Deformation of torsors Jan 27, 1971
Feb 3, 1071

1, Extensions of Picard stacks.

One works in some fixed topos T, A is a ring of 7, the Picard
stacks considered in the sequel will be A-linears
lele Let u; ¢ Xi —> Y be morphisms of Pic, stacks, i = 1, 2, one

defines the fibered product

X = Xl x,X

as the (Pic st) of triples (x,,x.,s) where x. is an object of X,
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and s an isomorphism ketwx s : ul(xl) — u2(X2) in Y : maps are
the obvicus ones, addition is defined by addition of coordinates
with the usual grain of salt.

One has a canonical square

Prs
X'*f“*%.XZ
o
Pl w l,ua
X, —>Y
' 1
commutative up to can isom - (pri(xl,xz,s) = xi) , and for any

Pic st L, the mamxm=p induced map

(1.1.1) Hom (L, X) “$>§2g(L,X1) XHom(L,Y)

Hom(L,XZ)
is an equivalence (Hom denotes the Pic st of morphisms from tc).
1.2, Tet u : M —> N be a map of Pic st, one defines

(1.2.1) = Xer(uw) =M xNO .

Put L = Ker(u). One has xxmmg an (A-linear) map

d ¢ Aut(0,) —> Isob(L)

a(s) = cl(OM,s) (one may assume u(OM) = ON) .
where Aut = sheaf of autom, Isob = sheaf of .isom. cl. of obj.

The sequence
!

cl
(1.2:2) 0 —> Aut(_ol‘) -2 Aut(OM) e Aut(ON) —3> Isob(L) —

—> Isob(M) --—> Isob(N).



is exact. (Proof left to the reader).

1.3, A O-sequence of Pic st consists of maps of Pic st

(1.3.1) L 2 ¥ =N

together with an isom s ¢ vu — 0 . By the universal property (1.1.1)
one kmxm then has a well defined map

(x) L — Ker(v) .
icompleted by O at both ends y
One say= that (1.3.1)Vis an exact sequence if (%) is an eguivalence

and Isob(v) is an epimor-hism. One then has an exgct sequence

(1.7.2) 0 = fut(0) — Aut(0,) —> Aut(0) —> Isob(L) —> Ison (i)

— Iscb(N) — 0 .

Example. Let
E=(0—X—>Y—2Z—0) .

be an exact seguence of d}l,@kA)' Then st(E) is an exact seguence

of Pic st. Conversely any exact sequence of Pic st is eguivalent

to st{E) for a suitable E. (The first assertion is straightfdrwards

for the second use the fact that a O-quasi-isomorphism of drl,Q(A)

can be represented by a map surjective in each degree). In this

dictionary, (1.3.2) corresponds to the usual “snake sequence'l,
1.4, If

E= (0L -—>MM-—>N—0)
is an exact sequence of Pic st and p ¢ ¥' — N a map of Pic st, one
defines the pull-back

E'" = Exp = (O——->L'—'7M'—->N'—;?O)
by M' = M xyN' , L' = Ker(M* —> N'), The can map L' —> L is an
equivalence,
1.5, An extension of-A by a Pic st M is also called a torsor

‘ U
under M. In down-to-earth terms,ythis amounts to the data s

~ a gack X ,

- asum + : M x X > X associative up to given isom satisfying




oy

" pentagon,
together with the axioms:
-~ X is locally non void
- the can map M x X —» X x X is an equivalence.
In fact, given an extension
0 —=M-—E P54 -0 .

one defines X as the stack of x £ ob E s. t. p(x) = 1. Conversely,

o
--given a torsor X under M, one defines E = a.é‘A aX .

Mor generally, one has aon interpretation of an extensicn of a Z-
Module by & Pic st as a family of torsors Xn’ X + X —X , in

P q p+q
the Grothendieck style (SGA 7 ...).

1.6. By the example above, to zn extension
E= (0—7Y—>F -2x —>0)
of Pic st is associated an element
(1.6.1)  c1(E) ¢ Exti(X,Y) | . (hyperext)
whose vanishing is necessary and sufficient for the splitting of E

i,e. the existence of mmxim¥exsE an s : X —2E s.t. Ps :;>idx .

When X = A, i.e. E“is”a torsor under‘Y, giving such an s is simply

giving a global object in E ; if e is a global objett then "t > t-e”
I"/l

identifies ﬁ:ﬁg Y.

