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Introduction

Suppose for a moment that H is a locally compact group and that I is a discrete
subgroup of H. The problem of the spectral decomposition of LZ(I"'\H) has long been
known to be both difficult and important. In the 1950’s, Selberg introduced a trace
formula in certain special cases, and emphasized the importance of obtaining a more
general formula. The first goal of Selberg’s program was to construct the continuous
spectrum. One would then be able to restrict certain operators to the complement of
the continuous spectrum, namely the discrete spectrum. The second goal was to construct
an explicit expression for the traces of these operators on the discrete spectrum.

The most fruitful setting for the problem has been the case of a reductive Lie
group, and an arithmetic congruence subgroup. This is actually equivalent to taking
H = G(Ap) and T' = G(F), where G is a reductive algebraic group over a number
field F. The group of F-rational points is then a discrete subgroup of the group of
F-adélic points, and the quotient has finite invariant volume, modulo the center. In
this setting, Selberg’s program has been carried out ([12], [26], [28]). The trace formula

* Supported in part by NSERC Operating Grant A3483.



6 JAMES ARTHUR

takes the form of two different expansions of a certain distribution on G(A;). One
expansion is in terms of irreducible representations—spectral data—and includes the
trace on the discrete spectrum. The other expansion is in terms of conjugacy
classes—geometric data—and includes invariant orbital integrals.

The trace formula promises to yield deep information about the discrete spectrum
of L3(I"\H). However, there are serious problems still to be solved before this goal can
be fully realized. Most of the problems are local in nature, and involve the distributions
on the geometric side. Besides invariant orbital integrals on conjugacy classes, these
terms include more exotic objects, weighted orbital integrals, not previously encountered
in local harmonic analysis. It is believed that there are striking relationships between
orbital integrals—both invariant and weighted—on different groups. It is these identities
which must be established before the trace formula can be fully exploited.

A few years ago, Kazhdan suggested that there should also be a different kind
of trace formula, attached to a real or p-adic group. Suppose now that F is a local field
of characteristic 0, and that G is a connected, reductive algebraic group over F. Consider
the regular representation

(R(91,72) @) (x) = e(U7 " 22), @ € LA(G(F)), #,91,72 € G(F),

of G(F) X G(F) on the Hilbert space L?(G(F)). The spectral decomposition in this
case is less deep. It is given by Harish-Chandra’s Plancherel formula, which provides
a rather explicit decomposition

R = Rd!sc ® Rcont
of R into subrepresentations with purely discrete or continuous spectrum. Consider a
smooth, compactly supported function on G(F) X G(F) of the form

S22 = /() fo(22), 21592 € G(F).
Then

RU) = [ | AGIAO) RO 1

G(F) v G(F)

is a bounded linear operator on L2(G(F)) which has a decomposition
R(f) = Rao(S) © Reous(Sf)-

Kazhdan’s proposal amounts to finding an explicit formula for the trace of the ope-
rator Ry, (f). The purpose of this paper is to establish such a formula.
The operator R(f) maps any function ¢ € L3(G(F)) to the function

RN =] [ L0AD) e ) dudy
=[] Al fitw) o) duy
G(F) J G(F)

- meK(x,y) 2(5) B,
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where
K(x,y) = f) fulw) fow) du = f £i@) v w) du,

Therefore, R(f) is an integral operator with smooth kernel K(x,y). Our goal is to
convert this simple formula for the kernel into an expression for the trace of Ry, (f).

If G(F) is compact, the problem is easy. For the Peter-Weyl theorem tells us that
Ry, = R. Moreover, the trace of an integral operator with smooth kernel on a compact
(real or p-adic) manifold is just the integral over the diagonal. Therefore

[ [ A A w) dids = eRel )
G(F) J G(F)

in this case. The Weyl integration formula provides an expansion of the left hand side
in terms of conjugacy classes { v } of G(F). Similarly, the Peter-Weyl theorem gives an
expansion of the right hand side in terms of irreducible representations { ¢ } of G(F).
The result is

[l de=_ = Jms),
where

Jorf) = 1D [ Al va) da [ flog va)
and

Jalmf) = e (£) tw(o(£)-

The measure dy is supported on the regular conjugacy classes, and comes in the usual
way from the normalized Haar measure on the maximal torus that centralizes y, while

D(y) = det(1 — Ad(Y))g/w

is the Weyl discriminant.

The real problem comes when G(F) is not compact. In this case, Harish-Chandra’s
Plancherel formula tells us that there is a continuous spectrum. Then R(f) is not of
trace class and K(x, x) is not integrable, even modulo the split component Ag4(F) of
the center of G(F). This circumstance complicates matters considerably.

Our initial strategy will be as follows. We shall multiply K(x, x) by the charac-
teristic function u(x, T) of a large compact subset of G(F)/Ag4(F). This allows us to
define a distribution

K*'(f) = K(x, x) u(x, T) dx
G(F)/ Ag(F)
in which the truncation parameter T can vary over lattice points in a chamber af of
a real vector space. The Weyl integration formula is of course still valid for a noncompact
group. It leads directly to an expansion of

Ko #) = [ filew) flwe) du = [ fio) flo ue) da
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in terms of regular semisimple conjugacy classes of G(F). Harish-Chandra’s Plancherel
formula gives a parallel expansion of K(x, x) in terms of irreducible tempered repre-
sentations of G(F). Together, they provide two expansions

(1) S W[ WG [ f K™(y, f) dy
M Toll(M(F)

and

@ SIWEIWe I Ko f) do
M T (M(F)

for K*(f).

The identity of (1) and (2) can be regarded as a preliminary version of the local
trace formula. The steps required to derive it are formal, and will be taken in § 2 and § 3.
However, the terms in (1) and (2) are themselves too formal to be of much use. For
one thing, it is hard to see how the distributions K*(y, f) and K*(s,f) behave as
functions of T. Our main task will be to obtain expansions of (1) and (2) which are
more concrete, and which do not depend on the parameter T. Along the way, we shall
have to solve a number of analytic and combinatorial problems. Rather than trying
to describe these in any detail here, we shall just give a brief summary of the overall
process.

We study the geometric expansion (1) in § 4-§ 6. This leads to some understanding
of K*(f) as a function of T. We shall show that as T approaches infinity, K*(f) is
asymptotic to another distribution J*( f) which is more manageable (Proposition 4.5).
We shall then see (Proposition 6.1) that J*(f) is of the form

N
(3) 2 p(T, f) &,
k=0

where £y = 0, £, ..., £y are distinct points in the dual space ¢a;, and where each p,(T, f)
is a polynomial in T. In particular, the constant term

J(f) = £6(0.5)

can be defined, and is uniquely determined by the original function K*(f). The dis-
cussion in § 4-§ 6 also provides a rather explicit formula for J(f). The result (Propo-
sition 6.1) is a geometric expansion of J(f) in terms of weighted orbital integrals on
semisimple conjugacy classes.

We study the spectral expansion (2) of K*(f) in § 7-§ 11. A key step is an asymp-
totic formula (Theorem 8.1) for the truncated inner product of matrix coefficients of
induced representations. This generalizes an inner product formula of Waldspurger
for spherical functions on the p-adic general linear group. We shall use the inner product
formula to construct a function from spectral data which is asymptotic to K*(f) and
which is of the general form (3). Since these two properties characterize a function
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of T uniquely, we will be able to conclude that the function actually equals J*(f)
(Lemma 11.1). The corresponding constant term then provides a second formula
for J(f) (Corollary 11 .2). In the end, we obtain a spectral expansion of J(f) in terms
of weighted characters of induced representations (Proposition 11.3).

The local trace formula is a straightforward consequence of the two expansions
of J(f). It will be established in § 12. The final result (Theorem 12.2) is an identity
between two expressions

@ SIWE || Wg [ (= ombuto [y, f) dy
Tei(M)
and
(5) S W[ WE [ (— 1)tmtaso f () Ju(mo f ) dr
M T giso(M)

which are remarkably similar to the geometric and spectral sides [12, (3.2) and (3.3)]
of the global trace formula. We refer the reader to § 12 for precise descriptions of the
terms in these expressions. It is enough to say here that the weighted orbital inte-
grals Ju(y,f) and the weighted characters Jy (=, f) are essentially the local terms that
occur in the global trace formula. As the main constituents of (4) and (5), they now
have a purely local interpretation. They have arisen naturally as the solution to a
problem in local harmonic analysis.

An obvious question at this point is whether the local trace formula can be used
to establish the local identities required for a comparison of global trace formulas. Such
identities actually make sense only for invariant distributions. The terms Jy(y,f) and
Ju(m, f) in (4) and (5) are in fact not invariant if M + G. However, it would not be
difficult to establish an invariant version of the local trace formula from the identity
of (4) and (5). (See [13, § 8] and [14, § 1-2].) It is likely that this invariant local trace
formula will have significant applications to the study of the invariant distributions
that occur in the invariant global trace formula.

In keeping the introduction within bounds, we have not given much of a des-
cription of the techniques in the main body (§ 4-§ 11) of the paper. These techniques
have been discussed elsewhere, in an earlier provisional paper [13], and to some extent
in [14, § 2]. We also refer the reader to [9], where some of the methods of § 4-§ 6 were
applied to a special case of the problem.

This paper owes a good deal to the work of Waldspurger [31]. In addition to
establishing a truncated inner product formula, Waldspurger solved a number of combi-
natorial problems related to p-adic groups, and established a connection between
weighted characters and local harmonic analysis. I have also profited from conversations
with Casselman and Kazhdan. Finally, I would like to thank the referee for a number
of helpful comments.
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1. The group G(F)

Let G be a connected, reductive algebraic group over a local field F of charac-
teristic 0. Our concern is the harmonic analysis of the locally compact group G(F).
To this end, we fix a maximal compact subgroup K of G(F), which is hyperspecial [30]
if F is a p-adic field.

We first recall some of the usual objects attached to G. The split component of
the center of G is denoted by A;. We also have the real vector space

tg = Hom(X(G)y, R)

obtained from the module X(G); of F-rational characters on G. There is a canonical
homomorphism

Hy: G(F) - qq
defined by
(HO@ 1 — | 5 (x) |, *eG(F), x eX(G)y,

where | - | is the normalized valuation on F. The kernel of Hj is denoted by G(F). Set

g,y = Hg(G(F))
and

Q5,5 = Ho(Ag(F)).

If F is Archimedean, 4y p = ag y = ag. However, if F is a p-adic field, G 5 and ag 5
are lattices in ag.

We also fix an F-rational Levi component M, of some minimal parabolic subgroup
of G defined over F. We assume K and Ay, (F) are in good relative position, in the sense
that the Lie algebras of K and M (F) are orthogonal relative to the Killing form if F
is Archimedean, and the vertex of K in the Bruhat-Tits building lies in the apartment
of M, if F is p-adic. Then

G(F) = KM,(F) K.

Suppose that P is a parabolic subgroup of G which is defined over F and contains
M,. Then
G(F) = B(F) K = My(F) Ny(F) K,

where Nj, is the unipotent radical of P, and Mj is the unique Levi component of P
which contains M,. Both N, and M, are defined over F. In particular, M, satisfies
the same conditions as G, and we can define the split torus Ap = Ay, and the real
vector space @p = ay,. Associated to P we have the subsets

A,CTLCS,

of roots of (P, A;), A, being the simple roots, X} the reduced roots, and X, the set
of all roots. As usual, we regard these roots as linear functions on ap. If Q is a parabolic
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subgroup of G which contains P, let A$ denote the simple roots of the parabolic sub-
group P N Mg of M. Then Ag is a subset of A,.

By a Levi subgroup of G, we mean a group M which contains M,, and which is
the Levi component of a parabolic subgroup of G which is defined over F. For any
such M, set Ky = M(F) N K. Then the triplet (M, K,;, M,) satisfies the same hypo-
theses as (G, K, M,). We write (M) for the set of parabolic subgroups P over F with
M; = M. We also let #(M) and #(M) denote the finite sets of parabolic subgroups
and Levi subgroups of G which contain M. In the special case that M = M,, we will
generally write F = F#(M,) and & = £ (M,). We shall also write A, = Ay, a
and Hy, = Hy,.

We shall have to keep some account of Haar measures. Unless otherwise stated,
the Haar measure on a compact group will be normalized to have total volume 1. We
also fix Haar measures on each of the spaces ay, for Levi subgroups M € #. We can
then take the corresponding dual measures on the spaces iay. If F is a p-adic field,
Ay r = Hy(Ay(F)) is a lattice in ay. In this case, we normalize the measure on ay
so that the volume of the quotient ay/@)y 5 equals 1. Then the volume of the quotient

iay/Hom (@ 5, 2miZ)

with respect to the dual measure is also equal to 1. In particular, the measure on iay
is the one fixed by Harish-Chandra in [23, § 2]. It assigns the quotient

iay 5 = iay/Hom(ay 5, 2niZ)

a volume equal to the index | ay 5/@y |- In general, the kernel of Hy in Ay(F) is
compact, and therefore has a canonical Haar measure. Since the group Hy(Ay(F))
is either discrete or equal to ay, it also has an assigned Haar measure. The two measures
determine a unique Haar measure on Ay(F). Similarly, any choice of Haar measure
on M(F), together with the Haar measure on Hy,(M(F)), determines a unique Haar
measure on the kernel M(F)! of Hy.

There is a canonical way to compare a Haar measure on G(F) with one
on any Levi subgroup M(F). Suppose that P € Z(M). Then we have the modular
function

dp(mn) = 2erEu™ - e M(F), n € Np(F),

on P(F), where 2p; is the usual sum of roots (with multiplicity) of (P, Ap). Let P e (M)
be the parabolic subgroup which is opposite to P. Then the number

Y(P) =f ezp;,(H;(n)) dn
Np(F)

is finite, and depends linearly on the choice of Haar measure dn on Ny(F). Consequently,
v(P)~'dn is a canonical Haar measure on N(F). If dm is a Haar measure on M(F),
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a standard integration formula of Harish-Chandra asserts the existence of a Haar
measure dx on G(F) such that

(1.1) f fl%) dx = (y(P) y(B))~* fm) . flamin) 3y(m) " dvdm dn,

Ne(F)

for any function f € G,(G(F)). We shall say that the measures dx and dm are compatible.
It is in fact not hard to show that dx is independent of the choice of P € Z(M). Moreover,
compatability has the obvious transitivity property relative to Levi subgroups of M.

How do compatible measures behave in other integration formulas? If P € (M),
set

= mp(x) np(x) kp(x), mp(x) € M(F), np(x) € Np(F), kp(x) €K,
and
Hp(x) = Hy(mp()),

for any point x € G(F). Then the right hand side of (1.1) can be written

(v(B) v(P))* fN fM | Seomm () (@) ko) 3pm) ™ d dm o
— (4(P) y(P f f Flnmig (7)) 2B §_(m)=1 d77 dm dn
Np(B) J Mp(®) J N3(F)

= (r(P) Y(F))_-If Np(F) fM(F) N5(F) Flomnkg()) =" it dm

It is known that

f o(k) dk = y(P)~ f o(kp(7)) 0™ 4,

Np(F)

where ¢ is any function in G(K n P(F)\K), and dk is the normalized Haar measure
on K. (To obtain the constant y(P)~%, simply set ¢ = 1.) Substituting into (1.1), we
see that

(1.2) flx) dx = y(P)~1 f fm) Sk du dm

G(F)

for any f e G,(G(F)), and for compatible measures dx and dm on G(F) and M(F).
Suppose that P, € (M,) is a minimal parabolic subgroup. Every element in M,(F)
can be conjugated under K into the set

M, (F)g, ={m € My(F) : «(Ho(m)) > 0, « € Ap, }.

In particular,
G(F) = K.M,(F){,.K
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Suppose that dx and dm are compatible Haar measures on G(F) and My(F). Then
there is a nonnegative function D, on M,(F), which is supported on M,(F)# and is
invariant under My (F)?, such that

(1.3) me flx) dx = L fx o D) s k) ity s,

for any fe G (G(F)). If F is Archimedean, it is well known that

DPo(m) = ¢, 1;[ l S Hu(m) __ ,— a(Hu(m) l, me Mo(F);oa

where « ranges over the roots of (P,, A,), repeated according to multiplicity, and ¢,
is an absolute constant. It is less well known that ¢, is actually equal to 1. This amusing
fact was observed by Harish-Chandra, but was never explicitly published as far as I
know. In the p-adic case

Dy, (m) = voly(KmK) voly (Ky,)~*
= | K/K nm™* Km | voly(K) voly,(Ky,) ™!, meMy(F)5,,

where vol, denote the volume in G(F). What the two cases have in common is a simple
asymptotic formula for Dy (m). To state it, we let || - || be the Euclidean norm attached
to a fixed inner product on @, which is invariant under the Weyl group W§ of (G, A,).

Lemma 1.1. — Suppose that P is a parabolic subgroup whick contains Py, and that 3 > 0.
Then there are positive constants C and € suck that

| Dy ()" — 85(m)"* Do, vy (m) | & G g, ) = clITaml,

Jor all poinis m in My(F)g. such that «(Hy(m)) > 8 || Hy(m) || for every root & in Ap) — AR, .

For real groups, the lemma is simply the assertion that the constant ¢, above
equals 1. This can be extracted from the proof [24, p. 381] of the formula (1.3). We
leave the reader to battle with the different choices of Haar measures on the various,
groups. If F is p-adic, the required asymptotic formula is actually an exact formula.
When G is simply connected, it is just the formula given by [27, Proposition 3.2.15].
In this case, we leave the reader to relate y(P,) with the number denoted Q (¢~1) in [27],
and also to extend the lemma to groups which are not simply connected.

The following estimate is a straightforward consequence of the lemma.

Corollary 1.2. — There is a positive constant G such that
Dy, (M) < C 3 (m)i%, m e Mp,(F)fy. O

We should add some comments concerning the spaces ay. These will be useful
in the p-adic case for dealing with lattices related to ay y and @y . First, let us agree
to set

V! = Hom(V,, 2mZ) < iV*,
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if V, is any closed subgroup of a real vector space V. This is simply to have uniform
notation in the example that V = ay and V, equals either ay 5 or @y 5. If F is p-adic,
V, is a lattice in this example, and V, is the dual lattice in iV*. In the Archimedean
case V; =V and V) ={0}. In each case, the group iV: = iV*[V/ is identified with
the unitary dual of V, under the pairing

(0,2) =, peV, AeiV].
The embeddings
A4(F) C Ay(F) C M(F) C G(F)

give rise to a commutative diagram

hya
Gy,p —>> O, 7

u . U
~ Pug_
ayp <— Ogp
The surjectivity of Ay, follows, for example, from the property G(F) = KM,y(F) K
and the fact that K lies in the kernel of the map Hg. The injectivity of ;ne is a conse-
quence of the fact that Ay is a subtorus of Ay. We can also form the dual diagram

hye
v v
Oy, <— Og,p

n _n
~ hiﬁ ~V
al\;,F —> Qg ¥

in which Ay, is injective and Z;ZG is surjective. These four maps have extensions

hyg : ay > ag,

byg : 0g <> Gy,

by : 105 < iay,

Fyie * ity > i,
as linear maps between real vector spaces. We shall identify ag; and iag with their
respective images in ay and iay. Let af be the kernel of hyg in ay. Then ay = af @ ag.
We shall often simply identify a3 with the quotient ay/ag. Similarly, iay equals
(ia3)® @ i}, where (ia})® is the kernel of hyg in iaj. Again, we shall often identify
(tay)® with iayfiag.

The decomposition ay = a§ @ ag is orthogonal relative to the restriction to ay

of the W¢-invariant inner product on a,. It is a consequence of the definitions that

the map Ay is identified with the orthogonal projection of @y onto ag. In particular,
ag,p is just the projection of ay y onto ag. On the other hand, we have

(1.4) Ggr = 0g N Ty p-
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This follows easily from the fact that Ag is a subtorus of Ay. Similar assertions apply
to the dual spaces. The inner product on a, determines a positive definite bilinear form
on iaj, relative to which (ia})® and ia}, are orthogonal. The map %y is the orthogonal
projection of iay onto iag, and

(1.5) ag,p = 103 N Ay 5.

We have fixed Haar measures on the spaces ay, and ag. These define a Haar
measure on the orthogonal complement af = ay/ag. If F is a p-adic field, it follows
easily from (1.4) that the volume of the quotient ay/@y y + ag equals 1. In general,
we take the dual Haar measure on the real vector space

iayfiag = i(ay)" = i(ay/ag)" = (fa3)

The quotient iaj/Ty » can of course be identified with the group of unramified

characters of Ay(F).

Lemma 1.3. — Suppose that y, is an unramified character on Ay(F) which is trivial
on Ag(F). Then there is an element p € (iay)® such that

X(a) — e“‘n“("”, a GAM(F).

Progof. — By assumption,

X(a) — eu-:(l-lu(a)), a GAM(F),

for some linear function p, €iay which maps @ p into 2mZ. In particular, the res-
triction of p to Ty p lies in 2mi@y ;. Recall that the map hyg sends Ty 5 surjectively

onto dy . We can therefore find an element y, in iay which maps qy  to 2mZ, and
such that the difference

W=t — to
is trivial on ¥y 5. The element p then lies in (ia})® and satisfies the conditions of
the lemma. O

2. Two expansions of the kernel

We turn now to our primary object of study, the regular representation R of
G(F) X G(F) on L3(G(F)). Recall that
(R(}’n)’z) (P) (x) = (P(.yl—l "9’2): X V15 )2 € G(F):

for any function ¢ € L2(G(F)). It is convenient to use notation which emphasizes the
analogy with automorphic forms. In particular, we shall write

G(Ap) = G(F) x G(F)
for the group of points in G with values in the ring
A, =FOF.
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Then G(F) embeds diagonally as a subgroup of G(Ay). The map which sends any
¢ € L3(G(F)) to the function

(%15 %) —> @(a7 " %3), (%1, %) € G(F)\G(Ay),

is an isomorphism of L2(G(F)) onto L3(G(F)\G(Ay)) which intertwines R with the
regular representation of G(Ag) on L3(G(F)\G(Ag)).

Let s##(G(F)) be the Hecke algebra of smooth, compactly supported functions
on G(F) which are left and right K-finite. Similarly, let #(G(Ag)) be the Hecke algebra
on G(Ajy) relative to the maximal compact subgroup K X K. We fix a function in
H# (G(Ay)) of the form

S22 =001 fo( 22)s 91502 € G(F),
for functions f; and f;, in S (G(F)). We then form the linear operator

R(f) = JSO)RO) &
G(Ap)
on L3(G(F)). As we observed in the introduction, R(f) is an integral operator on
L%(G(F)) with integral kernel

2.1) K (x,) = f filwn) fiw) du, %, € G(F).

We propose to study this kernel as a function on the diagonal. There are two funda-
mental formulas in harmonic analysis that lead to parallel expansions of K(x, y). The
Weyl integration formula provides an expansion into geometric data, while the Plancherel
formula leads to an expansion into spectral data.

We shall first recall a version of the Weyl integration formula that is suitable
for our purposes. Let I'y;(G(F)) denote the set of conjugacy classes {y} in G(F) such
that the centralizer of y in G(F) is compact modulo A4(F). We need only be concerned
with the intersection of I, (G(F)) with G, (F), the set of G-regular elements in G(F).
Recall that we have fixed a Haar measure on Ag(F). It determines a canonical
measure dy on the set I'y(G(F)), which vanishes on the complement of G, (F) in
T (G(F)), and such that

[ et ar =2 IWEE, TEN [ o)
Tell(G(F)) {1} T(F)

for any continuous function ¢ of compact support on I'y(G(F)) N G (F). Here,
{T}is a set of representatives of G(F)-conjugacy classes of maximal tori in G over F
with T(F)/Ag(F) compact, W(G(F), T(F)) is the Weyl group of (G(F), T(F)), and
dt is the Haar measure on T(F) determined by the Haar measure on A4(F) and the
normalized Haar measure on the compact group T(F)/A4(F). Now an arbitrary
G-regular conjugacy class in G(F) is the image of a class { y } € I'y;(M(F)), for some
Levi subgroup M which contains M,. The pair (M, {y}) is uniquely determined only
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up to the action of the Weyl group W§ of (G, A,), so the number of such pairs equals
| WS | | WY |~% The Weyl integration formula can then be written

2.2 [ wwae= s wenwei [ pl([ bty ) ey
G(F) MeZ T l(M(F) Ay(F)\G(F)

where £ is any function in G (G(F)), and
D(y) = det(1 — Ad(y))ggy

is the Weyl discriminant. Each side of the formula depends on a choice of Haar measure
on G(F).

