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Main Theorem

Let (G,X) be a Shimura datum of abelian type.

Kp = GZp(Zp) ⊂ G(Qp) hyperspecial, Kp ⊂ G(Ap
f) compact open

K = KpK
p ⊂ G(Af).

ShK(G,X) = G(Q)\X ×G(Af)/K

is a variety over the reflex field E = E(G,X).
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scheme S K(G,X) extending ShK(G,X) such that the G(Ap

f)-action on

ShKp(G,X) = lim
← Kp

ShKpKp(G,X)

extends to the OEλ-scheme

S Kp(G,X) = lim
← Kp

S KpKp(G,X).

If R is a regular, formally smooth OEλ-algebra, then

S Kp(G,X)(R) = S Kp(G,X)(R[1/p]).
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Theorem. Let p > 2, and λ|p be a prime of E. There is a smooth
OEλ-scheme S K(G,X) extending ShK(G,X) such that the
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is equivariant and satisfies the extension property.

Suppose that (G,X) is of Hodge type.

(G,X) ↪→ (GSp(V, ψ), S±),

S K(G,X) the normalization of the closure of

θ : ShK(G,X) ↪→ ShK′(GSp, S±) ↪→ S K′(GSp, S±)

where S K′(GSp, S±) is an integral model of ShK′(GSp, S±) obtained from
its interpretation as a moduli space of polarized abelian varieties.

Here K′ = K′pK
′p,

K′p ⊂ GSp(VQp), the stabilizer of a lattice VZp ⊂ VQp, and

GZp ↪→ GL(VZp) (Prasad-Yu).
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S K(G,X) the normalization of the closure of

θ : ShK(G,X) ↪→ ShK′(GSp, S±) ↪→ S K′(GSp, S±)

Then
S Kp(G,X) := lim

← Kp
S KpKp(G,X)

is G(Ap
f)-equivariant.

S Kp(G,X) satisfies the extension property because S K′p(GSp, S±) does.

Have to show: S K(G,X) is a smooth OEλ-scheme.

Idea: Describe the local structure of S Kp(G,X) in terms of moduli of
“p-adic Hodge structures”, or more precisely p-divisible groups.
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Hodge cycles.

Let E(G,X) ⊂ K ⊂ C be a field, and

x ∈ ShK(G,X)(K) ↪→ ShK′(GSp, S±)(K)
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are the classes of algebraic cycles, so would at least be fixed by an open
subgroup Gal(K̄/K).

Now let VZ(p)
= VZp ∩ V ⊂ VQp, a Z(p)-lattice in V.

Choose {sα} ⊂ V ⊗Zp such that GZp ⊂ GL(VZp) is the stabilizer of {sα}.

The tensors sα,x,p ∈ H1
ét(AK̄,Zp)

⊗ are Gal(K̄/K) -invariant
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Now suppose K/Eλ is finite, with residue field of k.

Suppose Ax has good reduction:

x ; x̄ ∈ ShK(G,X)(k)

Attached to Ax we have
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H1
ét(Ax,K̄,Zp) Axoo o/ o/ o/ o/ o/ o/ o/ o/ o/ o/ ///o/o/o/o/o/o/o/o/o/o

�� �O
�O
�O
�O
�O
�O
�O
�O

H1
cris(Ax̄/W (k))

	
Gal(K̄/K)

	
Abs. Frobenius ϕ

Gx = lim−→Ãx[p
n]

ff
f& f& f& f& f& f& f& f& f& f& f& f& f& f&

888x8x8x8x8x8x8x8x8x8x8x8x8x8x8x8x

Here Ãx is the abelian scheme over OK extending Ax; i.e the Néron model.
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Here Ãx is the abelian scheme over OK extending Ax; i.e the Néron model.

One has Fontaine’s p-adic comparison isomorphism

H1
ét(Ax,K̄,Zp)⊗Zp Bcris

∼−→ H1
cris(Ax̄/W (k))⊗W (k) Bcris

which is the analogue of the de Rham isomorphism.

