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8. HISCELLAVEOUS PRELIMINARY LEMMAS.

Lemma 8.1. If X is a w-group, and (C) is 2 chain

E=X 2 512 sos 2 L = 1, then the stability g:vﬂoun A of O is

Proof, We proceed by induction on n. Let A ¢ A. By induetlen,

X ¢ X 3 then £ ='§X§Z'§wi?;h Y in X,, and by induétion3 3 = XY~ .
- :
It foliows that B ~ = 1. |

Lemma 8.2. If P is a2 p-group, then P possesses g characteristic

IR

gubgroup € such that

{1} e1{C) < 2, and C/Z2{C) is eicmentary.
res -
{11) xer{fut P - Lut ¢} is g p-group. {res is the

homomorphism induced by restricting A in fut P o C.}

(111) [2.€1c 2(¢) ang £16) = 2(e).

Proof. Suppose § can be Tound to satisfy (i)} and {1i3i}. ILet
E = ker res. In commutator notation, [X,€] = i, and so [K,C,Fl = 1.
Sinee [,2] € £, we alsec have [C.P,EK] = 1 and 3.1 implies {P,]
50 that {_‘?;;Ef;] g g{g,}w Thus, K stabilizes the chain £ 2§ 21 so
is a p-group by Lemma 8.1,
If now some element of @f‘ﬁ .iﬁi aiﬁr&c'&‘;mﬁisﬁiﬁ in P, then
i} and (iii) ars satisfied and we are done.. Otherwise, let & be
a amimal characteristic abelian subgroup of P, and let C de the

G
group generated by all subgroups D or P such that A C D, §_I§ § i&@ = D,

DC2(P mod &), D ¢ g«:g},,_ By constructilon, :fg, c Z{g}‘z, and € is seen

-~
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Hence, A ele(g.), and Z ¢ By. Hence, B, =_Q.1(§m) char B < B .
and _§1 < gn follows. In particular, X stabilizes the chain
A2 Q. (8) 2<D.

Ic follows that if D =Ql(g(ﬂl(g.))), then D? centralizes A.
Since A e(@§), _1:._)“ ¢ A, We next show that D is of exponent p.
Since [D,D]< A, we see that [D,D,Dlc O 1{8), and so [D,D,D,D] = 1,

19’

-and ¢1(D) { 3. If p > 5, then D is regular, and being generated by
elements of order p, is of exponent p. It remaing to treat the case
P = 3, and we must show that the elements of D of order at most 3
form a subgroup. Suppose false, and that { X , ¥> is of minimal
order subjeet to X5 = Y3 = 1, fiX¥)3 # 1, X and ¥ being elements of

_gf, Here we have

H

XPYY,X VXY
= X%v [Y,X1XY[Y,X1Y
= XP¥x[Y,X][Y.%,X]Yi¥,X]¥
= ¥3v[¥,x120v,x,x]vlY,XI¥.
Now [Y,X] = Y. x"lvx 1s of order three, since < Y,Yx> < XY D.

(x¥)3 = xyxvxy

Hence, [¥,X] is in 'O‘l(é)’ and so {Y¥,X] is centralized by both X
and Y. It follows that (XY)S = X3Y3IY,K]3 =1, S0 D is of exponent
P in 21l cases. i p

1701,(A)c D, et E<wX, ESD, |E : 0 (8}] = p. Since
SLy(8) ¢ Z(E}, E is abellan. But m{E) =m(d) + 1 > m{a), in
conflie:t with the maximal nafture of A, since E is contained in some
element of@g) by 3.9.

Lenma 8.4, Suppose p is an odd prime and X is a p-group.

(1) 1 @ (X} is empty. then every abelian subgroup of X

is genzrated by two elements.

(11} _L{_g@‘cm%(§§ is empty and A is an automorphism of X

of priie order g, p # @, then g divides pa - 1.
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Proof. (i} Suppose 4 is chesen in accordance with Lemma 8.3.
Suppose also that X possesses an elementary subgroup E of order p3~

Let Ey = £a{,(4)), so that E, is of order p° at least. But by

£

Lemma 8.3, E, < ﬂ.l@), a group of order st most p-, and so E, =

[11{&}0 But now Lemma 8.3 is violated since E centralizes E,-
(i1} Among the A-invariant subgroups of X on which A aets

non trivially, let H be minimal. By 311, H i1s a special p-group.

Since p is odd, H 1s regular, so 3 6 implies that H 1s of exponent p.