Returning to the kernel (2.1), we change variables in the integral over u. This
gives a formula

K(x %) = |  Afiw) fo(3™" ux) du

G(F)

which reflects the behaviour of f; and f, on conjugacy classes. The Weyl integration
formula then gives the expression

(2.3) AT IR f |D<y>|( f Fular ) fale g oy %) dxl) dy
Me2® Tel(M®)) AnE\GEF)

for K(x, x). This the geometric expansion of the kernel.

Before recalling the Plancherel formula, we should mention a point concerning
irreducible representations. Let us write I, (H) for the set of (equivalence classes of)
irreducible tempered representations of any suitable group H. There is a locally free

action of iag on Il (G(F)) defined by
7, (x) = n(x) 2@ x e G(F),
for any = € Il ,(G(F)) and A eiag. Let ™ denote the restriction of = to the normal

subgroup
GF)' ={xeG(F) : Hy(x) =0}.

If F is Archimedean, = is irreducible, and { =, }«> 7 is a bijective correspondence
between the iag-orbits in I, (G(F)) and Il (G(F)!). However, if F is p-adic,
the representation 7 could be reducible. In this case, the action of G(F) by conjugation
on I, (G(F)!) is nontrivial, and the set {®} of irreducible constituents of T is a
G(F)-orbit. In general, we shall write ag,,, for the stabilizer of = in iaj. Then

a;,FC ag,ncalg,l‘s
and the group

ia:},n = 1&:;/ a(\il,n

acts simply transitively on the orbit { =, }.
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These comments of course apply if G is replaced by any Levi subgroup M € Z.
For a given o € II,, (M(F)) and A eiay, we write

Ie(02, %), PePM), xeG(F),

as usual for the corresponding parabolically induced representation of G(F). It acts
on a Hilbert space #°;(s), of vector valued functions on K, which is independent of A.
Let II,(M(F)) be the subset of representations in II,, (M(F)) which are square
integrable modulo Ay (F). We shall write { II,(M(F))} or II,(M(F))/iay for the set
of iay-orbits in II,(M(F)). These orbits are of course the connected components in
the natural topology on II,(M(F)). Now we have fixed a measure d\ on iay. This
determines a measure on either of the two quotient spaces

iy p = 103/0y ¢ — 1031/ Qy o = 10}y 4

Following Harish-Chandra [23, § 2], we define a measure do on II,(M(F)) by setting

f o(0)ds = 3 f o(c,) dh
TIy(M(F)) o € {I,(MIE)} Jia}y, o

— Bl

o€ {TI,ME)} iay,

(2.4)
CP(G)\) dl,

for any function ¢ € C,(M(F)). Harish-Chandra’s Plancherel formula [22], [23] can
then be written

(2.5) M) = I |WEIWEI [ (o) (Sl B)
Me TI,(M(F))

where £ is any function in G (G(F)), m(c) is the Plancherel density, and P is any group

in Z(M). We will eventually need the precise description of m(s) in terms of Harish-

Chandra’s p-functions and the formal degree of o (and the various constants which

occur in Harish-Chandra’s formula). For the moment, however, we need only know

that m(c) is a smooth, tempered function on II,(M(F)) which depends inversely on

a choice of Haar measure on G(F) and the choice of Haar measure on zay.
Returning again to the kernel (2.1), we set

h(s) — fem fu(x) fy(uos) du, v e G(F).

Then £ is a function in GY(G(F)) such that
h(1) = K(x, x).

If
[ ) =AY,

we can also write

Folo, ) = AB’,
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where

A = S0, ') F(o, %) F2(0, 1)
and

B = J5(o, x).

For each P and o, let #,(s) be a fixed K-finite orthonormal basis of the Hilbert space
of Hilbert-Schmidt operators on #;(s). Then

tr(Fp(o, h)) = tr(AB") = X (A, S") (B, SY).

Therefore Beme
tr(Fp(o, b)) = %tr(fl’<62.flv) Je(0, ) Ip(0, /o) S) tr(Fp(o, x) S)
= 287 tr(Le(o, %) S(f)) tr(Fe(o, %) S),
where

S(f) = Fe(6,.fa) SFe(s, fi)-

The Plancherel formula applied to % then becomes the expression

(2.6) S AWEIWE [ mlo)( B t(Se(o,0) S(S)) 6 Fe(e ) ) do

IT(M(F)) S € #r(o)

for K(x, x). This is the spectral expansion of the kernel.

3. Truncation

We have described two different expansions (2.3) and (2.6) for K(x, x), the value
of the kernel of R( f) on the diagonal. It is not hard to show that the terms with M = G
in each expansion are integrable over x in G(F)/A4(F). In fact, if G is semisimple, the
integral of the term with M = G in (2.6) is just the trace of Ry (f). If we were able
to integrate the other terms, the resulting identity could serve as the local trace formula.
However, the terms with M + G in each expression are not integrable. We must
truncate these functions in such a way so that they can all be integrated.

The truncation procedure is simpler than what has been used for the global trace
formula [3]. It is perhaps surprising that it works out so well. We shall simply multiply
each term by the characteristic function of a large compact subset of G(F)/A4(F). To
describe this we must first recall some simple notions [1, § 3], [6, § 3] which are relevant
to the parameter of truncation.

Fix a Levi subgroup M € Z. A set

Y =Wy ={Yp:PePM)}

of points in ay, indexed by the finite set #(M), is said to be a (G, M)-orthogonal set if
it satisfies the following property. For any pair P and P’ of adjacent groups in Z(M),
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whose chambers in ay share the wall determined by the simple root « in A, N (— Ap),
we have
Yp — Yp =1p o',

for a real number 7y, 5. Recall that «' is the “ co-root > associated to the simple root
« €Ap [2, § 1]. We say that the orthogonal set is positive if each of the numbers 7, p
is nonnegative. This is the case, for example, if the number

(3.1) d¥) = _ inf  «(Yy)

{x€ Ap:PEPM)}
is positive. Given %, we can form the (Mg, M)-orthogonal set
Y ={YP;\MQ =Yp:PeZM),PCQ}

for any group Q e #(M). If L belongs to £ (M) and Q is a group in #(L), we define Y
to be the projection onto aj, of any point Yy, with P e #(M) and PCQ . Then Y is
independent of P, and

@L={Yo‘:Qey(L)}

is a (G, L)-orthogonal set. In general, we shall write Sy (%) for the convex hull in ay/ag
of a (G, M)-orthogonal set %.
One example is the set

{—Hp(x) : Pe2M)},
defined for any point x € G(F). This is a positive (G, M)-orthogonal set [1, Lemma 3.6],

which is a familiar ingredient of the global trace formula. It will play a parallel role
here in the final description of the terms on the geometric side.

The truncation process depends on an even simpler orthogonal set. Suppose that
T is any point in ay. If Py is any group in #(M,), let Ty be the unique Wi-translate
of T which lies in the closure of the chamber ag . Then

{Tpo : Py e P(M,) }
is a positive (G, Mo)-orth(%gonal set, which we shall denote simply by T. We shall

assume that T is highly regular, in the sense that its distance from any of the singular
hyperplanes in q, is large. In other words, the number

d(T) = inf{ «(Tp,) : « € Ap,, P, e 2(M,)}
is suitably large. Keep in mind that we can also form the (G, M)-orthogonal set
Ty ={Tp:PePM)}, MeZ,

as above, where T is the projection onto @y of any point Ty, P, being any group
in #(M,) which is contained in P. For future reference, we note that

(3.2) d(T) < a(Ty), PeP(M), ael,.
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Indeed, if PoC P as above, and « is the projection onto ay of the root ay € Ap) — A7,
then

aO(TPo) < “(Tpo) = a(Tp).

This follows from the elementary properties of roots.

We fix the point T e a, with 4(T) large. If F is a p-adic field, we also assume
that T belongs to the lattice ay, . The truncation will be based on the decomposition
G(F) = KM, (F) K. We define u(x, T) to be the characteristic function of the set of
points

X =Fkymky, me AG(F)\\MO(F)3 ki kg € K,

in Ag(F)\G(F) such that Hy(m) lies in the convex hull Sy (T). Since Sy (T) is a large
compact subset of ay/ag, #(*, T) is the characteristic function of a large compact subset
of Ag(F)\G(F). In particular, the integral

(3.3) K*f) = K(x, x) u(x, T) dx
AcBAGE)

converges.

The distribution K*( f) will eventually lead to a local trace formula. One begins
with the two expansions of K*( f) obtained by substituting the formulas (2.3) and (2.6)
for K(x, ) into (3.3). The geometric expansion is

(3.4) Ki(f) = 3 IWE[IWe 1 K f) dy,
Meg®

Tel1(M(F))
where

K*(y,f) = | D(y)| Sulxr tyxy) fo(xm tar tyxy x) u(x, T) dx, dx.

Ag(F)\G(F) f AnE\GF)

In this last expression, it is convenient to take the integral over x inside the integral
over x;, and then to replace x by x7'x. The resulting integral over Ag4(F)\G(F) can

then be expressed as a double integral over a € Ag(F)\Ay(F) and x, € Ay (F)\G(F).
Since 2 commutes with y, we obtain

(3.5) K*(y,f) =|D(v)]

where

N ACTRRC AN ACARRTN! thyg (%1, %5, T) dx, d,,

Au(F\G(F) f Au(P\G(F)

Uy (%15 %3, T) = u(x;* ax,, T) da.

f Ag(F)\ Ax(F)
The spectral expansion is just

(3.6) K¥(f) = 3, I WS WS [ Ke,f) do,
Meg¥ I (M(F))
where
(3.7 K*(a, f) =m(o) (X tx(Ip(o, %) S(f)) tr(Fp(o, %) S)) u(x, T) dx.

AG(F\G(F) 8 € @p(o)
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The geometric and spectral expansions (3.4) and (3.6) of K*( f) are not very useful
as they stand. It is not even clear how they behave with respect to the truncation
parameter T. The rest of the paper will be devoted to deriving new expressions from (3.4)
and (3.6) which are more tractible.

We shall study the geometric expansion in § 4-6 and the spectral expansion
in § 7-11. In the remainder of this section, we shall discuss various characteristic functions
which are related to (G, M)-orthogonal sets. This is partly a review, similar results
being familiar from the global trace formula. We shall use the results here in our study
of both the geometric and spectral terms.

Let % be a fixed (G, M)-orthogonal set. We first recall the decomposition of the
characteristic function of S,(%), valid when % is positive, which comes from Langlands’
combinatorial lemma [1, § 2-3]. Suppose that A is a point in ay ; whose real part
Ag € ay is in general position. If P e Z(M), set

A ={aelp:Ag(e’) <0}

Let ¢& denote the characteristic function of the set of H € ay such that = (H) > 0 for
each « € A, and &,(H) < 0 for each « in the complement of A% in A,. Here

Ap={®,:0eAp}
is the basis of (a)* which is dual to {«" : « € Ap }. We define
(3.8) ou(H, @) = 3 (= 1) gp(H — Yyp)

PEZM
for any point H € ay/ag. Then the function oy(-, %) vanishes on the complement
of Sy(#%), and in particular, is compactly supported. Moreover, if % is positive,
ou(+, %) is actually equal to the characteristic function of Sy(%). (See Lemma 3.2
and Corollary 3.3 of [1] for the special case that H lies on the complement of a finite
set of hyperplanes. The general case follows the same way from the stronger version
[2, Lemma 6.3] of Langlands’ combinatorial lemma.) The decomposition (3.8) will
be useful later on for interpreting the integrals on the geometric side.

If Q is a group in F (M), we shall often write S$%) = Sy(%3) and
og(H, %) = oy(H, #3). We shall also write 74 for the characteristic function in a, of

{Heay:a(H)> 0,0 Ay}

A second consequence of Langlands’ combinatorial lemma is a formula
(3.9) 2 opH,¥)rqH—Yy =1

QeEF M
for any point H € ay. In particular, if % is positive, the summands in (3.9) are charac-
teristic functions, and we obtain a partition of q, into a finite disjoint union of subsets.
To prove (3.9), simply substitute the definition (3.8) of o(H, %) into the left hand
side. It then follows from [2, Lemma 6.3] that the resulting double sum over P and Q
equals 1.
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Assume now that the number d(%) is positive. This means that each Y, belongs
to the positive chamber

af ={Heaq:mpH) =1}

Then the intersection of Sy (%) with af has a simple description. For convenience,
we include a proof of this property.

Lemma 3.1. — For any group P € P(M) we have
Su@) naf ={Heat:o(H—Yy)<0,5elp}.

Proof. — According to [1, Lemma 3.2], Sy(%) is just the intersection over
Q e Z(M) of the sets

So={Hea:a(H—-Y)<0,meA }.

In particular, Sy(%) N af is contained in the required set S; N aj. We must show
conversely that S, N af is contained in each of the sets S,.

Fix a point H € S; N a3 . Suppose that H belongs to a set Sq, and that Q , € (M)
is a group which is adjacent to Q. Assume that the root 8 in Ag N A(— Ag) is negative
on ag - We shall show that H also belongs to So,. Observe that Aq is the union of
Aq, N Aq with the weight &3 € Ag corresponding to . If & belongs to Agq N Ag,
we have

o(H—Yy) =o(H— Yy —rq oB") =alH —Yy)<0.

Therefore, if we write
H—-Yq=— X tyo! +Z, t,eR, Zeag,

a € Aq,
we see that each of the numbers ¢,, « + B, is nonnegative. On the other hand
BH — Yy) = B(H) — B(Yq,) <0,
since Yo €af, Heaf, and B is negative on af . Consequently

- B(Bv) tB = B(H - YQI) + a?ﬂ tu B(“v) < 0,

so that f; is also nonnegative. It follows that a(H — Y, ) < 0 for every m e LAXQI. In
other words, H belongs to Sq . This completes the argument. For since H lies in Sp
by assumption, it belongs to all the sets Sq, and therefore to Sy(%). O
If P belongs to (M), we shall write ¢p for the characteristic function in a, of
{Heaq:a(H)< 0,5 el }.

Set
wp(H, Yp) = 1p(H) 9p(H — Yp), H eaq,

for any point Y, in af . If Y}, is a member of an orthogonal set % as in the last lemma,
7p(+, Yp) is just the characteristic function in ay of the set Sy(%) N af. Given any
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group Q € #(M) which contains P, we write ¢f = ¢y ~p and 73 = Ty ~p for the

functions corresponding to the parabolic subgroup My NP D P of M,. We continue
to write Y for the projection of Y onto a,.

Lemma 3.2. — Fix P € (M), and suppose that Yp and Yy, are points in af . Then

(3.10) I +8(H, Yy) wo(H — Yo) = w(H),

(3.11) Q‘S)JP wp(H, Yp) 1q(H — Yy, Yo) = w(H, Yp 4 Yy),
and

(3.12) 2, 7 (H) 7o(H, Yo) = gp(H — Yo),

Jor any point H € a,.

Proof. — We can assume that Y, belongs to a (G, M)-orthogonal set
Y ={Yp, :P; e Z(M)} for which each Y, lies in a3. We can also assume that H
lies in ay. Suppose for a moment that H is actually a regular point. Then for any fixed
Q € #(M), H belongs to some open chamber a3 y,. Applying the last lemma, with
G replaced by M,,, we see that

o8(H, ¥) = > 2 (H, Yp).

{P,EPZM):P; CQ}
It follows from (3.9) that
(3.13) S B s8(H, Yy) oH — Yo = L.

P;EZM) QDO Py

Now, we claim that each function

H - <3(H, Y;) 7o(H — Yo), Heay, QOP,

is supported on ag . To see this, observe that if the function equals 1, we can write
H—-Y,= Z ¢;58° — X c,a" +7Z,

BEA, aeAg
for nonnegative real numbers { ¢, }and { ¢, }, and for Z € ay. Let g be a root in Ap — Ag.

Then

BH — Yg) = ¢, — 5 c,B() > 0.
aEAg

Consequently
B(H) = B(H — Y,) + B(Yz) > 0.

On the other hand, if « is a root in A2, «(H) is positive, since v5(H, Yp) = 1. Therefore
H belongs to aj, as claimed. The formula (3.10) then follows by multiplying each
side of (3.13) with the characteristic function 7,(H).
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To establish the second formula (3.11) we multiply each side of (3.10) by
op(H — Yp — Yp). The right hand side then coincides with the right hand side
of (3.11). The summands on the corresponding left hand sides are related by the
inequality

w5 (H, Yp) 7q(H — Yg) @p(H — Yp — Y)

< T (H, Yp) 7o(H — Yo) 9q(H — Yo — Yo ) = 2(H, Yp) 7q(H — Yy, Yg).
We must show that this inequality of characteristic functions is actually an equality.
Suppose that H is any point such that the characteristic function on the right equals 1.
We need to prove that ¢p(H — Y, — Y;) equals 1. Since ¢o(H —Yq — Yg) =1,
this amounts to showing that a(H — Y, — Yg) < O for every weight & in Ap — &Q.
Take such a @, and write & = @, + ©,, where @, belongs to ay and ®; belongs to the
orthogonal complement (ap)® of ay in ap. Since @ belongs to the closure in a; of the

chamber corresponding to P, &, and s, lie in the respective closures of the corresponding
chambers in (ap)® and a},. Given that

8(H, Yp) = 1 = 9q(H — Yq — Yg),
we can then assert that &,(H — Y;) < 0 and o,(H — Yy — Yg) < 0. It follows that
o(H—Y,— Yy =0,(H—Y;) — 0,(Yp) + 6,(H— Yy — Yg)<0,
as required. This gives (3.11).
To prove the third formula, replace H by H 4 Y} in (3.11). Then in the resulting

formula
z Tg(H + Yy, Yp) 7o(H, Y&) = 1p(H + Yp, Yp + Yp),

QDOP

let Y, approach infinity, in the sense that its distance from all the walls of af becomes
large. In the limit we obtain

I o8(H) wo(H, Yo) = ee(H — Y),
which is just (3.12). O
Remark. — Given Y, € aff, it is convenient to write
%(H, Yp) = %(H) gp(H — ), H e,
for the characteristic function of
{Heay:a(H) > 0, e Ap;n(H — Yp) < 0,me Ay ).

From (3.11) one can easily derive the parallel formula

(3.14) I, V) wo(H — Y, Yo) = %(H, Yy + Yp).
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4. The geometric side

We turn first to the geometric expansion of KT( f). This expansion is not in a
satisfactory state. For example, the terms corresponding to M = G ought to reduce
simply to invariant orbital integrals of f. This is not the case, for as they stand, these
terms contain the weight factor uy(xy, %3, T). In the next two sections we shall show
that K*( f) is asymptotic in T to another function J*(f), which is defined by a better
behaved geometric expansion. This second expansion will be formally similar to the
first, except that uy(x,, 5, T) will be replaced by a different weight factor vy(x;, x,, T).
The new factor has better properties, and is closer to what occurs in the global trace
formula. In particular v4(x,, x5, T) will be identically equal to 1; the terms corres-
ponding to M = G in the expansion of J*(f) will then be invariant orbital integrals.

In order to keep track of estimates, we must make use of a height function ||-||
on G(F). Recall [2, § 1] that this is determined by a finite dimensional representation
Ay: G - GL(Vy) of G over F, and a basis { vy, ..., v, } of Vo(F). The height of any
vector

in V((F) is defined to be
o] (Z; | & |»", if F is Archimedean,
1/ =
| max; | §|, otherwise.

The basis of Vy(F) determines a basis of the vector space of endomorphisms of V(F),
which in turn provides a height function.

| %[l = [[ A0, x e G(F),
on G(F). We can assume that || x || > 1, and that
(4.1) ol <=, *»eGE).

We fix the height function || x || on G(F) in such a way that if || A(x)|| is another height
function, attached to a second rational representation A, then

(4.2) A < eall % [I™, x e G(F),

for positive constants ¢, and N,. We can also choose constants ¢ and N so that
(4.3) =~ < e x||N, xeG(F).

If P € & is a parabolic subgroup, we have agreed to write

(4.4) x = mp(x) np(%) kp(x), mp(x) € Mp(F), np(x) € Np(F), kp(¥) € K,
for the components of a point x € G(F) relative to the decomposition

G(F) = M,(F) N,(F) K.
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It is not difficult to show that ¢ and N may be chosen so that
(4.5) I me() || + || ne(®) || < ¢ || # ]|, x e G(F).

Suppose that S is a maximal torus of G over F. We will need some general estimates
on the size of elements x in G(F) and v in S (F) = S(F) N G,(F), in terms of the
size of the corresponding conjugates x~* yx.

Lemma 4.1. — Suppose that the maximal torus S is F-anisotropic modulo Ag. Then one
can choose an element vy € S (F) and constants ¢, and Ny such that

I 2l < éof] %7 yo 2 [

Jor every point x € G(F)*.

Proof. — Let Py=NyM, be a fixed minimal parabolic subgroup. Then
No(F) My(F) Ny(F) is an open subset of G(F) which contains 1. (As usual, N, denotes
the unipotent radical of the parabolic subgroup P, € #(M,) opposite to P,.) Observe
that the set of points y € S(F), such that 27! vk belongs to Ny(F) My(F) Ny(F) for each
k €K, contains an open neighbourhood of 1 in S(F). We take vy, to be any G-regular
point in this set.

For any % € K, let Y(k~* v, %) be a vector in the Lie algebra Ty(F) of Ny(F) such
that 27!y, & belongs to exp(Y(k™!vy,k)) My(F) No(F). This vector of course has a
decomposition

Y k) = I Yy v, Yl o) e Hy(F),

relative to the root spaces M, of 1,. For any simple root « € Ay, let Zp («) be the set
of roots B € Zp which contain « in their simple root decomposition. Then the vector
YRy k) = X Yg(k7'yok)
B E Zp,@

cannot vanish. Otherwise k7! v,k would belong to the maximal parabolic subgroup
determined by «, contradicting the fact that 2~ ! y, % is a G-regular element in an aniso-
tropic torus. Choose a height function ||-|| on the vector space 1,(F), relative to a basis
which is compatible with the root space decomposition. Then || Y*(k~ 'y k)| is a
continuous nonvanishing function on the compact group K. Since the function is
determined by the components || Yg(k~* v, #)|| with B € Z (x), we can choose a positive
constant g, such that

Y o k)| = <,
Brenza;i{(a)“ s(E1vo k)| > &

for all 2 € K, and each « € Ap,.
Now suppose that x is a variable point in G(F)!. Given positive functions a(x)
and b(x) of x, we shall use the notation a(x) < &(x) or b(x) > a(x) to indicate that

a(x) < cb(x)N, xeG(F),
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for positive constants ¢ and N. We can write
x = kakt, keK, aeA\(F) nGF), kt eKH,
where Hy(a) lies in the closure of ag, and K* < G(F)! is a fixed compact set such that
(Ag(F) n G(F)') K* = (My(F) n G(F)") K.
It then follows from (4.1) and the definition of ||-|| that
“ x ” _< max ea(Ho(a)).
GEAP.

It remains for us to examine || ™!y, x|| as a function of %, a and k*.
In the notation above, we have

k= yok = exp(Y(E™" o k) mq no,

for elements my € My(F) and ny, € Ny(F). The points a~'mya and a !mnya remain
bounded, since @ acts on N (F) by contraction. Combining this with (4.1), we obtain

" yox ([ = (1ET [[IET)T D7 a7 A" yo Ra ||
> |l a™" exp(Y(A™" vo k) a ||,

Since exp is a bijective polynomial mapping of 1, onto N, there are positive constants ¢
and N such that

Y[ <ecllexp(N[Y, Y eTy(F).
It follows that
e~ exp(Y(A7" vo k) a || > || Ad(a™") Y(E™" vo B) -
But if B belongs to Zp («), for some « € Ay, we have
| Ad(a™") Y(&™" vo k) [| = [| Ad(a™") Yg(A™" vo )]
> ) || Yyl v )l
since a(Hy(a)) < B(Ho(a)). The supremum over f and « then gives us

|| Ad(a™) Y(E™" vo k)| > € max (e%o7) > || x [|.
o Py

Putting all these inequalities together, we end up with the relation
W21 < 17" o 2 |-

In other words, there are constants ¢, and N, such that
lzl|<eoll# vox|™ xeG(F). O

Lemma 4.1 will be required only for the proof of the next result, in which S is
an arbitrary maximal torus over F.
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Lemma 4.2. — There is a positive integer k, with the property that for any given compact
subset Q of G(F) there is a constant cy such that

. < x
Jinf | sx || < e [ DO

Jor all points v € S, (F) and x € G(F) with x~ ' yx € Q.

