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Alex Eskin, (University of Chicago) 
Dynamics of rational billiards

Eskin called his talk “a short and extremely biased 
survey of recent developments in the study of rational 
billiards and Teichmüller dynamics.”

David Fisher (Indiana University) 
Coarse differentiation and quasi-isometries of 
solvable groups

In the early 1980s Gromov initiated a program to 
study finitely generated groups up to quasi-isometry.  
This program was motivated by rigidity properties 
of lattices in Lie groups.  A lattice T in a group G 
is a discrete subgroup where the quotient G/T has 
finite volume.  Gromov’s own major theorem in this 
direction is a rigidity result for lattices in nilpotent 
Lie groups.

In the 1990s, a series of dramatic results led to the 
completion of the Gromov program for lattices in 
semisimple Lie groups.  The next natural class of 
examples to consider are lattices in solvable Lie 
groups, and even results for the simplest examples 
were elusive for a considerable time.  Fisher’s joint 
work with Eskin and Whyte in which they proved 
the first results on quasi-isometric classification 
of lattices in solvable Lie groups was discussed.  
The results were proven by a method of coarse 
differentiation, which was outlined.

Some interesting results concerning groups quasi-
isometric to homogeneous graphs that follow from 
the same methods will also be described.

Satellite Workshop at the Clay Mathematics Insitute
May 16–17

A satellite workshop held at the Clay Mathematics 
Institute in the days following the Conference 
consisted of more detailed talks on recent progress 
in higher dimensional algebraic geometry.   On this 
occasion, Christopher Hacon and James McKernan 
spoke on the existence of flips and MMP scaling to 
an audience of advanced graduate students in the 
field.
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The Clay Research Awards

Below is a brief account of the mathematics of the
work for which each of the three Clay Research
Awards were given. – jc

1. Minimal Models in Algebraic Geometry

Let X be projective algebraic variety over the com-
plex numbers, that is, the set of common zeroes
of a system of homogeneous polynomial equations.
The meromorphic functions on X form a field, the
function field of X. For the Riemann sphere (the
projective line CP1) this field is C(t), the field of
rational functions in one variable. For an elliptic
curve y2 = x3 + ax + b, it is the field obtained by
adjoining the algebraic function y =

√
x3 + ax + b

to C(x). Two varieties are birationally equivalent
if they have isomorphic function fields.

The birational equivalence problem is a fundamen-
tal one in algebraic geometry. Given two varieties
X and Y , how do we recognize whether they are bi-
rationally equivalent? In the case of elliptic curves,
there is an easy answer: the fields are isomorphic if
and only if the quantity b2/a3 is the same in both
cases. What can we say about other varieties? On
what data does the birational equivalence class of
a variety depend?

Consider first the case of complex dimension one.
Every algebraic curve is birational to a smooth one,
its normalization. Thus two curves are birational
if and only if their smooth models are isomorphic.
Consequently, the birational equivalence problem
is the same as the moduli problem. Take, for exam-
ple, the algebraic curves defined by the affine equa-
tions x+y = 1, x2+y2 = 1 and x2+y2+x3+y3 = 0.

The first two curves are smooth and isomorphic to
the Riemann sphere, as one sees by stereographic
projection. The last curve has one singular point,
but its smooth model is the Riemann sphere, as we
see by the parametrization

x = −(1 + t2)/(1 + t3), y = −t(1 + t2)/(1 + t3).

Thus all three varieties are birationally equivalent,
with function field C(t).

Varieties of higher dimension are birationally equiv-
alent to a smooth one by Hironaka’s resolution of
singularities theorem. Nonetheless, this powerful
result does not answer the birational equivalence
problem. To see why, consider a smooth algebraic

surface X and a point p on it. One may replace
the point by the set of tangent lines through p to
obtain a new surface Y . The set of tangent lines is
an algebraic curve E isomophic to one-dimensional
projective space CP1. Since X − {p} and Y − E
are isomorphic dense open sets in X and Y , re-
spectively, the latter two varieties have isomorphic
function fields. In algebraic geometry we say that
Y is obtained from X by blowing up p. In more
topological language, we say that Y is obtained
from X by surgery: cut out the point p, and glue
in the projective line E. What is important here is
that the surgery is an operation on algebraic vari-
eties.

More generally, we can (and will) consider surgeries
of the form “cut out a subvariety A and paste in a
variety B.” More formally, we have varieties X and
Y such that X −A is isomorphic to Y −B, where
we say that Y is obtained from X by surgery. Since
X −A and Y −B are dense open sets, the function
fields of X and Y are isomorphic. The partially
defined map X ��� Y induces the isomorphism of
function fields.

