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Hew much do you intend to do about theispace EE 7 First you must understand
exacrtly what ks should be said, then you shoud sax decide whether to spend the time
saying ite

Bl has endos. ¥ additive for each g in Z and composition is kike multe.

BU# (completion profinite) has what endos? Reasobale to think #%* undermult.
eego BU#t = product of BUZ for all primes ¥, hmmm® and there are no cross endos,
and clearly [BU?,BUb] = [BU,BU]p by Artin-Mazur so done. ZX¥¥ Thus the mmz® endos. of
BUb should be known.

It's really enough to harddle the case of the completikon.afterward. Thas.

So introduce the space Y and prove that [X,Eﬁq] is a -ring without identity.,
ponofinite. XHEAXYEEXEAAXAEXINE This being so we have a product decompositicn

[X,Ei%] = T [x,B0%]
5 p

where [X,qujp is a p-adic =ring in XX the sense of Atiyah-Tall. Now the next
thing is the dekwmxmbmakism proof that the L~primary component af depends mmxkke only
on the subgroup generated by q in %z%. Once you have established this it is
enough. to worry about the case where q 1s prime by Dirichlets thewmrem.

BU* has auotos coming from the Galois group of @. If you take the m-th cyclo
tomic extension of @, its Galois group is (Z/ﬁ)*, so the Galois group is Zc* units
in the completion. Thus one seew that KEXXE Galois gives all possible additive autos
of BU®. Therefore also BUb has Zp* for its group of autos. Alss interesting is

BUé with its dcrewy behavior.ax.

So the problem at the moment is to show that the mwxmxmmpx extension of scalars
d sub-

map ol Efd is a mod ¥ isomorphism if g and qd generate the same group

to see what in fact happens for thexeshomelagyxwk

of Zém. involves checkin on 1y that qdil/qil is an J=adic unit.






(Gt )| port o K-Heosy fpofer Mﬁé‘wﬂ‘*@l
1k o fuihe fill il g opt iyt

rﬁf'Z_"g’f‘fvé’i/Z;"‘ % 4’ ,2‘4! gi’ g 3'# : 66’ 27
v 2 8 AU Y/ = D C :

“’ﬂf’ /(Y/.grf;

.
g aw 7 J T =
3 e
)
x:

)
a2
7
£

= Z
o [ o T e s . A e O

Mo inclunire of. ;%L b ncbcon
K.(R) wtl the A .
Ra (’%_) doan Pl Lilys /%1//5;2).




{2 ﬁw{ofy%mf oyttt 73“ ﬁ?((@

oot Ain) ,
Recall foon it pefirs Hos Grosn oo
prool()— BU

F— 5u[§;'1jl*—> Bup & TTK(@2-)
Beame BOLE) hun THNALA b, ]

W\ATw— C“/”‘"“Q%




g@ 2+
/{ ‘/hog,wuu o, b N ) ) f}/'
*(E’ﬂxly’] F) = D +‘ 2) F
s ,('75 wvdinces o, WH()F) CJ,Q ,é
] e a».@ﬁ LEp
o b e wn ) olt Lap 4
Gut _
E o e (BotR), @) H*(r Q)= 0 WW
e BGL(7€ = @5. A

st { of fom 4.

Betill fro HMow pofr 3! g7 >
8@L(k)--——~ —> FEL 7

'

REE | §7 iodussn tomrphine o0 oll mAMA{“;{j

%‘ —

= BGL(@ >FI% ?»u()
&Mfraog FE® Wa/yf MWWW

r_th s

& l !
" u > Bulp]




MJZMMM Ca)/tx WU&MAW

B6l (k) ——L" Ffié
| - BGLF) vy

U detled avo oo (%) W@MM@

AR e
r — buly = Bud]

y ‘[1 | lQ&

F—> Bul ﬂ —> Bug
L Wkum m('@)c\;,@(?)
- wibhe A, 2.




A, < 2,
e tr v/ %
M%{, W act Oulet awtons.
Tcxr-1 = ?xg—d Frach
-q '
Yo € wdn of A, => yo= . V“. |

An_‘"z — Z,

7 *{2 )"—'H*[Z) net o & d.
Ag £ ouay. — e M
«3 - st ()
5 sl (H—‘) 5.2 = 20 @ '
s H*(sLa(«-;) 2/s) <= H*(PSLZCFS“-) z[3)
2/3 [Xz)ﬁ |
* “"J *( AS_) Z/3>
! (S’—z (7)), 2[s) & H*
»«\ , (Agi 2/g) sl
nk»*@\@’ Ul 2l
*G’Sl_a(ﬂ:;_)) Z/-'Z) e 47

wQLE)FE) = hDus]
PsL, (F)






2
>
3
&
4
:

P
£
\
Il
4N

33
i
i?
]

(V)
—

2

)
o 328

8
V'
T P by (Bt




ptIC: g4t |

It seems convenient to introduce the 2-category whose objects are pointed topologi-

cal spaces, whose morphisms are continuous basepoiht-preserving maps, and whose
set of imm 2-morphisms from fg to @, where f,g are maps from X to Y, are the

homotopy classes of homotopies joining f to g through basepoint=preserving maps.