Proof. — Suppose that F’ is a finite extension of F. One can extend the absolute
value |-| from F to F’, and the height function ||-|| from G(F) to G(F'). We claim
that there are constants ¢ and N such that

(4.6) inf ]|sx||<c,é1§f( |s"x||¥, xeG(F).

sES(F) ¥) I

To establish (4.6), suppose first that S is F-anisotropic modulo A;. Choose

Yo € Spg(F) as in Lemma 4.1. Since G(F)! Ag(F) is of finite index in G(F), we can
use Lemma 4.1 in conjunction with the property (4.1) to show that

Jnf [[sxll<all x| ¥ <G(F),

for constants ¢, and N,. But (4.1) and (4.3) tell us that there are constants ¢; and N,
such that

a7 yox || = [[(s" %)™ yo(s" D) || < ex || 8" 5 ||,

for any elements x € G(F) and s’ € S(F’). This establishes (4.6) in case S is anisotropic.
In the general case, we can always replace S by a G(F)-conjugate. We may therefore
assume that S is contained in a fixed Levi subgroup M e %, and that S is F-anisotropic
modulo A,. Take any parabolic subgroup P € #(M). Then

nf | 55 || = inf || mp(s) ng(x) ()|
< (it || my(a) ) [l ne()]] 1 o)l

by (4.1). Applying the anisotropic case we have just established, we obtain
inf || sx[|< e inf || " mp(x)||™) [| ne(x)]]

8 € 8(F) s’ € S(F

= cyinf || my(s’ [ || (s’ 2]l

for constants ¢, and N,. The general estimate (4.6) then follow from the property (4.5).
In view of (4.6), it is sufficient to prove the lemma for a given S with F replaced
by F’. We can of course choose the extension so that S splits over F’. It is therefore
sufficient to prove the lemma in the special case that S splits over F.
Assuming that S splits over F, we take B = SN to be a Borel subgroup of G over F
which contains S. Since G(F) equals S(F) N(F) K, and K is compact, it will be enough
to verify the condition of the lemma for points x = # in the unipotent radical N(F). Set

n~lyn =1y, veN(F),
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for any points y € S, (F) and n € N(F). For any given y, n — v is a bijection of N(F)
to itself. Consider the inverse n = n(y, v) as a function of both y and v. There is a positive
integer £ such that the map

(v, v) = D(y)* n(y, v)

is defined by an F-rational morphism between the algebraic varieties S X N and N.
This is a consequence of the proof of Lemma 10 of [17]. (See also [8, p. 237].) But if
n~ ! yn lies in the compact set Q, y and v must lie in compact subsets Qg and Qy of S(F)
and N(F) which depend only on Q. It follows that

| n(vs V)| < ¢a | D(y)| 75

for a constant ¢, that depends only on Q. This completes the proof of the lemma. O

Fix a Levi subgroup M e Z. If v is a G-regular point in M(F), we recall (3.5)
that K*(y, f) equals

g

An(F)\G(F)

[ A ) Al v e 5, T) diy
AM(F)\G(F)

where

Uy (%1, %2, T) =f u(x7 ! ax,, T) da.

Ag(F)\ Au(F)

We would like to be able to replace u, by a different weight function.
If x;, x, € G(F), set

Yp(x;, %, T) = Tp + Hp(x,) — Hp(x,), P eZ(M).
The points
Yy(%15 %2, T) ={Yp(x1, %5, T) : P e Z(M) }

form a (G, M)-orthogonal set, which is positive if d(T) is large relative to x; and x,.
The second weight function is given by the integral

(1, %, T) = f ox(Hyg(0), Uoy(t, %3, T)) da.
Ag(F)\Ax(F)

We then define J%(y, f) to be the corresponding weighted orbital integral
DO [ A ) Al ) a5, T) d .
An(F)\G(F) J An(F)\G(F)

Let S be a fixed maximal torus in M which is F-anisotropic modulo Ay. Our
aim is to show that the integrals of K*(y, f) and J%(y,f) over y €S, (F) differ by
a function which approaches 0 as d(T) approaches infinity. We shall first deal with
integrals over domains

(4.7) S(e, T) = {5 €Suy(F) : | D(y)| < 171},

which for large T lie near the singular set.
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Lemma 4.3. — Given € > 0, we can choose a constant ¢ suck that for any T,
_ellTil
[ Kwn 1P D dsa s

Proof. — Take points x;, x, € G(F) and a € Ay (F). If we set
x;lax, =k hk,, ki, k, €K, ke M(F),
we see easily that
log || #7% ax; || < & (|| Ho(B)[] + 1),

for some constant ¢y,. It then follows from the definition of u(., T) that there is a
constant ¢, such that

inf (log || 7" zax%, |) < eu(|| T || + 1),

%z € Ag(F)

whenever u(x7 ! ax,, T) does not vanish. In fact, by the properties (4.1) and (4.3),
we can choose ¢; so that

inf (log || za |[) < ¢,(|[ T || 4 log || | + log || 5, |])-

2 € Ag(F)

The integral over a in Ag(F)\Ay(F) then yields an inequality
(4.8) tay(#15 %2, T) < ca|[ T || 4 log || % || + log || =2 [[)*,

for positive constants ¢, and d,.
Now assume that

JilxTt yx) fo(ag tyag) + 0.

Taking Q = G(F) to be any compac/t set which contains the support of f; and f,, we
obtain

inf il < D —k’ .=1, )
Jnf [[sx]|< | DT i=1,2

from Lemma 4.2. We shall combine this with the estimate (4.8). Notice that (4.8)
remains valid if either x; or x, is replaced by a left translate from Ay (F). Since S(F)/Ay(F)
is compact, we obtain a constant ¢, such that

tay(¥1, %2, T) < q(|| T [| 4 log(] D(v)|7%))™.

The next step is to apply a fundamental theorem ([15, Theorem 2], [18, Theorem 14])
of Harish-Chandra on orbital integrals. This result yields a constant ¢; such that

DO [ e ) dns e i= 12

Au(F)\G(F)

for all y € S (F). Putting these two estimates into the definition of K*(y, ), we obtain
the inequality

| K*(vs f) | < ca c5(Il T || + log(] D(y)[~¥))*%.
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It is not hard to show that any power of log | D(y) | is integrable over any bounded
subset B of S_,(F). In fact, there is a constant ¢z such that

_ellTi
[ Tl + log( D) )y < oy E
BN 8(e,T)

This is an exercise in elementary real or p-adic analysis which we leave to the reader.
Taking
B ={vy eS(F): K'(y,f) + 0},

we see finally that
ellTil

[ < T,
B(e, T)

for some constant ¢. This establishes half of the lemma.

The proof of the other half of the lemma is similar. It is a simple consequence
of (4.5) that the points Hyp(x), P € (M), can be bounded in terms of x. In fact there
are positive constants ¢, and 4, such that

| He(#)) || < e2(1 + log || # [)%, P e P(M), x € G(F).
It follows from the definition of vy(xy, x5, T) that
Oy(%15 %2, T) < 69(|| T || 4 log [| %, || + log || %3 [)%,

for constants ¢, and d,. This, of course, is the analogue of (4.8) for the second weight
function. We can consequently estimate J(y, f) by arguing exactly as above. We obtain
a constant ¢ such that

fs( T,UT(Y,f)}dYs ce_‘“:“'

The lemma follows. O ,

We must now compare the integrals of K*(y,f) and J*(y,f) over y in the
complement of S(g, T) in S(F). The essential step is to estimate the difference of the
two weight functions. This is summarized in the next lemma, which is one of the main
technical results of the paper. We shall postpone its proof until § 5.

Lemma 4.4. — Suppose that 8 > 0. Then there are positive numbers C, e, and e, suck that
l uM<x1’ X2 T) - DM(xlx X35 T)l < Cevﬁ”T”,
JSor all T with d(T) > 8| T ||, and all 2, and x, in the set
(4.9) {xeG(F): || x| < eI},
Granting Lemma 4.4, let us compare the two integrals. Let ¢ be an arbitrary

but fixed positive number. We shall apply Lemma 4.2 to points y in S(F) — S(e, T),
with Q any compact subset of G(F) which contains the support of f; and f;. Gombined
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with the definition of S(g, T), the lemma asserts that if y belongs to S(F) — S(e, T)
and x;, and x, are such that

NACRR AN ACRRE A XA

b

then
inf ||sx||<¢|D(y)| < CHITI 5 =1,2,

8 E8(F)

for constants ¢ and k. The constants are, of course, independent of e. We choose ¢ so
that Ze is smaller than the constant ¢, given by Lemma 4.4. Then, translating », and x,

by elements in S(F) if necessary, and taking || T || to be sufficiently large, we can
assume that

|| % || < e=lT) ¢ =1,2.
It follows from Lemma 4.4 that
| tag (%1, %35 T) — vyg(%1, %g, T)| < CealITIl,
Recalling the definition of K*(y, f) and J*(y, f), we see finally that

(4.10) | | K(1.f) — I (v f) | dr < Gyemulml,
S(F) — 8(e, T)

where C, equals the constant

cf el et | fltm)] ) b
Sreg(F) Ay(F)\G(F) Ay(F)\G(F)

The finiteness of C; follows from the theorem of Harish-Chandra ([15, Theorem 2],
[18, Theorem 14]).

We have shown that for any 8 > 0, there are positive constants ¢, &; and C; such
that (4.10) holds for all T with d(T) > 8 || T ||. When we combine this with Lemma 4.3,
we obtain a similar estimate for the integral over y in the entire set S_,(F). The
conclusion is that there are positive constants G’ and

! = min (e <
g = 15 o
2

such that
(4.11) f | Ky, £) — T, f)| dy < G eI,
Sreg(F)
for all T with d(T)> 8[| T||.
Define
(412 T = ZIWENWE P
Mc2 Tell(M(F))

There are, of course, only finitely many M € %, and finitely many conjugacy classes
of (anisotropic) tori S in any M. The estimate (4.11) therefore leads immediately to
the following proposition, which gives the promised asymptotic formula for K*( f).
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Proposition 4.5. — Suppose that 8 > 0. Then there are positive numbers G and € such that
(4.13) | KE(f) = J(Sf)| < Gemelizh,

Sor all T with d(T) > 8||T||. O

5. Proof of the main geometric lemma

In the last section we established an asymptotic formula (4.13) which will even-
tually lead to an explicit expression for the geometric side. However, we put aside the
proof of Lemma 4.4, which was the essential step in the process. We shall now give
the proof. It is an extension of the derivation of Lemma 3 of [9], which was the main
ingredient of that paper.

We fix the positive number 3, and we assume from now on that d(T) > 8§ || T ||.
We also fix the Levi subgroup M € £. Lemma 4.4 is trivial if || T || remains bounded.
It therefore suffices to prove the lemma for || T || sufficiently large. We must select a
positive number &, such that if

(5.1) | % || < e=T, i=1,2,

then
| gy (%1, %95 T) — Byy(%y, %5, T)| < Ce—=allTIl,

for positive constants C and ;.

Recall that uy(x,, x5, T) and vy(x,, x5, T) are the integrals over a in Ay (F)/A4(F)
of two compactly supported functions u(x;!ax,, T) and oy(Hy(a), Fy(%1, %2, T)).
We shall decompose each of these integrals into a finite sum over the groups Q € #(M).
Indeed, for any €> 0, one can partition Ay(F)/A4(F) into a disjoint union over
Q e F(M) of the sets

Ay(Q, ) ={a e Ay(F)[AG(F) : oyg(Hy(a), eT) 7o(Hy(a) — eTo) =1}

This is just the formula (3.9) applied to the positive (G, M)-orthogonal set
{eTp: P e Z(M)}. We shall fix the positive number ¢, which we take to be small in
a sense that depends only on G and 3. We also fix a group Q € # (M), and then take
a € Ay(F)[A4(F) to be any fixed point in the set Ay(Q, ). Since the vectors €Ty are
to be large, this means that ¢~ ! will act on Ny(F) by contraction.

Most of our efforts will be devoted to the function u(x; ! ax,, T) whose integral
gives the first weight factor. If x; and x, belong to G(F), we can write

x b axy = ko (%) 7 ng(x,) T mg(x,) T amg(x,) ng(x,) kglx,)-
The idea is to move ny(x,)~* to the right under conjugation, in order to take advantage
of the contracting property of the element a~'. The vector log(nq(x,) ") lies in the Lie
algebra 1y (F) of N (F), and its conjugate

X' = Ad(mq(x,) ™" amg(x,) ng(%,)) " (log(ng(%,) "))



A LOCAL TRACE FORMULA 35

belongs to the Lie algebra g(F) of G(F). Similarly, we shall move ng(x,) to the left under
conjugation to exploit the contracting property of a. We form the vector log(ng(x,) ")
in ng(F), and its conjugate

X = Ad(mg(x,) " amg(x,)) (log(ng(x,) ™).
Then we have

a7t ax, = ko(x,) 7 BT my(x,) 77 amg(x,) € kglx,),

where £ = exp(X) and £’ = exp(X'). Fix a height function ||| on the vector space g(F).
We shall estimate the heights || X || and || X' |].
The vector X' is defined as the value of

Ad(n5(%,)") o Ad(mg(x,)"?) o Ad(a™?) 0 Ad(mq(%,)),

a composition of four operators on g(F), at the vector log(ny(x,) ™). We have to estimate
the heights of these objects, all of which are determined by the height function on g(F).
Since exp is a bijective polynomial map of ny(F) onto N (F), ||log(ng(x,)™ ")l is
bounded by some polynomial in || #4(#,)||. By (4.5), this is bounded in turn by a poly-
nomial in || #, ||, or equivalently since || x, || > 1, by a constant multiple of a power
of || x, ||. Observe next that the height of the operator Ad(ng(x,)”?) is bounded by a
constant multiple of a power of || x, ||. This follows from the properties (4.2), (4.3)
and (4.5). Similar remarks apply to the contributions of Ad(mg(x,)~") and Ad(mg(x,)).
The final contribution is that of Ad(2™?), and is bounded by the height of the restriction
of this operator to 1ny(F). This is of course where we exploit the contraction property
of Ad(a1). Since a belongs to Ay(Q , <), Hy(a) can be written as the sum of a vector
in af with a convex linear combination of points

{eTp:PePM),PCQ}.
It follows that if « is any root for the action of Ay on ng, then

a(Hy(@) > & inf a(Ty) > £ d(T) > 3| T
by (3.2). Therefore the height of the operator Ad(a)~* on ny(F) is bounded by a
constant multiple of ¢~*3!I"ll, Putting these contributions together, we see that

| X< o eIy || + | % ),

for constants ¢’ and »'.
We estimate || X || the same way. Taking into account the fact that Ad(a) acts
on ng(F) by contraction, we find that

| X< ee™ =M 2y || + ] 2 {7,
for constants ¢ and n. In particular, if x, and x, satisfy (5.1), we have an inequality
(5.2) XA+ 1] X[ < Gem e liTl,
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where

e =ed —gyn,

and C and 7 are fixed constants. Once we have chosen ¢ we are free to take ¢, to be as
small as we like. This allows us to assume that the number ¢’ is positive.
It follows from the definitions that

u(x;* axy, T) = u(§™  my(x,) ™" amg(x,) &', T).
Fix a minimal parabolic subgroup P, e #(M,) which is contained in Q. Then there
is a point
h = hqo(a, 1, x,)
in M,(F), with Hy(k) in the closure o, of a;, such that
(5.3) mo(x,) "  amg(x,) = k™1 hE', kR e K n My(F).
The inequality (5.2) guarantees that for large || T ||, the points & = exp(X) and
£’ = exp(X') are very close to 1. For this reason, it makes sense to study the function
u(my(x,) " amg(,), T) = u(h, T).
Write
Ho(k) = Hg(k) + Hq(h)

for the decomposition of Hy(k) relative to the direct sum a, = ag, @ aq. Observe that

(5.4) HQ(/z) = — Hq(xl) + Hgy(a) + Ha(xz).
As for the other point H$(k), we claim that there is a constant ¢q such that
(5.5) [THG(®) || < cq(l + || Ho(@) || + log || £, || 4 log || % |])s

for all points k, a, x, and x, related as in (5.3). To see this, choose r> 0 so that the
product of Ay(F) with

M (F)" = {m e M(F) : || Ho(m)|| < 7}
equals My(F). It is clear that for any m € My(F), and any decomposition
m=m_a, m,eMyF)", aeAyF),

the height || m, || is bounded by a fixed constant multiple of || m ||. It is also easy to
check that if m belongs to the subgroup M,(F), then
| H(m) || < ex(1 + || Log(m,)[[) < ei(1 + || He'(m) |]),

for constants ¢, and ¢; which depend only on r. Applying the first half of this estimate
to the element & in (5.3) (with r replaced by 3r), we obtain

| HZ(®) || < ¢(1 + log || kmq ()7 @, mq(x,), (&)~ |I)
< 651 + log || mg(x) 7" || + log || 4, || + log || mg(xy) [[),
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for some constant ¢,. By the second half of the estimate, and also the properties (4.3)
and (4.5), this is bounded by a constant multiple of

(1 4 log || %, || 4 | Hg(a) || + log || %2 ]])-

The claim follows.
We are assuming that x; and x, satisfy the inequality (5.1) and that & lies
in Ay(Q, €). The first condition leads to

log || %, || 4 log || %2 || < 2 || T || < 2¢, 87" 4(T).

The second condition implies that H§(a) lies in the convex hull in ay/aq of the points
{Tp: PePM),PCQ},

and since
| Tell < | Tl < 87" d(T)

for any such P, we obtain the inequality

(5.6) [| HY(a)|| < €871 d(T).

Combining these remarks with the inequality (5.5), we find that
(5.7) | Hg(8) || < 3q d(T),

where

8¢ = ¢(d(T)~1 + e8~1 + 2, 8~ Y).

We are free to make d(T') as large as we want, and we can choose € and ¢, to be small.
We can therefore assume that the positive number 8y is small. It follows from [9,
Lemma 1] that the characteristic function #(k, T) equals 1 if and only if the vector

Ho(h) = — Hg(x) + Ho(e) + Hgl(x,)
lies in the convex hull Sy (T).

There is a similar way to characterize the function whose integral gives the second
weight factor.

Lemma 5.1. — Assume that x, and x, satisfy (5.1) for a small positive number ,. Then
Y ri(%1, %5, T) ts a positive orthogonal set, and the characteristic function

oy (Hy(a), Fulx1, %5, T)), a € Ay(Q, ),
equals 1 if and only if the vector
Hq(h) = — Ho(w) + Ho(@) + Hglx,)
lies in the convex hull Sy (T).
Proof. — 1t follows from (4.5) and (5.1) that if « is any root in Ag, for some
P e #(M), then
| a(Hp(%,) — Hp(%,)) | < c(log || #, || 4 log | %, ||)
< 2cg, 871 d(T),
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for some constant ¢. This estimate leads directly to the inequality
(5.8) d(Yy (%1, %3, T)) = (1 — 2¢e, 871) d(T)
for the (G, M)-orthogonal set

V(%15 %25 T) = { Hp() — Hyp(xp) + Tp: P e P(M)}.

Since ¢, is very small, 2¢e, 37! is close to 0, and the number d(%y(x;, x5, T)) is positive.
This implies that @y (#,, x5, T) is a positive orthogonal set, as required. In particular,
oy( s Uy(%y, %5, T)) 1is the characteristic function in ay/a; of the convex hull
Su(Yu(#1, %, T)).

We have also chosen & so that € 3~ is small. Let a be any point in Ay(Q,¢). It
follows from (5.6) and (5.8) that the projection of Hy(a) onto a3 is small relative to
d(%(x,, %, T)). Appealing to [9, Lemma 1] as above, we deduce that Hy(a) belongs
to Sy (Fu(*y, x5, T)) if and only if Hy(a) lies in the convex hull Sy (%, (%1, %2, T)).
We can also apply Lemma 3.1, since d(%y(#;, %3, T)) is positive. It tells us that the
intersection of af with Sy (%)) is the set

{(Heat:o(H—-Y)<0,melA )

Since a4 belongs to Ay(Q, €), Hy(a) lies in the chamber af. Moreover

Hgo(a) — Yq(#1, %, T) = Ho(a) — H(%,) + Hg(xy) — Tq = Ho(h) — Ty
We can assume that ¢, is small relative to ¢, so our assumptions on @, ¥, and x, imply
that Hy (k) also lies in af. We conclude that Hg(a) belongs to Sy (Fy, (%1, 2, T))
if and only if Hy (k) belongs to Sy, (T). This gives the second assertion of the lemma. O

If we combine the discussion preceding the lemma with the lemma itself, we
see that

(5.9) u(h, T) = oy(Hy(a), Hu(*1, %2, T)),

for any point a € Ay (Q, ). However, it is not u(k, T) that we want. Instead, we must
consider the original function

u(xy " axy, T) = (87" mq(%,) ™" amg(x,) &', T)
=u(E" kTR E,T)
= u(c_l hc,: T):
where { = kEk~' and ' = &' E'(R') ™. It follows from (5.2) that if €, is small relative

to €, we can make { and {’ approach 0 as || T || approaches infinity. In particular, if F
is a p-adic field, { and ¢’ both belong to K when || T || is large. In this case we have

“(xx—l aXss T) = u(h, T),
for any a € Ay(Q, €). Combining this with (5.9), we see that
u(x axy, T) = oy(Hy(a), (%, %, T)).
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Neither function in the last identity depends on Q, so the identity holds for any point a
in Ay(F)/As(F). Integrating over a, we see that the weight factors u,(x,, ¥,, T) and
Uy(%1, %5, T) are actually equal. This establishes a strong version of Lemma 4.4 for
p-adic F. The required asymptotic formula holds as an exact formula for all T, x, and x,
satisfying the given conditions.

It remains to establish Lemma 4.4 for Archimedean F. We can always reduce
the problem from G to R by reduction of scalars. We shall therefore assume for the
rest of § 5 that F is equal to R. Then we can identify a, with the Lie algebra of Ay(R), and

G(R) = K exp(af,) K.
We can also take the height function on g(R) to be a positive definite quadratic form
given by

[| X |2 = — B(X, 6X), X eg(R),

where B is a G(R)-invariant form, and 0 is the Cartan involution with respect to K.

Lemma 5.2, — Suppose that X and X' are points in g(R), and that Hy and H, are points
in ag, with the property that
exp(X) ™" exp(H,) exp(X') =k, exp(H,) k|, %,k eK.
Then
| Hy — Ho [ < [| X[ + [ X" |].

Proof. — It is enough to prove the lemma when Hy is a point in the open
chamber ag . When Hj is fixed, H; becomes a well defined function of X and X', and
we write

AXK, X)) =MHy)

for any linear functional A € a5. Then f,(0, 0) equals A(H,). Observe that f,(¢X, X')
is a continuous, piecewise smooth function of ¢ € R. It follows that

I )‘(Hl - HO)I = |fl(X: X') _f;‘(oa O)I

< sup d% LHEX, tX’)‘

0<i<1

& A+ 9 X, X0,

< sup
¢

d
+ sup ngz(tX, (4 9) X)s=0]

We shall estimate the two derivatives in this last expression.
Set k, = exp(H,), where H, is the point in af such that

exp(¢X) ™" exp(Hy) exp(tX') = k; " exp(H,) £;,
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for points &, and %; in K. Then &, = exp H,, and
exp(iX) ™" hy exp((t + 5) X') = k" b, exp(sX;) E,
where X; = Ad(k;) X'. Given that H, belongs to af,, one shows easily that H, also

belongs to the open chamber qj if ¢ is in general position. This in turn implies [16,
Lemma 21] that there is a decomposition

X; = H(X)) — Ad(k)~* C(X;) + C'(X)),
where C(X;) and C’(X]) belong to the Lie algebra of K, and H(X;) belongs to the

Lie algebra a, of Ay(R). The vector H(Xj) is just the orthogonal projection of X; onto
the subalgebra a, of g(R). Consequently

THEX) [ < [ X1 =1 X" ]|
However, if F is any smooth function on a neighbourhood in G(R) of the point
exp(tX) "' hyexp(tX') = k7  h, Ry,

the derivative

d N s
= F(k;* k, exp(sX;) k})y =

is the sum of three partial derivatives, at the points &, € Ay(R), %, € K and %, € K,
relative to the respective right invariant vector fields attached to H(X;), G(X;) and
C'(X}). In particular, if

F(kexp(H) ') = A(H), Heag, k% €K,
the obvious extension of the function

F(ki 'k k) = MHo(h)) = MH,) =A(X, 1X'),
the derivative above simply equals A(H(X})). It follows that

d
A, (4 5) X2 = MH(X))).

