V, () is Z(F)-invariant. We obtain a (noninvariant) linear form

T(f) = J(f) = TE(fY), feH(G,V,Q),

on H(G,V,¢), in which f! is any function in H(G) whose projection f¢ onto H(G,V)
equals f = f x uY. We then define a corresponding invariant linear form I; = I¢ on

H(G,V, () inductively by setting

(3.2) L(f)=J2(f) = > WHIWEI T (6 (f)),

MeLo
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with ¢ being the map of (2.3).
To treat the conditional convergence of the spectral expansion, we shall exploit the
multiplier convergence estimate of [AC, (2.15.2)] and [A10, Lemma 7.1]. Recall that a

multiplier for G is a function « in C°(hZ)We< where

h=ibx @®ho

is a Cartan subalgebra of a split form of the real group G = Gy, and W, is the
corresponding Weyl group. (See [AC, §2.15] or [A10, §7].) We have written hZ for the
subspace of points in h whose projection onto ag lies in the image of az. The Fourier

transform @ is then a W-invariant function in the Paley-Wiener space on

be/aGzec=bh®Clag , ®C.

If f belongs to H(G, V, (), one can transform the archimedean components of f by «. This

provides a second function f, in H(G, V, (), which is characterized by the property that

foz,G(ﬂ—) = a(V)fG(ﬂ—)?

for any representation m € II(GZ,(y) whose archimedean infinitesimal character corre-
sponds to the point v € b /ag 4 ¢

The convergence estimate is given by the values of & on a subset
bo(r.T)={veb,: [Re(w)]| <r [Im(v)]| =T}

of h¢/iag, 7 ¢, where by, is a subset of hg/iag, , that embeds into b /ag, ¢, and contains
the infinitesimal characters of all unitary representations. (The definitions are essentially
those of [A8, p. 536] and [A10, p. 558|. In particular, the norm || - || is assumed to come

from a fixed, Wo-invariant, Euclidean inner product on hZ.) Suppose that

At(f)a fGH(G,Vv,C), tZO,
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is a family of linear forms such that for any f and «, the function
t — Ai(fa), t >0,

is supported on a discrete set that is independent of . We shall say that the family satisfies
the multiplier convergence estimate if for each f € ‘H(G,V, (), we can choose constants C,

k and r with the following property. For any positive numbers T" and N, and any « in
CR (7)W= = {ae C®?)=: [supp(a)| < N},
the estimate

(3.3) D 1A(fa)l < CMY sup (Ja(v)])

T vehr (r,T)

holds.

Proposition 3.1. The linear forms
It(f)? feH(G7V7§)7 tZO;

satisfy the multiplier convergence estimate (3.3), and the formula

(3.4) I(f) =Y L(f).

Proof. The noninvariant linear forms J(f) and J;(f) are continuous images of the
linear forms in (3.1). It follows from (3.1) that
J(f) =Y Ju(f).
>0
The formula (3.4) then follows inductively from the definitions (2.2) and (3.2). The multi-
plier convergence estimate follows in the same way from the parallel estimate for the linear

forms

J(f), Fle H(G), t >0,
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that was the main step in the proof of [A8, Lemma 6.3]. O

Suppose now that ¢ > 0 is fixed. We shall derive a spectral expansion for I;(f) from
the expansion in [AS8, §4] for J,(f1). As in §2, we shall first describe the local and global
ingredients of the new expansion.

The local terms are similar to those in [A8, §4], except that they are defined by means
of the canonically normalized weighted characters of [A11]. They are invariant linear forms
Iy () = I§;(7) on H(G, V, (), parametrized by Levi subgroups M € £ and representations
7 € Hynit(MZ,Cv). For any f € H(G,V,(), In(m, f) is defined inductively by the formula

Ing(m, f) = Ju(m f) = > I (m ou(f)),
LeLo(M)
where ¢y, is again the map (2.3), and Jy (7, f) is the weighted character defined in [A11]
and [A15]. We recall that if 7 € It (My, Cy) is a unitary representation of My whose
restriction to MZ is w, Jy(m, f) is defined by an integral

/ tr(Mas(Ra, P)Zp(7a, f))dN,

i}, .

where fis a function in H(Gy, (y) whose restriction to G equals f. This matches the
definition of ¢/ (f,m) if m is tempered, in which case Ip;(m, f) vanishes if M # G. In
the general case, however, I/(m, f) is given by a complicated combination of residues of
weighted characters in the complex domain.

The global terms in our spectral expansion again appear as coefficients. They are to
be constructed from the basic coefficients a§_(7) defined in [A8, §4]. Recall that for each
t > 0, there is a discrete subset II; gisc(G) = Haisc(G, t) of Iynit (G(A)l) that supports a
linear combination

(3.5) Lase(f) = > afe (@) &), frenG),
7€, disc(G)
of characters on H(G). The linear form I; gisc(f1) is the “discrete part” of I,(f'), relative

to the spectral variable 7, and is defined by an explicit expression [A8, (4.3)]. We recall
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that t equals the norm of the imaginary part of the archimedean infinitesimal character
of any representation in Il gisc(G). Given Il g4isc(G) from the construction of [A8, §4], we
define II; 4isc (G, ¢) to be the set of representations in ITpuit (G(A)Z , C) whose restrictions
to G(A)! lie in Il gisc(G). The restriction map identifies II; gisc(G, ¢) with the subset of
representations in II; gis.(G) whose central character on Z(A)! coincides with ¢. We can

also define a linear form

I diee(f) = IS e FY) = /Z oy T

by the general procedure of §2, with f* being any function in H(G) whose projection f¢
onto H(G, ¢) equals f. It comes with an expansion
(3.6) Lase(f)= Y af(®)fa(®), f e MG, Q).
€Il disc (G,C)
For later use, we agree to extend the domain of a§ () to II;(G(A)Z,(), the subset of
H(G(A)Z, C) associated to t, by setting it equal to zero on the complement of I1; gisc (G, ().
As in the geometric case, we are going to index spectral coefficients by objects as-
sociated with Gy, in this case representations m € It (My, (y). Our general spectral
coefficients will combine the discrete coefficients above with terms that come from unram-
ified automorphic L-functions for GY. The corresponding terms in the spectral expansion
of [A8, §4] come from complete automorphic L-functions for G(A), or rather, global nor-
malizing factors that are conjectured to be quotients of L-functions. The source of the
discrepancy will be our use here of the canonically normalized weighted characters of
[A11].
To describe the terms that come from unramified L-functions, we review some simple

definitions from [A12]. Let C(GY,¢") be the set of families

c={cy: v€V}

with ¢, being a semisimple conjugacy class in the L-group G, = G WE, whose image

in Wp, is a Frobenius element, that satisfy the following two conditions. First of all, each
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¢, must be compatibile with the unramified character ¢, on Z,. In other words, the image
of ¢, under the projection “G, — ¥Z, is the conjugacy class in Z, associated to (,.

Secondly, we require that c¢ satisfy an estimate
[Alcw)] < g3 vV,

for every G-invariant polynomial A on “G. As usual, ¢, is the order of the residue field
of F,, while r4 is some constant that depends only on A. Suppose that ¢ belongs to
C(GY,¢"), and that p is a finite dimensional representation of G. We can then form the

Euler product

L(s,c,p) = [] det (1 - plen)a;®) ", s e C,
vEV

which converges, and defines an analytic function of s in some right half plane. We note

that there is a natural action
c—cx={cyr: veEV}] A€ag 7o

of ag; ;¢ on C(GY,¢Y). As a function of (s,A), L(s, ca, p) is analytic for the real part of s
large relative to the real part of .
By the theory of the Satake transform, any element ¢ € C(G",¢") can be identified

with a K" -unramified representation 7V (c) in II(GY, ¢V). If ¢ belongs to C(GY,¢"), and

7 is a representation in II(Gy, (), we shall write
Txc=m@7" (c)

for the associated representation in II (G (A), ¢ ) We shall use the same notation if 7 belongs
to the quotient II(GZ, (v) of II(Gy, {v), with the understanding that 7 is identified with
a representative in II(Gy, (v ), and 7 X ¢ is identified with a corresponding representative
in H(G(A)l, C). Any use we make of this convention will depend ultimately only on 7

as an element in II(GZ, (y). For example, it makes sense to define II; gisc(G, V, () as the
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set of representations 7 € I, (GZ, (y) such that 7 x ¢ belongs to II; gisc(G, ¢), for some
element ¢ € C(GY, (V). We also define C¥. (G, () to be the set of ¢ € C(GY,¢V) such that
7 x ¢ belongs to II; gisc(G, €), for some ¢ and some 7 € I, gise(G, V, ¢). The set C¥. (G, ()
is invariant under the action of iag, ;.

Suppose that M € L is a fixed Levi subgroup of G, and that M C G is a dual Levi
subgroup [A13, §1]. Then there is a bijection P — P from the set P(M) of parabolic
subgroups of G with Levi component M to the set 73(]\/4\ ) of T'-stable parabolic subgroups
of G with Levi component M. If P,Q € P(M), let pg|p denote the adjoint representation
of “M on the Lie algebra of the intersection of the unipotent radicals of P and 5 Suppose
that ¢ belongs to CY.. (M, ¢). It follows from a theorem of Shahidi [Sha] that L(s, ¢, pg|p)
has analytic continuation as a meromorphic function of s € C, and that for any fixed s,
L(s, cx, pg|p) is a meromorphic function of A in aj z.c- Following the usual prescription,

we define unramified normalizing factors

TQ|P(C>\> = L(Oa CA:PQ|P>L(1»C>\7PQ|P)_1: P?Q € P(M)

We then form the (G, M)-family of functions

(3.7) ra(A,ex) = roglen) romlen 1a); Q € P(M),

of A € ia},, as in [A12, §4]. The limit

(3.8) (e = lim 37 rg(Ae)do(d)
QeEP(M)

is then defined as a meromorphic function of A € a}; , ¢.

Lemma 3.2. Assume that ¢ € CY. .(M,C). Then r§;(c)) is an analytic function of

disc

A €1}y 7, and satisfies an inequality

(3.9) / rS (ex) (14 M)~ VA < oo,

* > *
il z/10G 2
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for some N.

v

Proof. Since ¢ belongs to Cy...(M, (), there is a representation

T=m X, S Ht,disc<M7 V7 4)7

that lies in II; gisc (M, ¢) for some ¢t > 0. The automorphic representation 7 and the repre-
sentation 7 of Gy can both be assigned their own sets of (noncanonical) normalizing factors
{roip(ma)} and {ro|p(mr)}. (See [A8, §4], for example.) Let rq(A,y) and rq(A, my) be

corresponding (G, M )-families, defined by analogues of (3.7). Then
ro(A, m)rg(A, en) = rg (A, y).
It was actually the (G, M)-family
rQ(A, 7x, P) = roip(in) ' rqip(fasa), A €iat,, Q € P(M),

defined for a fixed P € P(M), that was used in [A8] and earlier papers. With this in mind,

we rewrite the function ¢ (A, 7)) in the form
(310) rQ (A7 ’/T)\)TQ (A7 CA) =VQ (A7 A, P>TQ(A7 T, P)a
where

VQ(AJ'T)\,P) = TQ(A,#A)TQ(AJD\,P)_I.

We claim that the limit
vh(7y, P) = lim > vo (A, 7x, P)0onrn(A) 7Y, QL € P(L),
{QeEP(M): QCQr}

vanishes for any L € £(M) with L # M. Indeed, a global version of the argument at the

end of the proof of [A1l, Lemma 2.1] tells us that

i (7oa, P) = ply (7or, P),

43



where p%; (i), P) is obtained from the (G, M)-family

pQ (A, 7ix, P) = pgip(in) ™ g p(ag 1a)

that is constructed from global Plancherel densities

nqp() = (rqp(ma)rpig(ia)) -

By the functional equation of the global normalizing factors rq p(7x) [A8, p. 519,
po|p(a) equals 1 for every P and ). The claim follows from the fact that
lim > fonn(A) ™1 =0, L# M.

A—0
{QeP(M):QCQL}

If we apply the splitting formula [A7, Corollary 7.4] to each side of (3.10), we obtain an

identity
> d§i(Ly, Lo)ryj (ma)rid (ca)
Ly1,Lo€L(M)

= ) dG(Ly, La)vy} (e, P)rii (dia, P),

Lyi,LaeL(M)
which then reduces to
rii(ex) = ri(Fa, P) — > dfy (L1, La)ryf (ma)ry? (ca)-

{Ll,LQEL(M): LQ#G}
The assertions of the lemma are known to hold if r§;(cy) is replaced by the function
7§ (tx, P). (See the discussion on [A8, p. 519], which is based on [A3, Proposition 7.5 and

Lemma 8.4].) Since the representation 7 = () m, is unitary, the assertions also hold if

veV

r$;(cy) is replaced by any of the functions 727 (). This follows from [A11, Corollary 2.4],

and the growth properties of local normalizing factors. Finally, we can assume inductively
that the assertions of the lemma hold if r§; (cy) is replaced by any of the functions r5?(cy),
with Lo # G. In particular, the contribution to (3.9) of a pair (Lq, Ly), with Ly # G and

d$; (L1, Ly) # 0, will be given by a convergent double integral over the space

(iayr z/iay, 7) © (iay, z/iar, z) Ziay /iag 4.
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The lemma follows. U

Before defining the general spectral coefficients, we first construct a subset I1;(G, V, ()
of Wunit(GZ,¢v) from the sets Il gisc(M,V, (). Let ﬁt,diSC(G, V,() be the preimage of
It gisc (G, V, ¢) in Ilynit(Gv, Cv). Then II; gisc (G, V, () can be identified with the set of
iaé z-orbits in ﬁt disc(G,V, (). There is of course also a similar set if G is replaced
by M. We write IIy G (M, V() for the set of iag z-orbits in ﬁtdisc(M, V,({). Then
a3 z/10¢ 7 has a free action p — py on HfdiSC(M, V. (), whose orbits can be identified
with Il gisc (M, V, (). Any element p in Iy G o(M,V,() is an irreducible representation of
My NGZ, from which one can form the parabolically induced representation & of GZ. We
define I, (G, V, ¢) to be the union, over M € £ and p € Iy, (M, V,(), of the irreducible

constituents of p&. This space comes with a Borel measure dr, defined by setting
Gy [ hmde= Y W /. o)A,
Ht(G,V,C) ME»C pth dlSC(M VC) ClMZ/ZClG z

for any h € C..(II;(G, V,()).

We now define the general spectral coefficients. If 7 belongs to II;(GZ, (y), we set

(3.12) a(m) = > WMWY al(mar x o)rfi(e).
MeL cecY_ (M.Q)

Of course 7 X ¢ is a finite sum of representations 7 in Iy, (M(A), C), and aé\fSC(WM X )

M
disc

is the corresponding sum of values aj; .(7). A similar convention applies to the integrand
h(p§) in (3.11). It follows from the definitions that a“(7) is supported on the subset
(G, V,¢) of II(GZ,Cy).

We have formulated the definition (3.12) in obvious analogy with that of the geometric
coefficients (2.8). We could have made it slightly simpler. The role of II;(G, V, () in the
trace formula will be strictly that of a measure space, which means that we can ignore

sets of measure 0. If p belongs to IIy’ dlSC(M ,V,(), and X lies in the complement of a set of

measure 0 in ia%, ,/ia 5, the representation p§ is irreducible. Moreover, if M; belongs
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to £, and A again lies in the complement of a set of measure 0, the irreducible components

of (p§) s, are disjoint from HfdiSC(Ml, V, ) unless M; lies in the Wy-orbit of M, in which

case

(pg)M1 = @wlo}n w W()C;/W({w, wM = M.

It is easy to check from the original definition in [A8] that the coefficients a}! (7) are
invariant under isomorphisms of M. In particular,

aé\{slc(pr ch) :aé\/i[sc(pA XC)7 '(UM:Ml, C€C<‘i/isc(M7C)'

We could therefore have defined II;(G, V, ) to be the disjoint union of induced represen-
tations p©, as p ranges over the set of Wy-orbits in

H (Hgdisc(M7 V7 C))

MeL

The coefficient a$, (p) would then be defined as
> alllox rite)
ceCY. (M)
(See [A8, p. 519].) The two formulations are the same under an isomorphism of measure
spaces.
Proposition 3.3. Suppose that f € H(G,V,({) and t > 0. Then the linear form I.(f) in
(8.2) has a spectral expansion
(313) ()= 3 WWE [ aMm) e, fd
MeL I (M, V)

in which the integral converges absolutely.

Proof. As a function on II;(M,V, (), In(m, f) is rapidly decreasing. The absolute
convergence of the integral then follows from Lemma 3.2.

The proof of (3.13) follows the same steps as that of Proposition 2.2. Again the main

point is to construct a parallel expansion for the noninvariant linear form

J(f) = TS () = / L)z,

Z(F)\Z(A)!

46



where f! is any function in H(G) whose projection onto H(G, () equals f=fxuv.
It follows from [A3, Theorem 8.2] and the definitions of [A8, §4] that Jy(f) has an

expansion
/ > wgwe Y[ 0l (o) Jar (a, F)C(2) A,
Z(FN\Z(AM) prer €, qine (M) ¥ 100,2/ 109G 2
where

Tne(7ox, 1) = tr(Tae(7ox, P)Ip(7r, £2))
is the global unnormalized weighted character. The operator
i -1
Tu(iia, P) = lim Y Jo(A,ix, P)ig(A)
QEP(M)

is obtained from the (G, M )-family

To(A, 75, P) = Jgip(7a) " Jop(fata),

in which
Joip(7a) + Hp(F)—Hq(7)
is the global (unnormalized) intertwining operator that comes from the theory of Eisenstein

series. The integral over Z(F)\Z(A)! simply annihilates the contributions from those 7 in

the complement of II; gisc(M, ¢) in II; gisc(M ). Consequently, Ji(f) equals

a1 e Lo ol i
ZGMZ’LCL

MeLl WGHt dle(MC

Consider a representation 7 in Il gisc (M, ¢) that is unramified outside of V. Then we
can write

T=ry @Y (c) =7 xc 7 € Iy disc(M, V, (), ¢ € CYue(M, Q).
We would like to express Js(7x, f ) in terms of the local normalized weighted characters

JL(va f) = tr(ML(Wf\l?PL)IPL (ﬂ-£7 f))? Le ‘C(M)a PL € P(L)
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(We have allowed the same symbol J to denote two different linear forms on the two
different spaces H(G) and H(G, V,().) The problem is obviously one of comparison be-
tween two operator valued (G, M)-families {Jgo(A, 7y, P)} and {Mqg(A, 7y, P)}. Since
7 is unramified outside of V', Jg(A, 7y, P) is a scalar multiple of Mg(A, 7y, P). More

precisely,
jQ(A, 7'T>\, P) = TQ(A, C, P)jQ()\, TN, P)

= TQ(Aa Cx, P)MQ(Av X, P>_1MQ(A7 DY P)a
in the notation of [A11, §2] and the proof of Lemma 3.2. Since

“Q(Aa UPY) P)MQ(Aa Cx, P) = ,U‘Q(Avfbu P) = 17
by the triviality of global Plancherel densities noted in the proof of Lemma 3.2, we obtain
Jo(A,7x, P) = (rq(A, ex, P)ug(A, ex, P)) Mqg(A, mx, P)

We apply the splitting formula [A2, Lemma 6.5] to this product of (G, M)-families. A
variant of [A11, Lemma 2.1], which applies to the function u" on G(A"), asserts that the
limit

lim Y (ro(A,ex P)ug(A, cx, P))fo(A) ™!

A—0
QEP(M)

equals 7{;(cy). Indeed, the left hand side of the analogue of [A11, (2.6)] for u" equals
the given limit, while the summand corresponding to L € L(M) on the right hand side
vanishes unless L = G, in which case it equals r§;(cy). A similar assertion holds if G is
replaced by any L € L£(M). The splitting formula then yields the identity
Tu(ix, P) =Y rilex)Mp(ay, P).
LeL(M)

It follows that
Tu(n, £y =Y ri(e)Ju(my, f).

LeL(M)
Since f equals f x u", the term Jy (7, f) in (3.14) vanishes unless 7 is unramified

outside of V. We can therefore replace the sum over 7 € II; gisc (M, ¢) with a double sum

48



over ™ € Il; gisc(M,V,() and ¢ € CY .(M,(). At the same time, we can substitute the
formula we have just obtained for Jy, (7, f ). Ignoring sets of measure 0, as in the remark

following the definition (3.12), we write

aL (Wf) = Z adlsc<7r>\ X C)TII\Z Z CLd1S(:(7T>\ X CA)r]%4<CA)
c€CYi (M,0) ¢

disc
for any point A € iaj, , in general position. The expansion (3.14) for J;(f) becomes

SOWEIWET S W W / oL (x )Ty (w2, F)d

Lecl Meckt mell, dlsc(M V,¢) M, Z/wG z

Now the coefficient a”(7L), and the integral
)= [ Tu(rkns FaA,
iay ,/iak ,
both depend only on the image A; of A in iaj; ;/ia} . In other words, they depend only
on the restriction Wfl of the representation 7¥ to LZ. Changing notation, we write 7
instead of 7T§\’1. Then 7 runs over representations in IT;(L, V, (). Recalling the definition
(3.11) of the measure dm on I1;(L, V, (), we obtain at last an expansion

(3.19 W= S IWHWE [ atm i, fn

Lel 1 (L,V,¢)
of the form we want.