By the first part of this lemma, H possesses no elementary subgroup

of order p3 . It follows readily that m{H} { 2, and {ii) follows

from the well known fact that g divides }Aut g/g{g)g )

Lemma 8.5. If X is a group of odd order, p is the smallest

prime in m{X}, and if in addition a Sp-subgroup of X possesses noc

elementary subgroup of order p3 » then £ possesses 2 nermal p-complement.

Proof. Let P e a Spwsubgroup of ¥. By Lemma 8.4{1}, if B '
is a subgroup of P, then‘s_‘gg 3(§) is empty. Application of Lemma 8.4{1i}
shows that g}{{g)/‘gxﬁg) is a p-group for every subgroup H of P.

We appiy The-;rem 1?#.1407 in {13] ia complete the proof.

Application of Lemma 8.5 to the group ;Cj Implies that if p is

the smallest prime in ﬂg}, then G possesses an elementary subgroup

3

of order p~. In particular, if 3 ¢ 'rs'([g), then ¢ possesses an
elementary subgroup of order 27.

Lemma 8.6. Let X be 2 p=group, and suopose that X possesses

%
2 subgroup A of order p, such that C(A)} = AxB, where B is gyelic.

Then mi{C) < p for every nommal abelisn Subgroup C of X.

Proof. Suppose € is a normal abelian subgroup of E" Then

ﬂl(g)' char C<X, and if ﬁﬂlﬁg}i = pd, then d = m{C}.



) & L2 5
pasis of (L ﬂgifg}f nas & matrix mgge"?ﬁ seeesd gy By & oeee & 1. & Pe
Since ﬂlfiﬂ*_‘g{g:} is of type {p,p), t { 2. IfF t =1, then d = 2, £ P
If t =2, then 2 < () ,{C{a)} < g ¢ C{&), and € is generated by
2 { p elements, as desired.

T.amms 2 T 2
Viemm 8.7. If A is

b2}

pi-group of automorphisms of the B-group

% DD e o 3 s o e Y 5 9 i ERT o = ns
A bas ne fixed points on B/D(P), and & scis trivially on D(P

e TN A

is a g-group, g is odd, A is an

automorpiism of Q of prime order p, p = 1 (mod g). and @ possesses

L

P=1+a+qg znd@ is elementary of order q?jn

2 subgroup @ of index 4 such that @@3 (9.} is empty. Then

Proof. Since p = 1 {mod Q) and g is odd, p does not divide
Q" - 1. Sinece D(Q) < 8, Lemma 8.4(i) implies thait A acts trivially
on D{g}. | ‘_

Suppese that & has a non trivial fixed point on _@/i)(g.).,, ¥e
can then f£ind en A-invariesnt subgreup M of index g in i such thet A
acts trivially on @/M. In this case, A does not act trivially on M,
and 50 M # 9, and MnQ is of index q in M. By induction,
Pp=1+qg+ q2 and M is elementary _df order qsa Since A acts
trivially on @/, it follows that @ is abelian of order at. 1r Q
were elementary, 9';0 wcmlﬂl not exist. But if g were not elementary,
then & would have a fixed point on Ql(_g) = M, which is not possible.

Hence A hes no fized points on §/D(Q), so by Lemms 8.7, D{Q) < 2(Q).
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Next, suppose that A does not act irreducibly on @/D(Q). Iet

;
> {
“

Q) be an irreducible constituent of A on Q/P{Q}. By inducticn,

N is of order ¢°, and p=1+a+ag°. Since D{Q)} < N, D(Q) is

=
=

P

a proper A-invariant subgroup of N. The only pessibility is D{Q) = 1,
3

and Q! = ” folicws from the existence of Q-

if LQ_} = qB, then p =1+ q + q2 follows from Lenm 5:1s Thus,
we can suppose that E@E > q3, ana that-A acts irreducibly on § ig{gh
and try to derive a contradiction. We see that Q must be nen abelian.
This implies that D(Q) = Z{Q). Let {Q : D{Q}| = ¢". Since p = I (mod aq,
and ¢ = 1 (mod p), n > 3. Sinece g(gg') _m\’g(g), n is even, @/g(%
poésessing a non singulér skew-symme’bfic‘ inner product over integers
mod ¢ which admits Aa,_ Namely, let C be a subgroup of order g contained
in Q‘ and let gl be a complement for € in Q_’a This complement exists
since Q! is elementary. Then :Z:{E mod Ql) is A-invariant, proper, and
contains gtg}, Since 4 sets irreducibly on @/g(g), we must have
D{g} = %(@_ méd Qlﬁ, so a non-singular skew-symmetric inner product is
availablem Now Q:I.s regular, since e¢l(Q) = 2, and q is odd, so
!_Ql(gﬂ = 1Q 2 U]'(,Q)E, by {15]. Since ¢1{Q) = 2, ﬂl&} is of exponent
g. Since |8 : UHQ)] > {9 : D(Q)] > at, we see that lﬂi&)l > qt,
Since g@ exlists, 411(,@) is non abéiian, of order exactly qu,'_‘since
otherwise @ n .Q.l (Q} would possess an elementary subg:voizp of drc&er q3 .
It follows readily fhat A centralizes 'Q'.l (Q), and so centralizes Q,
by 3.6. This is the desired contradiction.

