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A MEASURE ON THE UNIPOTENT VARIETY

JAMES ARTHUR

Introduction. Suppose that G is a reductive algebraic group defined over
Q. There occurs in the trace formula a remarkable distribution on G(A)
which is supported on the unipotent set. It is defined quite concretely in
terms of a certain integral over G(Q)\G(A)'. Despite its explicit
description, however, this distribution is not easily expressed locally, in
terms of integrals on the groups G(Q,). For many applications of the trace
formula, it will be essential to do this. In the present paper we shall solve
the problem up to some undetermined constants.

The distribution, which we shall denote by J,,;,, was defined in [1] and
[3] as one of a farmly {J} of distributions. It is the valueat T = Tjof a
certain polynomial Ju,,l We shall recall the premse definition in Section
1. Let us just say here that for f € C(G(A)Y), ump( f) is given as an
integral over G(Q)\G(A) which converges only for T in a certain
chamber which depends on the support of f. This is a source of some
difficulty. For example, since J,,p;( f) is defined by contmuatlon in T
outside the domain of absolute convergence of the integral J ump( ), itis
not possible, a priori, to identify J, .. with a measure. This will be a
consequence (Corollary 8.3) of our final formula for J,; .

We shall work indirectly. From [3] we understand the behaviour of J,,;,,
under conjugation. If y is any point in G(A)', we have

(1) i) = nglw(‘)’ol (WG~ (fo,)-

(See Section 1 for a description of the undefined symbols.) On the other
hand, for any finite set S of valuations of Q, there are some distributions
on G(QS)1 which have the same behaviour under conjugation and which
can be expressed locally in terms of integrals on the groups G(Q,). They
are the weighted orbital integrals

Iu(r, ), f € CP(GQs)), ¥y € M(Qs) N G(Qg)',

in which M is a Levi component of a parabolic subgroup of G. The
definition of these objects, which is somewhat tricky for general y, will be
given in the paper [6], along with the conjugation formula
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@ Iy ) = 62( Theer fo,)
Our strategy is to find a linear combination of weighted orbital integrals
which differs from J, mp( /) by an invariant distribution.

Assume that S contains the Archimedean valuation. We can identify
CX(G(Qg)") with the subspace of functions in CS(G(A)') which equal
the characteristic function of a maximal compact subgroup away from S.
Suppose for the moment that G has Q-rank 1 and that M is the minimal
Levi subgroup. Consider the distribution

3 i) — = V01(M(Q)\M(A) V(L f), f € CRAGQs)Y.
Since

_ 1
IWR WG snip(8) = 5 vol(M(Q\M(A) g (1)

1
-3 vol(M(QA\M(A))J (1, g)

for any g € CO(M (Qs) ), the distribution (3) is invariant. It also
annihilates any function which vanishes on the unipotent set in G(QS)
From this one can show that (3) equals a linear combination

2 a%S, u)igw, f)

of invariant orbital integrals over the unipotent conjugacy classes in
G(QS)'. Thus, Jy,,(f) may be written as a linear combination of
(weighted) orbital integrals. If G is of general rank, a similar argument can
be made. The combinatorics are reminiscent of those involved in putting
the trace formula into invariant form, and are actually a special case of
Proposition 4.1 of [3]. We present them in Section 8.

We summarize our results as follows. There are unique constants
{aM(S, u) }, defined for every M which contains a fixed minimal Levi
subgroup M, and every unipotent conjugacy class u in M(Qg), such that

Juniplf) = % 2 W a™(S, u)dy(u, /),
u
for any f € C‘.(G(Qs)‘). Moreover, aM(S, u) vanishes unless u is the image
of a unipotent class in M(Q). Finally,

a"(s, 1) = vol(M(Q\M(A)")

for any M and S.
It is the latter two assertions which cause most of the trouble. The
problem is essentially the one mentioned above. That is, Junip( f) is defined
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in terms of the polynomial Jump( f), which in turn is given by a concrete
expression only for certain T depending on f. We confront the dlfflculty in
Theorem 3.1. We find a second expression, which approximates Jump( )
for large T, but which is defined for T in a domain which is independent of
/. This second expression readily decomposes into a sum of terms, indexed
by the unipotent classes U of G which are defined over Q. Theorem 4.2
then asserts that the term corresponding to a given U is asymptotic to a
unique polynomial JT v (f)in T and hence that

Jhip(F) = 2 JH).

Theorem 4.2 is the heart of the paper. Taken with its Corollaries 4.3 and
4.4, it provides the means for us to finally prove the required properties of
the constants {a"(S, u) } in Section 8.

Most of the burden of the proof of Theorem 4.2 falls into a technical
result, Lemma 4.1. In Section 5 we reduce Lemma 4.1 to a kind of lattice
point problem (Lemma 5.1). Lemma 5.1 is then proved in Section 6, by
combining various elementary estimates with the Poisson summation
formula.

Finally, we mention that J,;,, and more generally the distributions {J,},
are dual to the distributions {J } in the trace formula which come from
Eisenstein series. The problem of finding a local formula for J,( f) was
solved in [4] and [5]. It is worth noting that some of the results of this
paper have direct analogues for the distributions {J,}. For example,
Theorem 3.1 corresponds to Theorem 3.2 of [2], while Theorem 4.2
corresponds to Proposition 5.1 of [4]. We comment further on this in
Section 2.

1. The distribution J7 unin- L€t G be a reductive algebraic group defined
over Q. We fix a subgroup M;, of G which is defined over Q and which is a
Levi component of a minimal parabolic subgroup of G defined over Q. Let
& be the set of parabolic subgroups of G which contain M;, and are defined
over Q, and let Zbe the set of subgroups of G which contain M, and are
Levi components of groups in % Suppose that P € £ Then we write

P = MPNP

where N is the unipotent radical of P and Mp belongs to % Let Ap = 4,
be the split component of the center of Mp. If X(Mp)q is the group of
characters of Mp which are defined over Q,

4y, = ap = Hom(X(Mp)q, R)

is a real vector space whose dimension equals that of Ap. It can be
regarded in a natural way as both a quotient and a subspace of ay, We
shall usually write 4y = Ay, and ay = ay.
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We shall also fix a maximal compact subgroup K of the adélized group
G(A) which is admissible relative to M, in the sense of Section 1 of [3].
Then for any P we have the usual function HP from G(A) to ap. (See [1],
p. 917.) As in previous papers we write G(A)' for the kernel of H;in G(A)
Then G(Q) is a discrete subgroup of G(A) such that G(Q)\G(A) has
finite invariant volume.

Unless otherwise specified, any integral on a group or homogenous
space will be with respect to the invariant measure. Such measures are of
course determined only up to scalar multiples, which we prefer not to
normalize. We assume only that in a given context they satisfy any
obvious compatibility conditions.

The distribution we will study is one of those introduced in [1]. It
depends on a minimal parabolic subgroup

Py = MyN,

defined over Q. It also depends on a point T in ao+ , the positive cham-
ber in a; associated to P,, which mmally is suitably regular in the sense
that its distance from the walls of a, is large. Let @/G denote the Zariski
closure in G of the unipotent set in G(Q). It is a closed algebraic
subvariety of G which is defined over Q. The set

o = %G(Q)

of rational points in % consists, of course, of the unipotent elements in
G(Q). It is one of the equivalence classes in G(Q) defined on p. 921 of [1].
Let

ump(f) =J (f) fE C (G(A))

be the corresponding distribution. We shall briefly recall its definition.

The minimal parabolic subgroup P, will be fixed from Sections 2 to 6.
During this time all parabolic subgroups P will be understood to
contain F,. For any such P, following Section 1 of [1], we let Ap denote
the simple roots of (P, Ap) and we let AP denote the basis of ap/af
which is dual to the simple “co-roots” {a:a € Ap}. If f € C(G(A))
and T € 00 is suitably regular, Jump(f) is the integral over x in
G(Q)\G(A) of the function

2 (—nimdee B Ky ip(8x, 8x)Tp(Hp(8x) — T),
P 8€PQ\GQ

where 7, is the characteristic function of
(H € ag:a(H) > 0,® € A,),

and

Kppnis(3h)) = 2 f(y " 'yny)dn.
P,unip ye i@ I
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As a function of T, J Znip( f) is a polynomial of total degree at most

(See Section 2 of [3].) Its definition can therefore be extended to all
T € ag. There is a point Tj in ag, determined uniquely by K and M,,, such
that the distribution

Junip(f) = lezr)np(f)
is independent of P,. (See Section 1 and Section 2 of [3].) In Sections 7 and
8 we will confine our attention to this distribution, and we will forget
about P,. Then parabolic subgroups will be taken from the set & as for
example in the formula

(L) T = 2 (Wl [IWEI™ T8 (f,,):

QeF

which describes the failure of J,,;;, to be invariant under conjugation by
elements y in G(A)'. (Theorem 3 2 of [3].) Here WO stands for the Weyl
group of (G, Ay), and

f _)fQ,_y
is the transform from C°(G(A)') to C°(My(A)') defined by formula 3.3
of [3].