We can now argue exactly as at the end of the proof of Proposition 2.2. Assuming

inductively that (3.13) holds if G is replaced by a group L € £%, we obtain

L(f) = J(f) = D [WEIWEI T (o))

LeLo
=S e [ M (- Y Tlnoun) )

MeL 11 (M, V) LeLo(M)
=S W [ M) S
M€£ Ht(M7V7<)
This is the required expansion. 0J
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If we recall this stage of the discussion of the geometric side, we can imagine what to

do next. We introduce the linear form
(3.16) L) = [ ¥ fa(min, f € HG,V,0),
Ht(G,V,C)

defined by the term with M = G in the expansion (3.13). This is the purely “unitary”
part of I;(f), which consists of a (continuous) linear combination of irreducible unitary

characters. Not surprisingly, It unit(f) will play a role that is parallel to that of o, (f).
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84. K-groups and transfer factors

To study the transfer properties of the various objects in the trace formula, it is best
to work with several groups simultaneously. From now on, G will be a multiple group over

the field F, in the sense of [A13, §1]. Thus

G:HGO" a € mo(G),

«

is a variety whose connected components GG, are reductive groups over F', equipped with

an equivalence class of frames

(¢7u) = {(¢aﬁ,uaﬂ) : Oé,ﬂ c Wo(G)}

Recall that 9,5: Gg — G is an isomorphism over F, and that Uag: I' = Gq sc 1s a locally
constant function from the Galois group I' = Gal(F/F) to Gg.sc. (As usual, Gy s stands
for the simply connected cover of the derived group Gg,der of Go.) A given pair (a3, tag)
is required to satisfy some compatibility conditions, while equivalence of frames (¢, u) is
defined in a natural way in terms of conjugacy.

We shall make free use of the notation and terminology of [A13]. For example, a

homomorphism between multiple groups G and G over F is a morphism

0=]](ba: Ga — Gz)
@
from G to G (as varieties over F) that preserves all the structure. In other words, there are
frames (1, u) and (1, ) for G and G such that 0, 0,5 = Eaﬁ 00g and Uzg = Oa,sc(Uap),
for each o, € mo(G). An isomorphism of multiple groups is of course an invertible
homomorphism. In this paper, we shall also make use of a weaker notion of isomorphism.
We shall say that a map 0: G — G is a weak isomorphism if it satisfies all the requirements

of an isomorphism ezcept for the condition relating Usp with u,g. We introduce this notion

in order to be able to identify multiple groups that differ only in the choices of functions

{uap}-
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Another notion from [A13] is that of a Levi subgroup M of the multiple group G. For
any such M, we construct the associated objects W (M), P(M), L(M) and F(M) as in
[A13]. We can also form a dual group G for G, and a dual Levi subgroup M c G for M.
Any such M comes with a bijection L — L and P — P from L(M) to E(]\/I\) and from
P(M) to 77(]/\4\) (Recall that P(M\), [,(]\7) and .7:(]/\4\) consist of groups that are I'-stable.)
Finally, we have the notion of a quasisplit inner twist G* for GG, and of a Levi subgroup
M* of G* corresponding to M. Then G* can be regarded as a component of a multiple
group G II G*, and M™ is a component of a Levi subgroup M II M*. Any such M™* comes
with bijections L — L* and P — P* from L£(M) to L(M*) and from P(M) to P(M*).

Suppose for a moment that F'is a local field. Following suggestions of Kottwitz (which
were in turn motivated by ideas of Vogan), we introduced a notion in [A13, §2] that we
called a K-group. By definition, a K-group over F' is a multiple group G such that the

functions uqg: I' — Ga s are all 1-cocycles, and such that for each «, the map
{tua, : BE TG} — H'(F,G,)

is a bijection onto the image of H*(F, G4 5c) in H'(F,G,). A K-group over a p-adic field
F' is just an ordinary connected group. However, a K-group over F' = R can have several
connected components.

We assume for the rest of this section that F' is a global field. Suppose that G is a
multiple group over F' that satisfies the global analogue of the property above. That is, for
every frame (¢, u), the functions ueg: I' — G4 sc are 1-cocycles, and for any «, the map
{ua,} — H'(F,G,) is a bijection onto the image of H(F,Gq,s) in H'(F,G,). We shall
be interested in representing GG as a product of local K-groups. We define a local product
structure on G to be a family of local K-groups (G, F),), indexed by the valuations of F,
and a family of (multiple group) homomorphisms G — G,, over F, whose restricted direct

product
¢ — []G.
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is an isomorphism of schemes over A. Such a structure determines a surjective map

o — ay = H Qy, a € mo(G), ay € mo(Gy),
veV

of components, for any finite set V' of valuations, which is bijective if V' contains V,,. We
also obtain a group theoretic injection of G (F) into G4, (Fv ), for each a € my(G). We

shall often write

Gv =[] Gviav =[] Gviav (Fv),

ay ay

a set we can also represent as a product

Gy =[] Go =[] Gu(F).

veV veV

It is easy to see from the Hasse principle for the groups G, sc, together with Lemmas
4.3.1(b) and 4.3.2(b) of [K3], that G does have a local product structure.

We define a K-group over the global field F' to be a multiple group over F', as above,
together with a local product structure. Suppose that G is a K-group over F', and that G*
is a quasisplit inner twist of G. By definition, G* is a connected quasisplit group over F,
together with a G*-inner class of inner twists ¢,: G, — G* and a corresponding family of

functions u,: I' — G, for @ € mo(G). Then G* determines a quasisplit inner twist G, of

sc
each of the local K-groups G;. Following [A13], we shall sometimes refer to G as an inner
K-form of G*. We shall say that G is quasisplit if one of its components is quasisplit (over

We emphasize that K-groups have been introduced only to streamline some aspects
of the study of connected groups. If we are given a connected reductive group G over F',
we can find a K-group G over F' such that G,, = G; for some a; € my(G). There could
of course be several such GG, but the weak isomorphism class of G is uniquely determined

by G;. In particular, any connected quasisplit group G* has a quasisplit inner K-form G,

which is unique up to weak isomorphism.

53



Suppose that G is a K-group over F, with quasisplit inner twist G*. As in the local
case, any Levi subgroup M of G inherits the structure of a K-group. We shall investigate
the case that M is minimal.

For each v, we write ZG,U for the character attached to the local K-group G, that was
denoted by (g, in [A13, (2.2)]. Then EG,v is a character on the group ZL» of invariants of
the local Galois group I', = Gal(F,/F,) in the center ZC =7 (C:’SC). It is trivial unless v
belongs t0 Viam(G) = Viam(Ga), @ € mo(G). The tensor product

lo=QRlew: [[(Z) —

v

over v of these characters is invariant on the diagonal image of ESFC in HZFCU (See [K3,
v

§2].) Now the canonical based root datum
(XGa AG: Xé: A\C/T‘)

for GG is canonically isomorphic to its counterpart for G*. The canonical isomorphism

~

Zse = XG;kC/XG;d
leads to a map
a — Zg, a € Ag/T,

from the set of I'-orbits of simple roots into Z... The definition is identical to the case of

a local K-group treated in [A13, §2]. This in turn determines a I-stable subset
(4.1) Ao ={a€Ag: Caulza) =1, v € Veam(@)}
of Ag. On the other hand, the set of simple roots of any parabolic subgroup P of G over

F' also determines a I'-stable subset Ap of Ag.

Lemma 4.1. Suppose that A is a I'-stable subset of Ag. Then there is a parabolic subgroup
P of G over F with Ap = A if and only if Ap is contained in Ag.
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Proof. The proof of the lemma is essentially the same as that of its local analogue

[A13, Lemma 2.1]. The only difference is that in place of the local map

K,: HY(F,,G* q) — ZL

v,ad sc

whose kernel is the image of H'(F,, G} ) in H'(F,,G} ,4), we use the composition of

maps

K H1<F7G;d) - HHI(Fsz,ad) - HZ\SILU7

of which the kernel is the image of H'(F,G%,) in H'(F,G?,). In particular, the role of
the local character EG,U in the earlier proof is taken here by the global product Eg. The
definition of a global K-group is such that the proof of [A13, Lemma 2.17] applies directly

to the global situation here. 0

As in the local case [A13, Corollary 2.2], the proof of the lemma also provides a

corollary.

Corollary 4.2. Suppose that R is a Levi subgroup of G*, with a dual Levi subgroup RcG.
Then R corresponds to a Levi subgroup M of G (with dual Levi subgroup M= ﬁ) if and

only if for each v, ZG,U is trivial on the subgroup

— 0

ZLr 0 (2(Ro)") = Ze 0 (2040)")

of ESFC“ (As in [A13, §1], ]\/4\SC stands for the preimage of]\/I\ n ésc.) O

If M is a Levi subgroup of GG, with dual Levi subgroup Mc @, EG is the pullback of
a character Zg =11 ng on [[mo(Z (]\ZC)FU). The Levi subgroup will be minimal if and
only if for any P EUP(M), AJ: equals Ag. In this case, we write My = M, and we denote
the character Eé‘f by Zg =11 ngv.

For the rest of this sect;)on, G will be a fixed K-group over the global field F', together

with a quasisplit inner twist G*. Following §1, we fix a central induced torus Z for the

55



K-group G, and a character ( on Z(A)/Z(F'). The notion is the same as that for a local

K-group [A13, §3]. Thus, Z is an induced torus over F', together with central embeddings
Z 5 Zy C G, a € mo(G),

over F' that are compatible with the isomorphisms 9,,: Gg — G,. For each «, ¢ de-
termines a character (, on Z,(A)/Z,(F). As in [A13], we shall make free use of obvious
extensions to G of notation for connected groups. In particular, we have the quotient
G=G/Z= ]] (Ga/Za),
aemo(Q)
which is easily seen to be a K-group. We also have the notion of a central extension

= I G

aemo(Q)

of G by an induced torus Z , which is a K-group such that G / Z = G. Other examples are

the vector spaces

HG )= P H(Gaa)= P H(Ga(A)C)

aEmy(Q@) aemo(Q)

and

1G.O)= P I(Gal) = B I(GalA) ).

aEmy(Q@) a€emo(G)

Similarly, if V' is a finite set of valuations of F',
T(Gv,¢v) = T(Gvav:Cvar)
av
stands for a basis of the vector space
D(Gv,¢v) = P DP(Gviov: Cviav)
av

of (y-equivariant distributions on Gy, while

Preg(GV7 CV) = H Preg(GV,aV ) CV,OzV)

ay
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is the subset of orbital distributions in I'(Gy,(y) that have strongly regular support.

Moreover,

M(Gv,¢v) = [[T(Gvay:Cvay)

ay

stands for a basis of the vector space

F(Gv,¢v) =P F(Gvay: (viay)

of (y-equivariant distributions on Gy, while

Htemp(GV7 CV) = H Htemp(GV,on7 CV,QV)

ay

is the subset of tempered distributions in II(Gy, (v ).

We turn now to transfer factors. We would eventually like to be able to transfer general
elements in I'(Gy, (y). Before we can consider this, however, we must first describe the
canonical adelic transfer factors for strongly G-regular conjugacy classes. If a € mo(G) is a
component of G, the strongly regular set G reg in G is Zariski open. The set G g reg(A)
of adelic points is therefore defined, as is the corresponding set I';eq (Ga (A)) of strongly

regular conjugacy classes. We shall describe transfer factors attached to elements in

Fieg (G(A)) = ] Trex (Ga(A)).

This is largely a review. It combines a mild generalization [A13] of the local Langlands-
Shelstad transfer factors with the global definitions of [LS, §6].

As in the local case, an endoscopic datum for G is defined entirely in terms of the
dual group @, and is therefore the same as an endoscopic datum for G*. It consists of
a connected quasisplit group G’ over F', embedded in a larger datum (G’,G’,s’,¢’) [LS,
(1.2)]. We shall write £(G) for the set of isomorphism classes of endoscopic data for G
over F' that are locally relevant to G. In other words, for every v, G’'(F;,) has a strongly
G-regular element that is an image (in the sense of [LS, (1.3)]) of some class in

Freg(Gv) = H Freg (Gv’av (Fv)) :

(e 23] GWO(G'U)
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As usual, we generally denote an element in £(G) by G’, even though G’ is really only the
first component of a representative of an equivalence class. If V' is a finite set of valuations
of F' that contains Vi (G), we write £(G, V) for the subset of elements G’ € £(G) that
are unramified outside of V. We also write £ (G) and Ei (G, V) for the subset of elements
in £(G) and £(G, V) respectively that are elliptic over F.

If G’ belongs to E.1(G), we can fix a central extension G’ — @' and an L-embedding
E’: G — LG’ that satisfy the conditions of [A10, Lemma 2.1]. In this paper, it will be
convenient to write C’ for the induced torus that is the kernel of the projection G/ — G/,
and 77 for the character on C’(A)/C’(F) that is dual to the global Langlands parameter

obtained from the composition
Wp — G’ £ Loy Lé/,

where W is the Weil group of F, and Wr — G’ is any section. (The local forms of these
objects were denoted by Z’ and ¢’ in [A10] and [A13].) We reserve the symbol Z' for the
preimage of Z in G'. Global analogues of the local constructions in [LS, (4.4)] lead to a
canonical extension of 7 to a character on Z'(A)/Z'(F). We shall reserve the symbol ¢’
for the character on Z’(A)/Z'(F) obtained from the product of 7/ with the pullback of (.
(The local forms of these last objects were denoted by Z’Z and E’ZC in [A10] and [A13].)

The global transfer factors are products of the local transfer factors of [LS]. However,
we have to agree how to normalize them.

Suppose that G’ € £(G). Since G’ is locally relevant to G, we can find a maximal
torus T/ in G’ over F,, for any v, that transfers over F, to G,. Choose a finite set of
valuations V' O Viam(G), and let Uy be the set of elements in G}, = [[ GL(F,) that
are G},-conjugate to G-strongly regular elements in T}, = [[T/(F,). Thef‘(/]‘/ is an open
subset of G, whose closure contains 1. Now the closure of ’she diagonal image of G'(F') in

/

v is known to contain an open neighbourhood of 1. (See [KR, Theorem 1].) It follows

that there is a strongly G-regular element in G’(F') that for each v € V is a local image
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of some point in G, (F,). This element is automatically also a local image from any of the
quasisplit groups G, v € V. Let & be a point in its preimage in G’ (F'). The projection
of &' onto G’(F) is then an adelic image of a strongly regular element ¥ = [[7%, in Gz(A),
for some @ € my(G). We fix the two elements 6’ and 7. The pair (¢§',5) will 2;erve as a base
point for the global transfer factor.

Let 7" be the centralizer in G’ of the projection of 6’ onto G’. Then T” is a maximal
torus in G/ over F. Choose an admissible embedding T’ — T of T’ into a maximal torus

in G*, and let 5* € T(F) be the corresponding image of ¢’. For the element 5 € Gz(4),

we choose a point h € GZ,(A) such that Ewa(ﬁ)ﬁ_l = 6*. The function
o(1) = hug(t)r(h) !, Tel,

takes values in Ts(A), where T is the preimage of T in G7.. This function need not be
a cocycle, but its boundary v equals Qug, and takes values in T (F). One can therefore
project T onto an element pz = p7(6*,%) in H (F,Tsc(A)/Ts(F)). On the other hand,
the admissible embedding 7" — T, and the semisimple element s’ € G attached to G,
~T

determine a point s7- in T [LS, (3.1)]. This point projects to an element 5% in mo(T,q),

where T,q is a dual torus for Ty.. As in [LS, p. 268], we set
d(3/7 7) = <IU‘T7 §,T>7

where the right hand side is given by the global Tate-Nakayama pairing for the torus 7.
Now suppose that & € G’ (A) is strongly G-regular and that v € G(A) is strongly

regular. We define the relative global transfer factor as a product
AW, 7:8,7) = [[AG) 70: 80, 70)

of relative transfer factors for the local K-groups G,. The local factors were defined in

[A13, §2] by a natural variant of the basic construction in [LS, (3.7)], and are easily seen
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to equal 1 for almost all v. Following [KS, (7.3)], we define the absolute global transfer

factor

(4.1) A, y) = A7 8, 7)dE 7).

It depends only on the image of v in I'ieg(G(A)), and the image of ¢’ in the set
AG-reg (é’ (A)) of strongly G-regular stable conjugacy classes in G’ (A).

Lemma 4.3. The absolute global transfer factor A(d’,~) is independent of the base point
(0",7).

Proof. Suppose that (¢’,7) is replaced by another base point (¢’,7), with = é’(F)

strongly G-regular. Then

A(S,7:8,7) = A, 78, 7)AG, 76, 7),

=2l

by the analogue of [LS, Lemma 4.1.A] for local K-groups. Furthermore
A@.7:8,7) = d(E 7)d@ . 7)
by [LS, Lemma 6.3.B]. The lemma follows. O

Corollary 4.4. The absolute global transfer factor depends only on the weak isomorphism
class of G.

Proof. It follows from the definitions that the transfer factors are invariant under
isomorphisms of K-groups. To deal with the more general case of weak isomorphisms,
we need only show that the absolute global transfer factor for G remains unchanged if
we modify the functions {u,}. The relative local transfer factors, from which the global
factor is formed, are actually sensitive to the choice of {uq,}. The dependence is through
the term [A13, (3.4)], defined on p. 222 of [A13]. However, if the two points v and 7 lie
in the same component G, this term is the same as the factor in [LS, (3.4)]. The latter

is defined in terms of the function u,, (which was denoted by w in [LS]), although it is
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actually independent of the choice of this function. The functions {u,3} have no role at

all in this special case. The corollary therefore follows from the lemma. O

Our concern in this paper will be primarily with products of local transfer factors
over finite sets V' O Viam(G). Suppose that G’ € E1(G) is fixed. We recall that the local

transfer factor at any v is defined by

A8, 7o) = A8, 703 00, o) AL, F),

where A(8,7%,) is an arbitrary preassigned value at the local base point (&’,7,). Consider
the case that v does not belong to Viam (G). In particular, G, is a quasisplit group. As such,
it has canonical transfer factors that depend only on a choice of splitting for G, [LS, (3.7)].
As observed by Hales [H1, §7], our choice of hyperspecial maximal compact subgroup K,
determines a family of splittings of GG, for which the associated transfer factors are the
same. We obtain a transfer factor Ak, (d,,,) for (G,, G)) that depends only on K,. For

our preassigned value at v, we set A(S),7%,) equal to Ag, (0),7,). Since
Ak, (65 70) = A, 70301, 70) A, (8, 7)

by definition, we obtain

(12) A7) = A, (8 70).

In particular, A(d’,,) is independent of (&,7%,). For the places v € Viam(G), we choose

any preassigned values A(d’,7,), subject only to the condition

(4.3) I 26G,.73,)=dd»H* [] Ax@,.7,)7"
VEViam (G) V€ Viam (G)

The absolute global transfer factor will then be given by a product

AW, 7) = T AG 7).
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almost all of whose factors are easily seen to be equal to 1.

Consider a finite set of valuations V' that contains Vi,m(G). Suppose that vy €
I'eg(Gv) is a strongly regular conjugacy class in Gy (Fy ), and that 97, € AG—reg(é/\/) is
a strongly G-regular stable conjugacy class in é@ The transfer factor for vy and J7, is

defined by a product

(44) 5V77V H A 771)

veV

of local transfer factors, chosen as above. We can certainly assume that 0{, and vy are

projections of adelic elements ¢’ and . We obtain a representation

A w) = A7) TT (Ax (8 3))
vEV

that is independent of the base point (&',%). The transfer factor A(8f,,vy) is thus a
canonical object, that depends only on the hyperspecial maximal compact subgroup KV .
This will be the general setting for our study of global transfer.

What makes the transfer factor (4.4) remain a global object is the fact that the
endoscopic datum G’ is over F. We can of course also consider local endoscopic data.
Suppose that V' is any finite set of valuations. We write £(Gy ) for the set of products

v=1l¢a. G, € £(Gy),
veV

of local endoscopic data. If §{, = ][] ¢! belongs to the set
veV

AG reg GV H AG reg GI)

veV

and 7, lies in I'yeg(Gyv ), the transfer factor A(d{,,vv) can still be defined by a product
(4.4). As a local object, however, it does depend on a preassigned value at a local base
point (85,,%y). It of course also depends on the products G, =] G, and E{/ =T1¢€, of

auxiliary data.
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For each valuation v, we write A€

reg,ell(Gv>7 A, (Gv>7 Ag (Gv) and AL (Gv> for the

reg,ell reg reg

endoscopic sets of [A14]. We can then form the sets AS _ _ (Gv), AS ,(Gy), A% (Gy)

reg,ell reg,ell reg

and A% _(Gy) as products over the places v in a given finite set V. Thus, AE (Gy) is a

reg reg

quotient of the family of elements in
{(GV.€0.0) : Gy € E(Gy), & ¢ Gy — "Gy, ) € Aguea(GY) }

that are G'y-images, taken with respect to a certain natural equivalence relation. This is
the set denoted by T'¢(Gy) in [A13, §2] and [A10, §2] (in the special case that V contains
one element), apart from the fact that the latter did not have variable embeddings g{/

built into the definition. The set A _(Gy ) is the corresponding quotient of the family of

reg

elements in

{(Gy.dy): Gy € E(Gy), 0y € Ageg(GY) }

that are Gy-images. It is equal to the set denoted by I'*(Gy,) in [A13, §2] and [A10, §2].
The point of introducing these endoscopic sets is that the transfer factor attached

to (0y,,7v) depends only on the image dy of 67, in A (Gy ), or rather, of the triplet

reg

(G, g{/, d1,) represented by d{,. We can therefore regard the transfer factor as a function
A(dv,yv) = A0y, )

reg

on A8 (Gy) x I'teg(Gy). Now the group 5’{/ =TI C! acts simply transitively on the fibres

of the map Agreg(GY) — AGoreg(GY,). Moreover, the group

H' (Wr,, 2(Gy)) = @ H' (W, 2(G)))

veV

o~

acts simply transitively on the set of Z(G} )-orbits of admissible embeddings

£

E{,: gy — Lé’v If ayzydy is the image in Ereg(GV) of a point

~

( /V,Clvg{/,ZV(S{/), ay € Hl (WFV,Z(CNJ/V», Ry € 6’(/,
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the transfer factor satisfies

(4.5) Alavzv v, ) = Xav (00)7 (2v)A(Ov, ),

where 777, = [[7, is the canonical character on 5’{/, and Xa, = [[Xa, 1S a character on
élv that can be defined in terms of the Langlands correspondence for tori [L1] from the
parameter ay . Since the embeddings g{, are assumed implicitly to be of unitary type, xa,

is indeed a unitary character. It follows that the product of A(dy,~y) with the adjoint

transfer factor

(4.6) Ay, 6v) = |Kqyy | Ay, 1), Kyl = T 1K+,
veV

of [A13, §2] depends only on the image of §y in A% (Gy). As in [A13, Lemma 2.3], we

reg

obtain adjoint relations

(4.7) > Alw,v)AGy, ) = 6w, ), Wi W1 € Lreg(Gv),
5y EAL, (Gy)

and

(4.8) Z A8y, w)A(, dvi) = 6(v, dv.a), dv,dy,1 € Afeg(Gv).
’YVEFreg(GV)

Our concern in this paper is really with the general basis I'(Gv, (v) of D(Gy, (y). We
shall set up transfer factors for elements in this basis in §5, under the assumption of the
fundamental lemma. In the meantime, we consider distributions in the subset I'yeq (G'v, Cv)
of I'(Gv,Cv). For each GY, € £(Gy ), we fix a subset Areg(é@, Z{,) of SD(@’V, g{,), as at
the end of §1. This set in turn has a subset AG_reg(é’V, E{/) of G-regular elements. We shall
convert the basic transfer factor above to a function on AG_reg(é'V, E{,) X I'reg (G, Cv).

