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THE LOCAL BEHAVIOUR OF WEIGHTED ORBITAL
INTEGRALS

JAMES ARTHUR

Introduction. Let G be a reductive algebraic group over a local field F of
characteristic 0. The invariant orbital integrals

Is(v, ) =|D(¥)"* fG (F)\G(F)f(x‘lvx)dx, v € G(F), fe C2(G(F)),

are obtained by integrating f with respect to the invariant measure on the
conjugacy class of y. They are of considerable importance for the harmonic
analysis of G(F). Invariant orbital integrals are also of interest because they
occur on the geometric side of the trace formula, in the case of compact quotient.
For the general trace formula, the analogous terms are weighted orbital integrals
[3]. They are obtained by integrating f over the conjugacy class of vy, but with
respect to a measure which is not in general invariant. Weighted orbital integrals
may also play a role in the harmonic analysis of G(F), but this is not presently
understood. Our purpose here is to study the weighted orbital integrals as
functions of y. In particular, we shall show that they retain some of the basic
properties of ordinary orbital integrals.

Recall a few of the main features of the invariant orbital integrals. If F is an
Archimedean field, they satisfy the differential equations

1) Jo(v,2f) = 3(hr(2))Js(v. f), ¥ € Ty(F),

where T, (F) is the set of regular points in a maximal torus of G(F), z is an
element in the center of the universal enveloping algebra, and d(/4,(z)) is the
corresponding invariant differential operator on T(F). If F is a p-adic field,
there are no differential equations. Instead, one has the Shalika germ expansion

2 Jo(v.f)y= X T(v,u)Jg(u, f)

u€(%(F)

about 1, or more generally about any semisimple point in G(F). The coefficients
{T'(y, u)} are functions of regular points y near 1 and are indexed by the
unipotent conjugacy classes u in G(F). If F is either Archimedean or p-adic, the
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values of invariant orbital integrals at singular points can in principle be
expressed in terms of their values at nearby regular points. The simplest example
of this phenomenon occurs when y belongs to the Levi component M(F) of a
parabolic subgroup of G(F). One can form the induced class y© in G(F), which
may be singular in G(F) even if y is regular in M(F). Then

(3) Jo(vC, f) = lim J5(av, f),

where a takes values in A,,(F), the split component of the center of M(F).
(Actually, y° can be a union of several conjugacy classes in G(F), in which case
the left-hand side of (3) is defined as a sum of several orbital integrals.)

Weighted orbital integrals are distributions on G(F) which are indexed by
Levi components M(F), and elements y € M(F). They reduce to invariant
orbital integrals when M = G. If the centralizer G, (F) is contained in M(F),
the weighted orbital integral is given by the formula

Iu(r, 1) =1D)I | £(x71yx) vy (x) dx,

G,(F\G(F)

where v, (x) is the volume of a certain convex hull. However, for general
elements y € M(F), the definition is more delicate and will be a consequence of
Theorem 5.2 and Corollary 6.2. We will end up defining J,,(y, f) as a limit

(3%) Ju(v, f) = lim 3 rg(y,a)J(ay, f),

a=1 1 eo(M)

where a takes small regular values in 4,,(F) and for each Levi component
L(F) D M(F), rk(y, a) is a certain real-valued function. At the same time, we
shall show that the distribution J,(y, f) is given by an absolutely continuous
measure on Y. The analogy between (3*) and (3) is clear. Notice that for any
such a, G,,(F) is contained in L(F) so the distributions on the right side of (3*)
are given by the integral formula above.

In part 2 we shall treat the case of p-adic F. We will derive a germ expansion

(2*) ‘IM(Y’ f) - Z Z g,f,(‘y, u)‘]L(u’ f)

Le#(M) ue(%, (F))

about 1, or more generally about any semisimple point in M(F) (Proposition
9.1). In (2*), y ranges over G(F)-regular points in M(F) which are close to 1.
The equivalence of the two sides of the formula means that as functions of vy,
they differ by an orbital integral on M(F). In particular, the coefficients
gL (v, u) are really equivalence classes of germs of functions of y. We shall also
show (Lemma 9.2) that in certain cases the germs about an arbitrary semisimple
point ¢ in M(F) can be expressed in terms of the germs about 1 in G (F). In
§10 we shall investigate a homogeneity property and expand the germ

gu(y'v), e F* e (%(F)),



THE LOCAL BEHAVIOUR OF WEIGHTED ORBITAL INTEGRALS 225

in terms of
gu(v,u), ue (2(F)).

We shall deal with Archimedean F in part 3. In Proposition 11.1, we will
derive a differential equation

(1*) JM(Y’ Zf) = Z 81{;(7, ZL)‘IL(‘Ya f)7 YE Treg(F)y
LeZ (M)

when T(F) is contained in M(F). Here d5(y, z;) is a differential operator on
T,,(F) which depends only on the image z; of z in the center of the universal
enveloping algebra for L(F). We include y in the notation to emphasize that if
L # M, d;;(y, z;) has variable coefficients. In the case L = M, dM(y, z,,) is
equal to the invariant differential operator d(A1(z)). Proposition 11.1 is proved
by a simple invariance argument, but the differential operators % (y, z) can also
be constructed from the radial decomposition of z (Lemma 12.1). This formula-
tion gives qualitative information which is useful for comparing weighted orbital
integrals on different groups. We will conclude part 3 by looking at the behaviour
of

JM(Y: f)’ Y€ Treg(F),

as y approaches the singular set.

The coefficients rj(y, a) in (3*) are generalizations of functions used by
Flicker [10]. We shall indicate briefly how they are constructed. The essential
difficulty arises when y = u is unipotent in M(F), so let us assume this to be the
case. The problem is that

a-Jy(au, f), ac Ay(F),

blows up at a = 1. Suppose first that the Levi component M(F) is maximal.
Then it turns out that the function

JM(aua f) - 2"Bv”p(ﬁ’ u)loglaﬂ - a_ﬁl‘IG(au’ f)

has a limit at a = 1. Here B is either of the two reduced roots of (G(F), 4,,(F)),
and p(B, u) is a uniquely determined positive number which we shall introduce
in §3. As a function,

P(B’ u)’ uE%M(F)a

is lower semicontinuous on the F-rational unipotent variety of M, and p(B, u)
depends only on the geometric conjugacy class of u. Now, suppose that the Levi
component M(F) is arbitrary. For each reduced root B8 of (G, 4,,), we can
define the number p(B, u) as above. If L(F) D> M(F), there is a real vector
space aj, whose chambers correspond to parabolic subgroups R of L with Levi
component M. Then rj(u, a) equals the volume in a; of the convex hull of the
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points

Xp(u, a) = Y p(B, u)log|a? — a™F|B",
B

where for each R, B is summed over the reduced roots of (R, A,,).

The main result in part 1 is the existence of the limit in (3*). The proof is in
two stages, one algebraic (§4) and one analytic (§§5-7). The algebraic part, which
is due to Langlands, is a key step. It is based on the geometry of the
Grothendieck-Springer resolution and establishes the continuity of a certain
function on the product of 4,,(F) with a subspace of the unipotent variety. The
analytic part, although fairly long, is based on familiar notions. Beginning with
the formula of R. Rao for a unipotent orbital integral, we make various changes
of variable and eventually reduce the question to an elementary problem (Lemma
6.1) in real analysis. At the end of part 1, having finally completed the definition
(3*%), we shall derive a descent property (Theorem 8.1) for weighted orbital
integrals. This is used in the proof of the main result of [3] and will also be
required for Lemma 9.2.

Since the results of this paper are to be applied to the trace formula, it is best
to work in a little greater generality. We shall allow F to be a number field,
equipped with a finite set S of valuations. Then the weighted orbital integrals will
be distributions on G(Fg). We also want to include the twisted trace formula, so
we will work with disconnected groups. In the paper we will take G to be a
component of a nonconnected reductive algebraic group over F.
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Part 1: The general definition

§1. Assumptions on G. We would like our discussion to include twisted
weighted orbital integrals considered in [9]. This is accomplished by working with
nonconnected groups. Suppose that G is an algebraic group, not necessarily
connected, which is defined over a field F. We shall not focus on G itself, but
rather on a fixed connected component G of G. Given G, let us write G* for the
subgroup of G generated by G and G° for the connected component of 1 in G*.
We shall assume that G* is reductive. We also make the assumption that G(F)
is not empty. Then G(F) is a Zariski dense subset of G if F is infinite.

Many of the usual notions for connected groups extend to G. For example, we
can form the polynomial

det((t + 1) - Ad(x)) = YD, (x)t*, x€G.

The smallest integer r for which D,(x) does not vanish identically is called the
rank of G. Choose an element y € G which is G-regular, in that it belongs to the
set

G, = {x € G: D(x) # 0},

and let T, be the connected component of the centralizer of y in G°. Then Tj, is
a torus in G° ([7, Lemma 1]). We shall call the variety

T = Ty

a maximal torus in G. (Of course, T itself is not an algebraic torus. It is an affine
variety on which the torus 7, acts simply transitively.) Given T, set
T.=TnNGgG

reg reg*
Then the map
T, X )\ G- G,

reg

given by

(v, x) = xyx,

is an open immersion.

If T is a maximal torus in G, let HY be the centralizer of T, in G°. We claim
that H? is a maximal torus in G°. To see this, fix an element y € Tey- According
to a result of Steinberg (Theorem 7.5 of [26]), the element y normalizes a Borel
subgroup B® of G° and a maximal torus H® of B°. In particular, 6 normalizes
the chamber in H? associated to B®. We can therefore find a point in this
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chamber which commutes with y. In other words, T, contains a point which is
GO-regular. Consequently, HY= H°® and HQ is a maximal torus in G°, as
claimed. We shall write

Hy = HYT.

Define a parabolic subgroup of G* over F to be the normalizer in G* of a
parabolic subgroup of G° which is defined over F. We define a parabolic subset
of G to be a nonempty set of the form P = P*N G, where P* is a parabolic
subgroup of G* over F. A Levi component of P will be a set M = M*N P,
where M* is the normalizer in G* of some Levi component of P° which is
defined over F. We shall call such an M a Levi subset of G. Both P and M are
subvarieties of G which are defined over F. It is clear that

PO=p*nG°

and
M%=M*n GO

Let N, denote the unipotent radical of P°. Then P = MN,. If P*"N G" is a
minimal parabolic subgroup of G° over F, then P* meets every connected
component of G*.

We shall use the symbol M, without comment, to denote a Levi subset of G.
Let # (M) be the collection of parabolic subsets of G which contain M, and let
& (M) be the collection of Levi subsets of G which contain M. Any P € ¥ (M)
has a unique Levi component M, in £ (M). As usual, we write (M) for the
set of P € # (M) with M, = M. If L belongs to £(M), then M is a Levi subset
of L. We shall write #L(M), £L(M), and £L(M) for the sets above, but with
G replaced by L. (In general, if our notation calls for a superscript L, we shall
often suppress the superscript if L = G.)

Let A4,, denote the split component of the centralizer of M in M°. It is a split
torus over F. Let X(M)  be the group of characters of M* which are defined
over F, and set

a, = Hom(X(M)[,R).

Then a,, is a real vector space whose dimension equals that of 4,,. Observe that
Ay, C Ao and a,, C aype. It is convenient to fix a Euclidean metric || - || on the
space a,,, which we assume is the restriction of a Weyl invariant metric on a
maximal such space. This provides us with a Euclidean measure on a,, and also
on any subspace of a,,.

Now, suppose that P € #(M). We shall frequently write 4, = 4, and
ap = Q. The roots of (P, 4,) are defined with respect to the adjoint action of
Ap on the Lie algebra of N,. We shall regard them either as characters on 4, or
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as elements in the dual space a} of a,. As in the connected case, we can define
the simple roots A, of (P, A,) and the chamber a} in a, associated to P. Let Q
be a second set in # (M), such that P C Q. Then there are canonical embed-
dings a, C ap, a} C a3, and canonical complementary subspaces a9 Capand
(a$)* C aj. Let A$ denote the set of roots in A , which vanish on a,,. It can be
identified with the set of simple roots of the parabolic subset P N M, of M,,. In
§1 of the paper [5] we introduced “co-roots”

{BY: Bebp}.
For each a € A, define

av=:2:ﬁﬂ
B

where B ranges over the roots in A ,o whose restriction to a, equals a. Then
Ap={a""a€h,}

is a basis of a§. For nonminimal parabolics, the co-roots are not really natural
objects, and the definition is somewhat arbitrary. However, one can see easily
that the function

8,(\) = vol(a§/z(8%)) " TI A(«¥), Aecafe,

a€l,

does not depend on how the co-roots are chosen. In any case, we take A p={wy
a€Ap}and {w!: a € A,) to be the bases of (a$)* and a§ which are dual to
A", and A, respectively.

We shall need the notion of a (G, M)-family. For connected groups (the case
here that G = G°), this was introduced in §6 of [6]. However, the definitions
and results of §6 of [6] rely only on the formal properties of the chambers {a}:
P € #(M)}. These properties hold for arbitrary G, so we shall quote freely from
§6 of [6] without being troubled that G is now more general. Thus, a (G, M )-family
is a set of functions {c,(A): P € (M)} of A € ia}, with the property that if P
and P’ are adjacent, and A belongs to the hyperplane spanned by the common
wall of the two associated chambers in ia}, then ¢p(A) = cp.(A). Associated to
any (G, M)-family {cp(A)} is an important smooth function

ew(A) = Z CP(A)ep()\)_l

PeP(M)

on iaj}, (Lemma 6.2 of [6]). In addition, for any Q € % (M), there is a smooth
function cy(A) on iaj defined by formula (6.3) of [6]. As in [6], we shall let c,,
and c;, denote the values of these functions at A = 0.
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From now on, we take F to be either a local or a global field of characteristic
0. We fix a finite set S of valuations on F. Put

FS= ].—[EH

vES

where F, denotes the completion of F at v. Then Fy is a locally compact ring
which is equipped with the absolute value

Ix| = TTIxl,, x€F.
ves

We can regard G, G° and G* as schemes over F. Since F embeds diagonally in
Fy, we can take the corresponding sets G(Fy), G°(Fy), and G*(Fy) of Fs-valued
points. Each is a locally compact space. Both G( F;) and G°(F;) can be expressed
as products over v € § of sets of F,-valued points. Both are contained in G*( Fy).
We define a homomorphism

Hg: G™(Fs) - ag
by
eHax = |y (x|, x € G*(Fs), x € X(G) .
Similarly, for any M we have a homomorphism
Hy: MT(F) = ay,

which restricts to a function on M(Fy) or M°(Fy).