2. A remark on the truncation operator. The distribution Junlp arises
from the trace formula. It is the most troublesome of those terms in the
formula which are associated to conjugacy classes. The terms on the other
side of the trace formula are associated to “cuspidal automorphic data” x,
and have been evaluated explicitly in [5]. The two kinds of terms are in a
sense dual to each other, and it is worthwhile to look for analogies
between them.

We obtained J Im (f) by integrating an alternating sum over standard
parabolic subgroups A similar alternating sum occurs in the definition
of the distributions J ( f) (2], p. 107). However, to actually calculate
J ( f) we had to 1ntroduce a second formula (see [2], Lemma 2.4 and
Theorem 3.2), based on a truncation operator. We showed that J ( 1a)
could be obtained by taking the leading term K,(x, x) in the alternatmg
sum, truncating in each vanable separately, and then integrating. We shall
do a similar thing for J ump( /) in the next section. The situations are not
entirely analogous, for in this case the second formula will be asymptotic
rather than exact. Moreover, it will be used in a somewhat different
way.

The leading term in the alternating sum for J, Junip( fis

Kunip(x9 x) = KG,unip(x’ x) = 2 s yx).
YG%G(Q)
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It is the restriction to the diagonal of a function of two variables, but
unlike K, (x, x), it is not left G(Q)-invariant in each variable separately. It
is therefore more appropriate to truncate over the diagonal rather than in
each variable separately. We shall show that the integral of the resulting
function can be rewritten in a more elementary way.

If P, C P, are (standard) parabolic subgroups, we write Af,‘l’
for A,, (R) the identity component of API(R) and

A p = Ap N Mp(A).

Then Hp maps AP P isomorphically onto a PZ, the orthogonal comple-
ment of ap in ap. If TI and T are points in q, set AP p(T1, T) equal to
the set

{a € A% p:a(Hp(a) — T) > 0, a € A
a(HP(a)—T)<0<7>eA ’},

where as in [1],
Aﬁf = AP|(‘\MP2 and Agf = 8

From now on we shall fix 7, so that — 7] is suitably regular. (In [1] we
denoted this point by Tj,. In this paper we have agreed that T;, should stand
for the point defined by Lemma 1.1 of [3].) Suppose that T is suitably
regular. We define

F(x, T) = FOx, T)

PN My,

as on p. 941 of [1]. It is the characteristic function of the compact subset of
G(Q)\G(A)] obtained by projecting
No(A) - My(A)' - A5 o(Ty, T) - K
onto G(Q)\G(A)'.
The truncation operator A’ is defined on p. 89 of [2]. It maps certain

functions on G(Q)\G(A)l to functions on G(Q)\ G(A)' which are rapidly
decreasing.

LEMMA 2.1. ATl ¢ = F(, T), where 1 is the function which is identically
1 on G(Q\G(A)".

Proof. The formula is a consequence of Lemma 6.4 of [1] and Lemma 1.5
of [2]. For the first lemma states that

> 2 Fx, Tyrp(Hp(dx) — T) =
P 8€P(Q\G(Q)

where 75 is the characteristic function of

{H € aoza(H) > 0, a € AP}
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and
F’(nmk, T) = FM(m, T), n € Np(A), m € Mp(A), k € K.

The second lemma tells us that for all x,

2 X (ATP1)0x) - Tp(Hp(x) — T) = 1,
P 5€P(Q\GQ)

where AT7 is the partial truncation operator defined on p. 97 of [2]. Our
result is immediately obtained by induction.

T

Our second formula for J,,,;,(f) will be in terms of

Q.1 AJ Kynip(x, X)dx,

GQN\G(A)!
where Ag refers to the truncation operator acting on the diagonal.

LEMMA 2.2. The integral (2.1) is equal to

22 VFx, D 2 S x) ).
) Joanaw (ye%«)) x )
Proof. Set
k(x, f) = Kyipx, ) = 2 fx™'yx).
YEZ(Q)

Any left invariant differential operator on G(R)I transforms k(x, f) to a
finite sum of functions of the form

k(x,f), f € CX(GA).

This follows from the chain rule and the definition of K, (x, x).
Therefore by Lemma 1.4 of [2] and Lemma 4.3 of [1], ATk(-, f) is rapidly
decreasing. In particular, it is integrable over G(Q)\G(A)'. Writing (-, *)
for the inner product on L2(G(Q)\G(A)'), we see that (2.1) equals

ATk, f), 1)
= ((ATYk(, £), 16)
= (ATk(, £), AT1,)

by two results of [2] (Corollary 1.2 and Lemma 1.3). But ATIG is of course
also rapidly decreasing, so we can repeat the argument. We obtain

(ATk(, /), A1)
= kG 1), (ATY1g)
= (k(.S), AT1g)
= (k(.f), F(-, T)),
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by Lemma 2.1. This last inner product is just (2.2).

The variety % is a finite union of (geometric) unipotent conjugacy
classes of G. The Galois group, Gal(Q/Q), operates on these conju-
gacy classes. We shall write (%) for the set of Gal(Q/Q)-orbits. Then any
U € (%) is a locally closed subset of G, which is defined over Q, and
which consists of a finite union of unipotent conjugacy classes of G. It is
clear that if R is any ring which contains Q, %;(R) is the disjoint union
over U € (%) of the set U(R). In particular, we can write

Kunip(x’ x) = 2 Ky(x, x),
UE(“I/G)

where

Ky, x) = 2 fix"'yx).
YEU(Q)
In Section 4 we shall use this as a starting point to construct a
decomposition of ‘]Inip( /). Observe that if K (x, x) does not vanish, the
set U(Q) is not empty, and U consists of a single unipotent conjugacy
class of G.
The following lemma is proved exactly as the last one.

LemMa 2.3. For any U € (%),

T
«fG(Q)\G(A)' A Ky(x, x)dx

equals

/G(Q)\G(A)‘ Flx, T)( 2 fxyx) )dx.

YEUQ)

3. An alternate characterization. Fix a Euclidean norm ||| on a,, and
set

d(T) = miAn {a(T) }.

In this section we shall let T vary over suitably regular points such that

d(T) = ¢TI,
for some fixed positive number ¢,.
THEOREM 3.1. There is a continuous semi-norm ||| on CS?G(A)‘) such
that

JInip(f) - _/(;(Q)\G(A). A;Kunip(x, x)dx| = ||flle” @D,

for all f € CZ(G(A)").
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Proof. The theorem is a refinement of Theorem 7.1 of [1]. We will need
to go over the proof of this result, taking » = %;(Q), and keeping track of
the dependence on fand T.

In the proof of Theorem 7.1 of [1] it was established that J, mp( f) could
be written as a sum over standard parabolic subgroups P, C P, of terms
involving the function

Fi(nmk) = FMi(m), n € Np(A), m € mp(A), k € K,

and the characteristic function ogf on qa, defined on p. 938 of [1]. The
term corresponding to P, = P, equals zero if P, # G, and equals

./G«»\G(A)‘ Fx, T)( > (x-lyx))dx

YE%(Q)

if P, = G. Consequently (see p. 945 of [1]),

T = foomony Fo D 2 sy Jax

YE%(Q)

is bounded by the sum over {P,, P,:P; & P,} of

G Jponeay F 0 TogHp(x) = T)

X X3 (®x, ) ldx,
YE(Q) {Enp(Q)

where we have set

%(Q) = %,,(Q) = %(Q) N Mp(Q),

and

01, ¥) = [ SO Im exp(XOWW((X, ¥))dX, Y € np (A),

for y € G(A)' and m € M, (A)'. (Here np, is the Lie algebra of Np and
the symbols n Pz( ), and (-, B are as defmed on p. 945 of [1].) Note that
®,.(y,)isa Schwartz-Bruhat function on np (A) which varies smoothly
w1th m and y. Moreover, if y remains within a compact set, ® ( y, ) will
vanish identically for all m outside a compact subset of Mp, (A)

As in [1] we will use the decomposition

P(Q\G(A)' = Np(Q\Np(A) X Mp(Q\Mp(A)' X A X K
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to rewrite the integral in (3.1). It will also be convenient to decompose
the resulting integral over Mp (Q)\M,D (A" Any element in this coset
space on which the function FP 1, T) does not vanish has a representative
in

(N(A) - 4% p (T}, T) - My(A)' - K) 0 M, (A).