If GY, belongs to £(Gy ), the transfer factor determines a map

fF— 0= > AGyw)falw), 8, € Agmreg (Gly),

4% Errcg(GV)
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from functions f € H(Gy) to functions f' = ¢ on AG_reg(é’V). The image f’ is
(/) '-equivariant under translation by 5’{/ If we apply a variant of the projection (1.1)
to f’, we obtain a function that is (E’ )~ l-equivariant under translation by Z{/ This
determines a function on AG_reg(é@, 5{,), which we denote again by f’. The new func-
tion depends only on the image of fg in Z(Gy, (y), which we denote again by fg. How
are these two new functions related? The answer is clearly given by (1.4) and (1.6). If
S AG_reg(é@, g{,) and v € Igoreg(Gv, (v), we define a modified transfer factor by

A7) =Y (8% /8" A, ) (v /)

4%

=S "(64/8) T AG ) (v /)7

8y

where in the first formula, for example, J{, is any representative of ¢’ in AG_reg(é’V), and
v is summed over all representatives of 7 in I'yeg (Gy). The new functions f’ and f¢ are

then related by

(4.9) F@ey=" > AE N0, §' € Agoreg(Gly, ).

YET reg (Gv,Cv)

The Langlands-Shelstad conjecture amounts to the assertion that for any f € H(Gv,(v),
the corresponding function f’ belongs to SZ (é@, g{,)

If we choose the bases AG_reg(é’V, E{,) appropriately, we can also construct an ana-
logue for (y-equivariant distributions of the set Afeg(GV). One defines Afeg(GV, Cv) as a

quotient of the subset of elements in

[(GY,0'): G € E(Gy), 6 € Agres(Glry i)}

that are relevant to Gy . Any element § in this quotient can be represented by a number

of triplets

( /\/75{/76/)7 G/V € g(GV)7 g{/ : g{/ - Lél\/v 5/ € AG—reg(é/‘/,E{/),
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but it is not hard to show from the definitions that the modified transfer factor

A0, 7) = A(d',7)

£

reg(Gv, Cv) provide linear forms

depends only on §. In particular, the elements in A

f— f&(8) = (5, f e H(Gv,¢v).

We obtain a space

I8 (Gv,Cv) ={f&: feH(Gv,¢v)},

of functions on AE, (G, (y). Obviously

reg

fEoy = Y. AGNfe(), f e H(Gv, (),

Vel—‘rcg(GV ’<V)

and it follows from the adjoint relations (4.7) and (4.8) that the map fo — f& is an
isomorphism from Z(Gy, (y) onto Z¢(Gy, ). We note that the sets I'veg(Gv, Cv) and
AL (Gy,Cv) represent a pair of bases of the subspace of distributions in D(Gy, () that

are supported on the strongly regular set in Gy, .

This completes our summary of the basic transfer factors

attached to strongly regular classes in Gy . The discussion has been largely formal. We have
tried to set things up in a way that will ease the transition to more general transfer factors,
which we shall introduce in the next section under the hypothesis of the fundamental

lemma.
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5.  An assumption: the fundamental lemma

The fundamental lemma is a misnomer. It is not a lemma at all, but a general
conjecture of Langlands. In this paper, it will be the basic assumption on which the main
theorems depend. We shall actually require a generalization of the usual fundamental
lemma, which applies weighted orbital integrals of the unit unramified spherical function.

To describe the fundamental lemma, we take F' to be a local field. Suppose for a
moment that F' is arbitrary, and that G is a K-group over F. Suppose also that Z is
a central induced torus in G over F', and that ¢ is a character on Z(F'). We then write
H(G,¢) = H(G(F), (), Z(G(F),¢) = I(G,C), Treg(G, () = Treg(G(F), (), Areg(GC) =
Aveg (G(F), () etc., for the various objects attached to G(F). The basic local transfer

factor

A7) = Ac(8',7), Y € Treg (G, C), ' € Agureg(G', ),

is defined as a function on AG_reg(é’, E’) X I'reg (G, C).

Assume now that G, Z and ( are unramified over F. In particular, F' is nonar-
chimedean, and G is a connected reductive group. Following §2, we write K,cg (G) for the
set of strongly regular conjugacy classes in G(F) = G(F)/Z(F) that are bounded, and
k — ~(k) for the canonical injection from Kyeq(G) to Tieg(G, (). We also write Lyeq(G)
for the set of strongly regular stable conjugacy classes in G(F) that are bounded, and
¢ — §(¢) for the corresponding injection from Lyeq(G) to Ayeg(G, ¢). Suppose that K is
a hyperspecial maximal compact subgroup of G(F'). If G’ is any endoscopic datum for G
over F', the normalized transfer factor Ag (') attached to K is a canonical function on
AG_reg(é’, ') x I'eg (G, ). It does depend on the auxiliary data (G, ') attached to G
However, if G’ is unramified, there is a canonical class of admissible embeddings of “G’
into LG. (See [H1, §6].) This means that we can set G’ = G'. The embedding & must

still be chosen. It takes the form of an L-isomorphism of G’ with “G’ that is uniquely

determined up to the action of the group H*! (Fun, Z (C:” )), where I'y, is the Galois group
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of the maximal unramified extension of F'. Having made these choices, we set
Al k)= Ak (5’(6’),7(l§)), V'€ Lreg(G'), k € Kyeg(G),

for the unramified endoscopic datum G’. As a function on LG reg (G') x Kreg (G), Ak is
independent of both the character ( and the choice of 5’ :

Suppose that M is a Levi subgroup of GG that is in good position relative to K. As in
62, we set

S (k) = Jar(k, ), k € Kamrog (M),

where u = uS is the unit in the Hecke algebra attached to K and (. The function r§;

depends of course on K, but it is independent of Z and {. If M’ is an unramified endoscopic

datum for M, the transfer factor
AKﬂM(£/7 k)7 ZI S EG—reg(M/)a ke ICG—reg(M)7

is defined. If we sum its product with r$;(k) over k, we obtain a function of ¢’ that is
easily seen to be independent of K, as well as Z and (.

We now state the generalized fundamental lemma as a conjecture on the unramified
groups G and M. We may as well take Z and ¢ to be trivial, since the functions we
have defined are independent of these objects. The conjecture takes the form of a family
of identities, indexed by unramified, elliptic endoscopic data M’ for M. The identity
corresponding to M’ is given by a sum over the set Ey/(G) of endoscopic data for G

introduced in [A11, §4] and [A13, §3], with coefficients

(G, G = | 200" ) 2(M)T) | 2(G)/2(@)F G' e En(G).

Conjecture 5.1. For each G and M, there is a function

Sﬁ(g% le 'CG—reg(M)v
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with the property that for any G, M and K, any unramified elliptic endoscopic datum M’

for M, and any element ¢’ € Lgeg(M'), the transfer

(5.1) > Al k)rg(k)
ke’CG—reg(M)
equals
(5.2) S ur(G.G)s§u ).
G'e€ i (G)

Observe that the function s§,(¢) is uniquely determined by the required identity. For
if M’ = M, the quasisplit group G belongs to Ey/(G). The required identity can be

written

S50 =D A (RS (k) — > (G, G5 (0)
k G'#£G

in this case, and serves as an inductive definition of s{;(¢). To establish the conjecture,
one would need to prove the additional identities that come from elements M’ # M.

Consider the case that M = G. Then G’ = M’ is an elliptic endoscopic datum for G,
and €y7/(G) consists of G’ alone. The expression (5.2) equals s (¢) = s&,(¢'). If G’ # G,
this has to satisfy two formulas. On the one hand, sg (¢') is supposed to equal the stable
orbital integral on G’(F'), and on the other hand, it is required to equal the unstable orbital
on G(F). This is the standard fundamental lemma that was conjectured by Langlands, and
that assumed a precise form with the definition of the transfer factors in [LS] (normalized
as in [H1]). It has been established in a limited number of cases. If G = GL(n) or PGL(n),
G’ = G is the only elliptic endoscopic group, and there is nothing to prove. For SL(2) and
U(3), the fundamental lemma was established in [LL] and [R] respectively, in the course of
stabilizing the trace formulas for these groups. For G = SL(n), the standard fundamental
lemma was established by Waldspurger [W1], and for G = Sp(4), GSp(4) and SO(5), it
was established by Hales [H2] and Waldspurger [W2].
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At the other extreme, we could take M to be a minimal Levi subgroup. The assertion
of the conjecture is then trivial, since M’ = M is the only endoscopic datum. If M is
neither minimal nor equal to G, there can be nontrivial elliptic endoscopic data M’ for
M. The general identities have not been investigated in this case, and seem to be as
difficult as in the standard case that M = G. However, there are a few examples in which
there is nothing more to prove. If G = GSp(4), SO(5) or SL(p), with p prime, no Levi
subgroup M # G has a proper elliptic endoscopic datum. The conjecture then holds in
these examples, since it has been established for M = G.

We have really to be more precise in discussing whether the conjecture applies to a
given case, since the definition is inductive. We shall introduce some sets that include the
unramified endoscopic groups for a given GG. To allow room for future constructions, we
ask that the sets include groups taken over unramified extensions, and groups that are
centralizers of semisimple elements. Consider a collection U of pairs (G, F') such that if
U contains (G, F'), then it contains any pair (G1, F}) obtained from (G, F') in one of the
following three ways.

(i) F1 equals F', and G is an unramified endoscopic group for G.

(ii) F} is an unramified extension of F', and G = G xp F}.

(iii) Fy equals F, and G; = G. is the connected centralizer of a semisimple element
¢ € G(F) such that D(c) € 04, and |D(c)| = 1. (It follows from [K3, Proposition 7.1]
that G is quasisplit.)

If G, is a fixed unramified group over a local field Fi, let U(G, F\) denote the smallest

family U that contains (G, F), and satisfies the hereditary properties (i), (ii) and (iii).

We shall say that Conjecture 5.1 holds for U (G, Fy) if the given identities hold for any

(G, M), where (G, F') belongs to U(G,, Fy), and M is a Levi subgroup of G.

Conjecture 5.1 has an analogue for the Lie algebra g of G. The assertion is essentially
the same, except that K is replaced by a hyperspecial lattice in g(F'). We shall be concerned

only with the standard case that M = G, which we require in order to apply the results of
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Waldspurger [W3]. The case of the Lie algebra is closely related to that of the group, but
we shall not consider the question of how to pass from one to the other. We shall simply
impose the Lie algebra variant as an extra condition on the family U(G.,, Fy).

Having completed our discussion of the fundamental lemma, we return to the case
that F' is an arbitrary local or global field. We shall introduce a formal assumption on
which future results will rest. We state it first as a hypothesis on a pair (G, F'), where G

is a connected reductive group over F'.

Assumption 5.2. (1) If F is global, both Conjecture 5.1 and the standard form of its Lie

algebra analogue hold for any of the families
U(GU,FU>, v g‘/fund(G)a

where Viuna (G) is some finite set of valuations of F' that contains Viam (G).
(2) If F is local, (G, F) is isomorphic to a localization (Gy, Fy,) of some global pair
(G, F) that satisfies (1).

We have set things up so that the conditions remain in force for groups derived from
G by natural operations. For example, if (G, F') satisfies Assumption 5.2, so do any pairs
(G, F) and (G, F) obtained from extensions and quotients of G by induced central tori.
This is clear if F' is global, and can be established for local F' by a global approximation
argument. Other examples are given in the following lemma, which is modeled on the

properties of the sets U above.

Lemma 5.3. Suppose that Assumption 5.2 holds for (G, F'). Then it also holds for any
pair (G1, F1) obtained from (G, F') in one of the following three ways.
(i) Fi equals F, and G1 is an inner twist of an endoscopic group for G.
(i) Fy is a finite extension of F, and Gy = G xp F}.
(ii) F1 equals F, and Gy = G. is the connected centralizer of a semisimple element

ce G(F).
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Proof. Suppose that F is global. For (i), we take Viunqa(G1) to be the union of
Viund (G) with Viam(G1). For (ii), we take Viuna(G1) to be the set of places of F; that
either ramify in F}, or lie above a place in Viunq(G). For (iii), we take Viuna(G1) to be any
finite set S O Viund(G) such that ¢ is S-admissible. The global form of the lemma then
follows from the properties of the sets U(G,, Fy).

Suppose that F' is local. The lemma in this case follows from a standard local-global
argument. We shall just give a brief sketch. Let F D F be a finite Galois extension over
which G and G; both split, and which contains F} in the case (ii). Let (G, F)) be the global
pair provided by part (2) of Assumption 5.2, and let F be a finite Galois extension over
which G splits. Enlarging F and E. if necessary, we can assume that £ = E,,, for some

place w over u. Then
Gal(E/F) = Gal(E,/F,) C Gal(E/F).

Replacing I by the fixed field in E of Gal(E,,/F),), we can assume that Gal(E/F) actually
equals Gal(E/F). The local forms of (i) and (ii) then follow from the global versions
we have established. To deal with (iii), we replace (E,F) by (EF',F’), where F’ is
a suitable extension of F' in which u splits completely. This allows us to assume that
Cal(E/F) = Gal(E,,/F,,) for several places u; of F. It then follows from [KR, Lemma
1(b)] that G(F) is dense in G(F,). A simple argument, whose details we shall omit, then

establishes the local form of (iii) from its global version. 0

Suppose that G is a K-group over the local or global field F'. We shall say that G

satisfies Assumption 5.2 if the assumption holds for each of the components
(G, F), a € mo(G).

The main results of this and subsequent papers will apply to any such GG. For example,
G could be an inner K-form of one of the split groups SO(5), GSp(4) or SL(p), with p

prime. Then Assumption 5.2, or at least the group theoretic part of it, holds for G. The
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Lie algebraic part of the assumption can undoubtedly be established from this, so we can
be confident that the results of the paper apply at least to these groups.

From now on, unless we state otherwise, G will stand for a K-group over F' that
satisfies Assumption 5.2. We return to the general setting of §4, in which Z is a central
induced torus in G over F, and ( is a character on Z(F') or Z(A)/Z(F) (according to
whether F is local or global). We recall also that if G’ € £(G) is an endoscopic datum, G’
stands for a central extension of G’ by a central induced torus C’ , and Z "'is a character on
cither Z'(F) or Z'(A)/Z'(F).

Suppose that F' is local. Then we can assume that the Langlands-Shelstad conjecture
holds for G(F). In the formulation at the end of §4, this means that for any G’ € £(G),
the map that takes f € H(G, () to the function

F@) =@ = > AW fe0), 8 € Agorea (G, 0,

’Yerreg(GaC)

on AG_reg(é’,g’) sends H(G, () continuously to the space SZ(G',¢’). If F is nonar-
chimedean, this is the main result of Waldspurger’s paper [W3]. It depends on the Lie
algebraic part of Assumption 5.2. If F' is archimedean, the result was proved uncondition-
ally in the paper [She] of Shelstad.

The existence of the local transfer mapping will be used repeatedly throughout the
paper. In particular, we shall make use of results and constructions of [A10] and [A14]
that are conditional of the Langlands-Shelstad conjecture.

We first recall a convention from [A13]. Two elements 1 € Ga, reg(F) and
22 € Gay reg(F) in Ghreg(F) are said to be stably conjugate if for any frame (1, u), Yo, a, (22)
is conjugate in G, (F) to x1. A stable distribution on G(F) can then be defined as a dis-
tribution that lies in the closed linear span of the set of stable orbital integrals, taken over
strongly regular stable conjugacy classes in G(F'). We write SD(G, () and SF(G, ¢) for the
subspaces of stable distributions in D(G, ¢) and F(G, ¢) respectively. If the basis I';eq (G, ()

is suitably chosen, it has a partition whose equivalence classes A,qq(G, () are bijective with
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the strongly regular stable conjugacy classes in G(F), and parametrize distributions

f— 190 =>_falv), § € Aveg(G,€), f €C(G,Q),

YES
that are stable. There is a canonical injection § — ¢* from A,x(G,() to Aveg (G, CY),

which is a bijection if G is quasisplit, such that
FE8) = f*(6%), fec(G, Q).
In particular, we can identify A,eq(G, () with the subset
Aeg(G,€) N SD(G,C)

of the basis Argeg(G , () defined at the end of §4. In general, we shall say that a linear form
S on H(G, () is stable if its value at any f depends only on f*. This matches the definition
above. If G is quasisplit, there is a unique linear form S on ST (G*,¢*) attached to any

such S, with the property that
S(f7) = 5(1), f € H(G.Q).

This convention is familiar from the earlier case of invariant distributions. We shall use it
both in the form described here, and also as it applies to global K-groups.
The existence of transfer mappings allows one to construct extended transfer factors.

These are functions
A7), G' € £(G), &' € A(G', (), v €T(G,Q),
defined for fixed bases A(G/, (') of the spaces SD(G’, ("), such that

F =Y AW fe(), §' € A(G', (), fe€HGQ).

vel(G,Q)
The rest of the discussion at the end of §4 extends to this setting. One defines the set
A¢(G, () as a quotient of the subset of G-relevant pairs in
{(G",8): G'e&(@), § e A(G', ¢}
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If 6 belongs to A®(G, (), the extended transfer factor
A(d,7) = A(d',7)

and the linear form

f— f&00) = (&), f e (G, Q)

are both independent of whatever triplet (G’, 5’ ,0") is used to represent §. In particular,
A¢(G, ¢) can be identified with a family of (-equivariant distributions on G(F), which one

proves is a basis of D(G, ¢). The subset
A(G,¢) = A%(G,0) N SD(G, Q)

of A®(G, () forms a basis of the subspace SD(G, ¢) of D(G, (). It corresponds to pairs of
the form (G*,0*),and comes with an injection § — 0* into A(G™*,(*) that is a bijection if

G is quasisplit. Obviously
(5.3) f6@0) =3, AGNfe0), f € H(G,0),
veT(G,Q)
and since fg — f& is an isomorphism from Z(G, ¢) to SZ(G, (), we can also write
fe) = D> A, 0)fE9), f € H(G,0Q),
SEAE(G,C)

for complex numbers A(+y,d). The extended transfer factor A(d, ) and its adjoint com-

panion A(~,d) satisfy adjoint relations

(54) Z A(’% 5)A(57 71) = 5(’77 71)7 Y, V1 S F(Ga g)a
SEAE(G,C)

and

(5.5) > AGYA(,6) = 6(5,61), 5,01 € A¥(G, ().
7€ (G,Q)
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We refer the reader to the forthcoming paper [A14] for details of the various constructions.

Suppose that M is a Levi subgroup of G. The canonical induction map v — v& from
D(M, ) to D(G, () sends the subspace SD(M, () of D(M, () to the subspace SD(G, () of
D(G,¢). The endoscopic basis A®(G, () of D(G,() provides an adjoint restriction map
d — Iy from D(G, ) to D(M, (), which sends the subspace SD(G, () to SD(M,(), and
satisfies the analogue of (1.9). Unlike induction, however, the restriction operator depends
on the basis in question. The map 6 — dy; here is different from the map v — ~p; of
§1, even though we have not made a distinction in the notation. The generalized transfer

factors for G and M do satisfy natural reciprocity formulas
AG(VG77):AM(V7’7M)7 V6A8<M7<)7 VEF(G7C)7

and

AG(&MG) :AM((;M?/J’)? 5€A€(G74)7 :U’EF(M7<)7

These are a reflection of the fact that the canonical maps fg — fur and f§ — f§; commute
with the corresponding two transfer maps.
The situation on the spectral side is entirely parallel. Here we have an endoscopic

basis ®¢ (G, ¢) of F(G, ), and a subset
®(G,¢) = 2°(G, ) N SF(G,Q)

that forms a basis of SF(G, (). These objects are studied in [A10] and [A15]. We recall that
they are defined in terms of abstract bases ®¢(M, () of the cuspidal spaces SZcusp (M, C),
and similar objects for endoscopic groups M’ of M. In the special case that the Levi
subgroup M is abelian [L1], or the field F' is archimedean [L.2], we can take the particular
bases afforded by Langlands parameters. In these cases, ®.;(M, () is to be identifed with

the set of equivalence classes of cuspidal Langlands parameters

¢: Wp — M
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that are compatible with (, in the sense that the composition of ¢ with the projection
LM — ©Z is the Langlands parameter defined by . The stable distribution associated
with such a parameter is then the sum of the standard characters in the corresponding
L-packet. In general, if ¢’ is an element in @(é’, 5’) with image ¢ in ®¢(G, (), we have

spectral transfer factors

Ag,m) = A(¢', ), T € (G, (),
in terms of which the linear form
f— f&(0) = f'(¢), f € H(G.0),
has an expansion
(5.6) fE@) = Y. Alg,m)faln).
well(G,¢)
There is also an inverse expansion
fam) =Y A, 9) &%), f € H(G,0Q),
PEPE(G,0)

for complex numbers A(m, ¢) that satisfy adjoint relations

(57) Z A(ﬂ-v ¢)A(¢7 7T1) = 5(7T77T1>7 ™, € H(Ga C)a
PEPE(G Q)

and

(5.8) Y Alg,mA, ¢1) = 6(¢, 1), ¢, 61 € (G, Q).
7ell(G,Q)

For archimedean F', these results are implicit in [She], while for p-adic F', they follow from
[A10, Theorems 6.1 and 6.2]. We refer the reader to the forthcoming paper [A15] for more
details.