This derivative is bounded in absolute value by ||A]| || X' ||. Arguing in a similar
manner, we also see that

d
SALE+9) XX, o < I X

Combining these estimates with the discussion above, we obtain
IH, = Ho[[< | X[| + 1 X]]. o

We shall now finish the proof of Lemma 4.4 for F = R. The first weight factor
(%1, %3, T) equals the sum over Q € #(M) of the integrals

(5.10) J‘ u(x7 ! ax,, T) da,
Au(Q,®
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while the second weight function vy(x,, #,, T) is the sum over Q of
(5-11) [ oultu(@), @l , ) do
Am(Q, &)

We must estimate the difference between the two summands (5.10) and (5.11).
Fix Q e #(M) and a € Ay(Q, ¢). Then we can write

(2t axy, T) = w7 AL, T)
as before, where & = hgy(a, %, %,) as in (5.3), and
¢ = kEE™! = exp(Ad(k) X)
and
U =FkER) " =exp(Ad(R) X'),
in the notation above. Let

hl = hl,Q(a, %15 xz)

be the point in Ag(R), with Hy(k,) € a, such that

CURY =Ry bRy, Ry k€K
Then by Lemma 5.2

|| Ho(hy) — Ho(R)|| < || Ad(k) X || + [[ Ad(A) X" || = || X || 4 [| X" |-
We are assuming that x, and x, satisfy (5.1). It then follows from (5.2) that
(5.12) || Hy(hy) — Hy(B)]| < =<1z,
In particular, the point HY(%,) can be made very close to H}(k). In view of (5.7), we
can therefore assume that

| HR (k) || < 84 d(T),
where 35, is a small positive number. It follows from [9, Lemma 1] that the characteristic
function

u(h,, T) = u(x" ax,, T)
equals 1 if and only if the vector Hy(h,) lies in Sy, (T). We can certainly write

Hy(k,) = Hy(a) — Ho(x) + Hylx) + (Hq(h) — Ho(A).
We therefore conclude that the integrand in (5.10) equals 1 or 0, according to whether
or not Hy(a) lies in the translated polytope
(5.18) (Hq(x) — Hglx) — (Ho(k) — Ho(A))) + Sy (T).
To deal with the other expression (5.11), we simply apply Lemma 5.1. It tells us that

the integrand in (5.11) equals 1 or 0, according to whether or not Hgy(a) lies in the
translated polytope

(5' 14) (HQ(xl) - H'Q’(xz)) + SMQ(T)
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Consider now the difference between (5.10) and (5.11). According to the
definition of Ay(Q, ¢), the integral in either (5.10) or (5.11) can be changed under
the transformation

a — Hg(a) ® Hy(a)

to a double integral over the product of S2(eT) with the affine chamber (eTq + ad)/ag
in ag/ag. Let Ay (T) be the subset of points in ay/ag which lie in either the complement
of (5.13) in (5.14) or the complement of (5.14) in (5.13). Since the set (5.14) is the
translate of the polytope (5.13) by the vector (Hy(k,) — Hg(k)), we can use (5.12)
to estimate the volume of Ay (T). The volume of any facet of Sy (T) is bounded by
a polynomial in || T ||, from which it follows easily that

vol(Ayy(T)) < pu(|| T [[) e~ =171,
for some polynomial p,. Consequently, the difference between (5.10) and (5.11) is
bounded in absolute value by

vol(SR(T)) (|| T [[) e~ 1I=I,

But vol(Sg(T)) is also bounded by a polynomial in || T ||. Therefore the difference
between (5.10) and (5.11) is bounded in absolute value by Cge~=!I"ll| where Gy

. g .
is some constant and g, = rh Taking the sum over Q € % (M), we see that

| gy (%1, %3, T) — tyy(%y, %, T)| < Ce— el
with G = X C,. This is the required estimate.
a

We have just established Lemma 4.4 for the remaining case F = R. The lemma
therefore holds in general. Since Lemma 4.4 represented the unproved portion of
Proposition 4.5, we have also completely proved the asymptotic formula (4.13) for
the geometric side. O

6. The function JT( f)

We have shown that the truncated integral K*( f) is asymptotic to a function J*( f)
defined by a manageable geometric expansion. We shall later see that K*(f) is also
asymptotic to a function defined by a parallel spectral expansion. In fact, we will want
to identify this second function with J*(f). To do so, we will need to have a good
understanding of J*(f) as a function of T.

Recall (4.12) that J*(f) is defined in terms of the distributions

Jv.f) = | D(y)|
with y € Ty (M(F)) and

(s, %, T) = f ox(Hye(@), Fae(2y, %5, T)) da.
Ag(F)\ An(F)

f Flar v fular va) o, %, T) d, d,
An(P)\G(F) Au(F)\G(F)



A LOCAL TRACE FORMULA 43

We shall study ovy(x,, x;, T) as a function of T. If F is Archimedean, the integral
over Ag(F)\Ay(F) can be transformed into an integral over ay/a;. It then follows
easily from [4, Lemma 6.3] that zy(x;, %,, T) is a polynomial in T. However, if F is
p-adic, the integral can be replaced only by a sum over the lattice Gy p/3; 5. Instead
of a volume of a convex hull, we are faced with having to count lattice points.

Assume for the time being that F is a p-adic field. Then T belongs to the
lattice Gy, in Gy, and the points Ty, P € #(M), all belong to the lattice ay p in ay.
The kernel of the surjective map

Hy : Ag(F)\Ay(F) —> Gy, v/, 5
is a compact group which has volume 1. Therefore, as we mentioned above, we can
write

(%5 %, T) = % oy (X, Hy(%y, 15, T)).

X € au, ¥/ %, ¥

It will be convenient to write

2 u = Oy 5 + Ga/0g
and

Ly = oy,5 + 0a/0g
for the lattices in ay/a; obtained by projecting @y  and ay y onto the quotient. We
can also form the dual lattices

£ = Hom(Z, 2niZ), & = Py, Py,
in (iay)®. Since

Uy v/ r = Ty p/ T r N ag = Ty p + 0/ = P
by (1.4), we can take the sum above over X e ,?M. However, for future comparison
purposes, it would be preferable to take a sum over #y. We can certainly do this,

provided that we also take a sum over Zy/%y, a finite quotient which is identified
with the character group of #,,/Z, under the pairing

X, ye PYPY X e Lyl Py
Thus, vy(x,, x,, T) equals
| gM/“?M =t X Z oy(X, Yy(x,, %y, T)) .
vEPu/Lu XELu

Let A be a small point in (ay/ag)¢ in general position. According to the defi-
nition (3.8),
ou(X, Uyl %, T)) = T (— 1)1 g3(X — V)

PEZM)

lim 3 (—1)1%! gp(X — Yp) A%,

A0 PEPM)

I
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where
Yp = Yp(#;, %5, T) = Tp 4 Hp(x,) — Hp(x,).

We observe for future reference that Y;, belongs to the lattice ay 5, and that (X — Yj,)
depends only on the image of Y; in .#y. It follows from the definition of ¢4 that the
function ¢*® is rapidly decreasing on the support of ¢&(X — Y;). In particular, the
product of these two functions is summable over X in #,. Therefore, vy(x,, %,, T)
equals the expression obtained from

(6.1) | Lyl Lo |1 xz (— )44 GA(X — Y,) AtV @

E%m
by first summing over P € (M), then taking the limit as A approaches 0, and finally
summing over v € ,?;’d/.?,\&
If & is any positive number, we shall write
b,z = k log(¢x) “v’ « € Ap,
where ¢y is the order of the residue class field of F. The additive subgroup
Ly, = klog(gy) Z(Ag) ={ 2, Maliasina €2}
@ € Ap

of ay is a lattice in a§, which is independent of P. Having agreed earlier to identify a
with ay/ag, we shall also regard &) , as a lattice in ay/ag. It is easy to see [9, p. 12]
that if % is a suitably large positive integer, &£y, , is a sublattice of EPM. We choose such
a k, valid for all M, for once and for all. We then write (6.1) as

|-7M/5pml—l 2 Y (= DI AX 4+ X — Y,) dA &+

XELu/Lu,k X' €ELu,k

As in [9, § 4], we shall evaluate the sum over X’ as a multiple geometric series.
If Y is any point in #y and X belongs to Zy/ZLy ,;, let X,(Y) be the repre-
sentative of X in %) such that

(6.2) Xp(Y) =Y = Z 740

o E Ap
for real numbers r, with — 1 <7r,< 0. Set
X%(Y) = XP(Y) + anAA o, %

=Y + 2 (1 + ra) Mo, + EAZ— Ty Pa,xo

a €A AS
Then X35(Y) is also a representative of X in %y, and we can set
Pp(X' + X — Yp) = 9p(X' + Xp(Yp) — Yy)

in the sum above. The set of points X’ € &£y , for which this characteristic function
equals 1 is just the set

X — X n
{aeAﬁ a!“'az,k aEAp—A$ ap‘a,k}!
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in which each #, ranges over the nonnegative integers. Therefore

(— DI T (X 4 X — Y, fAtIE+D

X' €ELu,k
=(— 1% ¥ LAX + XA(Y,) — Yp) eld+V& + X
X' ELwuk

= (— l)lA%I oA+ V) (XR(Yp) II (1— e(A+v)(u¢'k))—-1 II (1— e—(A+v)(u¢,,,))—1
o€ Ad a€Ap— A4

= A+ V(Xp(Ye) 11 (1 — g_(A'*"’)“"a,k))_l.
a € Ap

(The notation X,(Yp) is an unfortunate consequence of using the subscript P for the
map X — X, as well as the set { Yp }. We hope that the meaning is clear.) Set

(6.3) 00,:00) = vol(0%/ Ly )~ TL (1 — e~ Na¥)
a € Ap

for any point A € ay ¢. Recall that we have fixed the Haar measure on the space

a$ ¥ ay/ag. It has the property that the quotient of ay/ag by the lattice 2, has
volume 1. This means that

[ gm/-‘@’u |7 II (1 — @ HVtaw)=1 — | Ll Ly |71 O (A + V)N

a € Ap

Therefore (6.1) equals

I'?M/"?M,k |—1 z e(A+v)(Xr(Yp)) ep,k(A + V)_l.
xegu/-z’u,k

Now, set Xp = X;(0). Then if Y = Y, in the expression (6.2), we have
Xp(Yp) = Yp + aezA Ta o = Yp + (X — Yp)p.

Replacing X by X — Y, in the sum over #y/%) , above, we see that (6.1) equals
| gulg T |—1 z A+ (Xe+ Yp) eP,lc(A + v)—-l.

X ELulPu, k

We have established that zy(x;, ¥,, T) equals

(6.4) T lm( B | Lyl Lyt B fATVEEWE, (A 4 V)Y,
vE Pyl Lu PEPM) X € LulLu, k
where

Y, = T; + Hy(x,) — Hp(x,).

The discussion above implies that the function in the brackets is analytic at A =0,
so the limit does exist. To analyze oy(x,, ¥, T) as a function of T, replace A by zA,
z € G, and then take the Laurent expansion at z = 0 of the expression in the brackets.
(See [31, p. 315].) The constant term of the Laurent expansion is a finite sum of functions

7e.(Tp) &, v e Y| %%, PePM),
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where ¢p , is a polynomial function on ay. These functions depend only on the image
of T in go/ay, so we shall assume that T lies in the lattice

Lo = Ly, = Oy, 5 T+ Gg/0g-
For any P, the map T — T} sends %, surjectively onto the intersection of %, with
the closure af of the chamber associated to P. We may as well restrict T to lie in the
intersection of %, with the suitably regular points in some fixed chamber af of ao/ag.
Then T, ranges over the suitably regular points in #y N af . It follows that
(6.5) (%1, %5, T) = % ge(T) &7,

te(32)[28

where N is a positive integer which can be chosen independently of M, ¢,(T) is a
polynomial in T, and

&) = Hom(%,, 2iZ)
as above.

The coefficients ¢;(T) in the decomposition (6.5) are obviously uniquely deter-
mined. In particular, the ¢ constant term >’ ¢,(0) is a well defined function of vy(%;, x5, T).
To obtain an explicit formula for ¢4(0), take the summand corresponding to v = 0 in
the expression (6.4) for zy(x,, ¥, T), and then set T = 0. The result is
(6.6) Ty(x, %) =lim X | Ly/Zy |7t T ATt E@IHm) g ()T

A>0 PEPM) X € Lu/Pu, k

We substitute the formula (6.4) we have obtained for vy(x;, #;, T) into the
expression for J*(y, f). The integral over y, whose convergence we treated in § 4, then
provides a description of J*(f) as a function of T. Indeed, the decomposition (6.5)
of (%, %5, T) gives us a similar decomposition for J*(f). In particular, we can define
the “ constant term > J(f) of J*(f). Moreover, J(f) can be written in terms of the
function %(;, #;) defined by (6.6).

In summary, we have obtained

Proposition 6.1.

There is a decomposition

J ()= Z = p(T.f) P, TeZnaf,

te(395) /<8
where N is a fixed positive integer, and p(T, f) is a polynomial in T. Moreover, the constant term
J(f) = £(0.f)
of JE(f) is given by
3 = 3, IWEIWE 1 St dy,
_ Me® TellM(F))
where

jM(Yaf) = |D(y)| ﬂ(xrlel)f;(xz—lez) Ty(%y, %) dxydxy. O

Au(EP\GE) f An(E\G(F)
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Remarks. — 1. Proposition 6.1 was proved if F is a p-adic field, but with minor
modifications it holds in general. If F is Archimedean, the groups %, and §M are

both equal to ay/ag. In this case, we simply set £y , = ay/ag, and we take 0p ()
to be the usual function

(6.7) 0p(3) = vol(e/Z(AY)) " I A(e").

The definition (6.6) and the formula in the proposition make sense in this context.
With these interpretations, Proposition 6.1 is valid for all F.

2. As a function of T, the original distribution K*(f) is invariant under the
Weyl group W§. It follows easily from Propositions 4.5 and 6.1 that JT(f) is also
We-invariant. This implies that the constant term J(f) = p(0,f) is independent of
the chamber q.

7. Eisenstein integrals and c¢-functions

In studying the spectral expansion (3.6) of K*( f), it will be convenient to for-
mulate some of the problems in terms of Eisenstein integrals and c-functions. These
objects are of course an essential part of Harish-Chandra’s Plancherel theorem. We
shall review some of their basic properties.

If = is an admissible tempered representation of G(F), &7.(G) will stand for the
space of functions on G(F) spanned by K-finite matrix coefficients of w. Let &, (G)
be the sum over all such = of these spaces, and set &/,(G) equal to the subspace obtained
by taking only those = € II,(G(F)). Suppose that ~ is a unitary, two-sided representation
of K on a finite dimensional Hilbert space V. Then &, (G, 7) will denote the space
of functions f € &, (G) ® V such that

Sky xkg) = ©(ky) f(#) ©(Ry), x € G(F), by, ky € K.

The subspaces o, (G, ) and &5(G, 1) of &, (G, 7) are defined in the same way.
If = belongs to II,(G(F)), the inner product

W= W) dn ¥,y (G),
Ag(F)\G(F)
is defined, and we can form the corresponding norm || ¢ || = (¢, $)"2
Suppose that M € Z is a fixed Levi subgroup. Then 7, denotes the restriction
of = to Kyy = K n M(F). If f is a function in &/, (G, ) and P e #(M), we shall
write CF ffor the weak constant term of f ([20, § 21], [23, § 3]). It is the uniquely deter-
mined function in &/, (M, ty) such that

8p(ma)™ f(ma) — (C¥ f) (ma), meM(F), a e Ay(F),

is asymptotic to 0 as & approaches infinity along the chamber of P.
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If P’ and P are groups in #(M), let 5 p denote the subrepresentation of t on
the invariant subspace

Vep ={veV:it(n') vr(n) = v, n’ eNp(F) NK, neNy(F) nK}

of V. (See [19, § 11]. This definition is only significant in the p-adic case, for if F is
Archimedean, Tp|p equals Ty.) Since 7p|p is a two-sided representation of K, we
can form the corresponding spaces &, (M, T ), 5(M, 7p|p), etc., of spherical
functions on M(F). The Eisenstein integral, which depends on a parameter A €iay,
maps functions ¢ € &/,(M, 7p|p) to functions

Ep(d, 2) : # > Ep(x, §,2), xeG(F),
in &.(G, 7). It is defined by

Ep(x, ¢, ) =f (k)Y Yp (k) e+ 0P Eetla) g
K

where
Yp(nmk) = (m) =(k), n eNp(F), m e M(F), k e K.

For fixed » and ¢, the Eisenstein integral extends to an entire function of A € ay (.
Recall that the c¢-functions are defined by weak constant terms of Eisenstein
integrals. Suppose that

P,=MN,, M e,

is a parabolic subgroup which is associated to P. This means that the Levi components M
and M, are conjugate, or equivalently, that the set W(ay, ay,) of all possible iso-
morphisms of ay onto ay, obtained by restricting elements in W§ to ay, is nonempty.
Then the weak constant term

(G™ Eg) (¢, ) :my — (CP1 Eyp) (my, §,2), my € My(F),

equals
2 (opy (s N) §) (my) N Faatmd,

8 € W(ay, ay,)

where each ¢ (s, 2) extends to a meromorphic function of A € ay ¢ with values in
the space of linear maps from &Z,(M, 7pp) to &,(M,, 7p 5,). Harish-Chandra has
established a number of functional equations relating Eisenstein integrals, c-functions
and the auxiliary ¢-functions

"OPIIP(S, A) = crllp(-” 2) cplr(la N
and

OGPIIP(S7 )‘) = cPllPl(l, 'ﬂ‘)—l ‘PIIP(S’ )‘)'

These have been summarized in [7, § I.2].
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Next we review some of the properties of intertwining operators, and in particular,
their connection with ¢-functions. Suppose that I' is a finite set of classes of irreducible
representations of K. Let V. be the finite dimensional subspace of functions

(R, ky) — Ly, kg

in L#K X K) which transform in each variable according to representations in I
Then there is a two-sided representation v on V. defined by

(tr(ky) “Tr(ké))kl,k, = O kj, ks ks

Suppose that ¢ is a representation in II,(M(F)). For each P e #(M), the induced
representations £p(c;), A € ay ¢, all act on the Hilbert space #%(c). Let 5#5(c)r be
the subspace of vectors in #p(6) which transform under K according to representations
in I'. Harish-Chandra has defined an isomorphism T — ¢y, from End(s#p(c);) onto
A (M, (tr)pp) ([22, § 7]). The map has the properties that

(7.1) (bg> ¥p) = d5 ' tr(ST*), S, T € End(5#% (o)1),
and
(7.2) Ep(%, p; Mgy, 1, = tr(Fp(0y, £y xk5) T),

where d; is the formal degree of ¢. It is through this map that the ¢-functions are related
to intertwining operators.
The unnormalized intertwining operators

Je j2(0)) : #p(0) > H#p(), P, P' ePM),
are defined by integrals over Np.(F) N Ny (F)\Np(F) [11, § 1]. We do not fix invariant
measures on these spaces, but we can use the constants

) = [ e
Np(F)

as in § 1 to take care of the indeterminacy in the choice of measures. The normalized
intertwining operators

Rp p(0y) :#p(0) = Hp (o)

are better behaved [11, Theorem 2. 1]. They are related to the original operators through
a product

(7.3) JP’]P("A) = rP'|P(G7.) RP'IP(O').):
in which
rP'IP(Gl) = 1'-[ , 79(07\)
BEZpNZIF

is a meromorphic scalar valued function composed of normalizing factors for maximal
parabolic subgroups. In this paper, we will not need to deal explicitly with the nor-
7
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malized operators, but we will use the factors 75| 5(5;) to keep track of the singularities
of the operators Jp p(0,) and the c-functions. Recall that

“P’IP(GA) = (Jplp'(ox) JP’]P(GA))—I

is a scalar valued meromorphic function of A which is analytic on iay. The case that
P’ = P is particularly significant. The function w5 p(0)) depends inversely on a choice
of Haar measure on N3(F) X Ny(F), but

(7.4) (o) = ¥(P) ¥(P) vp(0s)

is not only independent of any choice of measures, but is also independent of the choice
of P e Z(M). This is essentially Harish-Chandra’s p-function. It is a consequence of
the properties of the operators Ry |p(s;) that

(7.5) (o)™t = (v(P) v() 7" 15(03) 5 2(04)-

The relationship between intertwining operators and ¢-functions can be described
as follows. Suppose that P; e #(M,;) is another parabolic subgroup, and that
s € W(ay, ay,). Then

(7.6) CPIIP(S’ A) §p = y(s? ‘151)—1 ‘Sq)Tla
where
T, = Jrlf’llp(cz) TJP[a-lpl("x)
and
(s¢) (m)) = w, $(w; ' my w,) w*, m e M,(F),

in which w, is a representative of s in K. (See [7, (I.2.4)] and the formulas at the end
of [7, § 1.3], which were quoted from Harish-Chandra’s formula [22, Corollary 18.1]
for real groups. The p-adic case follows in a similar way from [19, Theorem 23].) There
are similar formulas for the % and ¢® functions. For example, it will be convenient to
link the %-functions with the operators

Rpllp(-": o)) = W, Rs—lpllp(o'x)
(which depend on the representative w, of s). The relationship is
(7.7) Ocrllp(sz A) Yp = o,

where
T = RPIIP(S: cy) TRPIIP(S: o)) L

(See [22, Lemma 18.1], [7, (I.2.15)].) Let ¢p (s, ), denote the restriction of ¢ |p(s, A)
to (M, (tr)p|p). The formula

(7.8) w(on) ™" = cp,1p(8 Mg epy p(5: Nos A €103,

is a straightforward consequence of (7.6) and the definition (7.4) of the p-function.
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We shall state a precise form of the relationship between the Plancherel
density m(s,), and the functions d, and p(oc,). It can be read directly off Harish-
Chandra’s explicit Plancherel formula [22, Theorem 27.3], [23, § 16]. We first choose
compatible Haar measures on G(F) and M(F), in the sense of § 1. Recall also that
in § 1 we fixed dual Haar measures on iay and Ay (F). The measure on Ay (F), together
with the Haar measure on M(F), then determines a Haar measure on M(F)/Ay(F).
The function m(s,) depends inversely on both the choice of measure on iay and the
choice of measure on G(F). With our conventions, this reduces simply to an inverse
dependence on a choice of Haar measure on M(F)/Ay(F). Since d;, has the same
property, the quotient of m(s,) and 4, is independent of any choice of Haar measure.
The relationship is then just

(7.9) m(cy) = d, p(y).

Harish-Chandra’s formula looks slightly more complicated, but this is due to different
normalizations of p-functions ([22, Lemma 13.4], [23, Theorem 4]), different nor-
malizations of Haar measures on G(F) and M(F) ([20, Lemma 7.1], [23, § 5]) and
the fact that he takes a sum over G(F)-conjugacy classes of groups M instead of the
full set #. This accounts for the constants ¢(G/A)™2 y(G/A)™! and | w(G/A)|™! in
his formula rather than the quotient | Wy | | WS |~! in (2.4).

We will need to deal with the weak constant term of an Eisenstein integral along
an arbitrary parabolic. For this, it is convenient to work with standard parabolic
subgroups. Accordingly, assume for the rest of the section that Py, e Z(M,) is a fixed
minimal parabolic subgroup. We assume also that P € (M) contains P,, and in addition
that Q is some other parabolic subgroup which contains P,. Since P is uniquely deter-
mined by its standard Levi component M, we shall often write

E(x> ¢, )‘) = EP(x, ¢, )‘)'
Similarly, if P, € #(M,) also contains Py, and s belongs to W(ay, ay ), we can set
¢(s, ) = ¢p (55 7).

Finally, if Q happens to contain both P and P,, and r € W(ay, ay,) leaves a, pointwise
fixed, we can write

EQ(mg, §,2) = EPnMQ(mq, ¥, 1), mgq e My(F),
and
5Q('> )‘) = cPlf\Mlef\MQ(r’ A)

for the corresponding objects on M. In general, let W(ap; Q) denote the set of ele-
ments s in

U W(a, ap,)

P1OPy
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such that the space ap = sqp contains ag, and such that s™'(«) is a root of (P, Ap)
for every root « € Ag . The weak constant term of E along Q is then given by
(7 10) (CQ E) (mQ: ‘p> )‘) = 2 EQ(mQ: 60(1’ S)‘)-l 6(53 ;‘) q": ﬂ‘):

sEW(ap; Q)
for any mq e My(F), ¢ € #,(M, 1p|p) and A eiay. This formula is easily established
by checking that for any group P,, with P,C P,CQ, the cuspidal component of

(GP1E) (x, ¢, \) matches that of the weak constant term along P, N Mg of the right
hand side of (7.10).
Let us recall Harish-Chandra’s quantitative asymptotic relation between E

and C@ E. While we are at it, we shall also state the standard estimate for an Eisenstein
integral. Let

) = [ i i
K

be the elementary spherical function. We also set

1 + || A]], if F is Archimedean,

1, otherwise,

NQ) =

for any point A €iay.

