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Question: Let X be a smooth manifold with a basepoint X e
Consider the functor from the category of Lie groups to the
category of sets which associatezs to a Lie group G the set of
isomorphism classes of principal G bundles with group G over X

together with a basepoint over X, and a connection., Is this functor

pro—representable?

Example: TIf we consider only discrete groups G, then the functor

is represented by ﬂl(X,XO).

Discussion: The question is probably false, because one would
expect that 1f q represented the functor, then T,0 would be the
homotopy groups of X. But T of any Lje group is O., Nevertheless
we knowithat the set of reduced paths in axmarx X form a group
(reduced = piecewise smooth parameterized according to arc lenthg

and no retracing) although not = it seems in a continuous way.

The real problem i1s the classification of smooth proper maps over X,
i.e. the Barratt-Guggenheim-Moore theory.or Stasheff theory if such
exists;; The problem is to rigidify things in such a way that they
become representable. Letts review Milnor's theory. Milnor studies
principal bundles over a topologfcal space xkEizkxkezmmE together wihh
tki¥lalizations over a numerable covering. Let the bundle be E b BX
and the covering (Ui) and the partition of unity P;» and finally

let & a; s n-lUi ~ G be a fibre coordiante over U;. Milnor defines
the universal bundle EG .to be the set of formal sumslzrtigi where

0< ti = 1 Z:ti=l and g; ¢ G/and where we identify two formal sums

if they are thr same except for zeros. Now can defined:E _iﬁ;EG by

dX =£?pi(x)ai(x) observing that=##® this sum makes perfect ssense.



Thus the data in Milnor's theory are the following: A =magx principal
bundle,ﬂ:g ﬁ»X,a partition of unity Ps= 1, and trivializations
of E overul = p'i'l(o,l}. The data in the RifRmmmkkxi¥ differential
theory are a principal bundle and a connection. Question: Tn
the differential category is there a classifying space in the strict
sense, 1. e. a manifold with a principal bundle over it%? For example
if G is discrete, then mz a connecbkion is trivial and unique and
so if The answer weres to be affirmative, then it would be possible
universal
to define in a rather canonical way a prirzipzx bundle for a discrete
group.
Let G be a compact Lie groupx. To find a natural candidate for BG.
The zzmi= case of line bundles.as studied by Kostant. Theorem: Equiv-
alence of categories betwenn complex line bundles over X with a con-
nection and closed 2-forms on X.given by taking a line bundle imim
with connection into its curvature form! So the correspondecnce we
ZxEzr are after 1s perfect in this case.
connection <+ 1ifting function
curvature <+ twisting function
vector
Can anything be done for complex Ximmxbundleds? Standard rigidificationz
consists in choosing a family of gensrating sections. Return to

line bundles. 4 family of genersting sedtionsdefines a connection

namely the pullback of the connection from projective space.




Onthe category of topologfcal spa ces consider the functor which
associates the doulble coverings, say pointed comnnected spaces.
Why isn't this functor representable?

isomorphism classes
For a pointed connected space X, Let D(X) be the set of/pointed

double coverings, X i.e. Hl(X:Z/ZZ). Why isn't this functor

representable? Answer: because of disconnected equivalenee relations.
finite
Thus if Y - X is a dwmuk¥s covering map,we don't have

5Y(X,2/28) = m(v,2/22)C

but instead an exact sequence:

Y

0 - Hl(G;HO(m,z/az) - Hl(X,Z/2Z) 3 1%a, i (Y,z/22)) i

H™(G,2/22)

Still confuded. Probkem Classify the proper smooth maps with target
X. Example: Problem: classify the finite smooth maps with target
X has been solved by CGrothendieck in the case X is connected. The

rigidify with
answer 1s to zkemszx a fibre functor in which ase the category
becomes equivalent tc the calegory of finite G sets where G is =
profinite group. The problem of clssdfying the locally trivial

X

maps of simplicial sets with a reduced base/has been solved by

Barxx BGM. Rigldify with 1lifting functions and one gets the

category of G-simpliciszl sets, where G = GX.

A7(X) is not repeesentable. Therefore unlikely that connected

bundles should be representable either.

In the category of simplicial sets cohomolggy canbe calculated
by representable functors. Let X be a topological =magx& space. Can
e Arior
we find a resclution of the constant sheaf by Absclutély representable

sheaves. Note that a Rumzmkxx sheafl determines an etale space over X



spaces
and therefore a functor of a special bype on thse category of zhEawzx

over X. S_ems to be false,.