Therefore (3.1) is bounded by the integral over k € K,
a€App(T),T), a € Ap;

and m, n and n in fixed compact fundamental domains in MO(A)

No(A) N Mp, (A)' and N p(A) respectively, of

op(d a) "P,(HP,(") - T)- > Z |®_(n"na’amk, §) |.
YEH(Q) LERTAQY

(Here, 8 p, 1s the modular function of Fy(A).) In view of the definition of ®,
we can write

I@Y(n”na’amk, Ol = I(I)Y(na’amk, O
=|®(d'a-(da) 'n(a'a )mk, O
=0 p(da) 1®,-1,,((da)” Yn(a’a)ymk, Ad(@'a){) |.

If we assume that a P2(H,,(a) — T) is not zero, the projection of
Hp(d'a) — T onto ak " > will belong to a translate of the positive chamber.
(See Corollary 6.2 of [1], and if necessary the discussion below on the
decomposition of the vector Hp(d'a).) This means that { (a’a)” 'n(d'a) }
will remain in a fixed compact set. Since

8p(d'a) = 87(a) - 8p(a'a),

we see that (3.1) is bounded by the integral over @ € Ajp p.c and
ae AP p(Ty, T) of

(32 8" X ofiHp(a) ~ T
YEX(Q)

S 10,0 Ad@ay) s
§ € 92,.2(0)

where dy stands for a Radon measure on a fixed compact subset I' of
G(A).

In order to estimate the sum over y in (3.2) we will need a familiar
lemma. As explained in Section 5, it can be regarded as a special case
of a future result (Lemma 4.1), whose proof will be given in Sections 5
and 6.

LEMMA 3.2. Suppose that ¢ is a bounded, nonnegative function on G(A)'
of compact support. Then
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8p@)”" X ¢a'ya)
YEGQ)

is bounded independently of a in the set

A‘;,z(ﬂ) ={a € A%;’:a(HPo(a) —T)>0,a €y}

Assuming the lemma, we proceed to estimate (3.2). Let

np = @, ny
be a decomposition of ni’ into eigenspaces under the action of 4,. Each A
stands for a linear funcuon on ay which vanishes on the subspace ap,.
Choose a basis of ny (Q) with respect to which (,) is the standard posmve
definite inner product and such that each basns element lies in some
m(Q). The basis gives us a Euclidean norm on n PZ(R) and allows us to
speak of n (Z) and n,(Z). Fix a large integer n. It follows from Lemma

3.2 (applled to the group Mp) and the properties of the function
®, (y, Y) that (3.2) is bounded by an expression

(33) flhoP(Hp@) = T) 2 |[Ad@a)]™".

sERPN() "2y

Here ||-||; is a continuous semi-norm

k
G4 iflh = ¢ 2 sup (XN,
i=1 x€G(A)

where ¢, is a number which depends only on the support of fand each X;
is a left invariant differential operator on G(R) The number

N = IT %
P

is a positive integer determined by the support of @, (y, -) at the finite
completions of Q. Defining it in terms of the Fourier transform of
®,.(y, ), we take n,( f) to be the smallest nonnegative integer such that
the function

X = f(y"'me(X)y), X € np(A),
is invariant under
(X, € npQ)IX))l, = p~ ")

forally e Tand m M, (A)'. (The norm on n (Qp) is the natural one
associated to our basis of ngl(Q) )

Now each A above is a unique nonnegative integral combination of the
simple roots AR o Suppose that S is a subset of elements A with the prop-
erty that for any « in the complement of A ) in A , thereisaAin §
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whose a co-ordinate is positive. Let ng(Q)’ be the set of those elements in
n ,,Z(Q) whose projections onto 1, are nonzero if A belongs to S, and are
zero otherwise. Then the sum over nj (N N~ 'Zy in (3.3) can be replaced
by the double sum over all such S and over { in ng(N(f) 'Zy. Clearly

> lAd(@a)sll ™"

teng(N(H) "2y

=Ilies 2 lAd@a)]™"s

gem(N(H " 'zy

“Thes( 2 e,

gem(N(H)~'2y

where my(N(f)~ lZ)’ is the set of nonzero elements in ny(N(f) "~ lZ) and ng
is the quotient of n by the number of roots in S. For large enough » this
last expression is bounded by a constant multiple of

N(f)n . H e—ns)\(Hp"(a’a) )‘

AES

It follows that (3.2) is bounded by
(3.5) ANl - NOY' - op(Hp(a) — T) I e~ *eetinial)

aEA,?
where |||, is of the form (3.4), n is a positive integer, and each k, is a
nonnegauve integer which is positive if a belongs to the complement of

AP in AP
We can decompose the vector
Hpo(a’a) = le(a’) + Hpo(a)
as
2t V+H*)—(2 r8V)+T,
(BGA’;Z 6% seAp 8

where 15 and rg are real numbers and H* is a vector in ap (As in [1],
{@p} stands for the basis of a Pz which is dual to {BeA Pz} ) The point
a belongs to A o (Ti, T) s0 that for each § € AP P, the number rg is non-
negative and

8(Hp(@a)) = 8(Hp(a)) = &(T)).

We are trying to estimate the integral of (3.5), so we can certainly assume
that the number

op(Hp(a) — T) = o};?(BeEA,’} 150 + H*)



UNIPOTENT VARIETY 1249

is not zero. It follows from Corollary 6.2 of [1] that each 4 is positive and
that H* belongs to a compact subset whose volume can be bounded by
some polynomial, say

I1 p(tp),

P
BE Ay

in the numbers {74}. Finally, recall that each root a € Aﬁl\Aﬁ(‘) projects
onto a unique root 8 € Aﬁf, and that a(8") = 0 for each 8. Tt follows
from these facts that

H e katlHpld'a)) < e(Ty) H e_ka"(Hg,(a'”))

achp a€ARNAR
= o) JI | e
«EARNA
§C(T]) H e—('/;"'ﬂ(r))’
Bed}:
where
o(m) = I e M,

seah

0

a constant that depends only on T;. We conclude that the integral over a’
and a of (3.5) is bounded by a constant multiple of the product of

1Al - NGO - vol(A R 5 (To, T))
and
Bg';l (e_ﬂ(n /0 p(tﬂ)e"ﬁdtﬁ).

The second expression is certainly bounded by a constant multiple of
e 4T The volume of A;’,‘; p(T), T) is certainly bounded by a polynomial
in ||T||. Taking into account our constraints on 7, we see that the integral
of (3.5) is bounded by a constant multiple of

Wl - NO(FY' - e @),

Incorporating the constant into ||-||;, we obtain this quantity as a bound
for our original expression

anip(f) - /(;(Q)\G(A)u F(x, T)( > f(x"yx))dx

YE%4(Q)

Recalling Lemma 2.2, we see that Theorem 3.2 follows with

WAL= A1 - N
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We shall later want to truncate functions f around certain conjugacy
classes. This will require that we evaluate the semi-norm ||-|| of the theorem
at certain functions obtained from f. Fix a valuation v of Q. If v is discrete,
define

p,;R—R

to be the characteristic function of the interval [—1, 1]. If v is
Archimedean, let p, be any fixed function in C;°(R) which vanishes out-

11
side the interval [—1, 1], which equals 1 on the interval [—5 5] and

takes values between 0 and 1 at all other points. Suppose that g is a
polynomial function which is defined over Q. Forany f € C fO(G(A)]) and
¢ > 0, consider the function

foux) = fx)p,(e lgx)],). x € GA)",

where [g(x) |, is the absolute value of the v component of the adéle g(x). It
also belongs to CZ(G(A)'). We would like to study I|f7,I.
We saw that we could take

(3.6) IIf1l = IIfll, - N(fY', f € CXGA)),

where ||||; is the semi-norm (3.4) and N(f) is the positive integer defined
in the proof of the theorem.

