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July 26, 1972

Dear Jack,
As I wrote you earlier, the assertion in your note that I can prove
the injectivity of the map
J(m0) cn® ——> K.Z
i i i
is inaccurate with respect to the 2-torsion. Unfortunately, the corrections
I sent are also incorrect. Since Kervaire has requested some details, I am

sending the following account of what I know about the above map, in order

to clear the confusion.

1. First consider the dimensions i = 8k, 8k, where J(m,0) =2/2.
I do not know whether this group injects into K,Z , and suspect that it does
not, except of course when k = 0.

However, Adams has produced elements of order 2, 773 € n? » J = 8k+1,
8k+2, closely related to the image of J in the preceding dimensions, which
do map non-trivially into K,Z . To see this, consider the square

BZ%Z e 3 V)

2 e

BGL(Z)" ————> BGL(E)

induced by the various group inclusions. Passing to homotopy groups, we obtain

homomorphisms n§ = anE%z ,.Kj% }>I%BO whose composition is the
degree map for KO-theory. Since Adams has shown that the degree map carries
013 to the generator of nﬁBO = %Z/2, the image of 473 in KjZ is non-trivial.
In fact, we have
sz = Z/2 o 2, J = 8k, 8k+2,
I should mention that this observation appears already in one of

Gersten's papers.

2. Next consider the dimension i = 4s-1, where J(n&O) is cyclic of




order denom(Bs/ 4s). I shall prove the injectivity:

J(n4s_10) s K4S_1Z

by showing that the Adams e-invariant on n’is_1 , which detects J ('n'4$__1 0),

comes from an invariant defined on X 45_1% .

Following Sullivan, consider the fibration

(eh,.)
F > B0 4 || (@, 41)

izt

where K(Q,j) is an Eilenberg-Maclane space and ch'j represents the j-th
component of the Chern character. Since BZ; has trivial rational cohomology,
the degree map BZO: -~ B0 1lifts by obstruction theory, uniquely up to
homotopy, to a map
(2) BE’; ——> F
which induces a homomorphism
rrzs__1 — 7, F o Q/ a Z
where ag is 1 or 2 depending on whether s is even or odd.

I claim this homomorphism is the negative of the Adams e-invariant.

Assuming this for the moment, consider the diagram

BEO:; —— BoL(Z)"
-~

- w
4

F ————— B0 ——il—-}WK(Q, 41)
with the map w obtained from (1). Since the Chern classes of representations
of discrete groups are torsion classes, the map (ch)w is null-homotopic,
and the dotted arrow exists. The induced map from BZ’; to F must be (2).

Thus we obtain a commutative diagram

S
Ths-1 T Ky ®

4s-1
- 7
&

Ve
@/ aSZ

as desired.

ro



5. To prove the claim about the e-invariant, consider the map

BO(8K) ———> TrK(Q , 8k+4i)
i=1

with components ch8k+4i » Where BO(Sk) is the (8k—1)—connected covering

of BO. Denote this map briefly by c : BO(8k) —» E(8k) and let F(8k)

be its fibre. Let b: SoKees BO(8k) represent the generator of 'n-SkBO(8k) =

nékBO provided by Bott periodicity.

Now suppose given a map f : 88k+4s—1 -—f>-38k representing an

element f of nis_1 . We cdmpute the Toda bracket {c,b,f} by forming

the diagram

S8kf4s—1 f;w; SSk S Cone f S8k+4s
|

-

) E(8k) ———n F(8K) --—-., BO(8k) ———s E(8K)

q

in which the arrows x,y and v,u can be filled in as bf and cb are
null-homotopic. By definition, the Toda bracket is the element represented
by ¥y in

* ——
Tocrgs ™ E) / ogmy , BO(EK) + £*my OR(BK) = @/a Z .

Now Adams defines the e-invariant of T by choosing an element
~ s s o= Bk .
z of KO(Cone f) restricting to the generator of XO(S )’ and forming

s oOk+4s o Sktds, Bk+ds ~
ch8k+4s(2) € B (Cone £,Q) =& (s Q) = @

The image of this rational number in QVASZ is then e(F). Clearly

% and Ch8k+4s(z) may be identified with the maps X and y in the

diagram, hence we have the formula
e(‘f‘) = {c,b,f}.
On the other hand, from the theory of Toda brackets one knows that

the map u in the diagram represents the negative of {c,b,f}'. Thus we

have the formula

@ e(f) = - f*("k) € Mg FER) = @/asz




where vk = v 1is the unique element of nékF(Bk) mapping to the generator
of myBO(8k). Now by periodicity we have (1°KF(8k) 2 ZXF. The maps
vy fit together to induce a map

¥ : lim .Q_iksak —> F

k
which covers the degree map into BO. Thus ¥ is the map (2).