For each v € §, let K, be a maximal compact subgroup of G°(F,) which is
admissible relative to M in the sense of §1 of [6]. Then K =1I,. (K, is a
maximal compact subgroup of G°(F). If P is any element in # (M),

G+(Fs) = P+(FS)K = NP(FS)M;(FS)K'

This follows from the connected case and the fact that P* meets every compo-
nent of G*. For any point

x=npmpkp, np€ Np(F5), mpe Mj(F), k€K,
in G (Fy), define
Hp(x) = HMP(mP)'
Set

UP(A’ x) = e“A(HP(x))’ = 0;,(:‘
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Then, for any x € G*(F),
{vp(A\,x): PEP(M))

is a (G, M)-family of functions of A € ia},. (See page 40 of [6].) It is the main
ingredient in the definition of a weighted orbital integral.

§2. Weighted orbital integrals. Suppose that y =I1, .y, is an element in
G(FS) For each v, we write G, for the identity component of the centralizer of

, in GO It is a connected algcbralc group, defined over F,, which is reductive if
y is semisimple. We regard

=[Ig,

vES

as a scheme over Fj. It is clear that
G,(F) = 11G,(F,).
vES

In the special case that y belongs to G(F), as an element embedded diagonally
in G(F;), G, is just the identity component of the centralizer of y in G°, and in
particular is a group defined over F. In general, if M is given and P € #(M), we
can obviously define group schemes M, and P, in the same way.

There is a Jordan decomposition for elements in G(Fg). Any y € G(Fg) can
be decomposed uniquely as y = ou, where ¢ is a semisimple element in G(Fy)
and u is a unipotent element in G ( Fy). If y belongs to G(F), then ¢ and u will
belong to G(F) and G (F), respectively. Define

D(y) = DS(y) = v];[Sdet(l — Ad(0,))a/a, s

where 0 = I1, . 50, and g and g, are the Lie algebras of G and G, , respectively.
Observe that D(y) = D,(v) if and only if y is G-regular. In general D(y) is an
element in F; which depends only on the G°(F;) orbit of the semisimple
constituent of y. The absolute value

[D(v)|= T1|P(v)l,, ve€G(F),
veES
is an upper semicontinuous function of y on G(Fy).

We require a compactness lemma.

LEMMA 2.1.  Given the semisimple element ¢ in G(Fy), we can find an invariant
neighborhood A, of 1 in G,(Fs) with the following property: for every compact
subset A of G(Fy) there is a compact subset 2 of G,(Fg)\ G°(Fy) such that

y-loAay NA= Q’ Yy € GU(FS)\GO(FS))

unless y belongs to 2.
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Proof. Clearly it is enough to prove the lemma for each of the groups G(F,),
v € S. We may therefore assume that S contains just one v, and that F = F, = F;.
We can also certainly restrict our attention to a fixed maximal torus T; of G,
defined over F. The lemma is then equivalent to the following assertion: Given T,
and a small neighborhood w; of ¢ in

T(F) = oT,(F),
we can choose a compact = for every compact A such that if
ylopynA+ g, yeG'F),

then the projection of y onto G,(F)\ G°(F) belongs to =. If G = G, this is a
result of Harish-Chandra. (See [12, Theorem 1] for Archimedean F and [14,
Lemma 19] for discrete F.) In the case of base change for real groups, the
assertion has been proved by Shelstad [23, Theorem 4.2.1].

Harish-Chandra’s proof of Lemma 19 of [14] can actually be applied to the
general case. Let F’ be a finite extension of F over which the torus Hp, defined in
§1, splits. The map

G,(F)\G*(F) = G,(F)\ G°(F)

is a continuous injection, and its image is closed. (See pages 52-53 of [14].) It is
therefore enough to prove the assertion with F replaced by F’. But

G°(F') = BY(F)K’,
where K’ is a compact subgroup of G°(F’) and
BY = NH?
is a Borel subgroup of G° defined over F’. We therefore need only consider
elements y in BO(F").

We can write HY as a product T, X S,, where S, is a split torus over F’ which
is normalized by ad(o) and for which the endomorphism

s > s loso ™!, sES,,
has finite kernel. We thus have a surjective map
N,(F)\N(F') X So(F') > B)(F)\ B°(F'),
with finite fibres. Suppose that

y=ns, neN(F)\N(F),se S(F),
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and that
ylory NA # @,

for a given compact subset A’ of G(F). We have only to show that y lies in a
compact subset of

N,(F)\N(F’) x 5,(F),

which depends only on A'.
Observe that

y lwry € N(F)T(F) - s oso™ L.

Consequently, s must lie in a fixed compact subset 2§ of Sy(F”’). This implies
that

n'len

meets the compact set
{sA's™1: 5 € 3% ).

It follows that there is a compact subset A’ of N(F’), depending only on A,
such that

tTInTUN(F)n 0 Ay + &

for some ¢ € w;. But we can then argue as on pages 53-54 of [14]. The
conclusion is that n lies in a fixed compact subset 24 of N,(F’)\ N(F’). (This
may also be deduced from an integration formula similar to Lemma 2.2 of [1].)
As required, we have established that y lies in 24 2%, a compact set which
depends only on A’. O

The space C*(G(Fy)) of smooth, compactly supported functions on G(Fy) is
defined in the usual fashion. Our objects of study are distributions on G(Fg)
which are indexed by elements y € M(Fg). We can define them initially, how-
ever, only for elements y € M(F;) for which M, equals G,. (If y = ou is the
Jordan decomposition, this condition is equivalent to the equality of M, and G,.)
Assume that y has this property. We set

(2.1) Jy(v, f) =|D(v)| f(x’lp,x)vM(x) dp. dx,

1/2]‘ f
MO(F)\G°(F5)” 0, (M (Fy))
where

0,(MO(Fy)) = {m™'ym: m & MO(E,))
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and f is any function in C°(G(F)). Implicit in the definition is a choice of a
G°(Fy)-invariant measure on M°(F)\ G°(F;) and an M°(F;)-invariant mea-
sure on the orbit 0, (M O(Fy)). The convergence of the integrals is assured by the
last lemma and the existence [20] of invariant measures on O (M O(Fy)). Tt is
clear that J,(y) depends only on the orbit 0 (M O(Fy)). The choice of the
element y from the orbit allows us to combine our two measures into a
G°(Fy)-invariant measure on G, (Fs)\ G°(Fy). Since

vp(mx) = vy (x), me MO(FS),

we obtain an alternate formula

@1 N =PI T () d.

Our definition is actually a mild generalization of the ones given in [6, §8] and [9].
In the earlier formulations, y was assumed to be a G-regular semisimple element
in M(F;). However, the integral formula given in §8 of [6] is of the same form as
(2.1*), and the two can be subjected to similar manipulations.

We should perhaps stress that although J,,(v) is a distribution on G(Fy), it
depends directly on the field F. The dependence is through the Levi subset M,
or, more precisely, the split component A4,,. There is no need to include this in
the notation, however, as long as we remember to regard M as an object over F.

Weighted orbital integrals are of course generalizations of the invariant orbital
integrals J;(y). In this paper we intend to show that weighted orbital integrals
retain many of the properties of invariant orbital integrals. However, we might
first recall that there is one basic difference. The distribution J,,(y) is not in
general invariant. Suppose that y is any point in G°(F). Then for y and f as
above, and

F(x) =),

we have

(22) JM(Y’fy) = Z Jh)‘llo(y’fg,y)'

QeF (M)

Here J¥/e(v) stands for the weighted orbital integral on M,(F) and f, , is the
function in C°(M(Fs)) defined by (3.3) of [6]. That is,

(2.3)

fo.,(m) = 8,(m)'"? foN (F)f(k‘lmnk)vé(ky) dndk, me My(Fs),
Q\fs

where 8, is the modular function of the group Q(Fy). Formula (2.2) was proved
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in Lemma 8.2 of [6] for y regular. For arbitrary y (with M, = G,, of course) it is
proved exactly the same way. In view of (2.2), the true analogues of the invariant
orbital integrals are really the invariant distributions introduced in §10 of [6]. We
shall return to these in another paper.

The distribution J,,(y) does depend on the maximal compact subgroup K as
well as on M. However, suppose that y is an element in G(F). Then we have

(2.4) Ty (Y0, 1) = (v, f),

where the distribution on the left is taken with respect to the maximal compact
subgroup y~'Ky. This follows immediately from the fact that v,-1,.,(y~xp),
taken with respect to y 'Ky, equals v,,(x).

It will be useful to have notation to describe whether a function of y equals an
orbital integral near a given point. Suppose that ¢ is a semisimple element in
M(F;) and that ¢, and ¢, are functions defined on an open subset = of
oM,(Fg). We assume that the closure of = contains an M,(Fg)-invariant
neighbourhood of o in oM, (Fg). We shall say that ¢, is (M, ¢)-equivalent to ¢,,
and we shall write

Mo
6:1(v) ~ ¢,(y)

if the difference is an (invariant) orbital integral on M(Fy) near o; that is, if there
is a function h € C°(M(Fy)) and a neighbourhood U of o in M(F) such that

Implicit in this definition is the assumption that the function

6.(Y) —9,(y), ve=nU,

depends on a choice of an M °( Fy)-invariant measure on 0,(M °(Fy)).

LEMMA 2.2.  Suppose that M, = G,. Then for any f € C®(G(Fy)),

(M, o)
Iu(v,f) ~ 0, yeoM/(F).

Proof. 'The function Jy,(v, f) is defined for all elements y in oM, ( F) which
are sufficiently close to o. Indeed, for any such y we have G, C G,, so that
G, = M. We apply the formula (2.1*). Decomposing the integral into a double
integral over

M, (Fg)\ M°(Fs) X M°(Fg)\ G°(F),
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we obtain

1/2 1 -
e ) =ID2f  f(p ap)o () dxdy.
M7 (F\G"(Fg)” M, (Fs)\M"(Fs)

By Lemma 2.1, we can restrict y to a compact set which is independent of y. The
lemma then follows from the fact that

12 -1,2
IDITIDM()] 7 v e M(F),
is an M °( Fy)-invariant function which is smooth for y near o. O

Let A, ., be the set of elements a € 4, such that G, is contained in M°. It
is an open subvariety of 4,, which is defined over F. Suppose that y is any point
in M(F;). Then for any a € A, ., (Fs) which is close to 1, ay will be a point in
M(Fg) with the property that M, = G,,. The distribution Jy,(ay) is therefore
defined. We propose to investigate its behaviour as a approaches 1.

§3. Polynomials on unipotent orbits. Our goal is to define distributions J,,(y)
when v is an arbitrary orbit in M(F;). We shall later use a descent argument to
reduce the problem to the case of unipotent classes. In the next two sections we
shall study some functions that arise from this special case. In these sections we
assume that G° = G. We shall also assume that S contains one element and F is
local, so that F = Fj.

Since G° = G, M is a Levi subgroup of G. Let %,, denote the Zariski closure
in M of the set of unipotent elements in M(F). It is an algebraic variety which is
defined over F. Notice that %), is a union of unipotent conjugacy classes in M.
We shall write (%,,) for the set of those conjugacy classes in %,, (over F') which
have a rational representative. (This notation is slightly different from that of [3].)
For any U € (%,,) it is clear that the set U(F) = M(F) N U of rational points
is Zariski dense in U.

Suppose that P; belongs to #(M). We shall write N; = Np, and we shall write
2} for the set of reduced roots of (Py, Ay ). If a € Ay, and u € %, then

n—- (au) 'n"Yau)n, neN,

is a polynomial mapping from N, to itself. It is invertible if a belongs to A4 .,
or equivalently, if the function

3.1) [ (af —aF)

BeZ,

does not vanish. Consequently, for any such a and any unipotent element

7= uv, UuE€ Uy, v €N,
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in P;, we can define n € N, uniquely by
(3.2) am = n"laun.

The function (a,7) = n is the product of a negative power of (3.1) with a
morphism from A,, X #,,N, to N; which is defined over F. We shall exploit the
connection with finite-dimensional representations to study vp(A, n) as a func-
tion of a and 7.

There is a natural embedding of the character lattice X(A4,,) into a},. We
write Wt(a,,) for the set of elements in a}, which are extremal weights of
irreducible finite-dimensional F-rational representations of G. Then Wt(a,) is a
subgroup of finite index in X(A4,,) and in particular a lattice in a}. For each
w € Wt(ay) fix (A, V,, ¢, || - ), with A, an irreducible representation of G
on a vector space V,, defined over F, ¢, an extremal vector in ¥, with weight w,
and || - || a norm (height) function on V_(F) which is stabilized by K and for
which ¢, is a unit vector. Suppose that for a given P € #(M), w is P-dominant.
That is, w is nonnegative on the intersection of a$, with the chamber a} of P.
Then for any point

x=pk, peP(F), keKk,
in G(F) we have

vp(w, x) = e H(x) =||Aw(P_l)¢w"'

It follows that
(3.3) op(, %) = [ A (x"D)a, -

Now A (n~1)¢, is a polynomial in n with values in V,,. It follows that vp(w, n),
as a function of (a, ), is the product of the absolute value of a negative power of
(3.1) with the norm of a polynomial in (a, 7) with values in V. (By polynomial
we mean of course a morphism between algebraic varieties.)

Suppose that B is a reduced root of (G, 4,). Let My be the group in £ (M)
such that

ay, = {H € ay: B(H) =0}.
Then dim(A4,,/4 m,) = 1. Let Py be the unique group in PMs( M) whose simple
root is B. We assume that the groups P, P, € #(M) are chosen so that
P N MB =P, and PN My = ‘PB' Suppose that mg = uv,, where g is restricted
to lie in Ny = Ny N M,. Then if

amg = nglaung,

as in (3.2), n, will also lie in N,. As a function of a, ny is invariant under A4,, .
B B B Mg
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Choose w € Wt(a,,) such that w(B") is positive. Then

vp, (0. ng) = vp(w, ng) =[[A,(n5") .

Any rational function on (4,,/4 M,,) has a Laurent expansion in (a? — a™#)
about a = 1, so we can write

A(rgY)e= T cu(m)(a? —a P)7,
kel
for a near 1. The coefficients ¢, () are polynomials from % M]Vﬂ to V,, which are
defined over F. They vanish for almost all positive k.

Consider the restriction of the functions ¢, () to a set U]TQ,, where U is a class
in (#,,). For each u € U(F), let p(B, u) denote the product of w(B*)™! with
the largest k such that ¢, does not vanish identically on U]VB. Notice that c,(mg)
does not vanish identically, since its component in the direction of ¢, is 1.
Consequently, p(f, u) is nonnegative. Define a function

(3.4) rg(X\,u,a) = |af — a BpPBXEY e af ..