Bcris is a K0 = W (k)[1/p]-algebra with an action of Gal(K̄/K) and ϕ.

This package is the p-adic analogue of a Hodge structure of weight 1.
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Lemma. (Key lemma) We have {sα,x,0} ⊂ H1
cris(Ax̄/W (k))⊗,

and the group fixing the sα,x,0 is a reductive subgroup

GW (k) ⊂ GL(H1
cris(Ax̄/W (k))).

The Lemma lets us do two things:

1) The sα extend to integral sections of the de Rham cohomology of the
universal family

A → S K(G,X)

2) One can define a deformation space of “p-divisible groups with G-
structure”, and show it is smooth (Faltings),

Then using 1), one can identify this deformation space with the completion
of S K(G,X) at x̄.

9



p-adic Hodge theory.

For the proof of the lemma we need some techniques from p-adic Hodge
theory.
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(one always has ≤).
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where OÊur is a faithfully flat, and formally étale Ŝ(p)-algebra.

3. If L = H1
ét(Ax,K̄,Zp), then

ϕ∗(M/uM)
∼−→ H1

cris(Ax̄/W )

The functor M is still somewhat mysterious. It is constructed using p-adic
Hodge theory. But see Scholze’s final talk (?).
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We know the sα,x,p define a reductive subgroup in GL(L) by assumption,
so it suffices to show that P is a GZp-torsor: All such torsors are trivial
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∼−→ OÊur ⊗S M,

POÊur
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Since OÊur is faithfully flat over Ŝ(p) and S(p), PS(p)
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If (E(u)) * ϕ−n(y) n = 1, 2, . . . then ϕ−n(y) /∈ U.
One of these conditions always hold, which contradicts finiteness.
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extends to SpecS.

Hence any GZp-torsor over U extends to SpecS, and hence is trivial.

Hence P |U is trivial, and there is a M|U
∼−→M′|U taking s̃α to sα.

Since any vector bundle over U has a canonical extension to S, this implies
that P is the trivial GZp-torsor.
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S KpKp(G,X)

is G(Ap
f) equivariant, and satisfies the extension property, as before.

2. ShKp(G,X)/E proper =⇒ S KpKp(G,X)/OEλ proper.

3. The strictly henselian local rings on S K(G,X) have normal, Cohen-
Macaulay irreducible components.
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Now suppose that Kp is parahoric.

Example: Suppose GZp is a reductive model of G, as before, let B ⊂
GZp ⊗ Fp be a Borel subgroup, and take

Kp = {g ∈ GZp(Zp) : g 7→ ḡ ∈ B(Fp) ⊂ GZp(Fp)}

E.g Γ0(p)-structure for elliptic curves.

Theorem. (MK-Pappas) Suppose p > 2, and GQp splits over a tamely
ramified extension. If λ|p is a prime of E, there exists an OEλ-scheme
S Kp(G,X) extending ShKp(G,X) such that

1.
S Kp(G,X) = lim

← Kp
S KpKp(G,X)

is G(Ap
f) equivariant, and satisfies the extension property, as before.

2. ShKp(G,X)/E proper =⇒ S KpKp(G,X)/OEλ proper.

3. The strictly henselian local rings on S K(G,X) have normal, Cohen-
Macaulay irreducible components.

4. There is an explicit description of the local structure in terms of
orbit closures of G acting on a certain Grassmannian; “local mod-
els”.
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2. ShKp(G,X)/E proper =⇒ S KpKp(G,X)/OEλ proper.

3. The strictly henselian local rings on S K(G,X) have normal, Cohen-
MacCaulay irreducible components.

4. There is an explicit description of the local structure in terms of
orbit closures of G acting on a certain Grassmannian; “local mod-
els”.

This was conjectured by Rapoport and Pappas, and was known previously
in some PEL cases.
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