Lemma T.1. — a) Fix a representation o € II,(M(F)) and a positive number 8. Then
there are positive constants C, k and < such that

|| 8q(m)"* E(m, 4, %) — (G2 E) (m, §,3)|| < CN(A)* || ¢ || Engy(m) e *l1Ham,
Jor all X eiay, ¢ € (M, tpp), and all m € My(F)§, such that
a(Ho(m)) > 8 || Ho(m)||, o €Ay — AR,
b) There is a positive constant C such that
| E(m, ¢, M| < Gl ¢ [| Eg(m),
Jor all \ eiay, ¢ € (M, pp) and m € My(F).

Proof. — Part a) is included in Harish-Chandra’s asymptotic estimates for functions
in &,..(G, 7). For Archimedean F it follows directly from [2]1, Lemma 14.5]. For
p-adic F there is unfortunately less of Harish-Chandra’s work in print, but in this case,
a) can be deduced from [18, Theorem 7] and the theory [23, § 3] of the weak constant
term. Part 4) follows directly from the definitions of E and E;, and the fact that the
pointwise values of ¢ can be bounded in terms of || ¢ ||. O

We shall actually apply the asymptotic relation in terms of the function Dy,
discussed in § 1.
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Corollary T.2. — Given 8 > O we can choose positive constants C, k and € such that

|| Dgy(m)"* E(m, ¢, ) — Dy, rayg(m) (G E) (m, ¢, 3|
is bounded by
CN* || ¢ || e elBom il

Jor all )\, {, and m as in part a) of the lemma.
Progf. — Multiply the estimate in Lemma 7.1 a) by Dy, (m)"* By Lemma 1.1
and Lemma 7.1 5),
|| Dy, (m) " E(m, 4, ) — 3q(m)"* Dy, ro(m)"* E(m, ¢, 3) ||
is bounded by
G, 8p,(m)V® ¢~ sllBamll || § || Eg(m),

for positive constants G; and &;. We can also apply Harish-Chandra’s estimate
(7.11) 8p,(m)'"* Bg(m) < Cy(1 + || Ho(m)[|)*

for the elementary spherical function ([16, Theorem 3], [19, Theorem 25]). The original
function can therefore be bounded by an expression of the form

Gl || etz

Moreover, applying Corollary 1.2 and (7.11) to Mg, we obtain an estimate
(7.12) D, g (M) By (m) < G 3, 31y ()2 Enge(m) < G Ci(1 + || Ho(m)|[)*
The corollary follows. O

It will be necessary to control the weak constant term (7.10) in future induction
arguments. Consider an element s € W(ap; Q). It follows from (7.8) that the linear map

[J.(G;‘) vz C(S, )‘) G

is unitary. Similarly, if p® denotes the p-function relative to Mg instead of G, the
linear map

“0(561)112 cQ(I: 'Y)‘) 8G
is also unitary. Consequently
(7.13) [1e%(L, )7 e(s, 2) || = w¥s00) ™ (o) "= | ¢ ],

for any ¢ € #,(M, tpp). As a function of A, the p-function u%ss,) is analytic and
of polynomial growth [22, Theorem 25.1], [23, § 6]. Therefore, the left hand side
of (7.13) is bounded by

Cu(o) TN [ |l»
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for constants C and k. Applying this to (7.10) in conjunction with Lemma 7.1 &), and
taking into account the estimate (7.12), we obtain constants C, 2 and d such that

(7.14) Dy, nag(m) || (G2 E) (m, 4, ) || < Cu(a) ™Y NO)* || $ [[(1 + || Hy(m)[)%,

for all A eiay, ¢ € (M, tp)p) and m € My(F).

Actually, (C® E) (m, ¢, 1) is an analytic function of A € iajy;, and one could remove
the factor p(s,)”"* from (7.14) with some further argument. However, we shall only
require the estimate in its present form.

8. Inner products

For the next two sections M and M’ will be fixed Levi subgroups in %Z. It is
convenient to assume that they are both standard with respect to a fixed minimal
parabolic subgroup P, € Z(M,). In other words, there are (uniquely determined)
parabolic subgroups P €e Z(M) and P’ e #(M’) which contain P,. We shall also fix
a two sided unitary representation v of K on a finite dimensional Hilbert space. We
can then form the Eisenstein integrals

E(x, §,2) = Ep(x, §,4), Aeiay, ¢ € ,(M, TPIP),

and
E(x, ¢, 3) = Ep(x, §', '), A eiday, ¢’ € (M, 15 p),

as in § 7. These functions are not square integrable in x. However, if we multiply them
each by the characteristic function u(x, T), we can form their inner product over any
of the sets

GF)?={xeG(F):Hy(x) =Z}, Zecagg.

Our goal is to establish an asymptotic formula for this inner product. For real groups
of rank 1, such formulas have been proved by techniques from the spectral theory of
ordinary second order differential operators. Waldspurger [31] has used completely
different methods to establish a truncated inner product formula for p-adic spherical
functions on GL(n). We shall use Waldspurger’s techniques to prove a general result
which can be regarded as a local analogue of the inner product formula [3], [5] for
truncated Eisenstein series.
Define

(8.1) Qp, (W, 0, ¢, )% = Lmz (E(x, ¢, 1), E(x, ¢, 7)) u(x, T) dx.

It is clear that QF (\', A, §’, $)* extends to an entire function of (A', — ) in a3 ¢ X Gy ¢-
However, we shall be mainly concerned with its values for imaginary (', A). In particular,
it is only for these values that the asymptotic formula will hold. We shall state the
formula in this section, and prove it in the next one.
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In order to state the asymptotic formula, we must make some preliminary obser-
vations. These remarks are really only of interest if F is p-adic, but there is no need to
assume this explicitly. Our discussion at this point pertains only to a general Levi
subgroup M € %, and does not rely on the minimal parabolic subgroup P,. We shall
describe some inner products on &7,(M, Ty).

Let ¥’ and ¥ be fixed functions in &7,(M, ty). For any X in ay 5, we can certainly
take the inner product

(P ¥ = [ (¥ (m), ¥ (m)) dn.
MF)X
However, it is useful to introduce another bilinear form that depends on the point T
and a group P € Z(M). For a given point A € ay ¢, the function

Wi(m) = ¥ (m) LA™, m e M(F),

also belongs to /,(M, t,). We shall assume for the moment that the real part of A(«")
is positive for every root a € Ap. Then ¢4 equals ¢p, the characteristic function of

{Heay:3,(H) <0, « eAp }.
The bilinear form is defined by

AT T = (), V) gplHum) — Ty) dn.
M(F) N G(F)Z
Equivalently, we have
8.2) ALY = [ (70T g(X — Tp) A X,
g,
where

anza,F ={X eaM,F:hMG(X) =7}

It is clear from our condition on A that the integral in (8.2) converges absolutely.
Moreover, it is not hard to show that r5(¥y, ¥')% has analytic continuation as a mero-
morphic function of A € ay ¢. We shall prove this fact in detail, in order to introduce
some auxiliary notions we will need later.

Observe that

2(Thry, )% = &P 5(¥), )%
for any point { in ag ¢. It is therefore enough to prove the analytic continuation if A

is replaced by any A 4 ¢. In particular, we can assume that A belongs to (ay ()%
There is also no loss in generality in assuming that

(8.3) (¥’ (mz), ¥ (mz)) = (¥'(m), ¥'(m)), meM(F), z € Aq(F).
Taken together these two assumptions imply that
RB(¥h, V)" 7 = (¥}, V)%,
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for any point Z in g y. In particular, the expression

(P, ¥)a= 4. (¥, ¥

Z € ag,r/ag, ¥

is well defined. If € belongs to ?1'(‘;/, > the pair (¥, ¥) also satisfies (8.3), and we can
form the function 73(¥;, ¥'),. We obtain an inversion formula

s(¥h, V) = | ag,r/Tg e | Zrp(¥y, ¥)pe” “a,

where the sum is taken over { in @ p/ag 5. It is therefore enough to show that rf(¥’, ¥),
extends to a meromorphic function of A in (ay ¢)%

Obviously &,(M, ty) is a direct sum of eigenspaces under the action of the
compact abelian group A, (F) n M(F)'. Since different eigenspaces are orthogonal
under 73(+, )5, we may assume that ¥’ and ¥ lie in the same eigenspace. We can also
assume that ¥ and ¥ are eigenvectors under the action of Ay(F). This means that

(8.4) (¥’ (ma), ¥'(ma)) = (V' (m), ¥'(m)) *®x@ m e M(F), a € Ay(F),
for some point u €iay. We can then form the inner product
(¥, ), = (Y2, ¥)
~ (¥ (m), ¥(m)) e dm

M(F)/ Au(F)

= 3 (¥, V)Xo,

X € ay, r/0x, ¥

The point p is not unique. However, (8.3) does tell us that the restriction of @ to ag
lies in Gy . It follows from Lemma 1.3 that . can be chosen to lie in (iay)®.

The expression for r5(¥”’, ¥'), can be evaluated explicitly. Assume for the moment
that F is a p-adic field. It follows from (8.2) that

(8.5) (YW, ¥)a=__ 5 (¥, V)% qp(X — Tp) %

Xe ﬁu,y/au,r

We fix a number ¢ = (&’)~! for all time, where £’ is a suitably large positive integer.
We can then form the lattice

“?M,I={ Z Ny “a,(:naez}
o€ Ap

in ay/ag, as in § 6. Since &’ is large, we may assume that Zy , contains both
Py = ay y + 0ag/ag and _@M = Gy r + Gg/ag as sublattices. The pairing

ev(X), v E gl\i/gly[,l’ Xe gM,l/"‘?IM,
identifies Zy/ 2y, , with the dual group of Zy ,/Zy. Choose a point p e (fa)® such
that (8.4) holds. Since

(IF', \Ir)x+i — (\P’l’ \F)x eu-(f)
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for any X € ), we can write

B, ¥)= X S O(P, V)T (X + X — T,) A® ga+w®
XEﬂn,rla'u,p XePu
=3 (P, ¥)Xer™ | ,5?;’1/.?;,, > T X+ KTy farutnd®
X vEPuILn t XEPu,t

by applying Fourier inversion to the finite abelian group %) t/gu- The sum over X
is easily expressed as a multiple geometric series as in § 6. Using the fact that A + p 4 v
belongs to (ay )% we write
3 (X + X _ Ty) A+ E)
Xe%u,t
=_ 3 X BFuENE JA+u+ITe—X)
Xeeu,t

— VOl(aﬁ/guyl)_l eP,l(A + w + v)—l AT ITR = AX) e—(u-+v)(X),

where

bp,/(2) = vol(a§y/FLa,)™" II (1 — e M), % eaj .

o € Ap

Since

| il Lo |71 vol (0§ Ly, )~ = vol(af/Zy) ™' = 1,
and

2 . e (Uo'f‘V)(X)(\IJ", IIJ‘)x — (\IJ'/’ lF)p.+v,

X Eay,r/om, F
we obtain
(8.6) B, ¥)a= X (P, )y T 0, (A4 4 v)7N

ve.?{u.z’i,:
If F is Archimedean, the argument is similar but simpler. In this case %y, &y
and &y , are all just equal to ay/ag. If we agree to set 0 , = 0 for Archimedean F,
as in § 6, the formula (8.6) will remain in force.
Before going on, we observe that (8.6) simplifies slightly if ¥’ € &7 ,(M, 7y) and
¥ e A, (M, 1y), for fixed representations =’ and = in II,(M(F)). Let &%(n’, =) denote
the set of points v € (iay)® such that =’ is equivalent to m,. Then the group

P ={veP:m,=n},

which lies between %), and ,?n‘;, acts simply transitively on &%(n’, w). Observe that
the inner product (¥, ¥),,, in (8.6) vanishes unless w + v belongs to &%(x’, =),
Rewriting p + v as v, we obtain

(8.7) rp(¥, ¥)a = 2 (¥, W), ¢4V 0, (A +v) 7,

vE &%m', )Ly, ¢

in the special case that ¥ € &/ .(M, ) and ¥ € & (M, 1y).
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The formula (8.6) implies that r3(¥’, ¥), extends to a meromorphic function
of Ain (aj; ) This implies the assertion we set out to check, namely that each 72(¥, ¥)%
can be analytically continued to a meromorphic function of A € ay ¢. The assertion
is valid for arbitrary functions ¥ and ¥ in &7,(M, 1y). In fact it is convenient to extend
the various bilinear forms above to the full space &/ (M, ) by defining them to be zero on
the complement of &/,(M, ty). (The existence of a vector space complement of &7,(M, 7y,)
in &/(M, 7y) is a consequence of Harish-Chandra’s theory of the constant term.) The
analytic continuation remains in force. For general ¥’ and ¥ we shall also write

T;E(\P', IF) = 7’%(‘}’” 11")0

and
3(¥', ¥)% = rg(¥y, ¥)?

if the functions are analytic at A = 0.

We now return to our discussion at the beginning of the section. Then P’ € #Z(M’)
and P € #(M) are standard parabolic subgroups, ¢’ € &/y(M’, Tp:|p:) and ¢ € (M, 7pp)
are fixed functions, and E(y’, 1), A" € tay,, and E({, A), A €iay, are the corresponding
Eisenstein integrals. For each standard parabolic subgroup P, € #(M,), we can form
the weak constant terms (CPE) (¢',2) and (CPE) (¢, ). We obtain functions
in &, (M, 7p,5,). Define

(8.8) wp, (N, A, ', §)% = PEPO@I((CP‘ E) (¢, 1), (G E) (4, 2))"

This function is to be our asymptotic approximation of QF (N, A, ¢’, ¢)% Observe that
a summand corresponding to P; will be nonzero only if the cuspidal components of
both (CP1E) (¢, 2') and (C® E) (J,A) are nonzero. This means that P, is associated
to both P and P’, and in particular, that P is associated to P’. We should also point out
that the summands on the right are only defined for A" and 2 in general position. However,
the sum does extend to a meromorphic function of (A, — X) in ay ¢ X ay ¢-

We want to establish an asymptotic relationship which is uniform in (', ). It
can be shown that wg (A, A, ¢/, ) is actually an analytic function of (X', A) in fay: X Zay,
and one could probably establish an asymptotic formula for all such points. However,
to avoid burdening the reader with the required extra generality [21, § 8], we shall
be content to prove a slightly weaker result that allows for the singularities of the
c-functions. This is in fact quite natural. As in Harish-Chandra’s estimates for wave
packets, we will ultimately rely on the Plancherel density to cancel the singularities.

To state the asymptotic formula, it is convenient to fix representations ¢’ € II,(M'(F))
and o € [I,(M(F)), and to assume that the vectors ¢’ and ¢ lie in &/;(M’, 7p|p) and
o (M, 7p|p) respectively. This of course entails no loss of generality. We may as well
also assume that the truncation parameter T € ay, p lies in the chamber af, corresponding
to Py. Recalling the functions u(s,) and N(2) from § 7, we introduce the quantity

(8.9) NV, 4 ¢, ¢) = w(op) ™" w(o) T NO)PENQO (L T I,
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with %2 any positive integer, in order to describe the error in the asymptotic estimate.
Let us also write
F (o', 0) = {(N}) eiage X iag: w(o}) uly) + 0}
={(\,): N, n 95 ¢) + 0}

The asymptotic inner product formula can then be stated as follows.

Theorem 8.1. — Suppose that 8 > 0. Then there are positive constants G, k and < such that
| Q8,00 % ¥, )% — B, &, §)% | < ON(, 3, 7, ¢) = #Iiml,

Jor all (W, %) e F(',0), Zeagy, ¥ € Au(M, 15 p) and ¢ € (M, 1pp), and all
T e ay, 5 N ag, with d(T) > 8[| T||.

We shall prove Theorem 8.1 in the next section. Notice that the estimate of the
theorem implies that the meromorphic function wg (A, A, ¢, $)? is analytic for all (A, A)
in (o', 6). This follows directly from the continuity of N,(2', A, ¢, ¢) on F(c’, o)
and the fact that Qf (\', A, ¢, ¢)? is analytic everywhere.

Suppose that the central characters of ¢’ and ¢ coincide on Ag4(F). Then (8.3)
will hold, and if A’ — A belongs to the space (iaj)%, we can define functions

a0 40 = | (Ex, ¢/, V), E(s, 4, %)) (s, T) de

AG\G(E)
and

G050 0 = T A(CHE) (¢, X), (CHE) (4 X).
1 (]
The following corollary is an immediate consequence of the theorem.

Corollary 8.2. — Given 8 > 0, we can choose the constants of the theorem so that
| QZ (V) 0 4, ) — o3 (N, 0 4, 4)| < CNL(, A, 4, §) el

Jor all (\',2), V', ¢ and T as in the theorem, with the additional condition that \' — A\ belongs
to (iay)% O

We conclude this section with some comments on the asymptotic expression
op, (N, A, ¢, ¢) in the corollary. Substituting the c¢-functions into the constant terms,
we first write wp (M, A, ¢, §) as

E 2 Z 731(11’;' ’ IP':) ’

P D Py &' EWiap,ap) sEWlap,ap,)
where
Wims) = (e, X) §') (my) €3 i

and
W, (m,) = (c(s, A) §) (m,) N Butm)

We are assuming that the representations ¢’ € II,(M'(F)) and o € II,(M(F)) are fixed
and that ¢’ € &, (M, 7p|p) and ¢ € (M, 1p|p). Consequently, the functions ¥,
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and ¥, belong to &, 4, (M,, Tp |p,) and &,;, (M, 7p|p,) Tespectively. Applying the for-
mula (8.7) (with P, o/, = replaced by P,, s’ o}, so,, and with A = 0), we obtain a
more explicit expression for wgp (A, A, ¢’, ¢). The result is

(8.10) wp (N M ¥ ¢) = X B X (W, W,)a M 0 ()7

P1DOPy 8,8 Mg
where the sums are taken over s’ € W(ay:, ay,), s € W(ay, ay ) and A, € £%(s' o}, 56,) | Ly -
Observe that
(s 63,, 56,) = 8N — sk + &°(s' o, s0),

and if A; ="\ — s\ + v,, for v; € 8%(s" o', s6), then

(Fys F)a, = (" N) ¥ ¢, A) §),y,-
With this substitution, the right hand side of (8.10) looks more like the asymptotic
formula [5, p. 36] for the inner product of truncated Eisenstein series.

If F = R, much of this discussion is superfluous. For M(R) is the direct product
of M(R)! with Ay (R)? and we can take ¢’ and o to be representations of M'(R)/A,. (R)°
and M(R)/Ay(R)® respectively. The set §%(s" o}, sq,) is either empty or contains the
one point s’ A" — sA. The formula (8.10) becomes

BN YD) = DT (6l ) el ) §) B0y (70— )
1

0 8,8

This is an exact analogue of the asymptotic formula for Eisenstein series.

9. Proof of the inner product formula

The purpose of this section is to prove Theorem 8.1. In the special case that G
is a torus, notice that

ng()‘" V) N (U 4‘)2 = (ogo(l', A, q))z,

so there is nothing to prove. In general, we shall assume inductively that the theorem
holds if G is replaced by any proper Levi subgroup.
The key step in the proof of the theorem will be to show that the difference

9.1) Ago()‘ly YU q’)z = Q%‘o()‘" A ¢)Z - "‘),Ir’o()‘,> A, ‘p)z

has a limit as T approaches infinity. This idea is due to Waldspurger, who worked with
p-adic spherical functions on GL(r) [31, Proposition II.4]. The existence of the limit
will be an easy consequence of the following weaker version of Theorem 8.1.

Lemma 9.1. — For any positive numbers 8 and r, we can choose positive constants C, k
and e such that

| ATFE(W, A, ¢, )% — AR (N, A, ¢, 9)2 | < CNL(V, A, ¢, ) e el

Jorall W, %), Z, ', 4 and T as in the statement of Theorem 8.1, and all points S € ay, 5 N ag,
with || S||<r|| T
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Proof. — Assume that T and S satisfy the conditions of the lemma. For any point
x =kymky, ky,ky €K, meMy(F)§,
in G(F), we have
u(x, T + S) = 7p (Ho(m), T + 8)

by Lemma 3.1. It follows from the integration formula (1.3) that QFF8()',a, ¢/, ¢)?
equals

(92) DPo(m) %Po(Ho(m): T + S) (E(m’ “I": )‘I)’ E(m, “l’, 7\)) dm‘

fMg(F)hG(F)”
Into this expression we substitute the expansion (3.14) for 7p (-, T 4 S). We obtain

the sum over parabolic subgroups Q which contain Py, and the integral over m in
M,(F) n G(F)%, of the product of

(93) DPo(m) (E(m> ‘I", )\')s E(m’ 4‘» )‘))
with
(9.4) TEo(Ho(m), T) 7o(Hq(m) — Tq, Sq)-

Fix QD P, for the moment, and consider points m € My(F) n G(F)Z such that
the function (9.4) does not vanish. For any such m, we can write

Hym) =T— I 8"+ I dyo’ +Z,
Bead,

seb,

where {B" } are “co-roots ”, { =" } are “ co-weights”’, and {cg} and {d,} are non-
negative real numbers. This follows directly from the definition of the two functions
in the product (9.4). Let « be any root in A, — AS. Since «(") < 0 for each B e A3,
we have

a(Ho(m)) > «(T) + dg, > «(T) > d(T) 2 3 || T,

with @, eﬁq being the weight corresponding to «. Furthermore, 7, (Hy(m), T + S)
equals 1, and this implies that

| Ho(m)[[ < ]IS+ T[l< (1 +7) [T

Consequently,
a(Ho(m)) > 8, || Ho(m) ||,

where §;, = 8(1 + r)~'. We may therefore apply Corollary 7.2, which tells us that
| Dy (m)* E(m, §, ) — D, pseq(m)™ (G2 E) (m, ¢, V]|

is bounded by a function of the form

GN(* || § || e <lmam,
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Applied to both (¢,2) and (§’, "), this estimate enables us to replace (9.3) with a
similar expression

(9.5) Dy, nuo(m) (G E) (m, ¢, 1), (G2 E) (m, ¢, 1))

built out of weak constant terms. For we can use the inequality (7.14) (applied to
both Q and G) to take care of the resulting cross-terms. The difference between (9.3)
and (9.5) is then bounded in absolute value by a function of the form

CNL(W 2, ¢, ) (1 + || Ho(m)]])? e *lIHatml,
For any Q, let W"%m) denote the product of (9.5) with 78 (Hy(m), T). If
Q = G, the expressions (9.3) and (9.5) are equal, and the integral of W™ %(m) is
precisely the contribution of Q to the original expression (9.2). Suppose that Q + G.
Then we can choose a root « € Ap) — A2, and as we have seen, «(Hy(m)) > 8| T ||

for any m such that (9.4) does not vanish. It follows without difficulty that the integral
over My(F) N G(F)? of the product of (9.4) with a function

(1 4 || Ho(m)|])® e~ el Botmll

is bounded by C, ¢e~=!I?ll] for positive constants C; and e;. We have thus shown that
the difference between (9.2) and

z tq(Hq(m) — Tq, Sq) WH(m) dm

QD Py JMy(F) N G(F)?
is bounded in absolute value by an expression
(9.6) CN, (N, &, ¢, ¢) e~ *I1ll

of the required form.
Let us decompose the integral

f ro(Hq(m) — Tq, Sq) W™ %(m) dm
My(F) N G(F)Z

into a double integral

f ( f W Q(m) dm) o(X — Tq, Sg) dX.
af,Q,F Mo(F) N Mo(P)*®

Here, we recall that

0o r ={ X €ty 5 yggo(X) =Z }. N
Substituting the formula (7.10) for C? E into (9.5), and then using (1.3) to change
variables, we find that

f W™ 8(m) dm
My(F) N Mq(F)®
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equals
9.7) Z Qg nag(8" N, 52, ¢%(L, 8" M) TH o', V) ¢, (L, ) T e(s, A) 4),

the sum being taken over s' € W(ap; Q) and s € W(ap; Q). Suppose that Q + G.
Then by our induction hypothesis, Theorem 8.1 holds for My. This will allow us to
replace the function QF .y, in (9.7) by the corresponding function @,y The
difference between (9.7) and the new expression will in fact be bounded in absolute
value by the sum over s" and s of the product of

(9.8) p(soy) M || (1, )T e(s, 2) d ],

(9.8) wo(s” of) T || %1, ") T (s, W) |,

and a function of the form
C(N(A) N())* g—eliTll,

According to the relation (7.13), the product of (9.8) and (9.8’) equals
w(o) T [ 4 [l (o) |1 7 I

Thus, for any Q + G, the difference between (9.7) and

(9.9) s'E, OBy ag(8 Ny S, ¢%(1, 5 N) T e(s, N) ¢, e%(1, s0) THe(s, A) )X

is bounded in absolute value by a function of the form (9.6). If Q = G, we cannot
apply the induction hypothesis. However, in this case the difference between (9.7)
and (9.9) is just the function AT (\, 2, ¢’, ¢)% Putting together everything we have
shown so far, we conclude that the difference between

(9.10) QN5 2 ¢, 9)% — AR (N A, ¢, 9)%,

and the function obtained by taking the sum over Q 3 P, and the integral over X € afj, ¢
of the product of 7o(X — Tg, Sg) with (9.9), is bounded in absolute value by a function
of the form (9.6).