It depends only on the conjugacy class of u in M. The number p(B, u) is
evidently characterized by the property that the limit

z}ifllrp(}" u, a)vpﬁ(}\, nB)

exists and does not vanish identically in m € U(F )JVB(F ). Therefore, p(B, u)
and rg(A, u, a) are both independent of w. We shall later need to know that

(3.5) rg(Au,a) =r_g(=\,u,a).

This fact is easily deduced from the existence of an involution on G which acts as
(—1) on A4,,. It also follows from the results of Langlands in the next section. We
note, finally, that by (3.5) and our definition,

p(B, u)w(B*)

is an integer for any w € Wit(a ).
Now, as before, assume that P, is an arbitrary group in #(M). The functions

I rs(A, u, a), PeP(M),

BEZpNZH

form a (G, M)-family of the special sort considered in §7 of [2]. Assume that a,
o = uv, and n are related as in (3.2), and set

(3.6) wp(X,a,m) = [T (A u a))vs(A, n)
BeZpNZR
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for P € #(M). These functions also form a (G, M)-family, since they are
defined as products from two (G, M )-families. Note that for any k in

K, = Kn M(F),
we have
(3.7) wp(X, a, k~'nk) = wp(A, a, 7).
Suppose that  is any element in W#(a ,,) which is P-dominant. By (3.3) we have
wp(w, a,7) =[|W,(a,7)],
where
(38)  Wy(a,m)=| TI (af—a BB BN (n V),
BEZpNZp

For any class U € (%,,) we shall let U* denote the Zariski closure of U. (We had
best not use the usual notation for closure, since P, = MN, denotes the parabolic
opposite to P;.) The function

W, (a, ), (a,m) € Ay, g X UNy,

is the product of a negative power of (3.1) with a polynomial from 4,, X U*N,
which is defined over F. In general, wp(A, a, ) is the exponential of the value of
A at some vector in a,,. It follows that if {w,,...,®,} is any subset of a};
consisting of P-dominant elements in Wt(a ,,), and

A=2"_ N\, A\, eC,

[Aad 24

then
(39) we(h, a,m) = TT|W, (a. )"

Fix the class U € (%,,). The next lemma is essentially a consequence of our
definitions.

LeEMMA 3.1. Suppose that P € P(M) is adjacent to P,. Then for all m in an
open dense subset of U(F)N,(F), the limit

limle(A, a,m)

exists and is nonzero.

Proof. Since P is adjacent to Py, there is a unique root 8 in A, N Az Define
Mg and P, as above. Then P N My = P, and P, N M, = P,. Write

T = mgy’, g € UNp,, ' € Ny N Np.
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If n is defined by (3.2), and
n=ngn', ng € Np, n" € Ny N Np,
then
amg = ng'aung,
as above. Since B is also the unique root in 2, N 25, we have

wp(A, a,m) = rg(A, u, a)vp(A, n)

=rg(A, u, a)vpﬂ()\, ”B)'

We have seen that for generic 7, this function has a nonzero limitat a =1. O

§4. A technique of Langlands. In this section we shall extend Lemma 3.1 to
any pair of groups P and P, in #(M). The results here are due to Langlands.*
They hinge on an application of Zariski’s main theorem to the
Grothendieck-Springer resolution (or rather, to its analogue for arbitrary para-
bolics). We continue with the assumptions and notation of §3. The main result is

LEMMA 4.1. Suppose that P is any group in P(M). Then for all m in an open
dense subset of U(F)N,(F), the limit

lim wp(A, a, )

a—1
exists and is nonzero.

Proof. The lemma will be proved by induction on dist(P, P;), the number of
singular hyperplanes which separate the chambers of P and P;. It follows from
the definition that wp (A, a, 7) = 1. Assume then that P and P{ = MN; are
adjacent, with

dist( P, P,) = dist(P{, P;) + 1,

and that the lemma is valid with P replaced by P;. To prove the lemma, we must
show that for # in an open dense subset of U(F)N;(F), the function

(4.1) w,,()\,a,7r)w,,l,(}\,a,'rr)_1

has a nonzero limit at a = 1.
Assume that a, 7 = uv, and n are related as in (3.2), and write

n=mnk’, m €M(F),neN/(F), k'eKk.
Set u’ = (m’)"'um’ and define the element 7’ = u’v’ in U(F)N{(F) so that a,

*I would like to thank Langlands for communicating his unpublished results to me.
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«’, and n’ are related by the analogue of (3.2). Then
(4.2) an =n"taun = (k') '(n") au'n'’k’ = (k") an'k’.
Let B be the unique root in A, N Ag,. The function (4.1) equals

vp(A, n)vp (A, n)—lrp(}\, u,a)

-1
= (vp(A, m)vp(A, n'))(v,,{(?\, m’)vp (A, n’)) rs(\, ', a)
=rg(A, u', a)vp(A, 1)
= wp(A, a, ),

since vp (A, n) equals 1, vp(A, m’) equals vp (A, m’), and rg(A, u, a) depends
only on the conjugacy class of u. Now 7’ is uniquely defined as an element in
(U(F)N{(F))X», the space of orbits of K,, = KN M(F) in U(F)N/(F). It
depends only on the image of = in (U(F)N,(F))X». Therefore, (a,7) - =’
determines a continuous mapping

(4.3) Ap,weg(F) X (U(F)N(F))™ > (U(F)N{ (F)) ™.

If we can show that 7’ extends to a reasonable function of a in a neighborhood
of 1in A4, (F), our lemma will follow from Lemma 3.1.

Let UC be the unipotent conjugacy class which is obtained by inducing U to G
in the sense of Lusztig—Spaltenstein [19]. It is defined as the unique class in (%)
such that the set

Uh =U%n UN,

is dense in UN,. It is independent of P,. (See [19].) Write (UP(F))X™ for the
space of K,, orbits in UP(F).

LEMMA 4.2.  The mapping (4.3) has a continuous extension to an open subset of
A\ (F) X (U(F)Ny(F))Xm which contains {1} X (UP(F))X~. It maps the latter
set homeomorphically onto (UF{(F))Xu,

Proof. The idea of the proof is to define the map (a, m) — =’ algebraically by
means of a birational correspondence. Let % be the set of pairs (g, P,h) in
G X P;\ G such that g belongs to the parabolic subgroup P} = h~'P,h. It is an
algebraic variety which is defined over F. For each w € W, the restricted Weyl
group of G on a maximal split torus which contains A4,,, there is an affine
coordinate system P, X N, —» % given by

(p,7n) - (p™, Paw), pEP,HEN,

The Bruhat decomposition insures that these coordinate patches cover &.
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If (g, P,h) is any point in &, g"" =hgh™! is a point in P, which is
determined up to P,-conjugacy. Its projection onto M determines a conjugacy
class in M. Let #(U) be the subvariety of points (g, P,4) in & such that the
associated conjugacy class in M belongs to UA,,. By taking the semisimple
constituent of this class, we get a map from & (U) onto 4,,. Observe that the
intersection of & (U) with any of the coordinate patches above equals
4 u1) X N,. Clearly U*A4,,N, is an irreducible F-closed subset of P,, so
& (U) is indeed a closed subvanety of & which is defined over F. Notice also
that the projection onto the first factor gives a morphism &% — G. We therefore
obtain a morphism #(U) = G X A,, which is defined over F.

Let £'(U) be the variety defined as above, but with P, replaced by P/, and
define €(U) as the fibre product

€U)
F(U) \y'(U).
N
G X Ay

Let #(U)egy & '(U)yeg, and €(U),,, be the Zariski open subsets of #(U),
&L'(U), and €(U), respectively, which map to GXA Notice that the
inverse image in ¥ (U),,, of a point (g, a) in G X 4

M reg'

reg M, reg

{((au) Ph): ue U*, he P\G, (au)" =g}‘

This set is empty if g is not conjugate to an element in aU~". However, if g is
conjugate to an element in aU™, the set contains exactly one point as follows
from the fact that the centralizer of au is contained in M. Similar remarks apply
to the inverse image of (g, @) in &’(U),,. Consequently, the maps €(U),,, —
F(U) ey and €(U),y = F'(U),, are isomorphisms. Composing the second of
these with the inverse of the first, we obtain an isomorphism from % (U)

&'(U) ey Which is defined over F. It is the algebraic realization of (4.3).

Let %I(U ) be the closure of €(U),,. It is a closed (irreducible) subvariety of
FLU) X L'(U), and its projection onto each factor is a birational map. Let
&1(U) be the set of points in & (U) at which the resulting birational transforma-
tion from £ (U) to £'(U) is defined. It is an open subset of & (U) which is
defined over F and contains &(U),,,. The birational transformation induces an
isomorphism from %;(U) onto a Zariski open subset #/(U) of %’(U) which is
defined over F. We shall show that #,(U) contains the set

reg

(4.4) {(p.P): peUP}.

We shall use Zariski’s main theorem ([16], p. 280). Since P/ \ G is a projective
variety, the morphism &'(U) — G X A,, is projective ([16}, p. 103). Therefore,
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the morphism ¢ (U) — & (U), which is just obtained by a change of base, is also
projective. In particular, the image of %,(U) in & (U) is closed in & (U) and
hence equal to &(U). Zariski’s main theorem asserts that the set of points in
&’(U) corresponding to any normal point in & (U) is connected. Take any point
(p, P,) in the set (4.4). Such a point is smooth in % (U) and hence normal. Since
UM and U are both contained in U, we can write p = (p’)* for elements
p’ € UM and h € G. Choose any point in %’(U) which corresponds to ( p, P,).
It equals (g*,(Py)*) for elements g € U*Ny and x € G such that p = g*.
Consequently, g = ( p')'”‘“l. By Proposition 3.2(b) of [24], g belongs to UNY
rather than just to its closure. Part (e) of the same proposition then asserts that
hx~! belongs to z;P{, with {z;,...,z,} a fixed set of representatives of the
connected components of the centralizer of p’ in G. It follows that our arbitrary
point equals (( p’)*,(P;)% ). In other words, the set of points corresponding to
(p, P,) is finite. By Zariski’s main theorem, the set consists of exactly one point.
Therefore, the correspondence is defined at ( p, P,).
We have shown that the isomorphism

F(U)reg = L (U)reg

has a continuous extension to an open subset of (U which contains (4.4), and,
moreover, that (4.4) is mapped isomorphically onto

{(p', P{): p € UT).

A similar assertion holds for the associated map between F-valued points. Now
suppose that a € 4y, .,(F) and 7 € U(F)N,(F). Then (aw, P,) is an F-valued
point in F(U),,. Its image in F'(U),, is

((am),(P))"),

where 7’ € (U(F)N{(F))X» and k' € K,,\ K are defined by (4.2). To recover
«’, project onto the second factor and recall that

(P{\G)(F) = P{(F)\G(F) = K\ K.
This gives k’ and hence 7', by conjugation of the first factor. Lemma 4.2 follows.

O

We can now complete the proof of Lemma 4.1. In the expression (4.1), take =
in UP(F), an open dense subset of U(F)N,(F). We have already seen that (4.1)
equals wp(A, a, 7). Lemma 4.1 therefore follows from Lemma 3.1, Lemma 4.2,
and the fact that a composition of continuous functions is continuous. O

Lemma 4.1 has a formulation in terms of the functions W, (a, 7) defined in §3.
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COROLLARY 4.3.  For each w € Wt(a,,) the function

W, (a,7), (a,m)e4 X UNy,

M, reg

is the restriction to Ay ., X UN, of a polynomial from Ay, X U N, to V,, which is
defined over F and does not vanish at a = 1.

Proof. We already know that W _(a, 7) is the product of a polynomial with a
negative power of the function (3.1). Choose P € #(M) so that w is P-domi-
nant. Then

||Ww(a’ 77) ” = WP(w’ a, 77)-

This has a nonzero limit at a =1 for all = in an open dense subset of
U(F)N,(F). But any such set is Zariski dense in U™ N,. The corollary follows. O

§5. Statement of Theorem 5.2. We now return to the general setting in which
F is either local or global. Let y be an arbitrary element in M(F;), with Jordan
decomposition ou. Then o =1, ¢0,, with each g, a semisimple element in
M(F,)), and u =TI, c4u, with each u, a unipotent element M,(F,). Our
definition of weighted orbital integral applies only when G, equals M., which of
course is not generally the case. We must take an element a =1[I,.ga, in
A s eg(Fs) which is close to 1. Then ay is an element in M(Fg) with G,, = M,
so that J,,(ay) is defined.

For each v, a, belongs to 4, ., (F,), a set which is contained in A M, reg (F,).
We therefore have the function 74(A, u,, a,) introduced in (3.4) (but now with
(G, F,) in place of (G, F)). For each P S Q”(M) define

(5.1) ro(X,y, a n ]—[rﬁ( Au,,a,), AE€aj ¢,

where B ranges over the reduced roots of (P, , 4, ). The restriction of any such
B to ay C ay, belongs to 2}, so ‘

{rp(X,y,a): PEP(M)}

is a (G, M)-family of the special sort considered in §7 of [2]. It depends only on
the MO(F;)-orbit of y in M(F).
Suppose that L € &(M). There is certainly an (L, M )-family
{r(\,v.0): R e 2H(M))

obtained by letting (L, M) play the role of (G, M) in the definition above. On
the other hand, for any Q € #(L) we can define an (L, M)-family {r¢(A, v, a)}
by

rIQQ(A’)"a):rQ(R)(A’Yva)’ RE.@L(M),

where Q(R) is the unique parabolic subset in #(M ) which is contained in Q and
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whose intersection with L is R. These two (L, M )-families are not the same, but
they are closely related.

LEMMA 5.1. For any Q € #(L),

rg(y,a) = ri(y, a).

Proof. The number on the left equals

im| Y r@(Ay,a)8(A)7"

A=0\ peol(m)

by definition. Note that r&(A, v, a) equals the product of rZ (A, v, a) with

Hnr( )\,uv,a)

veES a

in which a ranges over the roots of (Q(R),, 4y, ) which do not vanish on a L,
This second factor depends on Q but is mdependent of R. Its value at A = 0is 1.
Therefore, r&(y, a) equals

im| Y rf(A,v,a)0:(A\)7"
A=0\ realim

which is just rL(y, a). O

We can now state Theorem 5.2. It provides the definition for J,,(y) and is one
of the main results of the paper.