Localization revisited: Let A be a ring and Let S be a mulbtiplicative
system in A. Then there is a universal property which one exXpresses
in solving the equations Tss = 1. To get the correct spirit
one should think only of localizing a finite number of elements.
Etale schemes if done correctly should consisit of writing down
egquations Fi(Xj) = 0 which are totally etale(perhaps only syntonic)
and taking this a s the basis for localization. Ultimately what

to dual of the
we are trying to do is kkxmawr consider the/category of rings and
invert in some sense the etale surjective maps. We wish to consider
contravariant functors on the dual of the category of rings which are
sheaves for the etale topology and which are covered in an honest
way by real schemes, I.e., there exists a disjoint union of affine

achemes and an etalecguutzdlence relation such that the guotient of

sheaf &s the functor. Description of the stale scheme by means of

peints,

Cohomology should be calculated by EEREEIERKEIR & sequence of rspresenta
ble functors. Problem: Is there some LubkingCech prodedure for
calculating the cochomolgmy ef a space such that before passage to

the 1limit one has representable functors for the cochains?

Tdeg: The problem of classifying Wector bundles over a compact space
1s xmxe® solved by rigidifying by means of a family of generating
sections. Maybe one can solve the manifold classification oroblem
in a simildr way. In other words if F is a compact smooth manifold

of dimension d one considers ZkExsm a rigidification of a smooth map




a map ;
f:E -+ X to be amxamksRdixg i:E - X x R such that pr

1'i =7

and such that for each x in X, 1 induces an embedding of ﬂ'lx > Eﬁ°
If we are studyong vector bundles, then when X is a point wz the

set of rigidificatlion data is thé ways of mxikimx embedding a d-plame
into H-space, i.e.® the Exaxzmaxiam Stieffel manifiocld.or ths total
sapce of the principal bundle. Here the =xEikmxkimm principal

bundle is the set of embeddings of F into B 5B fhe base is the
guotient by the group of automorphisms of H. It szems clear that
basic results on infinite-dimensional manifolds will permit one

to conclude that we have solved the classification problem.in sone
sense. A basic question is xExkxzxamxhmx@zmm® whether the classification
methods Azysipped of Chern-Well type can be developed here. Here

the Lie algebra 1s the algebra of vector fiel#s on the manifold F.
Any idea of what kind of invariant podynomial functions there might

be?
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Summary of yesterday'!s work.

If F is a compact smooth manifold, then in analogy to the Grassmanian
we constructed a principal bundle for the group of diffeomorphisms

of F by ccnsidering the set of embeddings of F into a high Euclidean
space. Wg would now like to define characgeristic classes for

smooth maps with fibre F. As & first start we want characteristic
classes for rational hmmzXgxgk homology if such exist. Example: If

F is a sphere ofm® dimsnsion 4 odd, then there is the obstruction

to finding a secticn, namgly the Euler class. Obvdous generalization
of this is to look at the first nonvanishing?iomology group of F

and where it goes under the differential &m of the spectral sequence.
In other words we are looking for universally transgressive elements

in H(F).

Example: Let F be complex projective space of dimemsion n, and
consider only bundles over simply-connected mpxzzx manifolds X,
The first cohomology obstruction is in HB(X) and 1s d3c, where c
is the generator of Hz(F); lote that i1f the bundle came from a
complex vector bundle, then d30 = 0. Also if gkE® F is mX the
Gaussian shhere, then d30 is the Buler class and is of order 2.
If the bundle E is a R¥ PGl(n,C) bundle, then it is reasonable to
assume that d30 is the invariant constructed by Serre in his
classification of the topolog¥cal Brauer groupx and hence is a

torsion element. O-pMn—> G1(n,C) = PGL(n,E) > 0. Conjecturel
N

Any cP” bundle over a simply-connected manifold has the property

that for rational cohomclogy the generator of H2

v

( ©€P") is transgressive.
If true, then we can define uu;ag

o 3 HX(X) » E2(E) » H2(F) > B3 (%) » 0



2

Chern classes provided that E™(X) = 0.

Conclusion: for a 3-connected space X we can define Chern classes

-1
for any CP" bundle over X. If the conjecture is true, then we can
already do this for l-connected =zzpEz svaces in rational cohomology.

(see scratchwork to show that we can always choose x so that cT=O.)

PN ~
Important HH&EXk%w problem: Take F to be simply-connected. Uompare

rational
the rational homotopy clessification of F bundles with the/geometric

classification, where by the lattsr we mean the rational homctpy type

of the classifying =zmpEx space of Aut F.

Idea: Somehow we are only understanding one side of the problem.

Thus we are getting et the construction of BG but not at the constructior
of GX. We are thinking of a manifold in terms of its group of autosy

we should be thinking of it =z in terms of the group of loops. It is

as 1f we started with a minimal DG de Rham algebra and took its Lie
algebra of derivations in order to classify fibrations with it as fiber.
Somehow what we want to do is to get ab the loop gmmmm Lie algebra,
which might by some chance be shifted one dimension away. It seems
imperative to see if there is any relation hxkwEERXEREXREXE one can
understand between the automorrhism grcoup of a manifold =& and the

Loop group. Scomehow the automorphisms are the Lie algebra of vector
fields. If we add in the ring of functions, then we get a mixed
sltuation, and the loop group is somehow the ring of differential opera-

tors on the manifold.with its natural Hopf structtre.