The curve E obtained by blowing up p is a pro-
jective line with self-intersection number −1. Such
curves are known in the trade as “(−1) curves.”
Any time one finds a (−1) curve on a surface Y ,
one can construct a smooth surface X and a map
f : Y −→ X that maps E to a point. This opera-
tion is called “blowing down,” or “contracting E.”
By successively contracting all the (−1) curves in
sight, one can construct from any algebraic surface
S a smooth variety Smin devoid of such curves.
Let us call Smin a classical minimal model for S.
Existence of classical minimal models was proved
by Castelnuovo and Enriques in 1901. They also
showed that as long as S and S′ are not uniruled,
they are birational if and only if Smin and S′

min

are isomorphic. In the non-uniruled case a classical
minimal model Xmin is topologically the simplest:
its second Betti number is smaller than that of any
smooth surface birationally equivalent to it.

A variety X is uniruled if there is a map CP1 ×
Y −→ X whose image contains an open dense set.
Thus, there is a curve birational to a projective line
passing through almost every point of X.

A ruled surface, that is, a CP1 bundle over a curve,
is uniruled. So is CP2. For uniruled surfaces, the
minimal model is not unique. For example, blow up
two points a and b on CP2. The proper transform
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of the line joining them is a (−1) curve. Blow it
down to obtain a new surface. It is isomorphic
to CP1 × CP1. Both CP2 and CP1 × CP1 are
classically minimal, and both represent the purely
transcendental function field C(x, y).

What can one say in dimension greater than two?
The conjecture of Mori-Reid (see [4]) states the fol-
lowing:

(∗) Let X be an algebraic variety of
dimension n which is not uniruled.
Then (a) it has a minimal model
Xmin and (b) it has a Kähler met-
ric whose Ricci curvature is ≤ 0.

In the Mori-Reid conjecture, minimality is defined
in a different way, as a kind of algebro-geometric
positivity condition. We will discuss this notion in
greater detail below. For surfaces, it coincides with
the classical one: there are no (−1) curves. For
higher dimensional varieties, minimality as posi-
tivity signaled a major change in the way mathe-
maticians viewed the birational equivalance prob-
lem. The new line of investigation, initiated by
Shigefumi Mori, developed further by Kawamata,
Kollár, Mori, Reid, and Shokurov, culminated in
1988 with Mori’s proof of (a) for varieties of di-
mension three [8]. For this result, the goal of the
“minimal model program,” Mori received a Fields
Medal in 1990. Although refereeing is still in pro-
cess, it now appears that (a) is also a theorem for
all dimensions. An algebraic approach has been
given by Birkar, Cascini, Hacon, and McKernan
[1] and an analytic approach has been give by Siu
[9].

In the remainder of this article we explain the mod-
ern notion of minimality and how it relates to the
classical one. We then touch on just one of the cru-
cial parts of the proof. This is the existence of flips
and flops. These are surgeries that alter a variety in
codimension two. Flops leave the positivity of the
canonical bundle unchanged, whereas flips make it
it more positive, transforming the variety to one
that is closer to minimal. One cost of introduc-
ing a flip is that certain mild singularities must be
admitted. These are the so-called “terminal singu-
larities.” A consequence of working with singular
varieties is that the natural intersection numbers,
while well-defined, can be rational numbers.

The technical issues thus raised can all be success-
fully dealt with; indeed, working in the larger cat-
egory of varieties with terminal singularities is cru-
cial to the success of the minimal model program.

Another cost associated with flips is the difficulty
of proving that they exist in sufficient generality.
One can construct motivating examples (see be-
low), but even these are somewhat complicated.
Important special cases were proved by Tsunoda,
Shokurov, Mori, and Kawamata. Finally, Mori
proved the general existence theorem for flips in
dimension three [8], [7, p. 268]. The Clay Re-
search Award was given to Hacon and McKernan
for their proof of the existence of flips in dimen-
sion n assuming termination of flips in dimension
n − 1. See [3]. This result suggests that one can
prove the existence of minimal models inductively,
a program carried out in [1].

Let us now discuss minimality and flips in a more
substantitve way. To say that X is minimal is to
say that its canonical bundle is numerically effec-
tive, or nef. The canonical bundle is the line bundle
K whose local sections are holomorphic n-forms A
line bundle L is nef if the integral

L · C =
∫

C

ω

is positive for all algebraic curves C on X, where
ω is a differential form representing the first Chern
class of L. This integral represents the intersec-
tion number, which, as noted, may be a rational
number.

What is the relation of the new definition of mini-
mality to that of the Castelnuovo-Enriques theory?
By the adjunction formula, the value of the above
integral, i.e., the intersection number K ·C, is non-
negative. Thus a variety of dimension two whose
canonical class is nef has no (−1) curves. Conse-
quently, surfaces that are minimal are classically
minimal.

Following [7, Example 12.1], we give an example,
first observed by Atiyah, of a flop. We then modify
the example to give a flip. Consider the affine vari-
ety C0 given by the quadratic equation xy − uv =
0. Let C be its closure in CP4; it is the cone
over a quadric CP1 × CP1. Blow up the vertex
of the cone to obtain a variety C12. The result-
ing exceptional set F = F1 × F2 is isomorphic to
CP1 × CP1. It is possible to blow down all the
fibers { x } × F2 of F to obtain a variety C1 with
a subvariety E1

∼= F1
∼= CP1. Likewise, we can