2. First geometrical applications,

2.1, If X —>7Y is a morphism of ringed topoi and I an QX-Module,
Ext (X/Y,I)
denotes the Pic st of Y-extensions of X by I. Recall that

Ext(X/Y,I) = Egg(st(ﬁElLX/Y),I[}]) .

(*) “F&u a4




Let

n
.
n
.

X
d
Y

be a diagram of ringed topoi,ammi where j is an extension of Y by J,

(...j_‘b'_&{v

and let I be an O -Module. One has.a O-sequence

X
(2.2.1) 0 —> Ext(X/¥,T) —> Ext(X/¥',I) — Hom(£"J,T) .

Claim : . (2.2.1) is exact, i.e. Ext(X/Y,I) 2, Ker(e).

Proof. Observe that a Y-extension of X by I is the same as a Yt
extension of X by I whose characteristic homomorphism is zero. (reduce

to a questionsof rings in the same topos).

2.3, Put I = £, By a deformation of f over Y' one means an object X!

of Ext(X/Y',I) such that c(¥!) = 1 & End(£%J). The deformations of f
over Y' make a stack

Der(/Y,5),
where (—?l means "fibre over 1" and Def(X/Y,j) is defined as the

fibre-product

(2.3.1) Def(X/Y,3) —> Oy
i 1
c Yoo
Ext(X/Y',I) —> Hom(f"J,I)
So, one has an exact sequence
(2.3.2) 0 — Ext(¥/Y,I) —> Def (X/¥,J) — 0Oy .
The obstruction to the existence of a local deformation of f is, as

one knows, the section of EXtZ(LX/Y’I) image of 1 € Hom(£*J,I) by

the canonical hom; Buppose this obstruction vanishes. Then one can

add a zero to the right of (2.3.2), in other words Def(X/Y,j) is a
i

torsor under Ext(X/Y,I). Hence, if moreover this torsor is trivial,

L

~hiant (4i.e. a global deformation exists), one
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3, Egquivariant deformations.,

3.0, Let S be a scheme (more generally a ringed topos), and G a
group scheme over. S. For an equivariant morphism f : X —» ¥ of
G-schemes/S, one would like to define L

X/Y as a complex of Gmgx—Modules.

This will be done after some preliminaries.
((unless otherwise stated))
3.1, Let us work with some fixed tomlogy on Sch/S, fppf say. 1f X
is a diagram in Sch{S, one will still denote by X the corresponding
.

‘contravariant’ topos. As usual, BG denotes the classifying topos of G,

i.e. the topos of local systems on the nerve G(1) of G. The inclusion
of the cat of local systems into the cat of all shewes on G(1) defines
a morphism of topoi

(%.1.1) g :G(1) —> BG . ]

This is in fact a morphism of ringed topoi, and ¢K is exact. Moreover,
using the general,nonsense of cohomological descent, one can prove
that the adjunction map |
(3.1.2) Id — RE §*

is an isomorphism and the image of g~ : DT(BG) — D' (q(1)) (which is
fullybféifhful by the preceding) consists of complexes whose.cohomo-

logy sheaves are local systems,

Generalization, Let X be a G-scheme. One defines

G(l)/x = nerve of G acting on X .

One has a natural map

(3.1.3) & :G(l)/X —_— BG/X .

with analogous properties.to the & (3.1.1).

3.2. Let now f : X — Y be an equivariant morphism as in (3.0). So

one has a morphism G(l)/f of the corresponding nerves, let's denote

kkkkk ; it simply by ' : X' —> Y'., Assyme Lef's denote by I"X'/Y' the

e——

(*) whose objects are families of(&heaves E; over X.y *E, —> E,
for £ : X, —> X)) .
1 J




cotangent complex of the morphism of small ringed zariski topoi

defined by fr', Assume
(i) either G or f flat,
(i) LX/Y of finite tor-amplitude.

Then, by the base-change theoren, LX'/Y‘ has finite tor~amplitude

and its cohomology sheaves are quasi-coherent G~QX-Modules. Therefore,

by (3.1) and the remark below, LX'/Y' can be identified via ¢4 to

& complex denoted

/X) .