Is it possible to use Grothendleck's automorphismzszof a functor idea.

to construct the necessary G?

Return to your principal bundle.. Given / T:E-X, the asSociated

principal bundle is Hamx Isom(F,E)
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and if 1:E-X x RN is an embedding over X, then ww get a map

4 :
Isom(F,E)~ EmB(F,Rk) and factoring out by Aut F a map X 3 base of
the principal bundle. Therefore the rigidification of © consisis of

an embedding into Zuclidean space over X.

RRHEXXAXBAZXEXER
On to understand motives. &mkx8Grothendieck tries to classify
all coveringsm of X. The rigidification consisits of a fibre
functor.and he considers automorphisms of the I'ibre fundtor.
(Any chance that though the deRham cochain fuctors are not reoresentable
absclute¥y, there is an intermediate category with an intsrnal Hom
such that they become representable?) ¥axkxErERIiHaRAIZERXEERIIZELES

/T E-K
Let us consider all zmammkhx smooth maps/with base X and define a
rigidification to be a map p:E *’RN which gives rise toc an smbedding
over X. Question: Is the functor on the category of smooth propsr
mipfzskx manifolds over Xwhich associated to a map T the set of all
embeddings into Euclidean spaces representable in any way? T"is mesans
can we find a'manifold! over X and an embsdding This ®XiIz not a
functor! Another important property of the covering mars is that ax

%% besides being faithful
the fiber functor 1s conservative herigszxhmirmgxfuXRgmfmhmniioh,

Have discovered new phenomenon: In the category of simvlicial sets
where we know what happpns thanks to BEM,we get a functor from the
category of simplicial GX-sets to the category of simplicial sets over
X which are locally trivial. Howsver note that we do not get akk

an equivalence of categories only a fully faithful functorguch that
every object in the categoryls isomorrvhic to one constructed.fpom =g

a GB-simplicilal set., Return to vector bundles




Question: Consider over a space X the functor G |~ H

Looked at Milnor's mxiwzUniversal Bundles I¥X I where he constructs
a GX for a simplicial complex X which is countable. The idea was
to consider paths as being finite secuences each ponsecutive pair
being Xmxx contained in a simplex and where one is allowed to delete
repetitions and retracings. Milnor shows Eas how to topologize this
so that it becomes a topological group in fact a countable CW complex.
It seems clear that some variant of this should work for a smooth
manifold. In other wordsLet X be a paracompact countable smooth
manifold and choose a Riemannian metric for which X is complete and
convex indistances less than 1. Consider paths mazhxEairxmfxwikizk
ERRXXFRRXRR to be finite sequences of points esach eonsecutibe pair
bzing within distance a with the Milnor identifications so that one
gets a topological group. This group doesn't seem to be a manifold
in any reasonable way.because of singularities which occur when points
coallesce. Kmagx®r However if K 1s a principal bundle over X with
group G, then one may hyxEhsxdowzrimgxhEmkrx as with Milnor construct
a homomorphism GX - G inducing the bundle. It would seem reasonable
: regular
that Chen's group of plecewise Ximmax reduced paths forms a similar
kind of topological mrmmxpg group. Maybe this whole business can be
improved on the Hopf algebra level. First observation: ILIzkx¥x It
is possible using the Riemannian structure to introduce L2 paths.
If one considers the monoid of paths in the sense of Moore., then one
obtains a manifo?g whose tangent apace at kkExmxXgimxizx a given path=
is the infinitesimal gaxkikkim®m variations along the pathz. Thus the
tangent space to the origin is?
tx,x 300,
where G runs over the category of topological groups. Is this

functor representable? Probably not so insteadannsidersanmceiESpes
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over a mimg regular nbd of /\.
rigidify with a symmetric slicing function/in the ssnse of Milnor.

Then the resulting functor should be represented by Milnor's con-

struction,

Conclusion: In Milnorts Universal Bundles papers, he chooses two
different ways of rigidifying a principal bundle. For the construc-
tion of EBER BG he usmzsxa rigidifies a princivpal bundlyg using a
partition of‘unity p; BuME together with trivializations p;over

Ccl p.—l(ﬁ,l]. In the construction of GX he uses a symmetric slicing

i
function over a regular neighborhood of the diagonal. Finally in the
case of vector bundles anothéf rigidification is used namely a family

of generatinp sections. There is a standard rigidification of a

principal bundle namely a local trivialization.

