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The field of my research is number theory and arithmetic geometry. 1 am interested in
arithmetic intersection theory, algebraic points of varieties, automorphic forms and formulae
of Gross-Zagier type.

1 Birational Arithmetic Intersection Theory

Arakelov theory, also known as arithmetic intersection theory, shares many properties with
the classical intersection theory. For example, the arithmetic Hilbert-Samuel formula due to
Gillet-Soulé [GS] and Bismut-Vasserot counts the effective sections of arithmetcially ample
line bundles. In [Yu], I proved the following birational version of the arithmetic Hilbert-
Samuel formula.

Theorem 1. If .Z and A4 are two ample hermitian line bundles over an arithmetic variety
of dimension n, then
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As an application, I generalized the equidistribution result of Szpiro-Ullmo-Zhang [SUZ]
to algebraic dynamical systems in [Yul. It is expected that this dynamical equidistribution
will play an important role on the dynamical Bogomolov conjecture, since the equidistribu-
tion in [SUZ|] was the key in the proof of the Bogomolov conjecture by Ullmo [Ul] and Zhang
[Zh1].

The result in [SUZ] was deduced from the arithmetic Hilbert-Samuel formula, but the
formula is not applicable in the dynamical case since negative curvature occur after pertur-
bation. Many of the techniques in complex geometry and Arakelov theory depend heavily on
positive curvature hypothesis. Theorem 1 serves as a substitute for the arithmetic Hilbert-
Samuel formula, because it can deal with negative curvature quite accurately.

Controlling heights by sections with bounded norms is the main tool of Arakelov theory.
It is crucial in our proof of equidistribution using Theorem 1, and it is also crucial, for
example, in Vojta’s proof of the Mordell conjecture in [Vol] and Faltings’s proof of Lang’s
conjecture in [Fal. We expect that the study of birational arithmetic intersection theory
leads to some results on Vojta’s conjecture (cf. [Vo2]).
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2 Modularity of Generating Functions

Let F' be a number field, and V' be a quadratic space over F'. For any Schwartz function
¢ € L (V(Ap)), the theta function 64(g) is automorphic for g € GLy(Ap) (or its metaplectic
cover). If F' is totally real and V' is positive definite, we can actually obtain holomorphic
Hilbert modular forms in this way.

In the arithmetic case, we have a similar situation. Let F' be totally real, and V' has
signature (n,2) at one archimedean place and signature (n + 2,0) at any other archimedean
place. The reductive group G = Resp;oGSpin(V') gives a Shimura variety X.

The arithmetic analogue of the theta series is the generating function
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Here the coefficient Z, € Pic(X) is a weighted sum of special divisors of X with “norm” a.

Theorem 2 ([YZZ1]). The generating function Z,(7) is a holomorphic Hilbert modular form
of parallel weight g +1.

The theorem gives the position of special divisors of X in a subtle way. It plays a central
role in the proof of Gross-Zagier formula by Kudla-Rapoport-Yang [KRY]. We will use such
a generating function in the proof of Gross-Zagier formula in [YZZ2] and the future project
for the triple product mentioned in next section.

The previously known cases of the theorem are as follows:

1. When the coefficients are considered as cohomology classes, the theorem is a result of
Kudla-Millson. See [KMI1], [KM?2], [KM3].

2. In the case of modular curves, the theorem is just the Gross-Kohnen-Zagier theorem
in [GKZ]. It is related to their famous result that all Heegner points are colinear in
the Mordell-Weil group of an elliptic curve.

3. In the case of Hilbert modular surfaces, it is proved by Hirzebruch-Zagier [HZ].
4. In the case that F' = Q, the general result is proved by Borcherds [Bo].

Their proofs don’t work in our case. Borcherds uses some holomorphic modular forms of
SL, with poles at cusps, which do not exist if F' # Q. Our idea is to take a positive definite
quadratic space V' and use the product formula Zyzy = 04 Z, to reduce the problem to a
high dimensional Shimura variety X’. On X', divisor classes are the same as cohomology
classes, and thus the result of Kudla-Millson is applicable.



3 Gross-Zagier Formula

Gross and Zagier proved their original formula on certain modular curves in [GZ], and S.
Zhang extended it to quite general cases over totally real fields in [Zh2], [Zh3], [Zh4]. There
are many difficulties in the computation of automorphic forms and arithmetic intersection
on Shimura curves, so these proofs only work under a lot of unramified conditions.

In [YZZ2], another joint work with Shou-wu Zhang and Wei Zhang, we prove the Gross-
Zagier formula in the most general setting, as expected by Gross [Gr]. More precisely, we
compute the central derivative of the Rankin-Selberg L-function L(s, 7, y) with odd sign in
the following case:

e T = ®,7, is cuspidal automorphic representation of GLs over a totally real number
field F', discrete of weight 2 at all archimedean places;

o x : EX\Aj; — C* is a character of finite order for a totally imaginary quadratic
extension F over F. Assume that x|sx is reciprocal to the central character of 7.

This general formula automatically simplifies many important results on Heegner points
depending on the original formulae of Gross-Zagier and S. Zhang. For example, we can simply
sharpen the indefinite case of Mazur’s conjecture proved in the recent work of Cornut-Vatsal
[CV].

Our new treatment simplifies the previous proofs in many respects. It follows the frame-
work of the central value formula by Waldspurger [Wal, uses the generating function in-
troduced above as a substitute of the theta function, and employs a more representation-
theoretic point of view. The identity at unramified places follows from the usual Siegel-Weil
formula, and computation of the identity at bad places is avoided by an argument using the
result of local linear functionals by Tunnell [Tu] and Saito [Sal.

Along the line above, we plan to treat the triple product problem proposed by Gross-
Kudla [GK]. We are going to prove a derivative formula parallel to the central value formula
of Ichino [I¢]. This is another important example of Beilinson-Bloch conjecture and Tate
conjecture. Moreover, by recent work of S. Zhang [Zh5], the height pairing of the modified
diagonal cycle is closely related to the self-intersection of the arithmetic canonical class on
the corresponding Shimura curve. Hence, the triple product formula relates the triple L-
function to the Bogomolov conjecture, the effective Mordell conjecture and the abc conjecture
significantly.
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