THEOREM 5.2. For each f € C*(G(F)), the limit

lim Y ry(y,a)J.(av, f)
a1 1 ee(M)

exists.

The proof of the theorem will be given in the next two sections. It reduces to a
question concerning integrals over finite regions of Euclidean space of logarithms
of polynomials. A key ingredient is Corollary 4.3. Let us see how we will be led to
this result.

First, we should recall a familiar construction from the theory of unipotent
classes. (See [25].) Given a valuation v in S, let m, be the Lie algebra of
M, = M, . By the Jacobson-Morosov theorem there is a Lie algebra homomor-
phism

V,:s£(2) > m,,
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defined over F,, such that

w-oel 0 1))

o1 0
H“I'v(o —1)

Set

and
m,,={¢é€m,ad(H)é=if}, i€l

Then @,}D m, ; is a parabolic subalgebra of m,. Define

Z,={p, up,},

where p, ranges over the normalizer in M (F,) of ®i> o M, i(F). It is known
that if

then Z, is an open subset of exp(u,(F,)). (See, for example, Lemmas 1 and 4 of
[20].) Suppose that K, is a good maximal compact subgroup of M,(F,). Then

(ZU)KMP = {kzjlg’vkv: kv € KML,’ g‘u € ZL}

is the conjugacy class of u, in M, (F,). R. Rao [20] has given an explicit
description of the M, (F,)-invariant integral on this conjugacy class. It is of the
form

[ 1)L (ks exp( X, )k, ) dX, dk,., 9, € C(M,(F,)),
Ky, "log(Z,)

where dX, is a Haar measure on u,(F,) and J, is a polynomial on u (F,) which
is defined over F,.
We shall write Zg =11,c5Z, and K, =11, 5Ky If

¢=Ilexp(X,), X, €u,(F),

veS

set

d¢ = TT(19.(x,)1, ax,).

vES
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Then the invariant measure on the M, (Fy)-conjugacy class of u is given by
[ [k k) dsak, ¢ & CM,(E)).
o 'S

For each v € §, let K, be a maximal compact subgroup of G,(F,) which is
admissible relative to Ma , in the sense of §1 of [6]. Set K, = l‘[ve sK,. We can
assume that the group K M, above equals K, N M (Fs). For each P € P(M)
and v € S, the group P, = P 5, belongs to .@(M ), and

GGD(E)) = PU(EI)KUU'
If x =TI, sx, is any point in G, (F), set

(52) UP(A’ U,X) = ]._.[ UPU(A’ xv)’ Pe ?(M)’ Ae a;tl,C'

veSs
If
K,=Kn Go(Fs)’
then
vp(A, 0, x) = vp(A, x).
In any case, (5.2) is a (G, M)-family and we have the function
v(o,x)=1m Y u,(A,0, x)BQ(}\)_l, A Eia¥,
A=0 geap(1)

associated to any L € £(M). Now, fix R =1, ¢R,, where for each v, R, is a
parabolic subgroup of G, with Levi component M,. Let n =II,.¢n, and
¢ =TI, ¢, be elements in Ng(F) and Zg, respectlvely As in (3.2), we define
an element 7 = [1, .7, in

IIg = ZSNR(FS)

by

am =n'atn, vES,
so that
(5.3) ar =n"la¢n, veES.

In the proof of the theorem we shall be confronted with the expression

(5.4) L rnii(v,a)v (o, n).

LeZL(M)

We must be able to rewrite it in terms of =
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By Lemma 5.1 and the formula given by Corollary 6.5 of [6], (5.4) equals the
number

(5) m( T nOorau0eme0 |

obtained from a product of (G, M )-families. Now

rP(A"Y’;a)UP(A’U’n) = l—l l—[ rB(%A’gv’av))UPu(Avnu)v

veS\ eI}

since 75(3A, u,, a,) depends only on the M, conjugacy class of u,. It follows
from (3.4) and (3.5) that

]._.[ rﬁ(%)" fv, av)

BeZp,

(I atgea))| TT n(huea))

Be=; N3, a€Zf
Then, by the definition (3.6),

ro(A, v, a)vp(A, 0, n)

is the product of

(5.6) wp(X,a,0m) = [[wp(A,a,,7,)

vES
with

[T T (A 4, a,).

vES a€Z}
v

This last number is independent of P and equals 1 at A = 0. It therefore gives no
contribution to (5.5). We have established

LeEmMA 5.3. For n and w related as above,

]._[ rAI;(Y’a)UL(o’n)

LeZL(M)

equals the number

wyla,om) = lirr:) Y wp(X, a,0m)8,(N) 7). ]
—Y\pez(M)
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Define the set Wi(a,,) of extremal weights exactly as in §3. For any v there is
a natural map « — w, from Wi(a,) into Wi(a,, ). Given any P € #(M),

suppose that {w,,...,w,} is a basis of a} of P-dominant elements in Wt(a,,)
and that
A=3" Nw,, A eC.
Then by (3.9),
n A,
(5.7) wp(A, a,0m) = I;[Sl_ll"Wwi,v(av’”v)H )

LEMMA 5.4. For any a € Ay ,(Fs) and 7 € 1l 5, we can write wy(a, om) as
a finite sum

Teo TT tog|w. (a,m)])),
Q (w,v)EQ

where each < is a finite disjoint union of pairs
(w,0), weWt(ay),veS.

Proof. The lemma follows from (5.7) and a general property (formula (6.5) of
[6]) applied to the (G, M )-family

{wp(X, a,0m): Pe P(M)}. O

In the next section we can apply Corollary 4.3 to each function W, (a,, 7,).
The variable , lies in Z,N, (F,), which is an open subset of exp(u (F,) +
ng(F,)). (ng, is the Lie algebra of Ny .) Let U, be the conjugacy class in (%,, )
which contains Z,. Since exp(u, + ng_ ) is Zansk1 closed in U, Ny, the restric-
tion to exp(u, + ng ) of a polynormal on U} remains a polynormal On the
other hand,

{k;lexp(Xv)kv: k,eK, "M, X,€u,+ nRv}

is Zariski dense in U;’NRU. It follows from (3.7), (3.8), and Corollary 4.3 that the
function
(av’ Xv) - Wwv(av’ exp( Xu))’

can be extended to a polynomial in a,€ 4,, and X, € (u, +n ®,) Which is
defined over F, and which does not vamsh identically at a, = 1.

§6. Reduction of the proof. We shall reduce the proof of Theorem 5.2 to an
elementary result (Lemma 6.1), whose verification we will postpone until §7. At
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the end of this section we shall give the general definition of Jy,(y, f) and then

state two corollaries of Theorem 5.2.
We are required to show that the expression

(6.1) L ni(v.a)ay,f),  a€Ay 4(F),
LeZ (M)

has a limit at a = 1. Since G, (F;) = M, (F;), we can write (6.1) as

1/2 -
D@ [ [ flxTavx)| T rk(y, a)un(x)] dx.
M, (Fs)\G"(Fs) LEL(M)

The Jordan decomposition of ay is ao - u. It is clear that
M‘y(FS) C M,(F;) € G,(F) € G°(F).
We decompose the integral into a triple integral over (m, x, y) in
(M, (Fs)\ M,(F5)) X (M,(F5)\ G,(F5)) % (Go(Fs) \ G°(K)).

The expression becomes

|D(ac)|"? ffff(y‘lox“am‘lumxy)( ; rk(y,a)v,(xy)| dmdxdy.
LeZ(M)

The integral in m gives the invariant integral over the conjugacy class of u in
M (F;) which, as we remarked in §5, can be expressed as a double integral over
(§, k) in Zg X K, . Since

v () = v (kxy), k€K,

the integral over k may be incorporated into the integral over x. Therefore (6.1)
equals

D(ao)|* [ [ ( L1 ox a) T v oo dc) ddy.
Zs LeL(M)
For any Q € #(M) and x € G,(Fs), let K, (x) be the point in K, such that
xK Qa(x)‘1 belongs to Q,(Fs). It is uniquely determined modulo left translation
by K, N M, (Fy). Clearly

vp(X, xy) =u,,(}\,o,x)vp(7\,KPa(x)y), Pe (L),
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a product of two (G, M )-families. By Lemma 6.3 of [6],

()= X 0f(o, x)up(Ko(x)y),
QeF(L)

where v, is defined by the formula [6, (6.3)]. Consequently, (6.1) equals the
integral over y in G,(F;)\ G%(F;) and the sum over Q € % (M) of the product
of |D(ac)|'/? with

(6.2) f(ylox"lagxy)

fMa(F:S‘)\Ga(E?)‘/ZS

x( Y r{,;(y,a)v,?(o,x)vé(KQa(x)y)) dg dx.
Le#Mo(M)

Suppose for the moment that Q € # (M) is fixed. If v € S, the Levi compo-
nent of 0, = Q, contains M,. Let R, be a parabolic subgroup of the former
group with Levi component the latter group, and set R =1, . ¢R,. Since

M, (F5)\ G,(F;) = Ng(F) x NQG(FS) X K,

we can decompose the double integral over x and ¢ in (6.2) into a multiple
integral over (§, n, ny, k) in
Zg X Ni(Fs) X Ny (F5) X K,
The integrand becomes
f(y'lak'lnéln_lag‘nngky)vé(ky)( Y rf;(y,a)vg(o,n)).
Le¥Mo(M)
The sum in the brackets immediately suggests Lemma 5.3. Indeed, if we define
Hg = ZgNg(Fy)
and set

ng'n~'a¢nny = awv,, welll, Vo € Ny (Fy),

then ¢, n, and = are related by the equation (5.3) (or, rather, by its analogue with
G replaced by M,). Lemma 5.3, applied to M,, instead of G, tells us that the sum
in the brackets w@(a, o). Therefore, we shall rewrite the triple integral over
(§, n, ny) as a double integral over (, vp) in ¢ x Ny (Fy). (The measure dm
on II¢ is of course the product of our measure d¢ on Zg with the Haar measure
on Ng(F).) This final change of variable introduces a Jacobian

|D%(a) | 8x(a)""8,(a)'">.
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The upshot of all the discussion is that (6.1) equals the product of

(6.3) |DG(¢10)DG"(a)_1'V2

with the integral over y € G,(Fy)\ G°(F;) and the sum over Q € # (M) of

172 o 0
(6.4) 8z(a) fngCIJQ‘y(aﬂ)wM(a,ow)dW,

where

83.,(m) = 8. (m)"" |

f f(y~ "ok~ mnky ) vy (ky) dndk
KU

Ny (Fs)

for any m € M, (Fs). It is clear that @5 , is a function in C*(M, (Fs)) which
depends smoothly on y. We must show that the entire expression has a limit at
a=1.

The limit at a = 1 of (6.3) exists and equals |D(a)|'/% To deal with what
remains we apply Lemma 2.1. The points

k~'amnk, k€K, mellf,neN,(F),

will all belong to a given invariant neighborhood A, of 1 in G,( Fy) as long as the
element a € 4,, .. (Fs) is sufficiently close to 1. This we can always assume. We
restrict y to a fixed set of representatives of G,(F) in G°(F;). Then Lemma 2.1
tells us that (6.4) vanishes unless y belongs to a fixed compact set. We are left
with showing that (6.4) approaches a limit uniformly for y in compact subsets.

The function w(a, om) which occurs in (6.4) can be written as a finite sum

Teo| T1 log]#2(a,.m)

Q (w,0)EQ )

where each £ is a finite disjoint union of pairs (w,v) € Wt(a,) X S and =
equals I1,c g7, (This assertion is Lemma 5.4, with G replaced by M,. The
notation W,_g(av, 7,) refers to the analogue for M, of W, (a,, m,).) The integral
in (6.4) is over

Hg = ZSNR(FS) = l_I (ZvNRL.(Fv))a

vES

an open subset of

[T exp(u,(F,) + ng(F)),

vES
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where np is the Lie algebra of Ni . For each v € S, let { X, ;,..., X, , } be a
basis of the F,-vector space u,(F,) + ng (F,). Then for w € Wi(a,,),

(xv,l""’ xv,dv) - Wva(av’exp(xv,IXv,l + - +xv,d,,Xv,dv))

is a polynomial in d, variables with coefficients in V,, (F,).

Fix a finite set © as above. For any (w, v) € §, let 2(F, V, ) be the set of
polynomials in d, variables with coefficients in V,, (F,). We give P(F, V,,) the
direct-limit topology inherited from the finite-dimensional subspaces of poly-
nomials of bounded degrees. Let #*(F%, V,,) denote the set of nonzero ele-
ments in P(F,V, ), and define

Q)= @ 2 (F-V,).
(w,v)EQ

We shall set F¢ =TT, o g(Ff), where d = {d,: v € S}. Let C,(F¢) be the space
of continuous (complex-valued) functions on F¢ of compact support. It is the
topological direct limit of subspaces (equipped with the usual supremum norm)
consisting of functions supported on a given compact set. We state the next
lemma in terms of the dual space C,(F¢)*, which we equip with the weak-*
topology.

LEMMA 6.1. Let O be an open subset of FE. Then if

p= ® »p.,  p..€P(FV,),
is an element in #*(Q) and

Ap(x) =

1_.[ (log” pw,v(xu) ") "
(w,v)EQ
with x = I1,cgx, in O, then each integral
A(6) = [o(N, () dx, ¢ € C(F),

is absolutely convergent. Moreover, p — M, is a continuous function from #*() to
CAF)*.

We shall prove this lemma in the next section. Assuming it for now, let us
finish the proof of Theorem 5.2.