We owe to Milnor the following:

Hom(X,BG) = Isomorphism classes of collections P,pn,un nely

where § m:P-X is a principal bundle with group G,
P, is a partition of unity on X,and mm u_ is'a

n oL n
trivialization of P over/pn‘l(@,l].

Ideas: Any hope of getting an adjoint tothe functor m G|-BG?

Any hope that this formula for BG will yield =

fg=2 £00d
definition of higher Whitehead groups? Extremely important to
notice that this formula when G is a discrete abelian group yields

1-
a representabf@ functor for/cocycles.

Lemma:

Topologize the infinifie simplex
/\[»] as the inductive limit of the finite simplices. Then for
any compact space X, Hom (X,/\[~]} is the set of partitions of

unity @ on X indexed by the set of natural numbers .




T

It seems to be false that the usual Cech method for caléﬁlating
Hl(X,G) provides a xIRXRXRIEakiwm representable functor. Thus iR
X%KXXEXXXKXKK the usual refinement problem Zwmsx¥ doesn't permit éne
to take an inductive limit and define a cochain functor. Godement
defines fKzhz Cech cochains by indexing coverings by the points of X
in which case E%kﬁxﬁixxiiifﬁ Cl(X,G) = gimU'EJ G(U,). Unfortunately
it doesn't seem to be true that the func;;;_is represantable or even
ind-representable absolutely because of the appearance of the UX

which depend on the space X. For the same reason Lubkin's cochailns

mast also fall to be absolutely representable functors.

Problem: If A is a discrete group, is it possible to calculate the

cohomolggy of & space X with values in A by means of absolut&éy

representable funcbbrsz YE;S Take /miﬁ%r‘&3*ﬂﬂg anact 4%y&ﬂuca
00— KA, 0) — L(A,0)—s L[Aﬁ) —— LA 2D)— -. ..

In the Milnor situation, Hom(X,BG) is endowed with an equivalsnce
relation, namely homotppy, and the resulting homotpy calsses are Hl.
Thus it would be nice if G*EG»B@ were an exact sequence of topoclogical

o-H"(X,0) .

EXREXE abellan groups for then fXz&x~>(X,EG)-(X,BG)-H (X,G)=0 would

be exact.
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Question: Is there any relation between Milnor's ¢ construction,
which is an inductive 1limit of pakkx n-step paths as n-wo, and Alexander

-Spanier sxERARINX cochains?

Start as follows. Let ¥Exkz N be a neighborhood of the diagonal in

X x X and assume it to be symmetric. Then we can define Alexander

3
pair ' ° :

consecttive mzEmlimx 1s in U. Unfortunately this is not closed under

gq-chalins to be the set of finite sequences x et Xq where each

faces. Thus Alexander-Spzanier cohomolggy cannot be defined with a

fixed neighborhood of the diagonal. KXan has propesed & that we

use the construction of a CW lcop group following Toda. Eku=

This probably works in the obvious way. Namely if P is a principal

bundle with group G over a CW complex X, then given a cell e one
each cell

trivialiges the bundle over e. A given cell E e gives rise to

a boundary map g & X whose buundary is map up of other cells fi.

On each f. one mzg obtains a different trivialization and hence a
4

function

Question: Is there any hope of using a Morse function instesd ofa

CW division in the case of a manifdld?

Review the reduced product space of James. Let X be a pointed space,
let EX be the reddced suspension of X and Let FX be the free monoigd
generated by X—xo. Equivalently let FX be the mmimmxmfxkkzx¥X infinite
wedge of the iteratsd joins No. Let wn be the n-fold wedge of X, IRE.
i.e. secuences Ryse Xy of points which are not the base-boint together

with the basepoint. Then the topology of FX is defined so that the
sequence

a mmrkXixaxkizm of finite segquences whizkhxmmwmyzxgex the last coordinates

of which converge to the basepoint converges to the sequence of lowsr

/f/f/ﬁruuvﬁ ,
mdgx order. In othermxxwamxki#s words, we take the set of all f4%ite

sequences mostly at the basepoint and identify them if we can delete



W

coples of the basepoint and then we put on the cuotient topology.

A €W decomposition is ndt functorialand neither is Milnor's regular
neighborhood of the diagonal. However one may fix them and let the
gepup vary. The problem 1s to find the invariant of the trivialzation.
If one attaches a cell e to a space Y to form X =Y ufed and one has
a quagi-trivialzation of P over Y, then f':Sd-l—> Y gives us s bunile
oYer Sd_l which is trivial. Somehow x& the AREixX quasi-trivialization
over Y should give us another trivialZzation of the bundle over Sd-l
and the fifference should be the map of Sd-1 into G that we want.

This seems absolutely ridiculous.