Remk. 3,2, 2, One has natural morphisms of ringed topoi

(3.2.1) Ly,y 4 ob D°(me

- N o

Zar Et TFlas
“zar &et Tflek !

where a capital means "large", Applying Db(-—)qCOh (where gqcoh means

"quasi-coherent cohomology™), one finds a diagram of equivalences

(itfs trivial on the columns and well known by descent on the rows).
The reason why one worked with the small zariski topoi is that a

localization map has zero cotangent complex. (Note : "small étale"

would work well too),

. s . . b
3:2.3. If (ii) is not satisfied, define EX/Y in pro-D (BG/X).
3.2.4%. The image of EX/Y by the forgetful functor D(BG/X) —> D(X)
is LX/Y .

3¢3. Yoga of diagram deforming : let 257 defined by a nilpotent

I
Ideai%”ié amap f : X —> Y of flat Z-schemes reduces to an isom

mod I, it was already one,
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3.4, Let

X
. fl
Y ¥
be a diagram of G~S-schemes, where J is defined by J s.t. J2 = 0,
and f is flat. By the jyoga of diagram deforming, the obstruction to
deforming f over Y (as a map of flat G-schemes) is a class
(X,3) € ‘Exta(BG/X;EX/Y,J) )

expressable as a cup-product «eey and when w(X,j) = Oy cl. of def

make a torsor wunder Extl( ) and the autom of a def = Exto( )

3.5, Pic st interpretation. To avoid all base change troubles, assume

')

G flat, Then, if X —> Y is a morphism of G~S-schemes, G acts on the

Pic st ﬁ§1EX/Y’ hence on Ext(X/Y,I) = Egg(ﬁslgx/y,lgpfor any
GnQX—Module I. As a result, in the situation of (374), the exact
sequence (2.3.2) is in fact an exact sequence of G-QX-Pic st. Hence,
1f X can locally (upstairs) be deformed as & scheme/Y, then Def(X/Y,j).
is a torsor under Ext(X/Y,J) on BG/X « A global object of this

torsor, i.e. a global equivariant deformation of f, identifies

Def(X/Y,ji_to Ext(X/Y,J) (as G-stacks), hence the isom. cl, of

equiv, def., xm (resp. the autom, group of a given equiv, def.) to

A o :

Sxt (BG/X’EX/Y’J) (resp. Ext ( ))., (Use that
Hl(BG/X,Ext(X/Y,J)) = Ext**(ng

/iy yrd)
for i = 0, -1.).

—

sl , .
(7) Let L be a Pic st over X, an action of G on L ix consists of

an action of G(T) on LT for each T/S ("functorial™ in T) .

L . M b
1.€. an equivalence diL-—> de v PLus a 2-map on G x G x X, with
cocycle condition on G x G x G x X, One has a

dictionary :
(G-Pic st/X) fm_‘*é'cgl’ékBG

/X) L

2’

it

3 equivalently
a G-action o L is a descent data_o% } with respect to the nerve of G4X

[ -
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3.6, Case of a G-torsor. From now on, G will be assumed to be flat,
Suppose in (3.4) Y, Y are trivial G-schemes, and X is a torsor on Y
under G (for the flat topology). One seeks the obstruction to
deforming X on Y as a torscr under G. I claim that deforming X

as a torsor is the same as deforming X as a G-scheme over Y. In fact, !
@e;i _ \bey — ,
B X/Y ié/én equivariant def. of ¥X/Y, then first ef all X is a
pseudo-torsor, i.e. Gy x X ~~» X x X, (because of (3.3)), and it

has a local fppf section because X —> Y is flat and surjective,

Now, since X is a torsor, one has a natural equivalence

s EX/Y is induced via (3.6.1) by a well defined é
(3.6.2) IX/Y £ ob D(Y) - , i

-

called the invariant cotangent complex. Here, to avoid an irrelevant

grain of salt, it's nice to assume G is loc. of f. p., becaume then
. . o ; . _ . .y
EX/Y (hencg IX/Y) is of perfect amplitude [ 1,Q1 One has (descew

a1 S
- (3.6.3) Ext (BG/X;ISX/Y,J) = BExt (Y,ZX/Y,J)

b

hence the obstruction

(3.6.48)  ©(X,j) & Ext3(x,,.,0)

X/x?