CoROLLARY 3.3. There is a positive integer m, and another semi-norm |||’
of the form (3.6) such that

If gl = € ™A,
for all f € CZ(G(A)') and e with 0 < € = 1.

Proof. If v is Archimedean, N(f7,) = N(f). The corollary then follows
immediately from the formula (3.4) and the chain rule.
Suppose that v is discrete. It is clear that

<M = /1L

so we need only study the integer
N(f;‘v) = I—I pnP(f;").
P

Moreover, n,(f ;‘V) = n,(f) unless p is the rational prime which defines v.
Assume then that this is the case. Take an embedding G € GLy into a
general linear group defined over Q. There is a positive number #, such
that for any € > 0 the function

x = p,(e 'lgx)1,), x € supp(f),

is bi-invariant under
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{k, € GLy(Q,) N G:lk, — I|, < t5¢}.

(Here I stands for the identity matrix in GLy(Q,).) Choose parabolic
subgroups P; & P,, and recall the notation of the proof of the theorem. It
is easily established from the property above that there is a positive
number 7, such that for any ¢, 0 < ¢ = 1, the function

X = £y 'mexp(X)y)
1s invariant under
(X, € REQ,):IIX,)l, = min[ (11¢), p~ "]}
forally € T, m € Mp(A)' and f € CZ(G(A)"). Consequently
poe) = max| ()~ pV)]
= tl—lc_'pnp(f).

The corollary follows.

4. More distributions. We shall show that Jznip can be decomposed

into a sum of distributions indexed by the orbits in (%;). This is in rather
close analogy with what was done in Section 5 of [4] for the distributions
J; First, however, we must state a lemma.

Fix an orbit U € (%,;). Its Zariski closure U is a closed subvariety of G
which is defined over Q. The ideal of polynomial functions on G which

vanish on U is of the form (g, ..., q,), where q,, . . ., g, are polynomials
on G defined over Q. We have
U={x € Gqx)=...=gq(x) =0}

Fix a valuation v of Q, and recall the functions p, defined in Section 3. For
any f € CX(G(A)') and € > 0, define

@.1) f5,00 = fp, e 1gix) 1) - .- oy g (x) ), x € G(A).

Then f7,, also belongs to CSO(G(A)'). Observe that it equals f on a
neighborhood of the set U(A).

LEMMA 4.1. There is a positive number r and a continuous semi-norm ||-||

on CP(G(A)') such that for any € > 0,

f Fx, ) 2 T yx) ldx
GIONGA) YEGQNTWQ

= (1Al + T,
for each f € CZ°(G(A)") and each suitably regular T.

The proof of this lemma is quite long and will be given in Sections 5 and
6. Assuming it in the meantime, we will establish
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THEOREM 4.2. There are distributions
Viu e ))

which are polynomials in T of total degree at most dy, such that

4.2) Jopf) = %Jﬁ(f), f € CAGA)),

and which satisfy the following property. There is a continuous semi-norm ||-||
on C fo(G(A)l) and positive numbers €, and € such that

IR fG(Q)\G(A), AdKy(x, x)dx| = [|flle” D

for all U € (%), f € Cfo(G(A)l) and every suitably regular T with
d(T) = ¢|IT]l.

Remark. Since it is a polynomial in T J v (f) is uniquely determined
by the inequality (4.3). In pamcular JT v annihilates any function which
vanishes on U(A). Moreover, Jl v 1s zero if U(Q) is empty.

(4.3)

Proof. le an orbit U € (%) and let v be any valuation of Q. We shall
construct J, by examining the behaviour of

unip(fU,v ’ f € Cc (G(A) )’

as € approaches 0.
We would like to estimate

T T
Junip(f(U,v) - /(;(Q)\G(A)l AdKU(X, x)dx R

(4.4)

where

Kg(x, x) = > Ky x).
(Ueg)Uc)

Invoking Lemma 2.3, and observing that

Kox.x) = 2 fe 'y = 2 [y 'w),

YEUQ) YEUQ)

we bound (4.4) by the sum of two expressions,

ump(fc 7 L(Q)\G(A)' F(x, T)(Yeg( )va(X YX) )dx

and

f F(x, T) > [fyulx ™ 'yx) ldx.
G(Q\G(A)' yEU(Q\ U(Q) ’

The first expression has a bound
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—(d(T)/2
Ify, lle” D

by Theorem 3.1. This in turn is bounded by
e—lme“re—(d(T)/Z)’

with |||/ a continuous semi-norm on C:’.°(G(A)'), as we can see with /
applications of Corollary 3.3. In the second expression we can sum over
G(Q\U(Q) instead of Z;(Q)\U(Q), and then use the estimate provided
by Lemma 4.1. It follows that there is a positive integer k = /m and a
continuous semi-norm ||-||’ on Cf°(G(A)') such that (4.4) is bounded by

@.5) Il e DD + &1+ |IT] YD)
In the expression (4.4) we set

e=¢n)=98, n=1223,...,

for any number § with 0 < § < 1. The result is bounded by
/11 elosr =D 1 (1 + |T] ).

This in turn can clearly be bounded by an expression

@6) If1-8" - (1 + |ITlIy®,

provided that
d(T) = Cllog é|n,

with C some positive constant and ||| a continuous semi-norm on
Cf,o(G(A)'). Consider this last estimate for two successive values of n. We
obtain an inequality

Vanipl/ S = Janip ) |
= 211187 +ITI )%,
valid for any positive integer n and any T with
d(T) > Cllog 8| (n + 1).
But
Tanis S 8D = Tanip LG )

isa polynom1a1 in T of total degree at most d,. By interpolating, (see [4],
Lemma 5.2), we can estimate its absolute value without the restriction on
T. We obtain a constant 4 such that it is bounded by

A-IfIl- 8™ (Jlog 8l (n + 1))% - (1 + ||| )%
for all 7. Observe that

[ee)

> 8"(llog 8 (n + 1))

j=n
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is bounded by a constant multiple of 8™, By telescoping the last
estimate, we see that the sequence

{Jump f(('l)) n = 1 2 }

converges. Let J (7( f) denote its limit. It is a distribution in f. and a
polynomial in T of total degree at most d;. Moreover, the quantity

@47 Wi =I5
is bounded by a constant multiple of
/118721 + 11Ty,

forallf, 8, nand T.

Finally, we combine the estimate for (4.7) with the bound (4.6) of our
original expression (4.4) (with € = ¢(n)). Fix §, and for a given suitably
regular T take n to be the largest integer such that

d(T) = Cllog 8in.

We find that we can define ||-|| and also redefine ¢ > 0, so that

(4.8)

J{‘,(f) - ./;(Q)\G(A)' AgKU(x, x)dx| = ||flle” 4T,

In particular, J U( /) is independent of v as the notation suggests.

Now U(Q) is the disjoint union, over those orbits U' € (%) which are
contained in U, of the sets U'(Q). Define JT v (f) by induction on dim U
by

JLH =J5hH - 2 I

{(UcU:U+U)

Since (%;) is finite, the required inequality (4.3) follows from (4.8). The
required property (4.2) follows immediately from (4.3) and Theorem 3.1.

The following corollary will be especially important to us.

COROLLARY 4.3. The distribution

JE() = > )

(Ue@g):U' cU)
equals
: T €
!Ln(; Junip(f U.v)’
for any valuation v of Q. In particular, the limit is independent of v and
annihilates any function which vanishes on U(A).

Proof. Set n = 1 in the estimate for (4.7) given in the proof of the
theorem. We see that there is a continuous semi-norm ||-|| and a positive
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number 7, such that
@9 V() = I S 1A - 80 (1 + Tl o

for all £, T and 8 > 0. The first assertion of the corollary follows. If f
vanishes on U(A) it vanishes on each of the spaces U’(A), and so each
J ,T,( /) equals 0. This gives the second assertion.

Of particular interest is the case that U = {1}, the class of the identity
element. The corresponding distribution has a simple formula.

CoROLLARY 4.4. J{}(f) = vol(G(Q\G(A))/(1).
Proof. If U = {1} we have

ATK,(x, x)dx = \ F(x, T)dx - f(1),

/(;(Q)\G(A) -/;?(Q)\G(A)

by Lemma 2.3. This approaches
vol(G(Q\G(A)) - f(1)

by the dominated convergence theorem. The corollary is then a con-
sequence of the theorem.