Let A" be a small neighborhood of 1 in 4,,(F;). If

dl)
X = l_.[xv= ].—.[ I—[xv,i’

veS veS i=1
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set

e(x) = l—.[ e(xv) = I_I exp(xv,lxv,l + o +xu.dL‘Xv,d,,)‘

veS veS

The expression (6.4) equals
J8:(a)' j(x) @3, (ae(x))wg(a, oe(x)) dx,
o

where @ is an open subset of F¢ and

1,2

>

v

](x) = H |Jv(xv,le,1 + o +xv,d,,Xv.d‘,)
veSsS
a continuous function on Fg’. Now for € as in the lemma,

@ Wwl(a,e(x,), a=[laer,
(w,0)EQ vES

is a continuous function from A" to #*(Q). This follows from Corollary 4.3.
(See the remarks following Lemma 5.4.) Lemma 6.1, combined with the formula
above for w2(a, o), then tells us that the function which maps a € 4" to the
linear form

L¢(x)ws(a,oe<x>>dx, ¢ € C(F),

in C,(F£)* is continuous. On the other hand, the map

(a,y) = 8x(a)*j(-) @, (ae(-))

is a continuous function from A"X G°(F;) to C,(F¢). Therefore, since the
natural pairing on C,(F¢) X C,(F#)* is continuous, the expression (6.4) is a
continuous function on "X G(F;). Having agreed that the integral in y can be
taken over a compact subset of G°( Fy), we see that the original expression (6.1)
can be extended to a continuous function of a € 4. This is just the assertion of
the theorem. O

Having proved Theorem 5.2 (modulo Lemma 6.1), we can define

(65) JM(Y’ f) = hlnl E r[{i('Y, a)JL(aY’ f)
a1 LeP(M)

In the special case that G, = M, we have

1, ifL=M,
ra(v, a) = {0 ;fL¢M
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and our definition coincides with the original one given in §2. It is clear that
Jy(y) depends only on the MO(F;)-orbit of y. In our notation, we shall
sometimes identify y with its M °( Fy)-orbit. More generally, if T is a finite union
of MO(F;)-orbits {y,}, we shall write

JM(P’ f) = Z_JM(Yi> f)

It is convenient to introduce the notion of an induced space of orbits. Given
the element y € M(Fy), define Y to be the union of those G°( Fy)-orbits {v,} in
G(Fg) which for any P € #(M) intersect yNp(F;) in an open set. This is a
simple generalization of the definition in [19]. There are only finitely many such
G°(Fy)-orbits, and they all belong to a single geometric orbit. If y is G-regular,
v consists of one orbit, that of vy itself. If v is unipotent, each v, is contained in
the induced geometric conjugacy class of y. The induced space y¢ can also be
characterized analytically by a formula

(6.6) J(v4, f) = limJs(av,f),  fe CP(G(F)),

where a ranges over elements in 4,/ ..,(Fs) which are close to 1. To establish
this formula, note that the right-hand side equals

f(x 'm™laymx) dmdx.

. 1/2
lim | DS(ay)|” f f
a—1 MO(F\G°(Fy)” M, (Fs)\M°(Fy)

If P € #(M), this in turn equals

lim |DM(y 28 ay)'? k™ lam™Yymnk) dmdn dk
“"ll ( )I P( ) ij;’r(Fs)fMy(l‘"s)\Mo(Fs)f( )

=lpMn) o) [ [ £(k~Ym~ymnk ) dm dn dk,
KYNp(F5) M, (F)\M°(F5)

by a standard change-of-variables formula. This last expression is obviously the
integral of f over the invariant measure on y°. It therefore equals the left-hand
side of (6.6).

COROLLARY 6.2.  The distribution J,,(, f) is given by the integral of f relative
to a measure on YS which is absolutely continuous with respect to the invariant
measure class.

Proof. The changes of variables introduced in the proof of the theorem allow
us to write the invariant integral over Y€ as

1D(o) | [

f f / f(y Yok~ Ynnky) dm dn dk dy
G (FNG(F) K, N (BT
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for any Q € #(M). On the other hand, J,,(y, f) is the value of (6.1) at a = 1,
which by the discussion above equals

|D(o)|1/2/%ffff(y‘lak‘lwnky)vl?,(l,w)vé(ky)d'rrdndkdy.

This is a multiple integral whose absolute convergence is assured by Lemmas 2.1
and 6.1. It is therefore absolutely continuous with respect to the invariant
measure. o

COROLLARY 6.3. Suppose that L, € £(M). Then the limit at a = 1 of the
expression

z rLLl('Y’a)JL(aY’ f)’ aEAM,reg(FS)’
Le¥(L))

exists and equals J; (v", f).

Proof. The proof of the existence of the limit is similar to that of Theorem
5.2. We shall forgo the details. To evaluate the limit, set

a=ba,, be AM,reg(FS)9 a; € Ay oo Fs),
and let b approach 1. Since
lim rf (v, ba) = ri(v.@),  Le2(Ly),

we obtain

lim Z ’1{‘,(7’ a,) lim J; (bayy, f).
a1 reg(L) b=1

It is clear that L, , equals G, ,. Applying Lemma 2.2, we see that J;(ba,y, f)

equals the invariant orbital integral of a function on L(Fg) for b near 1. It then
follows easily from (6.6) that

g‘im_il‘IL(balY’ f) = JL((aIY)L, f) = JL(alYLl7f)~

Therefore, the given limit equals

lim Z ’If‘,(‘r’, al)JL(alYL’, f) = JL,(YI”, f),
a1 pew(L)

as required. O
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§7. Proof of Lemma 6.1. The purpose of this section is to establish Lemma
6.1 and thereby complete the proof of Theorem 5.2. One way to prove the lemma
would be to use the resolution of singularities. By blowing up affine space, one
could replace each set

{x.: pu,u(x,) = 0}

by a divisor with normal crossings.! However, we shall instead treat the lemma as
an exercise in elementary analysis.

The elements in C,(F#)* are Radon measures. The operation which restricts
such a measure to an open subset of F¢ defines a continuous projection on
C.(F&)*. We conclude that it suffices to prove the lemma with @ = F¢. Next, we
note that functions of the form

¢(x) = l—I ¢v(xv)’ ¢'v € Cc(dev)’ x, € deu’
veSs

are dense in C,(F¢). Since the Haar measure on F¢ is the product of Haar
measures on the spaces F, it will be enough to prove the lemma in the case that
S contains one valuation v. Therefore, we shall assume in this section that F is a
local field and Fg = F, = F. We take d = d, to be any positive integer. Finally,
we see that by setting

v= @ v,
(w,0)EQ  °

we may assume that all our polynomial take values in the same space.
Let

a=(a,...,a,)

be a multi-index of nonnegative integers. Let 2 (F? V') be the set of polynomi-
als in 2(F? V') whose coefficients vanish for every multi-index & with &/ > a;
for some i. It is convenient to write || p|| for the supremum of the norms of the
coefficients of any polynomial p in Z(F% V). If § > 0, let £X(F¢, V) denote
the set of p € #(F% V) with || p|| > 8. It is clear that the space Z*(F4, V) is
the union over a and 8 of the subsets 22(F¢, V). Therefore, it is good enough to
fix @ and & and also a positive integer n, and to prove the analogue of Lemma
6.1 for n-tuples

n
@ P> Pie‘@as(Fd’ V)'
i=1

We must first prove a supplementary lemma.

11 thank the referee for this observation.
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LEMMA 7.1. Let T be a compact subset of F°. Then there are positive constants
C and t such that for any ¢ > 0, 8§ > 0, and p € P3(F4, V), the volume of the set

T(p.e)={xeT:[[p(x)] <e}

is bounded by C(8 'e)".

Proof. Suppose that we can prove the lemma with 1 = F. Then the result will
hold for arbitrary V, as we see immediately by fixing a basis of V. The constants
C and ¢ will depend at most on the dimension of V. Notice also that if we can
prove the lemma for 8 = 1, it will follow for any 8. Therefore, we shall assume
that V= F and 8 = 1.

We shall first prove the lemma for d = 1. For the moment, then, a is just a
positive integer. Assume inductively that the lemma is true (for any ¥ and §)
with a replaced by any smaller positive integer. Suppose that 0 < ¢ < 1 and that
p € PY(F, F). We can write

p(x) = (x = r)p'(x),
where r belongs to an extension field E of F, with deg(E/F) < a, and p’
belongs to #,_,(F, E). The norm function on E is of course the extension of the

valuation on F. By our induction assumption, the lemma applies to p’ with fixed
constants C" and ¢'. Since

1Py pall < (deg py + D)l pall 1 22l

for any polynomials p, and p, in #(F, E), we have

2l > min{%’ 2_{1;_'}
To estimate the volume of I'( p, €), we examine the equation
lp(x)] = Ix = ri|p'(x)]
is two separate cases. First suppose that |r| > |I'| + 1, (where |T'| = sup, o ¢|x|).

Then the set T'( p, €) is contained in T'(p’, ¢/(|r| — |T'|)). Since || p’|| > 1/2|r|,
the induction assumption gives

vol T(p, £) < C'(2|r|( )) < C'(2(T) + 1))"e".

€
rl =T

The other case is that |r| < || + 1. Then if x belongs to I'( p, €), either x
belongs to I'( p’, €/?) or |x — r| < €/2 Since || p|| > 1(|T| + 1)~ in this case,
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the induction assumption gives
vol T( p, ) < 2% + C'(2(IT| + 1)&/2)".
It follows that for any € and p,

vol T'( p, €) < C¢',

with C =2 + C'(2|T| + 2)" and ¢ = min({}, #'/2). The lemma is therefore true
ifd=1

Suppose now that d is arbitrary. Assume inductively that the lemma is true if
d is replaced by d — 1. Choose a compact subset I'; of F such that T' is contained
in the Cartesian product I'Y. Suppose that p € #Y(F4 F) and 0 <e< 1. If
x=(xXpy...,x4) and a = (a;,...,a,), set X =(x,,...,x;) and & =
(ay,...,ay). Then

p(x) = T p(2)m),

Jj=1

with p, € #(F"', F). Since | p|| > 1, there is a j with || p|| > 1. Suppose that
x belongs to T'(p, &). We consider separately the cases that |p,(£)| > ¢/* and
Ip(%)] < ¢'/2, In the first instance we apply what we have already proved (the
case that d = 1) to p, regarded as a polynomial in x,. In the second case we
apply the induction assumption. We obtain

vol T( p, &) < Cy(e7%%)" - vol(T¢™1) + vol(T,) - C,_, (/%) "

< C¢
for positive constants C and ¢. This establishes Lemma 7.1. a

We can now prove Lemma 6.1. Fix a continuous function ¢ on F¢ which is
supported on the compact set I'. Fix also a multi-index a and a positive number
8. Suppose that

n
P= ®Pi

i=1

is an n-tuple, with each p, € £}(F?, F). We shall estimate the integral

[ A0 ax,
T(p,e)
where
A (x) = Q(loglpi(x)l).’
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and

T(p,e) 9 NG

For each point x in I'(p, ¢) there is an i such that |p,(x)| < [p;(x)| for all
J # i. Then x belongs to I'( p;, €), and if e is sufficiently small, as we may assume,

A, (x) <|log|p,(x)I[".

It follows that

fl‘(p,e)M(X) dx < ), j; )|10g|pi(x)|‘ dx.

i=1 (pi> e
If
T(i,k,¢) = r(p,-,Z_ke) - r(pi’z—-(k-(-l)e)’

we see that

o0
[ loglp(x)i["dx< X [ [loglp.(x)I|" dx
) k=0"T(, k¢

T(pi, e

< Y vol(T(i, k, £)) - |log(2~**Ve) |
k=0

>}
< Y Cc(867127%) " ((k + 1)log2 + |loge|)”
k=0
for positive constants C and ¢ given by Lemma 7.1. It follows that there are
positive constants C, and ¢, such that

(1.1) j A, (x) dx < Cy(87%)"

T(p.e)
for any p and e. In particular, since A ,(x) is bounded on the complement of
[(p, &) in T, the integral

[0, (x) ax

is absolutely convergent. This is the first assertion of Lemma 6.1.
Fix

0

p°=(pY,....p7), plePNFF).
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If p is any n-tuple as above, and ¢ > 0,
[0, = [ (I (3) e

is bounded by the sum of

7.2 Ol oo A(x) dx,

(7.2) I fm,o,e) »(%)

7.3 ¢l A o(x) dx,

(7.3) I8 fr(po,e),,( )

and

(7.4) 9]l |A,(x) = Ap0(x) ] dx.
T-T(p%¢)

Now p is close to p° precisely when all the coefficients of the polynomials
pi— P? ) I<i<gn,

are small. In particular, the set I'(p°, ¢) will be contained in T'( p,2¢) for all p
sufficiently close to p°. Therefore, both (7.2) and (7.3) may be estimated by the
inequality (7.1). The integrand in (7.4) is bounded on I' uniformly for all p
sufficiently close to p°. Therefore, by dominated convergence, (7.4) approaches 0
as p approaches p°. It follows that

lim de(p(x))\p(x) dx = /qub(x)Apo(x) dx.

p=p

This is the second and last assertion of Lemma 6.1. O

§8. A formula of descent. We return to our study of weighted orbital in-
tegrals. As before, y will be a fixed element in M(Fg). We are going to establish
a descent property for J,,(y) which will be useful later. However, we shall first
check that the behaviour of J,,(y) under conjugation is the same as that
described in §2.

LemMa 8.1. Iff € C®(G(Fy)) and y € GO(Fy),

JM(YLfy) = E JAI}IQ(Y’fQ,y)'
QEF (M)

Proof. By definition

JM(Y:fy)"" lim Z r]{;(y,a)JL(ay,f)’),
a=l j e oM
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Of course, a is assumed to be a small element in A, ., (Fs). Therefore,
G,,(Fs) = L, (F;) for each L€ ¥ (M), so the formula (2.2) applies to
JL(ay, ). We obtain

Iu(v. f)=1lm Y rh(y,a) ¥ JMe(av.fp,,)

a=lee(m) oeF(L)

Y lim Y ruly.a)dffe (ay fo, y)

0eF(M) *1 LeoMom)

Z JAI;IQ(Y’fQ,y),

QeF (M)

as required. a

We also note in passing that the formula (2.4) holds for our arbitrary element
v. This follows from the formula

o (v vy, vy lay) = ri(y, a),

which is a consequence of the definitions.
Suppose that ¢ is a semisimple element in M(F;) and that

y=op, pEM(F).

We assume that the following three conditions are satisfied:
(i) o belongs to G(F).

(ii) The space a,, equals a,,.

(i) G,(Fy) is contained in G S (F5).
Accordmg to the first condition, G, is a (connected) reductive group defined over
F and M, is a Levi subgroup of G,. The space a,, defined as in §1 but with G
replaced by M, always contains a ,,; the second condition asserts the equality of
the two. This is equivalent to the assertion that o is an F-elliptic element in
M(F). The third condition is equivalent to the equality of G, (Fs) with (G,),(Fs).
In other words, G, ( F;) may be regarded as an object associated to the group G,.
Let us write #°(M,) and #°(M,) for the sets of parabolic subgroups of G,
whose Levi components contain and respectively equal M.

We are going to express J,,(y, f) in terms of weighted orbital integrals on the

groups
{Mg(F5): ReF°(M,)}.
This will of course entail dealing with (G,, M, )-families. We shall always assume

that the Euclidean norm on the space a,, is the same as the one on a,. In
particular, the Euclidean measure on a,, will be that of a M-
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We can write J,,(v, f) as the limit at a = 1 of

®1)  [D(an)|*f J f(ylox apxy)
Gy (Fs)\G®(F5)” M, (F)\G,(Fs)

X( )y n&(v,a)vL(xy)) dx dy,
LeZP(M)

since G,,(Fs) equals MY(F_’S). It is necessary to transform rj(y, a) and v, (xy)
into functions associated with G,.