The expression (9.9) can be simplified. Applying the definition (8.8) to Mg,
we first write the expression as

% X7 ((GMEQ) (%L, ' N) " e(s', 1) ¢, " 2), (G ES) (¢%(1, sA) ™ (s, A) ¢, V) ™.
8,8 Ry
The inner sum is over the parabolic subgroups R; of M which contain P, n My. Next
we apply the formula (7.10) for G2 E. This absorbs the sum over s’, s, and we obtain
27y, ((C™ GO E) (¢, 1), (C* GUE) (¢, 1)™
Ry
Finally, the transitivity property of the weak constant term implies that CF1 C? = Ch,

where P, = Q (R;) is the unique parabolic subgroup with P, CQ and P, n My = R;.
It follows easily that (9.9) equals the sum over { P, : P, C P, CQ} of

(9.11) ey ne((CPL E) (¢, 1), (CP E) (¢, 2)™
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To get back the function which is asymptotic to (9.10) we must multiply (9.11)
with 7o(X — Ty, Sg), and then take the integral over X € af , and the sum over P,
and Q. This becomes the sum over P, D P of

(9.12) ) (X = Tq, Sg) 7Z np. (¥, ¥) dX,
a>py JaZ o o

where ¥’ = (CRE) (§,2") and ¥ = (CP1E) (¢, 7). Our final task is to evaluate
(9.12).

Let us temporarily replace ¥’ by ¥, where A is a point in aj ¢ such that
the real part of A(a’) is large for every root « € Ap,. We can then make use of the
formula

Buroa(Fns B0 = [ (0 0% i, (K, = Ty) A5 X,
obtained by applying (8.2) to M. Substituting this into (9.12), we combine the

resulting double integral over X, eaf, and X ea} p into a single convergent
integral over X € af 5. We obtain

f ¥, )xX{ = Pp, Aag(X — Tp) 7o(X — Ty, Sg) AT X
o r QOP;

= (', IF)x (PPI(X - (Tpl + Spl)) A dX

z
Oy, ¥

= 15, %(¥4, V)%

The last steps follow from (8.2), (3.12) and the fact that ¢p ~y, = ¢5. But
75, (¥4, ¥)? extends to a meromorphic function of A € ay ¢ whose value at A =0
equals

o, S(¥, W)* = rpP5((CP E) (¢, %), (C* E) (¢, 1))"

This then equals the original expression (9.12).

It follows from the definition (8.8) and what we have just proved that the required
sum of (9.12) over P; equals of "5(), A, ¢, ¢)% This is our asymptotic approximation
of (9.10). More precisely, the difference between (9.10) and wp"5(N, A, ¢, §)% is
bounded in absolute value by a function of the form (9.6). However, the difference
is nothing more than the original given expression

AZIE:-S()‘,) A, ‘l/> "p)z - A’ll;o()\,: A, ‘l"'s ‘P)z-

The proof of Lemma 9.1 is therefore complete. O

Let us write Tlim to denote a limit as || T || approaches infinity, with T ranging
-

3
over the set of T for which d(T) > §|| T||.
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Lemma 9.2. — The limit

APO(N: A, 41,, ‘P)z = Tlgr}o A’f’o()‘,a A, "l),a “P)Z
)

exists, uniformly for (X', N) in compact subsets of F (o', c). In fact there are positive constants C, k
and = such that

| Ap, (W, 2, ¢, 4)% — AR (N, 0, 4, )% | < CN(W, 2, ¢, ) e el
Jor all (W, %), Z, V', § and T as in the statement of Theorem 8.1.
Proof. — Fix T, € ay, 5 Naf, with d(T;) > 3|| T,||. Set T, =nT,. Applying
the last lemma with T =T, and S = T;, we see that
| AR (Vs A, 5 )% — ARV, A, 4, )% | < CN(W, A, ¢, §) e oIl

for positive constants C, £ and . Since e~ *!I™ll equals (¢=*/IT1ll)*, the limit
APO()‘" A, ‘*I"'a ‘P)z = 31}3}0 A%:H()‘" A, ‘V, q’)z
= Ag(l,()", A, ‘V’ q’)z
+ 3 (AR, A ¢, )% — ARK D, Y, 0)%)

exists, and
|AP0()‘,’ 7\3 4)', ¢)Z - Af’g()"> Aa 4”> ‘P)z l < Cl Nk()‘la )‘> q)’: ‘I’) e_z”T"llb nz 0’

where C; = C(1 — ¢~=II"1ll)=1 Suppose that T is any point with d(T) > 8|| T |. We
may assume that || T || > || T, ||. Choose a positive integer n such that T, belongs to
T + ag,. It is easy to check that || T, || > || T ||, and we can also arrange to have
|| T, — T||<r]|| T]||, for a positive constant r which depends only on G and 3. We
can therefore apply Lemma 9.1, with S =T, — T. Combined with the inequality
above, it yields an estimate

| Ag, (N, 0 4, )% — AR (N, A, ¢, §) | < CNG (N, 2, ¢, §) e #11E
of the desired form. In particular,
APOO\', A ‘p)z = ,lll_{rolo A’II»:O()‘I: VU 4’)Z
8

The uniform convergence in (A, A) follows directly from the estimate. O

Proof of Theorem 8.1. — Suppose that the limit Ap (N, 2, ¢, $)* vanishes for
all (\',2) in an open dense subset &,(¢’, ) of # (¢, ). Then the estimate provided
by Lemma 9.2 reduces to the required estimate for

ARV, 0, 0% =QF (N, 0 ¢, )% — op (N, A U, 3)%,

whenever (), A) belongs to #,(¢’, 6). Recall that QF (X', A, ', $)* is an analytic function
of (', 7). Since the majorizing function N, (A', A, ¢’, ¢) is locally bounded on F(¢’, o),
9
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the meromorphic function g (N, A, ¢’, $)% must itself be locally bounded on (o', o).
This means that wg (M, A, ¢’, $)? is actually analytic on F (o', 6). The required estimate
will then hold on all of % (¢’, ), which is what we want to prove. Our remaining task,
then, is to show that Ay (A, A, ¢’, ¢)* = 0 on an open dense set.

Observe that if { is any point in iagy, the expressions Ap (N, 2, ¢r, §)%
Ap, (N, M, 4 0)% Ap (W, A — 4,0, 4)% and Ap (M + &, A, ¢, §)% are each equal to

€@ A, (N, %, ¢, )%
Replacing ¢’ and ¢ by representations of the form o; and o_, if necessary, we can

assume that the central characters of ¢’ and ¢ are trivial on Ag(F). Replacing A by A — §
if necessary, we can also assume that A belongs to the space

(i3, 5)® = (ia3)%/(f03)® 0 ay p = (03)® + ay p/oy p-

Similarly, we can assume that A’ belongs to (iay. §)® In particular, we can form the
function

ARV M 5 4) = Qp (W, A 5 4) — wp, (M, A U, 4)
considered in Corollary 8.2. Now

A'Ir’o()‘,9 A, q)': q)) = pX Ago()"s A, 4/, kl»')z-

ZEGG,F/EG,F

It follows from Lemma 9.2 that the limit

APO()‘" MY, Y) = '}1_1;1’010 A'll;o(w> A9 “I’)
3

exists uniformly for (A’, A) in compact subsets of % (¢’, ). On the other hand, we have
an inversion formula

APO()", )‘: ‘p,s q))z = l aG,F/aG,F I_l %APO()\G )\: q)é: 4‘) e C(Z)’
where the sum is over the dual finite group G p/ag p. It is therefore enough to show
that Ap (A, A, ¢', §) vanishes for all (A, 2) on an open dense subset of
F (o', 0)® = ((iaye,x)® X (103,%)°) N F (', 0).
The reason for this simple reduction is that (8.10) provides us with a formula

for wp (M, 2, ¢, ¢). We find that op (M,3, ¢, ) equals the sum over P,DP,,
s' € W(ay, ay), s € W(ay, ay) and v; € £%s" o, so-)/.?;,, of the functions

(9.13) (e(s's N) ¢ e(s, 2) §),, eV T AEWERIG, (5" N — s+ vy) T
Observe that as a function of (A, ) € #(d’, )% each summand (9.13) has finitely

many singular hypersurfaces, which are independent of T. Let %,(¢’, c)® be the
complement in & (o', 6)¢ of these hypersurfaces. Then Ap (N, 2, ¢’,¢) is a uniform
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limit of continuous functions on %,(¢’, 0)%, and is itself a continuous function of (\’, A)
in (o', 6)® Suppose that
a: (ia;l,F)G — (M, TP|1>)
and

a: (ia;&',F)G g da’(M,: TP'lP')

are smooth, compactly supported functions such that a’(A’) ® a(2) is supported on the
open subset %,(¢’, )% of (iay §)® X (iay 5)® We would like to prove that the integral

M@ =[ [ B nd ), a00) uoh) ul) dhaw
Giady, @ J (iajy, @

vanishes. It is clear that

Ap(@, @) = lim AZ(d, a),
8

where A (a', a) is the difference between

0%,(a', a) = [[ 08,02, ¢ (), a0) w(6}) w(sy) d
and

(@, @) = [[ 3,003, ¢ ¥, a) w(e}) u(e,) dra.

We shall show that the limit of each of these functions is zero.
To deal with QF (a,a) we will use a version of the Plancherel formula on

G(F)/Ag(F). If
n%(c) = | Way)| | £/ s

the function

Ey(x) = 1%(c)~ f E(x, a(), ) u(oy) dA

(ia%, )@
is a v-spherical Schwartz function on G(F)/A4(F). One then has the formula
(9.14) [ el B e = n0)7 [ (), a0) (o) dn
G(F)/ Ag(F) (o}, p)®
where
y (ia;m,r)g - (M, ’VPIP)

is a function obtained by symmetrizing o’ with respect to both W(a,) and #. More
precisely, ay(A) is defined to be the function

n®(c)™! > Z (s, V)T a (s 4 ),

& E W(ax, an’) v E &%s0, 0)/Lu
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in &/ (M, 7pp). Using the fact that the wave packets E, lic in the Schwartz space
([21, Theorem 19.2], [23, Theorem 6]), one deduces the formula (9.14) from the
original Plancherel formula (2.5), the relations (7.7) and (7.9), and the properties (7.1)
and (7.2). In the present context, our support condition on &’ and a insures that the
function

(Cels, A+ V)71 @' (sh + ) _y, a()) = (%(s, A + v) 7 a'(sA + 5v), a(n)),

vanishes for each s and v. This means that (ay(}), a(A)) equals O for every A, so the right
hand side of (9.14) in fact vanishes. On the other hand, applying the definition (8.1)
and changing orders of integration, we see that QFf (4', a) is just the product of 7%(c)*
with

f (Ea (%), Eo(#)) u(s, T) dx.
G(F)/ Ag(F)

As T approaches infinity, this approaches the left hand side of (9.14). Since both sides
of (9.14) vanish, we obtain

e T oy
%1_&10 Qg (a’, a) = 0.
5
Next, consider wp (a’,a). The contribution of the summand (9.13) to wg (a', )
equals the integral over (), 1) of the product of ¢~ +%wTr) with the function

(9.15) (e(s’, ) @'(1), ¢(s, 1) a(A)),, Bp,,o(s" N — $A + v3) 77 u(oy) p(ay).

The support condition on (a’, a) implies that (9.15) is a smooth, compactly supported
function of (A,2) in (fay 5)* X (ia3,5)* The contribution to wj(a’, a) is therefore
a Schwartz function of

(GO TPl’ —s! TPI)'

It approaches 0 as || T || approaches infinity. Since wj(a’, @) is a finite sum of such
contributions, we obtain
Tll_)n;lo wg, (@', a) = 0.
8

We have established that A (a’, a) = 0. Since Ap (M, 2, ', ¢) is a continuous
function on %,(da’,a)® and (a’,a) is an arbitrary test function, this proves that
Ap, (N, A, ¢, §) vanishes on the open dense subset &F,(¢’, 6)* of F(c¢’, 5)% We have
attained our goal. As we noted earlier, the estimate required for Theorem 8.1 follows,
completing the proof of the theorem. O

10. The spectral side

In this section we shall use the asymptotic inner product formula to investigate
the spectral expansion of K*( f). This will eventually lead to a spectral expansion of
the distribution J*(f) and of its constant term J(f). The final expansion will be the
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result of various operations applied to an expression obtained by substituting the inner
product formula into the original expansion (3.6) of K™(f). For real groups, the
process is quite similar to the combinatorial manipulations that were used to deal with
the spectral side of the global trace formula [6]. The idea of applying such techniques
to local harmonic analysis is due to Waldspurger [31], who carried out the procedure
for the general linear group of a p-adic field. At this stage, p-adic groups are more
difficult than real groups, for they contain combinatorial difficulties not encountered
in the global trace formula over a number field.
As we left it in § 3, the spectral expansion of K*(f) was

D IWEIWE I Ke,f) don
MeZ TIy(M(F)
Recall that { II,(M(F))} stands for the set of orbits of iay, or equivalently the quotient
0y = ia;‘/a;,l‘., in II,(M(F)). Since the stabilizer in iay y of any o is aﬁ,olaﬁ,m
we have

KI(f) = SIWE|[WSI™ S [aofalsl ™[ | Ki(or,f) dn

o€ {TIyM(F) }

Since m(s,) equals dy u(sy,) by (7.9), we shall write K*(q,,f) as

w(on) La % w(Ip(0y, x) S;(f)) tw(Fe(on, %) S) u(x, T) dx,

(F)\G(F) 8 € #p(0)

where
Sx(f) = dy Fp(0r, 12) SF(0, 1)

We can certainly take the integral over &7;(F)\G(F) inside the sum over S. We can
also replace x by &, xk,, and then integrate over %, and %, in K. The formula (7.2) then
gives an interpretation in terms of Eisenstein integrals. Since u(x, T) is left and right
K-invariant, the double integral over K leads to a (pointwise) inner product of Eisenstein
integrals. We obtain

f tr(Lp(0, %) S2(f)) tr(Fp(on, %) S) u(x, T) dx
AI\GE)

= (Ep(#, q’Sx(f)’ N); Ep(%, 4g, A)) u(x, T) dx

Ag(F)\G(F)
= erj;o()‘s A, q’s;‘m: Lps)’

in the notation of § 8. Here P, e #(M,) depends on M, and is any minimal parabolic
subgroup for which M is standard. We see that K*( f) equals

SIWE[WSI 5 Bl ofalp 7| GB0u % Yy ) (o)

I'au’ P

where the sums are over M € &, ¢ e{ II,(M(F))} and S € %(0).
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Motivated by Corollary 8.2, we set k() equal to

(10.) S WL WS E Bl ool |7 6RO, dayens Ye) (o) dn

iam, ¥

By our assumptions on f and %p(c), the summand will vanish for all but finitely many ¢
and S. To apply the estimate in Corollary 8.2, we note that

N, (% 2, %;\m, bs) (o) = N Il q’sw) ” ” s ”
=N®O*dg || Sa(llz 11 S 1]z
by (7.1). This is bounded by
N || £e(on, L)l 1| S 12 Il Zeons Al 11 S 2

a rapidly decreasing function of A € tay 5. Corollary 8.2 then tells us that the integrand

in (10.1) is analytic and rapidly decreasing on iay 5. The estimate of Corollary 8.2
also leads directly to

Lemma 10.1. — There are positive constants C and ¢ suck that
(10.2) | KE(f) — F(f)] < CemeliTl,
Jor all T with d(T)> 38 || T||. O

Since the integrand in (10.1) is a limiting value of
w?,o()\', A, ‘Ps;\un ‘ps) H(Gz)a

for points X', A € iay p in general position, we shall investigate the expression provided
by (8.10) for this latter function. It equals

(10.3) 2 X (e(s, V) bsyens €055 A) Pg)y, €47 By, (Ar) 7 (0y),

P, 8 8 W

where the sums are over P, D Py, s € W(ay;, ), s’ € W(ay;, 0y, ), and v, € s’ 5, 50) [ L e
and where A; = (s"A" — sA) + v;. Following [6], we make a change of variables

s'=st, teW(ay)),
in the sum over s’. Setting Q = s~! P;, we can then replace the sum over P, and s by
a sum over the groups Q € Z(M). It follows from the definitions that
M=) erl,l(A1)~1 = AT GQ,I(A)—ls
where A = s~' A,. Moreover,
¢(st, N') = ¢cp|p(st, N') = scqp(t, N')
and
(5, ) = ¢p (5, 2) = seqpe(1, A).
(See [7 (I.2.12)].) Since the operator
s: (M, 1) > (M, 7y)
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is an isometry between inner products (-, +),1, and (-, -),, the expression (10.3)
becomes

=z z X ("alr(t, N) “I’s;ma CQlP(ls A) q’s)veA(TQ) eQ,((A)_l (o3),

tEWn) QEPM) v

where v is summed over &%{s, o)/ , and A equals ' — A + v.
Harish-Chandra has established the functional equation

cqre(t, N') = cqpp(l, ') %p (¢, N').

(See [19, Theorem 21], [22, Corollary 17.2], [7, (I.2.9)].) For simplicity we shall write
cqip(tN) = cqp(1, V),

and also
%(t, ') = %pp(t, \')

if the group P is understood. Suppose that v belongs to &%(is, 5). Given vectors
¢’ € o(M, tpp) and ¢ € (M, 7pp), the reader can check that

(9" cai(®) @)y = (9" cqip(l; Mo @)y
= (cqie(ls 2 — v)is @s @)y
Moreover, since {c = 6,, we can use (7.8) to write
w(o) = u((te)r—,) = cqip(l, 2 — v)ig" (cqp(l, A — v)3o) 7
It follows that (10.3) equals the sum over ¢ € W(a,) of

(10.4) 2 X (cQIP()‘ —v)! cQIP(t)") O(2,2") q‘s;‘(/)’ g), €A eq,l(A)_l,
QEZM) v

where v is summed over &%(is, 0)/ Ly, and A equals £’ — A + v. To retrieve the
original expression (10.1) for £%( f), we must set A’ equal to A in the sum over ¢ € W(ay)

of (10.4), integrate the resulting expression over A € iay y, and then sum the product
of this with

| WG| W5 17" | oy, o/t |~
over S, ¢ and M.
If F is Archimedean, %y , ={ 0}, and the sum over v in (10.4) contains at most

one term. However, if F is p-adic, this sum is over a more complicated finite set. To
deal with the associated combinatorial problems, we turn to another idea of Waldspurger.

Lemma 10.2. — If F is a p-adic field we can choose a family of functions
{up € C2(tapfiag) : P e F}
with the following properties :
(1) 2% up(A+v) =1, Aeiajfiag,

vVE Pup, !
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(ii) For each P, the function
(10.5) up,o(A) = up(A) 0p(A) 05 ((A)77, A eiapfiag,
is smooth on iapfiag.

(iii) If P contains Py, up and up , are the restrictions of up and up , to iag.

Progf. — The fact that F is p-adic means that for each P, &y, is a lattice in
0y, [iag. Suppose first that P, e #(M,) is a minimal parabolic subgroup. We shall
assume that up is supported on the set

(10.6) {A cialfiog : | Al p)| < 37" ae APO’.
Glancing back at the definitions (6.3) and (6.7) of 6, , and 65, we see that the only
singularities of up (A) 05 ,(A)™' will be hyperplanes through the origin, and that
these will be cancelled by the zero sets of 05 . Therefore if 4 is smooth, the function uj ,
will also be smooth. On the other hand, the region of support for u, contains a funda-
mental domain for the lattice #y_ ,. It is then easy to arrange that

2 up(A+v) =1, Aeig.

VE Lrgl

(See [31, Lemme II.7.1].) If
P, = sP,, seW§,

is any other minimal parabolic subgroup, define
ugy(A) = up (s7" A).

Then conditions (i) and (ii) are also valid for ug.

Suppose that P € # is an arbitrary parabolic subgroup. Choose a minimal para-
bolic subgroup P, which is contained in P, and set 4, equal to the restriction of up
to za;. This function is independent of P,. Suppose that P contains a group P;. Recall
that any root « € Ay is the restriction to ap of a unique root «, € Ap — Ag , and that
«" is the projection of «, onto ap. In particular, g, , is the projection of w, , onto ap,
and Ly, , is the subgroup of characters in ,?;ipv ¢ which are trivial on the elements 4 4,
B € AL It follows from the definitions (6.3) and (6.7) that the function 6,05} is
the restriction of 0, 65, to iap. Moreover, it is obvious that up is the restriction of up
to ia;. Consequently, up, equals the restriction to iap of up ,. This is the third
condition.

Assume now that P; = P, is minimal. Since up , is smooth and compactly sup-
ported, the same is true of the function up ,. This is the second condition. It remains
to establish the first condition. Suppose that A is a point zaj. If v is any element in the
complement of Ly, ,in Ly, ,, there is a root « € A such that v(g, ) is a nonzero
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integral multiple of 2w, so that [(A + v) (i )| is bounded below by 2n. In other
words, A + v lies outside the support of u, . We obtain

S oAt = % wAty)

VE Lnp, VE Lup, ¢

= 3 upAd+v) =1,
¢

VE Lx,,

the required first condition on #,. 0O

If F is Archimedean, we simply set u, = 1. Then u; , is also equal to 1, and the
three conditions of the lemma are trivially true.

We return to the expression (10.4). It depends on an element ¢ € W(ay), which
will be fixed until further notice. The expression equals

z 2 Ag(v) 2™ B¢ ,(A),

QEPM) vE &%, o)L, !
where

A=AN,Nv) =0 —Ar+y,
and

AQ(v) = (cqip(d — v) "1 eq)p(tN') %(t, N') bgy (0> Ps)ve
Applying the last lemma, we write (10.4) as

% ZV:AQ(V) T Bg ,(A)? EEZ uq(A + ),

v

M,
an expression which also equals
% 2\,: %AQ(V + E..) oA+ E8) (T GQ,,(A + g)—l uQ(A + E),

in view of the definitions of A, and 0 ,, and the fact that Ty belongs to ay . Since
AdE=t—r+(v+E),
we can combine the double sum over (v, £) into a single sum over &%(fs, 6). It follows
from the definition (10.5) that (10.4) equals
)Y 2 Ag(v) AT ug 4(A) Bg(A)T

QEZM) vE 8%(o,0)
Define a Levi subgroup L € #(M) by setting

o, ={Heay:tH=H}
From now on we will take A’ = A 4+ ¢, where ¢ is restricted to lie in the subspace iaj,.
Then € = ¢, and

A= —A+C+v.
We shall write A, for the projection of A onto ia;, relative to the canonical decomposition
iay = (tay)" @ ia;. Then the map
(10.7) A% v) = (A A, ), A=tN—xr+y, AN =xr+4+¢,

10
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is a bijection of iay X iaj, X &%(fo, o) onto itself. In particular, the points A and
A = A 4 { are uniquely determined by A, A, and v. Define

(10.8) Do(A; 2, v) = Ag(A, g, v) ug 4(A),
where
Ag(A, g, v) = Ag(v) = (”Q|P(7‘ —v)7! CQlP(t)‘,) %(t, \') ‘psl(f): $s)y

as above. It follows easily from the definition that for fixed v, Ag(:, -, v) extends to a
meromorphic function on ay ¢ X aj ¢ which is analytic for points in Zay X Zaj in
general position. In particular, Dg(A, Ay, v) is well defined for generic (A, A;). However,
in contrast to the situation for Eisenstein series [6, p. 1298], Dg(-, -, v) is not a smooth
function on zay X zaj. We note for future reference that

(10.9) Ag(A 4 vygs 2y v + vig) = Ag(A, Ay, v)

for any point vy € #y. This is an immediate consequence of the definitions of A and
the inner product (-, -),. We shall also write

(10.10) Co(A, T) = AT,
In this notation, the formula for (10.4) becomes

% 2 Cgo(A, T) Do(A, 2y, v) 8(A) 7Y
VE &86(te, 0) QEPM)
where A = f)’ — A 4 v is understood to be a variable that depends on v.
We would like to apply the notions introduced in [4, § 6] to the sum over Q. We
begin by observing that

{Go(A, T): QeZ(M)}

is a (G, M)-family of functions of A € iay;, in the sense of [4, p. 36]. This is an immediate
consequence of the definition of T,.