The formula
(3) shows that its effect on homotopy groups is the negative of the
e-invariant, which proves the claim.

4. Additional information on the image of J(nh5~10) in K4s_12

can be obtained from the computation of the K-groups of finite fields as follows.

Let p be a prime number and E; the field with p elements, and consider

the obvious homomorphisms

s
Tyt T K2 —_?K4s—1m\p :
I will show below that this composition is essentially the part of the

complex e-invariant which is prime to p. More precisely, there is a

commutative diagram
@) ~ | e’l

where © 1is injective with image the unique subgroup of order p28-1.
Here Z[p—t] denotes the ring of ratiomal numbers with powers of p in
the denominator.

Assuming this, let 1 be an odd prime, and choose p to be a
topological generator of the group 2% of Z—adic units. According
to Adams, the e-invariant is injective on J(nﬁs~10)’ and the IFprimary
component J(n&s_10)(1) is cyclic of order 1, n = vi(p28-1), vy =
I~adic valuation. We have therefore an isomorphism

I 10y = &yei®) (1)




It follows that the odd part of J('n'4s_10) is isomorphic to a direct

summand of K4S_1Z .

Suppose now that ¥ =2 and take p = 3. Using Addms work, both the
source and target of the map
J(n.4$-10)(2) —> (Kﬁs—1mé)(2)
are c¢yclic of order 2n, n= v2(323-1); and the map is essentially
multiplication by a e It follows that for s even, when a = 1,
J(nhs_10)(2) is isomorphic to a direct summand of K. .Z%

4s~-1"" °
Finally, observe that the diagram (4) shows the unique element of

order 2 of J(nhs_10), when s is odd, goes to zero in K4s_1mb
for all p.
Summarizing:

Proposition: The homomorphism nis 1 -—-f>-K4S_1Z induces an

injection of J(nhs_10) into K45_1Z . For even s, the image of J(nzs_10) is a

direct summand. For odd s, the odd-torsion part of the image is a

direct summand. For odd s, the unique element of order 2 of the

image is in the kernel of the homomorphism K4S_1% ——#—K48_1mb for
all primes bp.
I do not know whether or not the image of J(nhs_10)(2) is a
direct summand of K4s_1Z when s is odd. The first case is s=1, where

Z/Z4=J(‘n‘30) = n§ KT = H3(St(z)’z)°

H = O o
ere K3E% Z/8 and the map J(n% ) -19-K3E% has a kernel of order 6

5. It remains to construct the diagram (4). Consider the diagram




F > B0 —B f;‘\r[‘li(«z).afi)
l ie1 l
L 4 _
P — mp R WK(/?,ZJ‘)
| 1 32 1@ en, )

P
FEP By —E =t > BU

where F' and FE® are defined so that the rows are fibrations. Here
BU[p-t] is the localization of BU which represents the functor
K(?)@Z[p-l] . Examining the homotopy sequences of these fibrations, we
obtain isomorphisms

NI
nﬁs—1F — QVaSZ

1 ]

(5) m P = @afpT]
U
T, FEP = (p25-)7"z /%

431
where the maps at the right are the obvious ones.
From the computation of the K-groups of a finite field, there is
a homotopy equivalence
BGL(E‘p)+ & pgP
induced by lifting representations of finite groups over F  to virtual
complex representations by means of the Brauer theory. I claim that the

diagram

sz; —_— BGL(FP)+ > P

l |

BO > B[p7]

is commutative. The upper right path is obtained by lifting the obvious
representation of Efﬁ on F%n to a virtual complex representation, while

the lower right path comes from the obvious action of Eln on C".




These two virtual representations are not the same in general. However,
it is known that their characters agree on elements of ;z:n of order
prime to p, because both the representations E%n and € come from the
integral representation Z'. Thus the two virtual representations agree
on the Sylow J-subgroups E:i for all primes 1 # P. By a standard transfer
argument, one has

[3z,m671] o T [z wip 7).

#p
Consequently, the above diagram commutes as claimed.

Since BZ;; has trivial rational cohomology, it follows by obstruction

theory that the diagram

B}:; —_— BGL(E‘p)+ = 7P

l !

F >

is commutative, where the vertical arrow at the left is the one inducing
minus the e-invariant. The desired commutative diagram (4) now results

by taking homotopy groups, and using the isomorphisms (5).

This concludes the account of the map J(n;O) —>» K. Z . To the best of

for i>2
my knowledge, nothing more is known about K.Z,/beyond what this and Borel's
i

theorem provide.

Best wishes,

Lan J M{é\«
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