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Summary of paper on the cohomology of finite groups of rational points.

1/ Let G be a group in a topos T and let X be an object in TG s then there
is a spectrla seguence qu = HYUGPxx) =— H§+q(K), which is multiplicative.
It is nécessary to make set up this spectral sequence, and to expgicit the dl.
Then define the kxmwsgkt suspension H#(BG) —- H#%(C)s and the refined suspension,

and the map @ in case there is an endomorphism e.

2. Now suppose that G satisfies the Kunneth theorem, i.e. H#(G) is finite dimensioné
and H#(CxX) = H#(G)ml#(X) for any object X. Then we can identify the E, term with
Extg%(G)(k,H%(X)). First example X=pt and G has no Y-torsion, so H#(G) is an
exterior algebra with odd degree generators as an algebra, hence also as a Hopf alpebra,
so the E2 is a polynomial ring with even degree generators, the spectral sequence
collapses and the smage of the suspension homomorphism is the subspace of primitive

elements. Refinement in case of characteristic 2. Second example: Take ix&i&%

X = Gt, assume that one can shmex 1ift P to H*(BG) so as to be invariant under

©
0= and that we are in the situation of Borel. Then compute the E2 term and you
find i$ is the tensor product of Eg* = U(Po) and E%% the symmetric algebra generatid
by E%K = PQ-. o=+ Then by your map & ydu produce elements of Hg(Gt) which restric

xmxkkr to P° and by the obvious map H#(BG )= Hg(Gt) you get the eleménts of PO.
Therefore the spectral sequence degeneraties and so you conclu¥g your first theorem;
e in abstract form. Fewsymu

3. Now you apply IkexIwmmski

KX :QI KK

your theorem in the case where T 1is the etale

topos of sheaves @n schemes of finite type over an algebraically zmt closed field
> G—vﬂth

and where G is an algebraic group endowed with an endomopphds®e o . I ZUEE guess it

désirable
will be mEEExsEEy to do the proof of the Kunneth formula and the proof that X Borels

condition holds for a reductive group iff at holds for the compact form, or maybe one

should avoid that latter complexity. Give =impihe example$

5 0 Localization theorem and the second theorem on the restriction to the centralizer
[ 4

of a maximal elementary abelian I-subgroup. You need to go ovefthis theorem to see

exactly how much can be done in the topos and what has to be done geometrically.

It seems that one has to prove the existehce of A, the goodness of Z when Y # 2,



This requires work because you want now to understand the relation with @,

Tnclude your theorem 3 about the computation of the cohomology of H*(BG)

from the various finite groups, independent of X assumptions of goodness .

Examples: What the map ¥ does.in terms of the restriction to the centralizer.

Fromulas for the general linear,orthogomailaaddsgmplectic groups.

weak points: Secend theorem, third theorem, Computation of & for a torus.
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Let P be a vector space of finite dimension over a field K endowed with an

endomorphism ov Let Pp_%e the subspace of elements invariant under o~ and let

M3 P-9P0, be the quotient space =£

of P by the image of id - o7
Denote also by g S(P)~>S(Po) the induced map on symmetric algebras (over K).
Set R =3S(P) @ S(P) and consider the maps of rings
v
...__.1_1_> Bl S
R =—2 5(P)—>5(P )
where u(f & g) = fg and v(f&g) = f.o(g) . This diagram is clearly a cokernel

e He thﬁﬁ vg oo
diagram, i.ee ff I and J are the kernels of u and v respectively, then I % J

is the kernel of mu = nv. We wish to compute the algebra REEE Tori (R/I,R/J). ===

resolution of R/I #Z3%

‘=mxxm as x R-module which is furnished by the Koszul complex R@/VP alr with different-
Xoodedxxdx  given by the derivation d with d(réx) = r(i@x - x@1). Then tensoring

this with R/J which we identify with S(P) via the map v, we obtain an isomorphism
Tori(R/I,R/J) E’H_x_( s(P)@AP,dr)

where d' is the derivation with d(foéx¥= f(¥%-x). Choose complementary subspaces
& In & V, where Im is the image of id-a—
P=P@&W and P = EEXRXXAIHLRIEXEXE; then the complex whitse homology we are trying

to compube is the tensor product of

X two complexes

K, = S(W) & / Im differential = derivation with féx H x-x>

>
I

5 S(V) & / P©  with zero differentailk.

it is wedl-known that
is an isomorphism/the first compgex is acyclic. Therefore we mwksim
there is an isomorphism baad: 3

® conclude that Ziwecorkgbxsistesxws

over SE°)

S(FD @ APT > my( 5(P)e/"Par)
where the map of PY to Hl sends x to 18x.




in dimension 1
It remains to make explicit/the isomorphism that we have just obtained. Recall

thet there is a canonical isomorphism
Tori{(R/I,R/J) 2 Ing/10
which using the Koszul resolwtion of R/I to compute the left side does the following.

Suppose R given an element f of InJ; Zoefeemgx wrltlng i —&s) with s in

a= oaliof o d Q=
RmP, wexmgmzidex the element (vﬂidP)s ' & ‘_",' ® and hence represents an
zZ
element\/of Torl. ® Associating to f the element =z gives the above

isomorphism. Clearly if =x¢ P and if f = 18x-xR1, then we can take s = 18x%, hence

we see that the diagram

T03/10 2 H) (S(MRAP, d’)

commutes, kmm=s Thus we }ahve proved
G_'J

Lemma: The map which associated to an element x of P the element 1fx-x&1

mod IJ of IndJd/IJ extends to an isomorphism of S(Poz-modules

S(Pﬁ o P¥ TadfD

Let us denote by D the composition

TR
(P)¥ —L s (s(P)R)I— (SEPOJ@)"/—E—*S@‘,)/@‘/

where d denotes differentiation.

Corollarys The triangle
s ()7

N

°/ InJ/1d

S(Pr)ﬁP

is commutative] U-"‘E\Q/u o{(](:> = l@f--j:@( o] I:_X— and Luﬁ\n,m
6 Lo Hha S(f%) ~distan exctovoina o‘é | Pr
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