Suppose that F' is global. Let V be a finite set of valuations that contains the set
Viam(G, ¢) of ramified places. We define bases A8 (Gy, (v), A(Gy,Cv), ®€(Gy,¢y) and
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q)(GV7 CV) of the respective spaces D(GV7 CV)? SD(GV7 CV)? f(GV7 CV) and SJT(GV7 CV)?
as tensor products over v € V of the local bases chosen above. We can then define extended

transfer factors as corresponding products

A(dv 7) = H A((SU,’)/U), ) € Ag(GV7CV>7 Y € F(GV7CV)7
veV
and
A((ZS? ﬂ-) = H A(QSU?WU)? (ZS € (I)g<GV7CV)7 T C H(GV7<V)7
veV

of their local analogues. We can define adjoint transfer factors A(vy,d) and A(w, ¢) the
same way, and it is clear that the obvious variants of the relations (5.3)-(5.8) all hold.
The operations of induction and restriction exist in this context, and are compatible with
the extended transfer factors. Suppose that § € A®(Gy,(y) is the image of an element
&' € A(GY,Cly), where G' € £(G) is a global endoscopic datum (as opposed to a general
element in £(Gy)). Then A(d, ) is independent of any choice of base point, although it
does of course depend on a choice of bases A®(Gy, (y) and I'(Gy, (). A similar remark
applies to the spectral transfer factors A(¢, ).

Suppose that H D Z is as in §1. Then we can arrange that subsets A® (G (y)
and A(GE, ¢v) of A(Gy,¢y) and A(Gy, Cy) give bases of D(GE, () and SD(GE, (v ),
respectively, and that quotients ®€ (G, () and ®(GE, ¢y ) of ®¢(Gy, (v) and ®(Gyv, (v)
form bases of F(GH, () and SF(GH, (). We can also arrange that each of these four
bases has a chain of subsets that is parallel to (1.2) or (1.5). For elements § € A®(G¥, ¢y)
and v € T'(GE, {v), the extended transfer factors A(6,v) and A(v, ) are defined simply as
the restrictions of the ones above. For spectral objects ¢ € ®¢ (G, (y) and 7 € TI(GE, (v),
however, we have to define A(¢,w) and A(w, ¢) as an average of transfer factors above.
We may as well assume that H = Z at this point, and that ¢ and 7 have unitary central
characters. This allows us to identify ¢ and 7 with orbits ¢ and 7, of iag; , in ®¢(Gy, Cv)

and II(Gy, (v ), respectively. We then define the transfer factors by formulas

Algym) =S A, m) = A, )
A A
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and
A(ﬂ—7 ¢) = Z A<7T>\7 (ZS) = Z A(ﬂ—7 ¢>\)7
A A

in which A is summed over iag; ;. Each of the sums has at most one nonzero term, and
the resulting functions depend only on ¢ and w. The extended transfer factors we have
just introduced describe the correspondence fg < f& between Z(GZ, (y) and Z¢ (GZ, (v ),
through the appropriate variant of (5.3) or (5.6). We shall use them in §10 to stabilize the
geometric and spectral sides of the trace formula.

On the spectral side, we shall also require adelic transfer factors. It is clear how to
define adelic families ®(G(A)?,¢) and ®¢(G(A)?,¢). One simply augments elements in
local families ®(GZ, () and ®¢(GZ, () by products of unramified Langlands parameters
{¢, : v & S}. Suppose that 7 € II(G(A)Z,(), and that for some G’ € E(Q), ¢ is an
element in @(é’(A)gl, 5’) with image ¢ in ®¢ (G(A)?,(). We then define

A(¢' 7) = A, 7) = imA (s, s)

S

and
A7, ¢) = A7, ¢) = limA(7s, ds),

where the limits are over large finite set of valuations S, and <i>s and g denote the images
of ¢ and 7 in ®(GZ,(s) and II(GZ, (s), respectively. The limits actually stabilize, since
if ¢! is an unramified Langlands parameter for an unramified endoscopic datum G, the
function A(¢,, m,) equals either 0 or 1. This property does not hold in general for geometric
elements d,, and +,, which is the reason we cannot work with adelic transfer factors on the

geometric side.
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§6. Statement of Local Theorems 1 and 2

As we mentioned in the introduction, this paper is the first of a series of three articles
designed to stabilize the terms in the trace formula. We are in a position now to state the
main theorems. They apply to objects F', G and (, chosen as in the last section. Thus, F' is
a local or global field (of characteristic 0), G is a K-group over F' that satisfies Assumption
5.2, and ( is a character attached to a central induced torus Z for GG over F.

There are four basic theorems, of which two are local and two are global. Within each
of the two categories, there is in turn of a geometric result and a spectral result. The four
theorems are in fact designed for the four different kinds of terms in the trace formula. It
will be convenient to supplement each of the four theorems with a companion result that
more directly describes the relevant terms. We will be able to describe how to resolve the
supplementary theorems in terms of the original ones before the end of this paper. The
proofs of the primary theorems, however, will require a long and detailed comparison of
trace formulas that will have to be carried out over the full course of the three articles.

We shall state the local theorems in this section, and the global theorems in the next.
The local results will be stated as separate theorems, following the scheme above, but
they will actually all be consequences of the main transfer identity that was stated as
a conjecture in [A13, §3]. Local Theorem 1 is in fact the assertion that this conjecture
holds (for any local K-group that satisfies Assumption 5.2). This is to be regarded as the
fundamental local result.

We are going to describe endoscopic and stable analogues of the local terms in ge-
ometric expansion (2.9). The full construction, which is given in [A13] and [A14], is a
more elaborate version of the definition of the functions used to state Conjecture 5.1. In
particular, it is based on a global form of the set £y,/(G) that indexes the sum in (5.2).
We recall some properties of this set.

At this point, G stands for a K-group over a global field F', with a fixed Levi subgroup

M, while M’ represents an elliptic endoscopic datum (M', M’ s),,&},) for M. It is as-
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sumed that M’ is an L-subgroup of M and that &), is the identity embedding of M’ into
LM. Then Ey(G) is the set of endoscopic data (G',G’, s',¢') for G over F, taken up to
translation of s’ by Z(G)T, in which s’ lies in shyZ (]\/4\ )T, G’ is the connected centralizer of
s’ in G, ¢ equals M'G’, and ¢’ is the identity embedding of G’ into LG. The definition is
taken from [A12, §3], and is identical to its local analogue in [A11, §4] and [A13, §3]. The
one possible complication for the global case is easily resolved [A12, Lemma 2], and one

sees that £y (G) is in bijection with the set Z(.7T4\)F/Z(é)F [A12, Corollary 3]. It follows
that for any valuation v of F', there is a map G’ — G, from &y (G) to En (Gy). The
endoscopic datum M, for M, here need not actually be elliptic over F,, but this property
is not required for the construction of Exp (Gy).

Following the notation in [A13] for local fields, we introduce the subset

E%.(G) = Em (G) —{G"}, ifGis quasisplit,
M Emr (G), otherwise,

of &y (@), and the factor

£(G) = { 1, if G is quasisplit,

0, otherwise.

We also form coefficients
(GG =200/ Z(M)T) | 2@ /2G|, G' € Ew (G).
These are not to be confused with the Langlands’s global coefficients
(G, G") =Gy, G, a € m(G), G € Ea(G),

which have a more interesting formula [K2, Theorem 8.3.1]. We shall use the latter in the

next section, along with obvious variants of the notation such as

0 [ &an(G, V) —{G*}, if G is quasisplit,
Ean(G, V) = {Eell(G, V), otherwise,

to state the global theorems.
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The elements in £y (G) have to be fitted with extra structure before they can be
used to construct new linear forms. For each G’ in 3/ (G), we fix an embedding M’ C G’
as a Levi subgroup for which M’ c G'is a dual Levi subgroup. We also fix the usual
auxiliary data G’ — G and £: ¢/ — LG’ for G'. Given these data, we set M’ equal to
the preimage of M’ in . Then M’ is a Levi subgroup of G for which ﬁ’ :M’Z(E’) is a
dual Levi subgroup. The restriction of 5’ provides an L-embedding of M’ into an L-group
Ly :ﬁ’Wp of M’. The pair M’ — M’ and & M’ — LM’ are auxiliary data for M’,
for which the objects C’, Z/, 7’ and E " described in §4 match the corresponding objects for
G'.

The data (M ! ,E’ ) for M’ vary with G’. However, for our purposes, they are really
equivalent. The point is that for any V', the vector spaces S D(M Vv E{,) are all canonically
isomorphic. To see this in concrete terms, we can choose auxiliary data J@ " — M’ and
?’M: M — Lﬁ " for M that are independent of G’, but for which ﬁ " is equipped with a
factorization ﬁ’ — M’ — M, for each G’ € Ey/(G). For example, we could take ]\:j’ to
be the fibre product of the extensions M — M , as G’ ranges over the finite set of elliptic

clements in &y (G). Given the choice of (M, E’M), we obtain an admissible L-embedding
Enr Lar —s L]\}/,

for each G’, with the property that

gM :gz\//lﬂ-

Now &, differs from the standard embedding LM — LM by a 1-cocycle from Wp to
:/

Z(M"). This in turn determines an automorphic character x, in M’ (A). Identifying any

function on M , with its pullback to M /, we obtain a topological isomorphism

f— Xl fecary,, g,

from C(M Vo Z{,) onto C(M Vv E’V) This determines an isomorphism from DM Vi Z’V) onto

D(M’V, E{,) that maps SD(J\]’V, E’V) onto SD(MQ,, E{,) We can obviously compose any one
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of such isomorphism with the inverse of another. In this way, we obtain an isomorphism
between any two of the spaces SD(M Vi g{/) that is easily seen to be independent of the
choice ofﬁ’ and E’M. We can assume that the bases A(MQ/, E{/) of the spaces SD(M’V, E{/)
are compatible with the isomorphisms.

We are interested in linear forms in f € H(G, V, (), where V is a finite set of valuations
that contains Viam(G, (). We may as well assume at this point that the data M’ and
{(G',€)} are also unramified away from V.

If § belongs to the endoscopic basis A® (M‘% ,Cv), we first construct a linear form

(6.1) In (8, ) = > An(8,7) I (v, f)

2

from Ips(v, f), simply by summing ~y over I'(MZ, (y). However, the true endoscopic ana-
logue of Ip/(v, f) is a more interesting object, which is constructed from the elements in

En (G). Tt is based on an inductive definition of linear forms
89 (8", 1) G’ € & (@), & € AQL,,CL),

on the spaces SI(@’V, E{/) Suppose that

((G8): G e&wl(G), & € AT, 3))

is a family of matching elements, relative to the bijections among the bases A(M Vo Z{,) We
can write ¢’ for both the family, and the corresponding element in the set A((M ’V)E . E{,)
attached to a given G’. We define linear forms I{,(¢8’, f) and S, (M, &, f) inductively by

the basic formula

(6.2) 5. 0= Y wr(G.6)3L . 1) + (@SS ),
G'egl,,(G)

together with the supplementary requirement that
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in the case that G is quasisplit and ¢’ maps to the element § in A€ (MZ,¢v). The coefficient
(G, G') vanishes unless G’ belongs to the finite subset of elliptic elements in €3, (G),
so the sum in (6.2) can be taken over a finite set. Since S, (M’,d, f) is defined only if G
is quasisplit, the two identities determine the two linear forms uniquely.

To complete the inductive definition, one has still to prove something in the special
case that G is quasisplit and M’ equals M*. Then ¢’ = §* belongs to A((M{;)Z , C{k,), and
the image & of &' in A®(MZ, (y) lies in the subset A(MZ,(y). The problem in this case

is to show that the linear form
S5 (6, f) = S5 (M*, 8%, f)
is stable. Only then would one have a linear form
S5 (87, 17) = 553, f)

on ST((G)?",() that is the analogue for (G*, M*) of the terms §]§/(5’,f’) in (6.2).
This stability condition will be part of the local theorems we are preparing to state. It
will not be established until a future article, in which the theorems will be proved. In the

meantime, we carry it as an induction hypothesis on the groups G’ that occur in the sum

(6.2).

Remark. The definitions (6.1)-(6.3) are taken from [A14]. They extend the earlier treat-
ment in [A11, §4] and [A13, §3], which applies to G-regular conjugacy classes, rather than
distributions in the general bases A(M ’V,Z{,) We were a bit careless in setting up the
definitions in [A13] (and [A11]). The remark at the top of p. 242 of [A13] notwithstanding,
it is not generally possible to choose the auxiliary data (é’ , E’ ) so that (M ! 5’ ) is indepen-
dent of G’. The definitions do make sense in the context of [A13],but one has to take ¢’

to be an element in AG_reg(M v)- The results of [A13] remain valid as stated, with the

understanding that the linear forms §]§/(5’ ) in the analogue [A13, (3.5)] of (6.2) depend
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on the embeddings &,,: LN — LD as well as &'. Tt is easy to see from the definition in

[A13] that
SE (&, ) = X (6)5% (36, 1),
where g, is the image in M 1 of the element 6" € M/, and §1§,(5&) is taken with respect

to the standard embedding “M’ — LA

The distribution S§; (6, f) is meant to be a stable form of the local term I;(v, f) on

the geometric side of the trace formula. The endoscopic form is a distribution

I5 (v, ), v € T(ME, Cv),

that like the original term, depends on an element in I'(M 5, Cv). It has the property that

if ¢’ is relevant to My, then

(6.4) I (8 1) =Y An (8 )I5 (v, ),
v

with v summed over I'(MZ, {v). In particular, the distribution

(6.5) L5, (6, f) = I5,(8', f)

depends only on the image § of §’ in A®(MZ,(y). Observe that I§,(7, f) is not uniquely
determined by (6.4), since the endoscopic datum M’ € & (M) was assumed to be over
F. However, the construction makes sense if M’ is replaced by an endoscopic datum
M, € E(My) over Fy. The distribution I§,(7, f) can then be defined by inversion from
(6.4). (See [A13, §5], [A14].)

Local Theorem 1 actually applies to a simpler version of the linear forms above. To
state it, we take F' to be a local field, and M’ to be a local endoscopic datum for M. We
also take 0, ¢’ and v to be elements in the subsets Aé—reg,ell(M7 q), AG_reg,en(M', Z’) and
L G-reg el (M, ¢) of G-regular, F-elliptic elements in the general bases A (M, (), AM', )
and T'(M, ¢) attached to F. The associated distributions In/ (3, f), I5,(8, f), SG(M', 8, f),
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I§;(v, ), and I%,(0, f) are essentially those of [A13, §3]. They are defined by the equations
(6.1)-(6.5), stated exactly as above, but with the sums taken over v and G’ in the local
sets 1—‘G—reg,ell(]\47 C) and SM’(G)

Local Theorem 1. Assume that F' is local.

(a) If G is arbitrary,

I]é\}(")/, f) = IM(")/, f), QS 1—‘G—reg,ell(ﬂfv C)a f € H(G7 g)

(b) Suppose that G is quasisplit, and that &' belongs to AG_reg(M’,g’), for some
M'" € Eqn(M). Then the linear form

f— ST ), fe MG, Q),

vanishes unless M' = M*, in which case it is stable.

As we mentioned above, this theorem is essentially Conjecture 3.3 of [A13] (which was
a slight generalization of Conjecture 4.1 of [A11]). Our supplementary theorem will have

a similar statement, except that it applies to the compound linear forms.

Local Theorem 1'. Suppose that F is global, and that V is a finite set of valuations
containing Viam (G, ().

(a) If G is arbitrary,

(v, f) = I (7, ), v e D(ME,¢v), f€HG,V,0Q).

(b) Suppose that G is quasisplit, and that &' belongs to A((]\z’v)?,g{,), for some
M' € Eqn(M,V). Then the linear form

f— S§(M', 4, f), feM(G,V.Q),

vanishes unless M’ = M*, in which case it is stable.
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The next proposition is a consequence of the general results of [A14], which extend
the splitting and descent formulas in [A13, §6-7], and reduce the compound linear forms
of Local Theorem 1’ to the simple linear forms of Local Theorem 1. For the special case

of strongly G-regular conjugacy classes, the reader can refer to [A13, Proposition 7.4].
Proposition 6.1. Local Theorem 1 implies Local Theorem 1’. U

The proof of Local Theorem 1 will have to wait. We shall establish it in a subsequent
article by global methods, as in the special case treated in [AC].

There is an important point to mention before we turn to the local spectral terms.
The element 6" in (6.2) does not have to be relevant to M. More generally, the definition
(6.2) makes sense if we assume that the endoscopic datum M’ belongs to Eq(M*, V),
rather than the subset (G, V) of En(M™*, V). However, the more general linear forms

are subject to the following vanishing property, which we shall require in §10.

Proposition 6.2. Suppose that V' D Viam(G, (), that M’ represents a class in Eqn(M*, V),
and that 0" belongs to A((]\z’v)?, Z{,) Then I1§,(8', f) vanishes unless M' and §' are both
locally relevant to M.

Proof. Using the appropriate splitting and descent formulas, together with the rel-
evant germ expansions [A14], it is easy to translate the proposition to a corresponding
assertion in which F' is a local field, M’ is an elliptic endoscopic for M* over F', and
S A(M N ) is strongly G-regular. In the local case, an elliptic endoscopic datum for
M* is automatically relevant to M. If §’ is not relevant to M, the local vanishing theorem

[A13, Theorem 8.6] asserts that I§,(¢8, ) = 0. The proposition follows. O

The proposition asserts that I{,(¢8, f) equals zero unless &’ maps to an element § in
A8 (MZ,(v). In this case, as we have already noted (6.5), the distribution depends only
on J. Recall that as a function of ¢’, the transfer factor A, (¢’, ) also has these properties.
It follows that (6.4) remains valid for M’ and ¢’ chosen according to the general criteria

of Proposition 6.2.
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The other two local theorems have the same form, except that they apply to the
residual linear forms on the spectral side. If F' is global, there are stable and endoscopic
analogues of the linear forms I/ (m, f) in the spectral expansion (3.13). They are defined
[A15] by a construction that is dual to the one above. In fact, one defines linear forms
Ing (9, 1), I§ (&, ), SG (M, ¢, ), IS, (0, f) and I§,(¢, f) simply by replacing the elements
§, &' and v in (6.1)-(6.5) by elements ¢ € ®°(MZ,(v), ¢’ € @((M’V)E/,E(,) and ™ €
II(MZ,(yv). These objects are actually specializations at X = 0 of more general linear
forms that depend on a point X in aZ,. If F is local, one constructs simpler but more
fundamental objects, in which it is convenient to consider the dependence on this extra
parameter. For elements ¢ € ®€ (M, (), ¢’ € @(M’, Z’) and 7 € II(M, (), and a point X in

the subgroup

anM,FP = {Hg(x) X E G(F)}

of ays, one defines linear forms In (¢, X, f), I5,(¢', X, f), SG (M, ¢', X, f), I§;(m, X, f)
and I5,(¢, X, f) on H(G, ¢) once again by the obvious variants of the formulas (6.1)-(6.5).
(See [A15].)

Local Theorem 2. Assume that I is local, and that X lies in ap p.
(a) If G is arbitrary,

I5(m, X, f) = In(m, X, f), m e (M, (), f € H(G,C).

(b) Suppose that G is quasisplit, and that ¢’ belongs to @(M’, Z’), for some M’ € E(M).

Then the linear form

f —>SI?4(M/7¢,7X7f>7 fGH(G,g),
vanishes unless M' = M*, in which case it is stable.

Again we have a supplementary theorem, which applies to the compound linear forms

that arise from the local terms in the spectral expansion.
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Local Theorem 2'. Assume that F is global, and that V is a finite set of valuations
containing Viam (G, ().
(a) If G is arbitrary,

I5(m, f) = In(m, f), T e I(ME,¢v), feH(G,V,Q).

(b) Suppose that G is quasisplit, and that ¢’ belongs to @((NQ,)E/,E’), for some
M' € Eq(M,V). Then the linear form

f— S5(M', ¢, f), feMG,V,0Q),

vanishes unless M' = M*, in which case it is stable.

In the forthcoming paper [A15], we shall establish spectral splitting and descent for-

mulas that are parallel to the geometric formulas in [A14]. They yield
Proposition 6.3. Local Theorem 2 implies Local Theorem 2. O

Similarly, the results of [A15] yield a spectral vanishing property that is parallel to

Proposition 6.2.