Onto understanding Morse fuhctions. Let B be a differentiable fibre
bundle over a manifold X. Endow Xxwxkk E with & connection and X
with a Riemmanian metric (probably a connection will already do)

and let #m f be a Morse function on X. Then the gradient linesg of
f?;?&i us fhm a really nice trivialization of the fiber bundle ex-
cept for the existmEs ence of critical points. This is an important

point, namely one can prove the homotppy axiom for differentisble

bundles by chooding a connection and using the parallelism along lines.

8imx See 1f you can make any sense out of last nights drsams.

Ideas: B4 Brown suggests that Milnor construction is to the bar
construction amg as ? is to the cobar construction. As the suspension
of the smash 1s the join, the dual of the join is something like the
loops on the zmjmimsmak cosmash i.e, Kam fiber of the map LU XvY)-AxvQY.
Of course this is what i1s wrong with the Milnor construction that it
gives the bar construction rather than the deRshm cohomology.

%It is perhaps not cruclal that you use groups and perhaps you can




get away with monoids; The reason is that the relevant completion
process always gives a group. Thus suppose that we start with a
manifold X with a basepoint and we consider the monoid of parameterized
BRAXERR plecewise smooth paths of variable parametrization so that we
obtain a monkid. Then we wish to consider the monoig ring of chains

on the loop space and complete and take the group-like elements.

C&W‘f:im\ awers o gmenstd @t a Wieleeor gﬁ




Dl 7, 1768 |
Wa/y %ﬂ‘MM%M / iy _ |

72.@ A m;fi_/ﬁ/w@ﬁ S /./ %—u cam Nlale e
cochoin M fo fhe dt Rhann  coclain &m/cgn. and
Y%Lw g,[f& Ad/rzd OVLMVIJ ﬁé)mxm n 7% ol ﬁM

Ons slards u»ﬂd%e W j[XG) "/Wm Clpaaco

—of princifal bunctles it fase X_amdd gosh 6. Re pubhe.
b o bt e ,z%@

.- Jer G] hiXc)= [x sG]

f.;,f*/,wﬁﬂ;uw[ s Mﬁ[ e ,]Jq\a.évz, _»é/ﬂm%&w W
Z/)g:u@ﬁg, Clpaoeo G o gudibb  qinnce. Hn cw-nv( 4%

,
2; H‘%/‘W ﬁb‘kalgm g =d




/:-"1_ “""if»‘_' Z :—.»’;,-"_:_: y  TONALegux _:_. / AA
7%¢/M W Qe o o mc[ m 7720%1:%

o of The d 4 B
M " muaamm _ ouen %w 7 ‘?/%. m@ﬁ%j—‘a‘_“
q : W @

condlnu BG4 cien

Wf@ sodeniti it
_%vaﬁ‘u'— G B ] i g"/m‘]“

S L ¥ }(——3Ll(°0/

__% { ghou Jd—‘mwmzﬁw @cé







A

L 2) =4 ¥ G = e ]
Q=G ) = bt (380) ]




. g@m@#l tach ATl W o/ <ﬂ
Hbven andihss  adoa md c @W/me
/)a; ,/,m%_;}é_v_dec_co_é Aat @(/)"‘/’ of = / - 3 whore

Ss baﬁﬂmﬂ;ﬁﬁ@ wihich concethialic ot e
W?M _ag £ —— & O

law g Vo =  grad @

(VR d+d i(rg) = 6(Vy)

S, teeslondt cags
WO Qu @

ody = u? i 3

B \._/ v/ el éw 7%L
MJ“ZA_/Z:/;MLZ ﬁrmﬁéy% of A/n,u M’lm,c/}&[) ///// Thin io bvreaaunedil_

Yo M_*Mﬁ ﬂsfl AM_Q 2 | I
Rw?\;@m St %Aﬁxﬂf’ AZ% we.
_MWM@ - aee JMW%M__




W

=
“éﬁéo@mm Q,W/W%M,z ”,




Al 15 1565

‘@I‘Q;‘ To _gee J/JM%M&M%M’QOLW///&

W ‘)%mum /M /_u/MZmﬂ dng'

5= 107 f:% 5.

5
5

fud CHYF) - R o ) sl
ity At Nl %4% Gilecoein: rnemilivmmcd
by devary

d

dasf o Ny st ey i 05 Al 2

f& A0 ﬂ/KﬂCZL —fm /VWW WzoZ'&/w L0 e ol




% .ﬁ/‘l.a,:av /J;AJM Aﬂ,f,u,ez/v(‘,e,

Egg - R%*"R%f*‘ﬁ R'M?’(g U* ‘

Ref(F) () = HY(f'o F)
b g-! , 2
. i
Ak) ———> Y fe_cafifd .,

D. sz:a—ﬁx b a_mof of Gimplicid wte. Thows

"‘_,C’:%b d4*¢-,oc(;<=;>0101 i By Moy cadsh

st oALin Tho  Qntin 4T

= =
LK) TS Y- 4 ()
/ é__!__ F ——

E m MM O/(Z dz&‘,&yn Laa/wam %/(‘JMMW«.ZL
AMC/M//J,M 724,/,4/ F@a,AM/mXame//

-?Aoamwa//:—amcﬁ/au%@ﬂdxwd/d’ﬁ&%

F & % ), @74@ camct'ezmc 7' () — ()