5. Reduction of lemma 4.1. We have still to establish Lemma 4.1, as well
as Lemma 3.2 from Section 3. In this section we shall reduce the proofs to
that of a third lemma, whose proof will be the content of the next section.
Actually, Lemma 3.2 is much easier. It is essentially a special case of
Lemma 4.1, so most of our discussion will concern this second result.

Lemma 4.1 pertains to the function f7,, defined by (4.1). We are
required to estimate

' F(x, T) > |f ™ yx) ldx.

L(Q)\G(A) YEGQNT(Q)

This is bounded by the integral over k € K, a € Ap’ (T;, T) and m and
n in fixed compact fundamental domains in MO(A)l and Ny(A) respective-
ly, of

8p(a@)”! > fykT 'm e ' ynami) |.
YEGQNUQ)

Since {a Ina} remains in a fixed compact set, the original expression will
be no greater than

-1 € -1_-1
me,nﬁpo(a) g frlf vy~ a 'yay)|dyda,

where dy stands for a Radon measure on a fixed compact subset
I' of G(A)'. This in turn is evidently bounded by the integral over
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A G (T,, T) of
5.1 Sp@t 2 oa 'ya),

YEG(a)

where

Gla) = {y € G(Q)\U(Q) inf sup lg:(y " 'a" yay) |, = ¢}

1=sisl

and

$(x) = f fO»™ )y

The volume of A% P, (T}, T) is bounded by a multiple of (I + ||T]| )"”
Therefore, to complete the proof of Lemma 4.1 it would suffice to bound
(5.1) independently of a € Aj’,o(T,) by ce’, where r is a positive constant
and c is a positive number dependmg only on ¢. We might Just as well take
¢ to be an arbitrary bounded nonnegative function on G(A) of compact
support. Notice that (5.1) is similar to the expression to be estimated in
Lemma 3.2. If we include the case that U is the empty set, with

q]="‘=q/=l’

the required estimate for (5.1) will also provide a proof of Lemma 3.2.

Let P be a (standard) parabolic subgroup. Consider an element y
which belongs to P(Q) but to no (standard) parabolic subgroup P'(Q),
with P’C P. Then y can be written

Yy = qwm, 1 € Ny(Q), 7 € Py(Q),

where w is an element of the Weyl group of (G, 4,) whose space of fixed
vectors in a, contains ap but no space ap, with P’ & P. Let A be a rational
representation of G whose highest weight A is a positive integral
combination of all the fundamental dominant weights in AP \AP Then
A — wA is a positive integral combination of all the roots in APO Let
||/l be a height function relative to a basis of the underlying space of A
which contains a highest weight vector v and also the vector A(w)v. (See
(1], p. 944.) For each a € A(T;) the component of Aa” 'ya)v in the
direction of A(w)v is

eO‘ ~wA)(Hp(a) )A(w)v.
Consequently
A@™ yapll = A NHR@),

Fix ¢, and assume that ¢(a”'ya) # 0. Then the left hand side of this
inequality wxll be bounded independently of a and y. It follows that for
eacha € A} Py the number a(HP (a) ) will be bounded 1ndependently of a
and y. We may therefore write a = ba,, where a, belongs to Ay ; (T}) and
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b belongs to a fixed compact set B. Notice that if we put
Y =mw, n€ MpQ),» € Np(Q),

then
a 'ya=b""" pa;'va, - b

Consequently p itself will belong to a fixed compact set.
For each p € M,(Q), set

$u(n) = supBp(b)”'9(b™ 'wnb)), n € Np(A).
€
Since B is a fixed compact set, ¢, is bounded, has compact support, and

vanishes for all but finitely many p. The expression (5.1) is bounded by the
sum over P and over p € Mp(Q) of

(52) 8p(a)~' 2 ,(a; 'vay).

Here a, stands for the projection of a onto A5, and the sum is to be taken
over those elements » in Np(Q) such that the pr does not belong to U(Q)
and such that

inf sup Iq,-(z";w,_lvalz)l Se
zelB i

Now the functions
x>gq(i 'xz), zeG1=i=s]|,

belong to the ideal of polynomials that vanish on U. It follows that there
are polynomial functions

pij(z, x), 1=i,j=|

on G X G such that
qi(z_'xz) = 2 pif(z, x)g;(x).
J
If a;, p and v are as in (5.2), we have
sup lg;(ua; 'vay) |, < co inf sup g,z pay vay2) |, = e,
i zeTlB

where ¢ is the supremum over (z, x) in the compact set
(T'B) X (B - supp ¢ * B)

of

-1
sup 2 |pifz, zxz” ") |,.
i

Then the value of (5.2) will not be decreased if the sum is taken over those
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v € Np(Q) with w» & U(Q), and with
sup lg;(ua; 'vay) |, = coe.

It will be enough to estimate (5.2) for fixed P and p. Let n be the Lie
algebra of Np. It is an affine space equipped with an action of 4p. Consider
the Zariski closed set of points X in n such that p exp X belongs to U. The
ideal # of polynomials on n which vanish on this set is defined over Q and
is Ap invariant, since the same is true of the set itself. We can therefore
write

I = (E,....E),

where each E; is an Ap-equivariant polynomial on n with rational co-
efficients. That is,

E(Ad(a™)X) = x,(a) 'E(X), a € Ap,

with x; a rational character on 4. However, .# is the radical of the ideal
generated by the functions

X—>qj(pepr), ==L

Consequently we can find a positive integer n and polynomials F(X),
defined over Q, such that

/
E(X)' = 21 F(X)q;(w exp X),
=

for each i. Let ¢, be the supremum over i, and over those points X € n(A)
such that exp X belongs to the support of ¢,, of

!

2 IE(X) |,

J=1

Then (5.2) is bounded by

(5.3) BP(a,)_l % ¢#(al_l “exp X ay),

where X is summed over those elements in n(Q) such that
|E,(Ad(a) "' X) |, = (c;60""

for each i, and such that u exp X does not belong to U(Q). But p exp X
belongs to U(Q) if and only if each E;(X) vanishes. It follows that (5.3) is
bounded by

(5.4) 2(8,,(41,)_‘ % ¢#(a]_' -exp X ay) )
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with the inner sum now taken over the set
{X € n(Q):0 < |E,(Ad(a)) " 'X) |, = (c,c09)'"}.

It is certainly enough to estimate the expression in the brackets of (5.4).
Therefore, we let E be any rational polynomial on n such that

E(Ad(a)"'U) = x(a) 'E(U), a € 4p, U € n,

for some rational character x of Ap. We shall also replace the function
o.(exp(*) ) with an arbitrary bounded, nonnegative function ® on n(A) of
compact support. We have reduced Lemma 4.1 (as well as Lemma 3.2) to
the following assertion.

LEMMA 5.1. There are positive numbers ¢ and r such that for any ¢ > 0
and any a in the set

AP(T) = {a € Apa(Hp(a) — T)) > 0, a € Ap},
the inequality

(5.5 8p(a)” ' D ®(Ad(a)"'X) = ¢
X

holds, where X is summed over the points in n(Q) with
0 < |[E(Ad(a) " 'X) |, = e

We shall prove this result in the next section. There is nothing to show if
P = G, so we shall assume that P is a proper (standard) parabolic
subgroup of G.