Proposition 6.4. Suppose that V and M’ are as in Proposition 6.2, and that ¢’ belongs
to q)(( ) CV) Then I§,(¢', f) vanishes unless M’ and ¢' are both locally relevant to
M. O

It follows that the spectral analogue
(6.6) I (¢, ) = ZAM ™) (7, f)

of (6.4), in which 7 is summed over II(MZ, y), is valid for any M’ and ¢ chosen as in

Proposition 6.4.
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§7. Statement of Global Theorems 1 and 2

The main global theorems concern the coefficients on each side of the trace formula.
We shall define endoscopic and stable forms of the various coefficients. The theorems will
then assert identities among these new objects.

We are assuming that G is a K-group over the global field F'. Before we define the
new coefficients, we should first take care of a point having to do with the objects G — G
and &: ¢/ — LG attached to any given /. We assume henceforth these auxiliary data

have been chosen according to the following lemma.

Lemma 7.1. Suppose that G’ € En(G,V), for a finite set V' D Viam(G). Then the global
auxiliary data G’ and 5’ for G’ can be chosen so that they are unramified at any v & V.

Proof. We have to be able to choose (é’,g’) in such a way that for any v € V', the
local embedding £: G/ — LG’ is unramified. This means that G, is an unramified group
over F,, and that 5{, maps any Frobenius element in G/ to a Frobenius element in © é;
A Frobenius element is of course one that projects into the Frobenius coset in Wg, . The
proof of the property is implicit in the discussion on pp. 718-720 of the Langlands’s paper
[L3]. In particular, we shall take G’ to be a z-extension of G'. The center Z (5’ ) of 5’ is
then connected. By [L3, Lemma 4], the inflation to the Weil group Wy of any 2-cocycle
from I' =T'p to Z(CA:*’) splits.

Let K be a finite Galois extension of F' over which G’ splits, and which is unramified
outside of V. Let T/, be a maximally split, maximal torus in G.. over F. Since G’ is
quasisplit, 7. is an induced torus, which splits over K. The construction in [L3, pp. 721-
722] then yields a z-extension G’ of G’ by the torus C' = T/, which is quasisplit over F
and splits over K. As in [L3] and [KS, §2.2], the groups G’ and LG determine a 2-cocycle
a from I'i/p = Gal(K/F) to 2(5'). One obtains an embedding ¢: ¢/ — LG from any
splitting of this cocycle over the Weil group Wy ,r. The embedding will be unramified

outside of V' if and only if the splitting is defined over the largest quotient W,y of
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W r that is unramified outside of V. Our task is therefore to show that the inflation of

a to the extension W p v of I'k/p splits.

~

Following the proof of [L3, Lemma 4], we set X = X*(Z(G")), and we form a short
exact sequence

1l— X9 — X — X —1

of ') p-modules that are free over Z, such that X is also free over I'/p. At this stage
of the argument in [L3], Langlands introduces the idele class group Cx of K. We shall

instead use the quotient

Cx,v = A /K" (Og)",
where (O};) is the maximal compact subring of AY.. In particular, we apply the functor
Homr, . (— Ckv)
to the dual short exact sequence
1e— X)) — X «— XV 1.
This yields a short exact sequence
1 — Ty(Cgy)"/" — T1(Crv) ™" — T(Crv) ™",

where T, denotes the torus Hom(X,, —) regarded as a Z-scheme with action of I spe It
follows from the injectivity of the middle arrow, and standard facts about extensions of

characters, that the dual map
(T (Cr ) /7)) — (Ta(Crv) /7))

of character groups is surjective. The main global theorem of [L1] gives a functorial isomor-
phism from (T >,<(C’K)F1f</l“)>k onto the continuous cohomology group H, Cl(WK/ o ﬁ) The
long exact sequence of cohomology implies that

T.(Cv) /% = T.(Cg) =7 [T (OF),
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since. H'(Tg,p,To(O))) is trivial, so that (T*(C’K,V)FK/F)* is a subgroup of
(T L (Cro)brrre )* The main point for us is that the global isomorphism takes this sub-
group onto the subgroup H} (W JF,V s ﬁ) of H}(Wy JF» T % ). This follows easily from the
local correspondence in [L1] for unramified characters. We therefore conclude that the
map

H} (Wi pyv, T1) — Hcl(WK/F,V,@)

is surjective.
The rest of the proof is identical to the last paragraph in the proof of Lemma 4 of [L3].
We obtain a splitting over W,y for the original 2-cocycle a. This yields an L-embedding

5’ that is unramified outside of V. O

We remark that if Gy, is simply connected, we can choose the auxiliary data G’ and
5’ of the lemma in such a way that G' = G'. For if a is the 2-cocycle from ' p to
Z (@’ ) described in the proof above, the argument in [L3, pp. 705-715] establishes that
the projection of a onto Z(G')/Z(G) splits. Since Z(G) = Z(G')° is connected, one can
construct required embedding 5’ : G" — LG’ as in the proof of the lemma. It follows that
for arbitrary GG, we can choose the auxiliary data G’ and E’ of the lemma in such a way
that G’ is the endoscopic datum for a fixed z-extension G — G attached to G'.

We consider now the global coefficients. We shall begin with the general family of
geometric coefficients a® (7). Recall that a%(y) is defined on T'(GZ,(y), and is in fact
supported on the discrete subset I'(G, V, () of this domain. We shall construct parallel
families of coefficients a“¢ () and b% (), the latter only in the case that G is quasisplit,

on the respective domains I'(GZ, (v) and A% (AZ, ¢y). If v lies in T(GE, (), we set

(11 %) =3 S UG @B () A7) + (@) b4 (5)Aa(8,7),
)

G
with G’, ¢’ and § summed over £%(G, V), A((é’v)?,g{/) and A®(G%Z,(y) respectively,

and with coefficients b%' (¢") defined inductively by the requirement that

(7.2) a®E(y) = a%(y),



in the case that GG is quasisplit. The process is similar to those of §6. If G is quasisplit,
the relations (7.1) and (7.2), together with the local inversion formulas (5.5), provide a
formula for b%(§) as a function on A(GZ, ¢y ). To complete the inductive definition, we

define the function

bG* (5*) = bG(é), o€ A(G\Z/?CV)?

from the restriction of b¢ to the subset A(GZ, () of A (GZ, ¢y ). Since G* determines G
uniquely up to weak isomorphism, Corollary 4.4 tells us b&" (6*) depends only on G*.

As in §2, it is instructive to introduce more manageable domains for the new coeffi-
cients. We shall construct discrete subsets I'® (G, V, () and A¢(G,V, () of T'(GZ,(y) and
A%(G%,, Cv), respectively, that contain the supports of a®¢(y) and b% ().

We first introduce “elliptic” subsets A, (G,V, (), Aai(G,V,¢) and T'E,(G,V, () of
A8(GZ,¢y), A(GZ,¢v) and T¢(GZ,(y), respectively. As we might expect, we have to
give an inductive definition that is based on the sets Aen(é’ V. E’ ) attached to groups
G' € E%(G, V). We define the first set AL, (G, V, () to be the collection of § in A®(GZ, 5y)
such that either Ag(v,d) # 0, for some v € Ten(G, V, (), or § is the image in A% (GZ, (v)
of an element & in the subset Aqi(G',V,¢) of A((é'v)gl,g{,), for some G’ € £%,(G,V).

The second set is then just the intersection
Aell(C"Ya V» C) = Afll(Gv Vv C) N A(G\Z/: CV)

We define the third set T'4,(G,V, () to be the collection of v in I'(GZ,(y) such that
Ag(d,7) # 0, for some § € AL, (G, V,¢). Then ' (G,V, ) contains Tey(G,V, (). Having
constructed the elliptic sets, we can then define the larger subsets A% (G, V, (), A(G,V, ()
and T¢(G,V, () of A8(GE,(v), A(GE,(v) and T(GZ, (v ), respectively, exactly as in §2.
For example, I'* (G, V,() is the set of elements v in I'(GZ,(y) that are constituents of
induced classes ©&, where p belongs to Fgll(M ,V, (), for some M € L. Tt is easy to see

that the coefficient a®¢(v) is supported on I'* (G, V, (), and in case G is quasisplit, that
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b% (9) is supported on A% (G, V, ). Moreover, the sums over ¢’ and § in the definition (7.1)
can be taken over the smaller sets A(é’ V. Z’ ) and A%(G,V, () respectively.

We shall also need to consider endoscopic and stable analogues of the more fundamen-
tal elliptic coefficients a§(¥s). Recall that a§,(¥s) was defined in (2.6) for any large finite
set of valuations S O Viam (G, €), and for any admissible element g in T (G, S, (). We con-
struct parallel coefficients agl’g("yg) and b$(ds), for admissible elements 45 € T'5,(G, S, ¢)
and dg € A,(G, S, ¢), by the natural variants of the inductive definitions (7.1) and (7.2).
In other words, we set
(73)  agiGis) = D DG GG () A5, ) +£(G) D b1 (3s) Ac(ds. As).

G L bs
with @, 8% and §5 summed over £%,(G, S), Aen(G, S, (") and AE (G, S, ¢) respectively,

and with the coefficients b5 (0%) defined inductively by the requirements that

(7.4) agi” (1) = g (¥s)
and
b1 (65) = b (0s),
in case GG is quasisplit. As in the earlier case, we know from Corollary 4.4 that the last
coefficient depends only on G*.
Global Theorem 1. (a) For any G, we have

G.E- G-
N} (’YS) = a’ell(’ys)7

for any admissible element s in T5,(G, S, ().

(b) If G is quasisplit, bgl(&g) vanishes for any admissible element ds in the complement of

Aai(G, S,¢) in A4(G, S, ).

Global Theorem 1 pertains to the basic elliptic coefficients that are the global foun-
dation of the geometric expansion in §2. For the actual comparison of trace formulas, we

also require the corresponding theorem for the general coefficients.
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Global Theorem 1'. (a) For any G, we have
“(), 7 €T4(G,V,Q).

(b) If G is quasisplit, b%(5) vanishes for any & in the complement of A(G,V,() in
AZ(G,V,0).

Global Theorems 1 and 1’ describe the basic identities satisfied by the geometric
coefficients. As the original definition (2.8) suggests, they are closely related. In §10, we
shall show that Global Theorem 1 implies Global Theorem 1’ by establishing endoscopic
and stable analogues of the expansion (2.8).

It is useful to note that Global Theorems 1 and 1’ can be reformulated in terms
of endoscopic and stable analogues of the linear forms I ( fs) and Iop(f) of §2. We
define invariant linear forms I&(fs) = I ecfl’g( fs) and IE, (f) = I gf( f), for functions

fs € Haam(G, S,¢) and f € H(G,V,(), by setting

(7.5) Efs) = S UG @SS (fs) +=(G)SS(fs)
G'€€Y(G,S)

and

(7.6) o= S UG GG (f) +=(G)SS(fs).
G'eEY(G,V)

The terms §§f and §§L on the right are linear forms on the respective spaces
SIadm(é’ , S, E’ ) and ST (é’ ,V, E’ ), which are defined inductively by the requirements that
I8,(fs) = La(fs) and IE, (f) = I (f) in the case that G is quasisplit. The definition
includes the induction hypothesis that Sgll and S?;O are stable, for data G’ in £%(G, S)

T

and €% (G, V) respectively.
Lemma 7.2. (a) If G is arbitrary,

15(fs) = > aSi® (4s) fs.c(%s)

;YS Erfll(Gy‘SaC)
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and

5= > a% () faly).

YELE(G,V,()

In particular, the statements (a) of Global Theorems 1 and 1’ are equivalent to the general
identities I(fll(fS) = ell(f5'> and Igrb(f) = orb(f)'

(b) If G is quasisplit,

Salfs)=" > b0s)f5e(s)

SS’ €A§11 (Gaszc)

and

San(H) = > VE)EO).
SEAE(G,V,0)
In particular, the statements (b) of Global Theorems 1 and 1" are equivalent to the asser-

tions that SS\(fs) and SS,(f) are stable.

Proof. By varying the test functions fs and f, we see immediately that the given
expansions imply that Global Theorems 1 and 1’ can be reformulated as claimed. It is

enough, then, to establish the expansions.

orb

Consider the case of I, (f) and S, (f). We can assume inductively that the expan-
sions in (b) hold for quasisplit inner K-forms of groups G’, with G’ € EY%(G,V). We are
also assuming that §§L comes from a stable distribution on a quasisplit inner K-form of
G’, from which it follows that bC s supported on the subset A(é’, V, Z’) of Ag(é’, V, 5’)
Therefore

S = Y WO,
§'eA(G,V,C)
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for any f € H(G,V,(). It follows from the various definitions that

Iorb(f) (G)Sorb<f)

= Z (G G/)Sorb(f )

G'e€q(G,V)
“Suee)y Y @)
G’ 5'eA(GV,C)
=Y WG GNTWG) D> Aald ) fe()
G',8 YETE(G,V,()
=S (X 6.0 ()26 7)) ()
¥ G’,6'

:Z(ag’g(’y)—a(G) > bG(é)AG(fS»”Y))fG(”Y)

SEAE(G,V,()

= a%E () faly) —e(G) Y b9 (0) fE(0)
o 1)

If (G) = 0, the required expansion for I, (f) follows. If (G) = 1, the expansion for
I, (f) is just part of the definition, so we also obtain the required expansion for S, (f).

The expansions for 15,(fs) and S§(fs) follow in the same way. O

We turn now to the spectral coefficients. The discussion will depend on a fixed non-
negative number ¢, as in §3, but will otherwise be parallel to that above. In particular, we
shall use the global information at hand to construct suitable domains for the coefficients
we are about to define.

We first construct discrete subsets <I>t disc (G5 Q), Pt qisc (G, ¢) and HfdlSC(G,C) of the
respective adelic sets ®¢ (G(A)Z,C), @(G(A)Z, C) and H(G(A)Z, C). The inductive defi-
nition is similar to that of the “elliptic” sets above. Thus, <I>;; dgisc (G, €) is the set of d) in
¢ (G(A)?, ) such that either Ag (7, $) # 0, for some 7 in the set II; gisc(G, ), or ¢ is the
image of an element ¢’ in the subset @tvdisc(é', ') of CP(@’(A)E/, E’), for some G’ € £9%(G).
The second set is defined by

q)t,diSC(Gv C) = t dlSC(G C) N Q)( (A)Z’ C)’
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while the third set HfdiSC(G, ¢) is the set of 7 in II(G(A)Z,¢) such that Ac(o,7) # 0, for
some ¢ € Pt 4ise (G, ¢). Then II{ 4; (G, ¢) contains I gise(G, €).

Now suppose that V' O Viam (G, () is a finite set of valuations as above. We define dis-
crete subsets ®F ;i (G, V, (), Pt aise(G,V,¢) and 11§ 41 (G, V, () of ®5(GY,Cv), (GF,¢v)
and II(GZ, (v) in exactly the same way, except with I, qisc(G, ¢) replaced by its analogue
I qisc(G, V, ¢) for V. From these discrete subsets, we construct larger subsets ®¢ (G, V, (),
(G, V,¢) and TI£ (G, V, (), with corresponding Borel measures, as in §3. Thus, if M be-
longs to L, Hf diC(M V. () stands for the set of iaf; 5-orbits in the preimage Ht dise (M, V, Q)
of Hf’disc(M, V,¢) in II(My, ¢y). We define II¢ (G, V, ¢) to be the union, over M € £ and
p < HS&‘?SC(M ,V, (), of the irreducible constituents of the induced representations p&. The
Borel measure dr on II£ (G, V, () is defined by setting

[ hmar= 3w | o)A,
¢ (G,V,¢) iay, /0y

MeL pcllé (M V,0)

t,disc

for any h € C.(II§ (G, V,()). The sets
q)t(Ga Vv C) C be (G7 V» C)

are defined in exactly the same way. For example, ®;(G,V, () is the union, over M € L
and x € ®y G (M, V, (), of the induced elements x“. (By construction [A10], the induced
elements y“ are irreducible, in the sense that they lie in the basis ®(GZ,(y).) The Borel
measure d¢ is defined by
/ = 3 W /| X
q’t(G:V’C) MeL XE Py, dlsc(M v,) 1%, 2/10G 2

for any h € C. (@t(G, V, C))

We now construct global coefficients a®¢(m) and h®(¢) inductively on the domains

¢ (G, V,¢) and ®¢ (G, V,¢). If © belongs to 11§ (G, V, (), we set
(17) a%E(m) =33 UG, @ (¢)Ac(d Z bE(6)Ac (9, 7),
G/ ¢/
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with G’, ¢/ and ¢ summed over £9,(G, V), @t(é’, V, E’) and ®¢ (G, V, () respectively, and

with coefficients b% (¢') defined inductively by the requirement that
(7.8) a%¥ () = a%(m),

in the case that G is quasisplit. The construction is obviously identical to that of the

geometric coefficients. In particular, b%(¢) exists only when G is quasisplit, in which case
b (%) = b (9), ¢ € B (G.V.Q),

is defined by the relations (7.7) and (7.8), together with the local inversion formulas (5.8).
The arithmetic information in the trace formula is concentrated in the fundamental

adelic coefficients

a$i (7, 7 € Hdise (G, Q).

We shall therefore want to consider endoscopic and stable analogues of these objects. We

construct coefficients afi’si(#) and bS . (¢), for elements 7 € 11§ 41(G, ) and

b€ (‘Dt disc (G, €), by the natural variants of the inductive definitions (7.7) and (7.8). We

set
(79) adlSC ZZ G G, bdlSC )AG Zbdlsc AG ¢7 )7
G gy

with G’, ¢’ and ¢ summed over £9,(G), @t,disc(é'f’) and @f’diSC(G, () respectively, and

G’
with coefficients by,

(¢') defined inductively by the requirements that
(7.10) e (1) = §ec()

and
bdlsc (¢* ) bdGlsc (¢>
in case G is quasisplit.
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Global Theorem 2. (a) For any G, we have
G,E - . .
adisc(ﬂ-> = adGisc(W>7 ™€ HidiSC(G, C)

(b) If G is quasisplit, bdGiSC(d.)) vanishes for any ¢ in the complement of ® gise(G,C) in
q)f,disc(Gv Q).

Global Theorem 2 will be the most important result from a purely arithmetic stand-
point. It can be regarded as a reciprocity law between automorphic spectra on different

groups. For the comparison of trace formulas, however, we again require the corresponding

theorem for the general coefficients.

Global Theorem 2'. (a) For any G, we have
(), m € IIE(G, V().

(b) If G is quasisplit, b%(¢) vanishes for any ¢ in the complement of ®:(G,V,() in
7 (G, V().

In §10 we shall show that Global Theorem 2 implies Global Theorem 2’ by establishing
endoscopic and stable analogues of the expansion (3.12).

Following the discussion of the geometric coefficients, we shall reformulate Global
Theorems 2 and 2’ in terms of the basic distributions I gisc( f) and Iy unit(f) of §3. The
transfer mapping entails a shift in archimedean infinitesimal characters that must be re-
flected in the norms ¢ = ||[Im(v)||. For any G’ € £(G), there is a canonical embedding of

b into the associated space (6’ )¢ for G’. This gives an embedding
* /% TIN% /%
helag.ze — (0)e/9g 7 ¢
of the quotient spaces whose Weyl orbits parametrize infinitesimal characters. We write

v— vV =v+4din,
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as on p. 561 of [A10], for the transfer of infinitesimal characters, and
t=|Im@)|| — ¢ = [Im(/)|| = ¢ + [Im(d7g, ), t>0,

for the corresponding shift in norms. With this notation, we define invariant linear

forms If:disc(f) = 1% (f) and If

t,disc t,unit

(f) = Iﬁdiit(f), for functions f € H(G, () and
f € H(G,V,(), by setting

(7.11) FaeH= D UG, GG g f) +e(G)S e (f)
G’esgu(G)
and
(712) If,unit(f) = Z L(G7 G/)S\g,/unit(f/) + 8(C;’)‘S(tcjunit(f)‘
G'e&Y (G,V)

The terms §§:disc and §§/unit on the right are linear forms on the respective spaces
SI(@’ N ) and SI(@’ LV, (! ), which are defined inductively by the requirements that
If:disc(f) = Iudisc(f) and Iiunit(f) = I;unit(f) in the case that G is quasisplit. The
definition depends on the induction hypothesis that Sta,{ tise and SE,{ it are stable, for data

G’ in £%(G) and £Y%(G, V) respectively.

The next lemma is obviously parallel to Lemma 7.2, and is proved the same way.

Lemma 7.3. (a) If G is arbitrary,
; GE/ N (x
IEdisc(f) = Z adisc<7r)fG<7r)
frentg,disc(G’C)

and
It%unit(f) = / aG7g(7T>fG(7T)d7T.
¥ (G,V,Q)

In particular, the statements (a) of Global Theorems 2 and 2’ are equivalent to the general

identities Itg,disc(f) = It,diSC(f) and Itg,unit(f) = It,unit(f)'
(b) If G is quasisplit,

Stc,;disc(f) = Z b(ciisc(¢)fg<¢)

PEPE(G,0)
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and

56 () = / b (6) ££(0)do.
5 (G,V,0)

In particular, the statements (b) of Global Theorems 2 and 2' are equivalent to the asser-

tions that Sgdisc(f) and SC .. (f) are stable. O

t,unit
We have now stated all the main local and global theorems. We shall prove them, for
any K-group G that satisfies Assumption 5.2, in a subsequent article. In the meantime,
we shall have to carry some implicit induction assumptions, in order that the inductive
definitions of the last two sections make sense. To be precise, we assume that assertions (b)
of the various local and global theorems are valid if GG is replaced by a group G’ attached

to any endoscopic datum G’ in £Y(G).
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§8.  Stabilization of the unramified terms

We have spent the last two sections stating a series of closely related theorems. State-
ments (a) of the theorems represent identities between terms in the trace formula of §2 and
§3, and corresponding terms of an endoscopic trace formula. The statements (b) describe
properties of terms in a stable trace formula. In the remaining part of the paper, we shall
derive the expansions that will form the endoscopic and stable trace formulas. This can
be regarded as the first stage of a long process, which will end in a subsequent paper with
a proof of the theorems.