t
etc. «

Pic st interpretation. Denote by Defs(X/Y,jL_the\Pic st on Y of
local downstairs, global upstairs,equivariant deformations of X on

Y. One has (for arbitrary G-maps £, j)

(3.6.5)  Def(x/1,), =j1iDes(/Y,5),

G .
where fx is the invariant direct ima
T - I

G-Picst(X) —= G-Picst(Y) — Picst(Y) ;

ge functor, i.e. the compositieon

. G .
for a Piest L on Y, I7 "(Z) is the Picst of pairs (x,s), x £ ob L,

5 :d ™ > ad®  (a: d®L —> ¢®L the struct i
o 1 G 1 ¢ structural equivalence), s. t.
the suitable cocycle condition holds on G x G x ¥ ;3 in the dictionary,
G,. v o
I (L —¢ R_}T_"’G(Lb).

9
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Returning now to the situation of (3.6), one deduces from (3.5) =
Prop. 3.6.6. Suppose there exists a global equivariant deformation X
of X (which therefore will be automatically a torsor under G as seen
above), then X defines a canonical equivalence

Def (X/T,] )l':'\ivij}{_g_n_l(;fX/Y,J) 1] K

In fact, the right hand side is jué%?éfiRﬁgg(%X/Y,fﬁJﬁgby the
projection formula.

Cor. 3.6,7.(Mazur-Roberts). Agsume G commutative. Then, in the
derived cat. of Z-Mod. (for the flat top) on Y, there exists a

canonical isomorphism

(0 =6_ —3j Gy —>0) = j_RHom(%,J) , .
Y - -

N

where X, = X , and Gz is placed in degree O.
G = fay/v T
X = Gy » X = Gy « The stack (on Y) of equivariad

Proof. In (3.6.6); take

deformations of X is nothing else but the stack of forsors under G§
. i (see lemma below)
trivialized along Y, so, by the dictionaryly it corresponds to the

conplex (Gf — ijY) where G§ is placed in degree -l. Therefore -

the equivalence of (3%.6.6) yields the desired isomorphisme. . {
Llﬁé/) d
Lemma %2.6.8., LetY(0 — Ll ——>Lo*€>0) be a complex of abelian sheaves

in some topos. One has

st (L)

i}

Ker(st (L, [1]) —> st(T [1]))

P

st of (x,s), x a torsor under Lj, s : d.x =0 (a trivia-

lization of the torsor under L  image of x by a).

Proof, Left to the reader.

%3,7. The Atiyah extension. ' g
The obstruction w(X,j) of (3.4) is the cup-product of the
1
class of j, e(j) & Ext‘(LY/S,J),by the Kodaira-Spencer class
. 1, ‘
c(X/Y/S) & Ext (EX/Y’ /S) .

Assume now, as in (3.6), that Y, Y are trivial G-schemes and X is

£
f LY




lo

a torsor under G. Then, by descent, one has

i E i
Ext (QX/Y,f LY/S) = Ext (ZX/Y,LY/S)
(at least if LY/S is in Db), so ¢(X/1/8) is a class
, 1
(3.7.1)  c(x/1/3) £ Ext (Ix/y,LY/S) e
When G and Y are smooth, this class is easily seen to coincide with
the class of the Atiyah extension

() 0 "%fz/s —> M(X) — D _ = 0

X/Y
defined by descent to Y of the exact sequence of differentials on X3
when G is smooth but not necessarily Y, (&) is EgEin still defined,
and is just the image of c¢(X/7/S) by LY/S — 52 i/s « Moreover, bOX/Y
is known to be isomorphic to the sheaf X XGLie(G)Y obtained kyx from
the invariant differential forms on G by taking t@e inverse'imége
on Y and twistinglby X via the adjoint operation. This can be
generalized as follows.

By the classifying property of BG, kkzxexexix the G-torsor X
over Y defines a map ¥ ll--‘;"BC;} s.t. X is the inverse image by u of

the universal torsor PG over BG (recall u™ consists in inducing on.

Y and twisting by X), in other words one has a "commutative" diagram

with a cartesian square

(3.7.2) PG <=— X

Lo

BG <— Y
S
Now one disposes of

(3.7.3) L, =7 £ ob D(BG)

?

PG/BG

defined by means of nerves like in (3.2), (3.6), and it is clear

that one has

~ ®
(3.7.4) ey — L
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