Lemma 8.9. If B is a p-group, if €CN) (P) is nen empty and A

is @ pormal abelien subgroup of P of type (p,p), theh A is gonteined

in some element of @;@j {BP).

Eréba’:‘,‘ Lét_ E be a2 normal elementary subgroup of P or erder 93 9

and let E, = Co(A). Then E, < B, and <4, E,> = F is abelian.
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if |Fl = p?, then & = E,=F C E, and we ave done, since E is contained
in an element of@%@)» Ir |R| 2133, then again we are done, since
F iz contained in an element of @ﬁg),

if X and ¥ are groups, we say that ¥ is involved in X provided

some section of £ 43 isomorphie to g,

Lemma;.ﬁclog Let P be a8 -subg up of the group X. Suppose

that Z(P) is eyellc and that for each subgroup A in P of erder v
whieh does not lie in Z(P), there is an element X = X(A) of P

which normslizes but does not gentralize <&, {2,(2(B))> . Then

gither SL{2,p) is involved in X or else L,(2(B)) is weakly elosed
in P.

B

G

Proof. Let D =() Suppose E = D

{2}) 2
#D. Iet D =<D), E=<E). By

hypothesis, we can £ind an element X = X(E) in P such that X

g_ 1s a conjugate of D
E

contalned in P, but that

normalizes <E, D) = F, and with reapeet to the basis (E, D) has the

matrix (i %) o Enlarge F to a S —subgreup P of ¢ (E)., Since

g=0% 2% ¢ ¢ g4 (E), so P 15 a 5, -subgroup of X, gl ECZ(P %
Sinee Z(2) 1s cyclic by hypethesis, we have § u_Ql(g(_lz )
By hypothesls, there is an element ¥ = ¥{D)} in }:’* which normalizes

nd with respect ot the basis {(E, P) has the matrix {i g) « Now

F oa
| é %/‘1 and G‘ g) generate SI.(2',13) 6, see’cions 262 and 263); so
SL{2,p} is involved in N (F), as desireda
Lemme 8.11. If A 13 & p~gubgroup and B is a g-subgroup of X,y
P # q, and A normalizes B, then [B,A] = [B.A.A].
Proof. By 3.7, [4,Bl 4 AB. Since £B/[A,B] 1s.nilp'oteﬁt_;-we can
suppose that {4 ,g} is elementary. With this reduction;

iB,4,41 ¢ AB, and we can assume that {B.4,A] = 1. In this case,
& stabilizes the chain B 2 [B,2] 2 1, =o [B,A]l = 1 follows from

0 N
T onemnnyas £3 0 il oy wk 43
LTS Gedo @XMs B 37 e



Lemma 8.312. Let p be an odd prime, and E an elementary subgroup

9f the p-group F. Suppose & is a p'-automorphism of P which

centralizes Ql{gP@})a Then A = 1,

v

Proof. Sinece Ec¢ Ql(gl,(g)}, A centralizes E. Since E
is f-invariant, so is gP(g:). By 3.6 A centralizes gp(g), 80 9

it E < Z(RP}, we are done.

Ir gP@) € P, then _QP@)Q_(,E) C P, and by induction A

centralizes D(R}. Now [E.ElC 2(}’_} and so [P,E,XA>] = 1. Also.

iE, <] = 1, ‘50 that {g-&,(A} ,%P_'j‘ = 1. By the three subgroups lemma,
we have [@),g,g} - 1, so that [B,{A>] ¢ gﬁ,ég), and A stabllizes
the chain zng(E}D 1. It follows from L;;ma 8.1 that & = 1.

v

Lemma 8.13. Suppose P is & Sp—subgmup’ of the solvable group
S, {@{f} is smpby snd S is of odd order. Then S' centralizes

every chief p-factor of S,

Proof. We assume without loss of generality that gp,@) = 1,
We first show that P 8. Let E = gp (S}, and let C be a subgroup
of # chosen in aeccordance with Lemma 8.é«. Let W ﬂ1(§)°' Since
p is odd and el{C) _{2, W is of exponent p. |