In this section, we shall deal with the unramified terms. These are the functions
r{; (k) in (2.8), and the functions r§;(c) in (3.12). The stabilization of the geometric terms

r§; (k) will be a consequence of the generalized fundamental lemma we have taken on as

an assumption. The stabilization of the spectral terms 7§, (c) is essentially the main result

of [A12].

We fix the global field F'. We shall consider triplets (G, M, () over F, as in earlier
sections. Then G is a global K-group over F, M is a Levi subgroup of G, and ( is an
automorphic character of a central induced torus Z in G. Remember that, unless stated
otherwise, (G, F) is supposed to satisfy Assumption 5.2. In particular, the generalized
fundamental lemma is assumed to hold at every place v outside some finite set of valuations
Viund (G) that contains Viam (G).

For the geometric terms, we fix finite sets V C S of valuations of F'. We take S to
be suitably large, as before, but at this point we assume only that V' contains the set Vi
of archimedean places. Given G and (, we write IC(@Z) as in §2 for the set of conjugacy
classes in GZ = G /Z¥ that are bounded. The places v in S — V are nonarchimedean.
We can therefore arrange that any distribution in the basis

rGs.¢¥) = [ TG ¢)
veS-V

is defined by a (signed) measure on the preimage in GY of a conjugacy class in ég. We
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have not assumed that V contains Via (G, ¢), but for simplicity, let us suppose that the
subset Fss(ég, ¢Y) of FSS(@‘S,) defined in §1 actually equals FSS(@‘S,). There is then an
injection k — ~ (k) from K(@g) into T'(GY,¢Y). We also attach a set E(ég) to the
“bounded” elements in A(GY, Y ). It is the family of formal linear combinations of classes
in K(@g) that correspond to distributions in A(GY,(Y) under the linear extension of the
map 7Y , and can be identified with a subset of the corresponding family E((@*)g) for G*
by means of a canonical embedding ¢ — ¢*. More generally, we attach a set £¢ (6?) to

the “bounded” elements in A®(GY,(Y). It is a quotient of the set of G-relevant pairs in
((G.0): G e&@Y), I (@) =L(@)Y)},

and comes with an injection £ — §¥ (¢) into A®(GY,(Y) that takes the subset 5(53) into
A(GY,CY). The sets 5(65) and L€ (5?) are independent of (¥ . In other words, they are
equal to the corresponding sets in which ¢¥ is the trivial character on ZY . This amounts
to a compatibility condition on the original choice of bases that we are taking for granted.

Suppose that (G, M, () is given, and that V now contains Viam (G, (). As in §2, we
form the function

r (k) = Jar (7Y (k) ul), ke K(Mg),

on IC(ME) This function depends on a choice of hyperspecial maximal compact subgroup

KY= 1] K.
veS—-V
of GY, which we assume is in good position relative to MY . The intersection
K¥nM{ = [] (K,nM)
veS—-V
is a hyperspecial maximal compact subgroup of MY , which we use to form the normalized

transfer factor

AK‘S/,MM? k) = AK‘SfﬂM;/ (5¥(€)7’7}5'/(k)) = H AKUOMU (5v(€v)771)(k7v))7
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for elements k and ¢ in K(Mg) and £ (MZ) respectively. This provides us in turn with

a function

(8.1) GO = > Ay (RS, t e £5(My),
kekK (DY)
on L (MZ), which is easily seen to be independent of K Y.

The functions r§; (k), AK‘S/’M(E, k) and r§;(¢) are all independent of ¢¥, so ¢ plays no
role in the following proposition. We include it in the assertion only to emphasize that the
proposition is a special case of Local Theorem 1. Similarly, we include the extra structure
on elements in £/ (G) implicit in the notation M’ and G, even though it also plays no

role.

Proposition 8.1. For each triple (G, M, () with G quasisplit, there is a function
* * _V
sr(0) = s§r (%), teL(Mg),

which vanishes unless V' contains Viam(G), and satisfies the following condition. For any
triplet (G, M, ) with Viuna(G) C V, any elliptic endoscopic datum M’ for M, and any
element ' € L((M')g) with image ¢ in LE (MZ), the identity
G _ NG (g
(8.2) G0 = Y (@GS ),
G'e€yy (G)

holds.

Proof. As we recall from §5 and elsewhere, the required function is uniquely deter-
mined by (8.2). To be precise, suppose that G is quasisplit, and that ¢ belongs to E(Mg)
If V does not contain Vium(G), we set s§,(¢) = 0. If V does contain Viam (G), the function

r$; (k) is defined, and we define s§,(¢) inductively by setting

sy =rf ()= Y (G, G)sS ().
G'e€?,. (@)
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Since the coefficient ¢y (G, G') vanishes unless G’ is elliptic, the sum can be taken over a
finite set.

We have then to establish (8.2). We fix the data (G, M, (), M', ¢’ and £. Our task is
to show that rjc\i, (¢) equals the endoscopic expression

KE =Y (GG ()
G'eE (@)
on the right hand side.

The problem separates into two cases, according to whether V' contains Viam (M, ()
or not. Our assumption that S is suitably large means in this context that S contains
Viam(M"). If V' does not contain Viam (M), then M’ ramifies at some place v in S — V. In
this case, the functions

Gyt
S (), G’ € & (),

all vanish by definition, and the problem is to show that r§;(¢) vanishes.
Suppose that S — V is a union of two disjoint subsets F; and F5. By construction,
[,((M’ )g) is a Cartesian product of sets attached to the places in S — V', and the transfer

factors decompose accordingly. In particular, we can write
0 =10 %, 0 e L(Mpy,).

Then ¢ equals a product £; x {5, where /; is the image of £, in LE (M F,). Since r{;(£) comes

from the weighted orbital integral r§;(k), it satisfies a splitting formula. It follows from

[A7, Corollary 7.4] that
r (@) = Y d§(Ly, Lo)rit (G)r? (6).
Li,LoeL(M)
The right hand side of (8.2) also satisfies a splitting formula. By a simple variant of [A13,
Theorem 6.1], we obtain

rt ()= Y dS (L, L)yt S ()i ().
Lyi,LyeL(M)
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The two formulas together reduce the problem to the case that S—V contains one element.
We can therefore assume that S — V = {v}. We have to show that r§;(¢) vanishes if
M’ ramifies at v, and that r{;(¢) equals rfjg(é’ ) if M’ is unramified at v. One purpose of
the paper [A14] is to reduce such questions to a simpler situation. The germ expansions
of [A14] reduce the problem to the case that ¢ is semisimple and strongly G-regular. The
descent formulas of [A14] reduce the problem further to the case that ¢ is elliptic, and that
G, M and M’ are replaced by the corresponding local objects G, M, and M,. If M is
unramified, the required identity (8.2) becomes the formula (5.2) of our basic assumption.
If M) is ramified, the corresponding vanishing assertion is just a variant of Proposition 7.5
of [K3]. We leave the reader to extend the proof of this proposition from the special case
in [K3] that M = G and Gge, is simply connected. (For the extension to arbitrary M, one
chooses the element g; at the top of p. 389 of [K3] so that it normalizes M, as well as K.
From the symmetry of Jy, (+,-) under the automorphism 6 = Int(g;) [All, Lemma 3.3],
one deduces that
v, (k) = Tz, (v (k) w0) = Joar, (070 (k). O

= Jar, (30(08), ) = x(€) ar, (70 (k). w,)

= x(e)riy, (k),
for the complex number x(c¢) # 1 defined on p. 389 of [K3]. Therefore, rfﬂ) (k) =0.) The

proposition follows. O

In the special case that M = G, the proposition is essentially the assertion that the
map f — fs = f X uy commutes with transfer. To state this precisely, let ug’G be the
image of the unit u¥ in SZ(GY,CY), for S DV D Viam(G, (). Assuming only that V

contains V,,, we define a map a® — (a%)y from SZ(Gy,(y) to SZ(Gs,(s) by setting

(CLG):S _ {CLG X ’U,Z’G, if Vv D Kvam(G7<)v
0, otherwise,

for any a® € ST(Gy,(y). Setting M = G in the proposition, we obtain the following

corollary.
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Corollary 8.2. For any pair (G,() such that V' contains both Vigma(G) and Viam(G, (),

any endoscopic datum G' € E(G), and any function f € H(Gy,v), we have
(8.3) fs= (s
In particular, the function fg = (f x u¥)’ vanishes unless G' belongs to Ean(G, V). O

Proposition 8.1 is really just a restatement of the generalized fundamental lemma in a
form we can apply. Its role will become clear in §10, where we will derive endoscopic and
stable analogues of the expansion (2.8). Actually, for reasons of induction, the term with
M = @ in the expansion is best treated separately. We may as well take care of it now.

We write a$ (v, S) for the term with M = G in the expansion (2.8) for a“(y). That
is,

(8.4) afi(v,8) = > aGily x k)ra(k).
kekY (G,S)

ell
Here, V is a finite set of valuations that contains Viam (G, (), and S is a large finite set of
valuations that contains V. The associated linear form
(8.5) Ia(f,9) = >,  a&i(v.9fe()
Verell(G’Vag)

can be regarded as the “elliptic” part of the linear form I(f) of §2. As the notation

suggests, it depends on the choice of S. One sees directly from the definitions that

Ia(f,S) = La(fs), fs = f xuY,

for any S large enough such that fg belongs to Haam (G, S, ().

To define endoscopic and stable analogues of the coefficients (8.4), we write
§x=268x08%(0),

for the element in Af(G%,(s) associated to a pair § € A*(GZ,(y) and / € LS(GZ).

Following §2 further, we may as well write EZ’I‘S (G, S), for the set of £ € L (@Z) such that
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§ x £ belongs to A, (G, S, ¢) for some §, and LY (G, S) for the intersection of Egl’lg (G, 9)
with L(@g). We also write IC;’I‘g (G, S) for the set of k in K(@g) such that v x k belongs

to I'§,(G, S, ¢) for some v. We then define the analogues of (8.4) by setting

(8.6) agi(,8) = > aGif(y x k)ra(k),

keKVE(G,9)

for G arbitrary and v € T4,(G, V, (), and
(8.7) 56,9 = Y bGi(6 x Ora(b),
Ll f(G,S)

for G quasisplit and € Aeu(G, V., (). We can also define endoscopic and stable analogues
of the linear form I (f,S). Following (7.5) and (7.6), we set

15(f,9) = Z UG, G/>Se11(f/75)+5( )SSi(f,9),

G'e€Y,(G,V)

for linear forms §§{(-, S) on ST(G',V, ¢! ), which are defined inductively by requiring that
I§,(f,S) = Iu(f, S) in case G is quasisplit. Suppose that V contains Viuna(G), and that
S is large enough that the function fg = f x uy, belongs to Haam (G, S, ¢). It then follows

inductively from Corollary 8.2 and the definition (7.5) that

ell<f7 ) - eéil(fS)7

and

ell(f? ) ell(fS)

with f¢ = f xuY%. From the expansions of I%,(fs) and S§,(fs) in Lemma 7.2, we conclude

that

(8.8) IS8 = Y aGE(n9) felv),

’Yerfu(G:VaC)
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and

(8.9) SGES) = Y b5i(8,9)FE(0).

SEAE (GV,0)
These formulas represent a stabilization of the term with M = G in the original expansion
(2.8).

We turn now to the unramified spectral terms. The stabilization of these terms does
not rely on Assumption 5.2. It was proved unconditionally in [A12]. We have only to state
the main result of [A12] in the form we shall use.

The spectral terms require only one set of valuations V. We fix V, and consider a
pair (G, ¢) with V' D Viam(G,¢). We can then form the general set C(G", (") of families

of conjugacy classes, and the subset CY._ (G, () of families associated with the discrete

part of the trace formula. These sets were actually defined only for connected groups

in §3. For the K-group G, here, we simply take the union of the corresponding sets

attached to the components G, of G. As in [A12], it is necessary to construct a possibly

V,E

larger subset C.~ (G, ¢) of C(GY,¢Y), in order to accommodate induction arguments. We

define C\75(G, ¢) = €5 (G*,¢*) inductively as the union, over all inner K-forms G of

disc disc

G*, of the sets CY.

disc(G1, (1), together with the union, over all elliptic endoscopic data

G' € &%(G*,V), of the images in C(GY,(¢") of the sets C;’S‘i(é’,?). We recall here
that there is a canonical map from C((é’)v, (E’)V) to C(GY,¢Y) for any G’, which by

the definition takes C3:5 (G', ") to CE (G, ¢). We refer the reader to [A12, §2] for more

disc disc

detail. The construction of [A12, §2] actually uses larger sets CY . ( ) in place of C¥..( ).

aut disc

It provides a subset CY.5 (G, ¢) of C(GY,¢Y), which was denoted CY(G,¢) in [A12], and

aut

which properly contains cvE (G, Q).

disc

Suppose that M is a Levi subgroup of G. The discussion prior to Lemma 3.2 of this

paper was carried out in greater generality at the beginning of §4 of [A12]. It applies to any

V,E

ot (M, ¢). In particular, we obtain a meromorphic function

element ¢ in the larger set C

T]C\;AI(C)\)v AE a?\/l,Z,(C’
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for any ¢ in C.:2 (M, ).

disc
The next proposition is clearly parallel to Proposition 8.1. As stated, it is a special

case of [A12, Theorem 5]. It applies to triplets (G, M, () with Viam (G, () C V, and with

(G, F) is not being required to satisfy Assumption 5.2.

Proposition 8.3. For each triplet (G, M, () with G quasisplit, and each c € cve (M, ),

disc

there is a meromorphic function

s§i(ex) = s5-(ex), A€y 70

with the property that for any triplet (G, M, (), any endoscopic datum M’ € Eq(M,V),

and any element ¢ € CV¢ (M’, E’) with image ¢ in CV (M, (), the identity

disc
(8.10) rie) = Y wn(G,G)sL ()
G'e& (@)
holds. O

V,E

Corollary 8.4. Suppose that c belongs to Cy.(M, (). Then r$;(cy) is an analytic function

of A € iay, 5 that satisfies an estimate of the form (3.9). Similar assertions apply to the

function s§;(cy), in the case that G is quasisplit.

Proof. If ¢ belongs to C(‘{iSC(Ml, (1), for an inner K-form M; of M*, the required
properties of r§;(cy) follow from Lemma 3.2. We can therefore assume that c is the image

of an element ¢’ € CV’S(M’,Z’), for some M’ € E,(M*,V), Since M’ # M*, the datum

disc

G* does not belong to £y (G). We can assume inductively that for any G’ € €y (G), the

G

function sﬁll(c&) has the required properties. The properties for r%(cA) then follow from

(8.10).
If G is quasisplit, consider the identity (8.10), with M’ = M*. We obtain
s§ren) = 5T (e) =rSile) — 3 i (GLG)sS ()
MA\EX M*\CA MA\EX M ) M*\EN)-
G'eg?,. (@)
The required properties for s%(cx) then follow by induction, and what we have just es-

tablished for r§;(cy). O
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CV,S

If ¢ belongs to Cj..(M, (), the corollary allows us to write 7§;(c) and s§;(c) for the

values of r§;(c)) and s§;(c)) at A = 0. The identity (8.10) then takes the form
(8.11) rif@ = Y (G, G)sE ().
G'e€ . (G)
Proposition 8.3 is a kind of spectral analogue of the generalized fundamental lemma.

It is of course much easier. It is actually a tautology if M = G, since in this case
sg(en) =rglen) =1,

and there is nothing to prove. We shall use Proposition 8.3 in §10 to derive endoscopic
and stable analogues of the expansion (3.12). As before, it will be best to separate the
term with M = G from the rest of the expansion.

Following the discussion of the geometric terms, we write a§;, (7) for the term with

M = G in the definition (3.12) of a%(n). In other words,
c€CY,.(G.0)
since rg(c) = 1. The associated linear form
(813) It,disc(f) = Z acclisc(w)fG(W)
7Tel_-[t,disc(C;’a‘/7<)
can be regarded as the “discrete” part of the linear form I;(f) in §3. It follows directly
from the definitions that
It aise(f) = Tt.aise(f),

where f = f x u". Note the contrast with the geometric side, in that I qisc(f) does not
depend on a choice of a finite set S D V.

If ¢ belongs to C(GV,¢V), let ¢ (c) be the corresponding product of unramified Lang-
lands parameters

bu(cy) : Wpg, — LGva vEV.
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We also write
¢pxc=¢xe"(c)
for the element in ®¢(G(A), () associated to a pair ¢ € ®¢(G¥,(v) and ¢ € C(GY,¢Y).

We then define endoscopic and stable analogues of the coefficients (8.12) by setting

(8.14) agi(m)= > af.(rxo)
ceCt2(G.0)
for G arbitrary and 7 € 1§, (G, V, (), and
(8.15) @)= Y bdacldx0),
€€ (G10)

for G quasisplit and ¢ € ¢ dlSC(G, V., (). We can also define endoscopic and stable analogues
Itgdlsc(f) and Sfdlsc(f) of I; gisc(f). Following (7.11) and (7.12), we set
IEdisc(f) = Z (G G,)St’ dlSC(f,) + 5(G)Sgdisc(f>a
G'egd (G,V)

for linear forms St, on ST (é’ V. ), which are defined inductively by requiring that

disc
I£ 4iso(f) = Tpgisc(f) in case G is quasisplit. It follows inductively from Corollary 8.2 and
the definition (7.11) that

Itg,disc(f) = Itg,disc(f)
and

Stc,;disc(f) = SEdisc(f)?

for f = f xu". From the expansions of If: dice(f) and Sgdisc( f) in Lemma 7.3, we conclude

that

(816) Iifdisc(f) = Z adlSC( )fG( )
ﬂEHfdlsc(G,V,C)

and

(817) SEdisc(f) = Z dlSC(¢)fG(¢)
d)e(btgdlbc(G’V’C)

These formulas represent a stabilization of the term with M = G in (3.12).
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§9. A global vanishing theorem

In preparation for the global expansions of the next section, we shall prove a vanishing
theorem. It is the general form of the global vanishing property [A2, Theorem 14.2] for
inner twists of GL(n), which was used in the proof of [AC, Proposition 2.5.1]. It can
also be regarded as a global analogue of Theorem 8.3 of [A13]. The proof has the same
general structure as that of the local theorem in [A13]. However, there are additional
considerations that come from the global transfer factors.

We fix the global field F', and objects G, Z {, G*, Z*, (* and V, as in earlier sections.
Then G is a global K-group with central character data Z and (, G* is a quasisplit inner
twist of G with corresponding central character data Z* and (*, and V is a finite set of
valuations that contains Viam (G, ¢). In this section, we fix a Levi subgroup R of G*, with
dual Levi subgroup R cG. (As always, G represents a dual group for both G and G*.)
We shall say that R comes from G if R corresponds to some Levi subgroup M of G, in
the sense of the statement of Corollary 4.2 and the definitions of [A13, §1]. This means
that M II R has the structure of a Levi subgroup of the multiple group G II G*, and in
particular, that R is a quasisplit inner twist of M.

Let R’ be a fixed element in &g (R,V), or rather, a suitable representative
(R',R,s’,&R) of such an element. Suppose that o’ belongs to A((]?{{/)E/,g{/) The
results of this section will be trivial if G is quasisplit, so we assume that ¢(G) = 0. The

linear form

(9.1) 5= Y (@650 1), f € H(G, V),
G’ €€ i (G¥)

is then defined, according to our implicit induction assumption that the linear forms on
the right have been defined. The transfer mappings f — f’ are defined by the canonical
transfer factors for G’. However, R’ need not come from G. Therefore, (9.1) is really a

hybrid for G and G* of the linear form (6.2).
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Suppose for a moment that R does come from G. Then R corresponds to a Levi

subgroup M of G, and
Ig(o’, f) =I5 (9, f),

for the element ¢’ as in (6.2) that is defined by ¢’. The local vanishing property in
Proposition 6.2 tells us that this linear form vanishes unless ¢’ itself actually comes from
M.

The following theorem applies to the other case.

Theorem 9.1. Suppose that R does not come from G. Then
I5(o', f) =0,

for R and o' as above.

Proof. Recall that ¢’ depends on auxiliary data R’ and 53% attached to R. We shall
assume that for any endoscopic datum G’ € £(G*), the extension G’ is the associated
endoscopic datum in £(G*) [LS, (4.4)], for a fixed z-extension G of G. This condition
is purely for simplicity, and entails no loss of generality. It allows us to assume that the
extensions R’ — R’ attached to elements G’ € Ep (G*) are all equal.

The notation will also be simpler if we write
89 (0" ) =t (G, GNEL (o', ), G € Ep(GH).

(See [A13, Corollary 7.2].) This was the notation used to state the basic splitting formula
of [A13, Theorem 6.1]. To exploit the formula, we order the valuations vy,...,v, in V,
and agree to replace any subscript v; simply by <.

We can assume that
r=11+
i=1
where f; belongs to the local Hecke algebra
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We apply the splitting formula [A13, (6.3)] (or rather, its singular analogue in [A14])

recursively to the summands on the right hand side of (9.1). For a given G’ € Er/(G*), we

obtain
Si (o' f) =R (DSE(, (1)),
L
where L ranges over n-tuples (L1, ..., L,) of Levi subgroups in £(R), e% (L) is a constant

that vanishes unless the natural map

ap @ @ag — o’
is an isomorphism, and

SH( (") = TT Sk (o4 (1)
i=1
For a given G’ and L, L' = (L}, ..., L)) is the element in
E1 X X Ep, & =Er (L7) = Ery (L7,),
obtained by projecting the point s’ € s%Z(ﬁ)F/Z(é)F that defines G’ onto
SR Z(R)™ ) Z(L)" x -+ x sfZ(R)™ /Z(L,,) .