Lemma 10.8. — a) For any A eiay, the set of points Ay, € a3, suck that Dy(-, -, v)
is regular at (A, 2) is an open dense subset of iay,.

b) Dg(A, Ay, v) can be regarded as a smooth function of A €iay with values in a topo-
logical vector space of meromorphic functions of Ay,.

¢) The set

{Dq(A; M, v) : Q e Z(M)}
is a (G, M)-family of functions of A €iay.

Proof. — We begin by investigating the regularity of Dg. According to (7.6),

cqre() ¢ = y(Q)™? ¢J5|,(07\)TJ”Q(6;‘)’

for any T € End(#%(c)r) and A eiay. If we divide ¢qp(A) by the normalizing
factor rg 4(s,), the J-functions on the right become normalized intertwining operators,
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which are both regular and invertible for any A € ¢ay;. The function %(¢, 1) takes values
which are unitary operators on #;(s)r, and is therefore already regular for all A e iaj,.
It follows from the definition (10.7) and (10.8) that Dg(A, Ay, v) is regular, up to
singularities in the normalizing factors. More precisely, if

7Q(A> AL v) = rE;Q((tG)A—v)_I rﬁ]q((tc)m')a
the function

do(Ay Ay, v) = 7o(A, A, v) TP Do (A, A, v)
is regular for all A eiay and A, €iaj. It is enough to prove the assertion a) with

Dgy(-, -, v) replaced by rg(-, -, v).
Observe that

7‘6]Q((t°)z—v)_l = 76|Q(°.)\)-—1 = II . 79(5;\)—1:
BEZG
since v belongs to &%(ts, ). Moreover,

ra1e((t0) ) = Bg:'— 7i-1g(00)s
q

since the rank one normalizing factors can be chosen so that
r6((0) ;) = 71 g(0y)-
It follows that
(10.11) ro(As 2y, v) = I 75(0;) 7  rag(oy)-
BeZg

Suppose that B belongs to the subset 7., of roots in X5 which vanish on a;. Then
o = ¢~' B also vanishes on a;. Since A and A" have the same projection onto (iay)",
r,(c,,) equals r,(s,). If « remains in Z3.;, the function r,(s,,) will then cancel the
term 7,(s,) " in the product (10.11). It follows that r (A, A;, v) can be written

1;17'— a(62) "1 14(0y) 1;175(01)—1 7i-15(00),

where the products are taken over { & € X¢ \; : fa € 25, }and {8 € 5 — Z5.. )

For any root «, 7,(s,) is 2 meromorphic function of x(¢") which does not vanish
for any imaginary A. If r,(c,) has a pole at a point 2, € iay, the representation o, will
be fixed by the simple reflection w,. (This is a consequence of Corollary 5.4.2.2 of [29]

and its analogue for real groups.) In this case
r—a(GM+u) = r—-a(wa(c)\o-—-u)) = ra(o'}\o—-u)’ we ia;l’

so the quotient of this function by 7,(c,,+,) is analytic at u = 0. We have established
that

(10.12) 7a(02) 71 7_4(03)

is an analytic function of A € ¢tay. Therefore, the product over « above contributes no
singularities to rq(A, 2y, v). Now, for the purpose of proving a), we can translate A
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by a generic point in zaj. This has the effect of translating both A and A’ by the same
generic point. Since § and 7' 8 both have nontrivial restriction to a;, for any root §
in X5 — X35, We can arrange that the singularities in corresponding product over B
avoid the given point A. This proves a).

The assertion b) is essentially a restatement of a). The function ug, in (10.8)
depends only on A. Consequently, Dy(A, Ay, v) extends to a meromorphic function
of A, which by a) is well defined for any point A €iay. We leave the reader to for-
mulate a definition of the topological vector space in which D, takes values.

Finally, we must establish that { Dy} is a (G, M)-family. Although it is not an
important point, the definition of a (G, M)-family in [4] requires that the functions
Dg(A) = Dg(A, 2y, v) be smooth in A. This is the reason for the interpretation 5).
The essential condition on a (G, M)-family concerns the compatibility of functions
attached to adjacent groups QQ and Q' in #(M). Let a be the unique simple root of
(Q, Ay) which is not a root of (Q’, Ay). Then the hyperplane

iy, ={Aeiay:A(c") =0}
is generated by the common wall of the chambers of Q and Q’ in zay. We must show
that if A belongs to iay , then Dg(A) equals Dg(A).
Suppose that Q , € #(M,) is the parabolic subgroup generated by Q and Q'.
According to Lemma 10.1, u4_, equals the restriction of both uy , and ugq , to iay .

In particular, ug ,(A) = uq(A) for any A eiay . To deal with the other factor in
the definition of Dy, we first write

Cq1p(A — v) " oq p(BN) =cqp(A — V)T 6 q(A — V)T 64 1o (IX) €q (),
by the functional equation [7, (I.2.9)]. Now it is easy to check that
ca1a® =Jo 1M J5a ™™

where J/ and J* are the standard left and right intertwining integrals defined in [7, § I.2].
(The formula [7, (I.2.14)] was transcribed incorrectly.) In particular, ¢gq(A) depends
only on the projection of A onto iay/iay, . Since A" equals (A — v) + A, we find that
¢y o(tN) equals ¢§ o(A —v) if A eiay . The required assertion

Dy (A) = Dg(A), A eiag,,
follows. O
Corollary 10.4. — Suppose that R is a group in F(M). Then the limit

DE(A — A+ v,0,v) =  lim Y Dgo(A, 2y, v) B(A)™?
A->({r—2+v) {QELM):QCR}

extends to a smooth function of \ € iay. If F is Archimedean, the function belongs to the Schwartz
space on iay.
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Proof. — We have
DQ(A’ )‘L’ V) = 7'Q(jx, )‘L’ V) dQ(A, )‘Ls V)

in the notation of the proof of the lemma. Since {74 } and { dq } are themselves (G, M)-
families of functions of A, we can apply the splitting formula [10, Corollary 7.4] to
the product { Dy }. We see that Di(fA — A + v, A, v) equals

X BRI LY S — N+ v, A, v) A (B — A v, A, V),
v,

in the notation of [10, § 7]. The sum is over groups L', L" € (M) which are contained
in the Levi component Mg of R. Now dg(A, Ay, v) is constructed from normalized
intertwining operators, which are analytic functions of A, A" € iay. In the Archimedean
case, these functions are also rational in A, A" [11, Theorem 2.1 (Rg)]. It follows from
[4, Lemma 6.2] that d@ (A — A + v, 2, A) is a smooth function of A eia}, which
in the Archimedean case can be written as a finite sum of products of rational functions
with matrix coefficients of the operator S,(f). Since the matrix coefficients of S,(f)
are Schwartz functions, it will therefore be enough for us to show that rd (fA — A - v, A, v)
is a smooth function of A € iay, any derivative of which is slowly increasing.
Recall that a group P € #(M) has been fixed. Set

%(A’ AL, V) = To(Ay Mg, v) 7p(A, Ay, v)~h

Then
TSN — A+ v, A, V) = 1p(8A — A+ v, A, V) B (B — A 4 v, g, V).

We see directly from (10.11) that

oM, v) = I1 (ra(0y) 7_p(02) ™) 7 (rmap(on) 7— map(on) ™).
B 26(\2P
Having established the analyticity of each function (10.12), we know the product on
the right is an analytic function of (A, }’) eiay X iay. It follows from [4, Lemma 6.2]
that

~Q' _ — . ~Q A

T (N — A+ v, Ay, V) A—»(tlil—r-lk+v) e (A, Ap, v)
is an analytic function of A €iay. On the other hand, setting A" = A in (10.11), we
obtain

rp(Ih — A+ v, 2y, v) = 11 . r6(03) 77 1i-1p(02)
Bezp

= AL r_g(e) 7" rg(on).
{BE Zp:tBE T5}
This too is a product of functions (10.12), and so is analytic at any A €iay. Thus,
73 (] — X + v, Ay, v) is an analytic function of A €iay.
If F is Archimedean, the normalizing factors are given explicitly in terms of gamma-
functions [11, § 3]. From this, one verifies that derivatives of (10.12) are slowing increasing.
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The argument above then confirms that any derivative in A of 7 (]A — A + v, Ap,, v)
is also slowly increasing. The proof of the corollary is complete. O
We return to our study of ET(f). We have written (10.4) as the sum over

v € 6%(lo, o) of the expression
(10 13) 2 CQ(A> T) DQ(A: 7\L’ V) eQ(A)_l

QeZm
built out of a product of (G, M)-families. There are two splitting formulas that can
be brought to bear on this sum over Q . The last corollary suggests that we turn to the
second one [10, Corollary 7.4], instead of the formula [4, Lemma 6. 3] that was used for
Eisenstein series in [6, Lemma 2.1]. This result allows us to express the sum (10.13) as

z dﬁ(LD Lz) Cﬁl(A, T) Dﬁ’(A, )‘L’ V)3

1y, Ly € L(M)
in the notation introduced in [10, § 7] and used above in the proof of Corollary 10.4.
In particular, dg(L,, L,) is the constant defined in [10, p. 356], and

(L, Ly) = (Q1, Qo) € P(Ly) X P(Ly)

is the retraction defined on [10, p. 357-358]. (The reader can also consult the proof
of Corollary 11.2 below for a precise description of the retraction.)

It follows from Lemma 10.3 and [4, Lemma 6.2] that (10.13) can be regarded
as a smooth function of A with values in a space of meromorphic functions of ;.
Therefore the limit of (10.13), as A" approaches a generic point A, exists. In particular,
the original limit of the sum over ¢ of (10.4) may be brought inside the sum over ¢ and
also the sum over v € §%(¢s, ¢). The limit of (10.13) becomes
(10.14) 2 dg(Ly, Ly) C(tn — A + v, T) D@(IA — A + v, Ap, v).

Ly, L EZL M)

The last corollary tells us that the summands in (10.14) extend to smooth functions
of A eiay. If F is Archimedean, &%(io, 6) consists of at most one element, and (10.14)
is rapidly decreasing in A. If F is p-adic, iay  is compact, and v can be taken to lie in
a finite subset of &%(fs, 6). In particular, the sum and integral over v and A, required
to construct k*(f) from (10.14), are absolutely convergent. They can both be taken
inside the sums over #, L; and L,.

We summarize what we have obtained so far.

Lemma 10.5. — The distribution k*(f) equals the sum over M € &, o e{ II,(M(F))},
S € Bp(c) and t € W(ay), of the product of

| W' | T WG 7% | ayg, o5 |7
with
(10.15) 2 dg(L, L) | XZCR(EN—2A+ v, T) DE(EN — A + v, A, v) dA,

Ly, Ly iam, g ¥

where (Ly, L,) and v are summed over (M) X £ (M) and &%(to, o) respectively. O
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11. The spectral side, continued

We proceed with the discussion initiated in the last section. We shall investigate
the formula for 2*( f) provided by Lemma 10.5, with particular regard for its depen-
dence on T. We continue to combine the techniques [6, § 2-4] of the global trace formula
with methods of Waldspurger [31] for dealing with p-adic groups.

Consider the integral over iay 5 = iay/ay p in the expression (10.15). According
to (1.5), ay, 5 equals iaf N ay p. The integral can therefore be decomposed into a
double integral over A" in iay/ay  + 0} and Ay in ia} ; = iaj/ay . Observe that
t\ — A depends only on the image of A in iay/ay ¢ + a}. In fact, if

O =(—1Dayp={tv—viveays}
the map
AL s p =l -

is a difffomorphism of ia}/ay  + 0} onto (iaj)“/ay , whose Jacobian determinant
(velative to our chosen measures on these spaces) equals |det(¢ — 1)g |. Therefore
(10.15) can be written as the product of | det(t — 1)q |~* with

(11.1) % d(Lo, L) | [ oo [du T OR( + v T) Dl + 2,
Ly, Lp iaf F v

where p. is integrated over (iay)“/ay , and v is summed over &%(ts, o). It follows from
the definition (10.8) that D2(-, A;, v) depends only on the images of A and v in the
quotients ia} y = ia}/ay y and &%(fo, 6)/ay ,. (Indeed, ay , is contained in ay g,
and from the definition in § 8 of the inner product (-, -),, it is clear that D is invariant
under translation of the third variable by elements in ay p.) We can therefore write
the expression in the brackets of (11.1) as

% f Co(w +v,T) (
(iag)"

vE &8¢0, o)ay,t

D& (p + v, Ay, v) d)\L) dy..

;%
aL, F

Recall that a@i(-, T) stands for the characteristic function in ay/a; of the convex
hull of

T ={Tq:QeZM),QCQ,}.
We can write

Cou+wT) = [  of(H,T) @+ @ gH.

L1
Tq, + 0¥

(See [1, pp. 219-220], [6, (3.1)].) Our expression (11.1) becomes

> p) ow'(H, T) @, (H, v) dH,

vE &%ta, 0ay,; Ly ELM) JTo + a3
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where @, (H, v) equals

% dy(Ly, Lz)f ( D& (. + v, A, v) d%) (e HIE gy
S

Ly EZLM)

for any point H € ay. The integral

Dir(e + v, 2y, v) diy,

*
“‘L,F

converges absolutely, and the resulting function of p € (fay)™ belongs to a Schwartz
space. Therefore if

H=Hy + H;,, Hyeay, Hyeq,

the function @ (H,v) is the product of ¢*™ with a Schwartz function of Hy. We
should also point out that the sum over v above can be taken over a finite set of repre-
sentatives of orbits in &%(fs, 6)/ay ,. This is trivial if F is Archimedean, and in the
p-adic case it follows from the definition of @ (H,v), the compact support of the
function ug ,(-) in (10.8), and the fact that the lattice (ay , + ay p) has only finitely
many orbits in &%(to, o).

We assume that d(T) > 8 || T || for some fixed 8 > 0. We must study the function

(11.2) f o:(H, T) @, (H, v) dH
Tq,+ 032

as || T || approaches infinity. There are two cases. If L, does not contain L, we argue
as on p. 1306 of [6], and conclude that the absolute value of (11.2) is O(|| T ||~ ") for
any n. If L; does contain L, we argue as on p. 1307 of [6]. In this case, (11.2) differs
from the function

[ oo, ) ([ 00,0 + Hy, ) dHG) aH,
Tq,+ ap? ay

by an expression whose absolute value is O(|| T ||~*) for any n. Before summarizing
these conclusions, we shall describe the last function slightly differently. Let v;, denote
the projection of any element v € £%(¢s, o) onto iaj . This depends only on the ay ,-orbit
of v. Combining Fourier inversion on ay with the definition of @y, , we see that

[ @00+ Hy, ) aEg
ok
equals

Y dg(Ly, Ly) ev® D2 (v, My, v) dAy,.

Ly ELM) iaf ¢

But if L, contains L,

f o%1(H,, T) "8 JH, — C(v,, T),
TQ+a‘4
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so that the function which is asymptotic to (11.2) can be written as

2 dg(Ly, Ly) C(v,, T) D (v, Ay, v) dAy,.

LyELM) ial,p

We have reached the following conclusion. There is a constant ¢, for each n, such that
the difference between (11.1) and the expression

(11.3) pX % dy(Ly, Lp) Ci(vg, T) Dy (vp,» Ap,» v) dAy,
vE €%(t0,0)/ay,¢ L € L(L) il F
L€ ZLM)

is bounded in absolute value by ¢, || T ||~

We now have an expression from which we can reconstruct the distribution J*( f)
obtained earlier from the geometric side. To account for the dependence of the group L
on the element ¢ € W(a,), we shall write W(a,,) as the disjoint union over L € £ (M)
of the sets

W(ag) e = {2 € W(ay) :det(t — 1)z + 0}

Lemma 11.1. — The distribution J*( f) equals the sum over M € &, o e{ II,(M(F))},
S € Bp(0), L € (M) and t € W(ak), of the product of

(11.4) | Wo' | T WG [* | det(t — 1)gg | | ay, ofaye v |~
with the expression (11.3).

Proof. — Write JT . (f) for the given sum. We must show that JT (f)
equals J7( f). Combining Lemmas 10.1 and 10.5 with the discussion above, we see
that there is a constant ¢, for every positive integer n, with the property that

| K*(f) — Joee( N < call T{I7"

whenever d(T) > 8 || T||. But J*(f) bears a similar relationship with K*(f), by
Proposition 4.5. We can therefore choose ¢, such that

| T (f) — Jgee( O < ca [l THI7"
whenever d(T) > §|| T ||. According to Proposition 6.1, J*(f) is of the general form

(11.5) T (T, f) &7,

te(z2) /<8

where N is a positive integer and p,(T, f) is a function whose restriction to each chamber
&, N a; is a polynomial in T. If we can show that J .. (f) is also of the form (11.5),
we will be done. For a nonzero expression (11.5) cannot be rapidly decreasing as T
ranges over the points in any chamber.
By definition [4, § 6]
i, T) =lim B Sy 4y,
>0 (REPWL:RC Q)
1
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where { is a small point in :aj in general position. Taking the Laurent expansion of
the function

226+ (Tp) OR(ZC + VL)_13 7€ C,
about z = 0 as in [31, p. 315], we see that
Cpi(v, T) = p> Gz, (Tr) €™,

{REZL):RCQ}
where { ¢ ,,(Tg)} are polynomials in Ty. This in turn is of the form

(11.6) > ™ ¢.(T),
te(32) |z

where N is a positive integer which can be chosen independently of v, L and M, and
each ¢;(T) is a polynomial in T € %, N af . We note for future use that ¢,(T) vanishes
identically unless v;, belongs to the subgroup £y of Z. Indeed, ¢“™ equals 1 for
all T € &, precisely when v, lies in %) . Suppose that this is actually the case. Then
70(T) equals Ci(v,, T), and is a homogeneous polynomial of total degree equal to
dim(Ay/Ag). In particular, ¢,(0) vanishes unless L, = L, in which case it equals 1.
We shall use this in the proof of the corollary below.

To complete the proof of the lemma, we need only observe that if the expres-
sion (11.6) is substituted back into (11.3), the result is just a finite linear combination
of such expressions. The same is then true of J3..(f), which for any given fis just a
finite linear combination of functions (11.3). In other words, JT..( f) is of the form (11.5),
and consequently equals J*(f). O

Itisnot J*( f) that we ultimately want, but rather the constant term JfH) = £0(0,f)
in the expansion (11.5) of J*(f).

Corollary 11.2. — The distribution J (f) equals the sum over M € &, o e{ II,(M(F))},
S € Bp(c), Le £(M) and t € W(ay) e of the product of (11.4) with the expression
(11.7) 2 2 Dy (v, Ay V2 + vp) dAy.
V€ dNto, ollam,t v E L Jiak, p
Proof. — We have seen that as a function of T, (11.3) is of the general form (11.5).
According to remarks in the proof of the lemma, the constant term of any summand
in (11.3) vanishes except when L; = L and the projection of v onto ia; lies in &£} .

It follows from the lemma itself that J(f) equals the sum over M, o, S, L and ¢ of the
product of (11.4) with the expression

(11.8) X X dy(L,Ly) . D (ves Ap, v) Ay,

v Lye£mn il p
in which v is summed over the set

{ve &, o)ay v, €LY}
It remains to show that (11.8) equals (11.7).
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If v is an element in &%(fs, 6) such that v, belongs to %/, the element v — v,
belongs to the set

&%(ts, o) N (ial)" = &(to, o).

The sum over v in (11.8) can therefore be written as a double sum over (v, v;) as
in (11.7).
To treat the sum over L, in (11.8), we should examine the retraction

(Ly, Ly) = (Qa, Qo) € P(Ly) X P(Ly)

which has been implicit in our recent discussion. The retraction is defined by an arbitrary
point X in ¢ in general position. For a given pair (L,, L,), assume that the constant
dyi(Ly, Ly) does not vanish. Then af is the direct sum of of and of , and we can write

X=X —X,, X,eaf, i=12.

The groups Q; e #(L,) are determined by the condition that X; belongs to the
chamber af. (See [10, § 7].) We have set L, = L in (11.8). Then if

X =X, — XL, X eaf, XL eql,

our point X, is the projection of X3y onto of, relative to the decomposition
ay = af @ af . In other words, the retraction L, - Q, is determined by a point Xg
in general position in a3. This was the set-up for the descent formula [10, Corollary 7.2],
which tells us that
% dy(L, Ly) Dge(ve, A, V9 + vg) = Dy(vg, A, v9 + vy).
L, E2M)

If we substitute this into (11.8) we obtain (11.7), and complete the proof of the
corollary. O

We want to interpret Corollary 11.2 as an elementary identity involving induced
representations and intertwining operators. However, we shall first derive an expression
that will be easier to compare with the earlier geometric formula for J(f).

Consider the expression (11.7). The double sum-integral over v, and 2; is
absolutely convergent, so its order may be reversed. According to the definition (10.8),

2 v DL(VLa )‘Ls VL + VL)
VLEZ,

=2 lim X Dg(€ + v, My, V¥ 4 vp) 05(C + v) 77

v £=>0 REFL)

=lim X XA (T + vp, Ay VA vp) gy, (8 + v) Or(C +v) 7

§->0 REZL) vt

where ¢ stands for a small generic point in fa;, and Q = Q  stands for any group
in (M) which is contained in R. We are making implicit use of Lemma 10.3 @), which
tells us that Ag(¥ + vy, Ay, V¥ + vy) is well defined for a generic point ;. By (10.9),

AQ(C + v A el + VL) = AQ(C> ALs VL)’ vy, € -?}fs
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since &) is a subgroup of #y. Moreover, we deduce that
ez.?" g, o(C + vp) Ox(C + vp) 71
= X “R,l(c + v) 0g(C 4 v) 71

v EZY

= I un(C 4 vo) O o (€ + ) !

VLEZL

= 2 ( = ug(C + v, + VL,I)) SR,I(C + v) ™!

VLELLIZI, vi,lELL L

= X 0L+

VLELLILL, !

from the conditions of Lemma 10.2, and the fact that 6y , is invariant under %y ,.
It follows that (11.7) equals the sum over v* € &(fc, o)/ay , and the integral over
A, €taf, p of

(11.9) lim 2 AL (G A, V™) (X 0 (L4 v)7Y).

-0 REFL) VLEZLIZL, ¢

It remains for us to express the sum in brackets in (11.9) in terms of the
function 0y ;, where % is a large positive integer such that

"?L,kc ZLC gL,l’

for each L. If X belongs to #y, ,/%#; ;, and R is in #(L), we write X; as in § 6 for
the representative of X in &#; , such that

XB= )Y To Ko, k> _1<ra<0'
o E Ar

Applying the identity
I=""'"=Q-=-M"1"A+t+... +857,

with N =kl~! and ¢ =¢ ©+W"%00 to the definition (6.3) of 6y, and 6y ,, we
obtain

2 O (C 4 v)?
VLG-?L/-QL,[
= Z[ ,‘ZL,,/ZL,,‘ |—1 OR,k(c -+ VL)—I( > e(C+vL)(xx))

XELL,LILLk

= Lo d L™ 2 T W0y ()7 e
VLEZLILLt XELLLIL Lk
The last equation follows from the invariance of the function 6y , under the translation
by £y ., a group which contains %7 . This in turn equals

| Lo/ Pyl ( c X D) 0 ()7,

X ELLIL L,k

by Fourier inversion on the finite abelian group % ,/%;.
We pause to restate Corollary 11.2 in terms of the new expression we have obtained
from (11.7). It will be convenient to take the sum over S inside all the other operations.
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This is certainly permissible, since Ag (¢, Ay, v*) vanishes for all but finitely many S.
Then J(f) equals the sum over M e %, o e{ II,(M(F))}, Le 2(M), te Wi(ay)
V' € 6(to, o) [ay , and the integral over Ay €ia}, 5 of the product of (11.4) with

(11.10) im % (X Aq (G, V") (| Lo/ Lyl B T ()7,

{—>0 REZL) 8EBplo) XELLILL,k

reg?

This begins to resemble the geometric formula for J(f) of § 6.