| &/f a&%{@mf fo 4/ as /me B F—>X dwnc(e %1
o 4 m/blouoj owen X-- Then i T
FF Ly Somplines whicd, fggetovs. ae . e clrmal of"




s QMM,Z /w&amc&/,me -ﬁl

W%

whonevenr %,/w}. a /&J,Lai

&l"—)("" = R Feo
M Yo Lalance s,
F
Yy .y
/\ /
BB = Lim [F(2) = fin [ &
o — 1
kel Ly~ Y
@l = L Fo)
14 /%
: {%/ Fx \/4__.:@_3(
Q)<
bnclusion & foard colonboda i ot a9
‘Zﬁo__c@? Ob/ /mzziéx) é/—:s}c'z ) C&“/'IW 76—- - X
bncons _wwen  x=A{x| L= 4} ad Hat o VE-% % m—e&;
N S'iifgj ﬂ-bvvtﬁ M o;‘: fa?___)} . el t-“%‘d, i Lach
e r SRk j—% =1




el Aute // BBy = @ Fi) |

/‘0
fr=g
| ? (

a&g
I /»//mm ot 7£1 1% oomd __commadeo itk ,9'7/;;“25
¢MQJMLQV ,%Ameﬁuf Jf (b midnnacon —turqe f&ﬁué‘

__M:M /7‘ 1( X—Y 4a m%MmWVAM.deZ

)
uev Lt T(4.f) 4 He mﬁmmzxwﬁy ot

b J s Y7
cmp/mafb«)clazg——);ﬁ,% M%GXJMMQ
/}na/”é % /s Clo gﬂfﬂc 7Lo p’:g—ﬁfac/ Lo a anaf
frw—sn’ (ie a simp b S>3 LF¥x'= ) Sucd Hot
FE
)
> f

o ol —
T ="t %\Wy




Jerta= P T =z
. (P = ¢
ﬂm ¢: (PJP (z*#————; fi)—-——» \‘f’}}"’a’-*)
M an fnx/o Qouum‘;&'ac (é@*(ﬂ /) <D (el %

Mm 4ee %f# ..I/Q#)Q%C&wa/mcmo/

__ﬂ_cé@m%_m c’ﬂl 3——9;&4 m%a/u wa = %ﬂ/w/
.«/ '

A _[Urws owen 7 3 ﬂ,& C@Zj’/_ﬂa QD/ IYIN /7, 7%.

Sard (g Y. Q’Z%,lfiud

—

I/u //co q) 5 ~Mp*u>=éu7

= ll f’,@/&au)/ (lﬂ*"(t')é}_

Yféf(iLvL L Y e
E "
= 7A(->
[N
A=A




vl r \ J
7&@4‘ 3.7 dh Zam Cane it fag an M #

G &MMWMWWW@LM

e prspir. aufobonts /%sz@ 4. ﬂ«;ﬁ.@w

f/) 1£ oﬁ//n MWZWn = ‘IC/ m%% ?M.r

(i 73 [ 3 -ﬂ)(——,quf

)
(i, X*-—»Y—Z»Z f/m/,ecth do gy Qapc&o,
(iv) — W@d% //JM mﬂfadfﬂe Leinito

)
# s
v) Rzﬁ_ﬁm@@_&w C/w/m l

i \

R () @)= He(x,,Flx,)

H@fﬁw_ioa/)—/o?‘odd{/m # @m@gﬁw

teapbuTion /Wuc:éé’b C* M 442727«3,

Hemy, ($C KD, L) = Hows (K 1)




Hbnday, April 15th,

Yesterday I tried to make simplicisl sets behave like topological spaces,
To each simplicial set & X we consider the castegory of simplcial sets
over X, S/X. With the canonical topology of S/X we obtain a tovos.
We obtained an analogue of AFtin's theorem for an injective mapx

J:R U»X of simplicial sets. It appears that ths analogge of =2

closed subset of X is the complement of an injective map. This leads
to a curious feature namely that the skeletal filtration produces a
decreasing filtration by supports in contrast to an increasing
filtration which is what one would espect on topologickal grounds.,
Very important to understand cohomoleey with compl-act supports.

Thus if j:X % Y is an open immersion of locally compdct spaces ome
can define ji: Sh(X) = Sh(Y) to be extension by zero, If Y is
compact, then T_(Y,jIFP = sections of F with compeact support.