Observe that for any G’, L and ¢, L} can be canonically identified with a Levi subgroup of
G’ that contains the image of R’, and that the preimage E; of L in é; is a Levi subgroup
of é; We shall interchange the sums over G’ and L in the expression
(92) I = D, DR (LSE.(MHY)
G'eEp (G*) L
obtained from (9.1).
We fix an element L = (Lq,...,L,), and an associated endoscopic datum

L = (L,...,L

') in & X -+ x &,. We can then consider the sum over those G’ in

(9.2) that map to L’. We are free to choose the L-embedding
6 -T16. - £ =T[& — T=T[ %
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independently of G’. In particular, gj; does not have to be inherited from the embedding
¢: ¢' — LG’ attached to @, so long as the map f/ — (f)*" is interpreted as a transfer
from éﬁf to the Levi subgroup E’V that is taken with respect to a nonstandard embedding

of £ EQ, into © é@ We assume the coefficient e§ (L) is nonzero. The group
Z(L)" NN Z(La)" ) Z2(G)"
is then finite, and has an action
s: G — G!

on the set of G’ that map to L’. We shall actually restrict our attention to a certain

subgroup. Recall that E@SC stands for the preimage of the Levi subgroup Ez in @sc. The

group
(9.3) Z(Lyse) NN Z(Lnse)' ) 2L,

then maps injectively into Z(Ly)T N---N Z(L,)T/Z(G)T, and hence acts on the set of G’
that map to L’. We shall consider the orbit under (9.3) of a given G’. The contribution of

the orbit to (9.2) equals the product of ¢§ (L) with
(9-4) > Sk, (DY),
where s is summed over the group (9.3), and where

fo= 1% =11 % =TI

It will be enough to show that (9.4) vanishes.

We can assume that there is an s such that the function

in (9.4) does not vanish. This means that the local endoscopic data L} for G} each contain

points that are images of elements in G; = G,,. In particular, the Levi subgroup L; of G
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corresponds to a Levi subgroup M; = M,, of the local K-group G; = G,,. As we noted
earlier, the choice of M; includes structure that makes L; a quasisplit inner twist of M.

This allows us to identify El with the dual group of M;. We obtain a character
Gi= ¢

on mo (Z(Ei,sc)ri) that is independent of the choice of M;. (See [A13, Corollary 2.2] and
the remark following Corollary 4.2.) We can of course restrict EZ to the subgroup Z (Ei,sc)r
of Z(Ei,sc)ri. The product

o~ o~ o~

Cv(s) = Cils) - Cals),

is then defined for any s in the intersection of the groups Z (ELSC)F. It follows from [K3,
Proposition 2.6 and Theorem 2.2], and the fact that V' contains Viam (G), that the character
EV is trivial on ZC. It can therefore be identified with a character on the group (9.3).

To study (9.4), we have to investigate the canonical transfer map

It will be enough to deal with the normalized Langlands-Shelstad transfer factors, described

in §4, that are attached to strongly G-regular conjugacy classes. Let

A0, ), 0" € Ag-reg(Ly), 7 € Tieg(Gv),

be the restriction to E’V of the canonical transfer factor for Gy and G y,, modified to
the extent that the Ag(d’,7v) term in [LS1, (3.5)] is taken relative to an embedding

§’L: L' — LI’ that is independent of s. Then
X = Y A e
VGFrcg(GV)

We would like to compare A4 (¢, ) with the corresponding transfer factor A(¢’, ) for Gy
and G, .
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Lemma 9.2. The transfer factors satisfy

A(d,5) = Cv(s)A,7),
for any &' € AG_reg(z’V) and v € I'geg(Gv), and any s in the group (9.3).

Proof. Replacing G by a z-extension if necessary, we can assume that égf = G for
each s. (See [LS, 4.4].) In so doing, we suppress the embedding &, from the notation, and
simply identify G’ with an L-group “G’ of G!. We can also assume that ¢’ in an image of
7, in the usual sense of [LS, (1.3)].

We fix 4’ and . We also choose a global base point
(&',7), 8 e GU(F), 7€ G(A),
for (G, G.), as in §4. The absolute transfer factor is then a product

AS(élv '7) = A5(5/7 7;3/\/77V)A5(3/\/77V)7

of the corresponding relative transfer factor with its preassigned value at the image
(0%,7y) of (8',7) in G, x Gy. The preassigned value A,(6},,7y) equals the canoni-

cal product

(9.5) O Ak, @7,)

vEV

defined by (4.3). The relative transfer factor Ay (¢, 7;3/‘,,7‘,) is of course also canonical.
It is defined as a product of the relative local transfer factors of [LS, (3.7)] (modified for

local K-groups as in [A13, §2].) As such, it can be written as a product

Ars(d',7) ) Ar,s(9',7) ) Azs(0,7)
A1s(6y,7yv)  Ams(0y,7y) Az s(0y,Fy)

of four factors, corresponding to the local factors in [LS, (3.2), (3.3), (3.5), and (3.4)]. (We

(96) : A1,8(5,7773/V77V>

continue to index the various terms by s, to emphasize their dependence on GY.)
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Consider the three quotients in (9.6). If A, 4(¢’,7) is one of the three numerators, we

have a decomposition
n

Avs(8',7) = [T Ans(87,70)

i=1
into local terms attached to the valuations v; in V. For each i, 8} is a class in L(F;),
and s belongs to Z (Ei,sc)ri. It follows easily from the definitions in the relevant sections
(3.2), (3.3) or (3.5) of [LS] that A, s(d;,;) is independent of s, and can be ignored. In
the case of the numerator Aj 4(J},7:), we are relying on the fact that the embedding
5’“ L, — LL! is independent of s. If A, ,(5,,,7,) is one of the three denominators in

(9.6), we write

A*,S<SIV77V) *S 5/ _ H A*S 117,71) 1‘
vEV

Since ¢’ is defined over F, and since A, ((0’,7%) depends only on &, we deduce that
A, s(0",%) = 1, as in the proof of [LS, Theorem 6.4.A(ii)]. Now G, is quasisplit for

any v € V', and therefore has an absolute local transfer factor
AS(S;;:WJ = ALS(S{U77U>AII,S(S;}77’0)A175(3’,077U>A2,3(3{U77’U>'

The extra term Aj 4(d),7,) here is defined in [LS, (3.4)], while the splitting for G, on
which the absolute factor depends is assumed to come from a fixed splitting of G* over F'.

We have thus far shown that (9.6) equals the product of the expression

(9.7) Ao, 8 ) ( TT 2156077 (T 266 7.))

gV gV
with a factor that is independent of s.
Consider the product of (9.5) with (9.7). The terms A, g, (0),7,) and A(d),7,) in
these two expressions both represent transfer factors for G,,. They differ only insofar as

they are defined with respect to two different splitting of the quasisplit group G,. Recall

that it is the term Ay, defined in [LS, (3.2)], that depends on the splitting. However, the
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dependence is mild, and is uniform in (¢’ ,7,). More precisely, if (6v, 7,) is any other base

point for (G; ,,G,), we obtain

AS,Kv (3;7 WU)_IA (5/ 77@)

from [LS, Lemma 3.2.A]. The second base point (EL, 7,) need only be local. We can choose
3;, to lie in R!, and still be an image of a point 7, in G,,. Since s belongs to Z(ﬁsc)r”, the
definitions in [LS, (3.2)] imply immediately that AI,S(EL,ﬁv) and Ap sk, (E;,ﬁv) are both

independent of s. The term

As K, (SL,WU)_lAS(EL,TU)
in the product of (9.5) with (9.7) can therefore be ignored. We conclude that the original
transfer factor A;(d’,7) can be written as the product of

— — -1 _
(9.8) A1o' 5,3) (T 815G 7,)) - do@ )
vEV

with a factor that is independent of s.
We turn now to the relative term Aj (3, 7; 85,7y ). It of course depends on s through

the semisimple element

/

I
sy = 5's

in G that is part of the endoscopic datum G!. As usual, s’ = s} denotes the corresponding
element attached to the fixed endoscopic datum G’ = GY. The term also depends on s
through the global base point (&§,7). To keep track of this secondary dependence, we shall

write
0", 7) = (55 7s)-

The relative term is defined as a product
A1,8(5 y Vs sV:fysV HAlS 627’%’ zvﬁs,i)
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of local factors for the valuations v; in V. As in §4, we write T for the centralizer of &
in G/, and we fix an admissible embedding of T? into a maximal torus Ty of G*. Then T}
depends on s, but has the compensation of being defined over the global field F'. For each
i, we write T} for the centralizer of 0; = ¢, in Lj, and we fix an admissible embedding of
T/ into a maximal torus T; of the Levi subgroup L; of G*. Then T; is defined only over

2

the local field F;, but is independent of s. Following [LS, (3.4)], we form the torus

Ui s = Ti,sc X Ts,sc/{(z_la Z) VS Z(G:c)}

El

over F;. The local factor Ay 4(9}, 71;3;’1-,75’1-) is then defined by the pairing of an element

0f, i

(9.9) inv(#) = vt x Ty,
/ — 2 )
5,1‘775,1

in H'(F;,U; ;) with a point

(9.10) (s9)vi, = (8'8)1; x (8')7,

in (ﬁiys)r i. The element s’ here is any point in @SC whose image in @ad coincides with
that of s’.

The element s ranges over the group (9.3). In particular, we have objects &4, ¥;, T},
T; and U; ; corresponding to the element s = 1. To compare the local relative factor Aj g

with its specialization A;; at s = 1, we introduce a torus
Us =Tise x Tsse/{(z71,2): 2€ Z(GE)},

which is defined over F. Now there is no simple relation between the points (s')7 and
(5's)7 in TLSC and Ts,sc- However, since s is a I'-invariant element @SC, I' acts on the two

points by translating each of them by identical elements in ZSC. The product
(gl)fl X (:;/8)?3
therefore represents a I'-invariant point u in the dual torus

Us = Thge X Tose/{(2,2): 2 € Zs.}.
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We write A1(5'17i,717i, 5’,5’1-,75’1-) for the factor obtained by pairing the element

in HY(F;,U,) with u,.

We can write

(gls)Ti = (gl)Ti S,

since s lies in the center of ELSC. The point (9.10) therefore equals the product of a point

(9.11) ()7, x (3's),

with s x 1. There is a canonical map of (ﬁ7SC)Fi into (ﬁi,s)n, and s x 1 is by definition
the image of the point s € (ﬁ,sc)ri. The dual map of H'(F;,U; 5) into H'(F;, T} .q) takes
the class (9.9) to an element inv(8}, ;) in H'(F;, T; .q) that depends only on (8}, ~;). The
pairing of (9.9) with s x 1 is then equal to the pairing of inv(d},~;) with s. It follows that

Ay 5(67,7i5 9% 4, 7s,;) equals the product of

(inv(8],7:), s)

with the value of the pairing of (9.9) with (9.11). The value of this last pairing can be
rewritten according to a general transitivity property [LS, (4.1)]. It equals the product of
A1 (07,7630 45 71.4) with Ay(8) 5,743 0% 4, 7s.4), by a natural variant of the proof of [LS,
Lemma 4.1.A], and the definitions above. (The transitivity property does apply here, even
though the endoscopic groups G! and G’ are distinct. The point is that they share the

Levi subgroup L; that contains ¢;.) We conclude that Ay s(8;,7i; 05 ;5 7s,;) equals
<inv(5£, ¥i)s 3> Al(gi,m Y1,i5 Sls,i, Vs.i) A11(07, vi; _ll,iv Y1.i)-

Observe that the third term in the product is independent of s, and can be ignored.
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We have obtained a decomposition of the first term in the product (9.8). Combining
this with the other two terms in (9.8), to which we add subscripts s, we see that As(d’,7)

equals the product of

(9.12) H (inv (37, 1),

013 ([5G0 0700) (] 21e@mo) dr)
i=1 vgS
and a factor that is independent of s. To complete the proof of the lemma, we shall show
that (9.13) is independent of s, and that (9.12) equals Cy (s).
Consider the expression (9.13). The relative pairings that constitute the factors of
the first product have been defined for valuations v; in V', but they make sense for any v.

Suppose that v is not in V. Since G, is quasisplit, the relative pairing for v splits into a

product of two absolute pairings. We obtain

Al(_ll,vvﬁl,v;gg,mﬁs,v) Al 1(51 v771 v)Al 8(55 vvfys v)_lv

by a simple variant of the formula stated prior to Lemma 3.4.A of [LS]. The adelic relative
pairing

Ay ( 17’7176,775 HAl 61 1;771 1;76, v’is,v)v

defined by a product over all v, also splits. This is because it factors through the image of
the map
P H (F,,U,) — H'(F.U,(A)/U(F)).

Recalling the definition of d,(d,,7,) in §4, we obtain
A ( 17’717 5/ 778) = dl(_,1771) 1d (557’75)

from the natural variant of the formula [LS, (6.3.2)]. It follows that (9.13) equals

(TT 201G ) d@7) ",

veES
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and, in particular, is independent of s.

To deal with (9.12), we have to evaluate the complex number obtained by pairing the
class inv(d},v;) in H(F;, T; .a) with the point s in (ﬁ.ysalﬁ' Since s lies in the group (9.3),
it can be represented by an element in Z (Ei,sc)ri. It follows from [K3, Theorem 1.2] that
the pairing factors through the image of inv(d},v;) in H'(F};, L; aq). Now inv(d},;) is the

class of the cocycle obtained by composing a function
v Iy — T s

with the projection of T s onto T; ,q. There is no harm in letting 7; stand for a represen-

tative in
M, o, (F}), a; € mo(M;),

of the given conjugacy class, of which 0, is an image relative to M;. The function v; is
then defined as

vi(T) = Rty o, (T)7(hi) 1, Tely,
where (¢;,u;) is a frame for the multiple group M; II L;, and h; is a point in L; s, such
that

hitia, (Vi) hy"

equals the image of d] in T;. (See [LS, (3.4)] and [A13, §2].) The image of inv(d/,~;) in
HY(F;, L 2q) is actually independent of h;. It is just the class of the cocycle obtained
by composing the function u;, with the projection of L; s onto L; .q. This class is the
element in H'(F}, L; ,q) that defines M, ,, as an inner twist of L;. Its pairing with s equals

Zi(s), by definition. Taking the product over i, we conclude that (9.12) equals the product

o~ o~ o~

Cv(s) = Cu(s) -~ Cnls).
We have shown that A4(d',7) equals the product of ¢y (s) with a factor that is inde-
pendent of s. Since A(d’,7) is the value of Ag(d',7) at s = 1, we obtain
As(élv 7) = QV(S)A((S/: 7)
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This completes the proof of Lemma 9.2. OJ

Lemma 9.3. The character

o~

Cv(s), s € Z(L1se)" NN Z(Lpse)' /2L,

18 nontrivial.
Proof. Set A = (Z(ﬁsc)r)o. We shall also write A; = (Z(Ei,sc)r)o, for each 7. Since
the constant e R* (L) is nonzero, the vector space ar equals the sum of the subspaces aj,

and () ar,. This implies that A can be written as the product of A; with the group
J#i

A" =) 4;,

JFi

for any ¢ between 1 and n. Set

Z=7Z.NA=2ZnA.
Then ZA; is a subgroup of Z(Eiysc)lﬂ, and we have an injection
ZA N NZAZ — Z(L1se)" NN Z(Lnse) /25
It is enough to show that the character

z — (v (2), ze ZA1N---NZA,,

is nontrivial.
Let

z— (21, 2n)

be the composition of the maps
ZAN---NZA, — [[(ZAi/A) — ](2/Z 0 A).
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Suppose that (21, ..., 2,) is any point in Z". For each 7, we can write
2 = a;a’, a; € A;, a' € A"

Then o' = ziai_l belongs to ZA;. Since it also belongs to A;, for each j # i, a’ lies in the
domain ZA; N---NZA,. The image of a’ in ZA;/A; equals 1 if j # i, and equals z; if
j = 1. Therefore

z=a"--a"

is an element in ZA; N---N ZA, whose image in [[(Z/Z N A;) is (#1,. .., 2,). For any i,

we observe that

G(2) = [T G(@) = Gila') = Gz,
J
since a’ belongs to the subgroup A; of the kernel of QA}, for any j # i, and since a; also lies

in A;. We conclude that

(914) ZV(Z) = Zl(zl) o ‘Zn(zn%
for any point (z1,...,2,) in Z™.
The assumption from Theorem 9.1 was that the Levi subgroup R of G* does not come

from G. It follows from Corollary 4.2 that there is an ¢ such that a is nontrivial on the

group

Z =750 (Z(Reo)")’.

The character (9.14) is therefore nontrivial. The proof of Lemma 9.3 follows. O

We can now return to the proof of the theorem. It suffices to show that the sum (9.4)

equals zero. Consider the function (f/)%" in the summand. If &’ belongs to AG_reg(z@),

S

we have
EDF @) = > A fal)

VGFrcg(GV)

> Cv()AW, ) faly)

= v () (™),
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by Lemma 9.2. It follows that

’

(F)F =G () ()"
The expression (9.4) then factors as a product
(D) Sk, (™).

We recall that the sum here is over elements s in the group (9.3). Since the character EV
is nontrivial on this group by Lemma 9.2, the sum vanishes. As we have seen, this implies
that the original expression (9.2) for I§(o”, f) also vanishes. We have completed the proof

of Theorem 9.1. O

Theorem 9.1 has a natural spectral analogue, which we can state as a corollary. With
R and R’ fixed as at the beginning of the section, we choose an element ¢’ € ® ((R“%/)Z ' Z{/)

The linear form

(9.15) EW.H= 3 w(@. .S W, £, f € H(G,V,0),

G/ €€ (G*)

is then defined according to our implicit induction hypotheses. If R corresponds to a Levi

subgroup M of G, we have
IR f) =I5 (¢, ),

for the element ¢’ as in the spectral analogue of (6.2) that is defined by #’. The local
vanishing property in Proposition 6.4 tells that this linear form vanishes unless ¢’ itself

comes from M.

Corollary 9.4. Suppose that R does not come from G. Then
I, f) =0,

for R' and v’ as above.
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Proof. The proof is identical to that of the theorem. The spectral analogue of the

stable splitting formula quickly reduces the problem to showing that any sum
> SEWL ("),

over s in the group (9.3), vanishes. This follows from Lemmas 9.2 and 9.3, as in the final

stage of the proof of the theorem. O
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§10. Endoscopic and stable expansions

We now take a significant step towards a stabilization of the trace formula. We shall
establish endoscopic and stable analogues of the expansions in §2 and §3. The results
of this section include global analogues of the local expansions in [A13, Theorem 9.1].
The proofs will follow the same general pattern. In particular, they will depend on the
vanishing theorem we have just established. We note that our use of the term “stable” is
somewhat premature. We will not be able to prove the stability of the appropriate linear
forms until a subsequent paper. Only then will we be able to claim to have stabilized the
trace formula.

We fix our global objects G, Z, ¢, G*, Z*, (*, and V, as at the beginning of §9. In this
section, we also fix a minimal Levi subgroup My of the K-group G, with a corresponding
Levi subgroup Mj C G*, as well as a minimal Levi subgroup Ry of G* that is contained
in Mg. We then have the Weyl group Wi = W§ = W (Ry) of (G*, Ry), as well as the
Weyl group Wy = W§ = WE(My) for (G, My). The former acts on the set £* = L& of
Levi subgroups of G* that contain Ry, while the latter acts on the set £ = L& of (M-
equivalence classes of) Levi subgroups of G that contain Mj. (See [A13, §1].) The image of
L under the natural map M — M* is the subset L(M{) of L*. A general element R € L*
comes from G, in the sense of the last section, if and only if its W-orbit meets £(M). If
G’ is any endoscopic group for GG, we can also form the set £ = £ and the Weyl group
W} = WE". Both of these of course depend on a fixed minimal Levi subgroup of G’.

The expansions of §2 and §3 were established for connected groups, but they carry

over verbatim to the K-group . For example, we obtain an expansion for the linear form
I(f)= Y I(fa) f =@ fa
aemo(Q) “

on H(G,V,() by taking a sum of the expansions given by Proposition 2.2. We leave the

reader to check that Proposition 2.2 and the other results of §2 and §3 apply to G as stated,
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even though the sets £, WM, W, etc., now have a slightly different meaning. We shall
freely quote them as results on G.

We begin by applying a formal construction to the linear form I. As in the construction
preceding Lemmas 7.2 and 7.3, we set

(10.1) Efy= > UGG (f)+e(G)SY(f), f € H(G,V,Q),

G'e€l (G,V)

for linear forms S’ = SC on the spaces ST (é’ V. E’ ), which are defined inductively by the

supplementary requirement that

(10.2) I5(f) = 1(f),

in case G is quasisplit. As usual, we have to know that for any G’ € £3,(G, V), the symbol
S’ makes sense. We assume inductively that if G is replaced by a quasisplit inner K-form
of G/ , the corresponding analogue of S¢ is defined and stable. We propose to establish
expansions of these new distributions in terms of the objects constructed in §6 and §7.
For the geometric expansions, we first recall the linear forms I, (f) and S, (f)
defined in §7. The expansions of Lemma 7.2 for these forms are to be regarded as the
purely “orbital” terms of larger geometric expansions for I¢(f) and S“(f). To construct
the remaining terms, we consider the differences I¢(f) — IS, (f) and S (f) — SG, (f), for

a fixed function f € H(G,V, ().

Theorem 10.1. (a) If G is arbitrary,

(10.3) IE(f) =I5, () = > W > d™E()I5( ).

MeLo ~yeTE(M,V ()

(b) If G is quasisplit,

(10.4) SC(f) =SS (f)
= S wwdt YDy S RSSO ).