6. Proof of lemma 5.1. Lemma 5.1 is really a lattice point problem. Our
main tool will be the usual one: the Poisson summation formula. To be
able to exploit it, we note that any bounded function of compact support
can be bounded by a smooth function of compact support. Consequently,
it is enough to prove the lemma with ® a nonnegative function in
C°(n(A) ). For any € > 0, the function

O (V) = ®(V)o,(¢ E(V)],), V € n(A),

is also in C;°(n(A) ). It is obviously enough to prove the lemma with the
left hand side of (5.5) replaced by the expression

6.1) 8p(a)”" > @ (Ad(a)”'X).
{Xen(Q):E(X)#0}

We shall first show that the existence of an X which gives a nonzero
contribution to (6.1) already poses a restriction on a and e. The image
under E of the support of ® is a compact subset of A. If X contributes to
the sum in (6.1), the adéle
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E(Ad(a)”'X) = x(a) 'E(X)
will belong to this set. This gives us inequalities
|E(Ad(a)"'X) |, = b,,

where b, is a positive number for each valuation w of Q which equals 1 for
almost all w. At the place v there is the additional constraint

|E(Ad(a) " 'X) |, S e

Now E(X) is a nonzero rational number, so

I Ex), =1,

w

by the product formula. Combining the inequalities as a product, we see
that

x(@)”" = be,
where

b=1II5,.

w#v

Let ry and 8 be small positive numbers. Given a parabolic subgroup P,,
with P C P, G G, consider the set points a in A5(T}) such that

8 - x(a)* = B(a)

for each root B of (P, Ap) which is nontrivial on AP,- (Such roots exist since
P, # G.) It is clearly possible to choose ry and § so that any point a in
A7(T)) belongs to a set of this form. (In fact, one can always arrange that
P, is maximal parabolic.) We may therefore fix P, for the rest of the proof,
and only estimate (6.1) for those a in the corresponding set. Our two
constraints on a and e will be used together. Combined, they will tell us
that there is a constant c; such that

(6.2) supg(B(a)”') = e,
where B ranges over the roots of (P, 4p) which are nontrivial on 4. Set
R=PN Mp.

It is a parabolic subgroup of Mp. Let ng be the Lie algebra of its
unipotent radical. We shall assume inductively that Lemma 5.1 holds if
(G, P, n) is replaced by (MP], R, ng).
Let n; be the Lie algebra of Np. Then
n=n; ©n,

Letn R(Q)Jr be the set of elements Y in ng(Q) such that the polynomial
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U—->EU+Y) Ue€n,
does not vanish identically. Then (6.1) is bounded by
B(e, a)

=8@ X X o(Ada X + Ad@) '),
Yengy(Q)" X,eny(Q)

Apply the Poisson summation formula to the sum over X;. The result is

Spa)™' X Y B Ad@)X,, Ada)"'Y),

Yeng Q) X,en(Q)

where

(U, V) = U + VWU, U))dU,

Ue nI(A)’ Ve nR(A)’

n,(A)

a partial Fourier transform of ®,. Here ¢ is an additive character on A/Q
and (,) is the standard inner product on n;(Q) relative to a fixed basis

{X,,..., X;} of eigenvectors of 4p. We decompose this last expression for
B(e, a) as the sum of
Bi(e.a) = 8p@)”! X 2 BAd@)X,

Yeng(Q)* {X,€n(Q):X,#0}
Ad@a)"'Y)

and

By(e, a) = 8z(a)”" (U + Ad(a)”'Y)dU.

venyQ* MW

Now B(e, a) is an increasing function of . If we take € to be less than 1, we
have
B(e, a) = By(€, a) + By(€, a)

for any number s, with 0 < s = 1. We shall presently show how to choose
s so that the constraint (6.2) leads to a good estimate.

LEMMA 6.1. There is a bounded, nonnegative function ® of compact
support on ng(A) such that for any € and a, B,(e, a) is bounded by

(st~ 2 ) TrAd@ D) )(e sup(B(@) ") )

Y

with B varying as in (6.2).
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Proof. Let d = dim n;. The basis {X,..., X,} of n,(Q), mentioned
above, gives us a natural norm ||-||,, on n;(Q,,) for each valuation w of Q. It
also gives us a Laplacian A on n,(R).

Consider the formula above for B(¢, a). The inner sum over X, can
actually be taken over the nonzero points in the lattice n (N 1Z), where

N =11p"
P

is a positive integer defined as follows. For each prime p, take n, to be the
smallest nonnegative integer such that @, is invariant under the open
compact subgroup

{X, € Q)X ll, = p~"}.

The integer N thus obtained is independent of e if the original valuation v
is Archimedean. If v is discrete it follows from the definition of ®, that
N = ¢ 'N,, where N, is independent of e.

From its formula, we see that By(e, a) is bounded by the product of

2 IAd(a)X;lIg
{X,eny(N 'Z):X;#0}
with
Spla)™! X IAYD(U + Ad(a)”'y) ldU.
yemp(Q VMW

The first term is clearly bounded by a constant multiple of

(N sup (Bla)™"))™,

where B ranges over the roots of (P, Ap) which are nontrivial on Ap . It is
independent of ¢ if v is infinite, and is bounded by a multiple o €’
if v is finite. The same is true of the second term, but with the conditions
on v reversed. Moreover, the second term vanishes unless Ad(a) 'Y lies in
a fixed compact subset of ngz(A). Consequently, we can find a bounded
function ® of compact support on ng(A) such that

Bi(e, a) = dp(a)”" 2 Bp(Ad(a)”'Y) - e‘”(s%p(ﬁ(a)") ),
Y

as required.

Combining the lemma with (6.2) we see that By(¢’, a) is bounded by the
product of

2dimn,

(€% ¢pe®

with
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Spa)”" X @(Ad)'Y).

Yeng(Q)

The induction hypothesis applied to ny (with E replaced by the constant
polynomial 1) tells us that this second expression is bounded independent-

1
ly of a. Set s = 3 We obtain positive numbers c¢; and r; and an

estimate
B](fy, a) é len,

valid for all € > 0 and all a € A3 (T}) which satisfy (6.2).

We must next deal with Bz(cf, a). The estimate we will derive for this
quantity will not depend on the inequality (6.2). We shall expand the
polynomial E in terms of the basis {X), ..., X;} of n;(Q). If V' € ng(A)
and

X ={x;,...,Xg), X; €A,

we can write

(63) E(x; X, + ...+ x,X; + V) = 2 E V)x%

where

a = (al,...,ad)

is a multi-index,
x® = xPL X

and E, is a rational polynomial on ng. Clearly
E(Ad(a)™'V) = xu(a) 'E(V),

for some rational character x, of Ap. If Y is an element in ngx(Q) ™", one of
the coefficients £ (Y) will be nonzero. We shall let ay denote the highest
such multi-index, relative to the lexicographic order.

Define a function Bj(e, a) by the formula

8 -1
r(a) % % ﬁ

®(U + Ad(a)”'Y)dU,
1(A)

in which Y is summed over the set
{Y € ng(Q)":ay = o, |E, (Ad(@)"'V) |, = €3},
Define Bj(e, a) similarly, Y running over the same set except with

E, (Ad(@)"'Y) |, > €2
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Then
B,(e, a) = By(e, a) + Bj(e, a).

The first function Bj(e, a) is clearly bounded by an expression

2 (8R(a)“ 2 @ (Ad@)"'Y) )
a Y

where this time Y is summed over
{Y € 1z(Q):0 < |[E(Ad(a)”'Y) |, = €%}

and where

(V) = O(U + V)dU, V € ng(A),
n|(R)

a bounded function of compact support. The sum over a is certainly finite.

Therefore the induction hypothesis applied to ng (with E replaced by E,)
tells us that there are positive constants ¢’ and ~ such that

Bye, a) = ¢,

for all e > 0 and all a € APX(T)).

To deal with Bj(e, a) we shall make use of an elementary estimate for
polynomials. Suppose that y = (y,,...,v,) is a multi-index. For each
& > 0 let 2,(8) denote the set of polynomials

2 edxa' ea € QV’

in Q,[x, ..., x,] which satisfy the following two conditions.

(i) e, vanishes unless a; = vy, for every i.

(ii) If a is the highest multi-index such that e, # 0, then le,|, > 8.
Let I', be a compact subset of Q‘vi, and set

L(p.o = {x € T:lpx)l, <€},

for each p € £,(8) and € > 0. Then there are positive constants C and ¢
such that for anye > 0,8 > 0,and p € .@Y(S),

(6.4) volT,(p,e) = c(6”'¢).

We leave this estimate as an exercise. Alternatively, it can be justified as a
special case of Lemma 7.1 of [6).

We choose the compact subset T, of Q‘Vi, as well as a compact subset I'"
of (A”)d, so that the function

O(x, X, + ...+ x,X, + V), x; € A,V € ng(A),

is supported on I X ng(A). (Here A" denotes those adeles which are 0
at v.) Look back at the definition of B5(¢, a). The integrand @, is defined in
terms of ® and the polynomial
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D E(Ada) 'Y)x* = E(x, X, + ... + x,X, + Ad(a)”'Y).

Let Ea(Ad(a)_'Y)V be the component of the adele
E,(Ad(a)”'Y)

at v, and set

py(x) = > Ea(Ad(a)_lY)Vx".