LeMMA 8.2. Suppose that L € £ (M). Then
L, : -
rk(y, a) = {’M,(#, a), ifa, Ar,
0, otherwise.
Proof. In order to deal with the (G, M )-family
{rp(X,y,a): PeP(M)},

we must write down the Jordan decomposition of y. Let u = % - u be the Jordan
decomposition of p. Then y = o7 - u is the Jordan decomposition of y. Suppose
that P belongs to #(M). Then P, is a group in 2°(M,), and condition (iii)
above implies that P, (F;) = (P,),(Fs). It then follows from the definition (5.1)
that

re(X,v,a) =rp(A, p, a).

As a consequence of this, we may write

ne(v,a) = lim ¥ rp(A,p,a)85(0)"

=0 pea(M)
= lim Z re(A, p, a) Z op(}\)_l
A=0 rego(mM,) (Pe®(M): P,=R)}

Suppose first of all that ag = ag, Then af Oy = =q A; If R belongs to #°(M,),
the set A% = {a*: @ € Az} is a basis of a,. For each root a € Apg, there is a
unique reduced root a; of (G, 4,,) such that aj is a positive multiple of a'. The
set FY = {a]: a € Ag} is also a basis of a$,. Applying Lemma 7.2 of [2], we
obtain

¥ 8,(A) 7" = vol(a§/Z(FY)) H Aay) !

{PEP(M): P,=R} a€ly

= vol(a (A"R)) H A(a) !

acA,

= R(}‘)‘l'
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Therefore, in this case we have

nv,a)=lim| X re(Ap, a)8(N\)"
A=01 pego(M,)

= "Mo(l"sa)-

Next, suppose that a; is a proper subspace of a . Let { be a vector in the
orthogonal complement of a in ag. Take

A=t(Ay+¢), tE€R, N\, € afy,
and calculate the limit above by letting ¢ approach 0. Since
rR(t(A0+§)’P‘7a) =rR(t}\0’p"a)’ RE.@U(MG),
we see that r,(y, a) equals
1 ) d\? -1
7 T om((g) moemal| T a0e+07)
d! pegrm,) =0\ dt (PeP(M): P,=R}

where d = dim a§,. This expression is independent of { (and also A,). By taking

{ to be very large, we see that ry(y, a) equals 0.
We have so far proved the lemma if L = G. However, rL(y, a) is defined by
replacing the underlying group G with L. The lemma is therefore true in general.
O

Take L € £(M). In view of the last lemma, we need only consider the case
that a, = a, . Suppose that x € G,(F;) and y € GO(F;). We saw in §6 that

o(m) = L vf(o,x)vp(Ko(x)y).
QeF(L)

LeMMA 8.3.  Suppose that as above, x belongs to G,(Fs) and that a; = a .
Then

G, : -

0, otherwise.

Proof. We have

vf(o,x)=lim ¥ vp(X,0,x)0,(A)"
A-=0 peg(r)

= lim ) UR(}‘,X)( )y 0P(>\)Wl .

A0 pese(L,) (PeP(L): P,=R)
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Arguing exactly as in the proof of the last lemma, we conclude that v¥(s, x)
equals vf*(x) if a; = ag, and is 0 otherwise. m]

More generally, suppose that Q € # (L), and that
x =nmk, n€N,(F), me M,(F), keK,.

It follows from the lemma, with (G, x) replaced by (M,, m), that vf(s, x)
equals vfe(x) if ap=a o and is 0 otherwise. Therefore, the formula above for
v (xy) gives us

COROLLARY 8.4. If R is any group in ¥ °(M,), set

(8.2) vR(z) = Y vo(z), z€ GF).
{QE.?(M) Q0=R’ aQ=uR}

Then

(o) = ;(M)vi‘,(x)vk(KR(x)y) D

Observe that L — L, is a bijection from the set of elements L € £ (M), with
a, = a,, onto the set of Levi subgroups of G, which contain M,. Combining
Lemma 8.2 with Corollary 8.4, we see that

L (v, a)o(xy)
LeZ(M)

equals

)y L rig(w a)of(x)vR(Kg(x)y).

ReF(M,) SeLMr(M,)

The descent formula can now be proved with some changes of variable similar
to those of §6. Substitute the formula just proved into the original expression
(8.1). In the resulting expression, take the sum over R outside the integral over x,
and then replace the integral over x with a triple integral over (mg, ng, k) in

M, (F) \MR,(FS) X Np(Fg) X K,.
Finally, write

1

-1, -1 - -1
ng'mgapmgng = mplapmgn,  n € Ni(F),

and change the integral over n; to one over n. Putting in the appropriate
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Jacobian, we find that (8.1) equals
12

|DS(ay)%(ay) |
Xfa )} L rig(w a)if(ap, @ ) dy,

«(FNG (Fs) ReF*(M,) sesMr(M,)

where

(83) @ ,(m) =8(m)"”* [

f f(y Yok mnky) vy (ky) dndk
KN,

r(Fs)

for m € Mp(Fs). It is clear that ®; , is a function in C?(Mg(Fs)) which
depends smoothly on y. (For the reader who might remember a similar function
defined in §6, the relation is

Op,, = )y (D(S,y’)
{QE’-(M) Q0=Rv aQ=aR}

It is now easy to read off the limit at a = 1 of (8.1). The result is

THEOREM 8.5. Suppose that M and y = op are given as above and satisfy the
conditions (i), (ii), and (iii). Then J,,(Y, f) equals

112
| D%(op) D% ()" fG Tur(p, ®r,,)|dy. O

a(Fs)\G°(Fs)( ReF(M,)

We will need a slight extension of the result for the paper [3]. Suppose that T is
an arbitrary point in a,,. For each z € G°(F), the functions

vp(A,2,T) = vp(A, 2)eMD, P eP(M),
form a (G, M)-family. Since e*”’ is independent of P and equals 1 at A = 0,
v(2,T) =v,(z), LeZ(M).

Suppose that x € G,(F) and y € G°(F;). Then, as in §6, we have a decomposi-
tion

UP(}" Xy, T) = UP(>‘1 o, X)UP()\, KP,(X))’, T), Pe .@(L),
as a product of (G, L)-families. Applying Lemma 6.3 of [5], we obtain
o ()= L of(o, x)op(Kp(x)y).

QeF(L)
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We can substitute this formula into the expression (8.1). The proof of the
theorem then leads to

COROLLARY 8.6. Under the assumptions of Theorem 8.5, Jy, (v, f) equals

112
oo (T (e 0e)) b
Go(FsI\G (Fs)\ ReF°(M,)

where

@R’y’T(m) = 8R(m)1/2/ f f(y Yok~ mnky)vi(ky, T) dndk
Ko Nr(Fs)

for m € My(Fy) and for

vR(z,T) = Y vo(z,T), z€ G'F). i
(QeF(M): Q,=R,ap=ar}

An important special case, obviously, is when p is unipotent. Then y = op. is
the Jordan decomposition of y, and D®(op)D%(p) ! equals DC(s). We obtain

COROLLARY 8.7. Suppose that n = u is unipotent. Then J,,(v, f) equals

1D%(0) [ |

( JA’ZR(“» (I)R,y,T)) dy. u
G (FN\G(F)\ ReF°(M,)

Part 2: p-adic groups

§9. A germ expansion. We now consider properties of weighted orbital
integrals which depend on a given local field. We shall treat the p-adic case first.
The theory of Shalika germs [22] is an important component of the study of
invariant orbital integrals. It turns out there there is a parallel theory for
weighted orbital integrals. Its existence depends on our having defined the
weighted orbital integrals at singular points in M(Fg).

For the next two sections, we shall assume that S consists of one non-Archi-
medean valuation v, and that F = F, = F;. We shall also fix a semisimple
element o in M(F). The germs at ¢ associated to J,,(y, f) are (M, o)-equiv-
alence classes of functions of y and are defined on the G-regular elements in
oM, (F) which are close to 6. They are designed to measure the obstruction to
Ju (v, f) being an (invariant) orbital integral of a function on M(F).

Given L € (M), let

(o, (F))
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denote the finite set of orbits in 0%, (F) under conjugation by the group

L(F,0) = Cent(s, L°(F)).

PROPOSITION 9.1.  There are uniquely determined (M, o)-equivalence classes of
functions

Y= gu(v,.8),  YEOM(F)N Gy,

parametrized by the classes 8 € (0% (F)) such that for any f € CX(G(F)),

(M, 0)

JM(Y’ f) -~ Z Z gb(Y’S)JL(sv f)

Le# (M) 8&(o, (F))

Proof. The defining equation is understood to hold for all G and, in particu-
lar, if G is replaced by any set L € £(M). The uniqueness is then equivalent to
the linear independence of the distributions

f=Us(8,f), € (o%s(F)).

This is a well-known fact which follows, for example, from the partial order on
the orbit set (o%;(F)). We can therefore concentrate on establishing the
existence of the germs.

Suppose first that M = G. Then J,,(y, f) is just the invariant orbital integral,
and

(M, 0)
JM(‘Y9 f) -~ O

by definition. We can therefore define

(M, 0)
gi(v,8) ~ 0, 8e (o2, (F)).

Now take M to be arbitrary. We must define the germs gL (v, 8) so that for
any f, the function

KM(Y’ f) = JM(Y’ f) - Z Z g)fl(y,a)JL(aa f)

LeZ(M) s€(o?, (F)

is (M, o)-equivalent to 0. For each L € #(M) with L # G, we assume induc-
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tively that the germs gL (y, §) have been defined, and that

(M, o)
Ky(v,h) ~ 0, heCr(L(F)),

For every f € C°(G(F)), the function

KI:I(Y’ f) = JM(Y? f) - E Z gI{‘{(YﬂS)JL(s’ f)

{LeZL(M): L+G) 8€ (0¥, (F))
is then defined. Let
fr  8e (0% (F)),
be functions in C°(G(F)) such that

1, 68, =24,
JG(al’ fb‘) = {0 81 # 8,

for 8, 8, € (6%;(F)). We then define the remaining germs by

85(v.8) =Ki(v, f;),  8€ (% (F)).

Observe that for any 8,

KM(Y, fs) = K}({('Y, fs) - Z gl?{(yaal)JG(sl’ fa)
8, €(0%;,(F))

=Ky (v, ;) — 85(7,96)
= 0.

It remains for us to show for any f that K,,(y, f) is (M, o)-equivalent to 0.
Define

fr=f- X J(8

se (0% (F))

Then
Kyu(v,f) =Ky(y, f) + 28310(8, FKu(y, f5)

= KM('Y’ f,)
On the other hand,
Jg(8,f)=0
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for every 8 € (0% (F)). We can therefore make use of a standard argument to
represent f’ as a finite sum

2(g”-g), ge€C2(G(F)),yeG'F),

on some G°(F)-invariant neighborhood of ¢ in G(F). (See the discussion
accompanying Proposition 4 of [17].) Therefore, if y € oM, (F) is close to o,

Ky (v, f) = Ky(v, f) = LKp(v. 8" - g).

By Lemma 8.1 we can write

Ky(y, 8" - 3g)

as the difference between

Z JgQ(Y’ gQ,y)
{QeF(M): 0+G)}

and

Z Z Z gM(Yss)JL (8 8o, y)

Le#(M) (QeF(L): Q+G) 8€ (o, (F))
It follows that

Ky(v,8"—g) = ) KMe(v, 8.,)
(QeF(M): 0+G)

By our induction hypothesis, this function is (M, o)-equivalent to 0. Thus,

(M, o)
Ky(v,f) ~ 0,

and the proposition follows. O

Remark. 1f G, = M,, it follows inductively from Lemma 2.2 that the germs
all vanish.

The most important case is when ¢ = 1. Then G = G°, and the germs g5 (¥, )
are parametrized by unipotent conjugacy classes in G(F). It turns out that the
germs for general ¢ have descent properties which reduce their study to the
unipotent case. We shall prove one lemma in this direction.

Observe that each class § € (6%, (F)) is a finite union of classes ou, with u a
unipotent conjugacy class in ¥ (F ) The set of all such u, which we shall denote
simply by

{u: ou~38},
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has a transitive action under the finite group
t*(0) = L,(F)\ L°(F, o),

where L°(F, o) denotes the centralizer of o in L°(F).

LeMMA 9.2. Suppose that o is a semisimple element in M(F) such that
Qp, = Ay, and that L € L(M). Then if

y=op, p€M(F),
is G-regular, we have

sh(r0)=eo) T sh(mw). b (o, (F))

where €-(0) equals 1 if a, = a, and is 0 otherwise.
q L L,

Proof. We can of course assume that v is close to 6. Then y = op satisfies the
conditions of §8. By Theorem 8.5, J,,(v, f) equals the product of

| D% (o) D% () [

and

TMe(u, ® ) .
fG”(F)\GO(F)(Re.?"(MG) M, ( R,y)

Since p is close to 1,

Y |0%(0) [

112
|DS(op) D% () 7|7 =|det(1 — Ad(op)), s,

Moreover, for any ® € C*(M,(F)),

(M,,1)

I (p, @) ~ )y Y a(p,u)Jf(u, @),
L,e$Mr(M,) us(, (F))

by Proposition 9.1. Substitute this into the expression above and interchange the
sums over R and L,. To any L, € #(M,) there corresponds a unique element
L € £(M). Conversely, an element L € £(M) arises this way precisely when
el(0) = 1. It follows that as a function of , J,,(op, f) is (M, 1)-equivalent to
the sum over L€ (M) and u € (%, (F)) of the product of

e"(o)grr (m, u)
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with

|DG(0)|1/2[G JL"fR(u,be'y)dy.

(FI\NG*(F) Re#°(L,)
Applying Corollary 8.7, we obtain

(M,,1)

Julop, f) ~ ¥ Y (o) (p,u)J (ou, f).

LeS (M) ue(4, (F))
We want to show that gL (v, 8) is (M, o)-equivalent to the germ

gu(v.8) =e(0) L giz(p.u)
{u:ou~8}

It follows easily from Lemma 2.1 that ( M, o)-equivalence of functions of vy is the
same as (M, 1)-equivalence of the corresponding functions of p. Therefore, what
we have already established may be written in the form

(M, 0)

Ju(v.f) ~ X Y &u(v.8)J.(8, /).