Since gp, @}:w 1, Lemma 8.2 implies that ker(S -—Aut E} is a
p-group. By 3 6 s it now follows thsi; lcer€§ % _saut _tg) is a p;-grcwupo
Since ¥ has no elementsry subgroup of order p3., neither does L\I,
and so [W : D)} € p°. Hence no p-element of § has a minimal
polynomial (x.«l}p on E/g(y)o Now (B} implies that P/ker a d S/ker g,
and s0 P o 8, since ker ¢ £ P,

Since P «a $, the lemma is equivalent to the assertion that if L
is a S ,~subgroup of S, fhen '=1, If E" # 1, we can suppose



that centralizes every proper subgroup of P which is normal in % o
nee L is ec:ar;@letelv redueible on ?@{2), we can suppose thst
[2,L'] = B and [‘0@?} L'} = 1. By Lemma 8.7 we have p{e) c z(p)

and so {1 {g; K is of exponent » and class at most 2. Sinece E
has ne elzamentary subgroup of order 1339 neither does K. if ¥ is of
ozder D, 1 centralizes K and so centralizes P by 3.6, thus };j = la
Otheruise, |K : DK} n\pa and L 1s falthfully represenﬁeci as
automorphisms of ¥ = E/D{K). Since L is odd, L' = 1.

Lomma 8.1%. I£ 8 is g solveble group of odd order, and @1‘% (E)

is empty for fm every S -subgroup ef S and every prime p, then S '

is nilnotent.

Froof. By the preceding lemma, S " centralizes every chief

factor of 8. By 3.2, §f c E{_@}ﬁ a nilpotent group.
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Connection of algebraic K-theory and the theory of motives: Fix some groundfield k

and consider slgebraic schemes over k. Assume that k is mmmt small,i.e. of finite type
absolute

whence one expects that/etale cohomology is a good functor in the sense that it dmxmsks

detects lots of stuff. To each scheme xx=EwEx X, let K.(X) be the rational K-groups.

Then K.(X) should satisfy the rpojective bundle theormmem, and this suggests stronly

that it has a Gysin homomorphismg assume so. Wait. Let's review the proj. bundle thm.

Thus if E is a vector bundle over X, one knows that R(G,PE) is a free module over

R(®,X) with standard generators, and this isomorphism is compatibvle with khs changes in

Ge Thus the universal map

o(1) KO0 (G PE) H®(G,K. (PE))

Thus o(1l) defines an element mm KOG¥E) and Ks(PE) is a free modhle over Ki(X)

wilth usualX basis and eelation. So what we're getting is the various difference in
weights already in Ko . Thus if there is a Gysin morphism it is of #efrerxg degree O
for the grading but changes the weights in the appropriate way.

Conjecture which should be ammwerable: Show that Xkexmxs the Adams operathons on X,
admit elgenspaces wikkx¥heE of the standard sort.

What's missing is a typr of periodiwity result which would connect up K-groups of differ-
ent dimensions.

Grand conjecture would run like this: Take the groups K. and rearrgnge the grading

80 as to be by weights  Vaguely the K-groups should measure the deficiency between

motives and cohomology. Nonsense.
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J2uppose that X35 an n-manifold.

Then a map to RG. should be first of 211 a

Formulanfor the rational

Program: Characterisitic classes mﬁszith field éoeffiéients:
K groups.

. morphlsm of functors foom C to Ab
Universal property of K%(A)Q : There is a mxkm s o

,RA(L_“:)A,,—){@O(G&K*(A)Q)

XTI

~which -egjemesssiw 1s a universal additive

transformation from RA to cohomology with mmr coefficients in a weshsesmd vector space mER

over Q. . 0 WL

Corollary: If--A ‘is commutative, theﬁ there is a uniQue ring structure on K (&)

such that the above is a ring homomobphism.

What about the ﬁk ? They must act on K%(A) ; Xk is it reasonable to expect that they

give a weight decomposition of this space, Bx i.e. =m® does it spii$»up as a direct sum

of eigenspaces for the various chafécters'of @-'.ijor example there is the homo

ch;*H(A) -—-)@H ~*(Spec A&, Tz )@

e= how the ﬁk act on the chi o Thus if the homo, above

and one knows

~1s something 1ike ‘an iscmorphism, then =& =0 mimmotos

o; K,(X)g=—3 H213(5peq A TH)

should be the projection on the pért of weight i .
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