We can certainly choose the multi-index y so that every E (Ad(a) ! Y),
vanishes unless a; = v, for every i. Then an element Y € n R(Q)+ occurs
in the sum which defines Bj(e, a) if and only if py belongs to .@y(cl/ 3. Itis
clear that Bj(e, a) is bounded by the sum over all such Y, and the integral
over (x|, ..., xz) in I,(py, ©I", of

8p(a) 10O, X, + ... + x,X; + Ad(a)”'Y).
Therefore, by the inequality (6.4), Bj(e, a) is bounded by

C(e %) - vol(I’) - 8z(a)"" 2 ®iAda)”'Y),
Yeng(Q)

where

®4(Ad(a)”'Y) = sup U + Ad(a)”'Y).
Uen(A)

Applying our original induction hypothesis to ng, we see that
Bj(e, a) = e’

where ¢” and r” are positive numbers, independent of € and a.
We are now essentially done. Combining our estimates we obtain

B(e, a) = B|(¢, a) + By(€, a) + BYE, a)
= Cl€r| + C’((S)r’ + C”(fs)r”

lIA

,
ce,

for positive constants ¢ and r. Since B(e, a) was a bound for (6.1), our
proof of Lemma 5.1 (and hence the earlier Lemmas 4.1 and 3.2) is finally
complete.

7. Weighted orbital integrals. We can now return to the discussion left
off in Section 4. We shall take T = T,,. We have already mentioned that
the distribution

J,

T,
unip Jun

unip
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is independent of P,. Set
Jy=Jh Ue ).

Then (4.2) and Corollaries 4.3 and 4.4 hold for these distributions. From
Corollary 4.3 we see that J;, is also independent of P,. Insofar as they
define polynomials in T, Theorem 3.1 and Theorem 4.2 provide formulas
for J,,ip and Jy. However, these are not satisfactory. We need formu-
las which are given in terms of locally defined objects.

Examples of such objects are the weighted orbital integrals which are
defined and studied in [6]. Suppose that S is a finite set of places of Q.

Set
G(Qs)' = G(Qs) N G(A)',

where

Q= Il Q.

veES
A weighted orbital integral is a distribution

f= (1), f € CAAGQs)).

on G(QS)l which is associated to a Levi subgroup M € % and a conjugacy
class yin M(Qg) N G(QS)]. For this paper we need only consider the case
that y is a unipotent conjugacy class. In fact, we shall see that it is enough
to take the image in M(Qyg) of a unipotent conjugacy class in M(Q).
For any u € %;(Q) there is an associated unipotent conjugacy class

uszl—.[uv

veSsS

in G(QS)'. Call u and ' (G, S)-equivalent if the associated conjugacy
classes ug and ug are the same. Let (%;(Q) )g s denote the set of such
equivalence classes in %;(Q). Any element u € %;(Q) is contained in a
unique geometric conjugacy class U, = U f in (%). It depends only on
the (G, §S) equivalence class of u. The set U,(Qg) breaks up into finitely
many G(Qg) conjugacy classes, one of which is ug. The next lemma tells
us that they are all of this form.

LEMMA 7.1. Suppose that U is any orbit in (%g) such that U(Q) is
not empty. Then any G(Qg) orbit in U(Qg) is of form ug for some
ue (%;(Q) ) s-

Proof. Let g be the Lie algebra of G. The exponential map gives an
isomorphism from the nilpotent variety of g onto the unipotent variety of
G. By assumption, log(U) is a nilpotent G-orbit which contains a
representative in g(Q). By the Jacobson-Morosov theorem there is a Lie
algebra homomorphism
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¢:5l(2) — g,
defined over Q, such that

01
X=¢(00)

belongs to log(U). As usual, define

1
H = ¢(0 —(1))’

g, = {¢£ € Grad(H)¢ = i§}.
Then

p=i§)gi

is a parabolic subalgebra of g which is defined over Q. It has unipotent
radical

n=@ g,

i>0

and

and Levi component

m=g0s

both defined also over Q.
Now take v € S and suppose that u, is an element in U(Q, ). There is a
homomorphism

$,:51(2) — g,

defined over g,, such that

%= a(50)

equals log(u,). We can introduce H,, g; ,, b, and m, as above. They are all
defined over Q,. The vectors X, and X are conjugate. By Kostant’s
theorem [7], ¢, and ¢ are also conjugate; there is an element y € G (not
necessarily defined over Q,) such that

¢ = Ad(y) o ¢,.
Therefore
p = Ad(y)p, and m = Ad(y)m,.

Since the parabolic subalgebras p and p, are both defined over Q,, they are
conjugate over G(Q,). The same is true of the Levi components m and
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m,. Replacing u, by a G(Q,)-conjugate of itself if necessary, we may
assume that p = p, m = m,, and that y belongs to the subgroup of G
whose Lie algebra is m. This forces H, and H to be equal. The spaces g,
and g, , therefore coincide.

The spaces g, are defined over Q and g;(Q) is embedded in g,(Qg). The
intersection of U with g, is a subset which is open and dense in the Zariski
topology. (See [9].) It follows that each G(Qg)-orbit in U(Qg) meets
4,(Qg) in an open subset. We have only to show that each such open
subset intersects g,(Q). Since g,(Q) is a finite dimensional vector space
over Q, the result is a consequence of the strong approximation
theorem.

The lemma implies that u — ug is a bijection from the set of u €
(%5(Q) )g.5, With U, = U, onto the set of G(Qg)'-orbits in U(Qg). We
shall often drop the notation ug and simply identify u with a G(Qy)
conjugacy class. The same will be true of (%(Q) ), s for any Levi
subgroup M € & For any u € (%,(Q) )p.s» We shall write Uff for the
induced unipotent conjugacy class of G associated to Uﬁ" and G ([8]). It
is the unique unipotent class in G which, for any P = MN,, intersects
Uy * Np in a Zariski dense open set.

Forany M € L u € (%,(Q) )y s and f € CX(G(Qy)"), we can take
the weighted orbital integral Jy,(u, f). It has two properties which we
should point out. The first concerns its behaviour under conjugation.
Let #(M) be the set of P € % such that M, contains M. Then if

y € G(Qs)l»

1) Iy )= 2 Tyew fy,).
QEFM)

(See [6], Lemma 8.1.) Note the similarity with (1.1). The second property
arises from the definition. Recall from [6] that J),(u, f) is an integral on
U f(QS) with respect to a measure which is absolutely continuous relative
to the sum of the invariant measures on the G(Qs)l-orbits in US(QS).
In particular, Jy,(u) annihilates any function which vanishes on
U g(QS). Suppose that U is any class in (%) and that v € S. Fore > 0
we can define the function f{,, exactly as in (4.1). It belongs to
CSO(G(QS)‘). From the definitions we deduce that

~ e v_ liywf) fUCcUO,
72 31—?(; IS uy) { 0 otherwise.
In particular, the limit is independent of v and annihilates any function
which vanishes on U(Qyg). Again, recall that there is a similar property for
Junip> described in Corollary 4.3. As we shall see, properties (7.1) and (7.2)
allow us to compare the weighted orbital integrals with our globally
defined distributions.
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8. A comparison. We come now to our main result. Let S be any finite
set of places of Q which contams the Archimedean place. We shall em-
bed C, (G(QS)) in C, (G(A)) by taking the product of functions in
C°°(G(QS)) w1th the characteristic function of va_ K, Any func-
tion in CJ° (G(A) ) is the image of a function in C; (G(QS) ) for some
such S.

Our theorem is to be proved by induction, so we shall state it for a Levi
subgroup L of G. Everything we have done for G, of course, has an
analogue for L. We shall use the same notauon Wlth the added super-
SCl'lpt L. Thus we have the distribution Junlp on L(A)' and distributions
JM(u) M C L, on L(QS))

THEOREM 8.1. For any S there are uniquely determined numbers
(S, u), M€ ZLue ®Q)ys
such that for any L € Land f € CX(L(Qg)"),

BN JopN = 2 wlliwgl™ X aMS, wiw ).
Meg u€(y(Q) m.s
Proof. Fix S and assume inductively that the numbers a” (S, u) have
been defined for any M & L. Of course implicit in this assumption is the
validity of (8.1) with L replaced by a proper Levi subgroup. Define

THS) = T
Wl w1 ™!

