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QUASIFIHE A'TTONS AND FIRH HoMOTOPY FQUIVALENG),

1. Preliminaries on quasifibrations
We reendl the definition some properties of quasifibrabions (see D)),
L1 DeviNirion, - el B he topological spaces, A continuous map
Pl = BB oonto I3 is a wdsifibration (-~ 1) if
K . . : . . - .
(H piim (I p '(.r), W)= a B, w) foralle B, y e poo(e), andd = 0,
For 7 = 0, I this means that we have an isomorphism between sets with
distinguished  clemeniys see [3], 1.2), We deline o sroup structure on
g ; ) 1
n(ll, p (x)) by the requirement, that, (1) (for 7 == 1) should be ap isomor-
phism of groups. 1m0 By ) in this order ae the total space, the Pro-
Jection, the base, the Jibre over @ of the (.1,
As in the case of fibre bundles the isomorphisms (1) lead to the exget,
homotopy sequence of o df. (see [3]) 1.4
1 .
B i 0) ) (B
Win oo f. the hase is arewise connceted, then any two fibres are of the
sume weak homotopy Lype (see [3], 1.10),

L2 Derinrrion, Lot P Bl B e a.fsc Amap il - gy
i called fibrewise il there exists 1 (continuous) application f118 =5 13" queh
that. commulbativity holds in

/» =% )

4

Yz Yl

B~ 1y,
)

We say T is induced by [ or f ties over T,

A fibrewise map induces n homomorphism of the exaet homotopy sequenee
of p into that of P (see 3], 1.8). 1r P B s 0 continuons map, we call
asubset A B distinguished with respect to p it p o (A) A, the re-
sriction of p (o P A, s a q.l. Then we have the following eriteria,

L3 Lmma (see |3, 200). Leb p:ld — B be g condinious map onlo B, et
. v . 1 B - »
B'cBbea distinguwished sel, and PULE = (B A ssume there is a * fibre-
preserving” - deformation of I3 anto Iy s s, there are deformations

Dl - g dild o p (Lel0, 1))
with
Dy = i, Dl 1y Dy(tlyy < 1 Cidl rdenlily map),

dy = id, di(l’y ¢ B () < B g Py =y,
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Assume Purther
Drvim(p ') 2 ai(p (), all x ¢ I3-and 7 = 0,
Then B diself is distinguished, i e, pas .,

Lot L (130, 2.2). Lt P B be a conlinuous map, and let U, V < B
be open sets. 11 UV, and U n V. are distinguashed with respect Lo p, then
U oV ids distinguished.

1.5 Lmwma (3], 2.15). et Pl > B be a continuous map. — Assume thay
B is the inductzve limil ol « sequence of subspaces By C By < - B, satisfy-
g the first separation ayiom (poinis are closed), and cach B, is destinguished
with respeet o p. Then, Pisaq.f.
2, The basic construction

livery «.f. 1 — B in which an $-space I operates (see Definition 2.2) is
embedded inow . f. B B such that, 17 is contractible to o point in £, This
is done by suitably abtaching CI X H to I where CF s the cone over 17,

2.0 Duerinerion (see [5), IV, 1). An ©-space is a topological space [
together with a continuous multiplication

HoX I — I, (hy hY) — b/
with two-sided unit, e.  We also require that the left translations
Ll — I, Lu(h) = h'h

induce isomorphisms of all homotopy groups, (I 11 is arewise connected,
this follows from the existence of o unit.,)

22 DeriNimion. Lot pild — B be o ad., and JI an H-space.  An operolion
of 11 in this .. is 0 continuous map

wids X I - Iy, wly, h) = yh yell, hel
stieh that,

() ye =y
2) wly XMy, - 7)""(7)(1/)) = fibre through 3.
Define

(3)

pydl = I, wy(h) = yh

Bus i (1) = (1) for all y and all 7 = 0.

This is obviously a generalizntion of the notion of a principal bundle.
The word “principal” is reserved, however, for the ease of an associative
$-space. Note that we do not require y(hh'y == (!, : ' ‘

Given o q.f. p:l/ - B in which I/ operates we shall embed it in a ..
prB - B osuch that the inelusion map ko £ s nullhomotopie.  Roughly