LeZL (M) SE(aquo(F))
Assume inductively that

g (v,8) = g3 (v, 9)
for any L # G. Then

Y (85(v.8) = g5(v,8))J5(8,F) = 0.
8e(o%,(F))

It follows that

85(v.8) =g5(v,8), 8¢e (og(F)),

as required. O

§10. Homogeneity of germs. We would expect the germs introduced in the
last section to behave like Shalika germs. In this section we shall establish a
formula which is the analogue of the homogeneity property [11, Theorem 14(1)]
and [21, Theorem 1.2(4)] for Shalika germs.

We continue to assume that F = F, = F; is a non-Archimedean local field. We
shall consider only the special case of §9, that ¢ = 1. In particular, we assume in
this section that G = G°. Given a unipotent element u € %,,(F), define

dM(u) = {(dim M, — rank M).
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This number is a nonnegative half integer, which depends only on the geometric
conjugacy class of u. Recall that the induced space u€ is a finite union of
unipotent G (F )-conjugacy classes. For any w € G(F), set

6. ,1-/1, ifweu’
[ w] {0, otherwise.

If [u®: w] =1, it is clear that
d%(w) = dM(u).

The exponential map provides a homeomorphism from an Ad(G ( F))-invariant
neighborhood of 0 in g(F) into an ad(G(F))-invariant neighborhood of 1 in
G(F).If t € F, and

x=expX, Xeg(F),
set
x' = exptX.

We shall regard this map as a germ, in the sense that is maps a sufficiently small
invariant neighborhood of 1 in G(F) to another such neighborhood. It is clear
that

?,

gx'g™l = (gxg™?)

t
s

g€ G(F).
In particular,
u->u', ueUy(F),

induces a permutation on the set of unipotent conjugacy classes in G(F). If ¢
belongs to F*, it follows easily from the Jacobson-Morosov theorem that u* and
u are conjugate over the algebraic closure of F. It ¢ belongs to (F*)?, u' and u
are actually G(F)-conjugate. (See the discussion in §1 of [21]).) There is a
compatible way to choose invariant measures on the G(F)-orbits of u and u’.
For applying the Jacobson-Morosov theorem as in §5, we see that all the
G(F)-orbits within the geometric conjugacy class of u can be associated to a
single vector space u,(F). The measure

dt =|0,(x)|"*dx, Xeu,(F),

introduced in §5 then provides invariant measures on all the associated G(F)-
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orbits. However, the map
x-x', xe€0,(G(F)),

does not preserve the compatible measures. If S is any bounded measurable
subset of @,(G(F)), and

S'={x"x€eS§},
a mild generalization of Lemma 7 of [21] establishes that
(10.1) vol(S?) = |¢|/DEmM(C/Gyo](S).
To state the homogeneity property, we must introduce another (G, M )-family.
Take u to be an element in %,,(F). For each reduced root B of (G, 4,,), we

defined the number p(B, u) in §5. It depends only on the geometric conjugacy
class of u. Given P € #(M), define

cp(v,u,t) = H|t| ~@/De(B, () v €iat,
B

where the product is taken over the reduced roots 8 of (P, A4,,). Then
cp(v,u,t), PeEP(M),veiak,
is a (G, M )-family.

LemMA 10.1.  Suppose that a € Ay, o, (F) is close to 1. Then

rig(u,a)= X cip(u,)rg(u,a’)
M, e (M)

foranyt € F* and L € Z(M).

Proof. For each P € #(M), we have

rP(y, u, a) = n‘aB — a_Bl(l/z)P(ﬁs ")"(Bv), y € ia}tl’
B

where the product is again taken over the reduced roots B of (P, 4,,). Suppose
that

a=expH,
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where H is a point in the Lie algebra of 4,,(F) which is close to 0. Then

ja# — a~4|

3(21"[) +...)—(1—B(H)+ 3(27) _)‘

(1 + B(H) +

= 12B(H)|,

since H is small and | - | is a non-Archimedean valuation. Similarly,

(a)? = (a) 7 = 128(H)),
so that
jaf —a™#| = |17 1(a)’ = (a)7A.
We obtain
re(v,u,a) = cp(v,u, t)rp(v, u, a*),

a product of (G, M)-families. The lemma then follows from Corollary 6.5 of [6].
]

PROPOSITION 10.2. Suppose that t € F* and w € (¥g(F)). Then
(M,1

1)
gu(viw) ~ [1“™ ¥ L (v, u)er(u, )[u® w].
LEL(M) ue(¥(F))

Proof. Suppose that f € CX(G(F)) is given. Define
fi(x) = f(x).
Then f* is the restriction of a function in C®(G(F)) to an invariant neighbor-

hood of 1 in G(F). Suppose that y is a point in M(F) which is G-regular and
close to 1. We have

Iy, £) =1D(n) [ [ F(x1yx) 0 (x) dx
G, (F)\G(F)
=|D(y) |l/zf F(x7 %) vy (x) dx.

G, (F)\NG(F)
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The centralizer T = G, is a maximal torus in G and is equal to G,.. We choose
invariant measures on the orbits of y and y' induced by a fixed invariant
measure on T(F)\ G(F). Consequently,

1/2

Du (s £) = (DN ) (', £9)-
Let { X;} be a basis of g/g, such that
Ad(y) X, =§(v) X, v e T(F),
where §; is a character of T. Since v is close to 1,
11 =&y =101 = &(v)l-

It follows that

D) = Tt - )

= TT(e121 = &(v)1?)
— |t|(l/2)(dimG—rankG)|D(.Y)| 1/2

if v 1s close to 1. Therefore,
JM(Yt’f') — |t|(1/2)(di.mG—rankG)JM(.Y,f)_

We take the germ expansion of each side of this equation. The left-hand side is
(M, 1)-equivalent to

(10.2) ) Y e(viw)d(wh ),

L eL(M) we (¥, (F))

since w — w' is a bijection on (%, (F)). The right-hand side is (M, 1)-equivalent
to

(10.3) > Y e/ am ek Og L (y, u)Jy (u, f).
LEL(M) ue(¥, (F))

We must relate the distributions J; (u, f) with J; (w', ).
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By the definition (6.5) and Lemma 10.1,

Luf)=tm T (e, (a f),
a1 L;:L,oL,oL)

where each a is a small regular point in 4, (F). Now, by repeating an argument
above, and noting that G, = L, we see that

lD(a’ut) |1/2 = |t|(1/2)dim(G/L)lD(au) Il/z-

Consequently,
J(au, f) =|D(au) [ [ f(xlaux)v, (%) dx
Gou(FONG(F)
= |t|—(1/2)dim(G/L)|D(atut)Il/zf f'(x‘la'u'x)ULz(x) dx.

Gau(F)NG(F)

It is easy to see that
G = Lu = Lu' = Galul.

au

However, the compatible invariant measures on the orbits of au and a‘u’ do not
induce the same measure on

Gae(F)NG(F) = Gpe(F)\ G(F).

By (10.1) (applied to L instead of G), the invariant measures induced on the
coset spaces differ by the constant

|2 ~Q/Ddim(L/L),
It follows that
Iy (au, f) = |¢|~0/28mG/ Loy, (atur, f1).
We have thus far shown that J; (u, f) equals

1709/ i T ofi(u, )k, 09) (0, £7).
a=lyp SpoL

But rLLll( u, a') depends only on the geometric conjugacy class of u, so that

rLle(u, a') = rLLll(u’, a').
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Moreover, for any L,

lim Y rf(u,a')d (a'u, f7)
=17 eo(L)

= lim ) ri(u', a)Jy (au', )
a1 eeL)

=J, ()", f7)
= X J(wh et wl,

WE (¥, (F))

by Corollary 6.3. It follows that J;(u, f) equals

o0/t T T ch(u ), (wh £ ub ],
L e#(L) we (¥ (F))

We have established that (10.3) equals the sum over L, € (M) and w €
(% (F)) of

S L jeemtommeigl (y,u)eh (o) (v f)[ub ],
Legly(M) us(¥ (F))

Now, if [uf1: w] # 0, we have

|t|<1/2)(dim L,—rank L) _ |t|dL(u) = |,|dLl(w>.
It follows that the sum over L, € £(M) and w € (%, (F)) of the product of
(10.4)

gh(yow) - X Y 10 gk (v, u) ek (u, ) [ut wl],
LeLl (M) us (¥ (F))

with
JLI(WI9 f’)y

is (M, 1)-equivalent to 0. We are required to show that (10.4) is (M, 1)-equivalent
to 0. We can assume inductively that this is so if L, # G. For a given w, €
(%;(F)), choose f so that for each w € (%;(F)),

1, w=w

Jo(w'. 1) = |

Proposition 10.2 follows. |

0, otherwise.
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Remark. Suppose that ¢ equals a positive rational integer £. Then x' is just
the Zth power of x. In this special case, Proposition 10.2 will be used for the
comparison of germs that arise in base change.

Part 3: Real groups

§11. Differential equations. We come finally to the case of real groups.
Harish-Chandra’s theory for invariant orbital integrals is based on the differential
equations associated to the center of the universal enveloping algebra. We shall
examine analogous differential equations satisfied by weighted orbital integrals.

For the rest of the paper, we assume that S consists of one Archimedean
valuation v, and that F = F, = F,. We shall regard G°(F) as a real Lie group.
Let

gC=G(F) ®RC

be its complexified Lie algebra, and let ¥ be the universal enveloping algebra.
We shall write

=%,
for the center of &. Recall that there is an injective map
z > 2y, 1€ %,

from Z; into Z,.

For the rest of the paper we shall fix a maximal torus T of G which is defined
over F. We assume that T; contains A4,,. We shall also assume that Tj is stable
under the Cartan involution of G°(F) defined by K.

PROPOSITION 11.1.  There are uniquely determined differential operators
05(v,2), ¥ € T (F),
on T, (F), parametrized by elements z € Z, such that for any f € C*(G(F)),
Iu(y, f) = Z 31{?(7, 2 ) (v, f)-

Le&L(M)

Proof. The defining equation is understood to hold for all G, in particular if
G is replaced by any set L € (M). Now, consider

(11.1) f=>0(vf)

as a linear map from C°(G(F)) to the space of germs of smooth functions near a
given point in T, (F). According to the definition (2.1%),

B =IDWOI [ ST ou(x) ds.
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Since
(112) (Yy X) - x_lyx! Y€ reg(F) X € TO(F)\GO(F)

is an open immersion into G(F), the map (11.1) is surjective. Consequently, the
differential operators

35y, z)

are uniquely determined by the required formula. We can therefore concentrate
on their existence.

Fix the element z € 2. For each L € £ (M), with L # G, we assume induc-
tively that the differential operators d;; have been defined and that

J)\g(}" th) = Z 61{}1(}" le)Jlﬁ(Ysh)
L, e¥(M)

for any h € C*(L(F)). The distribution

K[(,(Y,Z,f)=JM(‘Y,Zf)'- Z a]lI}(Y’ZL)‘]L(Y’f)»

(LeL(M): L#G)

f € CX(G(F)), is then defined. Notice that this distribution is supported on the
GO(F)-orbit of y. We claim that it is also invariant. To see this, take an element
y € G°(F) and consider the expression

(113) K](,,('Y,Z,fy—f).

By Lemma 8.1, we can write (11.3) as the difference between

Z JA];[Q(Y,(Zf)Q,y)

{QeF(M): 0+G}

and

Z 2 aAI;(Y’zL)‘]II.VQ(Yan,y)'

LeZL(M) (QeF(L): 0+G)

According to (2.3),

(f)o. y-ag(,,,)mff " (2f )k~ "mnk ) vy (ky ) dn dk

for any m € M,(F). The differential operator z certainly commutes with right
translation by elements k € K. It then follows easily from the definition of z My
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that
(zf)Q,y = zMQfQ,y'

Thus, (11.3) equals

E (JAI;{Q(% zMQfQ,y) - Z 31{}(% ZL)JII,WQ(Y>fQ,y) .
{QeF(M): Q+G} LeFMo(M)

According to our induction assumption, this vanishes. Consequently, K;(y, z, *)
is an invariant distribution, as claimed.

We can use the immersion (11.2) to pull back K/ (v, z, -). The resulting
distribution on

Treg(F) X (TO(F)\GO(F))

is supported at {y} in the first factor and is G°(F)-invariant in the second
factor. We leave the reader to check that any G°(F)-invariant distribution on
To(F)\ G°(F) is a multiple of the invariant measure. It follows easily that there
is a differential operator 95 (y, z) on T,;(F) such that

KI:I('Yaz9 f) = ag(Y’Z)JG(Y9 f)

The required formula then follows immediately from the definition of K },(y, z, f).
O

§12. Comparison with the radial decomposition. The differential operators
3% (v, z) were obtained in a nonconstructive way from a simple invariance
argument. They also have a more complicated but constructive description in
terms of Harish-Chandra’s radial decomposition of z. We shall review this
description, which in the case of G = G° was introduced in §5 of [1].

Let tco be the complexified Lie algebra of T,(F). We can identify the
symmetric algebra S(t¢) with its image J in 9. Let g be the direct sum of the
nonzero eigenspaces of T(F)in g, and let 2 be the image of S(q¢) in 4. Then
for each element y € T, (F), there is a linear isomorphism

I[:209-9¢
which is uniquely defined by
I“,()"1 o X, ®u) = (LAd(y’l)Xl - Rxl) (LAd(y'l)Xk - ka)“

for X;,..., X, in qc and u € 7. Here Lyg = Xg and R,g = gX for X € g¢
and g € 9. This is a routine extension to nonconnected groups of a result [12,
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Lemma 22] of Harish-Chandra. Let 2’ be the subspace of codimension 1 in 2
consisting of elements with zero constant term. Then for any z € &, there is a
unique element B(y, z) in J such that z — B(y, z) belongs to I' (2’ ® 7). In
other words, there are elements

{(X:l<ixgr)

in 2’ which are adjoint invariant under T(F), linearly independent elements
{usl<isry}

in J, and analytic functions
{a;1<isgr)

on T, (F), such that

reg
k
(12) 2= B(r2) + La(T(X e u).
i=1
As on pages 229-231 of [1], the decomposition (12.1) provides a formula for
Ju (7, zf). We describe the result. Associated to the elements B(y, z) and u; in
S(tc) we of course have the differential operators d(B(y, z)) and d(u;) on
T s (F). Define new differential operators on T, (F) by
(12.2)
3(a(v,2)) =ID(N[*3(B(v, 2) o ID() 7 aly,2) € S(te),

and

(123)  8,(v,2) =|D(¥)[a,(v)3(u)o [D()| ", 1<isr.