More generally 1f f:X = Y is a map of locally compact spaces, then

we can define f, to be sections with proper supprt.
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Conjectures:and questions:

a) If X is a space, then any n-dimensicnal homology cddss of X

may be realized by a map of T% - X, where T is the n-dimensional

torus, at least rati%ally.

b) Let M be a smooth manifold and let m: P — M be a manifold

bundle associated to the tangent bundle of M, e.g. the EEEEE &

Grassman bundle. Assuming thet P is oriented over M we can take

¥k® characteristic classes of it push them down to
cohomology

the resulting RharazkErkzkXzxEsxixsx classes always be expressed in

M via m,. Can
terms of the characteristic classes of M?

Answer to b) is yes. Thus if P = X is the prindéipal bundle associated
to the tangent bundle of X, mmémbfmpimiamm with structursal group G,

and if F is a smooth compact manifold on which G acts, then there is

& commutative diagram

lav}

b

o
S48

el

b

trj

—
ZT!
0

wher f is the classifying map for P. Taking a characteristic wmmtsm
class of EGXGF we can write it as the summ of products; of character-
i1stic classes of the base and of the tangent bindle along the fibers.
As integration along the fibers commutes with base change one szes

that mm all characteristic classes obtained in the form D, (charg cl.)

are in the image of E#x ",




Characteristic classes of representetions of discrete grouvs.
Let V be a complex vector space of dimension n. Let G be a
group acting on V. Them we know how to define Chern classes of
the representaion iImizm cq(V) in H2Q(G,Z) by use of ecuivariant
cohomology. Clsarly one should take aX¥xmfxkhimxmrmmux G = GL(V)

with the discrete topology in order to get universal chsrn classes.

for repressntations of disctete groups.

Review the proof of Novikov's theoramm: If you have a vector bundle

E over a sphere S which 1s topclogicall trivial, then E homoemorphic
T
to SxR? so by first theorem E diffeomorphic to TXRE, where X is a homo-

topy shhere. We then have maps B %~E B s which are smooth, XEusyzk
IRExEARREREXRRRATExEaxExksxkh®. The normel bundle of the embedding i

is trivial, the tangent budle of T is stably trivial since T is a
homotory sphere, hence I¥ i* tangent bundle to E is mkakX trivial.
But the tangent bundle to E is the sum of p%E and p* tangent bundle

to S which is stably-trivial. Thus B (pi)%E = 0 and so E=0. Now the

first

kzk/step in Novikov's theorem is to note that if the dimension of E is
simply-connected

1l and if S is mimpkyxsermazksdxamg of dimension >5 wbth vanishing

X ' ‘

Khﬂl, then the result follows from the B-cobordism theorem.xEx&mzk=.

combined with Siebenmann's result on adding boundaries to E. Still do

not understand the inductive step of Novikov's proof,

Surgery for a DG alpebra: Let A = @AO O<g<n be a DG anti-commutative
ocver Q-
graded finite dimensional algebra/endowed with a linear functional

/: H'A - @ which gives Poincare duality, f.e. (a,B) = /ap is a non-
degenerate bllinear form on H%A. Actually we shall assume alrsady
that thés bilinear form 1s non-degenerate on A. I now wish to define
what 1s meant by surgery of A. So I start with a map of a sphere

5Py,




Problem: Define rational Pontryagin classes for rational homology
n-manifolds generalizing Milnor's definition in the case that the
space 1s a simplicial complex. Use Atiyah's apvroach. Suprose thet
a dlscrete group ® acts on Xn, Then we can form the bundle EXGX

where P 1s a princpal bundle on which G acts whose base B is a

manifold. Then by the index theorem for thés map p: Px. X - B

G
we know p%(L(Tgp)) = ch 3ign p, where Sign p is of course calculated
from the m action on the middle dimension of X. Unfortunately this
appreach doesn't yield anything unless X has RiImsmziar even dimension.
It does however seem to give information sbout the ®m components

at

of L(Tp)' other than those mm the top. Check this

s BmMMEOmTNEnhETD
Thus we are given a map Bm = BSO(p,q)ensbling us to define ch(sign)

which is a characteristic class . If dim X = Lii, rherxxexgsixnkher

end B 1s of dimensicn g, then we get characteristic classes of dim

g-lii. Atiyah has shown that these other classes are non-gero.in general,
Ihe rroblem thersfore is to determine juxbt how non-trivial they can

be, and whether Xmxsmy there is any chance that they determine the
Pontryagin classes of X. Char sign might be very non-trivial. Start
with a discrete group G acting on a manifold X. Then it must vreserve
the Pontryagin classes, howefer it needn't preserve them as cocycles,

ie it should not be possible to construct a G-invariant connecticn.

It seems clear that you must find a method which workd even when the
dimension of X is not-dividible By 2. Recall that Heefliger showsd

at Cornell how to defined the normal spherical fibre space of an embeddi
ng by imitating the procedure of Nash.- all paths issuing form the

submanifold whichdo not return.