MeLo M’'€Eq(M,V) 5’€A(M’,V,Z’)
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Remark. If G is quasisplit, Global Theorem 1’(b) of §7 asserts that the distributions
S¢(M',4') are stable, and vanish unless M’ = M*. If this is so, the formula (10.4)

reduces to

(10.5) S = SSu(H) = D w0 vM(6)85 6, ).

MeLo SEA(M,V ()

Proof. Let us write I¢°(f) and S%°(f) for the right hand sides of (10.3) and (10.4)

respectively. The main step is to show that the difference

(10.6) (I5(F) = Lo () — (@) (S9(F) = SGn ()

of the left hand sides of the two formulas equals the corresponding difference
(10.7) I50(f) = e(G)S9(f)

of right hand sides.
According to the definitions (10.1) and (7.6), the difference (10.6) equals
> UG GE)ET(S) = 85 ()-
G'e€l (G,V)
We assume inductively that for any G’ € £9,(G, V), part (b) of the theorem holds for any
quasisplit inner K-form of G’. We are also carrying the general induction hypothesis that

part (b) of Global Theorem 1’ holds for any such G/, so we can assume that the analogue

of (10.5) holds for G’. It follows that (10.6) equals
> UGG D WIS T SR (@),
G'e€Y (G,V) R'e(L')°

where

Sw(@) = > ()5S (o, 1)

o' €A(R!,V,CT)
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Lemma 10.2 Suppose that
Sr (G, G e&(G"), R e[,

is a family of complex numbers that depend only on the Autgs(G’)-orbit of R’, and that
vanish for all but finitely many G'. Then

d>oouen e Y W IIWE T S (G)
G'€En (G*) ReL’

equals

> IWEIWE | R(GT)
ReL*

where

IRG)= Y  WRER) Y  r(GG)Sk(G).

R'e&an(R) G'€ER (G*)
Proof. The statement of this rearrangement lemma matches that of its local coun-
terpart [A13, Lemma 9.2]. The proof is also the same, apart from the fact that the global
coefficient +(G*, G") is slightly more complicated than the corresponding local coefficient.

According to [K2, Theorem 8.3.1 and (5.1.1)], we can write

WG, G = ‘OutG*(G’)‘_I}Z(@’)F/Z(@*)F}‘kerl(F, Z(G"))| [ker! (F, Z(é*)}‘l,

where
Oute-(G') = Aute-(G')/G*,

and ker? (F, Z(@*)) is the subgroup of locally trivial elements in H*(F, Z(@*)) It is the
factor

}ker1 (F, Z(CAT")) } }ker1 (F, Z(CA?*)) }_1

that is the extra global ingredient. However, this factor equals the corresponding factor

‘kelr1 (F, Z(ﬁ')) ‘ }kelr1 (F, Z(fi)) ‘_1
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in the formula for the coefficient (R, R’). (See for example [A12, Lemma 2].) In other

words, the extra factors do not contribute to the quotient
L(G*,G(R, R

At the end of the proof of Lemma 9.2 of [A13], various constants were seen to cancel.
The contribution of the local analogues of «(G*, G") and ¢(R, R’) to the argument was as a
quotient of one by the other. The argument therefore carries over to the global situation
at hand. The proof of the global lemma here thus reduces to that of the local lemma in

[A13]. O

Returning to the proof of Theorem 10.1, we apply the lemma to the last expression
we obtained from (10.6). We set Sgr/(G’) equal to zero if G’ belongs to the complement of
ES(G,V) in E(G*), or if R' equals G'. Then Sg/(G") is supported on a finite collection of

groups G’. The lemma provides an expansion
YoWEIWETT Y WRER) Y ww(GE)Sk(E),
ReLl~ R'€€n(R) G'e€p (G*)

for (10.6). Substituting for Sgr/(G’), we conclude that (10.6) equals

(10.8) SOWEWE T Y WRE) Y b0 B ),
Re(L*)0 R'€€an(R,V) o' €A(R!,V,C)

where

Br(d.f)= Y wr(G.GYSC (1.

G'e€l,(G)
We claim that

Br/(o', f) =15(c', ) — e(G)SE(R', o', f).

If e(G) = 1, the map from £ to L£* is onto, and R is the image of a group in £. The formula
in this case is just the definition (6.2). If ¢(G) = 0, the image of £ in £* is proper, and

need not contain R. However, £%,(G) equals Er/(G) in this case, and the formula follows
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from the definition (9.1). Having justified the claim, we consider the contribution to (10.8)
of the two terms in the formula for B/ (o', f). The contribution of the second term is just
the product of ( — &(G)) with the right hand side S¢°(f) of (10.4). For the contribution
of the first term I§(o”, f), we appeal to Theorem 9.1. According to this theorem, I&(o”, f)
vanishes unless R comes from G, which in the present context means that (R, R’,c’) lies

in the W-orbit of a triplet
(M, M5, Me L0, M' € Eq(M*,V), &' € AML', V().

If (R, R',0') does have this property, we can write I&(o’, f) = I§(&8', f), u(R,R') =
(M, M’"), and bﬁl(a’) = bﬁl(é’). The contribution of I§,(o’, f) to (10.8) can therefore
be expressed in terms of a sum over M € £9. By familiar counting arguments, we have
only to replace the coefficient |[WE||[W |~1 in (10.8) by [WM||[W§|~t. We conclude that

(10.8) equals the difference between the expression

(10.9) STowwEt Y w My Y B )
MeLo M'€Eai(M,V) EINITIRD
and
£(G)SEO( ).

According to (6.4) and Proposition 6.2, the term I5,(¢’, f) in (10.9) has an expansion
i@, )= > Aul NGO
~ETE (M, V()
We substitute this expansion into (10.9), and then take the sum over 7 outside the sums
over M’ and ¢’. In the special case that G is quasisplit, our general induction assumption
implies that part (b) of Global Theorem 1’ holds for any M in (10.9), since M is summed
over proper Levi subgroups of G. The definition (7.1) therefore takes the form

M= YTy Y @A),

M’EECII(M7V) 6/€A(M/7V”5)
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in general. Substituting this into (10.9), we obtain an expression

Sowtiwg Tt > aMEWIG (L )

MeLo "yEFg(M,V,C)

that is just the right hand side I€:°(f) of (10.3). We have shown that (10.8) equals the
difference (10.7). But (10.8) equals the original expression (10.6), so we have completed
the task of showing that (10.6) equals (10.7).

We can now finish the proof in the usual way from the equality of (10.6) and (10.7).

If e(G) = 0, we see immediately that

IE(f) = IS (f) = T°(f),

which is the required identity (10.3). Suppose that e(G) = 1. Then I€(f) — I, (f) equals

I(f) — Iown(f) by definition. Moreover, I1€:°(f) equals the expression

()= Y wwg it >0 @M I ),

MeLo ~yel(M,V,C)

according to the definitions (6.3) and (7.2) (along with (6.1) and (6.5)) of the original
terms in the two expansions. Since I(f) — Iom(f) equals I°(f), by the original expansion
(2.9) and the definition (2.11), we again have the required identity (10.3). The remaining

terms in (10.6) and (10.7) then give the identity

SE(f) = SSL(f) = S0,

which is just (10.4).

Observe that we have established the absolute convergence of the expansions (10.3)
and (10.4). This is a consequence of the inductive proof of the theorem, and the absolute
convergence of (2.9). One could also apply the argument of [A8, §3], together with the
appropriate splitting and descent formulas, to show directly that the summands in (10.3)

and (10.4) have finite support. O
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Theorem 10.1 provides expansions with which we can investigate the distributions

IE(f) — IE, (f) and SC(f) — S&, (f). We shall also need expansions of a similar form

orb

for the more elementary distributions I, (f) — I5,(f, S) and S&

S (f) = SG(f,S). This is
essentially the question of establishing formulas for the coefficients a“+¢(y) and b%(9) that
are parallel to (2.8). The expressions (8.6) and (8.7) for agl’g(% S) and b5,(8, ) can be
regarded as the terms with M = G in such expansions. It is therefore enough to study the
differences a%¢ () — agf‘g(% S) and b9 (8) — b5,(6, S).

For the next proposition and its corollary, we assume that V contains the finite set

Viund (G) of Assumption 5.2.

Proposition 10.3. (a) Suppose that vy belongs to T€(G,V, (), and that S DV is a large

finite set. Then

(10.10) () —adf (1, 8) = DWW D0 e (v x R)rfi (k).
MeLo keKY® (M,S)

(b) Suppose that G is quasisplit, that § belongs to A®(G,V,(), and that S D'V is again a

large finite set. Then

(10.11) bY(6) = b5i(6,8) = D [WMIWETH DY bi(6w x 0)s5i(0)
MeLo teLY (M,S)

ol
if € lies in the subset A(G,V,() of A (G, V, (), while b%(8) —bS,(5, S) vanishes if & lies in
the complement of A(G,V,().

Proof. The required expansions clearly have the same general structure as those of
Theorem 10.1. The connection becomes more obvious if we reformulate the proposition in
terms of the distributions

()= I8(£8) = D (a9() —agi® (v, 9) fa()
~yel€(G,V,C)

and

Sen(/) = Sq(f,8) =" > (6900 —bGi(8.9)) F&(0).

SEAE(G,V ()
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The two expansions are provided by Lemma 7.2, (8.8), and (8.9).

Set

£,
I8 = > (W wg|~ Z (35)r5 (3rs» ),
Me/Lo

where g = v x k is summed over the product of I'4,(M, V, ¢) with ICg’lg (M, S), and

i (s, ) =5 (k) far (7).

G’S(W) ell (%5)

in the first expression above by the corresponding right hand side of (10.10), and then

Then I f;g (f,S) is the linear form obtained by replacing the coefficient a

changing variables in the sum over . The function f € H(G, V, () can be allowed to vary
freely without affecting S, as long as the support of f remains bounded. Part (a) of the

proposition is therefore equivalent to the identity

Iorb(f) ell(f7 ) _Ifrk?(fv S)

Similarly, if G is quasisplit, set

Sg‘bo Z ‘W(,{MHWOG‘ 1z:bell 55 SM 5S7f)7

MeLo

where dg = § x £ is summed over the product of Aen(M,V,¢) with £Y,(M, S), and

s§1(0s, ) = s§r (0 fM(6).

Then SG (f,S) is the linear form obtained by replacing the coefficient b<(8) — b5(6, S)
in the second expression above by 0 if § does not lie in A(G,V, (), and by the right hand
side of (10.11) if 6 does lie in A(G, V, (). Part (b) of the proposition is then equivalent to

the identity
Sorb(f) ell<f7 ) S$£<f75)

We now proceed as in the proof of Theorem 10.1. According to the definitions in §7
and §8, the difference

(1012) (Iorb(f) ell(f S)) (G) (Sorb(f) ell(f7 ))
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equals

Z UG, G") (Sorb(f ) — Sen (f S))

G'e€Y,(G,V)

We can assume inductively that

G () = 8/ (,9) = 8501, 9),

for any G’ € £Y,(G, V). After making the appropriate substitution, we apply Lemma 10.2,

as in the proof of Theorem 10.1. We find that (10.12) equals

Z |W(FHW0 i Z YR, R) Zbell 65)Br (65, f),

Re(L*)0 R'€&(R,V)

where 4 is summed over the product of Aeu(fi’ V. E’ ) with £Y,(R', S), and

Br(osf)= 3. ww(G.G)5E (5% 1.

G'eel, (@)

As in the proof of Theorem 10.1, we shall break Br/ (5%, f) into a sum of two terms.

In this case, the decomposition takes the form

Br(ds.f)= Y. (GG (8%, ) —e(G)sUR . 6%, f).
G'eEpi (G)

where
G* . . / ./ .
G Y _ S (Us,f), if R = Rand ¢ =0g,
R, & f) =1 °R s
CSELERD {O, otherwise.
The contribution of the second term to (10.12) is just the product of ( — &(G)) with
SG 0

orb

(f,S). The contribution of the first term will be given by the generalized fundamental
lemma, or rather its formulation in Proposition 8.1. If 6% = ¢’ x ¢, the first term equals

S (GG (6%, )

G'EER (G)

(Y w(@)L ) ().

G/ EER (G)
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This vanishes if R does not come from G, by the definition of f RI(O'/ ). On the other hand,
if (R, R',0") lies in the W -orbit of a triplet (M, M’,§") that comes from G, Proposition

8.1 tells us that the first term equals

rir (.M (8) = r§ (0 £ (6),

where § x £ is the image of 6’ x ¢ in the product of AS,(M,V,() with LV¢(M, S). By
the usual counting arguments, we can therefore write the contribution of the first term to

(10.12) as

(10.13) SowiwETt Y M, M) Zbeu G (05, 1),

MGL:O M’Ggell(MaV)

where (5{9 = ¢’ x {' is summed over the product of Aen(M "V, Z’ ) with £Y,(M’, V), and

T]?J(&S‘vf) = TM( )fM( )-

We have shown that (10.12) equals the difference between (10.13) and (G )Sgg(f S).

Consider the expression (10.13). We can actually sum M’ over the larger set (M, .5),
since Proposition 8.1 asserts that the factor 7§, (¢) in the corresponding summand vanishes
if M’ lies in the complement of Eqy (M, V) in Eq(M, S). Moreover, the term rjc\i[(éfg, f) can

be expanded as a sum over ¥g. It follows from (8.1) and the definitions above that
rin (05, ) = D Anr (. 45)rSi (3, £),
s
where g is summed over the product of I', (M, V, () with IC};’IS (M, S). Finally, in the
special case that G is quasisplit, our general induction hypothesis implies that part (b)

of Global Theorem 1 holds for any M in (10.13). The definition (7.3) therefore takes the

form

adf(s) = D oMM M (65 An (s, s),
M’Egcn(M,S) 5{9
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in general. We conclude that the inner sum over M’ in (10.13) equals
£ .
D gy (s)rfi Gis. f).
s
The expression (10.13) itself is then equal to I 510( 1, 9).

We have shown that the original expression (10.12) is equal to

I50(f,5) — e(Q)SS(F. ).

The proof of the proposition can now be completed in the usual way, exactly as in Theorem

10.1. U

Proposition 10.2, together with (8.6) and (8.7), reduces the study of the coefficients
a%€(y) and b% () to that of the elliptic coefficients agf‘g(ﬁs) and b5 (dg). In particular,

we obtain

Corollary 10.4. Global Theorem 1 implies Global Theorem 1’. U
The spectral expansions depend on a nonnegative number ¢, but will otherwise be

parallel to those above. The starting point is the linear form I; of §3. Given ¢, we set

(10.14) IF()= Y uGG)S(f)+e(G)SE (), feM(G,V,0Q),

G'eE0 (G,V)

ell

for linear forms §;, = §§ " on the spaces SZ(G',V, ¢! ), which are defined inductively by

the supplementary requirement that

(10.15) IF(f) = Li(f),

in case (G is quasisplit. We assume inductively that if G is replaced by a quasisplit inner
K-form of G’ , for any G’ € £9,(G,V), the corresponding analogue of Sgl is defined and
stable.

The link between the geometric and spectral expansions is provided by the following

analogue of Proposition 3.1.

141



Proposition 10.5. (a) If G is arbitrary, the linear forms
IE (), f€H(G,V,Q), >0,
satisfy the multiplier convergence estimate (3.3), and the formula
() =2 I ().
t
(b) If G is quasisplit, the linear forms
e (), feH(G,V.Q), t =20,
also satisfy the estimate (3.3), as well as the formula
SE(f) =D S ()
t

Proof. We assume inductively that (b) holds if G is replaced by a quasisplit inner
K-form of G, for any G’ € ESG, V). If a € C(hZ)We= is a multiplier for G, there is a

multiplier o € Cg° (65 "YW for G such that

&' (v + dij,) = a(v), v ebz/ag 70

and
(fa) = fir feH(G,V,Q).
(See [A10, (7.9)].) It follows that the linear forms
() —-e@s7 (= Y uGE)Su(f), fEHG.V.Q), t20,
G'egl (G,V)
satisfy the estimate (3.3). Furthermore, we observe that
I°(f) = e(G)SE(f)
= Y. uGE)§()

G'e€l(G,V)
=S uc.a) Y S
G’ t
=" (IE () —(G)SE().

t
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The proposition follows from Proposition 3.1, (10.2) and (10.15). O

Suppose now that ¢ is fixed. The expansions of the linear forms I7 ., (f) and S (f)
in Lemma 7.3 are to be regarded as purely “unitary” terms of larger spectral expansions of
If(f) and SE(f). For the remaining terms, we consider the differences I (f) — If:unit( f)
and SY(f) — Sfunit(f), for a fixed function f € H(G,V, ().

Theorem 10.6. (a) If G is arbitrary,
1016) L)~ Fuel) = X WHIWEI [ aME(m I, i

MELO Hf(M,V,C)

(b) If G is quasisplit,

(10.17)  SE(f) — ST (f)

t,unit

= wMWE S WM / DT (§)SS (M, ¢, f)de.

MeLo M’ €€ (M,V) @y (M7, V")

Remark. If G is quasisplit, and Local Theorem 2’(b) holds for G, the formula (10.17)

simplifies to

(1018)  SE(f) — SCu(f = 3 (W W / DM ()5S (6, f)do.

Me[:O CI:'t(MaV?C)

This is obviously parallel to (10.5).

Proof. The proof is essentially the same as that of Theorem 10.1. We write If (1)
and S&°(f) for the right hand sides of (10.16) and (10.17) respectively. The main step is

to show that the difference
(1019) (Itg<f) - IEunit(f)) - 6(G) (StG(f) - Stc,;unit(f))
of the left hand sides of the two formulas equals the corresponding difference

(10.20) I70(f) — e(G)SO(f)
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of right hand sides.

We have only to follow the earlier inductive argument, using Corollary 9.4 in place of
Theorem 9.1. The role of (10.9) is taken by the parallel spectral expansion

SOWIE Y ey [ BT e,
Meﬁ() Mlegell(Mav) cI)t’(M/7V’</)
into which we substitute the inversion formula
i@ )= > Auld,mIir, f)
rellf (M,V,()

that is provided by (6.6) and Proposition 6.4. At this point there is a minor difference in

the argument. Using the property
AM(¢/>\77T>\) = AM(¢/7W)7 A€ ia?w,Z/iaE,Z7

and the definitions of the measures d¢’ and dr in §7, we transform the resulting integral
over By (M’,V, ') and sum over I1€ (M, V, ¢) to a sum over & (M’,V,(’) and integral over
¢ (M, V,¢). The remaining discussion from the proof of Proposition 10.1 carries over
verbatim. It confirms the equality of (10.19) with (10.20), from which the proof of the
proposition follows. In particular, the absolute convergence of the integrals in (10.16) and

(10.17) follows inductively from the absolute convergence of the integral in (3.13). O

Finally, we shall derive expansions for the more elementary spectral distributions
IE i () = IE i (f) and ST, () — ST (f). This is essentially the question of establish-

ing formulas for the coefficients a“¢ () and b%(¢) that are parallel to (3.12). Since the

expressions (8.14) and (8.15) for a5:% () and b<

disc disc

(¢) can be regarded as the terms with

M = @G in such formulas, it will be enough to study the differences a“€ () — adGi’S‘i(W) and
bG(¢) - bgsc(¢)

Proposition 10.7. (a) Suppose that 7 belongs to 11 (G, V,¢). Then

G.E _ M.,E
(10.21) a®E(m) —agi(m) = > WMWY alis (mar x o)rf (o).
MeLo cecy e (M Q)
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(b) Suppose that G is quasisplit, and that ¢ belongs to ®¢(G,V,¢). Then

(10.22) b9 () = bGiuc(®) = D WIS D bie(dnr x ©)sTr(o),
MeLo cec¥E (M)

dise
if ¢ lies in the subset (G, V, () of ®(G,V,(), while b (¢p) — b§,.(¢) vanishes if ¢ lies in
the complement of ®:(G,V, ().
Proof. The proof is parallel to that of Proposition 10.3. In particular, we reformulate
the proposition in terms of the distributions
i) = B = [ (@®(r) = aG(m) fa(m)am
¢ (G,V,C)

and
59 lf) — 8% (f) = / (69() — 15e () FE(0)d,
¢ (G,V,Q)

with expansions given by Lemma 7.3, (8.16) and (8.17). We set
g, - £ i .
Toame(5) = 2 WRMIWEI™ [ agd (R)rfi (7, )
MeLo

and

S0 (= 3 (W wE / DAL (3)55(J, 1)do.

MecL®

The integrals are taken over elements 7 = 7 X ¢ in the product of Hi disc (M, V, () with

CY2(M,¢) and elements ¢ = ¢ x ¢ in the product of ®; gisc(M,V,¢) with CY25 (M, ),

disc disc

relative to the natural measures, while

rir (7, f) = i (e) far ()
and

s (6,.f) = 5 () fM (9)-
Part (a) of the proposition is equivalent to the identity

€,
If,unit(f) - IEdisc(f) = It,u?nit(f)?
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while (b) is equivalent to the identity

Stc,;unit(f) - Stc,;disc(f) Sfu?ut(f)

The proof of these identities proceeds as in Proposition 10.3. The role of Proposition
8.1 is taken by its spectral analogue Proposition 8.3. If ¢/ = ¢’ x ¢ belongs to the product
of AdiSC(M’, V, E) with CV‘S( ! C’) and has image ¢ x ¢ in the product of A%, (M, V,()

disc

with Cvg(M , (), Proposition 8.3 tells us that the expression

disc

> (G, G’)s~ @, ) (ZLM/ G,G')s (’))fM'(cb’)

G'e€r (G)
equals

ri1(0)f51(9).

Combining this formula with the other steps in the proof of Proposition 10.3, we deduce

that the required identities are valid. O

Corollary 10.8. Global Theorem 2 implies Global Theorem 2’. 0
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