(ME.S?Z':M#L}
X X dMs, wydkw f)

uE(Uy(Q) )us
for f € CX(L(Qg)"). Then T! is a distribution on L(Qg)' which
annihilates any function which vanishes on %;(Qg). We need
to show that there are uniquely determined numbers {al(S, u)} such
that

82 THH = X dis witw ),

U (Q))Ls

for every f. Recall that J L(u) is Just the invariant orbltal integral on the
conjugacy class of u in L(Qs) The distributions {J L(u)} are linearly
independent so that numbers {a (S, u) } must be unique. Our charge,
then, is to prove their existence.

We shall first show that T is invariant. For any y € L(QS)‘, TL()
equals

JonipS?) = §L|W3’HW3|" 2 A Wy ).

uS(%y(Q)ys
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By (1.1) and (7.1) this is the difference between

2 “/V(I)WQ| lWél—l 'Iump(fQ;

pezt
and
SO wiwH S s wd e fo,).
MC L QeFl (M) u
Therefore,

TH(f") = TH)
equals the sum over {Q € F# L.o # L} of the product of
|Wo'el wgl ™!

with the expression

M — .
Tudolfos) = GEWQIW{)"I IWhle ™ 3 aM(S. u) e, fi,).
u

The assertion that this last expression vanishes is just the equation (8.1),
with L replaced by M. It follows from our induction assumption.
Therefore T is an invariant distribution.

For any integer d, let %; , be the union of those orbits U in (%) with
dim U = d. It is a Zariski closed subset of %; which is defined over Q. The
set

2 Q) = 11 % 4Q,)

vVES

of Qg valued points is a closed subspace of L(Qyg) consisting of a finite
union of L(Qg) conjugacy classes. Let
% 4Qs) © ¥ 4(Qs)

denote the union over those orbits U € (%, ) such that dim U = 4, and
such that U(Q) is not empty, of the spaces U(Qyg). It is the union of
those L(Qg) conjugacy classcs which are parametrized by elements
u € (%(Q)), s with dim U = d. The numbers required for (8.2) are
provided by the next lemma.

LEMMA 8.2. There exist numbers
a"(S,u), u € Q)).s

such that for any d the distribution

T5(f) = TH) — > a (s, u)Jiw, f)

{4E€(%,(Q) ) s:dimUL>d}

annihilates any function f € CX(L(Qg)") which vanishes on U ,(Qg).
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Proof. Suppose first that d = dim %;. Then %, (Qg)’ is the unxon of all
the spaces U(Qyg) such that U(Q) is not empty. Moreover, Td (f) is just
equal to TX(f). It is the difference between the distribution

ToHN = 2 Tp)

ve,)

and a sum of integrals over spaces U(Qyg), with U(Q) not empty. Since
JE ¢ 1s zero when U(Q) is empty, T"; annihilates any function which van-
ishes on % (Qg)'". Thus, the lemma holds if d = dim %;.

Suppose that 4 is arbitrary. Assume 1nduct1vely that the numbers
ak(8, u) have been defined for any u with dim U > d, and that Td an-
nihilates any function which vanishes on % d(Qs) Let 2 Ld be the
union over those orbrts U in (%) with dim U = d, and let C? be
the complement of 2 1.4(Qs) in %y ,(Qg). Then c! equals the union over
v € S and over those U € (%) with dim U < d, of the sets

=v@,) II %9,

{weS:w#v}
Itisa closed subset of L(QS) We shall consrder the restriction of Td to

L(QS) N\ C% the complement of c?in L(Qg )
The space

U AQs) \C? = U, 4(Qg) N 2 L4(Qs)

isa flmte drsjomt union of L(Qg) conjugacy classes which are closed in
L(QS) \ C“ These con_]ugacy classes are parametrized by the elements
u € (%.(Q)).s with dim U = d. For each such u, let L, be the
centralizer in L of a fixed representative of uin L(Q). There is a surjective,
L(QS)'-equivariant map

COLQs)'NC! = @ CXL(Qs)/L,(Qs) ).

Its kernel consists of the functions in C;°(L(Qg ) \ C%) which vanish on
% ,Qg). Any invariant distribution on L(QS) \ C? which annihilates
the kernel is the pull-back of an L(QS) -invariant d1str1but10n on the
second space. It follows that we can choose a number a* (S, u) for each
u € (Z(Q)), s with dim U = d, such that

THf) = 2 a8, w)Itw, f)

for any f € CS(L(Qg)' \ CY).
Now if fis an arbitrary function in C_° (L(Qs) ), we can set

T; (N =TiH - 2 S, wIkw, /).

{u:dimUL =4}
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Then T%_, is an invariant distribution which is supported on C* and
annihilates any function that vanishes on %; ,(Qg)'. Suppose that f is a
function which is assumed only to vanish on %; ;, (Qg). We want to
show that

TE_\(f) = 0.

Consider the collection of sets C4 . as defined above, such that f does
not vanish on a nelghborhood of the closure CUv If there are no such
sets, f belongs to C_, (L(QS) \C%) and Td 1(f) = 0. Suppose then that
there are exactly (k + 1) such sets, with k = 0. Choose one set CZ/; from
among these. If € > 0, the function f$,, vanishes whenever f does. More-
over, f{,, is equal to fin a nexghborhood of C4 vy Consequently, the
function (f — f7,,) will vanish in a neighborhood of the closure of all but
at most k sets. We may therefore assume inductively that

Tif = f4,) = 0.
On the other hand, since T5_,(f) is the difference between Jump( /) and
2 owliwgl ™ X dM(S T f)
McL UE(Tyy(Q) )pr.s
+ 2 a"(S, w)J i, ),

{ue(#,(Q)), 5:dimUL 2 d)
we will be able to write down the limit
lim T5_,(f%.)
0
by (7.2) and Corollary 4.3. It equals
Jeh - 2 wgliwg !
MG L

x b) (S, u)J i, ),
(4 (@ (Q) 5V 1)
since dim U < d. Smce S vanishes on %; ,_ |(Qs) we see easily from the
formula (4.3) that J U( f) = 0. The other terms in this last expression are
clearly also equal to 0. Therefore the limit vanishes, and

TE (f) =0

as required.

We have shown that the assertion of the lemma holds if d is replaced by
d — 1. This completes the induction step and gives the proof of the
lemma.

Our theorem now follows. For the lemma tells us that Tﬁ vanishes if
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d < 0. This establishes (8.2), which was what remained to be proved of the
theorem.

For convenience we write down separately the specialization of (8.1) to
L = G. Since the distributions Jy,(u) are all measures, we have

CoROLLARY 8.3. For any f € C(G(Qg)"),

T = 2 W™ X dM(S, w)dyu, /).
Me¥ us(y(Q)ms

In particular, the restriction of J ;.  to G(QS)l is a measure.

nip
CoROLLARY 8.4. For any U € (%) and f € C?O(G(QS)]), we have
Juh = 2 1wl iwgl™!

Me¥

X 2 a"(S, u)Jy(u, f).
(ve (@ (Q) )y 5:US=U)

Proof. Take any v € S. Replace fin (8.1) by f{,, and let € approach 0.
By (7.2) and Corollary 4.3 we obtain

> _ Ty
(Ue):Ucl)
= X whw§! > _d"(S, wydy(u, f).
Meg {ue(%y(Q) )M,S:UEC U}

The corollary follows by increasing induction on the dimension of U.

For many applications of the trace formula it is probably not necessary
to be able to evaluate the numbers a"(S, ). Still, we can’t-help wondering
whether reasonable formulas exist. The methods of this paper lead
naturally to only one such formula. It is an immediate consequence of the
theorem and Corollary 4.4.

CoroLLARY 8.5. a%(S, 1) = vol(G(Q)\G(A)").

Finally, we should say that Theorem 8.1 and its corollaries remain true
if Q is replaced by an algebraic number field F. Of course results for Q can
always be applied to groups defined over F by restricting scalars. This
gives an immediate analogue of Theorem 8.1. However, restriction of
scalars requires that S be the set of all valuations of F which lie over a
finite set of valuations of Q. On the other hand, every argument of this
paper can be applied equally as well to F as Q. We have chosen to work
over Q only to avoid introducing extra notation in our discussion of the
paper [1]. At any rate, Theorem 8.1 and its corollaries hold for F without
the above restriction on S.
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