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Serre's theorem. Let XE be a vector bundle over a mmi®tk noetherian scheme
X? say affine so that E has enough sections. To prove that E has an
evéfywhere non~vanishing sections, provided the rank of E is larger than the
dimension of XEXX®EX(E}X the space X = max(%).

Example 1. Suppose X 1is of dimension ©O, which wemm® means that X is

semi-local. Here one knows that ihkexrexskmmidxbexzexproibiem if x; are the

- finitely mmny points of X, and if we give: ei in E(xi) for each i, then

_can find a section s such that s(xi) = e, all i,

Example 2. Suppose X is of dimension 1, e.g. a curve. Then the first
thing one does is to look at the generic points, and choose a % section s
non~vanishing at each of these. Then one looks mxxtk at the dependency locus of
S which is pfxmmd a finite set of closed points. One selects a éection t
which is non-zero at each of the x¥ points where s vanishes and which is
generically independent of zxx s. Then one takes s + gt where g is chosen
to be zero.at the points where s and t Dbecome dependent, and: = 1 Emdxthm
at the points where s x®r®EX vanishes.

Very interesting combinatorial argument.

X has a canonical filtration according to the dimension of the support.
Possibly one wants to use induction on the dimension of X. - )

Prazeed Over each open set we héve sections, easily approximated by global
sections without changing independence.

Example 3. Suppose k is a field and E 1is a vector space over k of
dimension n.

Why is the usual K-theory a cohomological functor. Thus Sixerxaxeszizy
why can you work with stable vector bundles and get a satisfactory theory.

One resam reason is that every bundle is tkexdirestxsmmxwfxs a direct summand of
a Privial bundle. Recall the argument. Given a vector bundle over a fop. space

a e R
X, we wish to show that iz it is Xkexdirect summang of a xx trivial bundle, which




signified that there exists sectiomns. How to produce sections: Easy. at
each point x of X you choose a =eztizmExwhizkxi®m local frame S5 - Then
you extend.

Now suppose k 1is a discrete figld, and let X be a finite complex,
and let E be a k-vector bundle over X of #im rank greater than the
dimensions of X. Then over X, I get a simplicial complex whese vertices
are ¥Eriiggs non-zero vector in the fibres over vertices zm of X. zmdxwhrzs
The point is that over each simplex of X‘ﬁwe get a mkemf stalk and we consider
the imxife unimodular complex associated. If E is obtained from a representation,
then the space U(E) over X is aksg an induced bundle. Then there has to
exist a mection, which means I think that by passing to a subdiviéion, we can
construct over ®I® each vertex a non-zero vector in the fibre, and over each
§4simplex a(§+1}§rame in the fibre.

Buppesextherx¥ The significance of a (p+1)-frame in the £xyx fibre is clear.

You need this in order to tmkm know that the Izrysemixizm section iz constructed

“from this frame and the barycentric coordinates on the simplex is non-vanishing.

What sort of gadget is it that you get when you divide out by xxx this section?
Thus in the usual situation, you would get a quotient bundle of one less dimemsion.
Thus we get what?

We get #xsk on a simplex x of dimension p we get a ¥um#X®E vector space
B FX gem of dimension n-p, quotient of Ex’ and when x is a face of 7y,
Fy is a mERLIEIEL quotient.of Fxf IxEx L AR YRR LR XS PARE with kernel essentially
generated by the vertices of y mnot in x. Therefore if we consider the zpazm

k-vector space of .
systen prravEdedxkyxike x goes to the kxymximxxzyzzexnf functions on the vertices

¥kitk we get a + system.
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