2z® Suppose we identify a zEhmamidzix submenifold of X with the
sheaf it generates. How does one go about constructing the duall
cohomology class to a submanifiold? Recall that a cohomology class
of démension r is a map Zlr] - Z in to derived,category; Method.
Consider a fixed resolution K° of Z apply [;(K'). Local calculations
show that this has a canoniczl class of dimension egual to the co-
dimension of the submanifold Y. One then considers the image of this
in the cchomolggy of X. Next question is how to construct Fontryagin
classesf and more generally how to cope with the normal bundle. The
point 1s that the same prodefiure should yield a K theoretic orientation
class.,

What Sullivan claims is that 1f X i1s a Pl manifold of dimension n,
then he can define m in a nice way a x®Ek stable vector bundle V
over the Thom complex associated to the stable normal bundle of X.
In other wrods if X is embedded in a high Euclidean space wihh
normal microbundle X and if T is the thom spa ce of A, then there
is a complex of vector bundles on T which is acyeli off X. Incase
that X is mmmmsmooth this complex is not associated to the normal
bundle but instead to some L functor of the normal byndle whizk

whose denominators allow one bo immrmxzxkhz extend the definition to

microbundles.




Que st ion i—Len—Fou—define—tho—index——of o submanifold

ESra= o

The Pontyagin classes which after all are equivalent to the L-genus
are a collection X® of cohomology classes whose knowledge is
equivalent not only to the Index of the manifold X, bmt also to the
maEnhneEsmanmmanhfmhis indices of various submanifolds of X. More
precisely if I know the L-genus of X, then I cancalculate the

index of a submifold Y in terms of Xh& its RurdamEmkazixziaxz

dual cohomolgoy class. More preesisely if Y is of dimension Li,

then some multiple of Y is cobordant =k to the inverse image of a
regular point of a smooth mapfof X to Sn-hi, hence the index of

Y is /kLiF%a dived by that multiple. Of course g is just the
eXxrxxmk dual cohomology classm of Y., This is nonsense as the normal
bundle of ¥ in X nedd not be trivial and therefore will contribute
to the index. In fact the index of Y is xk=m Li tangent bundle to Y
which 1is Li of the tangent bundle to X when the normal bundle is
trivial. The L genus of X can be claculated from the indices of the

submenif'olds of X which have trivial normal Lmmm bundles.

To what extent can we mimic DG constructions using the cohomology
ring instead of tke ring of functions. Thus instead of differential
operators we should consider HZS(X;X> acting on Hmemmdmm H::(X) and
take the associated de Rham cohomology. I wonder what the heck this

is? Diff (A) = limind Hom(Ama/J%,a)

- n -
1imind ExtEM(AELA/J , A) =0 gro.
Thus if we take just H(XxX) = HXmHX acting on HX we don't getanything
interesting. In the topological situation H/\(XXX) is the cohomology
of the Thom sace of the marm tangent bundle, hence has a canonicadl

class U of dimension n whichz acts as the identity, U2 = X T.



Milnor's version of the combinatorial invarisnce of the rz=tional

Pontryagin classes: He defines/ti(pl,..,pi) in X for n>8i+2

by the formula

% s iy
/kZiF a = I(f) a=generator of R TH (P TR

-

for any map £: X'= Sn_hi, where I(f) i1s the index of & f and is
defined by taeking a simplicial approximation of f and taking the
inverse image of a2 generic point and then the index of the immerse
image. 1In order to know that this gimEx determines Zi it is of

course necessary to show that every element of Hn—ul(x,@) can

3% n-03 . .
a for some @ f: ) Gl 3 Al. This will

be represented in the form T
certainly be the case if n is sufficlently large, In fact if mxZm=hkix

n<2(n-4i) or n>8i. In fact for n odd it is always true, and

[
O
Lo

n
. n . .
even, the problem is that we get a map X~ - K(n-Li) and trouble arisés

in dimemmnsion mxx 2(n-Li).

This is Sullivan's basic idea: One should be able to generclize the
above rational calculations of Milnor using homology to ¥ calculations
off "2" frovédéd one is willing to use K theory and not cohomolpgy.

direct
Potential method: Try to mma=xxx give a/definition of the index of

a zmmeklk map of oriented manifolds. Thus the present prodedure is

to take an arbitrary continuocus map £:X —-Y from one oriented smcoth

manifold to another then approximate it by a smooth map and then take
index of the '

the/inverse image of a regulap value. Hmxfm So what we want is someway

of doing this which depends only one the map f. DNow Verdier's idse

is to replace a triangulation by an isomorphismg im the derived

category of the chains on the space with a finite complex. Another

possibility might be to consider the critical values of the aprlication

in the sense of Fary, and to see if there is a generic one.