The representation theoretic objects are of course wrapped up in Ag (%, Ag, v).
Fix ¢ and v¥, and let p. be the uniquely determined point in (iay)* such that v& = p — #p.
We shall also take a variable point £ € (iay)" in general position which approaches 0.
Fixing the other two points in the triplet (¢, 2;, v¥) as well (with the proviso that Ay
be in general position), we set A =& 4+ u + Ay, and A’ = A + §. Then the point

A=t —rA+V=t —E+¢

approaches { as £ approaches 0. It follows from the definition that Ag(g, Ay, v") is the
limit as § approaches 0 of

(GQIP()‘ - VL)_I "Q|P(t)") %(t, \') ‘l‘s;\(m bg)y-
Set ¢ = o,. Since v" belongs to &"(fs, ), we have
to = (t6);, = G4y = O.
Let A, be the map which sends any ¢ € &/ (M, 7p|p) to the function
Yu(m) = y(m) ™, m e M(F),
in &/5(M, tpp). Then if T belongs to End(#’p(c)r) for some I', and T is the corres-

ponding operator in End(#5(c)r), A,(¢y) equals ¢z. It follows from the definitions
of the ¢-functions, and the invariance of %(¢, -) under translation by zaf, that

("QIPO\ — B! chP(ﬁ") %(t, \') ‘-Ps;‘(m bs)y
= (Ap(cqp(d — V*) 71 cqp(EN) %(t N') Ygy(n)s Au(¥s))o
= (‘QIPO‘ — v —t)7! ‘le(ﬁ\' — tp) %(4, N — ) Au(‘psxm), Au(‘ps))o
= (cqp(€ + M) T eqpp(tE + Ay + ) %(2, €) Ya5m5 8)o-

To this last expression we apply the formulas (7.6) and (7.7) for ¢-functions, and also
the inner product formula (7.1). Since

Sa(f) = d5 Ip(0s_, fo) SFp(Er_ws i)

we find that
A Mps V) = lai_ff}) (ds(‘l’rg(i) ST(E)> 45)o)
— lim (ir(T,(8) ST4(8) §°),
where -
Ty(8) = JP(Ez+x,,’f1v) Rt 0e) "' Jp1a(@ig+au+¢) Jp) (G 4a) !
and

T2(E») = JE P(EE+AL)_1JEIP(ElE+)\,,+ z:) R(t, EE) jp(aa+h:f2)-
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This formula becomes slightly more tractible when we take the required sum
over S € By(c). For {S:S € #p(c)} is an orthonormal basis of the space of Hilbert-
Schmidt operators on #°p(c). Therefore

% tr(Ty(E) STy(§) S*)

S € #p(0)

equals the trace of the endomorphism T — T,y(§) TT,(£) on the space of Hilbert-
Schmidt operators, or what is the same thing, the product of the traces of T,(£) and
Ty(€). We obtain

2 A8 Ay, vh) = lim (tr(Ty(E)) tr(Ty(8))),

8 € #re(o)
for the operators T;(£) and T,(£) on s#,(c) defined above.

It is not hard to compute the limit as § approaches 0. The group P e Z(M) is
fixed, so that I = P N L is a fixed parabolic subgroup of L. Remember that Q = Q
stands for any group in #(M) which is contained in R. We take Q to be R(II), the
unique such group whose intersection with L equals II. Then the only singular hyper-
planes which separate the chambers of P and Q in ay correspond to roots which do
not vanish on a;. It follows that J; o(o,,) is well defined and analytic at the generic
point A, €ia;. Taking the limits of each of the four operators in the product T,(£),
we obtain

lim Ty(8) = Fo (G /i) Rl 8) ™ TormanGag s ©) Joiman(@a) ™

To deal with T,(£), we note that Q = R(II), and that
d(Q, P) = d(R(II), R(1) + 4(R(II), P).

(We write d(Q , P) for the number of singular hyperplanes which separate the chambers
of Q and P.) It follows that

Jﬁlp( ) = JE(’ﬁ)l_mm( ) Jii(n)lr(')‘
Therefore

Lim T, (8) = Jran 2(54,) " &6(1) - Jran 12(0n, + 0) R(50) Fe(63,5 o)
where

“:a(t) = %i_r)r})( i(ﬁ)li(n)(a'i)_l Jﬁ(ﬁ) I_R(H)(Eti))'

We are using the fact that Jgg, 5m,(c,) depends only on the projection of the point
7 €iay onto iay/iar,.
The operator &;(¢) is actually a scalar. To evaluate it, write

J.(e,) = 1.(o,) R,(s).

The normalized intertwining operator, being regular at n = 0, contributes nothing to
the limit. Therefore, £.(¢) equals

lim (rg@, 2 (%)~ 2am 170 (%)) = Lim H, PR ACIE
E>0 E>0 BELR
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Let X5 ; denote the set of roots § € 5 such that the function r4(a,) has a simple pole
at £ = 0. If B belongs to the complement of Zf; ; in 2, 74(0;) is analytic and nonzero
at £ = 0, and so contributes nothing to the last limit. (This follows from the fact that
the rank one p-function p,(c,) = | 74(c¢)|~? is either analytic and nonzero at § =0,
or has a zero of order 2.) We obtain

e(t) =lim II ry(c,) " ry(s,) =lim TI E(BY) (¢8) (BY)™ "

£E>0 BESH 5 £>0 BEZH, 5

Because 74(0,;) equals 7,14(c,), we see that 7' maps Zf ; into the union of Zf

with 27, -, It follows that e;(¢) equals (— 1) raised to the power
| 4(Zh,5) N B3 -
We have established that
2 A (G A, VY

8 € #p(0)

equals the product of e5(¢) with the traces of each of the operators

I S1) R(%, )7 Jp 1 man (Oa + ¢) Je1ram (03) ™
and
JE(H)IP(EAL)_IJE(H)IP(EAL+ t) R(t: 6) fp@xufz)-

If we substitute this expression into (11.10), we obtain an elementary but rather
complicated formula for J(f) in terms of representation theoretic data. Before stating
the formula, we shall describe how to combine the required sums over ¢ and v

In general, for any ¢ e W(ak) we shall write II,(M(F))! for the set of represen-
tations in IT,(M(F)) which are fixed by ¢ We also write II,(M(F))!/ia, for the set of
orbits in II,(M(F))* under the action of ia;. Fix ¢ € W(ay),, as above. For a given
o € II,(M(F)), we have associated a representation o = ¢, in II,(M(F))! to each
point v* € &%(ts, 6). Conversely, if ¢ = o, is a representation in II,(M(F))!, the point
v¥ = p — tu belongs to &%(is, s). Now the original sum over v € %(¢s, o) was taken
only modulo the action of ay ,. The isotropy group ay , is isomorphic under the map
p = Ve = yu — fp to the group

(ou,r + faz) /iaf, = Gy, g/0y 5 N 05 = Gy 5/0y, 5.
On the other hand, two representations o, and ¢, define the same object in IT,(M(F))*/ia],
if and only if u — p" belongs to the group

(0w, o + i05) fiag, = Gy o0y o N G065 = ay o/ay o
We are supposed to sum the product of (11.4) and (11.10) over £ e &%(ts, o) [ay ;-

We see that we can convert this to a sum over o € II,(M(F))!/iaj,, provided we multiply
the summand by

| (0a, o/ 0, o) [(Or, w/af, ) | = | awg ofOa,w | | 0, of0r, ¢ |77
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Observe that the product of (11.4) with this number equals
| W' | | WG 7% | det(t — 1o |7 | ag, ofar,p |7
We have at last obtained a reasonably explicit spectral expansion for J(f). In

stating it, we shall write ¢ instead of o for a representation in II,(M(F))! and A instead
of 2, for a point in ia},. For each such ¢ and 2, set J;(o,, 4, f) equal to

(11.11) lim 3% 7 p() 750 (| Lo/Lrl™ D o, ,(0)7),

>0 REZM) X ELLLL,k
where

7, =(8) = tr(Fe(oy, i) R(2, 6) " Jp1ram(Ga+¢) Jpjram(o2) ™)
and

Tz,i(c) = tr(Jii(n)lP(Gx)_lJﬁ(n)lr(cx—i-t) R(t, 6) Fp(0y, f2))s

for any point { €iaj. The discussion above can then be summarized as

Proposition 11.8. — The distribution J(f) equals
(1112)  TEIT|WE WS [det(t— Vg | eul8) ot ol [ | Tulont ),
t o ol r

with the sums being taken over M € £, L € £ (M), t € W(a}) g and o € II,(M(F))tfia;. O

12. The local trace formula

We are at last in a position to establish our local trace formula. We shall first
describe the objects which go into the final formula. We shall then derive the formula
from the two expansions (Propositions 6.1 and 11.3) for the distribution J (f)-

If x = (x,, %,) belongs to G(Ay) = G(F) X G(F), and M € £ is a Levi subgroup,
the functions

(12.1) vp(A, x) = ¢~ ABE) —Hxe)) A eiqr P e (M),
form a (G, M)-family. The limit
ne(¥) = lim X (A, x) 65(A)?

A—>0 PEZM)
then exists [4, Lemma 6.2], and in fact equals the volume in ay/ag of the convex hull
of the points

{ — Hp(x;) + Hp(x) : P e Z(M)}.
The function vy(x) is invariant under left translation by M(Ag) = M(F) x M(F).

If v is a G-regular element in M(F), embedded diagonally in M(Ay), we can define
the weighted orbital integral

(12.2) Jutnf) = 1D Fx 1) ay(x) dv,

Au(Ap)\G(Ap)



A LOCAL TRACE FORMULA 89

which of course also equals
| D(y) |f f NACRRCAN ACARR T M ERE AN o
An(F)\G(F) J An(F)\G(F)

Let us write I'y;(M) simply for the set of conjugacy classes in M(Ay) of the form (v, y),
where y is an F-elliptic conjugacy class in M(F). The distributions Jy(y,f), taken at
the G-regular elements in I'; (M), will be the main ingredients on the geometric side
of the formula.

To describe the terms on the other side, we shall first define a distribution that
can be called the ¢ discrete part” of the spectral side of the formula. Suppose that ¢
is a representation in II,(M(F)), for some M € #. We shall write ¢" for the contra-
gredient of ¢. In § 11 we introduced a function ¢,, which may be regarded as a sign
character on the group

W,={teW(ay) :tc = o}
Then
(12.83) et) = (— 1)I!®no 0Tl teW,,
where P € Z(M) is a parabolic subgroup, and X , is the set of reduced roots 8 € X}

whose normalizing factor 75(s;) has a pole at § = 0. If ¢ belongs to W,, we can form
the (normalized) intertwining operator

R(t, 6" ®06) = R(t,6") ®R(¢, o)
from the induced representation
jp(o'v ®0) = jp(cv) ® SIp(o)

to itself. This operator is independent of the representative of ¢ in the normalizer of M(F)
in G(F). Moreover, it depends only on the orbit of ¢ in II,(M(F))!/iag. The distribution

JolontS)dr = [ (Rt ©0) So(e¥, @0, 1))
iaE,r ia&,v

also depends only on the orbit of ¢, and in addition, depends only on the restriction f!
of f to the subgroup

G(Ap)! ={(11,72) € G(Ag) : Ho(1) = Ha(2a)}-

In analogy with automorphic forms, we define

Lo () = Taisa(S) '
to be the expression
(12.4) S [W| WS | det(t — g |7 ) | &% ofadp |7 | Talonstf)

iag, r

where the sums are taken over M € &, ¢t € W(a§),,, and o € II,(M(F))![iag;. Regarded
as a distribution in f7, I, (f) is a finite linear combination of irreducible characters.
We will use the coefficients to describe the general terms on the spectral side.

12
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Let Iy, (G) denote the set of equivalence classes of irreducible representations
n =) ®m, of G(A;) which are constituents of induced representations

Io(c' ®0) = Fp(c¥) ® Fp(s), PeP(M),
in which ¢ is a representation in II,(M(F))! for some element ¢ € W(a§),,. We write
T4 (G) [iag for the set of orbits in Il;, (G) under the action

n'—>ﬂ;‘=TCI/'_l®7r2'A, )\eiaa,

of iag. It is known that o is uniquely determined by =, up to conjugation by W§. We
can therefore define a measure dr on Il (G) by setting

(12.5) fn CEE.: o ofade ™|
disc

@i ‘( A) dh’
nell G)/iag ia
dise e ? € Cc(IIdjm(G)).

(12.6) Luo(f) = fn () () d,

where each 4§, (w) is a uniquely determined complex number that depends only on
the iag-orbit of =. The numbers

Be(T), M €L, e [y, (M)]iay,
can be defined in this way for all Levi subgroups. They will appear as the general
coefficients on the spectral side.
Suppose that M € & is a general Levi subgroup, and that = ==} ®m, is a

representation in Il; (M). For any P € (M) and A €iay, we can form the induced
representation

Io(mnf) = jp("";/,—)\’f;) ® Jp(my, 25 02)5
of the Hecke algebra 5#(G(Ay)), and the standard unnormalized intertwining operators
JQIP(“A) = JE]P("Y,—A) ®JQ1P(7‘2,A), QEW(M)-

Observe that Jq p(m,) maps Hp(m)) ® Hp(my) to Hg(my) ® H#y(r,). However, the
operators

(12.7) FaolA, M, P) = JQ|P(“A)_1JQ|P(7"A+A)’ A eiay,
map #Hp(r) = Hp(n)) ® #Hp(m,) to itself. In fact, the set
{FaA, ™, P): QeP(M)}

can be regarded as a (G, M)-family of functions of A eiay with values in the space
of (operator-valued) meromorphic functions of A. In particular, the limit

Fu(m,P)=1lm X F. (A, m,P) 0y (A)"!

A—>0 QEZM)

exist, and is a meromorphic function of A.
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Lemma 12.1. — The matrix coefficients of the operator Fy(m,, P) are analytic functions
of \ €iay  whose derivatives are slowly increasing.

Proof. — Consider the special case that
n=0"®c, oell(M(F)).
The assertion of the lemma then becomes a special case of Corollary 10.4, in which
L =M and ¢ = 1. For arbitrary =, the lemma can be proved either directly from this

special case, or by mimicking the relevant part of the proof of Corollary 10.4. O
Writing #y(w, P) for the value of #y(m,, P) at A = 0, we define

(12.8) Ju(m, f) = tr(Fy(m, P) Ip(m, f)).

The distributions Jy (=, f), which depend only on equivalence classes of representations
7 € Iy, (M), will be the main ingredients of the spectral side of the formula.
We can now state the local trace formula.

Theorem 12.2. — For any function f € #(G(Ay)), the expression

(12.9) S WE|[Wg [ (— Domdersa [ Ly f) oy
MeZ Fell(M)
equals
(12.10) 3 I WH [ WE | (= et [ G (m) Ty(m, ) d
ME® T gioo(M)
Proof. — We should first observe that the integrals in the two expressions are

absolutely convergent. For the integrand in (12.9) is a locally integrable function of
compact support (cf. Lemma 4.3). In the case of (12.10), the K-finiteness of f implies
that the expression is a finite linear combination of integrals
. Ju(mS) dn, w e Iy (M),
iaM, F

But it follows easily from Lemma 12.1 that Jy(=,, f) is a Schwartz function of A € iay g.
Next we note that it is sufficient to take

S(x) = fi(%) fo(%2), fi e #(G(F)),

as before. Given our control over the convergence of the integrals, this follows from
a standard approximation argument.

We make the induction assumption that the theorem holds if G is replaced by
any proper Levi subgroup. We shall write Jooun(f) = J&on(f) and Joo(f) = J3e(Sf)
for the respective expressions (12.9) and (12.10). Our aim is to convert the geometric
and spectral expressions of J(f) into two parallel linear combinations of distributions

{J¥ (fo)}and {J¥(fy)}, in which Q ranges over the groups in %, and

Falm) = 3g(m)™ f Fkt mnk) dndk, m e Mg(A,).
E XK J No(Ap)



92 JAMES ARTHUR

We will then be able to exploit the induction hypothesis, in the form
(12.11) Jetn(fo) =Jzk(fa),  Q=+G.

Consider first the geometric side. According to Proposition 6.1,

JA =SIWE W Tuls) d

Ty
where
Bt f) =100 F 1 ) Bl d.
Au(Ap)\G(AF)
Motivated by the definition (6.6) of Py(x), we set
(12.12) (A) = | L/ L 1™ T F0, ,(A)T10,(A),
X € LulLuk

for P e #(M) and A eiay. Then
%) = lim B op(A, %) cp(A) Op(A)

A->0 PEPM)

= (— 1)WmAw/da) Iimm 3 pp(A, x) cp(A) 65(A) Y,

A—->0 PEPM)

since 0p(A) equals (— 1)3mAw4e) g5(A). It is clear that c¢p(A) is smooth for A
near 0. Moreover, it is easy to check from the definitions of X3, 0, and 6, that
{cp(A) : PeP(M)} is a (G, M)-family of functions of A, in a neighbourhood of 0
in fay. It follows from the product formula [4, Lemma 6.3] that

Uy(x) = (— DB T 93(x) cqs
QEFM)

in the notation of [4, § 6]. When we substitute this back in the integral above, and apply
the usual change of variable formula, we obtain a term

| D(y)| f sy T ) w0 de = B, o)

This is the analogue for M, of the distribution Jy(y) = J%(y). Therefore the original
sum over M, taken inside the sum over Q, yields the distribution J¥_( f,). It follows
that

(12. 13) j(f) — QE_:,.l ngq I I Wg, |—1 (__ l)dlm(AqlAa)mgm(fQ) 6:1'

We turn next to the spectral side. By Proposition 11.3, j (f) may be written as
the sum over L € & of the product of | WZ || W§ |~ with

(2.1 B WK WEI et~ Dg [ o) | oy | [ Tulons )
2, © aL, P

where the triple sum is over {M e £ : M CL}, ¢ € W(ay),., and o € II,(M(F))[ia;,.
The distribution jL(cA, t,f) is defined by the expression (11.11), in which we can
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recognize the formula (12.12) for the function cg(-). Substituting for this formula
in (11.11), we obtain

Juon t.f) =lim B 7 5(0) 7 5(0) ex() 02(0)

>0 REZWL)

= (— )& lim ¥ 7 5(8) 7, z(8) cx(8) 02(8) "

>0 Re2(L)

We must examine the numbers 7, 5({) and 1, 3(£), which were defined prior to the
statement of Proposition 11.3.

Writing AV for the transpose of an operator A, one sees from the definitions of
induced representations and intertwining operators that

Tl,i(c) = tr(.fP(chlV) R(, G)—IJP]_R(H)(GA+C) Jpl_n(m(cl)_l)
= tr(J\r{ITz(n)(Ux)_lJg]‘mm("uc) RY(t, 6)7* I3 (03, /1))

= tr(Jzan 2(6Y0) 7 Jaan p(6Y a+ 1) R 6Y) Fa(sl s, ))-
If we set
JR[P(“!A ®c,) = JE(H)IP(GY-A) ®Jn(n)1p(°'x)a R e Z(L),

we can then write the product 7, 5(%) 7, (%) as
tr(Jmp(G!A@ O'7&)_1.Jla:|1>(¢\—l-o‘+ 5 ®051) R(t, 6" ®0) Ip(c¥ 1 ®0,, 1)),

in the notation above. Recall that P is any group in (M) such that P n L = II. We
claim that J(o,, %, f) is independent of which such P is chosen. To see this, write the
unnormalized operator

Jnlp(c\ix ®ay) " Jnlp(c\i a+0® 0 1t)
in the expression above as the product of a normalized operator
(12-15) RR[P(G\LA(@GA)_IRR[P(G\L(A+C)®61+E)
and the scalar

rﬁ(l‘[)ll’(c\i A TREm | 1:("\i a+e) 7R(H)|P(G)‘) -t ’mm]p(cx +t)

= 7512 (%) " 7o 15m (%2 + ¢) Tram(2(02) ™" Tran (02 4+ 1)

The property P N L = II implies that

d(R(II), P) + d(P, R(II)) = d(R(II), R(1D)).
The scalar therefore equals

ran | Em(02) ! Tran B (01 + ¢)s

and is independent of P. On the other hand, the contribution to Ji(o,,t,f) of the
term (12.15) is also independent of P. This follows from the multiplicative properties
of normalized intertwining operators, as on [4, p. 44]. Having justified the claim, we
are free to choose P = S(II), where S is a fixed group in #(L).
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For any irreducible subrepresentation © = w, ® m, of the induced representation
I (s’ ® o) of L(Ay), there is a canonical embedding of #(x) into #5(c’ ® 6). The
restriction of F(c" , ® a,, f) to this subspace equals £4(x,, f), while the restriction of

JR[P(GXA ®q)? Jn]p(c\ia+m ® 06y 4¢)
to #¢(n) equals the operator

Jris(m) " Jris(matg) = el ™, S).
With these observations, we can apply the definition (12.4) of I%, to the expres-
sion (12.14). The two parallel expansions in (M, ¢, 6) become parallel expansions in

the elements = € [y, (L)/ia},. Combining the formulas we have obtained for J (o, ¢, f)
and T, 5(%) 75 (%), we see that (12.14) equals

f G (%) Jo(m, f ) d,
where

Ju(mf) = (— 1)@ lim % tr(fy(Cm,S) Fy(m, f)) ex(C) 0x(8) 7%

>0 REZL)

Thus,
I = B IWEIWS [ () Tymf) d
LeZ Mgiee(@)

Now, we can write

Ju(m f) = (— 1)tm4vdo 5 tr(F8(x, S) Sg(m, f)) cas

QEF (L)

by the product formula [4, Lemma 6.3]. Moreover, a standard argument [4, Lemma 7.1]
gives us

tr(FE(m, 8) Fy(m, f)) = Jio(m o),
the analogue for M, of the distribution J (=) = J§(x). Take the sum over Q outside
the sum over L. After making the substitution

Palf = B [WEIIWE| 7 (= e [ g (m) B, fo) dr,

{L gL

we are left with the formula

(12.16) j(f) — Q§y| wglo l | Wf," |—1(_ l)dlme/Au)‘]ggc(fQ) 6&.

The theorem follows from the identity of right hand sides of (12.13) and (12.16).
By our induction hypothesis (12.11), the terms corresponding to Q #+ G are pairwise
equal. This leaves the two terms with Q = G, which are just J..(f) and J..(f).
The equality of these distributions was what we had to prove. O

Remarks. — 1. The local trace formula is thus the identity between the two
distributions (12.9) and (12.10). This should be compared with the global trace formula.
The global trace formula of course applies to a function on an adéle group, rather than



A LOCAL TRACE FORMULA 95

a real or p-adic group. It is nevertheless an identity of two distributions [12, (3.2)
and (3.3)], defined by geometric and spectral expansions which are remarkably similar
to (12.9) and (12.10). The local ingredients of these expansions are distributions on
the adéle group which are analogues of (12.2) and (12.8). (The notation in (12.8)
is slightly different from that used in the global trace formula. The distribution Jy(m, f)
here has been defined in terms of unnormalized intertwining operators, whereas its
global counterpart in [12, (3.3)] was defined in terms of normalized operators.)

2. The local trace formula is actually not as difficult as the global trace formula.
One reason for this is that the geometric terms are parameterized only by semisimple
conjugacy classes. In the global formula, the geometric terms are parametrized by uni-
potent as well as semisimple classes. A similar phenomenon occurs on the spectral side.
The terms in the local formula are parametrized by tempered representations, while
in the global formula there are also terms coming from non-tempered representations
in the discrete spectrum.

3. The sign ¢4(¢), which occurs in the definition (12.4) and (12.6) of the coeffi-
cients 4§, (), is an interesting object. It has a simple description in terms of the
R-group of 6. Recall [25] that there is a decomposition

W, = W, X R,

of the stabilizer of ¢ in W(ay) into a semi-direct product. The group W, is the Weyl
group of a root system, namely, the reduced roots whose corresponding rank one
Plancherel density vanishes at 6. The R-group R, is the subgroup of elements in W,
which preserve a positive chamber for this root system. It follows from the definition (12.3)
that ¢, is the pull-back to W, of the usual sign character of the Weyl group Wj.

4. The distributions (12.2) and (12.8) are not invariant. However, it is not hard
to derive an invariant local trace formula from the identity of (12.9) and (12.10). One
ends up with an identity of two expansions which are identical to (12.9) and (12.10),
except that Jyu(y,f) and Jy(w,f) are replaced by invariant distributions. The process,
which is similar to that used in the global trace formula, is described in [13, § 8]. (See
also [14, § 1-2].)

5. The formula is likely to have a number of applications to local harmonic
analysis. Three such examples, all based on a natural approximation argument, have
been sketched in [14, § 3]. We hope to investigate further applications in another paper.
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