Sectio . The mod ¥ cohomology of Ef?. Recall that the space BT etex

fits into a cartesian »emmwegmmms square

8% — 5 pyt

it s (id’ﬂiq)lm (egs07) T

BU —— BUxBU

where eo,e:L are the endpoint maps. In particular the Q square
f
£) Ef¢ BU
al [ A

BU \_1_,1;BUXBU

, define
comes with a canonical homotopy from -r'.i to ‘cx.i s SO m Wwe can :ppey the
operation

a:(Tny/ IJ)ZQ\—; (Coker i’y’)za‘l = HQCM(BEB)

where I is the kernel of ,—7: and J 1is the kernel of AW o Define elements

o, =1 (c,,) € BT (EEY 4> % /=
( > T IO e H2j1 l(Eiﬁq)
) ! ) =0

where cié‘ H21(BU) denotes the i-th universal Chern class. (Here you should point
out that by the definition of r and the formula (ﬂiq)%(ci) = q'c, , the elements

er are invariant under the action of ﬁq hence erm - lﬁcjr G Ind « )

Let X be a space and let x¢€ Eﬁq(X). Then we define the elements
! 217
cjr(x) € H (X)
i 24 .
¢splx) € HITH()

by pulling bakk the classes ( ) under the map x¢ X -—>E1'qu.



1

1
Theorems: (Properties of the classes cjr and c:]!r)

1) (Product formula) c'. (x+y) =a+§— cér(ﬂﬁ)c (y)

c" L(xty) = Zj (Qr(ac) ,(j) + (99%(3))

Or if H’(X) [€] is the ring wk obtained by adbo:mlng an element, ¢[such that 9, =0

s H’YX)

2) (Normalization) Let XJ A DN S M@BE choracter of a2 cyclic

and gu@= (—1)deg Y ug, then c(xty) = 8(x)c(y) where

c(x) =2 c:jr(x) + Ogr(y')Q

~group G of order 2 q =1, s let E be the representatiom of C

‘and denote by ¢ ¢ BC-—>E1T1q the map obtained @@ from E and the

unique dmeissistemsdsimm  isomorphism  @W(E) ® E  (Unique because C is a finite group)

first Chern mod 7
B Let ucH (BC) be the EXX#¥/class/of the character }é and let veH (BC)

be the class of the homomobphiém (1-q )1’—1 ———)%/2_/ Then
-1 1 -
¢(a) =1 4 (-1)" T 4 (- >I" g

Remarkss: This theorem ram combined with the Brauer map gives an alternative
construction of the arithmetic Chern classes of a representation of a finite group.
The only things to check AXEXXKBXXXKEXTXXAUARXXNEXIESXXBIXEXTEEL and cl?an up are
the effect of the choice of @ which here should amount only to a ;2;;;; of a
generator of ui o
T ) |
2 |
J(O , Theoermology of Eﬁq) There is an additive isomorphism
S[c;‘,.uuaj & A[Cr"""J 5H7F<E§q)

which im a ring isomorphism except when J¥=2 andé’. doesn't divide g-l.
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ﬁmg%#mz: We the  Eilonberg - Moore

pu —L_ 5 BuxBU ’
whict, %Z e Ty HguD) = H9BW  amed  (eo o) wetd &f

(o), HTBUY = Hiew)

CBL) = S(V)
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Cateory theory aspect: Start with the/category/with objects = spaces, and TR
(1=)morphims = continuous maps, and 2-morphisms = homotopy =k classes of homotopies
of maps. Form a new category whese objects are the 1- of T and whose mor-
phisms are the 2-commutative &g@® squares, i.e. Gimiesmmesis such a thing is a

collmection of four maps
f'A :
c

together with a &@# 2-arrow h: gf'% fg'e Composition is evident. Now notice

G
| s
——>D

that this new category Arr?(z) is itself a 2-catepory, where a 2-morphism from
1- morphism represented by the above spuare, l=morphism

the wmmssessgmewss/which we shall denote E = (g,e',h): £ . f ,to another CEmes

ﬁl\ﬁo\,\m

s
= 1 3 3 * .
g (gl,’ g,'s hl) is defined to be a pair of 2-@“@ ks B=>g, and

morphian,
ktesgt=p gl' such that the square of 2-@

gf'é fg!
weld e
h

1
is commutativee.
The point of this terminology is that to a morphism f: X—sY in T one has
associated a long exact sequence in cohomology
B (Y )amn B (Gone £, pt) — HL(X) — #E(Y)
mmmimthat the %emst long exact sequence is a functor on the category Arr2(g‘_) and that
two semalueic morphisms in - Arr, (T) which are 2-@#somorphic give the same morphism

of long exact cohomology sedquencess
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Hodond motition: i:ETY~—sn BU  avd +e
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