Let
X—- D,

be the anti-isomorphism of ¢ into the algebra of right G°( F)-invariant differen-
tial operators on G(F). Then J,,(7v, zf) equals the sum of

3(a(v, 2)) (. f)

and

28 Lo ) (Dynalx) ds )

i=1 To(FI\G®(F)
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We shall calculate Dyv,,(x). Set
d = dim(4,,/4;).

Then by formula (6.5) of [1],

0= 5 T o(H(x) ()"

* PeP(M)

The expression on the right is independent of the point » € ia},. Consider an
element P = MN, in #(M). If p! denotes the Lie algebra of

{x € P(F): Hp(x) = 0},
the Lie algebra of P°(F) is the direct sum of p! and a,,. The group 4,,(F) is
contained in Ty(F) and acts on T(F) by translation. In particular, X, is

invariant under 4,,(F). As on page 223 of [1], we see that there is a unique
element pp(X;) in the symmetric algebra S(a,, ¢) such that

X - PP(X.')

belongs to p'¥. For each nonnegative integer m, let p p,m(X;) denote the
homogeneous component of up(X;) of degree m. We will write

<f"P.m(Xi)’v>’ Veia}fh

for the corresponding homogeneous polynomial of degree m on ia%,. It follows
from our definitions that

LDX.'V(HP(x))d ; D,,cxy»(Hp(x))

d!
d 1 d—m
= X Gy )T (X)),
Thus,
Dyvp(x)
equals
CGx)= X% z (p(x))”'"@pm(x) NAO

PeP(M) m=0



284 JAMES ARTHUR

The expression on the right is of course independent of ». It is clear that C, is a
smooth function on T,(F)\ G°(F) whose value at 1 equals the number

(12.5) a= L (wpa(X),0)0(r) "

PEP(M)
Lemma 121. If M = G,

Iy, z) = 3(a(y, 2)).
IfM# G,

r

813(7’ z) = Z ¢, d,(v, 2).

i=1

Proof. Suppose first that M = G. Then

vy (x) = vg(x) =1
and

Dyvy(x) =0, 1

N
N
~

The first assertion follows.
Assume now that M # G. We have seen that the expression (12.4) equals

Tu (v, 2f) = 3(a(y, 2)) Iy (v, 1).

Since
d(aly, 2)) = 3&(y, z) = IM(v, zy),

this in turn equals

(12.6) ) (v, z) I (v, 1)
(LeL(M): L+ M)

by Proposition 11.1. We shall extract the second assertion from the equality of
(12.4) and (12.6).
Fix a small open set U in T, (F). Then
(v,x) > x"Yyx, yeU xeT,(F)\GF),

is an open injective map from

U X (T,(F)\ G°(F))
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into G(F). Let ¢ be an arbitrary smooth function on U, and let {{,} be a
sequence in C®(Ty(F)\ G°(F)) which approaches the Dirac measure at 1. For
each n, we choose a function f, € CX(G(F)) such that

£,(x7yx) =|D(v) |7 8(¥)¥,(x), x €U, x € T,(F)\ G*(F).

When f = f,, the expression (12.4) equals

i (3:(v, 2)8(v))

/ ¥a(x)Ci(x) dx.
i=1 T (F)\G(F)

This approaches

glciai(y, 2)a(y)

as n approaches infinity. On the other hand, the value of (12.6) at f = f, equals

T (v, z)6() [ ¥ (x)v(x) dx.

LM Toy(F\\G’(F)

Since

1, L=G,
"L(l):{o L+G

this approaches
35 (v, 2)9(y).

The function ¢ was arbitrary, so the second assertion of the lemma follows. |

COROLLARY 12.2.  For each z there is a positive integer p such that
D(v)"0y(y,2), v € T(F),

extends to an analytic differential operator on T(F).

Proof. The corollary follows from the lemma, our various definitions, and a
result of Harish-Chandra [12, Lemma 23], which implies that for large p, the
differential operators

D(v)"3,(y. 2)
all extend to T(F). a

The lemma provides an algorithm for computing the differential operators
through manipulations in the universal enveloping algebra. If z is the Casimir
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operator, this leads to a simple formula for 3 (¥, z). (See [4] for the case of real
rank 1.) However, the other elements in 2 are not so amenable, and for these the
algorithm is not practical. Nevertheless, Lemma 12.1 does give useful qualitative
information about the differential operators that can be applied in general.

Let us consider the triplet (g, T(F), Ay (F)) as an independent entity. Then
we are presented with the following objects: a complex reductive Lie algebra g,
a manifold T(F) equipped with a simple transitive action of a real torus Ty (F), a
compatible map

(12.7) Ad: T(F) » GL(gc),

a real split torus A4,,(F), and an embedding of 4,,(F) into Ty(F). The algebra
Z is of course determined by gc. It is also apparent that the subset T,.,(F) of
T(F) is uniquely defined by g and 7(F) (and the map (12.7)). In fact, it
follows from the definitions that the entire decomposition (12.1) is determined by
gc and T(F). Since the function D(y) is also determined by g¢ and T(F), the
same is true of the differential operators d(a(y, z)) and 9,(y, z). Finally, it
follows from (12.5) that the constants c; are determined by our triplet. Therefore,
the formulas from the lemma imply

COROLLARY 12.3.  The differential operators 3 (Y, z) are uniquely determined
by the triplet (g¢, T(F), Ap(F)). a

This corollary tells us that the differential operators can be matched for groups
which differ by an inner twisting. In fact, somewhat more is true. The algebraic
closure F of F is isomorphic to C. The associated space T(F) is a complex
manifold, and (12.7) extends to a holomorphic map

Ad: T(F) - GL(g¢).

In the definitions (12.2) and (12.3), we can replace |D(y)|'/? by any branch of
D(y)'/2. It then follows from the other definitions that the entire construction
extends holomorphically from T, (F) to T,.,( F). Therefore, by Lemma 12.1, the
analytic differential operators (v, z) extend to holomorphic differential oper-
ators on T,,(F). The construction also behaves in the obvious way under

conjugation by M°(F). In particular,
3S(m tym,z) = 35(y,z), me MO(F).

It follows from these remarks and Corollary 12.2 that the differential operators
35(y, z) can be computed in general from the special case that G splits over F
and H? is an F-split torus.

Let b ¢ be the complexified Lie algebra of the Cartan subgroup HZ(F) of
GO(F). Then the Harish-Chandra map

z - h(z), z€Z,
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sends & isomorphically onto the Weyl invariant elements in S(§, ¢). We can
write

br,c =tc ® 8¢,

where 8¢ is spanned by the Ad(T(F))-eigenvectors in } c with nonzero
eigenvalue. Then

S(br,c) = S(tc) ® S(5¢),
so that

S(br,c) = S(tc) ® S(br,c)gc-

Let h;(z) denote the projection of h(z) onto S(t), relative to this last
decomposition. Then

z > hy(z)

is a homomorphism of £ into S(t¢). We can expect the image of A to be the
space of invariants in S(t¢) under the normalizer of {¢ in the Weyl group. (See
[8, Theorem 1.2].) In any case, it is clear that S(tc) is a finite module over
h (Z).

LeMMA 124. 3S(y, z) = d(hp(2)), z€Z.

Proof. By the first assertion of Lemma 12.1, we need only show that h,(z)
equals a(y, z). If G = G° so that h (z) = h(z), this is a standard result of
Harish-Chandra [12, Theorem 2]. Harish-Chandra’s proof entails differentiating
the characters of finite-dimensional representations. Rather than deal with twisted
characters, we shall use a different argument.

According to the remarks above, we may assume that H? is an F-split torus.
Then G° has a Borel subgroup

BO = NBH7Q

which is normalized by T and is defined over F. We can write

T =1p" [ [ f(k™n ™" yhnkc) dh dn dc.
KYNy(F) To(F)\H{(F)

Since vy is a regular element in T(F), we can change variables in the integral over
Nz(F). The usual formula gives

Jo(va ) =82 [ [ [ f(k"h" yhnk) dhdndk.
KYNp(F)"To(F)\H7(F)
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It then follows from the definition of the Harish-Chandra map that

Jo(v,2f) = 3(h(2))Js(y, f), :z€Z.

Therefore,
a(“(Y? Z))JG(Y’ f) = a(hT(z))JG(Y’ f)

Since any smooth function of y € T,,(F) is locally of the form J5(y, f), we
obtain

d(a(y, 2)) = d(h7(2)),

as required. O

§13. Behaviour near singular points. For real groups, the most important
singularities of weighted orbital integrals are at the semiregular points. As with
invariant orbital integrals, a knowledge of the behavior around semiregular
points, in combination with the differential equations, suffices for most applica-
tions. We have investigated this behaviour in [1]. For the sake of completeness,
we shall recapitulate the main result.

Recall that an element o € T(F) is semiregular if the derived group of G,(F)
is three-dimensional (as a real Lie group). Suppose that this is so, and that the
derived group is noncompact. Then F = R. Let 8 be one of the two roots of
(G,, Ty) and let BY € t(F) be the corresponding co-root. (Here t is the Lie
algebra of T;.) Notice that B extends to a morphism

t->1tf e,
from T to GL, over F, such that ¢® = 1 and
(tt,) =thtf, teT t,eT,
Let M, be the Levi subset in £ (M) such that
Ay ={a€d,: af =1}
We shall consider the function
(13.1)

JE(v, £) = 1y, £) +IBullloglv® = y Pl Iy (v, f), v € Ty(F),

where || B},|| denotes the norm of the projection of B¥ onto a,,. The reader can
check that

Jiloa, )= L rg(o,a)J(ao, f)

LeZ (M)
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for a € A,,(F). In particular, the function on the left is continuous at a = 1.
We are interested in the behaviour of its derivatives.
Let

C:T,-» Ty

be the Cayley transform in G,. Then C is an inner automorphism on G, which
maps T to a torus T, in G, which is F-anisotropic modulo the center of G,. Its
differential, which we also write as C, maps B¥ to a co-root By for Tj;. Set

Y, =oexp(/8), reR,
and
8 =oaexp(sBy), sER.
Suppose that
a(u), ueS(to),

is an invariant differential operator on T(F). Then if wy denotes the simple
reflection about B, we define an invariant differential operator

3(u,) = 9(Cwgu — Cu)
T(F) = oTy(F).

LEMMA 13.1.  Let ng(A,,) denote the angle between B¥ and the subspace a ,; of
t(F). Then the limit

(132) Jim (9() (v, £) = 9 () Tf(v-,. 1)

equals

”,B(AM)SH_I}})‘?(%)JMI(Sw f).

This lemma is essentially Theorem 6.1 of [1]. In [1] we were working only with
connected groups, but the extension of the proof to arbitrary G is formal. There
is a minor difference between our definition of J£(v,, f) and the analogous
distribution introduced on page 227 of [1]. In place of the function

log|(v,)" = (,) ™ = logle? — e™'| = logle” — ¢™'| + log(e’ + ¢™")

in (13.1), we had

logle” — e™”



290 JAMES ARTHUR

in [1]. However, since the function
log(e” + e~ ") Jy (. f)

is smooth at r = 0, this discrepancy does not affect the limit (13.2). In [1], we in
fact proved that the two one-sided limits in (13.2) each exist.

We shall conclude with a general estimate for the derivatives of J,,(y, f) near
an arbitrary singularity. The technique is due to Harish-Chandra [15, Lemma 48]
and exploits the differential equations. We shall apply the technique to weighted
orbital integrals in much the same way as in the proof of Lemma 8.1 of [1].

Let A be a compact subset of T(F), and set

Ay =A4NG

reg”

LEMMA 13.2.  For every element u € S(t¢) there is a positive integer q and a
continuous seminorm c on C*(G(F)) such that

(13.3) 10(u) (v, £)| < c(£)|DO(y)| °

for any vy € A, and f € CX(G(F)).

Proof. Suppose first that u = 1. By Corollary 7.4 of [1], we can choose a
positive integer p and a continuous seminorm ¢ on C*(G(F)) so that

15 (v, 1) < e(£)|(log DE(¥ ) [

for y near the singular set of T(F). In particular, (13.3) holds with ¢ = 1.
Next, suppose that

u=hr(z)

for some z € Z. Then by Proposition 11.1 and Lemma 12.4,

I(u) Iy (v, f) = Ty, 2f ) - )y I (vsz ) (v, f).

(LeL(M): L+M)
Having already dealt with the case that u = 1, we need only estimate

3}\]}(7’: z;) (v, f)

for L 2 M. Applying Corollary 12.2 to L, we can choose p so that

di(y.2) = (D°(v)) " Lg(v)a(u)
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for elements u; € S(t¢) and analytic functions §; on T(F). Assume inductively
that the lemma holds if M is replaced by L. Then for each j there is a positive
integer ¢; and a continuous seminorm c; such that

10 (u) (v, )] < (NP, Y E A

The required estimate follows.

Suppose, finally, that u is arbitrary. This is the point at which we use
Harish-Chandra’s method. We shall simply state the basic formula from the
proof of Lemma 48 of [15] in a form that applies in the present context. (See also
the discussion on page 13 of lecture 3 of [18].) The fact that we are dealing here
with a nonconnected group is of no consequence, for S(t) is still a finite module
over

he(Z) = {hp(2): z€Z}.

Introduce a distance function for neighboring points in T(F) by exponentiat-
ing a norm on t(F), and let

w(v), veT(F),
denote the distance from y to the singular set
T(F) — T(F).

We need only establish (13.3) for points y € A, with 7(y) small. Set

reg
e= Lir(y).

Then Harish-Chandra’s argument provides functions E, ,..., E,
T,(F) and elements u,, ..., u;, in hp(Z) such that

(u) Iy (v, f)

and B, on

> €

equals the difference between

k

(13.4) gl fT ) It DE, (1) de
and
(13.5) A s DB

The functions E; , and B, are independent of f but depend on y through the
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number e. They are all supported on the ball of radius 3e. Moreover, each E, , is
bounded, while B, satisfies an estimate

|B(1)] < ce™” = c(r(v)/6) "
We can certainly produce bounds of the form
er(v) <|D9(v) | < exr(y),

since y belongs to the compact set A. In particular, we can write the previous
estimate in the form

1B.(1)] < ¢|DO(v)| "

Applying the special case established above to the elements u, =1, u,,..
we obtain

cy Ups

[0 (1, )] < (1) D) |

Suppose that for a given ¢, one of the integrands in (13.4) or (13.5) does not
vanish. Then

m(yt) = 3e = 37(y),

and we obtain an estimate

13(u) de (1, 1) | < cl(N)|DO(y) |

The required estimate (13.3) then follows. O
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